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ABSTRACT

Memorization with neural networks is to study the expressive power of neural networks
to interpolate a finite classification dataset, which is closely related to the generalizability
of deep learning. However, the important problem of robust memorization has not been
thoroughly studied. In this paper, several basic problems about robust memorization
are solved. First, we prove that it is NP-hard to compute neural networks with certain
simple structures, which are robust memorization. A network hypothesis space is called
optimal robust memorization for a dataset if it can achieve robust memorization for any
budget less than half the separation bound of the dataset. Second, we explicitly construct
neural networks with O(Nn) parameters for optimal robust memorization of any dataset
with dimension n and size N. We also give a lower bound for the width of networks to
achieve optimal robust memorization. Finally, we explicitly construct neural networks
with O(Nnlogn) parameters for optimal robust memorization of any binary classification
dataset by controlling the Lipschitz constant of the network.

INTRODUCTION

Memorization with neural networks is to study the expressive power of neural networks to interpolate a given
dataset. The main focus of the study is to determine the number of parameters that a neural network needs to
memorize the dataset. To be precise, for a classification dataset D = {(=;, y;)}Y, with data x; € R" and
labels y; € [L] = {1,..., L}, anetwork F : R? — R is called a memorization for D if F(x;) = y; for all
i € [N]. Many important advances have been made in the memorization with neural networks by [Huang &
Babri| (1998); 'Yun et al.|(2019); Huang| (2003); |Vershynin| (2020); |Daniely| (2020); Bubeck et al.|(2020); Park
et al.[(2021); Zhang et al.|(2021); Vardi et al.[|(2021). Memorization has been shown to help generalization on
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complex learning tasks (Ma et al., 2018} Belkin et al.||2019; [Feldman & Zhang] |2020), because data with the
same label have quite diversified features and need to be nearly memorized.

However, in many fields, the required neural networks must not only be able to interpolate the dataset, but also
be robust on the dataset. For example, in the field of automatic driving, the automatic driving system must be
able to accurately recognize all road traffic signs, but many traffic signs may have noise on themselves, such
as graffiti, stickers, and dirty, and networks that lack strong robustness will generate incorrect classification
results on them, which can lead to traffic accidents. Therefore, in the field of autonomous driving, a robust
network that can withstand all kinds of noise is crucial. The same is true in some other areas, such as
autonomous aviation and safety monitoring systems.

Another area closely related to network security is adversarial examples (Szegedy et al., |[2013}; |Goodfellow:
et al.,[2014); that is, it is possible to intentionally make imperceptible modifications to a standard sample
so that the network outputs a wrong label. Unfortunately, adversarial examples are hard to eliminate for
commonly used networks (Azulay & Weiss| [2019; Shafahi et al., [2019; |Bastounis et al., 2021;|Gao et al.}
20225 Yu et al., [2023)). The existence of adversarial examples makes it vulnerable to use neural networks in
safety-critical systems, which provides another reason to find robust networks.

So, some natural questions are raised: How many parameters does a network need to give a correct answer
for a given dataset even if certain noises exist, and what is the computational complexity to find such a robust
network? Strictly speaking, for a classification dataset D = {(z;,v;)}~.; C R™ x [L] with separation bound
Ap = miny, 2, ||T; —;||o and a robust budget 1 < Ap /2, a neural network F : R™ — R is called a robust
memorization of D with budget p if F(z) = argmin,¢ 1) |F (x) — | = y; for all z satisfying ||z — z;]|oc < p.
Furthermore, a hypothesis space H of neural networks is called an optimal robust memorization (with respect
to the robust radius) of D, if for any u < Ap/2 there exists an F € H that is a robust memorization of D
with budget p. Notice that if > Ap /2, then B(z;, 1) N B(z;, 1) # 0 for some y; # y;, and thus there exist
no networks that can robustly memorize D with a robust budget y, so u < Ap/2 is always assumed.

There exist significant works on robust memorization. The existence of robust memorization was proved
by |Yang et al.| (2020); Bastounis et al.| (2021)), which may have an exponential number of parameters, since
the universal approximation theorem was used. In a recent work (Li et al., [2022), a robust memorization
was constructed, but this result limits the robust budget < /4 which is not optimal compared to the largest
possible budget Ap /2. A lower bound for the number of parameters for robust interpolation was also given
by (L1 et al.l 2022). In this paper, a systematic study of robust memorization is presented by answering the
following three questions.

Question Q1: What is the computational complexity to decide whether a fixed structure neural network is a
robust memorization of a given dataset D? This problem is often encountered in reality because we usually
train pre-designed networks, such as VGG16 (Simonyan & Zisserman} 2014) and ResNet18 (He et al., [2016)).

For this question, we show that, for certain small networks, robust memorization is NP-hard.

Theorem 1.1 (Informal). For o € R and a classification dataset D, it is NP-hard to decide whether there
exists a network of depth 2 and width 2, which is a robust memorization of D with budget c.

This theorem shows that it is computationally difficult to find robust memorization of a given dataset using
a network of certain simple structure. To our knowledge, this theorem is the first result on computational
complexity for robust memorization. It has been proven that finding memorization for a given dataset using a
certain small networks is NP-hard (refer to Section 2 for details). However, the NP-hardness of computing
robust memorization for a non-zero budget and the NP-hardness of computing memorization cannot be
deduced from each other as shown below. For a given dataset D and a given robust radius u, the existence of
memorization of D does not mean the existence or absence of robust memorization of D with budget u; the
absence of robust memorization of D with budget 1+ does not mean the existence or absence of memorization
of D.
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A natural question is: Can the network structure in Theorem [I.T|be replaced by a general network structure?
This problem is very challenging because it is difficult to relate the problem to NP-hard problems. It should
be noted that all NP-hardness results for computing memorization are also for small networks.

Question Q2: As said in question Q1, for a given dataset D and robust radius u, it is NP-hard to find a robust
memorization of D with budget p within a given small network structure, so we want to know what kind of
structure (can relate to D and ) of network can be a robust memorization of D with budget .

To answer this question, we give some necessary conditions of robust memorization, and we also give a
network structure that can be robust for any . < Ap/2, as following:

Theorem 1.2 (Informal). Let D C R™ X [L] be a dataset of size N and p < Ap/2 the robust budget. A
network with width smaller than n cannot be robust memorization for some D and . Furthermore, we can
explicitly construct a network in polynomial time, which has width 3n + 1, depth 2N + 1, O(Nn) non-zero
parameters, and is a robust memorization of D with budget p.

This result shows that the networks with constant width used in many works of memorization such as
(Vardi et al., 2021) cannot guarantee robustness, and a network with O(Nn) parameters is enough to reach
robustness for any D and p. In (L1 et al.} [2022), it was shown that for a binary classification dataset D, there
exists a robust memorization network with budget ¢ < Ap /4, which has O(Nnlog(5%) + Npolylog( %))
parameters. This result has several differences compared to Theorem[I.2] First, their robust memorization
does not reach optimal robust budget, since the budget is < Ap /4, while our theorem does not have such a
limit. Second, the number of parameters O(/Nn) given by us is smaller, which does not have factors log n,
log Ap and polylog(%). Third, our conclusions are not limited to binary classification. Also note that the
number of parameters of this robust memorization does not depend on the Ap, L and u, and these values
affect the parameter value of the network.

Question Q3: As said in question Q2, a network with O(/Nn) parameters is enough to ensure robustness for
any given dataset D and 1 < Ap/2. Unfortunately, when p is very close to Ap /2, the value of parameters of
such a network will be very large and tend toward oo, which will be far beyond the scale of the computation.
So, a natural question is can we find a robust networks with limited parameter value? We try to control the
Lipschitz constant of the network to answer this question in the case of binary classification problem.

Theorem 1.3 (Informal). Let D C R™ x {—1, 1} be a dataset of size N. Then we can explicitly construct
a network F : R™ — R in polynomial time, which has width O(n), depth O(N log(n)), O(Nnlog(n))
non-zero parameters, and is a memorization of D. Furthermore, the Lipschitz constant of F is optimal to
guarantee robust memorization and the value of its parameters is O(max(; ,)ep ||2[|co + 1/AD).

This theorem requires more parameters compared to Theorem but is more practical when the budget is
close to Ap/2 because the values of the parameters are much smaller. Two necessary conditions for robust
memorization via Lipschitz are also given.

2 RELATED WORK

Memorization. Baum| (1988) showed that =networks with depth 2 and width O([%]) can memorize a generic
binary dataset in R™ with size V. |Huang & Huang| (1990); |Sartori & Antsaklis|(1991); Bubeck et al.| (2020)
showed that networks with depth 2 and O(N') parameters can memorize an arbitrary dataset. Huang & Babri
(1998)); Zhang et al.|(2021); [Huang| (2003); |Yun et al.|(2019)); |Vershynin| (2020); [Hardt & Mal (2016); Nguyen
& Hein| (2018) further showed that networks with O(N) (ignoring some small quantities) parameters can be a
memorization for various networks and activation functions. [Park et al.|(2021) gave the first sub-linear result
by showing that a network with O(N 2/ 3) parameters is enough for memorization under certain assumptions.

Vardi et al.| (2021) further gave the optimal number of parameters 6(\/N ). Since the VC dimension of
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neural networks with NV parameters and with ReLU as activation function is O(N 2) (Goldberg & Jerrum)
1993} [Bartlett et al., {1998 |Goldberg & Jerrum, |1993; |Bartlett et al.,|2019), memorizing datasets of size N
requires at least Q(\/JV ) parameters. Bartlett et al. (2019) showed that depth helps in memorization; that is, a
network with depth L need Q(#(N)) parameters for memorization under certain assumptions. Properties of
memorization were studied in (Daniely, [2020; Patel & Sastry, [2021; Xu et al.,2021)).

Robust Memorization. Existence of accurate and robust networks was proved based on the approximation of
functions (Yang et al., 2020; Bastounis et al., 2021)). In a recent work (Li et al., [2022), a robust interpolation
network was constructed and a lower bound was given for the number of parameters for robust interpolation.
Furthermore, it was shown that robust memorization of two disjoint infinite sets requires an exponential
number of parameters.

Computational Complexity. The first NP-hardness result was given in (Blum & Rivest, [1992), which
showed that it is NP-complete to train certain networks with three nodes and with step activation function.
The computational complexities for networks with step activation functions were further studied in (Klivans
& Sherstov, |2009; Shai & Shai, [2014). The computational complexities of networks with the ReLLU activation
function were studied (DasGupta et al., [1994; |Livni et al., 2014} |Arora et al., 2016} |Boob et al., [2022;
Froese et al.,[2022). Recently, it was proven that even training a single ReLU node is NP-hard (Manurangsi
& Reichman, 2018} |Dey et al., [2020; |Goel et al., [2020). It is worth noting that all NP-hard results for
memorization with neural networks are for simple networks.

3 PRELIMINARIES

For L € N4, denote [L] = {1,..., L}. For a matrix W and a vector b, denote by W7* the element of W
at the j-th row and the k-th column and by b\%) the j-th element of b. For x € R, and x € R", denote
Boc (1) = {7 € R" ¢ |[7 — ]| < pi}.

We consider feedforward neural networks F : R™ — R with D hidden layers and with ¢ = Relu as the
activation function. The [-th hidden layer of F can be written as

Xi=o(Wi X1 +b) e R 1€ [D], (D
and the output is F(Xo) = Xpy1 = Wpi1Xp+bpi1 € R™P+1 where ng = n, W, € R™*™-1 p € R™,
and npy; = 1. F is said to have depth depth(F) = D + 1 and width width(F) = max! n;. Denote
Fi1(Xo) = X; as the output of the [-th hidden layer of F(X{) and ]-'lj (Xo) the j-th element of F;(X,). The

classification result of the network is F(z) = argmin,¢ )| F(z) — I, that is, the label closest to F ().

In this paper, we will explicitly construct networks from the following hypothesis space.
Definition 3.1. Denote the set of neural networks with depth d, width w, and p parameters by

H, qwp={F:R" = R:depth(F) = d, width(F) = w, para(F) = p}, )
where para(F) = p means that there exist two fixed sets Z,, C N2 and 7, C N2, such that Z,, U Z; has p
elements, Wli’j # 0for (1,4, ) € T, bl(s) # 0 for (I, s) € Z, and all other parameters are zero. For brevity,
we do not explicitly give the sets Z,, and Z,, when we say para(F) = p. We use * to denote an arbitrary

number in N. For example, H,, g . . = {F : R™ — R:depth(F) = d} is the set of networks with depth d,
and the width and number of parameters can be any number in N .

Definition 3.2. Let N,n, L € Ny, and D = {(z;,v:)}Y; C R™ x [L] a dataset in R™ with size N and label
set [L]. Denote D,, 1, y to be the set of all such datasets. We exclude non-interesting cases by assuming
n > 9and L > 2. All datasets in this paper are considered to be in D,, 1,y unless otherwise mentioned. The
separation bound for a dataset D is defined as

Ap = min{||z; — x| : (24, ¥i), (xj,y;) € Dand y; # y;}.
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We assume Ap > 0. Otherwise, D does not have a proper classification.

The robust accuracy of a network F on a dataset D with respect to a given robust budget ;1 € Ry is

1 _ =~
RAD(F, 1) = rr D 1T € Buolr ), F(7) =),
(z,y)€D

The problem of memorization for a dataset D € D, 1, n is to construct a neural network F : R™ — R, such
that 7 () = y, V(z,y) € D. In this paper, we consider the problem of robust memorization.

Definition 3.3. The problem of robust memorization for a given dataset D € D,, 1, y with a robust
budget 1 is to build a network F : R™ — R satisfying RAp (F, ) = 1. A network hypothesis space H is
said to be an optimal robust memorization for a dataset D, if for any p < Ap/2, there exists an F € H
such that RAp (F, u) = 1.

4 OPTIMAL ROBUST MEMORIZATION

In this section, we investigate the existence and computation of robust memorization from three perspectives.
First, we show that the computation of robust memorization for certain networks is NP-hard. Second, we
provide some necessary conditions for the existence of optimal robust networks. Finally, we show that for
any given dataset, optimal robust memorization exists and can be computed in polynomial time. Note that
Theorem [I.1] follows from Theorems 4.1} and Theorem [I.2] follows from Theorems [4.3]and [4.8]

4.1 ROBUST MEMORIZATION FOR CERTAIN SIMPLE NETWORK IS NP-HARD

In this section, we prove that computing robust memorization with certain simple structures is NP-hard. For
a € Ry and a dataset D C D, 1, n, denote by RobM(D, «) the decision problem for the existence of an
F € Hy, 2 2,+, which is a robust memorization of D with budget o. We have the following result.

Theorem 4.1. RobM(D, «) is NP-hard. As a consequence, it is NP-hard to compute F € H, 22 ., whichis
a robust memorization of D with budget o.

We prove the theorem by showing that RobM(D, «) is computationally equivalent to the following NPC
problem. The proof details are in Appendix

Definition 4.2. Let ¢ be a Boolean formula and ® the formula obtained from ¢ by negating each variable.
The Boolean formula ¢ is called reversible if either both ¢ and p are satisfiable or both are not satisfiable.
The reversible satisfiability problem is to recognize the satisfiability of reversible formulae in conjunctive
normal form (CNF). By the reversible 6-SAT, we mean the reversible satisfiability problem for CNF formulae
with six variables per clause. In (Megiddo, |1988)), it was shown that the reversible 6-SAT is NPC.

4.2 NECESSARY CONDITIONS FOR THE EXISTENCE OF ROBUST NETWORKS

In this section, we give two necessary conditions for the existence of robust neural networks, which imply
that robust memorization is essentially harder than memorization in that more complex networks and more
parameters are needed. These results are in line with the theoretical and experimental observations that, in
order to increase the robustness, the network needs more expressive power, even if the original set is linearly
separable (Madry et al., 2017 |Gao et al.l|2019; [Li et al.| 2022).

The first necessary condition is in terms of the width of the network.

Theorem 4.3. Foranyd <nand N > n+ 1, H,, . q « is not an optimal robust memorization for D,, 1, N.
In other words, there exist a dataset D € Dy, 1, n and a ju < Ap/2 such that any F with width smaller than
n is not a robust memorization of D with radius .
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Proof Sketch. Let 7 : R™ — R be a network and let W; be the weight matrix of the first layer of F. Then
Wy € REX" If F has a width smaller than n, then K < n, that is, W is not of full-row rank. Based on this
property, we can construct a dataset D such that F is not an optimal robust memorization of D. Details of the
proof are in[B.2] |

Remark 4.4. Tt was widely observed that the width of the network plays a key role in robustness. (Gao et al.
(2019) showed that increasing the width of the network is necessary for robust memorization. In (Allen-Zhu
et al.,[2019; Du et al., 2019azb; [Li & Liang} 2018; Zou et al.||2018)), it was shown that when the width is large
enough, the gradient descent converges to a global minimum point. Theorem (4.3| gives more evidence of the
importance of width in robustness, that is, to be a robust memorization for an arbitrary dataset, the width of
the network must be at least equal to the dimension of the data.

The lower bound of width given in Theorem[4.3]is still necessary even in more general cases, as shown by the
following proposition whose proof is similar to that of Theorem4.3]and is given in Appendix [B.3]

Proposition 4.5. For any A > 21 > 0, there exists a dataset D € Dy, 1 n such that \p > X and any network
in H,, . 4 . is not a robust memorization of D with budget 1 if d < n.

