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Abstract

In typical few-shot learning, each task is not equipped with enough data to be
learned in isolation. To cope with such data scarcity, meta-representation learn-
ing methods train across many related tasks to find a shared (lower-dimensional)
representation of the data where all tasks can be solved accurately. It is hypothe-
sized that any new arriving tasks can be rapidly trained on this low-dimensional
representation using only a few samples. Despite the practical successes of this
approach, its statistical and computational properties are less understood. Recent
theoretical studies either provide a highly suboptimal statistical error, or require
many samples for every task, which is infeasible in the few-shot learning setting.
Moreover, the prescribed algorithms in these studies have little resemblance to
those used in practice or they are computationally intractable. To understand and
explain the success of popular meta-representation learning approaches such as
ANIL [43]], MetaOptNet [36], R2D2 [9]], and OML [33], we study a alternating
gradient-descent minimization (AltMinGD) method (and its variant alternating min-
imization (AltMin) in the Appendix) which underlies the aforementioned methods.
For a simple but canonical setting of shared linear representations, we show that
AltMinGD achieves nearly-optimal estimation error, requiring only Q(polylog d)
samples per task. This agrees with the observed efficacy of this algorithm in the
practical few-shot learning scenarios.

1 Introduction

Common real world tasks follow a long tailed distribution where most of the tasks only have a small
number of labeled examples [S1]]. Collecting more clean labels is often costly (e.g., medical imaging).
As each task does not have enough examples to be learned in isolation under this few-shot learning
scenario, meta-learning attempts to jointly learn across a large number of tasks to exploit some
structural similarities among those tasks.

One popular approach is to learn a shared representation, where new arriving tasks can be solved
accurately [45]. The premise is that (¢) there is a shared low-dimensional representation fy(z) € R”
represented by a task-independent meta-parameter U and (%) a simple linear model of (v;, fi(x)) can
make accurate prediction on the i-th task with a task-specific parameter v;. Once the representation
fu has been learnt, we can rapidly adapt to new arriving tasks as the representation dimension r
is much smaller than the dimension d of the input data. This approach is becoming increasingly
popular with a growing list of recent applications [33} 136, |9, 42| 43| 127, 147, 114} 13}, 18] and has
been empirically shown to achieve the state-of-the-art performances on benchmark few-shot learning
datasets [47, 14} 43]].
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These successes rely on a simple but effective training algorithm which alternately updates U and
{v;} which we call AltMinGD (Alternating Minimization and Gradient Descent). Suppose we are

given ¢ tasks, and the ¢-th task is associated with a dataset {(:cgz) € RY, yj(b)) iz of size m. In

this paper, we closely follow the formulation of [47], which solves for a function f;; : R¢ — R”
(typically a deep neural network) and a task-specific linear model v; € R” on a choice of a loss £(-, -):

min { Z min Z €(<U1;,fU(17§i))>zyJ(‘i))} J 1)

U
i€t] jelm]

by alternately applying a (stochastic) gradient descent step of U in the outer loop (for given v;’s) and
numerically finding the optimal solution v; in the inner loop (for a given U). Several closely related
algorithms have been proposed, including separating training-set used for the inner loop and the
validation-set used for the outer-loop [43} 36} 9l |3]], early stopping the inner-loop [33]], applying to
datasets with imbalanced data sizes [42,|14], and proposing new architectures and regularizers [27].
There is an increasing list [47} [14, |43]] of numerical evidences showing that these meta representation
learning improves upon competing approaches including MAML [20] and its variants [23] |32} [39].
Further, [43] provides experimental evidences that shared representation is the dominant component
in the efficacy of MAML [20], even though MAML does not explicitly seek a shared representation.

In this paper, we analyze the computational and statistical properties of AltMinGD and its variant
AltMin under the simple but canonical setting of learning a shared linear representation for linear
regression tasks [48]]. The fundamental question of interest is: as the number of tasks grow, does
AltMinGD learn the underlying r-dimensional shared representation (subspace) more accurately, and
consequently make more accurate predictions on new tasks? This question is critical in explaining
the empirical success in few-shot learning where the number of tasks in the training set is large
while each of those tasks is data starved. Further, in settings like crowdsourcing or bioinformatics,
collecting more data on new tasks is easier than collecting more data on existing tasks.

Contributions. We analyze the widely adopted AltMinGD and prove a nearly optimal error rate. We
show that AlItMinGD requires only m = Q(log ¢ 4+ loglog(1/¢)) samples per task to achieve an error
of ¢ in estimating the representation U when we have a large enough number ¢ of tasks in the training
data and assuming a constant dimensionality » = O(1) of the representation. Under this condition,

AltMinGD achieves an error decaying as O(c+/d/mt), which nearly matches the fundamental lower
bound. Together, these analyses imply that AltMinGD is able to compensate for having only a few
samples per task (small m) by having many few-shot tasks (large ¢), significantly improving the

state-of-the-art (see Table El) Note that the loglog(1/¢) dependence of m is hidden in the €2 notation
and is not explicitly visible from our main theorems or the table. A fine grained analysis showing this
dependence is provided in Theorem [9]in Appendix [C|

We follow the proof strategy of alternating minimization algorithms for matrix sensing [30} 38], but
there are important differences making the analysis challenging. First, the meta-learning dataset does
not satisfy Restricted Isometry Property (RIP) central in the existing matrix sensing analysis, and
hence none of the technical lemmas can be directly applied. We leverage on the fask diversity property
in Assumption 2] to prove all necessary concentration bounds. Next, there is an inherent asymmetry
in the problem; we require accurate estimation of U for generalization to new arriving tasks (which is
the primary goal of meta-learning), but we do not necessarily require accurate estimation of v;’s. We
exploit this to ensure accurate estimation of U with a small m.

Our analysis of AltMinGD leads to a fundamental theoretical question: is the condition m = Q(log t)
necessary? We introduce a variation AltMinGD-S, which at each iteration selects a subset of tasks
that are well-behaved (covering the r-dimensional subspace of current estimated U) and uses (the
empirical risk of) only those tasks in the update. While log ¢ dependence is unavoidable if we require
all ¢ tasks to be well-behaved, ensuring a large fraction to be well-behaved requires smaller m. When
the noise is sufficiently small with variance O(1/logt), we show that AltMinGD-S requires only
m = Q(loglog(1/¢)) (with no dependence on t) to estimate the shared representation accurately.

Inspired by a long line of successes in matrix completion and matrix sensing [30], we also analyze a
variation of AltMinGD that alternately applies minimization for U and {v;} updates, which we call
AltMin, and prove a slightly improved guarantees at an extra computational cost of a factor of dr2.

Notations: [n] = {1,2,...,n}. |A|| and || A||r denote the spectral and Frobenius norms of a matrix
A. (A, B) denotes the inner product. AT is the Moore-Penrose pseudoinverse. z ~ A(0, I 4) means



that z is a d dimensional standard isotropic Gaussian random vector. O, © and © hide logarithmic
terms in dimension d, rank r, tolerance € and other problems parameters.

1.1 Related work

There is a large body of work in meta-learning since the seminal work in learning to learn [46],
inductive bias learning [[7]], and multitask learning [[12]. One popular approach starting from [28] 6]
is to learn a shared low-dimensional representation for a set of related tasks. This is becoming
increasingly popular with empirical successes in the few-shot learning scenarios [33}136, 9} 142, 43|
27,147, 114].

Linear representation learning. In this paper, we show that the popular AltMinGD algorithm for
solving meta representation learning, achieves near-optimal error rate and sample complexity when
applied to recovering linear representations, i.e. f7(z) = U”x. This problem has been studied in
[3} 144, 140] and Nuclear-norm minimization approaches are proposed in [4} 24} 2, 41]] but they do not
provide subspace/generalization error guarantees and suffer from large training time. Closest to our
work are [48] [35) 134, [19] which propose new algorithms with statistical guarantees. We also point
out a concurrent and independent work [[16], which also analyzes AltMinGD but for a special case of
the noiseless setting. Authors empirically showed that AltMinGD performs better than other baseline
federated learning algorithms for neural meta-representation learning on some datasets. We compare
these results with our guarantees in Section 4.1}

Competing against meta-representation learning approaches listed above are the bi-level optimization
based methods. A pioneer in this direction is MAML [20], which is analyzed under linear regression
tasks in [[15} 214 (8L 22]]. [15] and [21]] identify that MAML outperforms a simple Empirical Risk
Minimization (ERM) when tasks are heterogeneous in their respective level of difficulty. [8]] shows
that, perhaps surprisingly, negative learning rate is optimal for MAML applied to linear regression
tasks, where zero learning rate corresponds to the standard ERM.

Matrix sensing. Starting from matrix sensing and completion problems [[11, 37, 30], recovering
a low-rank matrix from linear measurements has been a popular topic of research. Linear meta-
learning is a special case of matrix sensing, but with a non-standard sensing operator of the form
AUV = (A4, (UVT), ..., Ay (UVT)] where A;;(UVT) = (x;;¢] ,UV "). This operator does
not satisfy restricted isometry property in general, and existing matrix sensing results do not apply.
Similar sensing operators have been studied in [29, [52]] which gives m = Q(d). We provide a
significantly tightened analysis to require only m = Q(logt 4 loglog(1/¢)).

2 Problem Formulation: Meta-learning of Shared Representation

We focus on the meta-learning problem with a shared linear representation for linear regression tasks.
Let ¢t denote the number of tasks. The i-th task is associated with m samples {(x;” € R, yj(-z) €
R)}7L,. We assume there is a common low-dimensional representation (U *)Tx of each data point

x, parameterized by U* € R?*" where r < d. The corresponding observation % is sampled by
regressing over the low-dimensional representation (U*)” x. Now, in general, learning U* is NP-hard
[25]. Instead, similar to [48], we study the problem in the following tractable random design setting.

Assumptions 1. Let U* € R?¥" be an orthonormal matrix. For a task i € [t], with task specific
parameter vector v € R” and j-th example JI§-Z) ~ N(0,14%q), its observation is:

y = (@), U @) 40 @
Q)
J
7 = U*0*@) the model parameter vector for each regression task in d-dimensions. We denote the
matrix of these parameters as: V* = U*(V*)T where (V*)T = [v*(1) ... jv*®)].

where ;" ~ N(0,02) is the measurement noise which is independent of xy) We denote by

The difficulty of estimating U™ still depends on the diversity or incoherence of the tasks.
Assumptions 2. Let \} and X} denote the largest and smallest eigenvalues of the task diversity
matrix (r/t)(V*)TV* € R™" respectively. Let k = \; /\%. We say that V* is y-incoherent if

max [[0*@ |2 < pAx. (3)
1€[t]



To estimate the subspace U, we minimize the empirical risk of the ¢ tasks in the training data, over the

meta-parameter U € R?*" and the task-specific model parameters V = [v(1) ... v®]T € R*":
t m
1/ @ DENOING
V)= 335 (0 = (ea)) 4)
i=1 j=1

The problem is non-convex due to the bi-linearity of Uand V. We are interested in the few-shot
learning setting where the goal is to learn the representation accurately despite a small number of
samples per task in the training data. Now, even if the representation U* is known a priori, we would
require O(r) samples per task to learn the parameter v. Furthermore, information theoretically the
total number of samples m - ¢ should scale at most linearly with the data dimension d.

3 Alternating minimization

We focus on AltMinGD from [47]], which learns a shared parameterized representation fi;(-) as in
(II]). Several variations of this algorithm are widely used, for example 43136} 9]. However, we note
that these previous works neither referred to this algorithm as AltMinGD, nor explicitly related it
to the Alternating Minimization (AltMin) framework [30]. To highlight this connection we follow
the notations from the latter [30]]. AltMinGD alternately updates the matrix of regression parameters
V' using exact minimization with fixed U, and updates the representation parameter U using the
standard gradient descent step. Concretely,

i : @ (@) :
o € argmin S (o, folel),0) Vi,

J€[m]

UcU-n> 3 Vol(w?, fu(a)),5\").

i€[t] jE€[m]

As {(-,-) is typically a convex function, we can estimate v(*) efficiently for a fixed U. Note that many
methods used in practice (ANIL [43]] and MetaOptNet [36]) back-propagate through their respective
inner (potentially inexact) optimization step. However, since we do exact inner minimization with
respect to V, by a generalization of the Danskin’s theorem [[10], back-propagating through the
inner minimization is equivalent to computing the gradient V; £(U, V') with respect to U and then
setting V' = V*(U), where V*(U) € arg miny L(U, V') is the minimizer for the current U. That is,
Vy miny L(U, V) = Vy L(U, V*(U)). For the linear representation learning problem specified in
Section 2] the above updates reduce to the following:

v € arg min Z(yp - <x§i)7 Uv))?, foralli € [t],
J

U« U-=nVyLl(UV) = U+nz (@, ov®)) 2 ()T .

Given U, we can efficiently estimate each of the low r-dimensional regression parameters v(%)’s
separately and in parallel using standard least squares regression. Our analysis requires that when
we update V for current U, U should be independent from the training points. Similarly, during the
update for U, V should be independent of the data points. We ensure the independence using two
strategies: (a) similar to standard online meta-learning settings [20], we randomly select (previously
unseen) tasks to update U and V, (b) within each task, we divide the datapoints into two sets to
update V' and U separately. But in our experiments, we re-used all the samples at each iteration.
Algorithm [I] presents a pseudo-code of AltMinGD applied to Problem (). Note that in Algorithm [I]
we apply QR-decomposition on U after every U update to ensure that magnitude of U and V' does
not stray far away from that of true U* and V*, respectively. Otherwise, the sample complexity
requirements of the algorithm increase in the condition number factors.

Run-time and memory usage: Exact update for v(*) has a time complexity of O(mr? + r3), which
can be brought down to O(m - ) by using gradient descent for solving the least squares. Our analysis
shows that under the sample complexity assumptions of Theoreml 1] each of the least squares problem
has a constant condition number. So, the total number of iterations for this update scale as log

achieve ¢ error. If we set € = 1/poly(t, o), then using standard error analysis, we should be able to



Algorithm 1 AltMinGD : Meta-learning linear regression parameters via alternating minimization
gradient descent

Required: Data: {(xy) € RY yj(-z) € R)}, forall 1 <i <, K: number of steps, 7): stepsize.
1 Initialize U <+ Ui

Randomly shuffle the tasks {1,...,t}

for1 <k < Kdo

T+ [1+ O 4]
for i € T do
v arg 1 mm Z <Uﬁ, x§1)>)2
JG[M/2]
end
U+—U-+n Z Z UU(Z) j >)x§»l)(v(i))T
=Ty j=1+%
U+ QR(U)
end
return U

Algorithm 2 AltMinGD-S : Meta-Learning regression parameters via AltMinGD over task subsets

Required: Data: {(7; W ¢ R, y( € R)}7, forall 1 <i < ¢, K: number of steps, 7: stepsize.
Use the same steps as AltMlnGD (Algorlthm. but replace L1nelw1th
Te e {iel+ X k) o (UTSOU) <25 0in(UTSOU) >
2 20 (2T
;i @50 }

where S(l = 5 2jem/ Ly (T;

obtain the 0pt1mal error rate in Theorem@ The gradient descent update for U requires O(mt dr)
time assuming large enough mt. Furthermore space complexity of AltMinGD is O(dr + t - r2).

We provide an estimate of the statistical efficiency of the AltMinGD in Theorem [I] We also
provide an analysis of the traditional Alternating Minimization algorithm (AltMin) which uses exact
minimization for updating U in the Appendix [A] We obtain a slightly improved statistical guarantee
for AltMin in terms of the condition number but its run-time is slower than that of AltMinGD.

3.1 Subset Selection

Algorithm [T|operates over all the tasks in a batch, each of which are generated using a random process.
Now, if the number of tasks ¢ is large, then there is a non-trivial probability that some of the tasks are
outliers, i.e., they have a large amount of error. This might lead to an arbitrary poor solution due to
the outlier tasks. This is reflected in our analysis of AltMinGD (see Theorem E]), where the number
of samples per task grows logarithmically with ¢ which is non-intuitive as typically larger number of
tasks should not hurt the sample complexity.

In more general representation learning problems, when the number of tasks ¢ is large, there is
more chance that some of them are outlier tasks. Ideally we want to design an estimator for shared
representation U that is robust to a few outlier tasks. For the linear representation learning problem,
we observe that to ensure small error for a task, we require the Hessian to be well-conditioned. So,
we compute the eigenvalues of the Hessian U ' (YU for each task with the current U, and select
only the tasks whose eigenvalues lie close to the expected repeated eigenvalue 1. Algorithm [2]applies
this criteria to select tasks in each iteration, and then use the standard AltMinGD updates on those
selected tasks. This leads to an improved dependence on ¢ as we show in Theorem 3]

Run-time: On top of the run-time complexity of AltMinGD, the subset selection scheme adds an
additive O(mt-dr+t-r3) term. This arises due to O(r?) eigen-decompositions of U T ST € R™*"
for each task.



4 Statistical guarantees for Alternating Minimization algorithms

We reiterate that O and €2 hide logarithmic terms in d and r and other problem parameters. We
analyze the AltMinGD and AltMinGD-S algorithms using the rescaled Frobenius norm error: ||(I —
U*(U*)NU| r/+/T € [0,1] between the rank-r subspaces corresponding to the true U* and the
output of the algorithm U. We first provide our main results analyzing these algorithms, and present
detailed comparisons to previous results in Section 4]

AltMinGD: We first present our main result for the AltMinGD method (Algorithm|[T)), applied to the
linear representation learning problem described in Section

Theorem 1 (Simplified version of Theorem[9)in Appendix [C). Let there be t linear regression tasks,
each with m samples satisfying Assumptions [Z] Let k := X\ /A% and let,

m> Q(TQ trlogt+ k- (J/\/E)%Q logt), t > ﬁ(/ﬁ p?r®), and
mt > Q- pdr? + £ - pdr? (o //AE)?).