The following proposition shows that depth 2 networks are optimal robust memorization for any dataset.
Furthermore, a necessary condition for depth 2 networks to be an optimal robust memorization of D, j, v is
that the width of the network must be greater than V.

Proposition 4.6. For neural networks with depth 2, we have the following results.
(1) H,, 2 .« is an optimal robust memorization for D,, 1, N.

(2) Forany L > 5and N > 9, H,, 2 N« is not an optimal robust memorization for D,, 1, N. In other words,
there exist a dataset D € Dy, 1, n and a p < Ap/2 such that any F with depth 2 and width N is not
a robust memorization of D with radius .

Proof Sketch. For a dataset D € D,, v,z and a budget u < Ap/2, since D is finite, we can assume that D
is in [-C, C]™ for some C' € R. There clearly exists a continuous function E : [-C, C]™ — R such that
E(#) =y for & € B(z, ) and (z,y) € D. Then (1) of Proposition[4.6|can be obtained using the universal
approximation theorem (Cybenko, |1989; |Leshno et al.l [1993) to function E. The proof for (2) of Proposition
[4.6)can be found in Appendix [ |
Remark 4.7. We give a detailed comparison with memorization networks. In (Vardi et al.,[2021), it was shown
that for any dataset D € D,, 1, v, there exists a network F € Hnﬁ( VN),12,0(VN)? which can memorize
D; that is, networks with width 12 are enough for memorization. By Theorem [4.3] networks with fixed
width cannot be optimal robust memorization. Here, O(+) hides certain logarithmic factors. In (Zhang et al.,
2021)), it was shown that for any dataset D € D,, 1, v, there exists a network 7 € H,, 2 n,0(N-+n), Which can
memorize D; that is, networks with depth 2 width N are enough for memorization. By (2) of Proposition
networks with depth 2 width [V cannot be optimal robust memorization. In summary, robust memorization is
essentially harder than memorization.

4.3 OPTIMAL ROBUST MEMORIZATION WITH NEURAL NETWORK

The following theorem gives an optimal robust memorization for any given dataset. Notice that the network is
constructed explicitly.

Theorem 4.8. The hypothesis space H,, an 11 3n+1,0(Nn) IS an optimal robust memorization for Dy, 1, N.
More precisely, for any D € Dy, 1 N and i < Ap/2, there exists a robust memorization network F of D with
budget 1 such that width(F) = 3n + 1, depth(F) = 2N + 1, para(F) = (N — 1)(12n + 5) + 2, and the

absolute values of the parameters are O(max ;. ,)ep ||2]|co + TEQM)
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Proof sketch. Let D = {(z;,v;)}Y; C R™ x [L]. It suffices to show that for any u < Ap/2, there exists
a network F : R” — R with depth 2N + 1, width 3n + 1, and O(Nn) parameters, which can robustly
memorize D with robust budget ;.. From equation [I] a neural network F : R” — R can be constructed as
follows: starting from the input x € R, performing affine transformations over R and taking the activation
function o recursively. In what follows, we will give a sketch of the construction of F. The details of the
proof are given in Appendix [B.5]

Let z € R"™ be the input and C' € R satisfy C' > |l‘§j)| +u > 0forall i € [N] and j € [n]. First,
we need to know x in each layer of the network, which can be achieved with neural networks by the fact
o(29) 4+ C) = 219 + Cfor j € [n], z € Boo (4, 1), and i € [N].
Second, for each i € [IN], we construct a neural network F;(z) : R™ — R:

Bi(e) =i = 55D (0 = ol — ) + 0@l — o — )
which satisfies the following properties: (1) E;(x) = y; for x € Boo(xs, p); (2) Ei(z) < y; for z ¢
Boo (i, 11); (3) Ei(x) < 0 for x € Bog (wk, 1) and yx, # yi.
Finally, the output is F(z) = max;e[nj{Fi(z), 0}, which can be achieved with neural networks by the
property: max{y,z} =y +o(z —y) fory,z € R.
Now we show that F is the required network. Let 2 € By (25, p) for s € [N]. Then Eq(z) = y,. For
i # s, there exist two cases: if y; = ys, then E;(z) < ys; if y; # ys, then E;(z) < 0. In summary,
F(x) = max;en{ Ei(x), 0} = Es(x) = ys, thatis, F is robust at z, with budget 4. |
Remark 4.9. Note that the network constructed in the proof of Theorem satisfies F(T) = y; for all
T € Boo(x;, 1) and ¢ € [N], which is a special type of robust memorization. The following proposition

shows that these two types of robust memorization essentially need the same number of parameters. More
details on the number of parameters and the proof of the proposition are given in Appendix [B.6]

Proposition 4.10. Let D = {(x;,y;)}Y., € Dy 1 n. If the network F is a robust memorization of D with
budget y, then there exists a network G : R — R with depth(G) = 2, width(G) = 2L, and para(G) = 6L,
such that F1 = G(o(F)) satisfies F1(T) = y; for all T € Boo (x4, ) and i € [N].

Remark 4.11. In this paper, we focus on robust memorization under the norm L., because adversarial attacks
with the norm L, are the most widely used attacking methods in the image classification problem. Theorem
[4.8|can be generalized to any norm p > 1; see Appendix

5 OPTIMAL ROBUST MEMORIZATION VIA LIPSCHITZ

In this section, we construct optimal memorization networks by controlling the Lipschitz constant of the
network. Theorem[T.3]follows from Theorem [5.21

The L., norm Lipschitz constant for F : R™ — R is defined as

Lip (F) = _max {M} .

z,ZER™; v#£T Hx — i”oo

In this section, we consider binary classification problems and the dataset has the following form
D = {(zi,y:)}ita CR" x {~1,1}. (3)

Denote 5,, y to be the set of all D of the form in equation @ In order to achieve robust memorization by

controlling the Lipschitz constant of F, the classification result of F is defined as F () = Sgn(F(z)), which
is the commonly used setting for binary classification data in equation
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Because there exist (z;,1), (xj,—1) € D such that ||z; — zj||cc = Ap, so if F memorizes D, then
. 2 . . . ope

Lip(F) > |F(z:) — F(z;)l/l|zi — 2jl|ls = 55, which motivates the following definition.

Definition 5.1. A network F is called a robust memorization of a dataset D via Lipschitz with budget

w < Ap/2,if F is a memorization of D and Lip__(F) < 1/u. Furthermore, F is called an optimal robust

memorization of D via Lipschitz, if F is a memorization of D and Lip__(F) = 2/Ap.

5.1 OPTIMAL ROBUST MEMORIZATION VIA LIPSCHITZ

The following theorem gives an optimal robust network via Lipschitz for any binary classification dataset.
Theorem 5.2. For any dataset D € B,, N, the hypothesis space H,, o (N 10g(n)),0(n),0(Nn log(n)) CONtains a
network F that is an optimal robust memorization of D via Lipschitz, and the values of parameters of F are
O(max(y y)ep [|2|[oo + ﬁ)

Proof Sketch. Let D be defined in equation [3] Let z € R™ be the input and C' € R, satisfy C' >
|:c§] )| +0.5Ap > 0foralli € [N] and j € [n]. The construction of the network F has three main gradients.

First, we need to know z in each layer of the network, which can be achieved with neural networks by the
property o () + C) = 2U) + C for j € [n], x € Boo (s, ), and i € [N].

Second, for each k € [N], we construct a neural network Ej(x) = ||z — x|, Which can be achieved by the
properties o(z) + o(—z) = |z| and max{z,y} = 2 + o(y — z) for x,y € R, since ||2||oc = max?_, [z(V].

Finally, the network is F () = yyy0(1 — %Hx — Zwy |[oc), Where w = argmin; ¢y ||z — @il[o. wn can
be computed by the property min{z,y} =z — o(x — y) forz,y € R.

We now show that F satisfies the condition of the theorem, that is, 7 a memorization of D and satisfies
Lip (F) = 5=. If & = ay, then wy = argmin;y||z — i||oc = k. So, F(wx) = yp, thatis, F is a
memorization of D. If x € B(zy, 0.5Ap) for some k € [N], thenwy = k and F(z) = yk(lf%HmkaHoo),
so Lip(F) = % over B(xy,0.5\p), since y; € {—1,1}. If z is notin B = UY ;B(z;,0.5\p), then
[l — Zwplloo > 0.5Ap and hence F(x) = 0. As a consequence, we have Lip__(F) = % Thus, F is an
optimal robust memorization of D via Lipschitz. Details of the proof are given in Appendix |

Remark 5.3. We compare robust memorization with robust memorization via Lipschitz. By Theorem it
requires O(Nn) parameters for optimal robust memorization. By Theorem optimal robust memorization
via Lipschitz needs O(Nn log n) parameters. Therefore, to achieve optimal robust memorization via Lipschitz,
more parameters are required according to these results. However, robust memorization via Lipschitz also has
advantages. First, there indeed exists a network that is an optimal robust memorization via Lipschitz, while
for robust memorization according to Definition [3.3] optimal robust memorization exists for a hypothesis
space of networks. Second, robust networks via Lipschitz have controlled parameter values.

5.2 NECESSARY CONDITIONS FOR ROBUST MEMORIZATION VIA LIPSCHITZ

It is easy to see that robust memorization via Lipschitz implies robust memorization, so the necessary
conditions given in Section{f.2]are also valid for robust memorization via Lipschitz. In this section, we give
more necessary conditions for robust memorization via Lipschitz. In the following proposition, we show that
a necessary condition for F to be an optimal robust memorization via Lipschitz is that depth(F) > 2, whose
proof is given in Appendix [C.3]

Proposition 5.4. Assume N > n + 1. There exists a dataset T € B,, n, such that any network F with depth
2 is not an optimal robust memorization for T via Lipschitz.



Published as a conference paper at ICLR 2024

By (1) of Theorem .6 networks of depth 2 is an optimal robust memorization for any dataset, so Proposition
implies that robust memorization via Lipschitz is harder than robust memorization. The following
proposition shows that this fact is also true in a more relaxed case which does not reach optimal robustness.
The proof of the proposition is given in Appendix [C.4]

Proposition 5.5. Let H = {F:R™ — R:depth(F) = 2, width(F) = 4n[-Z5]} and assume N > n + 1.
Then there exists a dataset D € By, y such that the following results hold.

(1) H is an optimal robust memorization for D; that is, for any u < Ap/2, there exists a network F € H,
which is a robust memorization for D with budget .

(2) There exists a p < \p/2 such that any F € H is not a robust memorization for D via Lipschitz with
budget p; that is, if F is a memorization for D then Lip _(F) > 1/p.

Note that (2) of Proposition [5.5|cannot be deduced from Proposition[5.4] because D in Proposition [5.5 must
satisfy both (1) and (2), and the robust budgets for Propositions and[5.5|are Ap /2 and p, respectively.

6 CONCLUSION

This paper extends previous work on memorization with neural networks to robust memorization. We study
robust memorization in three aspects. First, we prove that for depth 2 and width 2 neural networks, it is NP-
hard to compute robust memorization. Second, we give explicit construction of optimal robust memorization
networks for a given dataset in polynomial time and several necessary conditions for the existence of robust
memorization. Third, we give explicit construction of optimal robust memorization networks for any binary
classification dataset by controlling the Lipschitz constant of the network.

Problems for further study. In this paper, we consider the L., norm due to the fact that the L., norm is
the most widely used norm in adversarial attacks for image classification. It is interesting to consider robust
memorization for other norms. We already have partial results on this problem. In Appendix we extend
Theorem [4.§]to the case of L, norm with p > 1.

In (Li et al.; 2022), a lower bound £2(v/Nn) is given for the number of parameters of a robust memorization
network. There exists a gap between the current best result O(Nn) of Theorem and the lower bound. An
open problem is to find the optimal number of parameters needed for optimal robust memorization.

In this paper, we consider the expressive power of the network for robust memorization, and generalizability
is not studied. In (L1 et al., 2022)), it was shown that an exponential number of parameters is needed to
robustly memorize a manifold, which was closely related with generalizability. However, the result is not in
the standard form of generalization bound, which gives an upper bound for the difference between the loss
over the whole data distribution and the loss over a finite training set. The generalizability of memorization
networks needs to be studied.

Theorem is for binary classification problem, it seems a challenge problem to extend such a result to
multiple classification problems.
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A PRELIMINARY RESULTS ABOUT LINEAR REGIONS OF DEPTH 2 NETWORK

In the proofs for Sections [] and 5] we need results on the linear regions of neural networks with depth 2,
which will be given in this section. Note that o is ReLU.

Let F : R™ — R be a network with depth 2 and width k. Since o(—2z) = o(x) — z and o(ax) = ac(x) for
a € Ry, F(x) can be written as the following normal form

F * U, b b 4

(x) _Zizlaia( i+ bi) + Qu + )
where a; € {—1,1},b; € R,U; € R™™ and U; # 0, Q € R'*™, and there existno i # j such that U; = qU;
and b; = qb; forg € R.
For a network F in normal-form equation |4, we define the concept of linear region. Let H;” = {x €
R™ : U;x + b; >O}andHi_ :{IERn Uz + b, <0} If
R=nE Hy #10,

then R is called a linear region of F, where s; € {+, —}. The interior of a linear region R is the set of points
x € Rsuchthat U;z + b; # 0 forall i € [k]. An edge of R is the set of points = € R such that U;z +b; = 0
for some .

Definition A.1. Let R be a linear region. Define S;(R) = 1 if there exists an interior point z of R such that
U,z +b; > 0;and S;(R) = —1 in the opposite case. Two linear regions R; and Ry are said to be neighboring
linear regions, if there exists only one s such that Ss(R;)Ss(Rg) = —1. For two neighboring linear regions
R; and Ry, the boundary of Ry and Ry is Ry N Ry N {x : Usx 4+ bs = 0}, which is said to be defined by
(Us, bs).

We give several properties for linear regions that will be used in this paper.
Lemma A.2 (Montufar et al.|(2014)). Let R be a linear region of F.

(1) Over R, F(x) = (3 ;c4aiU;i + Q)x + >, cgaib; = Wrx + bg is an linear function, where S = {i €
[k]:S;(R) = 1}, Wr € R™X™, by € R.

(2) R is a closed and n-dimensional convex polyhedron. The set of interior points of R is an open set of
dimension n. An edge of R is of dimension < n — 1.

(3) R™ is the union of all linear regions.

(4) For two linear regions Ry and Ro, R1 N Rs has dimension < n — 1 and the sets of interior points of Ry
and Ry are disjoint. The boundary of two neighboring linear regions has dimension n — 1.

Lemma A.3. Let x € R" satisfy Usx 4+ by = 0 for some s € [k]. Then for any € > 0, there exist two linear
regions R1, Ra, and two points x1 and x4 satisfying

@) ||z1 — 2|0 < €and ||xa — x||oo < €
(2) x; is in the interior of R; fori=1,2;
(3) R; and Ry are neighboring linear regions and their boundary is defined by (Us, bs).

Proof. Let H; be the hyperplane defined by U;z + b; = 0. Consider two cases.

Case 1. If z satisfies that Uz + b; = 0 if and only if j = s; that is s is the only element of [k] such that
Usx +bs =0. Letn = minje[k]/{s} |U]I + bj| and
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— ; n Ui .
1 = @ +min{e/2, gt Mo

. Ur

v = o — minde/2, s e o

For any k = {1,2}, ||zr — #||eo < ||zx — 2|2 < €/2, 50 (1) is proved.

Note that Usz1 + bs = min{e/2 } > 0. Similarly, we can show Usxs + bs < 0. Thus, z1

and x5 are on the opposite sides of H,. Furthermore, for j # s and x;, € {1,2}, we have

. n
? 2max;e i [|1Uj ]2

Uz + by
|Uj.’E + bj| - |min{e/2

n 1 [7_ . [fT
’2maxje[k]||Uj||2}HUs||2 J 5|
T

_ n .
"~ Zma, e TR Ui+ Us
n/2.

Therefore, x}, is an interior point of a linear region Rj,. By Lemma[A.2] (2) is proved.

(AVARAVARAYS

Since for any j # s and k € {1,2}, |U;z + b; — Uz, — bj| < n/2 < |Ujx + b;|, we have Uz, + b; and
Ujzo + b; have the same sign with U;x + b;, so (3) is proved.

Case 2. Uz + b; = 0 for more than one j € [k]. We claim that there exists an Z such that ||z — Z||o < €/2
and U;Z + b; = 0 implies j = s.

Let S ={j € [k]:Ujz + b; = 0}. Since for j € S, H; are hyperplanes passing x, any two of them cannot
be parallel, or equivalently, U; # qU, forany ¢ € Rand j € S, j # s. Let VjL = {v e R":U;v = 0} for
Jje [k] Letv € VSJ‘ \ (Ujeg,#SVjL), and letn = minje[k]\s |UJ£ZJ + bj|

Define tv = mln{€/27m}m >0and z =z + tru'U. Then Hi’ - xHOO S ||(E - $||2 =

[[tov]|2 < €/2. We have UsZ + by = 0 and U;2 + b; = Ujt,v + Ujz + b; = Ujt,v # 0 when j € S/{s}.
|U;Z + b;| = |Ujtyv + Ujz + bj| > n— Qmaxje[k]ﬁUj||2||UH2UjU > n/2when j € [k]\ S. So & € H; if
and only if j = s. Now, combining Case 1 for #, we can construct the required z; and z2. The lemma is

proved. O

i) Jr v

i)
o2 — U

T

Figure 1: An illustration for Lemma The blue line is H : Usx + b,. The green lines are H; : U;x + b;
(j # s). The red segments are Azq + (1 — A)(z2 + v) and Azq + (1 — X)(z2 — v).