Then AltMinGD (Algorithm , initialized at Uiy S.1 1@ — US(U) N Uitllr <
min(21/121,0(1/k)) and run for K = Q([klog(mt/(k - udr - (o/\/A%))]) iterations with the
stepsize 1 = r/t outputs U so that the following holds (w.p. > 1 — K /(dr)*°):

||(I_U*($>T>U||F . 5(f<;r) /;jt) )

Remark 1 (Initialization): Our result holds if the initial point Ujy;¢ is reasonably accurate. One
choice of initialization is to use the Method-of-Moments (MoM) [48]]. Due to sub-optimality of MoM
approach ([48, Theorem 3], also provided in Theorem [I2]in Appendix), we get an additional sample
complexity requirement of mt > Q(k2dr? (ur + (o /y/Az)*). Note that this does not degrade the

asymptotic error rate, O(y/dr/mt) when e = O(y/dr/mt) — 0. In our experiments, we observed
that random initialization works just as well. Such a requirement of a good initialization is common
in theoretical analyses of alternating update methods [30, [38]], where it has been widely observed that
random initialization works well in practice.

Remark 2 (Generalization in few-shot learning): Learning a shared representation helps in gener-
alizing to new arriving tasks in few-shot learning. Suppose we run Algorithm [I] under the conditions
of Theorem|[T]to get an estimated subspace U. Let a new task, whose task specific regression parame-
ter v*T lie in U*, be introduced with m™ samples. Now, we can apply the stepof Algorithm |1} with
U and the new samples, to meta-learn an estimate v+ of v*T. Then the mean-squared-error (MSE)
of the estimated parameter is O((o/+/A:)(udr? /mt + r/m™)). Therefore, as long as mt is large
enough, we only need m* = () additional samples to get an arbitrarily small MSE, as opposed
to m™ = Q(d) of the trivial baseline of solving the new task by itself. We also improve upon other
baselines from [48]] in terms of dependence on ¢ and t; see Section@] and TableE]for more details.

Remark 3 (Near-optimality of the error rate): We note that our error rate matches — up to
poly(k, p) factors — the information theoretic lower bound given in Corollary
Corollary 2. [48 Theorem 5] Let r < d/2 and mt > r(d — r), then for all V*, wp. > 1/2

_ * *\T\TT
100" W) 0l gL o [iry,
K/AEN mt
where G, g4 is the Grassmannian manifold of r-dimensional subspaces in R?, the infimum for U

is taken over the set of all measurable functions that takes mt samples in total from the model in
Section 2] satisfying Assumption[I|and2}

6

inf sup
U UEGr, 4 \/77

However, the sufficient conditions on 1t in Theorem|[I]has a factor 7 gap from the necessary condition
above, which we discuss with a concrete example in the next remark.

Remark 4 (Gaussian example): Let us interpret our result using a concrete example. Consider
independent Gaussian parameters v*() ~ N(0, (1/7)I,x,.) such that the signal-to-noise ratio (i.e.,
zTU*v*(®) /5?) is independent of 7. Then with high probability |[v*()|| = ©(1) and \} = \* =



O(1). It follows that as per Assumption [2| the condition number x = O(1) and y = ©(1). To

estimate U* up to an ¢ error, AltMinGD needs a total of mt = O(dr? + o2dr/e?) samples. The
second term is dominant for small € and is optimal, which follows from the near-optimality in Remark
2. However, it is an open question if the first term is necessary, as the best known lower bound in the
noiseless case will require mt = Q(dr). In this well-behaved Gaussian case, AltMinGD requires

m > Q(r2 + (1+ o2)rlogt) per task samples.

Remark 5 (Dependence on the minimum eigenvalue): Notice that in the limit of \¥ — 0, V* is
rank deficient, thus making it impossible to recover the entire subspace of U*. This is reflected in our
Theorem 3| where the error-rate approaches the maximum possible value of one as A} approaches zero
(the LHS of Eq. (9) is at most one). However, for prediction error, smaller rank of V* implies smaller
dimensional representation to be learned, thus the prediction error bound should improve with lower
Ay (and also smaller rank of V*). Proving a tight guarantee in the prediction error is more challenging
and most of the existing results in matrix sensing literature [29] only provide guarantees in parameter
estimation error. On the contrary, the lower-bound in (6)) becomes zero as A\’ decreases, implying
that the lower-bound is significantly weaker in \. This is expected since the lower-bound is derived
through a lower-bound for the corresponding subspace regression loss. Intuitively when A} = 0 the
tasks become less diverse (more homogeneous), and therefore the regression becomes easier. Such
condition number mismatch in upper and lower-bounds are common in low-rank literature [30].

Task subset selection (AltMinGD-S): One downside of Algorithm [Iis that m needs to increase with
t (i.e., m = Q(logt)). We introduce AltMinGD-S in Algorithm [2fto study a fundamental question
of whether this log ¢ dependence is necessary. We show that when the noise is sufficiently small,
AltMinGD-S achieves a per task sample complexity that does not increase with ¢.

Theorem 3 (Simplified version of Theorem[I1]in Appendix[D). Consider the setting of Theorem![l]
Let k := A} /AL

m > Qr? + k- (0/\/A:)*r?logt), t>Q(k-p?r®), and

mt > ﬁ(li pdr® + &2 pdr? (o /\/A5)?).
Then AltMinGD (Algon'thm@, initialized at Uspig s.1. ||(T=U*(U*) T )Uspie | » < min(21/121,0(2))
and run for K = Q([klog(mt/(k - pdr - (0//X%))]) iterations using the stepsize n = ;ﬁ” outputs
U so that the following holds (w.p. > 1 — K /(dr)19):

||<I—U*<¢U;>T>U||F . 5(f<;r> ‘ZZ) ™

Remark 7 (Bias of Subset Selection): One may observe that this scheme may introduce a bias in
the training data at each iteration. However, we control this bias by adding a new requirement that the
number of tasks should be at least t > Q(k - u?r?®) (Theorem @) This ensures that the only a small
O(1/ur) fraction of the tasks are discarded at each step (Lemma in the Appendix , and this
leads to a low bias. This requirement may be insignificant in our regime of interest where the number
of tasks may be exponentially large, so that AltMinGD-S can provide a gain over AltMinGD.

Remark 6 (When noise is small enough): Note that when the noise variance ¢ is small enough or
when there are large number of tasks, i.e. 0% < O(1/logt), AltMinGD-S only needs m > Q(r?)
samples per task, assuming suitable initialization (see Remark 1). Furthermore, since AltMin-S
selects a fraction of tasks to perform updates and the selection process requires only O(mt-dr+t-r2),
the time-complexity of the method remains same as that of AltMinGD, up to constant factors. Next
we see that AltMinGD-S removes the dependence of m on ¢ completely, in the noiseless setting.

Corollary 4. Let there be t linear regression tasks, each with m samples satisfying Assumptions|[I]
m > Q@?), t > Qu*r*K), and mt > Q(udr’K).

Additionally assume that the observations are noiseless, i.e. o = 0. Then AltMinGD-S (Algorithm 2.

initialized at Uy s.t. ||(I— U*(U*) N Umie||p < min(21/121, O(1/k)) and run for K iterations

using the stepsize 1) = 5y, outputs U so that the following holds (w.p. > 1 — K/(dr)'°):

XU (U*)")U||r 1 kp
N < (1= ) 00 . ®)




The above corollary shows that in the noiseless setting, the per-task sample complexity for AltMinGD-
S does not grow with ¢, and is nearly optimal. Also note that that even for noiseless setting, tech-

niques like Method-of-Moments (MoM) still incur error of +/dr /mt, ignoring x terms. In contrast,

AltMinGD-S when initialized using MoM method (see Remark 1)), incurs just O(exp(—t/x)) error.
Proofs of Theorems [T| & [3|are in Appendix[C.1]& Appendix

4.1 Sample complexity comparison

To the best of our knowledge, Theorems [T] and [3| presents the first analysis of an efficient method
for achieving optimal error rate in o, d and r. [48]] is most relevant that analyzes the landscape of
the Empirical Risk Minimization (ERM) with Burer-Monteiro factorization. It shows that ERM
can achieve a rescaled Frobenius norm error of € with ¢ tasks (assuming ¢ > d), when m >

Q(r*log(t) + r?log(t)o?/e2). We stress that this is highly sub-optimal as for small estimation
€, more tasks do not help improve the per-task sample complexity. This also does not reconcile
with practice where more tasks tend to help accuracy and helps overcome small number of samples
per-task. In contrast, AltMinGD requires m > Q(r?(1 + 02) log(t) + (r?02/£%)(d/t)) where small
error ¢ can be achieved by collecting more tasks and increasing ¢. [19] studies the global minimizer
of the non-convex ERM optimization in Eq. @), without providing an efficient algorithm to solve it.
The authors show that non-convex ERM achieves a small generalization error if m = Q(d), which is
impractical in the few-shot learning setting.

Another approach is Method-of-Moments (MoM), which estimates U by finding the principal
directions of a particular 4th moment of the data [48],135]. MoM can indeed trade-off smaller error
€ by increasing the number of tasks ¢. But the algorithm is inexact, i.e., even for ¢ = 0, we need
m — oo to achieve exact recovery of U*; see Appendix[G] This is in a stark contrast with AltMinGD
and AltMinGD-S where for noiseless case, we can find U* exactly, as long as m = O(r logt + r2)
and ¢ = O(dr); see Figurela|for an illustration. We consolidate these comparisons in Table

Finally, a concurrent and independent work by [16] also analyzes AltMinGD but only for the special
case when there is no noise, i.e., ¢ = 0. We show tighter results that are more generally applicable:
(7) our analysis applies to general noise o that is not necessarily zero, (i7) even in the noiseless case,
our analysis of AltMinGD is tighter and shows a smaller sample complexity, and (4i7) we present
novel AltMinGD-S that further improves the sample complexity. Precisely, in the noiseless case,
[16] proves that m = (x? - 73 logt) is sufficient for finding U* with a large enough t. Our tighter

analysis shows that m = ﬁ(r logt + r2) (Theorem 1) is sufficient with no dependence in . Note
that the condition number x > 1 and can be arbitrarily large depending on the problem instance.

Further, we present a novel algorithm, AltMinGD-S , that only requires m > ﬁ(r2) (Corollary @)

Table 1: Comparison of per-task sample complexity results m(¢, ) to reach € error when solving
linear meta-representation learning with ¢ tasks, d dimensions, subspace rank » = O(1) and noise
variance % (Sections ; lett > d. We also report if the prescribed algorithm is computationally
tractable and extendable to practical neural-net setting. AltMinGD-S relies on the eigen values of the
data when projected onto U and cannot be directly applied to neural networks.

Analysis Per-task sample complexity m(¢,) Tractable? Practical?
Non-convex ERM [19] Q(d + log(t) + Z—;) No -
Burer-Monteiro ERM [48]] Q(log(t) + ‘E’—j) Yes Yes
Method-of-Moments 48] 135]] Q1 + te% + (t’j«f) Yes No
AltMinGD (Theorem Q((1 4 o) logt + =) Yes Yes
AltMinGD-S (Theorem Q1 + o2 log(t) + ) Yes No
Lower-bound [48] 01+ 24) - -

5 Experimental results

In this section we empirically compare the performance of AltMinGD (Algorithm|[T)) and its exact
minimization variant AltMin (Algorithm [3| in Appendix), two different versions of Method-of-
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Figure 2: Compared to others, BM-GD is unstable and challenging to tune in the low-noise regime.

Moments (MoM [48]], MoM2 [33]]), and simultaneous gradient descent on (U, V') using the Burer-
Monteiro factorized loss @) (BM-GD [48])). We omit AltMinGD-S here because the logarithmic
gain (1/log(t)) of AltMinGD-S will only be observed when we have an exponentially large number
of tasks (¢). This is challenging to simulate using our modest computing hardware. However, for
big-data scenarios similar subset select schemes may be useful. In all the figures, the magenta dashed
line with square marker represents AltMinGD, the blue straight line with circular marker denotes
the AltMin , the red dotted line with downwards pointing triangular marker denotes the MoM, the
yellow dotted line with upwards pointing triangular marker represents the MoM2, and the green
dashed and dotted line with diamond marker represents the BM-GD. In all the figures we plot the
subspace estimation error of the output U of the algorithms. The error is calculated using the rescaled
Frobenius norm ||(I — U*(U*) ")U|| p/+/7, which takes a value in the interval [0, 1]. All results are
averaged over multiple runs, and more experiments details and plots are provided in Appendix [H]

Figure (13| plots subspace distance against the standard deviation o of the regression noise, 5?) ~
N(0,0%); see @). Clearly, as predicted by Theorems (1| and 5| (in Appendix), the methods we
consider—AItMinGD and AltMin —achieve smaller error than MoM methods for small noise regime.

Here the error of AltMinGD and AltMin are linearly proportional to . However as predicted the
error of MoM and MoM is a constant multiple of \/dr3/mt = \/r for all values of o, and it does
not improve when o decreases (see Table 1). While BM-GD does not have any known algorithmic
guarantees, it still performs better than MoM methods. However, BM-GM becomes unstable and
challenging to tune at low noise regime, even at a lower or comparable step-size than AltMinGD. To
highlight this, the individual trials for each algorithm in this plot are plotted in Figure 2] Figure D]
plots the subspace error against the number of tasks ¢. In Figure we plot the the error against
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Figure 3: AltMin converges using fewer iterations than AltMinGD and BM-GD, but AltMinGD can
be faster in practice due to its computationally cheaper iteration. While the performance of all the
methods degrade as task diversity decreases, AltMin appears to be most robust to changes in diversity.

the number samples per tasks m. In both of these figures, we observe that, AltMinGD, AltMin and
BM-GD achieve much smaller subspace error than the MoM and MoM2. Furthermore, as predicted,
the squared error of all these methods decrease linearly in m and ¢. We again note that BM-GD
is unstable and hard to tune, especially for large ¢. The individual trials for each algorithm on
these two plots are plotted in the Appendix [Hl ERM-based BM-GD performs poorer than Alternate
Minimization-based AltMin and AItMinGD. This might be due to the presence of many bad local
minima in the optimization landscape of the ERM problem jointly over (U, V') [48, Theorem 2].

In Figure 3] we plot the subspace estimation error against the number of iterations of AltMinGD, Alt-
Min, and BM-GD for varying levels of task diversity /. (Assumption[2). We observe that AltMin takes
significantly fewer iterations to converge than AltMinGD and BM-GD, and AltMinGD converges
earlier than BM-GD. However, each iteration of AltMin is very slow as it needs O(d®) operations,
where as AltMinGD and BM-GD need only O(d) operations per iteration. Therefore, AltMinGD
could be the fastest in practical high-dimensional setting. BM-GD seems to be slower than AltMinGD
because BM-GD seems to need a smaller stepsize than AltMinGD to stabilize its convergence. While
all the methods perform worse when the task diversity decreases ((a) — (b) — (c)), we see that
AltMin is more robust than others. This may be attributable to AltMin’s tighter dependence on the
condition number  (Theorem 5] in Appendix) when compared to AltMinGD (Theorem [I).

6 Conclusion

When learning a shared representation for multiple tasks, a common approach is to alternate between
finding the best linear model for each task on the current representation, and taking one gradient
descent step to update the shared representation. This algorithm, AltMinGD, has been widely used
in meta-representation learning with little theoretical understanding. We provide insights into the
empirical success of AltMinGD by studying it in the canonical problem of linear meta-learning. We
showed that, AltMinGD provides a nearly optimal error rate, along with nearly optimal per-task and
overall sample complexities in their dependence in the dimensionality d of the data. To the best
of our knowledge, this is the first such optimal error rate that scales appropriately with the noise
in observations, while still ensuring per-task sample complexity to be nearly independent of the
dimensionality d. Latter is a key requirement in meta-learning as individual tasks are data-starved.
The limitations of our results are: (i) the analysis does not extend to non-linear representations, (i7)
the dependence on the rank r of the shared subspace, the incoherence (i, and the condition number x
may not be tight; and (#7¢) our analysis is “local” and requires a good initialization. We also proposed
and analyzed a task subset selection-based method (AltMinGD-S) that further improves the per-task
sample complexity and ensures that it is independent of the number of tasks in small noise or large
number of tasks regime. However, the subset selection scheme heavily relies on the linearity of the
shared representation. Therefore, this scheme cannot be directly applied to more practical neural
network training. It also remains an open question if it is possible to achieve a per-task sample
complexity that does not depend on the number of tasks ¢, even in the large noise setting.

Our work leads to several interesting future directions and questions. For the non-linear version of
the problem, ensuring optimal error rate with optimal per-task sample complexity is an interesting
open question. Finally, analyzing alternating minimization methods with stochastic gradients and
streaming tasks is another promising direction. Our proof techniques could be combined with that of
recent results in efficient one-pass SGD [31] to design a nearly optimal stochastic algorithm.
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This appendix contains additional results, proofs for all the claims, and details of the experiments.
Section @ provides the alternating (exact) minimization algorithm (AltMin) and its task subset
selection-based variant, and their statistical and computational guarantees. Sections[C|and [D] contain
the analyses of Algorithm [T]and 2} respectively. Sections[BJand [D]contain the analyses of Algorithm 3]
and[d] respectively. Section [E|contains corollaries of some known results. Section [Fcontains some
general technical lemmas used in this paper. Section[H]provides the details of the experiments.

A Alternating Exact Minimization algorithms

A.1 Alternating minimization (AltMin) algorithm

In this section we discuss the alternating (exact) minimization algorithm (Algorithm [3), which has
been widely studied in different but related problems including matrix completion, tensor completion,
phase retrieval, and matrix sensing. The algorithm follows the standard alternating minimization
procedure [30, where we update the representation matrix U and regression parameters V'
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Algorithm 3 AltMin : Meta—Learning linear regression parameters via Alternating Minimization

Required: Data: {(z; (W) ¢ Ry y ) e R)}7., forall 1 <i < ¢, K: number of steps.
1 Initialize U <+ Ujnit

Randomly shuffle the tasks {1,...,t}

for1 <k < Kdo

T ¢ [L+ 2, ]
for i € T}, do
0@ ar O _ (s 20V
g min y; = (U2;")
' jem/
end
2
U < arg min ( UU(Z) (@) )
gUeRdXTXTZ Zm 75”)
7 kJ= 1+
U+ QR(U)
end
return U

alternately. Note that, given U, we can estimate each of the parameters vector v() separately using
standard least squares regression, i.e.,

)—argmlnz () ,Uv))2.

Similarly, given the updated regression parameter vectors v(i) ’s, we can now update U as:

—argmlnz Uv()>)

To ensure ease of analysis, we analyze a modlﬁcatlon of the algorithm where the columns of the
next iterate form an orthonormal basis for the subspace containing the columns of U. Such a U
we can obtain by applying the QR-decomposition on the above U. However, this is not a necessity,
as all the analyses of AltMin still follows through even without the QR decomposition due to a
simple equivalence argument between the subspaces obtained with or without the QR decomposition.
However, this equivalence argument critically uses the fact that we exactly minimize U for the current
V. Thus the same equivalence cannot be proved for AltMinGD which uses gradient descent to update
U, because the gradient scaling may change across iterations due to changes in the magnitude of U.

Similar to AltMinGD, our analysis requires that when we update V' using current U, we require U to
be independent from the training data points. Similarly, during the update for U, we require V' to
be independent of the data points. Again this is ensured using the same two strategies: a) similar to
standard online meta-learning settings [20], we select random (previously unseen) tasks and update
U and V, b) within each task, we divide the data points into two sets to update V and U separately.

Run-time and memory usage: Although AltMin is a conceptually simpler algorithm than AltMinGD
(Algorithm[I)), per iteration cost of AltMin is larger than AltMinGD due to the exact minimization
on U. Our update for v(¥) require O(mr? + r3) time complexity, which can be brought down to
O(m - r) by using gradient descent for solving the least squares. Our analysis shows that under
the sample complexity assumptions of Theorem[5] each of the least squares problem has a constant
condition number. So, the total number of iterations scale as log(1/¢) to achieve e error. If we set
e = 1/poly(t, o), then using standard error analysis, we should be able to obtain the optimal error
rate in Theorem (8| Similarly, exact update for U requires O((dr)3 + mt - (dr)?) time, that decreases
to O(m¢t - d - ) when using gradient descent updates.

A.1.1 Subset Selection (AltMin-S)

Similar to AltMinGD-S (Algorithm 2)), to reduce the per-task sample complexity, we also provide an
algorithm AltMin-S (Algorithm [4) based on selecting a subset of tasks. This uses the same subset
selection scheme as AltMinGD-S. Since, AltMin-S selects a fraction of tasks to perform updates, it
has the same run-time and memory complexities as AltMin.
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Algorithm 4 AltMin-S : Meta-Learning regression parameters via AltMin over task subsets

Required: Data: {(z; (W) ¢ Ry y ) e R)}7., forall 1 < i < ¢, K: number of steps, 7: stepsize.
Use the same steps as ; AltMinGD (AlgorlthmE]) but replace L1neE]w1th

To {ie+ D ) 5 (UTSOU) <25 00in(UTSOT) >

where 8O = 257,z 75 (@) }

A.2 Statistical guarantees for Alternating Exact Minimization algorithms

Alternating minimization (AltMin): We first present our main result for a standard alternating
minimization method (Algorithm [3) when applied to the meta-learning linear regression problem in
the problem setting described in Section 2}

Theorem 5 (Simplified version of Theorem E in Appendix [B). Let there be t linear regression tasks,
each with m samples satisfying Assumptions|l| [Z] Let k = /\* ¥/AE and let,

m > Q%+ rlogt + (o//A5)*r? logt), t > Q(u*r®), and
mt > Qi - pdr? + k- pdr?(o/\/A5)?)

Then AltMin (Algorithm , initialized at Uiy St (T — USU*) YWinitllr <
min(21/121, 0(1/+/k)) and run for K = Q([log(mt/(k - udr - (o/+/X:))]) iterations, outputs U
so that the following holds (w.p. > 1 — K /(dr)°):

- W) We _ ~(( o \ [ard
v <O<(m> mt>' ®

Remark 7 (Initialization): Our result holds if the initial point Uyt is reasonably accurate. One
choice of initialization is to use the Method-of-Moments (MoM) [48]]. Due to sub-optimality of MoM
approach ([48, Theorem 3], also provided in Theorem [I2]in Appendix), we get an additional sample
complexity requirement of mt¢ > Q(rdr? (uk + (0 //A:)*). Note that this does not degrade the

asymptotic error rate, O(/dr/mt) when e = O(y/dr/mt) — 0. Similar to case of AltMinGD, in
our experiments, we observed that random initialization works just as well for AltMin too. This is
analogous to alternating minimizaition for other problems where it has been widely observed that
random initialization works well in practice [30, 38].

Remark 8 (Optimality and comparison to AltMinGD): Similar to Theorem 1] this error rate is
nearly optimal in terms of d, r, m, t and o/ \/E , as it matches best possible rate when V'* is specified
a priori (Corollary [2). However, we see that the error rate, the additional sample complexities and
required initial error are all tighter than Theorem|I]in terms of condition number r factors. However,
in high-dimensions, one iteration of AltMinGD may be much faster than that of AltMin.

Task subset selection (AltMin-S): Just as we did in AltMinGD-S (Algorithm [2), we reduce the
dependence of the per-task sample complexity m = Q(log(t)) of AltMin (Algorithm [3)) on the
number of tasks ¢. This achieved through a subset selection-based AltMin-S (Algorithm [{4) algorithm,
which has the following guarantees for noisy and noiseless (¢ = 0) observations.

Theorem 6 (Simplified version of Theorem[I0]in Appendix[D). Let there be t linear regression tasks,
each with m samples satisfying Assumptions [Z] Let k := Xi/\f and let,

m > Qr? + (o//A) %2 logt), t > Q(u2r®), and
mt > Qk - pdr? + k- pdr? (o //A5)?)

Then AltMin-S (Algorithm , initialized at Uiy S.L @ — USU*) Uit <
min(21/121,0(1/v/k)) and run for K = Q([log(mt/(k - pdr - (o /\/A%))]) iterations, outputs U
so that, wp. > 1 — K/(dr)*°

|@- @) )Ulr _ 5(( o > u?"d) . (10,

Vi NeIART
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Corollary 7. Consider t linear regression tasks, each with m samples satisfying Assumptions|l|and
lwith o = 0, and

m > Q@r?), t > Qu*r®), and mt > Q(k - pdr?).

Then AltMin-S (Algorithm W), initialized at Uiy st ||(I — U*(U*) " Uicllr <
min(21/121,0(1/v/K)), and run for K iterations outputs U so that the following holds (w.p.
>1— K/(dr)!9):

ja-v @) lr _ 5 (VA%

/e < ~<\/F2K ) . (11)

Remark 9 (Subset selection): Note that when noise is very small o < O(y/A%/logt) or when

the observations are noiseless (¢ = 0), AltMin-S only needs m > Q(rg) samples per task. Then,
the per-task sample complexity does not grow with the number of tasks ¢. Again, we see that the
sample complexity and iteration complexity of AltMin-S is smaller than AltMinGD-S. However,
AltMinGD-S could still be faster than AltMin-S, due to its faster iterations.

Proofs of Theorems [5| & [6] are in the Appendices[B.1| & [D.1]

A.3 Proof sketch for noiseless case

Here we provide proof sketches of Theorem [5] To highlight the main ideas behind our analysis,
we start with the simplest case when there is no noise (62 = 0) and all the task specific regression
parameters lie on a single dimensional subspace (r = 1). The analysis gets quite challenging as
we go to multi-dimensional shared subspace (r > 1), and we illustrate these challenges and how to
resolve them in Section[A3.2]

A.3.1 Proof sketch for the one-dimensional case

Let u* € R? be the unit vector of the one-dimensional true subspace, and v* € R? the vector of the

true regression parameters of the ¢ tasks. In the noiseless setting (sgi) = 0), the k-th step of AltMin
can be written as follows.

Forall s € Tz

@ (uTSY)u)_luTSY)(u*)v*(i) ,

U — ( Z (v(i))QSéi))T( Z v*(%(”sé“u*) ,ut i,

fal
where S = 2 Zj’j(/ €2—1)m Jas1 xy) (ch))T is the data covariance matrix of a half of the dataset
[m] of task i € [t]. Our incoherence condition for rank-1 case simplifies to [[v[|Z, < £v[%
The distance between two unit norm vectors u and u* is commonly measured by the angular
distance defined as sin f(u,u*) 2 ||(I — w*(u*)")ul|*/2, where T — w*(u*)" is the projection
operator to the sub-space orthogonal to u*. In the following we let ¢ 2 (u*, u) and use the relation
sin @(u, u*) = ||u — u*¢|| in the analysis. We use the fact that if we have a good previous iterate u
close to u*, i.e. sin f(u,u*) < 3/4,then 1/2 < |g| < 1.

Our analysis shows that we get geometrically closer to the true subspace u* at every iteration in this
sin 0 distance, when initialized sufficiently close to u*.

Our strategy is to show that the v-update achieves |v(?) — ¢~ 1v*()| < C||v*® u sin 0(u, u*) for
some constant C, and the u-update achieves sin (u™,u*) < (¢/||v*|))||v — ¢ 'v*||) where the
constant ¢ can be made as small as we want in the assumed sample regime. Together, they imply the
desired theorem.

v-update: We can write vV ¢~ — v*() as

@ — q—lv*(i) _ UTSY)(qu* _ u)(uTS@u)_lq_lv*(i) .
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In expectation, |[E[u”S{” (qu* — w)]|| = |uT(qu* — )| = 1 — ¢> < (sin6(u,u*))? and

E[UTSY)U] = |ju|]|? = 1. Therefore, by Lemma if sinf(u, u*) < 3—2 and there is enough
samples per task, i.e. m > Q(log(t/K 9)), we can bound their deviations in terms of sin 6 (u, u*).

This implies that, with a probability of at least 1 — 6/2,

[o@ — ¢~ | sinf(u, u*)

. < ,foralli € Ty, (12)
o]

where we used the fact that |¢| > 1/2. This in turn implies that (1/4)[v*®)| < |[v(®| and v is
incoherent.

u-update: We bound the distance between & and u*:

u—uq
B ()2 Nt @ R0 @) s
(2 ) (2 o e -
1€Tx 1€ Tk
=A =0

where h() = ¢=1y*(®) — (&) Notice that, in expectation, E[A] = I and E[Hu*q] = H’UHZU q< HZH

Therefore, by Lemma when there are enough samples, i.e. mt > K Q(,ud log($)) deviations
form these expected values can be bounded using the distance between v and v*, ||h||. That is with a
probability of at least 1 — 2, A is invertible and well-conditioned,

—1 * UTh *
A7 =1+ FE;, and Hu q:Wu q—+ e,
v

1L

ol

t 7l

where || By | < & and leal| < & (12 +, /210l

of intermediate v to bound e5. Therefore

T T
v' h v' h .
—u QZWU Q+QWE1U + (I+ E1)ez

). Note that we had to critically use incoherence

-~ *

= =f

Notice that | is parallel to u*. Rest of the terms are grouped together as f. The angle distance
sin(u™, u*) only depends on the portion of 4™ which lie in the orthogonal subspace to u*. Therefore,
||w)|| does not directly contribute to the distance, and this is formalized below. Clearly, ||(I —
u*(u*) ")ut|| = ming+ [[u™ — u*g*||. This follows from the trivial solution of the scalar quadratic
problem min+ ¢ ||u — u*g™||%. Thus,

sinf(u™,u*) = min ||ut — u*qt|
a+
m ( hTv
<=7 — |1+ ) H
HHUH lol2/ ™ Jall

A1l /1]
=Yl = alfe = 11— Il

(14)

Putting them together: We bound f using definitions of E; and ez, incoherence, and (12) as

L Al 2] t 1Al
171 s+ 55 (o + /e
16 o ol Vo o]l
Combining this with (T4), we see that with a probability of at least 1 — J, the angle distance

geometrically decreases at each step, i.e.

1
< gsmﬂ(u u*).

1
sinf(ut, u*) < §sin9(u,u*). (15)
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Finally, if the initialization is good, i.e. sin (uinit, u*) < 16, we can unroll the above inequality
across iterations. Taking union bound over the iterations we get that, with a probability of at least
1 — K, the output u after K iterations satisfies

sin O(u, u*) < Z%Sinﬁ(uinit,u*). (16)

To achieve this, we need at least m > €(log( 55 )) samples per task and at least m¢ > Q(K pdlog(}))

total samples.

A.3.2 Proof sketch for the r-dimensional case

Here we do not use sin 6, (U,u*) distance, as the analysis of sinf; gets more complicated
in the general r-dimensional case. Therefore we use ¢-2 norm based error, A(U,U*) =

(0, sin? 0,(U,U)Y? == |1 - U*(U*)")U||p. Let Q = (U*)"TU, then A(U,U*) =
|U - U*Q||r,and 1/2 < ||Q| < 1if A(U,U*) < 3/4.

For all i € Ty,
0@ — TSSO UT SO @) |
U« (AT( 3 SP T O (O E)T ))W—% :

€T,
U+ QR(D) .
where W = VIV, A : R — R is linear operator such that A(U) =

dieT S W =3p® (@ TW~2, and Séi) are defined as in the one-dimensional case.
V-update: We will prove that [v() — Q= 1v*®)| = O(A(U,U*)). Let h() := v(DQ~1 — ¢*(@),
then
WD = (UTsPu) uTs (U - U)Qhet
=G
Notice that, in expectation, [|[E[UT S\ U]|| = 1 and |[E[G]|| = |[UT(U*Q - U)|| = |QTQ — I|| =
A%(U,U*). Therefore, by Lemma|B.2] if A?(U,U*) < 35 and there is enough samples per task,

i.e.m > Q(r log(#5)). we can bound their deviations in terms of sin 6(u, *). This implies that,
with a probability of at least 1 — §/2,

|R@]| <

(Gt 4( ) toralli e T (17)

v@ || < 4[|v*?| and V is incoherent.

U-update: We bound the distance between UandU*:
(U - U QW? = AT( 3 SPU QR (v)Tw )

1€ Tk

=—H(U*Q)

Notice that, in expectation, E[H(U*Q)] = H(U*Q) := U*Q e D @ () TW=2 and
H(U*Q) < ||H||r and E[A] is the identity map Z. Like in the 1-dimensional case, by Lemma|[B.3]
when there are enough samples, i.e. mt > KQ(udr? log(%)) deviations from these expected values
can be bounded using the distance between V and V*, || H||. That is, with a probability of at least
1 —4/2, Ais invertible and well-conditioned in Frobenius operator norm,

A1 =T+&, and ﬁ(U*Q) =HU*Q) — Eo,

where ||€1||F < 1/16 and || Es||r < 1/32( t/u
use incoherence of intermediate V' to bound FE5. Therefore,

(U - U QW? = —~H(U*Q) — cEAH(U*Q) + (T + &) E2

=F

2). Note that we had to critically
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Now, using similar arguments as in the one-dimensional case, we get
AW*,U) <||0R - U@+ Hwr Q)| W

_1

IFllr |F]| A2
= —1 — —_
=™ QU = (1 L+ + 1H || ) A

N

Putting them together: Using similar arguments as in one-dimensional case, if the initialization is
good, i.e. A(Uipnit, U*) < 1/16, we can show that with a probability of at least 1 — ¢, the next iterate
U™ satisfies: A(UT,U*) < 3A(U,U*). To achieve this, we need at least Q(r log(7%5)) samples

per task (m) and at least Q(K pdr?® log(})) total samples (mt). Result now follows by applying the
above result K times.

B Analysis of AltMin (Algorithm 3)

Initialized at U, the k-the step of alternating minimization-based AltMin (Algorithm [3) is:

| i Do . . k—1)t th
0@ TSP (UT SO Uy 4 UT D) forzeﬁ:[l—b-( K),?](IS)
0 « AT(Zséi)U*v*(i)(U(i))TJrz(i)(v(i))T)’ (19)
1€[t]
Ut « QR(U), (20)
where U™ is the next iterate, S;i) = %Zje[l,mm] xil)(zgz))T Séi) =

2 > jeli4m/2,m] a:y) (x;i))T, 20 & (1/m) 2 jelml 651)1‘;1) and A : R — R jg a
self-adjoint linear operator such that A(U) = Y, . SO Uv®) (v))T. The self-adjointness of A
follows from the symmetry of S() when using cyclic property of trace as follows

(U2, A1) = 3 (U2, SOUWD ) T) ) = 37 (U SO0 (0O)T)
i€T €T
_ Ztr(v(i) (N TU) SDUL) = (A(U), Uy)
i€T
2n

(/DM (X ie v*@ (p*(D)T), Notice that, this non-standard definition of incoherence is related to
the standard definition: W* = (V*)TV* = el v*@ ()T V* = V*R* (QR-decomposition),
max; ||[0*?)||2 < fir/t, as follows pu = fi(o?(R*)/o2(R")).

Theorem 8 (Formal version of Theorem [5 in Appendix [A). Let there be t lin-
ear regression tasks, each with m samples satisfying Assumptions [I| and [J| and

m * * : 21 Ar
K= Noga( sy g b I = USUS) DUiellp < i (& 0(V/% mtmr))
2
m > Q((l + r( z ) )rlog(%) + rﬂog(%)), t > QuPr3Klog(X)), and mt >

Incoherence.  max; |[v* |2 < (pr/t))\r(zie[t]v*(i)(v*(i))T), and we define v =

VAT
. 2
Q(MdrzK%(log(g) + (\Uﬁ) log2(§)log(%))). Then, for any 0 < 0 < 1, after K itera-

tions, AltMin (Algorithm returns an orthonormal matrix U € R*¥*", such that with a probability of
atleast1 — 0

1 - o [pdrKlog(})log(4E)
Sla-vw )T)UFSO(VE\/ ) 22)

and the algorithm uses an additional memory of size O(d*r?).
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A proof is in Section[B.T]

Initialization. If we initialize AltMin (Algorithm 3) with Method-of-Moments (Theorem[12)), we
need at least

ilj pdr? + (L)4§dr3) (23)

initial number of samples, where  hides polylog factors.

mt2§<

B.1 Proof of Theorem 8| (formal version of Theorem [5in Appendix[A)

Proof sketch: We first prove that distance between U* and U decreases at each iteration up to some
additional noise terms. Then this per iterate result is unrolled to obtained the final guarantees.