Lemma A4. Let 1,29 € R" satisfy Uszy + bs = 0 and Uszg + bs = 0 for some s € [k|. Then for any
€ > 0 andn > 0, there exist xo,v € R" such that

@ ||lz2 — zolloo <€

Vlfoe <15

2) Ujza +b; =0ifandonly if j = s;
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3) Letpy = Az + (1 = N)(z2 +v) and g = Ax1 + (1 — A)(z2 — v), where X € [0,1]. Let I C [0, 1] be
the set of A\, such that py is in the interior of a linear region Ry , qy is in the interior of a linear
region Ra x, and Ry » and Ry ) are neighboring linear regions with boundary (Us, bs). Then I is a
set of intervals with total length |I| > 0.5.

Proof. Since H; = {x:Ujz + b; = 0} is an (n — 1)-dimensional hyperplane in R™ and H; # H; for
i # j, H; N H; is of dimension at most (n — 2). Let x5 be a point in By, (zo,€) N H, \ (U;xsH;). Then
[|z2 — zol|oo < €and Ujxg + b; = 0if and only if j = s.

For j # s, since xo ¢ Hj, there exists at most one A € R such that Az; + (1 — A\)z2 € H; and let \; be such
a value if it exists.

LetI' = [0, 1]\ (1 — 2, 1 U (Ujss(Aj — 25, A5 + 2%))). Then T’ C [0,1) is a closed set with length at
least 1 — kﬁ =0.5.

Let W = max;ci) ||Us||2, £x = Az1 + (1 = N)xo, 0 = minyer{|Ujza +b;}, and 6 = min;,{6;}. Since
I'' is a closed set and A ¢ I, we have 6 > 0.

Let vg € RY™™ satisfy voU; # 0 for all j € [k] and v = min{n, %}”:ﬁ It is easy to see that ||[v]|ec < 7.
Then for all A € I', we have that

@ zy+ (1 —=XNv=pyandzy — (1 — N)v = gy.

(@2) Ug(xzx + (1 — A)v) + bs and Us(zy — (1 — A\)v) + bs have different signs for all A € T, because
Usxy +bs =0and Ugv # 0.

@3) |Ujv] < 2‘/‘%{7;:“2 < 6/2 <|Ujzr+bj|forall j # sand A € T', which means that U; (zy+(1—A)v)+b;

and Uj(xx — (1 — A)v) + b; have the same sign.

(a2) and (a3) show that if A € T', then R;  and R ) are neighboring linear regions with boundary (Us, bs ).
So z2 and v satisfy the properties in the lemma, and I' C [ has length at least 0.5. 0

B PROOFS FOR SECTION]

B.1 PROOF OF THEOREM [4.1]

Denote H,, 2 = H,, 2.2 . Then an F(x) € H,, » can be written as
F =s10(Urx + by) + so0(Usx + by) + ¢ (5)
where 5; € {—1,1}, U; € RY™*" b, € R, c € R.
For i € [n], let 1; € R™, whose i-th entry is 1 and all other entries are 0.
Denote F(x) = ¢(F(x)), where 1) is the sign function. First, we prove a lemma.
Lemma B.1. Let F € H,, 2 be of the form equation@and z; =11, € R™ If.7-'(z1) = .}N'(z,l) = —1and

F(z2) = F(z—2) = 1, then s185 < 0 when ¢ > 0 and s152 > 0 when ¢ < 0.

Proof. Let F be of the form equation[5] We just need to prove the lemma for n = 1. Consider two cases.

(c1): Assume ¢ > 0. Since —1 = F(z1) = ¥(s10(Urz1 + b1) + s20(Uaz1 + ba) + ¢) > ¥(s10(Ur21 +
b1) + s20(Usz1 + b2)), at least one of s1 = —1 or s5 = —1 holds. Assume that s = —1. We will show that
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s1 = 1. If this is not true, then 81 = s, = —1. Since —o(a)/4 — 3/40(b) < —c(a/4 + 3b/4), we have

0
< EF(22) 4 3F(2-2)
= (=o(U12z2 +b1) —0(Usza + ba) +¢) /4 + 3(—0(Ur2-2 + b1) — 0(Uzz—_2 + b2) + ¢) /4
= (—o(Uiza+b1) —30(U1z—2 + b1))/4+ (—0(Uzza + b)) — 30(Uzz—2 + b)) /4 + ¢
< —o(Uiz_1+b1) —0(Usz_1+bs) + ¢

= ‘F(Z—l) < Oa

which is a contradiction.

(CZ): Assume ¢ < 0. Since 1 = ‘/—"(22) = 1,[)(810’(U12’2 + bl) + SQO’(UQZQ + bg) + C) < 1/1(810’((]122 + bl) +
s90(Uaze 4 b)), at least one of s; = 1 or s5 = 1 holds. Assume s; = 1. We will show that so = 1. If this
is not true, then s5 = —1. Then

1= f(ZQ) = QZJ(U(ULZQ -+ bl) — O'(UQZQ + b2) —+ C) S z/;(a(Ulzg + bl) -+ C),

s0 0 (U129 4+b1)+c¢ > 0. From ¢ < 0, we have Uy 25 +b; > 0. Similarly, we have Uy 2_o + by > 0. It is easy
to see that Uy 21 + by > min{U; 22 + b1,U12_2 + b1 },s0 (U121 + b1) + ¢ > 0, and hence Uy 21 + by > 0.
Similarly, we have Uyz_1 + by > 0. From F(21) = —1 and o(U121 + b1) + ¢ > 0, we have

0> .7:(2’1) = a(U121 + bl) — O'(UQZl + bg) +c> —O’(U221 + bg),

s0 Uszy + by > 0. Similarly, we have Usz_1 4+ ba > 0. Now consider the linear function L(z) =
(U13? + bl) — (UQJJ + bz) +c.

Since ¢ < 0, Uyz1 + by > 0, Uzz; + by > 0, and F(z1) = —1, we have L(z1) = (U121 + b1) — (U221 +
by) + ¢ =0(Uyz1 + b1) — 0(Usz1 + b2) + ¢ = F(z1) < 0. Similarly, L(z_1) < 0.

Since ¢ < 0, Uyzg + b1 > 0, and F(22) = 1, we have L(z2) = (U12za + b1) — (Usza + b)) + ¢ =
U(U122 + bl) — (UQZQ + bz) +c> J(U1z2 + bl) — O’(UQZQ + bz) +c>0. Similarly, we have L(Z,Q) > 0.

Hence L(0) = (L(z1) + L(2-1))/2 < 0 and L(0) = (L(z2) + L(2—-2))/2 > 0, a contradiction, so
S9 = 1. O
We now give the proof of Theorem [4.1]

Proof. Let o(k,m) = AT~ ¢;(k,m) be a 6-SAT for k variables, where ¢;(k,m) = V9_,T; ; and &; ; is
either z, or —z, for some s € [k] (see Definition[4.2).

For i € [m], define QF € R¥ as follows: Qf[j] = 1 if z; occurs in ¢;(k, m); Q¥ [j] = —1 if -z, occurs in
©i(k, m); Q7[j] = 0 otherwise. Then six entries in Q¢ are 1 or —1 and all other entries are zero.

We define a binary classification dataset D(p) = {(z;, y;)}7"T** < R* x [2] as follows.
() Fori € [k], x; = k1;,y; = 1.
Q) Forie{k+1,k+2,...,2k}, 2 = —kl;_j,y; = 1.
(3)Fori € {2k + 1,2k +2,....3k}, 7 = 2kLi_op, yi = 2.
@) Fori € {3k + 1,3k +2,...,4k}, 7; = —2k1; 35, y; = 2.
(5)Fori € {4k + 1,3k +2,... 4k +m}, 2 = k/4- QF_,.. yi = 1.
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D(p) has separation bound > k/4 > 1, because k > 6 for 6-SAT problem. Let the robust radius be
a = 0.5 — v, where v < ﬁ. It is clear that both D and « require poly(m, k) byte representation.

We claim that RobM(D(y), «) has a solution F € H,, 5 5 . if and only if the reversible 6-SAT ¢ (k, m)
has a solution J = {z; = v; };?:1. Furthermore, 7 and J can be deduced from each other in polynomial

time; that is, RobM(D(y), «v) is computationally equivalent to o (k, m). Since reversible 6-SAT is NPC
Megiddo| (1988)), by the claim, RobM(D(p), ) is NPC, which implies that RobM(D, «) is NP-hard for
D € Dy, 1, n. This proves the theorem.

Before proving the claim, we first introduce a notation. Let J = {z; = v;} ;?:1 be a solution to the reversible
6-SAT problem ¢ and o, (k,m) = \/?=13~3i,j a clause of ¢, where v; € {—1,1}. Then denote by ¢(J, ;) the
number of Z; ; which has value 1 on the solution J. If ¢(J, ¢;) = 0, then ¢; is not true. If ¢(J, ¢;) = 6, then
—p; is not true. Since J is a solution to the reversible 6-SAT problem ¢, we have 1 < ¢(J, ¢;) < 5. It is easy

to see that ¢(J, ;) = [{j € [k]: Q7 [j] = v; }.
The claim will be proved in two steps.

Step 1. We prove that if o (k, m) has a solution J = {z; = v;}¥_,, then RobM(D(),0.5 — 7) has a
solution F, where v; € {—1,1}. Let Uy = (v1,v2,...,Vk), Us = —(v1,v2,...,v). Define F € Hy, o to
be F(z) = o(Urx — 1.5k) 4+ o(Uzx — 1.5k) + 1.5 — . It is clear that F can be obtained from .J in poly(k).
We will show that F(z) is a robust memorization of D(p) with budget o« = 0.5 — .

It suffices to show that for any ¢ € [4k 4+ m], F is robust at z; with budget «. For = € B(x;, «), there exists
ane € [—a, oz]’C such that z = z; + €. The proof will be divided into three cases: (cl) - (c3).

(c1). Assume i € [2k]. It suffices to prove the result for ¢ € [k] and the result for i = k 4+ 1,...,2k can be
proven similarly. Since v; € {—1,1}, we have ||U1||1 = k. Then for i € [k], we have x; = k1, and hence
Ui(z; +€) — 1.5k < k|v;| + €||U1]]1 — 1.5k < k|v;| + (0.5 — ¥)||U1]]1 — 1.5k = —vk < 0. Similarly, we
have Us(x; + €¢) — 1.5k < 0. Then,

F(z) =F(x; +¢€) = o(Ur(x; + €) —1.5k) + o(Usz(z; + €) — 1.5k) + 1.5 — v < 1.5.
Therefore, | F(z) — 1| < | F(x) — 2|. Thus F(z) = 1 and F is robust at z; with budget a = 0.5 — ~. Case
(c1) is proved.

(c2). Assume i € {2k + 1,...,4k}. We need only prove i € {2k + 1,...,3k}, and the other cases
can belproved similarly. Since U; = —Us, at least one of the following two equations Uyx; — 1.5k =
Ul(l)xgz_%) — 1.5k = 0.5k and Usz; — 1.5k = UQ(Z)IEI_QIC) — 1.5k = 0.5k is true, say the first is true. Then,
for any ||€||oo < 0.5 — ~, we have
Flz;+¢€) =o(Ur(z; +€) — 1.5k) + o(Ua(x; +€) — 1.5k) — v+ 1.5 > o(Us(x; + €) — 1.5k) — v + 1.5.
We have Uy (z; +€) — 1.5k = 0.5k + Uye > 0.5k — (0.5 — v)k = vk. So F(z; +¢€) > vk — v+ 1.5 > 1.5,
since k > 1. Therefore, |F(z) — 2| < |F(z) — 1|. Thus F(x) = 2, so F is robust at x; with budget 0.5 — ~.
Case (c2) is proved.
(c3). Assume i € {4k + 1,4k +2,...,4k +m}. It is clear that ¢(J, ©;_4x) + ¢(J, P, _41) = 6.
Then

gUle—M

= Zj:.’.l)j € Pi—ak gvaf—Alk[j]

= 2 € oran San(@F i li)=Smn(v) B/ T Xjia; € i sen(@7 i) #Sen (o)) B/

= q(Jspicar)k/4 = q(J. Py )k /4

e {0,k/2,k,—k/2,—k},
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which means |2U1QY_,, | < k. Similarly, we also have |2U>Q¥_,, | < k. As a consequence, Uy z; — 1.5k =
U1QY 4. - k/4— 1.5k < —0.5k. Since ||U7 |1 = k, for any ||€||oc < 0.5 — v, we have Uy (z; 4+ €) — 1.5k <
—0.5k + ||U|]1(0.5 — v) = —vk < 0. Similarly, U; (x; + €) — 1.5k < 0. We thus have

Flx;+€) =o(Ur(z; +€) —1.5k) + o(Uz(x; +€) — 1.5k) = v+ 1.5 <0+0—~v+ 1.5 < 1.5
Thus F(z) = 2 and F is robust at z; with budget 0.5 — ~.
From (c1) to (c3), F is a robust memorization of D(y) with budget & = 0.5 — ~, and Step 1 is proved.

Step 2. We prove that if RobM(D(p), 0.5—-) has a solution F (z) = s10(Uyz+b1)+s20(Usz+bs)+C €
1, 2 which is a robust memorization of D(y) with budget o = 0.5 — ~, then (&, m) has a solution J.
Since ao(b) = Sgn(a)o(|alb), we can assume that s1, 52 € {—1,1}.

Letc = —1.5 + C, which means F(x) — 1.5 = s10(Uyz + b1) + sa0(Usx + ba) + ¢. Therefore, we have
F(x)=1if F(x) — 1.5 < 0,and F(z) = 2if F(z) — 1.5 > 0.
The proof of Step 2 is divided into two sub-steps, and we prove Step 2.1 in two cases.
Step 2.1. Assuming ¢ > 0, we will show that J = {2, = S gn(U(Z)) *_, is the solution to the reversible
6-SAT problem o (k, m). We will prove Step 2.1 by proving six propertles (d1) - (d6).
(d1): We have s;1s5 = —1. Without loss of generality, we let sy = 1 and s = —1. Since F(z1) — 1.5 =
F(xr41) — 1.5 < 0and F(zors1) — 1.5 = F(asgs1) — 1.5 > 0, (d1) is a consequence ofLemma
(d2): We have —k:|U2(q)| + bg + p||Uz||1 > 0 forany p € [-0.5 +v,0.5 — 7] and q € [k]. We just need to
prove the case ¢ = 1. We first assume Uz(l) < 0. Since F is a robust memorization of D(p) with budget
a = 0.5 —~, we have F(z1 + pSgn(Us)) < 1.5, so
0 > O'(Ul(xl +pSgn(U2)) + bl) — O’(UQ(IE1 erSgn(Ug)) + bg) +c

Z 70(U2(Il +pSgI1(U2)) +b2)+C

= —o(=k|U3" |+ pl|Uell1 +b2) +c

> (kU3 | +pllUal[i +b2)  (bye>0)

which means a(—k:|U2(1)| + p||Uz||1 + b2) > 0. Then we have —k\Uél)\ + p||Us]|1 + b2 > 0. For the case
UQ(U > 0, we only need to consider x; instead of x;. So property (d2) is proved.

(d3): We have UPUL? > 0 and |U?| > |UL?| for any ¢ € [k]. We just need to prove it for q = 1. First,

we show that U(l) #£0. If U2(1) = 0, we first assume Ul(l) < 0. Since F(x1) < 1.5 and F(zax11) > 1.5,
we have

0 > F(z1)-15
U1$1+b1)—0'(U2561+b2)+C
UMD 45y) —o(bs) + ¢ (by UM =0)

a(

= g'(
(1) B (1)

> 0(2kU; " +b1) —o(b2) +c (byU;* <0)
= o(2k U“) +01) — o(2kUSY +by) + ¢ (by USY = 0)
= o(Uizakt1 +b1) — o(Uszaks1 +b2) + ¢
= ]‘—(:Egk+1) —1.5
> 0,
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a contradiction, and thus U ;é 0. If U(l) > 0, we only need to consider x4 and Z3g41.

Now we prove (d3). Let h = 1 if UQ(U > 0,and h = k + 1if U2(1) < 0. Because xpyor = 2z, and
F(xptar) — 1.5 >0 > F(zp) — 1.5, we have

F(xptor) — 1.5

= o(Uyzpyor +b1) — c(Usxppor +be) + ¢

o(2Uyzxp, + by) — o (2Uszp, + ba) + ¢

o (2kUI Sgn(USY) + by) — o (2k|USY | + by) +

0 (by F(htaw) —1.5>0)

o(Urzxy, +b1) — o(Usxp + b)) + ¢ (by F(ap) — 1.5 < 0)

= o(kUMSen(UN) + 1) — o (KUY | + o) + ¢

>
>

which means o(2kU" Sgn(USM) + b1) — o (2k|USY | + b3) > o (kU Sgn(USM) + b1) — o (k|USY| + by),
so we have

0 < okUDSgn(U) + b1) — o (k| UV | + b2) — (o(kUP Sgn(USM) + by) — o (KU | + b2))

= (o(2kUDSgn(U") + b1) — o (kUM Sgn(USY) + b1)) — (0(2k|USY | + ba) — o (k|USM | + b2))

(o (26U Sgn(USY) + br) — o (kUM Sgn(USY) + 1)) — ((2k|USV | + b2) — (K|USY] + b2))  (by (d2))

= (o(2kUPSgn(UM") + b1) — o (kUM Sgn(USY) + by)) — kUSY.
Then a(2kU1(1)Sgn(U2(1))+b1)—a(kUl(l)Sgn(Ug(l))+b ) > kU, (1) > 0, which means QkUll)Sgn(UQ(I))—&—
b1 > 0. And according to that, we have:

0 < (ckUVSgn(UM) +by) — o(kUNSgn(UM) + by)) — KUY
= ((2kU"sen(U) +by) — o (kUM Sgn(USY) + b)) — K|USY|

((2kUVsen(UY) + by) — (kUL Sgn(USY) + b1)) — k|USY|
= kU sgn(USY) — K[USV).