First we focus on the k-th iterate. In this analysis, unless specified [¢], represents the k-th K-way
partition used for the k-th iterate. In the following lemma we prove that tasks subset used for each
iteration, satisfy approximate incoherence.

Lemma B.1 (Shuffling and partition of tasks). Ler Ty, be the k-th subset (k € [K]) of the K-way
partition of the shuffled set of all t tasks. Ift > Q(u?r3K log(1/9)), then with a probability of at
least 1 —0/3,

)\r(iesz v*(i)(y*(i))—r) _ %@()\T((V*)TV*)) . forall M e [7‘] 25)

where are 1 (-) and \.(-) are the largest and smallest, respectively, eigenvalue operators of real-
symmetric v X T matrix.

A proof is in Section[B.3]

In the analysis of an iterate we denote the current iterate using U and the next iterate using U T. First
we prove that the distance between the true v*(*) and the current v(*) is approximately upper-bounded
by multiple of distance between U and U*. Next we prove that distance between U™ and U* is
approximately a fraction of the distance between v*(*) and (). Finally, combining the above two
results gives us desired result.

Preliminaries: Let Q = (U*)TU. Using Lemma[F4] if [|U — U*(U*)TU||r < 1, Q is invertible.
Let @ be the right inverse of @, i.e. QQ ™' =L Let W = (V*)TV* =37, v*) (") T then
using Assumption[2] we have that A} = (r/t) max),—1 2" W*z and A} = (r/t) miny, =1 2T W*z.

Update on V: Let A = o) — Q7 1o*® and HT = [RMpP . AW Let |H|r £
\ S 1P and [[H]lwo 2 & maxiepy [BO]. Let W = VIV = 35, v® ()T, and

A1 = (r/t)max) =1 z' Wz and A, = (r/t) min, = z' W=.

Lemma B.2. Assume that all conditions and the large probability event in Lemma holds true.
* *\ T : 21 A 1 o

If‘”(I — U (U ) )U”F S min (ﬁ?O( Ww)) andm 2 Q((ﬁ) r210g(%) +

r log(Kié)), then with a probability of at least 1 — 0/3,

0@ < O(u )\T) C A < 2XT,and N /2 < A\ < 2X (26)
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and

log (- 2]
e <ofy /i, [Sja- vy Wl + =y W) )
r 5
K | H|loo,2 108(%5) 111 rregrreT m’K o Mﬂog( 5)
e SO(y T =T @I DU+ =) e
A proof is in Section[B:2.1]

Update on U: Let W, H,H : R%" — RI<" be three linear operators, such that W) =
U ier, v (@) = UW.HU) = U T hO@O)T and H(U) = iy 5 URO )T,
where h()) = v — Q=1v*(®) W is invertible and self-adjoint. Therefore W~z and W= exist. Let
T : R9X" — R4*" be the identity mapping, such that Z(U) = U.

U-UQ =AY s§UQ(Q v —v®) ()T 4 20 (u)T) 29)
i€k
i€Tk
=W s (W AIWHW— 3 (—H(U*Q) + Z RGO @1
1€Tk
=WHI+E) W R+ E)NUQ +W (Y 2Ow)T) 32
i€Tk

where & = W2 AW 2) —Tand & = W s H-W~2H,and F = U-U*Q+W L (H(U*Q)).
Let F =U - U*Q + W H(U*Q))

Lemma B.3. Assume that all conditions and the large probability event in Lemma[B.2) holds true.
Then,

W log() (L -0 (U YU +

o rzlog(K5)>
oY

and if mt > Q(udr’K log(t/Ké)), then with probability at least 1 — §/3

'F”FSO(W*’MWM U + f\/ﬂdﬂfﬂog ) o)

WUl < 0(y/5 (33)

AX mt
(34
A proof is in Section[B:31]
Lemma B4. If § < 0,,in(Q), || F||r < § and [WH(H(U*Q))||F < 3. then R is invertible and
IR < 4.

A proof is in Section[B.4] Clearly, from (33) and (34), a sufficient condition for the above lemma is

)\1 * * r21og(K(§) 1
_ <=
O( o o )||(I U (U U g + \f ) S +and (35)
Af pdr? K log(55) T o | pdr?Klog(+55)log(%) 1
77 N (T~ UM U < =
0(\/» A= U@+ I )<5 66

which can be satisfied with

* * >\;t ]‘ o 2 1
la-v@w)"ulle < of EW> . om> Q((ﬁ) 2 log() + 7 log(5) ) and
37

mt > Q(uerK(l + (\;/\7*) log(Kt,(S) log(g))> (38)
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Finally, we bound the Frobenius norm distance of the next iterate U from the optimal U*.

IX-U*(U*)"HU* || F (39)
=min ||[U" - U*Q"||r (40)
Q+
<|UR'=U*QR™ "+ W 'H(U*Q))R!|| (41)
<|U-UQ+W'H(U*Q)|r|IR| (42)
= |F[leIR~ (43)
Af pdr? K log (55 ) «rrranT o pdr? K log (5 ) log(5)
sowﬁmtnav Ol + = a )
(44)
If
¥ t 2 t
mt > Q(udTQK)\—i(log(ﬁ) + (\/(7)\7*) log2(ﬁ) log(g))) (45)
then,

=0 @) e < S @ =0 @) e+ 5 min (573.0(y 55 77)) ©0

Thus if ||(T — U*(U*)T)U||z < min (A o( L;)) then ||(I — U*(U*) U+ ||p <

1217 Aj log(t/K)
: 21 Ax 1
nnn(fﬁvO( beg@uo))-

Therefore, using union-bound, we can un-roll the relation, between current iterate U and the next
iterate U, over K iterations, starting from Us,;; and ending at some U iterations, to get

r2K lo og(%
”(I_U*(U*) )UHF—2KH(I_U*( *) ) 1n1t||F+O f\/ud Kl g )1 g(é))

(47)

with probability at least 1 — K §. Finally setting K = [log (

(A;/A*)(T/t\/A»*)udT )] we get that, with a
probability of at least 1 — K¢

la- @) Nulle < O fW‘”QK sl 5 x5 (48)

mt

B.2 Analysis of update on V'

B.2.1 Proof of Lemma|[B.2]

Proof of Lemma[B.2] In this proof for brevity, we will first set that 7, < [t], |Tx| = t/K + t,

S 50 = = 2 ielm] xg.l)(xy))T. This can be done due to the approximate equivalence of

the subset 7, and the set of all tasks [t] by Lemmawhich requires that ¢t > Q(p*r3K log(£)).

Finally at the end of the analysis we will reset 7y, < Ty, [Ti| = t/K « t/K, S « s

2 Z ()( (i))T
jefm/21 5 L)

Recall the definition of v(*) from the update (T8)), and that Q' is right inverse of Q, i.e. QQ ™' =1

v — Q7@ = TSSO UTSOUQ - U))Q v + (UTSOU)TUT 2 (49)
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‘We can use re-write the first term as,

UTsOMIUTSO(UrQ - U)Q ! (50)
=UTsYntuTsYwuT +u v UrQ -U)Q ! (51)
U (UQ-)Q+(UTSYuTsOu, Ul (UrQ - )Rt (52)
= U'A-U" U UQ t+UsYuTsWu U] U (53)

—(U-UQTU-UQ)Q '+ W sYuuTsOu, ulu* (54)

where we used the fact that Q = (U*) T U. Therefore
0@ — Q1| <
U= UQIIW - U Q)@ " @ + [(UT SO (JUT sSOULUT U |+ JUT 2 )
(55
If m > Q(rlog(t/d)), then o = ¢4/ W < 1/2 and by Lemma with a probability of at
least 1 — 6,
IUTSOU) | < (1+ 20),
||UTS(i)ULUIU*’U*(i)H <a|U]U*v*@]|, and foralli € [t] (56)
[ < oo,

Now if m > Q(rlog(1/8)) and |[U*Q — U] <0( Log(§ ;) then

4 ‘ log(& ‘ , rlog(t
I - @1 < 0 [E5) (1 - 1)@t 4 T ) + 0y T8
fos(%) m
(57)
Next we bound |H|r, which by definition is |H|r = P |2 =

\/Zie[t] [0 — Q-1v*®||2.  Using (57) and the fact that (a® + b*) < 2(a® + b?) we
get

log

I < o ?) (59)

. . log(%
(Y 0@~ 0)Q O + [T 0 O+ oy B
€T m
Clearly Q|| = [[(U*) TU|| < |U*[[|U|| < LI X = U*(U*) U < [A-U*(U) U ||p < §
then by using Lemma[F.4} Q1| < 2.

DN Q- WP =3 () T(UrQ - )R T(UQ - U)Q v ™) (59)

i€ [t] i€(t]

=t (U*Q-1)Q™H) (U"Q-1)Q™") Y v ()T (60)
i€[t]
< IUQ = U)IEIQTHIPOMN)(¢/7) (61)
<4|(UQ - DIFOM)(t/r) (62)
Similarly we can use Lemmal[F4] to get

> IUTUr @2 = Z (0" U U U U (63)

= tr((Ul Z v @ (p* T (64)

< lULU*[FOMN)(t/r) (65)

<I(U*Q = U)I[FOMN)(t/r) (66)
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Therefore substituting the above two inequalities into (58)) and using the fact that va + b < /a + Vb
forall 0 < a,b we get

Il < O 283 10°Q = Uley 50/ + Vi | 52 &
4

2
Then as ||(I — U*(U*)U||p < o( - IOQ@) and m > Q((\“ﬁ) r210g(§)), |H|r <
— %)\/(t/r))\;ﬁ. Using [|Q 71| < 2in (57) we also get that

, : , log(& , rlog(L
RO = 0 — @100 < 0| &y 0req - v @) + oy | 2By g8y
log(g) m
By definition is |[H|lc,2 = maxep [[hP] = max;ep [0 — @ 1v*@|. Then as ||(I —
2
U)W < T-U* (U)Wl < 0(/3 kg ) <O, m = Q((ﬁ) r 1og(g)) >
2
Q((\/UT) rlog(ﬁ)) (uAr). Now, using ||H||z < (1 — —) (t/r)\x <

O(pAr), |Q| < 1and 12 < omm(Q), by Lemma we get the approximate incoherence relation
for the intermediate V

W01 < 0(nA) L A <23 and A <22, (©9)

Using this we bound || H ||« 2. Using the above incoherence relation and (68), we get

\fllHllooa \[IlHlooz

\/7 log H Q- UH \ \ r 2co rlog (21t)
/ /)\*

log(§) 7"210g(§)
<0 70
<o( os(h) = ) (70)
Using (69) in (67), we get
rlHle ||H||F 10g(§) DSy —— Tzlog(é)
o <0\l - @ Wl + 7 )
(71)

Finally, by resetting 7y, < Tx, |Tx| = t/K + t/K, SY) — S{i) = % Zje[l,m/2] Jigi)@y))T, we
obtain the desired result. O

B.2.2 Supporting lemmas for the analysis of update on V/

Here we bound the linear operators in the v() update.

Lemma B.5. Let o = ¢/ 282002 log(in/&) With a probability of at least 1 — §, the following are true for
all i € [t]

U TSSO < 1+ 2a), (72)

|OTsOW*Q - Q™ || < (IX-U* (W) Ul + ) |(U*Q ~ Q™™ || (73)

<1+ a)(UQ-1)Q v (74)

|[UTsOU Ul U oD || < of|[U U0 D), and (75)

|UT2D || < oa (76)
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Proof of Lemma([B3] Leti € [t].

Let S = {v € R"|||v]| = 1} be the set of all real vectors of dimension  with unit Euclidean norm.
For e < 1, there exists an e-net, N. C S, of size (1 + 2/¢)"” with respect to the Euclidean norm [49]
Lemma 5.2]. That is for any v' € S, there exists some v € N, such that ||v' — v||p <.

Consider a v € N, such that |jv||p = 1. Now we will prove with high-probability that
((UTSWU) —T)v,v) is small. Consider the the following quadratic form

; 1 7 2 1 7 ’L
WTUTSOUw == 3 @ (U2 (@) TUY) = -~ S te((@) TUweTUTEY) (77)

JE€lm] JEIm]
(. D~ N (0,145 4) are i.i.d. standard Gaussian random vectors. We will use Hanson-Wright inequality
(Lemma [F3) to prove that the above quadratic form concentrates around its mean. In Lemma[F.6]

(which is a straightforward Corollary of Hanson-Wright inequality), by setting a <— Uv, b <— Uv, we
get that with a probability of at least 1 — §

< Cmax( log(1/5)’ log(1/5)> — A, (78)

m m

o (UTSDU) - T

For brevity, let E = (U S®U) — 1. Notice that E is a real symmetric matrix, therefore it has
an eigen decomposition. Then, let v" € § C R” be the largest “eigenvector” of E, such that

(U/)TE’U/ = ||E|| = max||z||=1 vV EY = max|g|| =7 || p=1 T EV'. Then there exists some v € N,
such that ||v" — v]| <.
|E||r= )" Ev=0v"Ev+ (' —v) Ev+ (V) "E@ —v) (79)
<o Bv+ [l = ol Ellllv]l + [V E]]lv" ~ vl (80)
< v Ev+2¢|E| (81)
Re-arranging and setting e = 1/4, and ¢ + 2c¢, we get
|UTSO0) 1) = |B] < Ay = A, (82)

m ? m

where A = cmax ( rlog(9/9) r log(9/5)) If m > max(1,4c?)rlog(27t/6), then A < o < 1/2.

Thus with a probability of at least is is also implies that

) . 1
[(UTSOUN = (omin(UT SPDU)) ! < = < 2. (83)

— a -
Using similar arguments we can also prove that with a probability of at least 1 — §
|| (UTS(z) (U*Q o U)Q—I,U*(i) ||

< |UTU*Q - Q| +all(U*Q - 1)Q v (84)
<UTA - UH)NHUQ™ W | +a|(UrQ - V)@~ (85)
<UTA-Ur )P | + ol (UTQ - 1)Q | (86)
<UTa-Ur ) HUrQ - 0)QTW | +a|(UrQ QT W] (87)
<I@-v @)U Q - Q™ I +al|(UQ = )Q ™" (88)
<(J@X-UU)OHU[ +lU*Q -~ V)@ v* | (89)
<1+ a)lUrQ - 1)@~ v W], (90)
Using similar arguments we can also prove that with a probability of at least 1 — ¢
|[UTSsYU Ul U || < of|[Uf U 1)

and with a probability of at least 1 — ¢
|[UT2D || < oa (92)

Finally setting § «— §/3/t and taking the union bound over three bounds over all the tasks in [t] gets
us the desired result. O
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Here we prove the approximate incoherence of the intermediate V' and the spectrum of intermediate
W.

Lemma B.6 (Incoherence of intermediate v()). If |H|r < (1 — 7)\/ t/m)A((r/t) W),

[H12, 2 < O(uA((r/)W*), |QIl < 1 and 13 < omin(Q), and ©7) and (68) are true, then

[0 < 0(juA, <<r/t>W>) (W) < 200 ((r /)W) . and ©3)
(/22 (r[OW*) S AW < (4730 )W) 04
Proof of Lemma|B.6]
v @) < Q™ * @ + [ — Q1w D || < 2[p* @ || + || D 95)
= o2 < OV o) + O(IH % 2) < O (e (/)W) 96)

Where the second inequality use the definition A = v(9) —Q~1*( and |Q || < 2 (as Tmin (Q) >
1), the third inequality use the fact that @ + b < 2a? + 2b an (68)), and the final inequality uses
FH ooz < IV o2

Notice that W = VTV and W* = (V*)TV*. Thus \/\.((r/OW) = /(r/t)o.(V) and
VA((r/ )W) = \/(r/t)o,.(W*), and both W and W* are pos1t1ve semi- deﬁmte (PSD). Similarly,
using amm(Q_l) = amin(((U*)TU)_l) >1and Lemmawe can get that

VAW < Jo2 (@ DA(r/OW*) </ (r/OM(Q (V) TV-QT)
(r/ho,(V:Q™T) 97)

Therefore, instead of analyzing the relation between A, (W) and \,.(W*), we can analyze the relation
between O'T V) and o,.(V*). Notice that V*Q~T =V + V*Q~T — V. Then by Weyl’s inequality
(Lemma|F.2} by setting A «+ V*Q~ ", B <+ V,and C < V*Q~ " — V) we get that

VA ((r/OW*) < (/o (VQ™T) <V (r/t) o (V) + Vi /H)|V = V*Q~ T (98)

< VA /W) +/(r /1) H|| (99)
< JA ((r/OW) +/(r/)||H| (100)
M (/DWW + (1 — —) /(W) (101)

V2
where the last inequality uses | H||r < (1 — 7) V (&/T)A\-((r/t)W*). Finally we get the desired

result: A, ((r/t)W*) < 2\,.((r/t)W*) by re-arranging the terms. Using similar arguments we can
show that \.((r/t)W*) < 2, ((r/t) ) as follows.

VA /OW) </ (r/)on (V) < (/e (VQ™T +\/ (r/O|V =v*Q T (102)

<NQ IV /Do (VF) +/(r/t) IIHH (103)
§(1+1i0) ((r/ W) + ( 1—— VA ((r/E)W*) (104)
20, ((r/O)W™) (105)

Similarly, we derive a relation between \,.(W) and \,.(W*). Notice that V*Q~ T = V4+V*Q~ T —V.
Then by Weyl’s inequality (Lemmal|E2} by setting B + V*Q~ 1, A« V,and C + V*Q~T —V)
we get that

VA((r/OW) </ (r/)or(V) <V (r/)or(VQ™T) +/(r/t)|[V =V Q7| (106)
sncz VAT + VDl (107)

< (14 WM + VT H e (108)

< (14 VARG + (1= ) VAW (109

A ((r/ )W) (110)
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where the last second inequality uses || H||r < (1— 7) (/) ((r/t)W*), and the last inequality

uses A (-) < A1(+). Finally we get the desired result by re-arranging the terms. O

B.3 Analysis of update on U
B.3.1 Proof of Lemma|[B.J3

Proof of Lemma(B3] In this proof for brevity, we will first set that 7y, < [t], |Tx| = t/K <« t,
Séi) ~ S0 = L5 jeim] xy)(xgl))—r This can be done due to the approximate equivalence of
the subset 7 and the set of all task [t] by Lemma which requires that ¢ > Q(p*r*K log(£)).
Finally at the end of the analysis we will reset Ty, « T, |Tx| = t/K + t/K, Séi) — Séi)
- > jeim/24+1,m] xg;) (”“”y))T‘
Recall that

U-UQ=WT3Z+&)-WTH +&)UQ) + W2 (D 20 (111)

1€[t]

where & = (W 2 AW~ 2) —Tand & = W2 H-W 2 H,and F = U—-U*Q+ W~ (H(U*Q)).

Therefore

IF|p < ||w-%||F<||51||F|\w-%H<U*Q>||F +|Z +
Ellr(ET Qe + W2 (3 2D @) ))|k) (112)

1€[t]

We can trivially bound || W™ 2 || - as follows. For all ||U]| p = 1, the following is true.

r/t
A

T

IW=E(U)||p = lUW 2| < |U[|p|W2]| < (113)

Q(udr?log(1/8)) < mt and approximate incoherence of intermediate V (26) implies that
Q(dr JV(EV)/tl g(1/8)) < Q(udr?log(1/8)) < mt, then by Lemma we have that, with a

probability of at least 1 — 6/3

dr |V ||%, 5 log(27/6 2
||51||ngc\/r' 202 08R1/9) _,, fudr?lo(21/0) 1

- 114
)= mt =2 (114
This also implies that
3
IZ+&llr < IZIH+lEllr <1+ A< (115)
By Lemma[B.8]
V== 1)U Q) < |1H] (116)
and with a probability of at least 1 — §/3
. ) IV loo.2 dr log(15/0)
< Hlp——=, ||H|| _
1E2(U" Q)| p < c(min([|H|[ ) 1 [0 ,2) - +
Veo.2 dr log(15/5
A (W) m

Using the approximate incoherence of V' (26)) in the above inequality, we get that

dr log(15/6 dr log(15/6
€20 @l < clmin(H ]y [ ey T o A7 21085100,

(118)
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By Lemma [B.9 with a probability of at least 1 — 6/3

132w E000) Dl < 0y T o () 106 (3)) (119)

Finally taking union bound over the above results and using Lemma [B.2] we can bound each of the
terms constituting F'. Using (T13), (I16) and (7)) (recall that we set ¢ + t/K) we get

IWTTH(U*Q)||r < W 2[R IWTEH(U*Q)||r (120)
HHHF log() YT o |r2log(t)

w/» g1~ U ) Ie + = —i)

(121)

Using (TT3). (IT3). (IT6). and (27 we get

W= p|E P IWEHU*Q) | » (122)

udr?log(é)\ﬁHllF
O(\/ mt i ﬁ) (123)

IN

* pdr? log(% dr? log(% 2log (L
S )\71/’6 r Og(6)||(I—U*(U*)T)U||F+ par Og(&) o r Og(ﬁ)) (124)
Using (TT3), (TT3), (TT8), (27) and (@8) we get
W2 || £|Z + & rl|E(U*Q)| (125)

r . (HlF [ [[H| o2 drlog% ||HHoo2 w"drlog(%)
SO(\[“““(\/AT U ) ) a2s)

pdr? log(g) o |r? log(g)

Ay pdr? log(§) T
| Wlr +
\/7
pdr? log(%) dr log 1) 72 log
vl CUACRRN e ek
jdr? log( %) - Vidry/rlog(3) o 7”21°g ()
e G R ) (127)
dr2 log(t drl °1
<oy M - vy + \/j fw s 129)
pdr?10g(5) | o e T Vidry/rlog(5) o [r*log(5)
R s ) o

Using (T13), (T13), (TT9), and (26) we get

dr21 11 T
W2 IRIZ + &l Y- W3 O D) < O F\/ rloslIBE)) 130

1€[t]
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Substituting (121)), (T24), (129), and (T30) in (T12) we get
IFlp < W Ep(IEN IV EHUQ)IF + I + & llr(IET*Q)lF + | > W2 (=D D) T)||5))

1€[t]
(131)

X5 pdr?log(L) pdr? log(+) r2 1og (%)
< 1 ) I-U* *\ T 6 6
<O\ M= U @I+ =

(132)

oM LB g
mt

VHdry/Tlog(3) o rﬂog(%))Jr
TR

dr? log( % log (%)
133
ﬁ\/ ) (39

¥ pudr? log (L) o pdr?log(L)log(%)
< -1 ) rT* *\ T o )
<o(\ 5 T Na-v@Wle + S I CED)

U U U+

where the second-last mequahty used the fact that mt > Q(udr? log(g) Finally, by resetting
T ¢ T [Tl = t/K « t/K, 8 « 8 = 250 oy 287 (287) T, we obtain the desired

result. =

B.3.2 Supporting lemmas for the analysis of update on U

Lemma B.7. Ifmax(1,4c )dr)l\‘ (y,[‘j"f log(27/6) < mit, then with a probability of at least 1 — §/3,

1E1llF <3

dr||[V]|2, 5 log(27/8
(vw e 05(27/9) 139)

(W)

Proof of Lemma[B.7} Let Sp = {U € R¥*"|||U||r = 1} be the set of all real matrices of dimen-
sions d x r with unit Frobenius norm. For € < 1, there exists an e-net, N, C Sp, of size (1 + 2/¢)4"
with respect to the Frobenius norm [49] Lemma 5.2]. That is for any U’ € S, there exists some
U € Ncsuchthat |[U' —Ul|lp <e.

Consider a U € N, such that ||[U||r = 1. Now we will prove with high-probability that
(W3 AW~3 — Z)(U),U) is small. Consider the the following quadratic form

(W2 AW=3)(U), U = < 3 S“)UW*%U@(@(“)TW*%,U> (136)
ie[t]
= Z S @) TOW O )T Eu )Y 137
€[t jG[m
where S = L Z]E[m] ] ( @ )T and zﬁi) ~ N(0,I4%4) are i.i.d. standard Gaussian random
vectors and W = >, ielt] vl (v(z)) is rank-r matrix. We will use Hanson-Wright inequality

(Lemma|[F3) to prove that the above quadratic form concentrates around its mean. Notice that the the
expectation of (W~ 2 AW~32)(U),U) is (Z(U),U).

ZEKS(“UW*%W)(U@))TW" U>} - <UW Zv“ (i) ,U> (138)

1€[t]
=(U,U) = IIUIIF =1. (139)
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We will also need the following bounds to apply the Hanson-Wright inequality. Recall that |V |02 =
max;e( |0 ]|. Then,

max |[UW =20 (0N TW=2UT || = max |[UW =20 |2 < max |[U]2|W 1 [v@ |2 (140)
1€[t] 1€[t] 1€[t]

- VIR, e
- AW)
Also note that,
M Mow D @) TW TR = Y Juw @) (142)
1€[t]
—max||UW 2v(i)HQZ: UW =20 UW—2p®
1€[t] iE[t]< >
(143)
VI "
T A (W)

where the last inequality used (I38) and (I4I). Then by Hanson-Wright inequality (Lemma [F.3)),
with probability at least 1 — 6 /| N|

(V2 AW 3 — U),U)] (145)
<Z S a0 U(i)(v(i))TW—%,U>_<U7U>|gAE (146)
jelm]

where A, = cmax(y/ HVHOOALZ,\I??!(A‘/J;[EW)’ ”V||°°nf,\lii(4l/];[€|/6)). Taking union bound over all U € N,

implies that with probability at least 1 — ¢
(W™ 2AW™2 —T)(U),U)| < A, , forallU € N, . (147)

For brevity, let £ (U) = W~2 AW~z — I)(U). Notice that &/ is self-adjoint, therefore it has
an eigen decomposition with respect to the Frobenius norm. Then, let U’ € Sp C RX" be

the largest “eigenmatrix” of €1, such that (£](U),U) = €]l = max;z,_, (£1(0),0) =
X7 p= |||l =1 <<‘31(U), v’

~_—

Then there exists some U € N, such that |[U’ — Ul|r < e.

[E1lF = (E1(U"), U") = (£1(U),U) + (E1(U" = U),U) +(£1(U"), U = U) (148)
<&, U) +ENFIU = Ulp(lUF + U | F) (149)
< (&1(U),U) +2¢||E1 || p (150)

Re-arranging and setting e = 1/4, and ¢ + 2c¢, we get
W™ 2AW™2 — T||p = ||El|r < A1 = A. (151)

4

2 . r 2 o
where A = cmax (\/ dr ”ﬂ?f&?ﬁ;g/é), d Ilvijf(;vg)(g/(;)).

For brevity, let A(U) = (W~ 2AW~2)(U). Notice that A is self-adjoint, therefore it has an
eigen decomposition with respect to the Frobenius norm. Then, let U’ € Sp C R?*" be the

smallest “eigenmatrix” of A, such that <./Z(U)7 U> = Amin(A) = min g,y <-’Zl\([7)a [7> =
ming g =1 <.2([7), 17’> Then there exists some U € N, such that |U’ — U||r < e.

Amin(A) = (AU"),U") = (Z(U),U) + (A~ T)(U),U) + (AU - U),U) + (AU"),U" — U)

(152)
>1— (A= D)(U),U)| = Auin (DU = Ul p(|Ulr + U] ¢)

(153)
>1— A — 2eAmin(A) (154)
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~

Re-arranging and setting € = 1/4, and ¢ < 2¢, we get that Apin (A) > 2(1 — A). Therefore,
1 3
— < .
Amin(A) ~ 2(1—4)

T O, T 2 O
where A _ cmax( /d anllA (;Vg;(9/5) d IIVHooz1 g(9/5 ) If
<

max(1, 4c )drl\‘ (u?)ftl g(27/5) < mt, we get that A < ¢ drHanl)\ (Lt[)/g)(Q/&)

V=2 AW~ 3) || =

(155)

1
2

By setting A+ B = W~ 2 AW~z and A = T such that & = (A + B)~! — B~1, in the Woodburry
matrix inverse identity (359) (Lemma[F3) we get that, with a probability of at least 1 — §

[(A+B)™ = A7 e < [AYrlBlrI(A+ B) e (156)
— |&lle < ||y raw - z| <zle i awt -zl v Eaw e
(157)
3 dr [[V]|2, 5 1og(9/0)
<1l-A-—— <3AK :

= 2i—a) =° 36\/ m A (W)
(158)
Finally, setting 0 < /3 get us the desired result. O

Lemma B.8. | W 2H)(U*Q)||r < |H| ¢ and with a probability of at least 1 — §/3

”V”oo 2 H ” ) M +

\/7, 00,2 m

[Voo,2 dr 10g(15/5)) (159)
A (W) m

1€2(U7Q)|[r < c(min([[H||r —===

[1H[oo,

Proof of Lemma[B3) First we prove that the expected value E[(W ™3 H)(U*Q)) = W2 H)(U*Q)
is bounded.

|V )@ Q)lr = max (W EH)(U*Q),U) (160)
— * (@) ¢,,@ -1
Hélﬁixl [t]<U QR (0T ,U> (161)
- Z<U QR UW~ 2v()> (162)
G Pt
< U*Qh®@ |2 UW=20@ UW~2p® 163
Igllwgl\/z Q| Z{}( L) (63)
x QI > IIh™|2 <Uzw—5v<i><v<i>)Tw—%,U> (164)
HUH 71 i€[t] i€[t]
<Hgﬁax |H|pIUllF = [H|Fr (165)

where used the fact that (AB,C) = (A,CB" ) and (U*)"U* =L

Let Sp = {U € R¥" | ||U||r = 1} be the set of all real matrices of dimensions d x r with unit
Frobenius norm. For € < 1, there exists an e-net, N, C S, of size (1 4 2/ e)dr with respect to the
Frobenius norm [49, Lemma 5.2]. That is for any U’ € Sp, there exists some U € N, such that
U =Ulr <e

Consider a U € N, such that ||[U||r = 1. Now we will prove with high-probability that
<(W*%7—[)(U*Q)(U) —W-3 (Zie[t] SOU*QR® (v T), U) is small. Consider the the following
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quadratic form

W—%(Z SOU*QRD (v)T), U = < Z S(i)U*Qh(i)(v(i))TW—%7U> (166)
i€[t] z'e[t]
_ Z Z Ez) U Qh(z ( (i ) WféUT)xEZ)
Je[m]
(167)

where 5S¢ = L3° :v;i)(my))T and arg-i) ~ N(0,I4x4) are i.i.d. standard Gaussian random
vectors and W = 37, v® ()T is rank-r matrix. We will use Hanson-Wright inequality

(Lemma|[F5) to prove that the above quadratic form concentrates around its mean. Notice that the the
expectation of (W~ 2 (Ciep SOU*QRD ()T, U is (W2 H(U),U).

() SOUTQRI ) =Wz (Y UTQRD () T) = WTEH)(UTQ) . (168)
i€[t] i€t]

We will also need the following bounds to apply the Hanson-Wright inequality. Recall that || H ||o0,2 =
max;e( |A(®]| and [V loo,2 = max;epy |[v(]|. Then,

Vloo,2
max |[U*Qr® (v TWw -2y T <max U* B® ma ” Ul < |H ”700
mas [U*QR'™ (v!")) [ 1T QIR ]ﬁll | < [|Hlloo,2 ()
(169)
Also note that
ST QD @) T WU % = U QrO P |[uw —E )2 (170)
1€[t] i€ft]
<Ot rM|? ) (max [UW 292 (171)
1€[t]
< (IQIP Y IR maxllUII W2 2o@))  (172)
1€[t]
H 1%,
< || H|? (173)
| H % (W)
and
ST QRO N TW=zU T3 = > | U* QR lUW 2@ |2 (174)
1€[t] 1€[t]
_(max||U*Qh D2er@w=2 > o@D ) Tw2uT)
i€ [t]
(175)
< 1@ max A U117 (176)
= H|Z 5 (177)
; ; . 1% .
Therefore, Y,y [0 QRO () TW=3UT 2, < min{||H||21Y ‘('W) | H|%. 5} For brevity, let

&) =
W3 (X iery SOURD (vM)TY — (W=2H)(U). Then by Hanson-Wright inequality (Lemma ,
with probability at least 1 — 6 /| N|

|<65(U*62) U)| (178)
(X Z 2 TU QRO ) TWEU) — (W)U Q),U) | < A (179)
1€[t] jEm
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where A = c(min(|[H gl | Hloc.2) FEUTALD 4 [ Hloc o et REUTER), Taking

(W)
union bound over all U € N, 1mphes that with probability at least 1 — ¢
|(&(U),U)| < Ac, forallU € N, . (180)

Let U € Sp C R¥" be the matrix “parallel” to &(U*Q), that is |E2(U*Q)||r =

max g <51(U*Q),ﬁ> = (&(U*Q),U’). Then there exists some U € N, such that
U =U|r <e.
12U Q)llF = (£2(U7Q),U’) = (£&:(U"Q),U) + (&(U"Q), U = U) (181)
< (&), U) +&EU QeI =Ulle  (182)
< (&), U) +€|l&(UQ)|r (183)
Re-arranging and setting e = 1/2, and ¢ + 2¢, we get
V0.2 dr log(5/9)
E (U™ <A1 = (|H = NH || i =h A
1€E2(U" Q)| c(min([|H || r —=== WG [1H |00 ,2) -
Vso,2 dr log(5/0
Ar(VV) m
Finally setting 6 < /3 get us the desired result.
O
Lemma B.9. With a probability of at least 1 — 6/3
i ) ) dr r
=3 (D (T < \/
|%%w OO )r < 0o/ 1og (%) 10g (5)) (185)

Proof of Lemma[B.9) Notice that 2(*) (defined in Appendix [B) is a Gaussian random vector of the
following form

Z £; :L‘ HE( 9, g% ~ N(0,T15q) (186)

JG[M]

Using Hanson-Wright inequality (Lemman by setting m « 1, z1 < (), and Ay < Ixm) and
taking union bound over all tasks, we get that, with probability of at least 1 — &

log(%) 10 (%)
m

, 2t
D2 < o2m(1 + ¢ ) < 2co?mlog (?) ,forallic ] (187)

m
where used the fact that m > 1 and log ( ) > 1.

Let 7 = W—30® then

Z” ()”2 Ztr((v(i))T Ztr —1,(3) (z))T):T (188)
1€[t]

1€[t]
Notice that Zl el m L]e®]g® " is a Gaussian random vector of the following form
> et o 9% = ¢z cORE 35.8; ~ NO L) (159)
iem i€ft]

Using Hanson-Wright inequality (Lemmal[F.3] by setting m < 1, 1 < gj, and A; < Ljx4) and

taking union bound over all j € [r], we get that, with probability of at least 1 — g

log(%- log(%-
eC5) , lost)

112 < d(1+ e[

2
) < 2cdlog (%) , forall j € [r] (190)
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where used the fact that d > 1 and log ( ) > 1.

Combining the above results and using union bound, we get that, with a probability of at least 1 — 4,

2

| S woeeom, = | £ e a1
1€[t] i€lt] "
=X lHs“’|\g<i)(6“>)TH2 (192)
1€[t] m E
D DO SPRIPCLY (193)
JE[r] ze[t]

IO
<> 3 L aoyeg,e (194)

JE[r] i€lt]
<X S o5 s (§) rofams () o
je(r] i€lt]

< o(dilog( )log( )) Z 52 (196)

2d
<o(” rlog( J1og (%)) (197)
m ) )
Finally, we get the desired result by setting 6 + /3. O

B.4 Analysis of QR decomposition

Proof of Lemma
o) 2 = 10 = 104 (19%)
> min [|(07Q - WIH(U"Q) + F)z| (199)
> Hgﬁlgl V2TQTQz — [WIHU*Q)| — |IF|| (200)
> min owin(Q) — IWHU QI —IFI @01
There fore R is invertible and | R™Y|| = (omin(R)) ™! < 4 O

B.5 Analysis of shuffling and partitioning

Proof of Lemma|B.1} We will assume that the set of tasks [t] is shuffled. We will prove that incoher-

ence holds for the all subset T, = [1 + (kK D) tk] of size t/ K. Shuffling and K -way partitioning to
get Ty, is equivalent to uniformly sampling w1th0ut replacement ¢/ K elements from [t]. We prove
that incoherrence holds for the first subset 77, then this is equivalent to proving that incoherence
holds for the k-th partition 7 by symmetry. Let the tasks sampled for 7; without replacement be

{zl}fﬁl, where 7; is the I-th sample.