IN

So we get U( )Sgn(UQ(1 ) > \U2(1 | > 0, which means Sgn(U( )) = Sgn(UQ(U), and |U1(1)| > |U2(1)|. (d3)
is proved.

(d4): We have 2k|U1(q)| + by + p||U1]|1 > O forany p € [-0.5+v,0.5 — ] and ¢ € [k].

We just need to prove it for ¢ = 1. Let h = 1 if U(l) > 0,and h = k+ 1if Ul(l) < 0. Because
F(xpyor +pSgn(Ur)) — 1.5 > 0 > F(zp —|—pSgn(U1)) — 1.5, we have that:

F(xpyor +pSgn(Uy)) — 1.5

o(Ur(@nt2r + pSgn(U1)) + b1) — 0 (U2(2zp2r + pSgn(Ut)) + ba) + ¢

o (2k[UL"| + by + pl|Ur][1) — o (2k1U5" | + bz + pl|U2|1y) + ¢ (by (d3)

=oKUY | + b1+ pllULII) = (2K[US"| 4+ b2 + plUs|[1) + ¢ (by (d2))

0 (by F(xpsor +pSgn(Uy)) — 1.5 > 0)

o(Uy(zp + pSgn(Ur)) + b1) — o(Ua(zp, + pSgn(Uy)) + b2) + ¢ (by 0 > F(zp, + pSgn(U;)) — 1.5)
o (KIU | + b1+ pl|Ur] 1) = o (k|U5"| + bz + pl|Ul[1) + ¢ (by (d3))

o (KUY | + b1+ pl|ULl 1) = (RS |+ b + plIU2N1) + ¢ (by (d2)

v Vv
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which means o(2k|U"| + by + p||U1||1) — (2k|US | + bo + p||Us||1) + ¢ > o(K|UD | + by + p||UL[]1) —
(k\UQ(U\ + by + p||Uz]|1) + ¢, so we have

o (2k|UM |+ by + p||UL| 1) > o (kTN | + by + p||UL| 1) + k[USY| > 0.
(d4) is proved.
(d5): We have max, gy (US| — [US?]) < 2(1 — 24)(/|UL][1 — [|U2] 1)

Forany z € [k],leth = zifUl(z) >0,and h = z—i—k‘ifUlz) < 0. We have F (2 +(0.5—v)Sgn(U;))—1.5 <
0, which means

0

o(Ui(zp + (0.5 —4)Sgn(Uy)) + b1) — o(Us(zp + (0.5 — v)Sgn(Uy)) + ba) + ¢

o (kUS| + (0.5 = I|U1[[1 + b1) = o (K[UST| + (0.5 = 9)[|[Ualls +b2) + ¢ (by (d3))

o (kUS| + (0.5 = NI[U1][1 + 1) = (|US| + (0.5 = 7)[|Ua][1 + b2) + ¢ (by (d2))
(KU + (0.5 = DIT 1 +b1) — (R[UST| + (0.5 —)|[Ualls +b2) + ¢

= KU = kUS| + (0.5 — ) (ULl — [|Ua]]2) + b1 — by +c.

v

Y

We thus have k|U? | — kUS| < —by + by — ¢ — (0.5 — ) (||UL]1 — ||U2||1). Then we have F ()2 —
(0.5 —v)Sgn(U;)) — 1.5 > 0, which means
0

< o(Uy(zag+n — (0.5 —4)Sgn(U1)) + b1) — 0 (Us(zak+n — (0.5 —v)Sgn(Uy)) + be) + ¢
(2K[U7 | = (0.5 = DUl +b1) — o (2K[UST| = (0.5 = Y)[Ualls +b2) + ¢ (by (d3))
(2k|US| = (0.5 = )[|U1][1 + b1) — o (2k|US”| = (0.5 — 3)||Ua|[1 + b2) + ¢ (by (d4))
(2k|US| = (0.5 — Y)||UL]]1 + 1) — (2K|UST| = (0.5 — ) ||Uz|ly + b2) + ¢
2| U7 | = 2k[US| = (0.5 — 3)([|U1]]1 = [[U2][1) + b1 — by + c.

IA I

So, we have k|UP | — kUS| > —batbe et 05— (L) and thus

kU | — kUS|
< b +by—c— (0.5 —)(|Uill1 — |Us]lh)
_ 2—b1+bz—c+(0-5—;/)(HU1||1—||U2H1) — (1 =29)(|U1]]x = |U2]]1)
< 2k[UP| = 2kU | = (1= 29) (|01 = ||Us]1)

which means k:|U1(Z)| - k|U22)| > (1 —=2v)(||U1]]1 = ||Uz2]]1) for any z € [k]. Using this inequality, we have

KUY | - kU]

k(U1 = |[U2lh) = .0 . (KIUF'| = KIUF])
(k= (1= 2y)(k = 1) (|U][1 = [|Uall1)
LUl — ||Ua]l1)  (by (d3) and v < 1/(10k))
2% (1= 29)(||Uh][1 — [|Ua][1)  (by (d3))

AN AN A

which proves (d5).
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(d6): We have that {x; = Sgn(U; (e )) k_| is a solution to the reversible 6-SAT problem o(k,m).

If this is not valid, then there exists an ¢ € [m] such that q({Sgn(Ul(w))}ﬁjzl, ¢;)) = 6
or q({Sgn(Ulw)) k_1,¢;) = 0. We just need to consider the first case, because when
q({Sgn(Ulw))}izl, ¢i) = 0, there exists a j € [m] such that ¢; = ¢;, so q({Sgn(Ulw V1, 6;) =6.
Without loss of generality, we assume that the index of the six entries in ¢; are 1,2, 3,4, 5, 6. By the definition
Of Z4i15, we know that Uy zas = £ 320 [U{?)|, and by (d3), we know that Upzai; = % 325_ [US].

Using (d2), we know that
0 < kUS| + by + (0.5 = N|[Ulls < & S5, US| + by + (0.5 — 7)||Us 1. 6)

Without loss of generality, we assume Ul(l) > 0. Since F(xax+1 — (0.5 —7v)Sgn(U;)) — 1.5 > 0, we have

0
< O'(U1($2k+1 — (05 — 'y)Sgn(Ul)) + bl) — U(U2(2$2k+1 — (05 — 'y)Sgn(Ul)) + bg) +c
= o2k |+ b1 — (0.5 = )|[U1|1) — o (2K|US"| + b2 — (0.5 = ) [|Us]l1) + ¢ (by (d3)) ()
< a2kUD |+ by — (0.5 = )||U1][1) = K[US| + ba — (0.5 — 7)||Us][1) + ¢

= UM+ 01— (05— )|Uilh) — KUY+ 0o — (0.5 = ) [|Us|h) + . (by (d4))

S00 < (2K|UM | + by — (0.5 = )||U1]11) — (2k[US”| + by — (0.5 — 3)[|Uz]l1) + . T UY < 0. We only
need to consider x3;1, and the others are the same. The conclusions are the same for Ul(z), 1=1,...,6.

Then because F(z4x+; + (0.5 —)Sgn(U7)) — 1.5 < 0, we have

o

> o(Ur(2arti + (0.5 —7)Sgn(U1)) + b1) — 0(Ua(war4i + (0.5 — v)Sgn(U1)) + b2) + ¢
= o(Uimapyi + b1 + (0.5 = )||U1]|1) — o( U2$4k+z+b2+(05 NNNUz2|1) + ¢ (by(d3))
( zj 1|Uf)|+b1+<05 NIU) - o(% zj 1|U2 | 4 by + (0.5 — )| Un[1) +
(S8 U+ b1+ (0.5 — )T 1) — <zj:1|U2 | 4+ b2+ (0.5 — 7)||Usll1) + <by<1§l>>
42J 1|Ufz>|+b1+<os DT — (5 S0 US|+ bs + (0.5 — ) |[Uall) +
LS8 (2KIUS | + by — (0.5 — 7)||[UL]]1 — 2K|US| = by + (0.5 — 7) || U1 + c)

— S (U =102 + 1= 29) (10111 — ||U2]]h)
> S0 (UF — 1UE) + (1= 20 (I~ 1Tlh) - (by (@)
> 0 (by(dS5))

(A2 |
qq

a contradiction, and Step 2.1 is proved.

Step 2.2. Assuming ¢ < 0, we will show that J = {z; = S gn(U ) 1 is a solution to the reversible
6-SAT problem (%, m). The proof is divided into six steps: (el) - (e6)

(el): There must be s1 = so = 1.
Just use Lemma[B.1]
(e2): Ul(Q)Uz(Q) < 0 forany g € [k].
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We just need to prove it for ¢ = 1. First we prove that Ul(l) # 0. If not, that is Ul(l) = 0. Without loss of
generality, let UQ(U < 0. Since F(z1) — 1.5 < 0 and F(xox+1) — 1.5 > 0, we have

0

> F(xy)—15

= o(Uiz1 +b1) +0(Usx; +b2) + ¢

= o(b) +o(kUM + b)) +¢ (byUY =0)

> o(by) +oRkULY +by) + ¢ (by USY <0)

= o(2kUM + b)) + 0 (2kUY +b3) + ¢ (y UM =0)
= o(Uizaks1 +b1) — o(Uswapy1 + b2) + ¢

= Flxogy1) — 1.5

> 0

which is a contradiction, and hence U 1(1) # 0. When U2(1) > 0, we just need to consider x;4+1 and 354 1.

Now we prove (e2), let h = 1+ k if Ul(l) > 0,orh =1if Ul(l) < 0. Then, we have that F(2zj,421) — 1.5 > 0
and F(xp) — 1.5 < 0, which means

o(Urxpyor +b1) + o(Ustptar + b2) — ¢

= o(=2k|UY | + b1) + o(—2kUSgn(UD) + by) — ¢ (8)
> 0
and
o(Urxp + b1) + o(Usxp + b2) — ¢
= o(—klUD | + b)) + o (kUM Sgn(UM) + by) — ¢ ©9)
< 0.

These two inequalities illustrate that a(—k:|U1(1)| +b1) + 0(—kU2(1)Sgn(U1(1)) +b2) < 0(—2k\U1(1)\ +
b1) + o(—2kUSVSgn(U") + by). Furthermore, since o(—k|U™| + by) > o(—2k|U™ | + b1), we have
a(—kJUQ(I)Sgn(Ul(l)) + b)) < o(—QkUQ(I)Sgn(Ul(l)) + by), which means (—k‘UQ(l)Sgn(Ul(l)) + b)) <
(kaUz(l)Sgn(Ul(l)) + b2). Then Uz(l)Sgn(Ul(l)) < 0, that is Ul(l)UQm < 0, which is what we want.

(€3): k|US?| > (1 — 29)||Us]|, for any g € [k].

We just need to prove it for ¢ = 1. Let h = 1if U2(1) > 0,orh = k+1if U2(1) < 0. We have
F(zhyor — (0.5 —v)Sgn(Us)) — 1.5 > 0 and F(xp, + (0.5 — v)Sgn(Uz)) — 1.5 < 0, which means
o(Ur(znsar — (0.5 = 7)Sgn(Uz)) + br) + o (Uz(hs2r — (0.5 — 7)Sgn(U)) + ba) — ¢
= o (=2K|U}"| + (0.5 = I[U[|s +br) + o (2KU3" | = (05 = )[[Ualls +b2) —¢ - (by (¢2)
> 0

(10)
and

O'(Ul({Eh + (05 — ’Y)SgH(UQ)) + bl) + O’(UQ(I’h + (05 — 'y)Sgn(Ug)) + bz) —C
o (—k|UL | = (0.5 = )[UL]]1 +b1) + o (kUS| + (0.5 — M| Uslls +b2) — ¢ (by (€2)) (A1)
< 0.
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Next, consider two situations:
(e3.1): If 72k|U1(1)| + (0.5 — ¥)||U1]]1 + b1 < 0, then we can prove that k|U2(1)| > (1 —2)||Uz]|1.

By equation[10[and the fact —2k[U{"| + (0.5 = 3)[|U4][1 + b1 < 0, we have o(2k|USY | — (0.5 — 7)||Ua] |1 +
b2) —c>0.

By equation we have U(k|U2(1)| + (0.5 =)||Uz||1 + b2) — ¢ < U(—k|U1(1)| — (0.5 =||U1|]1 +b1) +
o(k|USV |+ (0.5 = )||Usl1 +b2) — ¢ < 0.

So o (k|USY | + (0.5 — 3)||Us||1 + b2) < ¢ < a(2k|USY | = (0.5 — 4)||Us||1 + b), which means (k|USM | +

(0.5 — ||[Us]]1 + b2) < (2k|USY | = (0.5 = )||Us]||1 + b2). Then we get (1 — 27)||Us||1 < k|USY|. This
is what we want.

(€3.2): If —2k|U1(1)| + (0.5 —9)||U1||1 + b1 > 0, then we can prove —2k|U2(1)| + (0.5 =9)||Uz|]1 +b2 <0
and K|USV| > (1 — 29)[|Uz| 1.
Since F(zp, — (0.5 — v)Sgn(Usz)) = —1 < 0, we have that

o(Ui(xp, — (0.5 —v)Sgn(Uz)) + b1) + o(Usz(zp, — (0.5 — v)Sgn(Us)) + b2) — ¢
o (—k[UM |+ (0.5 = N|UL][1 +b1) + o (kUS| = (0.5 — 7)[|Un|[s +b2) — ¢ (by (€2))  (12)
< 0.

Since —2k|U™M | + (0.5 — 1)|[U|]1 + b1 > 0, it holds —k[U™"| + (0.5 — 4)||U1][1 + b1 > 0. Then by
equationand equationand —2k|U1(1)| + (0.5 —9)||U1]|]1 + b1 > 0, we have that

(kU4 (0.5 = ) |U|11 + b1) + o (kUS| = (0.5 = 4)[|Us||1 + ba) — ¢
= (KU + (0.5 = N[|Uilh + b1) + o (kUS| = (0.5 = )||Us| |y + b) — ¢
0 (13)
o (=2k|UD | + (0.5 = )||[Un]]1 + b1) + o (2K|USY | = (0.5 = 3)||Us| |1 + ba) — ¢
(—2k[U | + (0.5 = NIUL + b1) + 0 (2K|US | — (0.5 — 3)||Uz] |1 +b2) — ¢

AN A

which means k|U™" | < /(2K UM | = (0.5 = 9)||Us||1 + b2) — o (k|USY | = (0.5 = 3)[|Us||1 + b2) < kU
(Use o(z) — o(y) < |z — y| here). So [UY| < |USY].

Similarly, if —2k|U{" | + (0.5 — 4)||Us||1 + bs > 0, then we have |U"] > |USY|. But U | < [USY] and
|U1(1)| > |U2(1)| cannot stand simultaneously, so —2k\U2(1)\ + (0.5 — ¥)||Uz2]||1 + b2 > 0 can not stand. Then
we have —2k|USY| + (0.5 — )[|Us||1 + b < 0.

Now using equation [I0]and equation[TT] we have

o(=2k[UV| + (0.5 = I|U1][1 + by) + o(2k|USY | = (0.5 — )| Va1 +b2) — ¢
= (=2KUM ] + (0.5 = NIVl + br) + 0 (2k[USY | = (0.5 = )||Ual[1 +b2) — ¢
0
(kU] = (0.5 = NI[T 11 + 1) + o (kUS| + (0.5 = ||Ts| |1 +b2) — ¢
(=KUY = (05 = [Vl + by) + o (K[USP] + (0.5 — 3)[[Ulls + b) — ¢

vV Vv Vv
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which means (—k|U™"| = (0.5 — 1)U + b1) — (=2k|UD | + (0.5 — 7)||U1]1 + b1) < o(2k|USY| —
(0.5 = N||Usll + b2) — o (kUS| + (0.5 = 3)[|Us| |1 + b2). Since —2k[USV | + (0.5 —)[|Us || + b2 < 0,
similar to (e3.1), we have (1 — 2v)||U1||1 < k|U1(1)|.

So we can obtain

0
< = =20 + kUL (by equed)
= (=kUP| = (0.5 = N||UL[[1 + 1) — (=2K[UM | + (0.5 = )||UL ]2 + b1)
< o 2kUV| = (0.5 = )||Ua|[1 + b2) — o (KUSY | + (0.5 = 3)||Us] |1 + b2)

which implies o(2k|USY | — (0.5 — 7)[|Us| |1 + b2) > 0. Then we have

0
< o2kU | = (0.5 — )||Ua|[1 + b2) — o (RUSY | + (0.5 = 9)||Ua] |1 + b2)
= (2K|US"| — (0.5 = )||Usll + bs) — o (k|US"| + (0.5 — )| |Uz]|1 + bs)
< (2K|USY| = (0.5 = )||U2| 11 + b2) — (K[USV| + (0.5 — )| |Us][1 + b2)

= kU]~ (1 - 29)|U]]s.

This is what we want.

(ed): k|U?| > (1 — 27)||U1|; for any ¢ € [K].

Similar to (e3).

e5): J ={z; = Sgn(Ul(i)) k_, is the solution to the reversible 6-SAT problem o (k,m).

If not, as said in (d6), there is an i € [m] such that q({Sgn(Ul(w))}’fU:17 ¢;) = 6. And there is a j € [k] such
that &, = ;.

Without loss of generality, we assume that the indexes of the six entries in ¢; are 1,2,3,4,5,6. By the
definition of z4y;, we know that Uyxzypy; = %Z?Il |U1(Z)|, and by (e2), we know that Uszgry; =

~£ 3579 | |US?)|. By the definition of x.4i ;. we know that Uz = —% S20_, [U{?)], and by (e2), we
know that Uszaps; = & Z?=1 |U2(z)|.
As said in (€3.2), we have —2k|U | + (0.5 — )||Us |1 + by < 0 or —2k|US | + (0.5 — ) ||Us| |y + b2 < 0
standing for any z € [k]. Let the last stand for z = 7. If the first one stands, it is similar.
Now we will show that
o (27| = (0.5 = U1 + b)
< o I U+ (05 = NITUL +by) + 0 (= S5, [0+ (0.5 =Tl +b1)  (14)
< ok = (0.5 = N|TL ]l + ba),

which lead to a contradiction.
(e5.1): We prove that o (% Z?Zl |U1(Z)|+(0.5—fy)||U1||1+b1)+a(—§ 2?21 U |4(0.5—)||[Us|[1+b1) <
o(2k|UL7| = (0.5 = 3)[|Us]]1 + by).
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Leth =7ifU” > 0,and h = k+ Tif U < 0. Because F(z2p4n — (0.5 — 7)Sgn(U1)) — 1.5 > 0 and

—2k| US| + (0.5 = )||Ua||1 + by — 1.5 < 0, we have

U(U1($h+2k — (05 — ’y)Sgn(Ul)) + bl) + O'(UQ(’I}H_Qk — (05 — fy)Sgn(U1)) + bg) +c
= o(2k|U"| — (0.5 — Y)|Uil + b1) + o (=2k|US” | + (0.5 = 3)||Us|[1 +b2) + ¢ (by (e2))
= o(2k|U| = (0.5 — ) [|Ui|l + b1) + ¢

> 0.
15)
Because F(z4r+i + (0.5 — v)Sgn(U71)) — 1.5 < 0, we have that:
0'(U1 (x4k+i + (05 — 7)Sgn(U1)) + bl) + 0(U2(l‘4k+i + (05 — W)Sgn(Ul)) + bg) +c
= o4 T U1+ (05 = IOl +b1) + (= S5, 1057 16

+(0.5 = Y)||U1] |1 + b1) + ¢ (by (e2))
< 0.

By equationand equation it holds o (& 2?21 |U1(Z)| + (0.5 =)\ Uill1 +b1) + o(— 2?21 |U2(Z)| +
(0.5 — N||U1]]1 + b1) < o(2k|U”| = (0.5 — 4)||U1]|1 + by). This is what we want.

(e5.2) We prove that o (& 30 U1 |+ (0.5 =) || U1 +b1) + 0 (= S0, [US[+(0.5—)||U |1 +b1) >
o(2k|US"| = (0.5 — ) [|Us]]1 + by).

By (e4), we have that:

2k[U{"| = (0.5 — 9)|[Ux Iy

2k(||U1 |l = . [UF]) = (0.5 = 7)[[U3]]1

< 2k(||U]l1 — (k= D)1 = 29)||Us]11/k) = (05 = NI|Un ][ (by (e4))
= (L5 + 49k — 39)||Th s

< (15(1—29) 4+ (05— [Tl (byy < 1/(10k))

< ESO UP|+ (0.5 -Vl (by (ed)).

Soa (&S0 U [4+(0.5—)|[ULl[1+b1) > o(2K|UL” | —(0.5—)||Us |1 +b1). Then o (5 S0 [UF7) |+

(0.5 =011 +b1) + (= S5, (US| + (0.5 = )| U]l1 +b1) > o(2k[UL7| = (0.5 = 7)||Us]]1 +by).
(e5.2) is proved.

From (e5.1) and (e5.2), the assumption is wrong and (e5) is proved. O

B.2 PROOF OF THEOREM [£.3]

Proof. Tt suffices to show that there exists a dataset D such that if F has width less than n and memorizes D
(thatis F(z) = y for (z,y) € D), then RAp(F,0.4Ap) <1 — that is, F is not a robust memorization
of D with budget 0.4\p.

1 .
n+1°’

Denote by 1 the vector all whose entries are 1 and 1, the vector whose k-th entry is 1 and all other entries are
0. Without loss of generality, let N satisfy (n + 1)|N. We define a dataset D = {z;,y;} ;" with separation
bound 1 as follows:
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(Daxop=01andyy =0;2;, =1;and y; = 1 fori € [n];

@) fori=k(n+1),....,k(n+1)+nandk =1,...
mod (n + 1). Itis easy to see that A\p = 1.

N — o = .
a1 — L@ = x4+ 1andy; = y;, where i = i

Let 7 : R™ — R be a network that memorizes the dataset D defined above and let W be the weight matrix
of the first layer of F. Then W; € RE*"_ Since F has a width smaller than n, we have K < n. We
will show that there exists an s in [n] such that 35y, d; € R, satisfying ||dp||oc < 0.4,]]0s||co < 0.4, and
Wl(xo + 50) = Wl(LCS + 55)

Since K < n, W7 € RE*" g not of full row rank and, therefore, there exists a vector v € R™ such that
Wiv = 0 and ||v]|oe = 1. For such a v, let [v(¥)| = 1 for some s € [n]. We define &y, 55 € R” as follows:
5(()8) =1/3 and 58“ = —v®v®) /3 for k # s 5 =0and s = v v®) /3 for k # s.

It is clear that ||[do||c = 3 < 0.4 and ||;|/c = 3 < 0.4. Also, x5 + 05 — 11 — §p = %v(s)v. Thus,

Wl(ﬂio + 50) - Wl(ﬂis + 53) = Wl(l‘o + 50 — Ts — 55) = W1(%U(s)’0) = 0.

It is easy to see that for any z, z € R™, Wiz = W,z implies F(x) = F(z). Since W1 (zg + dp) = Wi(zs +
ds), we have F (zg + ) = F(zs + 05). Since F memorizes D, we have F(zg) = 0, F(x5) = 1. Therefore,
F(xo+3do) # 0or F(xs+0s) # 1 must be valid. In other words, F cannot be robust at g or s for the robust

budget 0.4. Similarly, F cannot be robust for at least one point in {xl}fiz;lr{;l fork e {1,..., niﬂ -1}
In summary, F cannot be robust for at least nlﬂ points in D, so RAp(F,0.4) <1 — n%rl O

B.3 PROOF OF PROPOSITION [4.3]

Proof. Tt is easy to construct a dataset {z;}Y, C R™ such that UN B (2;, 1) = Boo(z1,20 + \) \
Boo (21, \). Then, we let D = {(x1,1)} U {(z2,2)}Y,. Itis easy to see that D satisfies \p > A, so the first
part of the proposition is proved.

The rest of the proof is similar to that of Theorem so we just give a sketch of the proof. Let 7 € H,, . 4«
be a network and let W3 be the weight matrix of the first layer of . If d < n, then Wj is not of
full row rank, so there exists a v € R”™ such that F(r) = F(v + kv) for any x € R™ and k € R.
We take z = 77 and kv € B (0,2u + A) \ Boo(0,A), so F(z1) = F(zy + kv). If F is a robust
memorization of D with budget y, then it must hold |F(z1) — 1| < 0.5 and |F(x1 + kv) — 2| < 0.5, because
UN oBoo (24, 1) = Boo (71,21 + A) \ Boo (21, A), which is in contradiction to F(z1) = F(x1 + kv). So F
is not a robustness memorization of J with budget u. The proposition is proved. O

B.4 PROOF OF (2) OF PROPOSITION [4.6]

Proof. Let us first consider n = 1. Let D be {(z;,y;)}Y,, where z; =i € R' and y; = 1,y = 3, y3 = 5;
y; = 2if ¢ > 1 and ¢ are even; otherwise y; = 4. Let u = 0.4. It is easy to see that \p = 1 > 2u. Let
F(x) = Uyo(Uyx + By) + by be a network with depth 2 and width w, where Uy = (ug, ..., u,)" € R¥*L
By = (by,...,by)" € R¥¥1 Uy € R B, € R.

It suffices to show that if F is a robust memorization of D with radius p, then w > N.

We will show that, for any k € {4,5,..., N — 1} there exist 4, j € [w] and ¢ # j so that u;z + b; = 0 and
ujz 4+ b; = 0 have solutions in (k,k + 1). Also note that for different k, the corresponding 4, j must be
different. Thus w > 2(N — 4) > N, which is what we want. The proof of such a conclusion is given below.
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We prove only the case k = 4, and other cases can be proved similarly. We know that F(5 + €) € (3.5,4.5)

and F(4+¢€) € (1.5,2.5) when € € [—0.4,0.4], because F is a robust memorization of D. Thus, we have
F(4fé:ffl4'4) > i:g:i:i = 5, so there exists an interval A C (4.4, 4.6) such that the slope of F in A is at
least 5. We consider four cases.

(c1): The intervals (4, 4.4) and (4.6, 5) are linear regions of F.

Since \W| < |Z3L5] = 2.5, the absolute value of the slope of F in (4,4.4) is at most 2.5.

Similarly, the absolute value of the slope of F in (4.6, 5) is at most 2.5.

Note that A = (a;,a,) C (4.4,4.6) and that the slope of F in A is at least 5. Since F has the same slope
in the same linear region, A and (4, 4.4) are not in the same linear region, which means that there exists an
i € [w] such that the active states of o (u;x + b;) are different in A and (4, 4.4). In other words, u;z + b; = 0
has a solution in (4.4, ;). Similarly, there is a j € [w] such that u;x + b; = 0 has a solution in (a,, 4.6).
This is what we want.

(c2): The interval (4, 4.4) is a linear region of F and the interval (4.6, 5) is not a linear region of F.

Because (4.6,5) is not a linear region of F, there must be a j € [w] that makes u;x + b; = 0 have a solution
in (4.6,5). As proved in case cl, there exists an 4 such that u;x 4+ b; = 0 has a solution in (4.4, a;). This is
what we want.

(c3): The interval (4.6,5) is a linear region of F and the interval (4,4.4) is not a linear region of F. This
case can be proved similar to case (c2).

(c4): Both the intervals (4.6, 5) and (4, 4.4) are not linear regions of F. This case can be proved similar to
case (c2).

For n > 1, we just need to take z; = (4,0,0,...,0) € R™, and the proof is the same. O

B.5 PROOF OF THEOREM [4.8]

Proof. 1t suffices to show that for any p < 0.5Ap, there exists a network with depth 2N + 1, width 3n + 1,
and O(Nn) non-zero parameters, which can robustly memorize D with robust budget .

Let D = {(z;,y:)}Y, CR" x [L]. Let C € R, satisfy C > \xiJ)| +p>0foralli € [N]and j € [n]. F
will be defined in three steps for an input z € R™.

Step 1. The first layer has width 3n + 1 and is used to check whether © € B(x1, ). Specifically, z €

Boo (21, 1) if and only if 7 () = 0 for all j € [2n]. The second layer has width n + 2 and computes E ()
in Property 2 given below. The two layers are given below.

(1-1.1) F(z) = 0;

(1-12) F (2) = 0(2t — 2@ — p), FH (@) = 0(2@) — 21 — ), where j € [n];
(1-1.3) F2"H (z) = o(29) + C), where j € [n];

(1-2.1) ]-"g(:c) =0;

(1-2.2) Fi (@) = o(yr — 525 S e, Fl(@));

(1-2.3) FJ T (x) = o(F2" (z)), where j € [n].
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Step 2. Fori = 2,3,..., N, the (2i — 1)-th layer has width 3n + 1 and is used to check whether x € B(;, 11).
Specifically, © € Boo (i, 1) if and only if 73, (z) = 0 for all j € [2n]. The 2i-th layer has width n + 2
and is used to calculate F;(z) in Property 2 given below.

(i-1.1) Fg; 1 (x) = o (Fg;_o(x) + Fp; _o(x));

(-1.2) F3,_ 1 (2) = o (&) + ) — FHy(2) — p) and Fit () = o(F35 () — (@) + C) — p),
where j € [n];

(i-1.3) Fart (x) = o(FH,(x)), where j € [n];
(i-2.1) Fgi(z) = o(F5;_1 (2));
(i-22) F(z) = o(yi — #72“ i7;1‘7:§i—1($) = Fgia(@):
(i-2.3) F () = o (F2 (), where j € [n].
Step 3. The output layer is F(z) = Foy(z) + Fay ().
Next, we will show that F has the following properties.

Property 1. 7' (z) = 2U) + C fori € [N], j € [n], and 2 € Boo(z;, ), that is, F" 7 (z) for j € [n]
are used to maintain the value z(7).

From (1-1.3) and (1-2.3), since C' + :cgj) > p > 0foralli € [N]and j € [n], we have f5+l(x) =
FiH(z) = o(af + C) = 27 + C. From (i-2.3) and (i-1.3), we have F2,"'(z) = o(Forti(x)) =
o(Fi (@) = = o(F () = 29 + C, forall i € [N] and j € [n]. Property 1 is proved.

Property 2. Let E;(z) = y; — ﬁijzlfgl_l(a@) fori € [N]. Then E;(z) = y; for x € Boo (4, 1), and
Ei(z) < y; forx ¢ Boo (s, ).

Due to Property 1, for j € [n], step (i-1.2) becomes

Fia@) = o +0) = F@) —w) = o — 20 — )
Fyti(@) = o(F (@) = @)+ C) = p) = o2 — 2l — p).

Then © € Boo (4, ) if and only if a(xl(-j) —2) —p) = o (219 —xl(-j) — 1) = 0, or equivalently FJ, | (z) =0
for j € [2n]. Thus, E;(z) = y; for x € Boo (v, p). If 2 & Boo(ws, ), then ||z; — 2 — pfloc > 0 or
||z — x; — p||oo > 0, which means that FJ, ,(z) > 0 for at least one j € [2n]. Since F7 (x) > 0 for all i
and j, we have E;(x) < y;.

Property 3. If z € B (2, pt) for yp # y;, then E;(z) < 0.
Since x € Boo (zg, 1) and yy, # y;, we have ||x; —x— oo > Ap—2u > 0or ||z —2;— pi]|oo > Ap—21 > 0,

because the separation bound is Ap. Then FJ, ,(x) > Ap — 2u for at least one j € [2n] and thus

Ei(z) <y — 5585 F5i1(@) S v — 5555, (Mo — 20) = 0.
Property 4. 7 (z) = max;cnj{ Ei(z),0} for x € R™.

Since max{z,y} = x 4 o(y — x) for 2,y € R and F} (x) > 0 for all i and j, we have that
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o(Fa(a) + Fai(2)) = Foi(x) + Fyi(x)
= o(F5;_ 1( ) + o (Bi(x) — Fgi_y(x))
= max{Fy;_ 1(55) Ey(z)}
= max{o(F5;_o(z) + Fa;_o(2)), Ei(2)}.

Using the above equation repeatedly, we have F(z) = o (Foy (z) + Fin(x)) = max  {E;(z), Fo(z)} =
max? , {E;(z),0}.

We now show that F satisfies the conditions of the theorem. Let x € B (25, i) be s € [N]. By Property
2, Eq(x) = ys; and if i # s and y; = ys, then E;(z) < y,. By Property 3, if y; # ys, then E;(z) < 0. By
Property 4, F(z) = max;en){Ei(z),0} = Eq(x) = ys;: that is, F is robust at 2, with budget .

The network F has width 3n 4 1 and depth 2/N. We now estimate the number of non-zero parameters. For
i € [N], constructions (i-1.1) and (i-2.1) need 3 parameters; (i-1.2) needs 8n parameters; (i-1.3) and (i-2.3)
need 2n parameters; (i-2.2) need 2n + 2 parameters. In total, (N — 1)(12n + 5) + 2 parameters are needed.
Finally, F can clearly be constructed in polynomial time. U

B.6 MORE ON THE NUMBER OF PARAMETERS AND PROOF OF PROPOSITION [4. 10

In this subsection, we give more detailed explanation on Remark 4.9]
Definition B.2. Let Pff n,r, be the minimum K such that the hypothesis space H ={F: R" —

R:para(F) = K} is an optimal robust memorization for any dataset in D,, 1, n. PE .., 1, can be defined

similarly for the following strict optimal robust memorization networks that satlsfy F (Z) = y; for all
T € Boo (x4, 1) and ¢ € [N].

The upper bound given in the proof of Theorem.ls for Pt ‘N.L- Proposmonlmphes that Pt ‘n.z and
PG

n,

Proposition B.3. We have that 0 < P,ff NL Pfi n.o S 6L

1, are essentially the same, as shown by the following proposition and Corollary

Proof. 1Itis easy to see that Pn N,L Py N 1> because if a network is a strict robust memorization, then
it is also a robust memorization for tfle same dataset and the same p. This proves the left side of the inequality
in Proposition [B.3] The right side follows from Proposition .10} whose proof is given below. O

By Theorem 4.8|and [Li et al.{(2022), we have that O(v/Nn) < PﬁN’L < O(Nn). Since L < Nn for most
dataset, Proposition [B23|implies

Corollary B4. PE\ | ~ PG\ = O(Nn),if L < Nn.