Let Sp = {z € R" | ||z]| = 1} be the set of all real vectors of dimensions 7 with unit Euclidean norm.
For e < 1, there exists an e-net, N, C Sg, of size (1 4+ 2/¢)" with respect to the Euclidean norm [49]
Lemma 5.2]. That is for any 2z’ € S, there exists some z € N, such that ||z’ — z|| < e.

Consider a z € N, such that ||z]] = 1. Now we will prove with high-probability
that 2T (32 v*(0) (p*(0) T2 is approximately equal to z B[S/ 4*() (p*(@)) ]2 Now
consider the martingale X;, such that Xy = 0 and X; = X;_; + z' (v*@)(p*@)T —
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E[v* () (v*@)) T Xy, ..., X;_1])z, for all | € [t/K]. Clearly this is a martginagle as
E[X;| Xo,...,X;—1] = 0, for all [ € [t/K]. The maximum difference two consecutive steps is
max; |X; — X;_1| < 2[jo* ]2 < 2||[V*||Z, ,. Therefore by Azuma-Hoeffding martingale inequal-
ity,

t/K t/K

2t 2| N,
| T T = STR{ v )T 1= 1] < 21V ton P
(203)

with a probability of at least 1 — § /| N|.

For brevity, let £ = Y1/ 4#0) (p#(@0)T _ B[S/ 4+ (*())T]. Notice that E is a real
symmetric matrix, therefore it has an eigen decomposition. Then, let v’ € S C R" be the largest

“eigenvector” of E, such that (/)T Ev' = ||E| = max)g|=1 0 BV = maxg) =5 =10 BV
Then there exists some v € N, such that |[v" — v|| < e.
|E|r= )" EBv=v"Ev+ (' —v) Ev+ (V) TEQ@ —v) (204)
<o Ev+ [l = ol Ellllo]l + [V ][l ~ vl (205)
<o Ev+2¢|E| (206)
Re-arranging and setting e = 1/4, and ¢ + 2c¢, we get
t/K t/K
2t 18
I )T — B o) T = ) < \/ TVl alos(5) @07
t/K
§ Zv*(“ v TY))., (208)

with probability at least 1 — §/k, where the last inequality used the fact thatt > Q(ur3K log(1/6)).
Additionally note that E[S"1% (@) (p*(@))T] = LS v @@ )T = L(V*)TV* Therefore

, , 1
)w(z v*@ (N T) = ?@(/\r/((v*)Tv*)) for all 7' € [r] (209)
1€ Tk
where \;(+) is the 7’/-th largest eigenvalue matrix operator.

O
C Analysis of AltMinGD (Algorithm 1))
Initialized at U, the k-the step of alternating minimization-based AltMin (Algorithm|[I) is:
_ . 0 | _ k— 1)t th
v« TS (UTSP Ut D +UT2D) | forie T =1+ ( 7 ) 1210
U « U- n( 3 SO - T ) ()T 4 z@)(u(“)T) : @11)
1€[t]
Ut « QR(D), (212)
where U™ is the next iterate, and S;i) = 2% (z)( §i))T’ Sé“ =

(@) (.(2) ge)[l /e

2 imyz 25 (@, and 20 2 (1/m) Zje[ml eWzl) and A : R 5 R g
a self-adjoint linear operator such that A(U) = Y, SOU v( ( (D)7, The self-adjointness of A
follows from the symmetry of S(*) when using cyclic property of trace as follows

(U, A(UY)) =Z<U2,S“U1v“( ()T > 3 (U SOUWO ()T

€T €T
=3 (0@ (W)U SOUL) = (AU), Un)
€T
(213)
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QR-decomposition after every update is required to ensure that magnitude of U and V' does not stray
far away from that of true U™* and V', respectively. Otherwise, the sample complexity requirements
of our algorithm increase in the condition number factors.

Incoherence.  max; "> < (ur/HA(X,cpy v*@O ) T), and we define v =
L/ ey v*(@ (v*())T), Notice that, this non-standard definition of incoherence is related to
the standard definition: W* = (V*)TV* =37, v*@ (p*) T V* = V* R* (QR-decomposition),
max; [0 < fir/t, as follows u = fi(0?(R*) /o2 (R*)).

Theorem 9 (Formal version of Theorem [I] in Section [). Let there be t linear regression
tasks, each with m samples satisfying Assumptions [I| and [2} and number of iterations K =

\p m - . by
13 108 5yt ) 1L = U W) DUl < i (5,0(55 i) )

* 2
m > Q((1 n r%(ﬁ) )rlog(t) + r21og(§)), t > QurKlog(X)), and mt >

Q(udﬂKlog(%)(l + (%>2<\;E)210g(§)10g(%)>>. Then, for any 0 < § < 1, after K

iterations and using the stepsize n = (r/t)/2X}, AltMinGD (Algorithm|[I)) returns an orthonormal
matrix U € RYX", such that with a probability of at least 1 — &

1 o | pdriKlog(L)log(=E)

(I =U* *\ T < 5 o 214

- ) >U||F_o(m\/ =2 ) @14)
A proof is in Section[C.1]

Initialization. If we initialize AltMinGD (Algorithm [I)) with Method-of-Moments (Theorem [12), we
need at least

~ 770N\ 3 4 0%\ 2
mt > Q((—l) pdr? + (L) (—1> dr3) (215)
AF VAx AX
initial number of samples, where  hides polylog factors.

C.1 Proof of Theorem [9] (formal version of Theorem [T]in Section [4)
Proof sketch: We first prove that distance between U* and U decreases at each iteration up to some
additional noise terms. Then this per iterate result is unrolled to obtained the final guarantees.

First we focus on the k-th iterate. In this analysis, unless specified [t], represents the k-th K -way
partition used for the k-th iterate. Same result as Lemma [B.T|for AltMin (Algorithm 3)), holds for
AltMinGD too. Therefore the tasks subset used for each iteration, satisfy approximate incoherence.

In the analysis of an iterate we denote the current iterate using U and the next iterate using U ™. First
we prove that the distance between the true v*(*) and the current v(¥) is approximately upper-bounded
by multiple of distance between U and U*. Next we prove that distance between U+ and U* is
approximately a fraction of the distance between v*(¥) and v(*). Finally, combining the above two
results gives us desired result.

Preliminaries: Let Q = (U*)TU. Using Lemma[F4] if [|U — U*(U*)TU||r < 1, Q is invertible.
Let Q" be the right inverse of Q, i.e. QQ ™' =T. Let W = (V*)TV* = 37, v*() (v*()) T then
using Assumption[2] we have that A} = (r/t) max),j—1 2" W*z and A} = (r/t) miny, —1 2T W*z.

Update on V: Let AV = v — Q='*® and HT = [AWR® . h®]. Let |H|r 2
Eie[t] [RO]2 and [[H||oo,2 = maxiepy [AD]. Let W = VTV = Zie[t] v ()T, and
A1 = (r/t)max), =1 ' Wz and A, = (r/t) min, = 2 Wa.

Same result as Lemma[B.2|for AltMin (Algorithm 3]), holds for AltMinGD too. Therefore V' update
of AltMinGD satisfies Lemma[B.2
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Update on U: Let W, H,H : R¥" — R*" be three linear operators, such that W) =
U ier, VD @NT =UW, HU) = U Xer D (0D)T and H(U) = Sier SSVURD (p)T
where h() = v — Q=1*()_ W is invertible and self-adjoint. Therefore W~z and W2 exist. Let
T : R4X" — R¥*" be the identity mapping, such that Z(U) = U.

U-U*Q
—U-UQ-— 77( Z Séi)(Uv(’:) — Ur @) ()T 4 O (v(i))T)
=U-U"Q—x( gks (W= Q) = $PUTQQTI ) — o) ()T + 20 ()T
1€Ty
= (Z—nA)U - U*Q) +n(-H(U"Q) +§Tj @ (v
1€ g
=T —M(U =U"Q) +n&(U = U"Q) +n(-H + &)U Q) +1 Y 2T (216)

€Tk
where & = A—Wand & = H —H. Let F = U — U*Q + nH(U*Q)

Lemma C.1. Assume that all conditions and the large probability event in Lemma[B.2| holds true.
Then,

IHU*Q)llr < AT(W)O(;{ logg((fg))||(1_U*(U*) U F + \/ar zr 10g(1?)>
6 T
217)

and if mt > Q(pdr?Klog(t/K6)), m > Q(r?log(1/6)), and n < then with probability at

least1 —6/3

1
A (W)

r2K lo og(L
IF||s < (1—— CWNIE =T (U r + nAn( f\/ﬂd Klg >1g(5>)
(218)

A proof is in Section@
Lemma C.2. Ifn) < 5 (W), 1= 2nA(W) < omin(Q), | Fllr < 520X (W) and n|| H(U*Q)||p <
570\ (W), then R is invertible and | R7|| < (14 inA(W)) < %

A proof is in Section|C.3] Clearly, from (217) and (218), a sufficient condition for the above lemma is

L A (IT) < 0in(@) 219)
a0 (2 [y 1 ey Ty Ty [AEEOSE)Y < L 11 ang
o A\ Tog(1) TN T =g
(220)
n * *\ T a MdT2KIOg(KL6)IOg(%) 1
(1= AW = U (@) YUl + A (W)O( ﬁ\/ = ) < 5 (W)
221)
which can be satisfied with
(T = U*(U*) "YU || < min (O(n)\,,(W)),O(A—T W)) : (222)
Al o \2, t
m > Q(A—:(\/E) r log(ﬁ)) ,and (223)
2 g
mt > Q(udr K(\/E) IOg(Ké) log(é)) (224)
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Finally, we bound the Frobenius norm distance of the next iterate U™ from the optimal U*.
IX—U*(U) U |p = min IUT =U"Q"|Ir
SIUR™ ~U"QR™ +n(HU Q)R |Ir
<|IT - U Q +nHU™ Q) FIIR™|
= | FlrlR7H|
<(1- *A W)+ gAT(W))H(I ~UrU))Ulr +

7 o [pdr?Klog(5)log(5)
Gnm(mo(m\/ ;K3 )

"7 * *
< (L= A MIT=T" ) U|r +
o | pdr?Klog(455)log(%)
2
nA-(W)O( ﬁ\/ . ) 225)
Finally setting = W < ,\1(1W)’ we get
* * )‘ * *
”a4]w»UUngu—Gyman«U)Umw+
dr2K log() log(%
LO< o par Og(Kg) 0g(5)> (226)
6A7  \\/Ar mi
If
t>Q( dQK(Lfl (—) Tog( )<1+(ﬁ)21 (i))) 227)
mt 2 Qpdr K (e OgK(S o8l ) Bk
then,
1A, 1\ 21 /A 1
I-— * *\ T —+ < 1-227 I-— * * in=— r -
IT= U @)U e < (1= G 3DNT= U ) U]r + 53 mi (121’0()\*1‘ log(t/K)>)
(228)

Thus if (T U*(U*))Ur < min (25,0(35 /s ) ) then (1= U (@) )UH||p <

min (122117O<A* \/@))

Therefore, using Lemma [B. 1| (which requires that ¢ > Q(p*r*K log(%))) and union-bound and
Af/2 < A < 2% (Lemma|B.2), we can un-roll the relation, between current iterate U and the next
iterate U, over K iterations, starting from Uj,;; and ending at some U iterations, to get

)\*
I(X=U“(U) Ul < (1- EF)KH(I —U*(U*) Uinitll  +
o ,udrzKlog(%)log(g)
O(\/E\/ mt ) (229)

with probability at least 1 — K¢. Finally setting the number of iterations as K :=
O( [i—l log( )]) we get that, with a probability of at least 1 — K6

mt
(AF/A0) (0 /A/Ar)ndr
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C.2 Analysis of update on U

C.2.1 Proof of LemmalC.1]

Proof of Lemma[C.1] In this proof for brevity, we will first set that 7, < [t], |Tx| = t/K <« t,
Sg) — S0 = % Zje[m] :z:y) (x;l))T. This can be done due to the approximate equivalence of the
subset 7y and the set of all tasks [¢] by Lemma which requires that ¢ > Q(u%gK log(%)).
Finally at the end of the analysis we will reset T, < Ti, |Tx| = t/K + t/K, Séz) — Séz) =
2 @) (T
m Zj€[m/2+1,m] Ly (xj ) .
Recall that

U-U"Q=(Z-nW)U-U"Q)+n&(U - U"Q) +

n(—H+E)U Q) +n ) 2 (w")T (231)

€Ty

where & = A—Wand & =W i H - W tH,and F = U — U*Q + nH(U*Q). Assume that
0<1—nM (W) <1—nA.(W). Therefore

[FllF < (1 =nA (W )+77H€1||F)IIU—U*QHF+
n(1ET Qe+ 1D 2P @) k) (232)

1€[t]

Q(udr? log(l /6)) < mt and approximate incoherence of intermediate V' (26) implies that

(dr/\H (ll‘,‘ff)ft log(1/6)) < Q(pdr?log(1/8)) < mt, then by Lemma we have that, with a

probability of at least 1 — 6/3

€1lle < A (W)O( il‘mﬂfff“m) 233)
By Lemma[C.4}
IHU*Q)llr < V(W) F (234)
and with a probability of at least 1 — §/3
€U Q)| r

< cmin([[H|[# |V ][co 2, [ H]lco.2v/ A (W) + [ Hlloo 2V lloo 2

dr log(5/0) )

dr log(5/0)

(235)
Using the approximate incoherence of V' (26)) in the above inequality, we get that
. . wr ¥ [drlog(15/6
& @l < /A IO min B [0 | ]y 2 T LBUD)
r drlog(15/d
oy 2L 2 108US/0), (236)

t m

By Lemma [C.5| with a probability of at least 1 — §/3

I <0001 = 0oy 0 s () s )

1€[t]

Finally taking union bound over the above results and using Lemma[B.2] we can bound each of the
terms constituting F'. Using the definitions of A\; = (r/t)\1 (W) and A\, = (r/t)\.(W), @26), and
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(27) (recall that we set t < t/K) in (234) we get

IHU Q)| r < VMW)|H| F (238)
/)\1 \/7||H||F (239)

>\* log(é) * *\ T <) )\I T2 log(%)
<AW)O(+ [(T=U"(U") )U|r + ™ (240)

(A log(}) SRVAY )

Using the definitions of Ay = (r/t)\1 (W) and A, = (r/t)\.(W), @7) and 28) in (236) we get

1E2(U7 Q)|

< VATOGmin( Ay [ ||1f1r|oo,2J§>W’“lofnW 2 210801519

<)\T(W)O(\/;mn(”H|F i | Hlx 2 ) dr Tog(15/0)

VTR m

r | Hlloo2 [pr dr log(15/5))
b \Ax t m

A} pdr? log(5)

uer log 3) r2 log %

)\* drlog %) o 72 log(g))

(T = Ulr +

< )\T(W)O(min (

A% pdr? log(L
Jig&s)”a | +

P 108(5) gy Ty +

\/ﬁdr\/ﬂog(%) o r? log(g))
e

A} pdr? log(%) | /\* dr 1og o [r?log(%)

I-U*U"U| +

Iud7"2 log(%) (T — U*(U*)T)U” +

\/ﬁdr\/?log(%) o [r? log(g))
mv/t VA
A5 pdr? log(%)

AL pArP 08 (5)y oy e )T prlog() o [r1og(3)
SAT(W)O( il (A )U||+\/ U = )(241)

mt

where the second-last inequality used the fact that mt > Q(udr?log(%)) and last inequality uses
)\* / A< opur (Wthh follows from Assumption[2). Using the definitions of A\; = (r/t)A; (W) and

(7“/15) ), and (26) in 237) we get

I3 206Dl <2 00— \/;%)) sy o,

i€[t]
2 t r
o [y
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where the last inequality uses tr(W)/\.(W) < pr (which follows from Assumption [2]and (26))

Substituting (233), 241), 243), and@)m@)and using m > Q(r? log(1/6))we get
1Fllr < (1 =nAe(W) + &1 | )IU = U"QllF +
& Qe+ WHIW 2 (3 20 @) ]lr) 244)

1€ [t]

< (1-m.om)(1-0f %W))) \@— U )0 +

uer log ) 72 log % \/uer log(% log(%)) (245)

=0 §Ar<W>>H<I—U*<U*>T>U||F + A (W)0( ;r\/ pr?log3) Lo §))
(246)

Finally, by resetting 7z, < Tr, |Ti| = t/K « t/K, S5 « 88 = 257 o0y g2l @),

we obtain the desired result. O

C.2.2 Supporting lemmas for the analysis of update on U
Lemma C.3. [f Q(pdr?log(27/68)) < mt, then with a probability of at least 1 — §/3,

N udr? log(27/6
€1lF < AT(W)O(\/;W) (247)

Proof of Lemma[C3] Let Sp = {U € R¥™"|||[U||r = 1} be the set of all real matrices of dimen-
sions d x r with unit Frobenius norm. For € < 1, there exists an e-net, N, C Sg, of size (1 + 2/¢)4"

with respect to the Frobenius norm [49, Lemma 5.2]. That is for any U’ € Sp, there exists some
U € N¢suchthat || U —Ul|p <e.