We now prove Proposition 4.10]

Proof. Since F is a robust memorization of D with budget u, it holds that F(x) € (y; — 0.5,y; + 0.5)
for all € Boo (2, 1) and @ € [N]. Since Boo(z;, 1) is a closed set, there exists an € > 0 such that
F(x) € [y; — 0.5+ €,y; +0.5 —¢] forall z € Boo (4, 1), @ € [N], and a small € € R+ .

We claim that there exists a network G with depth(G) = 2 and width(G) = 2L, such that G(k + v) = k for
any k € [N]and v € [-0.5 + ¢,0.5 — €]. As a consequence, we have G(o(F(z))) = G(F(z)) = y; for all
x € Boo (i, 1) and 7 € [N], and the proposition follows.
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G is given below
L

It is easy to see that:

) o(z—05—i+e)—o(z—05—i—¢) =0whenz <0.5+i—¢
(c2)o(x—05—i+¢e)—o(x—05—i—¢€)=2cwhenz >05+i+e.
Sofork € [L]and 2y € [k — 0.5 + €,k + 0.5 — €], we have
d)o(xg—05—i+¢)—o(xg—05—1i—¢)=0whenk <7
d)o(xg—05—i+¢€)—o(xg—05—i—¢)=2ewhenk >i+1;
and thus

/\

)

LS (o(x0— 0.5 —i+€) — oo —05—i—€)+1
zf:ll(a(xo—o5—z+ €)—o(xg—05—i—e€)+1
zizf<2>

1=k.

Thus, G(k +v) = k forany k € [N] and v € [-0.5 + ¢,0.5 — €]. The claim and hence the proposition is
proved. O

??' N‘»—t M‘H N)‘,_. Q

B.7 OPTIMAL ROBUST MEMORIZATION FOR POSITIVE NORM

In this section, we compute the optimal robust memorization networks for the L,, norm with p > 1, that is,
we extend Theorem [4.8] from oo-norm to L, norm.

Forany p > 1, u > 0,andz € R”, let By(z, 1) = {T € R" : ||z — 7|, = (1, |lvi — 7|P)YP < ul.
The robust accuracy of a network F on D with respect to a given robust budget ;i € R is

RA%(J:v M) = P(ry)ND(V‘% € Bp(x7u)a |]:(i') - y| < 05)

The p-separation bound for a dataset D is defined to be
Ap = min{l|z; — 2;|lp: (zi,y:), (z;,9;) € Dandy; # y;}.

The problem of p-robust memorization for a given dataset D < D,, ;, y with budget 1. is to construct a
network F : R™ — R satisfying RAL (F, 1) = 1. A network hypothesis space H is said to be an p-optimal
robust memorization for a dataset D, if for any p < A7, /2, there exists an F € H such that RA%L (F, u) = 1.
Then, we have:

Theorem B.S. For any dataset D € Dy, 1, N, the hypothesis space H,, o(N),0(n),0(Nn) is a 1-optimal robust
memorization for D.

Proof Sketch. The proof is similar to that of Theorem

Step 1: For any i € [N], calculate |2(/) — :cgj )| for all j € [n] at first and then calculate |20/ — :rz(-j )\ for all
j € [n]. Let u be a given robustness radius and 11 < Ak /2.

Step 2: Calculate )7, 219 — 2P| = (AL/2 + p)/2.
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Step 3: Use max;e[n{y; — S,\gﬁLU(Z 2@ — 29 — (AL /2 + 1) /2)} as the label of .

Let x € By (24, p). Since u < A,/2, we have y,, — ﬁLa(Z?zl 20 — 2| — (AL /2 4 p1)/2) >
Yo — gxr g Lo (= (Ab/2 + 1)/2) = yu.

For all y; # Yy, there must be ||z — z;||1 > ||z; — zw|l1 — ||7w — 2|1 > AL — 50

Y5 — srg Lo (- o) — 2| — (\p/2+ 1) /2)
< Y- o Lo(Op — = (Ab/2+1)/2)
= U~ g Lo(3Ab/4 - 3u/2)
Vi — s L3Ab/4 — 31/2)
yj — L
0

IN

We thus have vy, = y, — ﬁLJ(Z}Ll \x(j) — x(j)| — ()\1 /2 + ,u)/2) < maxiE[N}{yi —

s Lo (X [0 =2 | = (\b /24 11) /2)} = maxie(n) yo=y, {0 — gxrigs Lo (X [0 =2 -
(Ap/241)/2)} < max;eN],y;=y., {¥i} = Yw, which means maxZe[N]{yZ —GuLU<Z- 20—z (J)|_

(AL/2 + 1)/2)} = yuw. The theorem is proved.

Theorem B.6. For any dataset D € D, 1 n satisfies D C [—A,A]™ where A > 1, p € Nxq, and
N5/2 > ~ > 0, there is a network with width O(n), depth O(Np(log(35) + plog A + logp)), and

O(Nnp(log(n/~4?) 4+ plog A + log p)) parameters, which is a p-robust memorization for D with radius
NL/2 = 7.

The proof of this theorem needs the following lemma.

Lemma B.7 (Proposition 3.5 of [Elbriichter et al.|(2021)). Forall p € N*, A > 1, and € < 0.5, there is a
network G : R — R with width 9 and depth O(p(log(1/¢) + plog(A) + log(p))) such that |G(z) — 2P| < €
SJorall z € [-A, Al

Proof Sketch The proof is similar to that of Theorem4.8]

Step 1: For any i € [N], calculate |#()) — xz(-j)| for all j € [n] at first and then calculate G(|2\) — } )|) for
allj € [n], where G(x) is obtained from Lemma[B.7]and satisfies |G(z) — 2?| < e forall z € ~10A,104]

and ¢ = QB2 =Op/220)" g0 p/2- 7/3)2 (Ap/2=7)" G by Lemma G has depth
O(p(log(%) + plog(A) +1og(p))).

Step 2: Calculate Y7, G(|lz() — D)) = (A, /2 — /3)P. We will show that if ||z — z;]|, < AL /2 — ~,
then 37, G(|20) —2|) — (AR, /2= 7/3)7 < 03 if [ — @il > Ay /2 47, then 0, G (|29 — 2(]) —
(A5/2 —~/3)P > 2(%)7”. Thus, Step 2 follows from (2.1) and (2.2) to be proved in the following.

(2.1): Assume ||z — x|, < N}, /2 — . Since 37", G(|z — x4]) — ne < ||z — x| |5, we have that

DG =) = (N /2=7/3)" < llo =il +ne— (\p/2=9/3)" < (\p/2=9)" +ne—(\p/2=7/3) = 0.
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(2.2): Assume ||z — x|, > M}, /2 4+ ~. Since ", G(|x — 2;]) + ne > ||z — x| |E, we have

S G2 — 2P| — (W /2 — 4 /3)P

>l —millg —ne — (¥p/2 —7/3)”

> (Nb/247) —ne— (¥/2—/3)"

= (/2477 + (W /2 —7)P — 2(Xp/2 — 7/3)°
> 2(Nh/2)P — 2(Np/2 — 7/3)

> a(h

Step 3: Use max;e(n){y: — (37)PLo(X0_, (129 — 2i7|) — (A5, /2 — 7/3)P)} as the label of x.

Letx € By (2., Ap/2—7). By (2.1), we have y,, — (37)P Lo (37, g(|x(j)—x1(ﬁ)\)—()\’7’3/2—7/3)1’) = Yus
and for all y; # y,, there must be ||z — ||, > ||zj — zw|lp — ||2w — ||, > Mp/2 4+ 7, so by (2.2), we

have y; — (37)P Lo(Xy G129 — 29)]) — (AL /2 — 7/3)P) = 0. B

Therefore, yu = yu — (7P Lo(TjL G(kD — ail’l) = Op/2 = 1/3)7) < maxig{v: -
(31 Lo (7, G(1aD — af]) = (Vp/2 = 7/3)7)} = maxieq) yimy, {95 — (31)"Lo()_, Gl -
xzm\) - (Mp/2 — 7/3)1))‘} < maxie[NLyi:yw{yi} = 4yw, which means maxiE[N}{yi —
(3y)PLo (37—, G(|a9) — 29)) = (A, /2 — 4/3)P)} = y,,, and the theorem is proved.

Remark B.8. When p = 2 and v = \p /4, our bound for the number of parameters in Theorem becomes
O(Nnlog(n/Ap)). The result in (Li et al.l[2022) is O(Nnlog(n/Ap) + Npolylog(N/Ap)). Our result is
better.

C PROOFS FOR SECTION[3

C.1 A LEMMA

The following lemma was given in|Li et al.[(2022), but without explicit information on width and depth, so
we give an explicit construction.

Lemma C.1. There exists a network F € H,, 2105 n,0(n),0(n) Such that F(x) = ||x||c; that is, there
exists a network F : R™ — R with depth 2logn, width O(n), and O(n) non-zero parameters such that
F(@) = ||2]|oo-

Proof. Let e = [log, n|. Without loss of generality, we assume that n = 2¢. Then JF has depth 2e and for
i € e+ 1], the (2i — 1)-th layer has width 2¢~%*2 "and the 2i-th layer has width 2¢=¢+1,

Denote W; and b; as the weight matrix and the bias of the i-th layer of F. The first and second layers will
change z to |z|. The first layer has width 2¢*! and the second layer has width 2¢, which are defined below.

ng” =1land Wf”l’i = —1; other entries of Wy are 0. b; = 0.

Wy = 1and Wy*""! = 1; other entries of W5 are 0. by = 0.
Since o () + o(—x) = |z| for any 2 € R, it is easy to check that Fy(z) = o(Wao(Wix)) = |z|.
For i € [e], the (2¢ 4 1)-th and the (2¢ + 2)-th layers are defined below.
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F3(x) = o(FE" (x)), where m = 0,1,...., 27 — 1.

.7:22;1?(96) = o(Fy" (x) — F3™(x)), wherem = 0,1,...,2¢7% — 1.

Fo(x) = o(F3m (x) + Faii ' (2)), wherem = 0,1,...,2¢7" — 1.

Fori € [e + 1], using o(x — y) + y = max{z, y} for any x,y € R, we have that

]:27?4-2(35)
= o(F3m, (=) + Foii ()
F3m () + Fait (@)
= o(FF(x)) + o(F5" (@) — F3™(x))
F3m(x) + o(F3" (x) — F3m(x))
= max{F3"(z), F5/" ()}

The (2e + 2)-th layer has width 1 and is the output

f($) = ‘7:216"1‘2(3:)
= max{F5,(v), Fz.(2)}
= max{]:ée—Q(x)’ fg@—Q('x)? ‘FQQE—Q(J:)? ’ ‘F2le—2(x)}

= max{F} (2),F5 '(x),....F3(z),, F3(x)}
= [[floo-
We now estimate the number of parameters. The first two layers need 4d non-zero parameters. For i € [e],

the (2i + 1)-th layer and the (2i + 2)-th layer need 5 - 2°~¢ parameters. Therefore, we need > ;| 5 2°~°
0(2¢) = O(n) parameters. Then the lemma is proved.

o

C.2 PROOF OF THEOREM[5.2]

Proof. Let D be defined in equationand C € R, satisfy C + xz(-k) —0.5MAp > 0foralli € [N], k € [n].
The network has N (2[log(n)] + 5) + 1 hidden layers which will be defined below.

Step 1. The first layer has width n + 1: F?(2) = 2 and F} (z) = o () + C) = 21) 4 C, where j € [n].

Step 2. For k € [N], let s, = (2[log(n)] + 5)(k — 1) + 2 and we will use the sj-th layer to the
(si + 2[log(n)] + 4)-th layer to check if ||z — zx||co < 0.5Ap. Step 2 consists of three sub-steps.

Step 2a. We use the sj-th layer and the (s; + 1)-th layer to calculate |« — x|. The sj-th layer has width
3n + 1 and is defined below.

Fo(x) = o(F _1(2));
]'_gk (z) = U(Fgrl(x) — m,(j) — (), where j € [n];

f;*ﬂ(x) = U(—}'Sjrl(ac) + x,(f) + C), where j € [n];
F2+i(z) = o(F!

sp—1

(x)), where j € [n].
The (sx + 1)-th layer has width 2n + 1 and is defined below.
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]:sz+1($) = o(Fi (x) + FIHi(x)), where j € [n];
Fili (@) = o(F2rti(z)), where j € [n].
The s-th layer needs 5n + 1 non-zeros parameters and (sj + 1)-th layer needs 3n + 1 non-zeros parameters.

Step 2b. Lemma is used to calculate ||z — || According to Lemma|C.1| there exists a network
H : R™ — R with 2[log(n)] hidden layers, width O(n), and O(n) non-zero parameters to compute H(z) =
||z]|oo for x € R™. Since H has 2[log(n)] hidden layers, we set the output of the (s + 2[log(n)] + 1)-th
layer to be

‘ng+2[10g(nﬂ+1(x> = o(Fg, 1(2));
f;k+2[1og(nﬂ+1(m) = H(FslkJrl(w)a o Fa1(@) = [[Fop1(2)|[oos
FI s fogm 11 (@) = o (FLTE (@), where j € [n].

Step 2c. Use the (s;+2[log(n)]+2)-th to the (s +2[log(n)]+4)-th layers to check if ||z —2%||co < 0.5AD.
The (sg + 2[log(n)] + 2)-th layer has width n + 4 and is defined below.

T r2tog(m]+2() = 0(FL, somog(ny+1 ()

T ars2togm+2(®) = (=5 5, sanog(my+1 (@) +1);

7z, k+2[10g(nﬂ+2(m) = U<‘ng+2flog(nﬂ+l(x) —2);
]:%+2f10g(nﬂ+2(x> = 0(*]:gk+2(1og(n)]+1($) +2);

Tl o nogtn2(%) = OF L apiog(uyy 11(2)), where j € [n].

The (si + 2[log(n)] + 3)-th layer has width n + 3 and is defined below.

‘ng+2|'log(nﬂ+3(‘r) = O—(‘ng+2|’log(n)'\+2( z) + yrF, k+2(1og(n)]+2( ));
f1k+2[1og(n)1+3(x) = U<]:slk+2flog(nﬂ+2);

For2nioatm1+3®) = 05 Lonogmive — (Fotanonm+2(®) + Fopapiogm 12 (#));
Tl oo nogt43(%) = OFL Fopiognyy 12(2)), where j € [n].

The (sy, + 2[log(n)] + 4)-th layer has width n 4 1 and is defined as

T v2nogm+4(®) = (F Lanioguy+3(®) = Ue (T, sonog(n)1+3(T) = T2 atog(ny1+3(@);
}—SAHflog n)1+4(x) o Sk+2flog(nﬂ+3( x)), where j € [n].

It is easy to check that if 77, (z) = |20 — 27|, Then
2
1 1
fsk+2|—log(nﬂ+2(x) = U(*E]:skmﬂog(n)]ﬂ(x) +1)>0
if and only if ||z — ||c < 0.5Ap. These three layers need 3n + 16 non-zeros parameters.

Step 3. The output is F(x) = ]-"SN+2“0g(nﬂ+4(x) — 2. The network F has width O(n), depth O(N log(n)),

and O(Nnlog(n)) non-zeros parameters.
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We now show that F satisfies the condition of the theorem; that is, 7 memorizes D and satisfies Lip (F)=
%. The proof will be given by proving four properties.
Property 1. fg'kfl(x) =2U) £ Cforj € [n]and k € [N]. When k = 1, s, — 1 = 1. By Step 1, we have
.7-']1 (x) = Fl(z) = 2Y) + C. When k > 1, we have

Foms@) = O(H"?“"g(nﬂ+4(a’)) =o(7; s’it?mog(nms(x))
+
= 0-<]:sk+2[log(nﬂ+2( )) (ng+2(10g(n 141 33)) ‘
= o(FL (@) = o(F2rH9 (@) = o(F), _y(2)) = Fl, 4 (@),
Then, ‘Fgwl (@) = ‘ng 1(z) = _}—gl (@ ):ff(x):ft(j)JrC.

Property 2. ]:gwl(x) = |z — x 9| and F k+2“0g(nﬂ+1( x) = ||z — zk||oo for j € [n].

Since o(x) + o(—x) = |z| for any = € R, from Step 2a, ]—"ﬁkH( x) = |F] _ 1( )—33,(3) C| for j € [n].
By Property 1, ]-"gk (x) = 2U) 4+ C for j € [n]. Then, .FZkH( x) = |2\ — xk \ for j € [n]. From Step
2b, we have that F* o +2[log(n)]+1 (&) = ||z — zk||oo for j € [n].