Consider a U € N, such that |U| z = 1. Now we will prove with high-probability that {(A4 —
W)(U),U) is small. Consider the the following quadratic form

(@), 0) = (3 sOUu )T, ) (248)
ie[t]
=3 Y )T ) Ul (249)

ze[t] jE€[m]

where S = L Z]E[m] ; Dz gz)) and mgi) ~ N(0,1;x4) are i.i.d. standard Gaussian random
vectors and W = Zle[t] v® (vM)T is rank-r matrix. We will use Hanson-Wright inequality

(Lemma|[F5) to prove that the above quadratic form concentrates around its mean. Notice that the the
expectation of (A(U),U) is (W(U),U).

ZJEKS(Z')UMZ’)(@(“) >} < Z @ (4@ > (UW,U) = (W(U),U) . (250)

1€[t]

We will also need the following bounds to apply the Hanson-Wright inequality. Recall that ||V |00 2 =
max;e [0()]|. Then,

max [|Uo (v®) TUT|| = max U@ |2 < max [[U]*[[o”]|* < [V % @251
1€[t] 1€[t] 1€[t] ’
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Also note that,

S T @Y TUTE = oot —max||Uv<1 17y <Uv 2 Uv(l)> (252)
€ [t] 1€[t] 1€[t]
:maX||U|| (|02 Z<UUT Zv(’) @) >
1€[t] 1€[t]
(253)
< VI (W) (254)

where the last inequality used (250) and (25T). Then by Hanson-Wright inequality (Lemma [F3)),
with probability at least 1 — 6 /| N|

(A= W@, 0)] = [{ 3 = 3 2D T 0)T,0) - W), )| < A, 259

1€[t] JE€[m]

2
where A, = cmax( IVIZ Al(W)log(lN 1/9) IIVHoo,zlog(INel/5))

U € N, implies that with probablhty atleast 1 — 9

poe . Taking union bound over all

[((A=W)(U),U)| < A, forallU € N,. (256)

For brevity, let £, (U) = (A — W)(U). Notice that & is self-adjoint, therefore it has an
eigen decomposition with respect to the Frobenius norm. Then, let U’ € Sp C R¥" be

the largest “eigenmatrix” of &1, such that (£1(U),U) = ||&1||r = maXy 7| »=1 <51((7),[7> =

MAX) 577 =1 <51(ﬁ), ﬁ’> Then there exists some U € N, such that |[U’ — Ul|r < e.

1€l = (E1(U"),U") = (&1(U),U) + (&:(U" = U),U) + (&1(U'),U" = U) (257)
< (&), U) + &NIpIU" = Ullr(|UllF + I1U' || F) (258)
<(&(U),U) + 2¢)|ér| (259)

Re-arranging and setting ¢ = 1/4, and ¢ + 2¢, we get

02
AT pdr log(9/6)>. (260)

lA=Wie = 1] Ilr < Ay < 0(%* o

where we use the approximate incoherence of intermediate variable V
Lemma and the fact that Q(udr?log(9/9)) < mt,  which  im-

max (\/dr V12, A1 (W) 1og(9/8) dr|VIIZ, o log<9/5>>

plies that A 1 =

(WO (1 3F max (/1 Jog0/0) g0 )} < 5, ()0 (/31100 e
nally, setting § <— ¢/3 get us the desired result. O

Lemma C4. |(W 2 H)(U*Q)||r < /M (W)||H|| and with a probability of at least 1 — §/3
1€2(U" Q)| F

< cmin(([[H || £ [V ][co.2, [1H [[co.2v/ A (W) F [ Hlloo 2V lloo 2 )

(261)

dr log(5/9) dr log(5/9)
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Proof of Lemma|C4) First we prove that the expected value E[(H)(U*Q)] = (H)(U*Q) is bounded.

|H(U™ Q)IIF— mhax [HUTQ),U) (262)
(@) (,,(2)

= nax 1Z<U QRO (uNT U> (263)

i€[t]
— max <U*Qh<i>,w<i>> (264)

10lr=1 St
< gllaxl\/z [U*QRO2 [y~ (Uv®), Uv®) (265)

N ie[t]

RO|2 (U @ ()T, U 266
< max Q) [ k0] < PORERICEI > (266)

i€(t] i€ft]

< max IH| pl|U) VA (W) = VA (W) H| p (267)

where used the fact that (AB,C) = (A,CBT ) and (U*)'U* =L

Let Sp = {U € R¥" |||U||r = 1} be the set of all real matrices of dimensions d x r with unit
Frobenius norm. For € < 1, there exists an e-net, N. C S, of size (1 + 2/¢)%" with respect to the
Frobenius norm [49, Lemma 5.2]. That is for any U’ € S, there exists some U € N, such that
U =U|r <e.

Consider a U € N, such that [|[U||r = 1. Now we will prove with high-probability that
(HU*Q)(U) — >iely SOU*QR® (vD)T U) is small. Consider the the following quadratic
form

(3 SOU*QrI (W), Uy = < S SO QR (D)7, U> (268)

ie[t] i€t ]

*Z Z (N (@ Qn® (v®)TU T )2l (269)

ze[t] JjE[m

where SV = % Zje[m] ac;i)(xy))—r and :vgz ~ N(0,14%4) are i.i.d. standard Gaussian random
vectors. We will use Hanson-Wright inequality (Lemma [F3)) to prove that the above quadratic form
concentrates around its mean. Notice that the the expectation of < Zie[t] SOU*QrD (v T U > is

(H(U),U).
Z SOU*QR (v™)T Z U*QhD (T = HU*Q). (270)

P1€[t] i€t]

We will also need the following bounds to apply the Hanson-Wright inequality. Recall that | H|| 0,2 =
maxeqy 2 and |V loc.2 = maxicgy [o®]|. Then,

Igé%l\U*Qh(")(v(“)TUTII < r}éﬁﬁl\U*llllQHllh“)llgé%\\v“)\ll\Ull < [ Hloo2lIV]oo,2  (271)

Also note that

S NT QRO @I TUT | = > U QR |Uv? (272)
i€ft] i€ft]
ZIIU QR |2 )(maXIIUv“ %) (273)
i€[t]
< (|l leh D2)( maXIIUII [[0®]]%) (274)
i€[t]
< H|FNV 1% 2 (275)
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and

DT QR ) TUT(E = Y [UQrM P U2 (276)
i€[t] i€[t]
< (max |U*QR |)tx(U Y @ ()T (277)
i€(t]
i€[t]
< (max || U*QAO|*) (UUT, W) (278)
€[t
< llQl ez [ U112 (W) (279)
= [H|% 22 (W) (280)

Therefore, >,y |T*QrD (v TUT |2, < min{ || H || %V, o, | H |2 221 (W)}. For brevity, let
EU) = ey SOURD (00)T — H(U). Then by Hanson-Wright inequality (Lemma, with
probability at least 1 — 6 /| N|

(e QU = (3~ 2 (@) U QR ()T U) — (MU Q). U) | < A,

i€[t] JE[m

(281)

where A = c(min([|H||r | Vlloo.2: | Hlso.2/ A (W) PET 4 | oo 2| V| oo 220722,
Taking union bound over all U € N, implies that with probability at least 1 — ¢

|(&(U),U)| < Ac, forallU € N, . (282)

Let U € Sp C R be the matrix “parallel” to &(U*Q), that is [|E2(U*Q)||r =

max g <51(U*Q),(~]> = (&(U*Q),U’). Then there exists some U € N, such that
U =Ullr <e.

[E2(U*Q)|lF = (£(U*Q),U") = (&(U*Q),U) + (&(U*Q),U" - U) (283)
< (&), U) + |EUQ)FIU = Ulr (284)
<{(&1(U),U) + €|l&(UQ) | r (285)

Re-arranging and setting e = 1/2, and ¢ + 2¢, we get

|&T Qe < A,

) dr log(5/9 dr log(5/d
= cCmin([E IV o 2.1 o2/ M (7)) | 2201 PLAL G
m m
(286)
Finally setting 6 < /3 get us the desired result.
O
Lemma C.5. With a probability of at least 1 — §/3
N dtr(W) t r
@) (VT o < \/ atr(W), (t r
||Zz (v'") )||F_O(a - log(a)log(é)) (287)

i€[t]

Proof of Lemma|C.5] Notice that 2" (defined in Appendix [C) is a Gaussian random vector of the
following form

— 37 Pl = D¢, g0 ~ N (0, Tuxa) (288)

JE€[m]
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Using Hanson-Wright inequality (Lemma by setting m < 1, 2y < £, and A; « L, ) and
taking union bound over all tasks, we get that, with probability of at least 1 — g

log (%) N Clog(%)
m m

) 2t
1e@]? < o?m(1 +¢ ) < 2co’mlog (?) , foralli € [t] (289)

where used the fact that m > 1 and log (%) > 1.

Now it is easy check that

SO = 3 () Te) = 3 (@ )T = (W) < ard (W) (290)

i€[t] i€[t]
Notice that 3,y 7l Hg(i)vj(-i) is a Gaussian random vector of the following form
S e@g @0 = S 202 65,55 ~ N0, Taxa) (291)
i€t ] i€lt]

Using Hanson-Wright inequality (LemmaE by setting m <+ 1, z1 < gj., and Ay + Iyxq) and
taking union bound over all j € [r], we get that, with probability of at least 1 — &

195112 <d(1 +c

log(%) | log(%) 2 ,
< N
d +c yi ) < 2cdlog ( 5 ) , forall j € [r] (292)

where used the fact that d > 1 and log ( ) >1.

Combining the above results and using union bound, we get that, with a probability of at least 1 — 4,

|z oo =] £ o]
_ H 3 %He(i)"g(i)(”(i)f“i (294)
1€ [t]

> Z 1@ llg v (295)

JE[r] i€t
<>yl ”5 2 o2y, 2 (296)

J€lr]i€lt]
< Z Z O( log ( ))(U;i))20(dlog (g)) (297)

JE[r] i€lt]

< O(d—log( )1og( )) Z [k (298)
o )1 ).
Finally, we get the desired result by setting 6 + /3. O
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C.3 Analysis of QR decomposition

Proof of Lemma
Omin(R) 2 min |Rz|| = min [U™ Rz = Hmm gl (300)
> min n [[(U"Q —nH(U*Q) + F)z| (301)
> min V2TQTQz —n|H(U Q)| — ||IF|  (302)
> min owin(Q) —7lHUTQ)| ~ |17 (303)
There fore R is invertible and | R~ = (i (R)) ™ < 17}7 <1443 O

D Analysis of AltMinGD-S (Algorithm [2) and AltMin-S (Algorithm 4) with
subset selection

In this section analyze the task subset selection-based algorithms: AltMinGD-S (Algorithm [2)) and
AltMin-S (Algorithm [4).

AltMin-S: Initialized at U, the k-the step of alternating minimization-based AltMin-S (Algorithm [4))
is:

~1 _ _

T = {i€[1+(kK)t’%|"min(UT5(”U)21/2andamax(UTS“)U)sz}(305)
WO TSI (UTSDUN) D 4 UTAD) forie Ty (306)
0« Al 28O0 0T +:000)T), o)

€T
Ut QR(D). 308)
where U7T is the next iterate S(i) — AZ 9:()( (i))T S(i) _
’ m £4j€E[l,m/2] Tjo) s 2

2 ielitmy2m] x(z)( ;l))T, PO (1/m)2je[m]_a§z)x;-l) and A ¢ RXT 5 RIXT s a
self-adjoint linear operator such that A(U) =3, SOUTv® (pNT,

Theorem 10 (Formal version of Theorem [6] in Ap endl r Let there be t linear regression
a

nd K = [logy (X310 )] (1 —

tasks, each with m samples satisfying Assumptions and

U (U)Wl < min (25,0(/3 it ) ) m = Q(<W> r?log(%) + r2log(X) +

log(;u“)) t > Q(u*r*Klog(%)) and mt > Q(udrzKﬁ(log(i) + (\/‘TA»*)2 10g2(£) log(i))).

Then, for any 0 < 6 < 1, after K iterations, AltMin-S (AlgorithmH)) returns an orthonormal matrix
U € R, such that with a probability of at least 1 — &

1 A o [pdrKlog(%)log(“X)
WH(I_U (UHNU|IF < O<\/E\/ ﬂjt 0 ) (309)

and the algorithm uses an additional memory of size O(d*r?).

A proof is in Section
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AltMin-S: Initialized at U, the k-the step of alternating minimization-based AltMinGD-S (Algo-
rithm [2)) is:

-1 ) .
T = {iell+ (k = )t, %] | min(UTSDU) > 1/2 and opmax (U T SPU) < 2 ¥310)
v (UTSONN(UTSDUN D +UTD)  forie Ty (311)
1€[t]
Ut « QR(U), (313)

where U™ is the next iterate, S Y), Séi), and A are defined in the same way as above for AltMin-S.
Theorem 11 (Formal version of Theorem [3]in Section[))). Let there be t linear regression tasks,

each with m samples satisfying Assumptionsand and K = Q([f\‘—i log( (A*//\*)(@t\/)\—*)ﬂdrﬂ )

- 0 Wi < min (#1035 b)) m > 024 () ) +

rtlog(%) + log(u'r)>, t > QuPriKlog(%)) and mt > Q(uerKlog(g)(l +

N2
(%) (\/"/\7> log(£) log(=5* ))) Then, for any 0 < § < 1, after K iterations and using the
stepsize n = (r/t)/2X%, AtMinGD-S (Algorithm returns an orthonormal matrix U € RY*", such
that with a probability of at least 1 — §

1 o [pdr2Klog(%)log(“E)
I(I=U* *\ T < 9 ) 314
Zla-o @)l <o T;,:\/ o ) (314)
A proof is in Section[D.1]

D.1 Proofs of Theorem [I0] (formal version of Theorem [6]in Appendix[A) and Theorem
(formal version of Theorem [3]in Section [)

Here we provide only the proof of Theorem [T0] as the proof of Theorem [IT]is very similar and
straightforward, given the former.

First, in the following lemma, we prove that the task subset 7 has similar properties as the full task
partition [1 + t(k — 1)/ K, tk/K].

Lemma D.1 (Subset selection). If m > Q(r + log(ur)) and t > Q(p? r* K log(%)), then with a
probability of at least 1 — § /3,

t " (i ()
ml:@(g), cand [V 5 < (IT\ E oo ") (315)
A v O (v ) A 0 @)y and (316)
€T i€Px
A\ (Z U*(z) (v*(z))T) _ @()\I(Z ,U*(z)(v*(z))'l')) , (317)
ieT i€Py

where Py, = [1 + t(k — 1)/ K, tk/ K] is the k-th K -way partition of [t] after shuffling.

A proof is in Section[D.2] Therefore, assuming that the above high-probability event holds, in the rest
of the proof we can consider that 7, is equivalent to Py.

In the rest of the proof, when compared to the proof of Theorem [§] only the following Lemma
(corresponding to Lemma[B.2) analyzing the V update changes in its necessary condition.

Lemma D2. If ||(I — U*(U"))U|r < min(%,O( ;ﬁ)) and m >

2
Q((ﬁ) r2 1og(KL) +7r log(%)) then with a probability of at least 1 — 0/3,

loD 1 <0(rAr). M <24, and Ap/2 < A, <20 (318)
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and

rK || H| log(%5) . (> o r210g( 5)
O (o R e e
WL < o PSR - oo 2 4y RS oo

A proof is in Section[D.3.1} We omit the rest of the proof, as it is same as that of Theorem 8]

D.2 Analysis of task subset selection

Proof of Lemma|[D.1|(Subset selection). Let P, = [1 + (k — 1)t/K,tk/K] and
Te={i€[l+(k—1t/K th/K]| omin(UTSDU) > 1/2 and oymax (U SPOU) < 2}. (321)

For alli € Py, X; = I(omin(UTSWU) > 1/2 and amax(UTS ) < 2) be the indicator variable
denoting whether index i was select into the subset 7.

By Lemma (by setting a; <« 1, x; <+ UTajgi) for all j € [m], and

§ < 1/4pr) X; are ii.d. Bernoulli random variables with mean p > 1 — 4T1m if
cmax (\/ Tlog(g)friog(4“r), ”Og(g)ﬁog(zlw)) < 1/2, which is satisfied by m > Q(r +log(ur)), for
all i € Py.

By Hoeffding inequality for Bernoulli random variables, with a probability of at least 1 — §/3

1 .t Klog(3) t 1
17l = pt/K] |,Z€P Xi—( 4,”)1( K 2 KO(4 r) (322)
1 k

where we used the fact that ¢ > Q(8K % r? log(2)). Therefore

=17 < £0(51-) cand 172l < 6( 1) (323)

where we used the fact that 4 > 1 and r > 1.

r * (4 *(1 * (4 *(1 r n *
¥|ZT(Z v ()(U ())T)Z—ZT(Z v ()(v ())T)z| < ;(t—t)”V ||§Q2 (324)
€Tk 1€EP
r t A
< — — - 12, < 28 325
<30(57) Ve <5, 329

for all z € R”, where A, = \,.(3..p. v*@ (v*())T). Therefore

1€P
Zv*( @) (@ ) Z (i ) ¥ ) )) , and (326)
€T 1€Py
MO v @@ Ty =e (> v )T) (327)
€T 1€P
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Using approximate incoherence of the partition P, (Lemma [B.T)) we get

* rK i *(1
IVl s < O(55= ) A w0 (0 (328)
1€EPy
MY i TS 0@ (@) T
= O( ) min z v v z (329)
t llzll=1 (zezpk ( ))
K ; K
3 llzll=1 e
pri ) (=) T
<
<o(E= (X v ||V 12, (331)
1€Tk
(332)
This implies that approximate incoherence holds for 7Ty, ||V*Hc2><>2 <

O( BN N, v O (0" )T < O(HE AL e, v (0)T)),

D.3 Analysis of update on V'
D.3.1 Proof of Lemma[D.2]

Proof of Lemma|D.2] The proof is similar to that of Lemma|[B.2] but instead of using Lemma[B.5]to
bound some linear operators, we use the definition of selected task subset 7;, and Lemma[D.3to get
that ||(UTSMU)T|| < 2 foralli € T; and with a probability of at least 1 — 4,

lUTsOu, v v v || < a|U] U v*@
[0 < oa,

where o = C\/@ . We omit the rest of the proof, as it is same as that of Lemma O

Here we bound the linear operators in the v(*) update.