Property 3. F Hgﬂog(n)]H( z) =2+ yu,o(l — %Hx — Zuy ||o0 ), Where wy, = argmin, ¢ ||z — 24 |oo-

We prove the property by induction on k. We first show that the statement is valid for £ = 1. We have that

wr = 1and FY o roa(m)102(®) = F toniogimy 11 (8) = Fo1(2) = FL () = F, _1(x) = 2. From Step
2c and Property 2,

‘F501+2|'10g(n)‘\+3( )

= 0(Fg Lofogn]+2(®) T U1F] oriogmn)1+2(®)
= 0(2+ypo(l— %‘Fsl+2ﬂog(n)]+1( )))

= 24 910(= 35T paiog(my 41 () + 1)

= 2+ y10(1 = Zljx — zo||oo)-

SIHCG(.JF +2(10g(n)"|+2( ) = O—(‘Fgl+2|'log(n)'\+l( ) - 2) = (2 - 2) 0 and ‘F +2[10g(n)]+2( ) =
0(2—,7-'81+2“0g(n)]+1( ) +2) = 0(2—2) = 0, we have F? s1+2[log(n )H3(x) = 0(f51+2[1og( N+2
(-7:31_‘_2[103;(”)} +2( ) + F 1+2(10g(n)]+2( ))) = U(Fsl+2(10g(n)]+2) ‘Fsl+2ﬂog(n)]+3' Then

]:81+2 [log(n) ]+4(‘r)
= U(]:31+2rlog wy1+3(®) — vl sl+2ﬂog(n)]+3( ) = ]:3,21+2[10g(n)1+3(x)))

FS1+2(10g(n ]+3( x)
= 2+4+yo(l— EHCE 20|]00)-

We have proved the statement for £ = 1.

Assume that the statement is valid for k& — 1; that is, F? 1 +2Mlog(n)]+4 (L) = + Yuwy_,0(1 — %Hx -
Tapy,_y|loo). We have ‘Fsk+2[log( ﬂ+2( T) = ‘Fsk+2[log( )H—l(m) sk+1(33 ( )= ‘ng—l(x) =2+

Yur10(1 = 55 |[& = 2w, [loo) > 1, and we also have FL o1 0140(2) = 0(=35 FL 4 oriogny) 1 (€) +
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1) < 1. Then
F o +2M0g(n)]+3(%)
= U(‘Fsk+2ﬂog(n ]+2(x) + yk]: k+2“05(n)]+2( ))
= J(‘Fsk—‘rQ [log(n)]+2 (iE) + ka( A ‘Fsk+2 ]—log(n)]—o—l(m))) (17)
= F () +yro(1 - = F! ()
sp+2[log(n)]+2\T k Ap ¥ sk+2[log(n)]+1
= Fo _i(x)+yro(l— %fsk+2ﬂog(n)]+1($))
= Fo1(@) + Ty, pofioginy12(T)-
Since ]'"fﬁgﬂog(n)]w(x) = 0(]:2k+2[1og(n)1+1($) 2) and ]:swr?[log( )]+2(x)
a(—fgk+2“0g(nﬂ+l(x) + 2), we have
]:52k+2[log(nﬂ+3($)
= J(felk+2]—log(n)"|+2 - ‘/_'.sk+2|'log(n)-\+2(x) + ‘Fqk+2ﬂog(n)"|+2( )))
= 0 ]:sk+2ﬂog(n)]+2 _| sp+2[log(n)]+1 T)=
Then
F o2 og(ny1+4(®)

= o-(]:ngerlog(n)—\JrS( ) - yk(]:slk+2ﬂog(n)]+3(x) - f§k+2[10g(n)]+3(‘r)))
= (‘Fsk 1( )+yk]: k+2|’10g(n)-\+2(x)
_yk(‘/—-vsk+2[10g(nﬂ+2( ) U(‘F;k+2[log(n)]+2(x) - “ng—l(x) - 2|)))

We divide the proof into two cases.

Case 1. If z ¢ B, (2, 0.5\p), then wy, = wi—; and F,
1) =o0(1 - %[z — 24]|oc) = 0 and

2 1
stz +2(®) = 0 (=355 Loniogny 41 (%) +

T2 tog(n)1+4(%)
= 0(Fo—1(®) + b Ty, Lomiog(ny] +2(®)
_yk(fsk+2[log(n)1+2( ) = U(]:skJrQ[log(nﬂJrz(x) - |]:sok—1(33) —2[)))
= ‘/_'.sk 1(z)
For v +2Tlog(ny] +4(®)
= 24 yu ,0(1 = Zllr = 2wy ]loo)
= 2+ywk0(1_%||x_xwk||00)~

2
Case 2. If z € By (x,0.5\p), then ]-"s +2Hog(n)]+2( x) = U(_E}-slkuﬂog(n)]-s-l(x) +1) =0o(1 -
%Hx — Zk||oo) > 0 and using equatlon
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F et 2 og(n)+4(%)
= (‘Fsk (@ )+yk]: k+2flog(n)1+2( x)
—Ue(Fs, yorioamy+2(®) = O(F5, Lafiogmy1+2(@) — 1Fe,—1(2) — 21)))
= o(Fo—1(®) + UrFy L omiog(n)] +2(2)
—yk(Min{F | oropin2(@): 12 = Fo,_1(@)]})
= U(2+ywk71 (1- ADHx xwk—1||00)+yk7(1_7||x mkHOO)

—ye(min{l — Z |z — 2klloc, (1 = Z |z = 2, 1) })-

Consider two sub-cases:

Case 2.1. If ||z — Zy,,_, ||co > 0.5Ap, then wy, = k and hence

0
]:sk+2[1og(n)1+4(33)
= U<2+ywk—la(1 - %HLE — Ly 1||OO) +y/€(1 - 7”“" kaOO)
—yr(min{l = Z ||z = zklloc, o (1 = H |7 = 2, 1) })

= o2+ y(l - Sz — zll))
2+ yk(1 = 5=l — zklloo)
= 2+ywk(1_%||x_l‘wk‘|w)'

Case 2.2. If ||z — 2y, _, ||oo < 0.5Ap, then y,,,_, = yx and hence

0
fsk+2[log(nﬂ+4( )
= 02+ Yuw,_,0 (l——||x xwk_1||00)+yk(1_7||x T [ oo)

—yr(min{l — 2|z — 2pllo, o (1 = Z |2 — 2wy llo)}))
= 02+ Yu, ,(1— %Hx — Ty, [loo) + Yk(1 = 2/A[|2 — k|o0)
—yr(min{l — Z[|z — 2o, 1 = S 1@ = 2w, [l })
= 2+ yemax{l — Lz — wplloc, 1 = Zll7 — 2wy lloc}
= 2+yy0o(l- %Hx = Ty [|o0)-
The property is proved.
Property 4. F is a memorization D and has Lip__(F) = =.
By Property 3, the output is

2
F(@) = Fiyronogmn+4®) =2 = Yuno (L= 2 = 2uyl)
where wy = argmin, ¢ y)[|2 — ;[

If x = z,, then wy = s and F(x) = y,; that is, F memorizes D. If x € B(x4,0.5\p) for some
s € [N], then wy € [N]and F(x) = Yo, (1 — %Hx — Zwy ||oo) such that the local Lip _ (F) = % over
B(2y,,0.5\p). If z is not in UY; B(xs, 0.5Ap), then ||z — 2y ||oo > 0.5Ap. Therefore, F(x) = 0 and
the local Lip__(F) = 0. It is clear that the global Liptchitz constant is %, and the theorem is proved.  [J
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C.3 PROOF OF PROPOSITION [3.4]

We first define 7 € B,, v, which is a binary classification data.
T = {(wzayz)}?:o C R™ x {—171} (18)
where 9 = 0, yo = 1, x; = 1, and y; = —1 for ¢ € [n]. It is easy to see that Ay = 1.

We first prove a lemma.

Lemma C.2. If F is a network memorizing T and Lip (F) = 2, then F(z) = 1 — 2||z||cc forx € D =
{x eR":0< 2™ <0.5,Vi € [n]}.

Proof. Forx € D, letk = argmaxie[n]{x(i)}; that is, ||2||cc = x®). Let z = z1, — x, where zj, = 1, is
defined in equation Since z;, = 1j, we have 2(V) = () < 0.5 when i # k and z*) =1 — 2(®) > 0.5;
that is, ||2]|ec = 1 — 2(®). Since Lip__(F) = 2, we have

F(wo) = Flwk)

(Flxo) = F(x)) + (F(zx) = Flxx))
2||lzo — 2|l + 2[|2k — 2[00

22" 4 2||x), — || 0o

22 4 2(1 — 2(®)

= 2.

IN

19)

Since F memorizes T, we have F(z¢) — F (1) = 2, which means that the inequality in equationbecomes
an equation. Then F(zq) — F(z) = 22); that is F(z) = F(zo) — 22 =1 — 2||2||0e. O

We now prove Proposition[5.4] Note that A = 1, which is omitted in the proof.

Proof. It suffices to show that if 7 € H is a memorization of 7 defined in equation then Lip__(F) > 2;
that is, H is not an optimal robust memorization for 7 via Lipschitz.

Since F memorizes T, we have Lip__(F) > 2. Let F(x) = Zleaia(Uix + b;) + Qx + b have the normal
form equation [4]

Assume the contrary: Lip, (F) = 2. By Lemma|C.2} we know that F(z) = 1 — 2||z||c over D = {z €
R™:0 < 2 < 0.5,Vi € [n]}.

A point t € R is called a T-point, if there exist a j € [n] and an € € R such that € < t(*) < 0.5 — ¢ for any
k € [n]and |t0)] — [t@)] > € > 0 when i # j.

For s € [k], let H, be the hyperplane defined by Usx + bs = 0.
Then one of the following properties must be valid:
(pl) H does not intersect D.
(p2) H; intersects D and there exists a T-point ¢t € D such that Ut + by = 0.
(p3) H; intersects D and there does not exist a T-point £ € D such that Ust + by = 0.

We first prove the following properties.
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(c1) Property (p1) is not valid for some s € [k].

If (p1) is valid for all s € [k], then D is inside a linear region of F. This is impossible because, according to
Lemmal|C.2} F(z) = 1 — 2||z||o over D, and || - || is not linear over D.

(c2) Property (p2) is not valid for any s € [k].

Suppose (p2) is valid for s. Let t € D be a T-point satisfying Ut + by = 0 and € < t**) < 0.5 — ¢ for all
k € [n]. Let j = argmax,cp,, {t™}, [t0)| — [tU)] > € > 0 when j’ # j. By Lemma , there exist two
linear regions Ry and Ry whose boundary is (Us, bs) and points P € Ry, Q € Ry such that ||P —t||o, < €/3
and ||Q — t||s < €/3. Then we have

(€2.1) 0.5 — 2¢/3 > P%) > 2¢/3 and 0.5 — 2¢/3 > Q*) > 2¢/3 for any k € [n], which implies P, Q € D.

(€2.2) j = argmax;e(, {|PV]} = argmax; e, {|[QV ]}, [PY)] — [PUY] > ¢/3 > 0, 1QV)] — |QU)] >
€/3 > 0 when j' # j.

By Lemmaand (c2.1), we have F(z) = 1 — 2||z||oc = 1 — 221 over B, (P,¢/7) N Ry, because for
any x € Boo (P, ¢/7), by (€2.2), we have () — 20" > (PU) — ¢/7) — (PU") 4+ ¢/7) > €(1/3 —2/7) > 0
when j' # j.

Since F () is a linear function on R;, we have F(z) = 1 — 22U) on Ry, and the same is true for Ry. Thus,

the normal vectors of F are the same for R; and R,. On the other hand, since R; and R, have boundary
(Us, bs) and Uy # 0, the normal vectors of F over Ry and Ry are not the same, a contradiction.

(c3) Property (p3) is not valid for any s € [k].

If (p3) is valid, then find a point ¢t € D N Hy and let € = 0.5 — ||¢||so. Since t is not a T-point, there
exist a,b € [n] such that t(?) = t®) = ||t||. = 0.5 — e. (If a,b do not exist, we just need to take ¢ =
Mile ) izargmax, 16305 [Ellows [£], [[£]|so—[¢ ) [}. Then ¢ is a T-point for j = argmax ¢, {I¢;]}
and €'.)

We will find a T-point ¢; near ¢ such that ¢ty € D and U,t; + by = 0, which means that (p3) is not correct.
Three cases are considered.

(c3.1) Us(k) = 0 for k € [n]. In this case, lett; = ¢t + (0.5 — €/2)1;, — t()1,. We have Uty + by =
Us(t4 (0.5 —¢/2)1; — t¥)1) 4+ by = Ut + b, = 0 and it is easy to see that tgk) =05—¢/2>t = tgc)
when ¢ # k, so 1 is a T-point.

(©3.2) UM £ 0 forall k € [n] and Sgn(Us(b)) = Sgn( (a)) let |U§b)| > |Us(a)|. In this case, let t; =
4 5/21a - %e/m Then Usty + by = U, (t + /21, — %e/zlb) by = Uy(e/21, — %e/mb) -

‘O] ' —0. Wealsohave05>t(a) =t 4 ¢/2 =10 p¢/2 > ) > 1) Uibje/Q—

( ) , because Sgn(U(b)) = Sgn(U(a ), and tga) =t 4 ¢/2 > @) > (k) = ¢, (k) when k # a,b. Thus, t;
1s a T point.

(€3.3) UM # 0 for all k& € [n] and Sgn(U. b)) # Sgn(U(a)) Let UL > 0 > U(b) and ¢ # a, b, such that
Ul > 0. Lett; = t+(e/21a—e/25( "1 )1, where ) € (0, 1) and make 776/2 o < t¢. Then U, t1 +bs =

Us(t + ne/21, — %6/21 )+ by = U, (ne/21, —776/2T ):nU.(“) /2 — U /2 - = 0. We

2 Us(a) > 0, and

also have 0.5 > %) = (@) 4 ye/2 > ()
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t§“> = t(0) 4 pe/2 > tl@) > (k) = tgk) when k # a, c. Thus, 1 is a T-point. If Us(b) < 0, we only need to
b

lett; =t +mn(e/21, — %E/QIC) and the proof is the same.

By (cl), (pl) is not valid for some 7. By (¢2) and (c3), (p2) and (p3) are not valid for all . Thus, we reach

a contradiction, because for any s € [k], one of (p1) , (p2) , (p3) must be valid. Therefore, the assumption
Lip..(F) = 2 is wrong. The lemma is proved. O

C.4 PROOF OF PROPOSITION[5.3]

Let 7 be the dataset defined in equation[I8] We first give a technical lemma, whose proof is given in Appendix
C.4.2
Lemma C.3. Let C € N and e € Ry, satisfy €'/ < min{1ks, 15822, 55} and k < C; and let F(z) =

10057 »
Zle a;0(U;z+b;)+Qx+b be a network with normal form equationwhich memorizes T and Lip _(F) <
2+ e. Then, for any i,j € [n] and i # j, there exists an s € [k] such that

05+4e/3 US| _ 05— 5e/3 o U9 PREEE
0.5 —5¢t/3 7 | y@| T 0.5+ 4el/3 max(|UY), |[UY]) 1 - 2€

forq #1i,j; (20)
and the linear equation Usx + by = 0 has a solution in the B, (0, 2).

C.4.1 PROOF OF PROPOSITION[3.3]

Proof. LetV = (1,2,...,n)T ¢ R", M = [nlﬂ}, and 7 be defined in equation We define D as:
D=ToUTiUTUTz---UTu,

where 7o = {(—=V,1),(—2V,1),...,(—(N = (n+ 1)M)V, 1)} and T}, = T + 16knV = {(z,y):x =

T+ 16nkV, y =49, (Z,9) € T} for k € [M]. We see that Ap = 1 and is omitted from the rest of the proof.

We prove Proposition[5.5](1); that is,

(1) For any p < 0.5, there exists a network F with depth 2 and width 4n)/, which is a robust
memorization of D.

For € < 0.5, define a network G, : R — R:
Ge(x)=0(x—05+¢€)—o(x—05—¢)— (c(x—1.54+¢) —o(x — 1.5 —¢)).
It is easy to see that G, has depth 2, width 4, and satisfies
(cl)Ge(x)=0ifz <05 —ecandx > 1.5 +e.
(c2) G(z) =2¢if 0.5 +e<z <15—e
For i € [n], define G/(z) : R™ — R as G!(x) = G (2(?) and define G : R" — R as
2

G(@) =~ 15, 2. os-n(@) +1
i=1

where 11 € (0,0.5). Then G is the network with depth 2 and width 4n. Using (c1) and (c2), we know that G is
a robust memorization of 7~ with budget . Let network F : R” — R be defined as:
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Obviously, F has depth 2 and width 4nM. For any k € [M] and © € By (T, i), since T, = T + 16knV,
there exists an & € Bo. (T, pt) that satisfies x = & + 16knV. Therefore,
F(x)
n M i .
= _1—22u(2i:1 2 j=1 90.5-p(z —16n5V)) +1
n M i ~ .
= _ﬁ(zizl Zj:l Go.5-(T — 16n(k — j)V)) + 1
= - 1—22u > ie1 96.5-, (%) + 1( by (c1))
= G().
Since G is a robust memorization of 7 with budget p, F is a robust memorization of 7, (k € [M]) with

budget ;.. Now we show that F is a robust memorization of T, with budget . It is easy to see that F(z) = 1
for any & € B (70, 1), because all the entries of 7 are negative, s0 Gj 5, (z — 161 V) are always 0 for any

i € [n] and j € [M]. Thus, F is a robust memorization of D with budget ; and Proposition [5.5[1) is proved.

We now prove Proposition[5.3(2); that is
(2) There exists a 1« < 0.5, such that, for any F with depth 2 and width 4n M, if 7 is a memorization of
D, then Lip. (F) > .