, and

} forall: € Tp, (333)

Lemma D.3. With a probability of at least 1 — 6, the following are true for all i € [t]

. 2¢crlog(10t/6 .
07500 ) U O < 2D i e, ana (334)

Zer log(10t/9) (335)
m

JUT=0) <o
Proof. Leti € [t]. Letb= (U, )TU*v*(®) € R

Let S = {v € R"|||v]| = 1} be the set of all real vectors of dimension  with unit Euclidean norm.
For ¢ < 1, there exists an e-net, N, C S, of size (1 + 2/¢)"” with respect to the Euclidean norm [49,
Lemma 5.2]. That is for any v’ € S, there exists some v € N, such that ||v' — v||p < e.

Consider a v € N, such that |jv||p = 1. Now we will prove with high-probability that
((uTs Oy, v, b) is small. Consider the the following quadratic form

. 1
TrrT o4) _ T8 (ONT d
v (U'SYWUL )b = - E TU'z 5 () yl'u b ||b||— g zg; (336)

Jj€[m] JE[m]

where g; ~ N(0, 1)) are i.i.d. standard Gaussian random variables and 7; = v " UTxg-i) € RY. This
follows from the fact that sets of columns of U and U, forms an orthonormal basis.
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Note that g; and z; are independent, as U and U are orthogonal and U TS8O, does not depend on

U,z ( ). We will use the properties of Gaussian random variables to prove that |- > jetm) Liill
concentrates around zero. Note that

1 N 1,
— 3" @9, L —|@llg . where g ~ N (0,1) (337)
m . m

Then with probability at least 1 — < clog(2t|N¢|/0). Additionally, by definition of

T we have
Lo 1 ~ _ TT (@) ¢, (T Tg()
EHxH = Z r;=v U (% Z z; (x; YUV < 0max (UTSOU) < (338)
j€[m] j€[m]
Therefore

v (UTSDUL )b < \/%Hbﬂx/%\/log(QﬂNJ/é) (339)

For brevity, let e = (U TsOy 1)b. Let v’ € & C R” be the unit vector parallel to e, such that
(v')Te = |le]| = maxz—1 V" e. Then there exists some v € N, such that [[v/ — v[| <e.

lell = () Te=vTe+ (0" —v)Te <vTe+ |l —vllle] <ve+ele] (340)

Re-arranging and setting ¢ = 1/2, and ¢ + 2¢, we get

IO TSDULb| < [l

2¢r log(10t/6
M, with a probability of at least 1 — §/2¢ (341)
m

Using similar arguments we can also prove that with a probability of at least 1 — §

2crlog(10t/9)

U1 = — LyTe Vel <o
m

, with a probability of at least 1 — 6/2¢
(342)

Finally taking the union bound over the two bounds over all the tasks in 7 gets us the desired
result. O

E Corollaries of known results

Theorem 12 (Theorem 3, Tripuraneni et al. 2020). Let there be t linear regression tasks, each with
m samples satisfying Assumptions[I|and[2} and

mt > Q(i*udr—i— (\/>> dr ) (343)

then with a high probability of at least 1 — O((mt) 1), Method-of-Moments [48 Algorithm 1]
outputs an orthonormal matrix U € R¥*" such that

I ud 2 [qr2
I@x—u @)Ul < Of Ai%ﬁ(&%) =) (344)
and
o - [AF per? 2 [drd
- <o( [ (B s



Proof. From the details of the proof of Theorem 3 in [48]] we can derive that, with a high probability
of at least 1 — O((mt)~1%0),

(X —U*(U*) Ul (340)
o [drr (W IVES, . dr||VE2 dr2te(W*) | dr||V* |2
<O 0, sl 00,
- (\/ A2 mit? Al mit +U< A2 mt? AEmit )+
dr? dr
2 — 47
7 ( NZmt A:mt)) (347)

<005t i (3t )+ () W) o9

) Wi

<o( i;}i‘;f:+ ‘;ﬁ ;1:; (\/Ur)z %:) (349)
<o( ilﬁ#(\/})? ‘%) (350)

where ||V||o,2 = max;e |||, and the second-last inequality uses the fact that m¢ > Q(udr) and

last inequality uses the fact that i—l < pr. Additionally we require that

mt > ﬁ(%udr + (\/O)\T>4d’r2) (351
O

Theorem 13. [48 Theorem 5] Let r < d/2 and mt > r(d — r), then for all V*, w.p. > 1/2

@ —v @) )lr Q((L\;ﬁ) dr)
= XV mie)

inf sup
U UEGr, 4 NG

where G, 4 is the Grassmannian manifold of r-dimensional subspaces in R?, the infimum for U
is taken over the set of all measurable functions that takes mt samples in total from the model in
Section 2] satisfying Assumption[I|and2)}

Proof. The proof is very similar to that of Theorem 5 of [48]]. The main difference is that instead of
lower bounding error in spectral norm we have to bound the distance in the Frobenius norm. However,
the rest of the details are almost the same, hence we omit a full proof. O

F Technical Lemmas

This section contains some technical lemmas used in this paper.

Lemma F.1. For a real matrix A € R™*" and a real symmetric positive semi-definite (PSD) matrix
B € R™ ™", the following holds true: o2, (A)Amin(B) < Amin(ABAT), where o min(+) and Amin (+)
represents the minimum singular value and minimum eigenvalue operators respectively.

Proof. The proof directly follows from the definitons of oy, and Api,. Since B is a PSD matrix,
therefore ABAT is also PSD, i.e. Amin(ABAT) > (. This is because since B is PSD, it has a PSD
matrix square root B'/2 such that B = (B'/2)T BY/2 and B'/? is PSD. Then

2TABATz = 2TABY?)TBY2AT 2 = | BY2AT 2|2 > 0 (352)
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First assume that 0,3, (4) > 0, then

Amin(ABAT) = Hrrt‘llin 2T ABAT 2 (353)
zl|=1
ATz ATz
= 02,,(A) min B (354)
( ) quzl(o—min(A)) (Umill(A))
> a?nin(A) min 2" Bz (355)
1<) < Smextey.
> o2, (A) HH\llml 2" Bz (356)
= Omin(A) Amin (B) (357)

The second last inequality above follows from the fact that B is a PSD matrix,i.e. min;|—; 2"Bz =

Amin(B) > 0. Secondly if onin(A) = 0, then A is rank deficient and hence ABAT is also rank
deficient, i.e. Apin(ABAT) = 0. Therefore A\pin(ABAT) = 0 = 02, (A) Amin(B). O

Lemma F.2 (Weyl’s inequality [1l]). For three real r-rank matrices, satisfying A — B = C, Weyl’s
inequality [lI} Theorem 3.6], tells that

or(A) —or(B) <
where oy, (+) is the k-th largest singular value operator.

Lemma F.3 (a variant of Woodburry matrix identity [26]]). For linear operators A and B such that
A and A + B are invertible, then

(A+B) ' -At'=-A"'B(A+B)™! (359)
Lemma F4. Let U € R™" and U* € R¥" be two orthonormal matrices. Let {sin 0;(U, U*)};_,
be the singular values of (U*) " U. Then following are true.

[r] (358)

U~ (U U||lp > |[T-(U*)U|F, (360)
U -0 U Ul =r=|U)TU|F > D sin®6,(U,U%),  (361)
kelr]
I@=U @)U = (U ) "U| = |ULU*|| = |@=U@)")U"|, (362)
|X =T (U Ulr = [I(U* ) Ul = IULU*|r = [T =U@))U* ||, and ~ (363)
o (U)TU) 2 /1 - @ — U=V (364)
Proof.

U —U*(U")"U|% =(U-U"(U")"U,U-U"(U")'U) (365)
=(U,U) = 2{(U*(U")"U,U) +{(U*(U*)"U,U*(U*)"U) (366)
=7 =2t((U")0) (U '0)) + (U TO) (U TU))  (367)
=r—te((U)T0) (UM V) (368)
=r— Y cos’Oh(U,U*) = Y sin®04(U,U*) > sin® 61(U,U*) (369)

kelr] kelr]
> ) (1= cos® 0x(U, U")) (370)
ke(r]
> ) (1 —cosp(U,U"))? (371)
ke(r]
=|1-U")"U|% (372)
10U = Gumax UL U*) = A (U7) TULUT U) (373)

—%m NTULUTUUTU = [0L07 0% = |- 000
(374)
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Note that for ||z|| = 1

1=2"UTUz=2"UTU" (U Uz+2"UTU* (U ) U= (375)
— 12U U Uz=2"UTU* (U )" Uz (376)
—1- Hn‘lliill JdUTUN UM Uz = fuax JUTUr (U )TUz (377)
= 1 —onu((UH)TU) = (U 1) TU| (378)
Therefore
Tmin(UTU*) + |ULU*|? =1 = 00 (U)TU) + [|(U* 1) TU|PP = ULU*|| = I\(U*L();CQT)II

Rest of the equality can be obtained in a similar fashion using the above two relations.

IULU % = te((U)TULULU™) = te((U*) (A= UUT)U*) (380)
= tr(U*) T (I - UU")2U™) (381)
= |- UvUnHU*|% (382)
=|@-UUHHU|E = I(U* ) "UIE (383)

Let £ :ﬁ— US(U*)")Uand Q = (U*)TU. Then UT E = I — QT Q. Then by Weyl’s inequality

(Lemma|F.2} by setting A «+ I, B+ QT Q, and C <~ U E) we get that
1-0,(Q)°=0,(1) —o(QTQ) < |UTE| < |U||IE| < |@A-U*U")")U| (384)
This implies that o,.(U*) TU) > /1 — [[T - U*(U*)T)U| O

Lemma F.5 (Hanson-Wright inequality, Theorem 6.2.1 [50]). Let x1, ..., % ~ N(0,14xq) be m
i.i.d. standard isotropic Gaussian random vectors of dimension d. Then, for some universal constant
¢ > 0, the following holds true with a probability of at least 1 — 9.

1 1
‘m;IjAJIJ — EZU‘A]‘

j=1

m log(1/6 log(1/6
< cmax ( Z ||Aj||%#’j:nllaxn |Aj||2£n/)>
j=1

m

(385)

Lemma F.6. Letxy,..., 2z, ~ N(0,1ixq) be m i.i.d. standard isotropic Gaussian random vectors
of dimension d. Then, for some universal constant ¢ > 0, the following holds true with a probability
of at least 1 — 4.

1~ 7 T T
E.Zla (zjz;)b—a'b
§=

< el ma (/2ELLD ELOL) g

m

Proof. First notice that aT(xjij)b = tr(a’ (zjz])b) = tr(ijbaij) = ijbaij anda'b =
tr(ba ™). Then desired result follows from Lemma by setting A; = ba'. . O
Lemma F.7. Letxy,. ..,z ~ N(0,1ixq) be m i.i.d. standard isotropic Gaussian random vectors

of dimension d. Then, for some universal constant ¢ > 0, the following holds true with a probability
of at least 1 — §.

IR 1 & dlog(9) + log(1/6 dlog(9) + log(1/6
Hzajﬂfjx;r_zajIH < cmax<||a||2 08(9) + log(1/ )7Ha||oo 08(9) + log(1/ ))
mj:l mj:l

vm m m
(387)
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Proof. For e < 1, consider a unit vector u € N, from the e-net of size |[N.| = (1 + 2/¢)<, of the
sphere S?-1 [49] Lemma 5.2]. That is for any v’ € S?-1, there exists some u € N, such that
[/ —ul| <e.

: : 1 T T 1 m
Now we will prove a concentration for EZ],I aju Tiriu — =

j j—1@;- Notice that,
a;u T(xjx;)u = atr(u T(:cjmT = ajtr(z] uu'x;) = xT(ajuuT)x] and tr(ajuu’) = aj.
Then, by Hanson-Wright 1nequa11ty (Lemma , for some umversal constant ¢ > 0, the following
holds true with a probability of at least 1 — §’.

m
ECL’LL&L' E
’m J it —~

This implies that, through union bound, for the matrix A’ = .- 3" | ajx;x] — = 37", a;1 the
following holds true with probability at least 1 — 9

(Ilalz log(\N|/5) Mallee 10g(N|/5)>
Jm

< cmax

el flog(/) | log(1/9)
(Lol |l o EOD) oy

u' A'u < cmax

, anyu € N, (389)

Let u’ € S9! be the top singular-value of A’, then there exists some u € N, such that ||u’ — u|| < e.

Omax(A) = (W) TAY = (v —u)TAY +u" Autu" A'u (390)
<l = ullomax(A) [ || + ullomax (A |Ju’ = ull +u" A'w (391)
(392)

Re-arranging and setting e = 1/4 and setting ¢ < 2c¢, we get

||a||2\/d10g(9)+10g(1/5)

m

lal dlog(9) + log(1/6)

T 7/
u' A'u
Tmax(A") <

m m

- 1-—2¢

< 2cmax <
(393)
O

G Sample complexity gain of AltMin over MoM

For the purpose of illustration, suppose that 0 = 0 and ¢ = 1, that is we are solving a noiseless
single-task regression problem. Here AltMin solves the simple problem

min el Z(yj —u'z;)? = min(u —u*) " S(u — u*) (394)

where S = % > ;%5 x;r is the empirical data covariance matrix. It can exactly recover ©* using just
d samples, as .S will then be full-rank (with high probability).

However, a 2nd order MoM [335]], solving

: T, — 1 * T
min 1/mz yj&; u = minu Su (395)
J
achieves e error only if S = Z ;T T is close enough to the true identity covariance matrix Iy .

This needs at least O(l /€?) samples by simple covariance matrix concentration arguments.

This is the intuition behind the fact that, even when o0 = 0 and ¢ > 1, our AltMinGD-S achieves €
error using just O(d) samples (Corollary 4}, but MoM needs at least O(d /€?) samples [48, Theorem
7]. Empirically this is observed in Figurelal where the error of AltMin and AltMinGD decreases
as o decreases, while the error of MoM and MOM2 remains almost constant. Similar phenomenon
is also observed in Figures|lb} and|lc| where there is a constant gap between curves of AltMin and
AltMinGD and MoM and MoM2 in these loglog plots, even though the asymptotic convergence rates
of AltMin or AltMinGD and MoM or MoM2 in terms of m and ¢ are similar.
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Figure 4: Individual trials of each algorithm when varying number of tasks ¢

H Experimental details

We empirically compare the performance of our methods AltMinGD (Algorithm [I)) and exact
minimization variant AltMin (Algorithm [3] in Appendix), two different versions of Method-of-
Moments (MoM [48], MoM2 [35]]), and simultaneous gradient descent on (U, V') using the Burer-
Monteiro factorized loss (@) (BM-GD [48])). We generate data samples with dimension d = 100 and
generate random subspace U™ of rank » = 5. We sample the task specific true regression parameter
from the standard isotropic Gaussian distribution, i.e. v*(?) ~ A7(0,T). In all the figures, the magenta
dashed line with square marker represents AltMinGD, the blue straight line with circular marker
denotes the AltMin , the red dotted line with downwards pointing triangular marker denotes the MoM,
the yellow dotted line with upwards pointing triangular marker represents the MoM2, and the green
dashed and dotted line with diamond marker represents the BM-GD. In all the figures we plot the
subspace estimation error of the output U of the algorithms. The error is calculated using the rescaled
Frobenius norm ||(I — U*(U*) ")U||z/+/7, which takes a value in the interval [0, 1].

Figure plots subspace distance against the standard deviation o of the regression noise, Eg-i) ~
N(0,0?); see [@2). We vary o from 1073 to 102, while fixing the number of tasks at t = 200 and the
number of samples per task at m = 25. We initialize AltMinGD, AltMin, and BM-GD uniformly at
random and run them for K = 100, K = 20 and K = 500 iterations, respectively. AltMinGD and

BM-GD use stepsizes n = 1.0 and 17 = 0.1 respectively.

Figure[Ib|plots the subspace error against the number of tasks ¢. We vary ¢ from 10 to 3163, while
the number of samples per task is fixed at m = 25 and ¢ = 1. We initialize AltMinGD, AltMin,
and BM-GD uniformly at random and run them for K = 200, K = 20 and K = 500 iterations,
respectively. AltMinGD and BM-GD use stepsizes 7 = 1.0 and = 0.1 respectively. In Figure @a]
we plot the average over 5 trials for each algorithm. The individual trials for each algorithm are
plotted in Figure[d] In Figure[Ic| we plot the the error against the number samples per tasks m. We
vary m from 5 to 78125, while fixing the number of tasks at ¢ = 20 and the standard deviation of
the regression noise at ¢ = 1. We initialize AltMinGD, AltMin, and BM-GD uniformly at random
from the set of all orthonormal rank-r matrices and run them for X = 1000, X = 20 and X = 500
iterations, respectively. AltMinGD and BM-GD use stepsizes 7 = 0.2 and 1 = 0.1 respectively. In
Figure[Sal we plot the average over 5 trials for each algorithm. The individual trials for each algorithm
are also plotted in Figure[5] We see that BM-GD is very ustable even at a lower or comparable
stepsize than AltMinGD.

In Figure [3| we plot the subspace estimation error against the number of iterations of the iterative
method AltMinGD, AltMin, and BM-GD for varying levels of task diversity/incoherence (Assump-
tion[2). We vary task diversity while fixing the random noise magnitude at ¢ = 1, the number of
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Figure 5: Individual trials of each algorithm when varying number of samples per task m
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Figure 6: Individual trials of each iterative algorithm when plotting against the number of iterations
for different task diversities.

tasks at £ = 200, and the number of samples per task at m = 25. We vary the diversity by generating
a fraction of the true task regression parameters from the standard isotropic Gaussian distribution,
i.e. v() ~ N(0,T), and setting the rest of them as v(*) = \/re; = [\/7,0,...,0]". For high task
diversity all task parameters are generated randomly, for moderate task diversity 0.4 fraction of the
task parameters are set as /req, and for low task diversity 0.8 fraction of the task parameters are set
as v/rey. In Figure 3, we plot the average over 6 trials for each algorithm. The individual trials for
each algorithm for each task diversity are plotted in Figure[6]
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