Let pand € satisfy 1/ = 2 4 €'/3 and €'/3 < min{ %5, 1502 527 }-

Assume F = Wo(Ux + b) + by is a network with depth 2 and width 4n M, which is a memorization of D
and Lip__(F) < 1/u. For any k € [M], T, = T + 16knV is contained in B (0, 2) + 16knV. So using
Lemma|C.3[to Ty, for the any (4, j), i, j € [n], there exists an s € N satisfying

0.5+4eY/3 o [UM] S 0.5-5¢1/3 U] 126173 .
: an : ~— < for )
0.5—5el/3 — |Us(J)‘ = 0.5+4el/3 max(\U‘§l>\,|U‘§J)|) 1—2€3 q # ] (21)

and Usz + bs = 0 has zeros in B, (0, 2) 4+ 16nkuv.

We claim that different combinations (k, 7, j), where k € [M], 4 < j, and ¢, j € [n], correspond to different
s, which implies that the width of F is at least %nM > 4nM since we assumed n > 9, which leads to a
contradiction and a proof for Proposition [5.5]2).

We prove the claim below. Let (k, 4, j) and (k1,41, j1) correspond to the same s. Firstly, we show that i = 4
173 < ﬁ, we can deduce 8:2;%1//2 > 2/3 and iz_ig < 1/3. Without loss of generality,
‘Ugi)‘ |U(Q)‘ L.
o > 2/3 and ‘U’gj)l <1/3forq#1i,j. Asa
consequence, for different pairs (4, j),¢,j € [n], the corresponding s must be different, so i = 4, and j = j;.

We now show k = k. If k& # kq, let k < ki. By equation 21} we have 0 = Ug(x + 16nkV) + by =
Us(Z + 16nk V') + b, for some z, T € B, (0, 2), which implies |Us(x — Z)| = |16n(k — k1) (UsV)|. Firstly,

and j = j;. From e

assume \Us(i)| < |Us(j )|. Then, from equation , we have

we have
Us(z — 2)|
1Us]11]1(z = @)oo
4/|Us]|x /
i j el/3 j i .
AU+ [UD| + 275 (d — 2) max{|US|, [US[}) ( by equation 21)

. E1/3 . e1/3 E1/3
UL+ §EHaT + SEHR e (d - 2))
AUD|(1 4 1.17 + 0.119(n — 2)) (use €!/3 < 1/120)

an|U).

(VAN VAN VAN VAR VANRR VAN
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Consider that we have assumed ¢ < j, then

[16n(k — k1) (Us V)|

> 16n|Usv|

> 16n(|IUY| — iU = 0, plUP)

> 16n(j|UY| %\U?I—Z#”p%max{IUs”l v
> 16n(j|UY)| - 103U | — 2 2600 max{|US, [US]})

> 16n(j|UY)| - i03He 2y )| nszsii%%wn

> 16n|U(“\<a (j — 1)0sHe 2 1200 054dc 7))

> 16n|UY|(n — (n — 1) 0502 2 1200 054de 12

> 16n|US>\(n (n —1)(1 + 20€'/3) — 24n2e1/3(1 + 20€'/3)) (use €1/3 < 1/120)
> 16n|US D1(1 = 20€L/3(n — 1) — 29n2¢/3)(use €1/3 < 1/120)

> 16n|UY|(1 — 49/100) (use €/3 < 1/100n2)

> 8n|U§])|.

So, it always holds |Us(x — )| < 4d|Us(j)| < Sn\US(j)| < |16n(k — k1)(UsV)|, which means |Us(x — Z)| =
[16n(k — k1)(UsV)| is not valid, and (k, 4, j) and (k1, 41, j1) cannot correspond to the same s. Thus k = k;.
The claim and hence the proposition are proved. O

Remark C.4. From the proof, we see that replacing H in the Propos1t10n Eby H(C,) ={F :R" —

R : depth(F) = 2, width(F) = C,,}, where C,, € N satisfies 4n[-25] < Cyig < (n- 1)"
B3lis still valid.

A= 1), Proposition

C.4.2 PROOF OF LEMMA [C3]
Proof. In the proof, the fact A7 = 1 is used. First, we introduce several notations.

(1) For a linear region R of F, let F(z) = "1 l;2) + c over R with Nx g = (1, ...,1,) as the normal
vector.

(2) For t € Ry, let R;(t) be the set of linear regions R of F such that the normal vector Nr g = (I1,...,15)
satisfies |l;| > t and denote

P;(t) ={z € R":3R € R;(t) such that z € R}.
(3) For a,b € R™, use a — b to denote the directed segment from a to b. For i € [n], the H;-length of a — b
is defined as |a") — bV |,

(4) Assume a; € R",i =1,...,kfork > 3. Use a3 — az — --- — ay, to denote the polyline segment
ay —az —» > Ap—1 — Ak.

Without loss of generality, assume ¢ = 1, 5 = 2. For convenience, let

1
ot o =2+€e—e/P T =1—¢€Y3

We will prove a series of properties which will lead to a proof of the lemma.

(p1). For a linear region R of F, Nr g = (I1,...,l,) satisfies Z?:1|li| < % =2+e
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There existz € R" and y = = — 5Sgn(N]: r) €ER™ 0 € ]R>0, such that § > Lip_ (F) > F@) =Wl

llz—ylloo
() n n :
B = IS S = (T =[S0, LSen(l)| = Y7y i from which
we have 37" [1;| < 1. (p1) is proved.

LetV = (1,v1,...,v,-1)T € R", where |v;| < T fori € [n — 1]. By Lemma the interior of a linear
region is an open set of dimension n, but an edge of linear region is of dimension < n — 1, so for almost all
v;, the polyline segment B : zg — xo + 0V — x7 is in the interior of linear regions of F, except a finite
number of points. We assume V' is chosen to satisfy the above condition.

(p2). By definition, P (¢p) = U?ZIRZ- is a set of linear regions of F. By Lemma a linear region is a
convex polyhedron. Denote the directed line segment x —> g+ 0V =0—0VbyD.Then D; =DNR,;
is also a directed line segment, and hence D N P (¢p) = UL, D;. Then it holds

h

1
Hc, £ Hy-length(D N Py(ep)) zlel length(D;) > 6 — €/3 = o el/3. (22)

For a linear region R, if tV € R, let U(t) = F(zg +tV) = F(tV) = (X io Li(tV)v; + L (EV))t + b(tV),
where Nr p = (l1(tV),...,1,(tV)) for t € R. Then U(t) is a piecewise linear function in ¢ and [;(¢V') is
piecewise constant for each . When the segment D is in the interior of linear regions except a finite number

of points, we can calculate the derivatives of U (t); that is, U’(t) = Vf(tv) =30 o (L(EEV)v) + L (EV).
We thus have
F(zo) —F(xg +6V)=F(0)—-F@OV)=U(0)—-U(H)

- foe U'(t

= fO I ( tV )+ D LtV )vidt (23)
Jo W@V) + S, [ (V)| Tdt (by vs| < T)
JIL@EV) + (2 + € — L (tV))Tdt by (p1).
Since Lip,_(F) < 2+eand § < 0.5, we have F(zo+0V) —F(z1) < (2+¢)||z1 —0V||0o = (2+€)(1—0).
Thus by equation 23] we have

J20@V) + 24 e— L(EV)T)dt + (2 + €)(1 - 6)
g]—'(xo) — Flao +6V)) + (F(xo + 0V) — F(1))

<
<

v

Since T' < 1, we have that
kD) if 1 (tV) > eg, then [1(tV) + 2+ e — L1 (V)T < 2+¢;
&k2)if 1 (tV) < eg, then 1 (tV) + 2+ e — L (V)T < ep+ (2+ € —€)T.

Note that the H;-length of D is . Since the H;-length of DN P (eo) is He,, the Hy-length of D\ DN Py (eg)
is @ — H,. Then we have

ft oLi(tV) + (2 + € = L1 (tV))T)dt

L 0 2 + E) (ll(tV) 2 6()) + (60 + (2 +€e— 6(])T)I(l1(tV) < Eo)dt
(24+€)He, + (0 +(2+€—€)T)(0 — He,),

A

SO
(24+€H, +(eo+2+e—€)T)0—He,)+(2+6)(1—-6) > 2,
from which we can deduce H,, > 0 — m
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Since g = 2+ ¢ —€e/3and T < 1 — ¢'/3, we have that H,, > 6 — ( =6-

2+676§)(17T)
60— fi/; >0 - Zf;i = 0 — €'/3. Property (p2) is proved.

€ —
el/3(1-T) —

Consider the directed segments D1 : xg — o +0Fy =0 — 0F, and Dy : 29 — g + 0Es = 0 — 0Fs,
where By = (1, T €1, en_2)T, Ba = (T', 1,61, ..., en_2)T, T" € (1—2€'/3,1—¢'/3),and |¢;| < €'/36
for i € [n — 2]. Similar to (p2), E; and Es are chosen such that D; and D, are in the interior of linear
regions of F, except a finite number of points.

Let I = ((1/2 — 3¢1/%)0,(1/2 + 3€'/3)6) and denote the length of I as |I|. From e'/? < 1L, we have
6 > 1/3,s0|I| > 2€'/3. Let I, be the set of 7 € I such that nE; is in P;(eo) for i = 1,2. By property (p2),
the H-length of the segment D \ Py (eo) is at most €'/ and the total H-length of the segments Dy \ Py (€)
is at most ¢'/3; that is, |[I/I;] < €'/3. Then |I[y N Iy| = [T\ ((I/1,) U (I/12))| > |I| = |I/1I,| — |I/ I3 > 0;
that is, I; N I # (). We thus have

(p3). There exists an iy € I; N I, such that ¢; = nE; € P;(e) fori =1, 2.

Suppose g; is in the linear region R; and N ; is the normal vector of F over I; for ¢ = 1, 2. Itis easy to see
that [N} | > eo, [N} | < /%, [NP| > €9, and [NS)| < /%S0 || N1 = Npoloo > NS, = NS | >
€ — el/3 > 1.

By Lemma@] and the fact that F is of width < C, there exists a U, such that

Nri1—N. oo 1
|[NF Fall > — and S5(R1) # Ss(R2),

>
[PATNER AN g

where S; is defined in Definition [A.T} We will show that U satisfies the condition of the lemma.

There exists a Ao € (0, 1) such that Us(Aog1 + (1 — Ag)g2) + bs = 0. Let g3 = Aog1 + (1 — Ag)qo. It is easy
to check that:

D) [|g3]loo < max;—12 [[gillcc < 7.

v2) g5 > min;_y 2 ¢\”| > Ty for j = 1,2.

Since Usqs + bs = 0, Usz + bs = 0 has solution in B, (0, 2).
Therefore, it suffices to prove equation We first prove

(p4). M\US@)\ < |US(1)| is not valid.

0.5—5¢€l/3

U (—0+48)  (2)
50 s 4y

(k) (k)

If it is valid, let ¢; € R™ be defined as qgl) = qgl) + =6,andq;’ =¢q3 whenk > 2. It

is easy to see that, Usq; + b; = 0.

By Lemma there exist ¢, and v such that ||g, — g¢||oo < 0.25¢'/30 and |[v||o < 0.25¢'/36. Furthermore,
setpx = Agz + (1 — A)(gy +v) and gn = Mgz + (1 — A)(gy —v) for A € [0, 1]. Let I5 be the set of A € [0, 1],
such that py is in the interior of a linear region %1 x, ¢y is in the interior of a linear region Ry », and 12y
and Ry, are neighboring linear regions with boundary (Us, bs). Then |I3| > 0.5.

We prove the properties (p41) and (p42) before proving (p4).

(p41). The total Hs-length of the segments in {g3 — g, + v}/Pa(ep) is < €'/3. The total H-length of the
segments {g3 — q, — v}/Pa(eo) is < €!/3.
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We just prove the result for g3 — gy + v, and the proof for g3 — g, — v is the same. Since

1 1
g — V)]
| U(Z)( 9+q(2)) |
v
0.5— 561/3 (2)
0. 5+461/3 |

e §+i;/3 = T’n| (by (v2))

8.2-&—7221//:( — (0.5 — 3e'/3)(1 — 2¢'/3))0

(0.5 — 5e'/3)0

IN A

VANVAN

and )
142 < [n] (by (V1)) < (0.5 + 3€/3)6,
we have that
g5 + o) — g§"|
1
) = a8V 1+ (ol + ot
0.5¢1/30 + (0.5 — 5¢'/3)0

(0.5 — 4.5¢'/3)0

(1)|

IN A

and

‘q(2) 0@ _ §2)|
2 — a5 = IIlloe — laf” — a5
(0 — (0.5 4 3€/3)0) — 0.5¢'/36 (24)
—0.5¢1/36 + (0.5 — 3¢'/3)6
= (0.5 —3.5¢'/3)0,

S 1 1 _45c/3 (2 2 2 2
which implies |qq(, ) M ‘Zz(:, )\ < 78:273:251/3 |q( ) 4@ q:(3 )| < (1 —2€Y3)|qy (2) 4 @) ( )|

For j > 2, we have [¢f) + v —g§| < ||v]|oc + gy — arlloo + g — 5] < 0.5¢1/%0 < (1—2¢1/2)(0.5—
3.5¢'/3)0 < (1 — 261/3)|q?(42) +0® — q§2)|; that is, for any j # 2, we have

‘ngj) 4 — qéj)‘
gy + 0@ — g7

AV,

<1263,

Consider the polyline segment g — g3 — ¢, + v — x1. The segment g3 — ¢, + v can be written as
¢ +0 @) — gl

q3 — q3 + (qy + v — ¢3), and because | Yoy < 1—2¢'/3 forany j # 2, g, + v — g3 can be written
qy

v —g{?|

g 40 —gl» BONONNO)

2
as (g (2) 4 (2 )(vl,l,vg,...,vn_l)T € R", where v; = peNwC—e) and |v;| = |W|

T =1—¢/3fori € [n— 1]. So similar to Property (p2), we have

2 = (F(xo) — Flgs)) + (Flgs) — Flgy +v)) + (Flay +v) — Flg2))
< (24 9)llasl oo + Jo T Dalgs + Hay + 0~ g3))
H(1— € /%) (24 € — Io(gs + t(gy + v — g3)))dt
+(1 =gy + vlle0) (2 + €).
‘ql(j)+v(j),qéj)|
lg$? +0() —g{?|
qy +v}/Ps(2 + € — €%) has Hy-length at most ¢'/3. For ¢, — v, we have the same result. This proves (p41).

Since < 1—2¢/3 < 1 — €3 forany j # 2. Similar to (p2), we find that {g3 —
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(p42). There exists a A € [0, 1] such that R; » € Ra(ep) are neighboring linear regions with boundary
(Us, bs), where ¢ = 1, 2.

Let I, C [0,1] be the set of A such that R; » and Ry are in Ry(ep) and are neighboring regions with
boundary (Us, bs). First, we prove (w1) and (w2).

(l/3

(w1). There exists a set I5 C [0, 1] with length at least 1 — W

in f%g(eo).
As defined in (p4), R1  is the linear region containing py = Agz+(1—X)(gy+v) = gy +v+(—gy —v+g3) A,
sox € [0,1] \ I if and only if p, € {gs — gy + v} \ P2(ep). Then we just need to show that: the

length of [0,1] \ I5 is at most W which follows from the fact that the Hs-length of set

{q3 — g, +v}/Pa(eo) is at most €'/3, as shown in (p41).

such that, when A € I, R » is

(/3

—=—S5——— such that, when
1g$? —(ay? —v @) ’

(w2). There exists a set of intervals I C [0, 1] with length at least 1 —
X € Ig, Ry is in Ry(€p), which can be proved similar to (w1).

From the definitions of I3, I4, I, Is, we have I, = 13 NIsNIg = I3\ (([0,1] \ I5) U ([0,1] \ Ig))-
By properties (w1), (w2), Lemma [A.4] and equation 4] |I4| = |I5\ (([0,1] \ I5) U ([0,1] \ Is))| >

€1/3 el/3 2¢1/3 . .
0.5 — P @] PP ] = >0.5— 0535795 > 0. Thus there exists a A € I, and (p42) is

proved.

We now prove (p4). Let v, be the normal vector of F over R; 5. Then by property (p42), we know that R; »
are neighboring linear regions with boundary (Uy, bs), where i = 1,2, 50 ||vg, — VR, |0 = ||Us||oo > &

On the other hand, still by (p42), R; » are in Rz (€p), so we have |v§§1) — v%?\ < 2e/3 < % when k # 2 and
|vgl) - vgj| < (2+4€) — (e0) = €'/3 < L, which means ||vg, — vp,||s < &. A contradiction is obtained
and (p4) is proved.

(pS). O.5+4e /2 Us(l)\ < |US(2)| is not valid. This can be proved similar to property (p4).

0.5—5¢l/3
0.5+4¢"/2 < [UP| S 0.5-5¢! U] 12¢1/3
(p6). If 522575 > U] 2 0574c 1/3,then there exists no j > 2 such that - Uy 2 1oz

(1) (gD
Assume |U2| > |Ul| and define a point g;: qt(l) =46, qEZ) = q:(f) + (1 —12e I/S)M, qt(J)

; 1 (g1 _
qéj) + 1261/3W for a j > 2. Then (p6) can be proved similar to (p4).

We now prove equatlon Since properties (p4) (p5) (p6) are always false, it must hold that M >

—Hel/3 =
U(l) 1/3 U(J)
}U(z)} > 8:§+i§1/3 and maX(Il‘J(2)| ||U(1)|) < i 52 5 for any j > 2. Then equation [20| and the lemma are
proved. O
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