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Abstract

We study the complexity of finding the global solution to stochastic nonconvex
optimization when the objective function satisfies global Kurdyka-FLojasiewicz
(KL) inequality and the queries from stochastic gradient oracles satisfy mild ex-
pected smoothness assumption. We first introduce a general framework to analyze
Stochastic Gradient Descent (SGD) and its associated nonlinear dynamics under
the setting. As a byproduct of our analysis, we obtain a sample complexity of
O(e~(4=*)/*) for SGD when the objective satisfies the so called a-PE. condition,
where « is the degree of gradient domination. Furthermore, we show that a modi-
fied SGD with variance reduction and restarting (PAGER) achieves an improved
sample complexity of O(e~2/) when the objective satisfies the average smooth-
ness assumption. This leads to the first optimal algorithm for the important case of
a = 1 which appears in applications such as policy optimization in reinforcement
learning.

1 Introduction

Nonconvex optimization problems are ubiquitous in machine learning domains such as training deep
neural networks [22] or policy optimization in reinforcement learning [52]]. Stochastic Gradient
Descent (SGD) and its variants are driving the practical success of machine learning approaches.
Naturally, understanding the limits of performance of SGD in the nonconvex setting has become an
important avenue of research in recent years [21} 4,30, 44, |23} [15| |59].

We are interested in solving the unconstrained stochastic, nonconvex optimization problem of the
form

min f(z) = Eeup [fe(2)], (1)
z€R4
where f(-) is smooth and possibly nonconvex, and £ is a random vector drawn from a distribution D.
Moreover, we are interested in an important special case of (I)), when the expectation can be written
as the average of n smooth functions:

min, | f(z) = % ; fi(@)]. @

For a general nonconvex differentiable objective f : R? — R, finding a global minimum of f is
in general intractable [42] 54]. There are two common strategies to analyze optimization methods
for nonconvex functions. The first one is to scale down the requirements on the solution of interest
from global optimality to some relaxed version, e.g., first-order stationary point. However, such
solutions do not exclude the possibility of approaching a suboptimal local minima or a saddle point.
Another approach is to study nonconvex problems with additional structural assumption in the hope of
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convergence to global solutions. In this direction, several relaxations of convexity have been proposed
and analyzed, for instance, star convexity, quasar-convexity, error bounds condition, restricted secant
inequality, and quadratic growth [26}, 24} [23]]. Many of the aforementioned relaxations have limited
application in real-world problems.

Recently, there has been a surge of interest in the analysis of functions satisfying the so-called
Kurdyka-ELojasiewicz (KL) inequality [9, [10]. Of particular interest is the family of functions that
satisfy global KE inequality. Specifically, we say that f(-) satisfies (global) KE inequality if there
exists some continuous function ¢(+) such that ||V f(z)|| > ¢ (f(x) — inf, f(z)) for all z € R<.
If this inequality is satisfied for ¢(t) = /2u t*/, then we say that (global) a-PE condition is
satisfied for f(-). The special case of KL condition, 2-PE, often referred as Polyak-Eojasiewicz
or PL condition, was originally discovered independently in the seminal works of B. Polyak, T.
Lezanski and S. Lojasiewicz [48, 33| 38 [39]. Notably, this class of problems has found many
interesting emerging applications in machine learning, for instance, policy gradient (PG) methods
in reinforcement learning [41} [1} 156], generalized linear models [40], over-parameterized neural
networks [2,157], linear quadratic regulator in optimal control [[13}[19]], and low-rank matrix recovery

(70

Despite increased popularity of KE. and a-PL assumptions, the analysis of stochastic optimization
under it remains limited and the majority of works focus on deterministic gradient methods. Indeed
until recently, only the special case of a-PL with & = 2 was mainly addressed in the literature
[26] 231 (30,153} 149]. In this paper, we study the sample complexities of stochastic optimization for
the broader class of nonconvex functions with global KL property.

1.1 Related Works and Open Questions

Stochastic gradient descent. A plethora of existing works has studied the sample complexity of
SGD and its variants for finding an e-stationary point of general nonconvex function f, that is, a
point € R? for which E[||V f(#)||] < e. For instance, [21] showed that for a smooth objective
(one with Lipschitz gradients) under bounded variance (BV) assumption, SGD with properly chosen
stepsizes reaches an e-stationary point with the sample complexity of O(e~*). Recently, [30, 56]
further extended the result under a much milder expected smoothness (ES) assumption on stochastic
gradient. While this sample complexity is known to be optimal for general nonconvex functions, a
naive application of this result to the function value using a-PL condition would lead to a suboptimal

0(6}4/ ) sample complexity for finding an e s-optimal solution, i.e., E [f(z) — f*] < ef. Recently,

[20] studied SGD and established convergence rates for a-PL functions under BV assumption. Their

sample complexity result is 0(6;47@)/ “) in our notation. Later [33] considered SGD scheme with

random reshuffling under local and global KL conditions and provided convergence in the iterates for
a € (1,2]. We note that our proof techniques are different from [20] and [35]] and are not limited
merely to the case of BV assumption. In this work, we will answer the following open question:

What is the exact performance limit of SGD under global KL. condition and a more
practical model of stochastic oracle?

Variance reduction. There has been extensive research on development of algorithms which
improve the dependence on n and/or ¢ for both problems (I) and (Z) (over simple methods such as
SGD and Gradient Descent (GD) ). One important family of techniques’|is variance reduction, which
has emerged from the seminal works of Blatt et. al [8]. The main idea of variance reduction is to make
use of the stochastic gradients computed at previous iterations to construct a better gradient estimator
at a relatively small computational cost. Various modifications, generalizations, and improvements of
the variance reduction technique appeared in subsequent work, for instance, [50} 28} [16] to name a
few.

Finite-sum case. A number of recently proposed algorithms such as SNVRG [58]], SARAH [45],
STORM [15]], SPIDER [17], and PAGE [36] achieve the sample complexity O(n + g) when
minimizing a general nonconvex function with finite sum structure (2). This result is also known to
be optimal in this setting [36]. [27] studies SARAH in finite sum case under local KL assumption and
proves convergence in the iterates. The study in [27] is only asymptotic analysis and the dependence

3 Another independent direction is to make use of higher order information [43} [18] 3].



on the parameters x and n, which are important in practice for quantifying the improvement over GD
and SGD are ignored. [34] proposes an SVRG-based algorithm for KL functions and [55] 145 46]
study other variance reduction techniques, but they only analyze the special case @ = 2. Under
2-PE condition, these methods further improve to O( (n + k4/n) log(i)) sample complexit for
finding an € ;-optimal solution. However, it is not clear if it is possible to provide any non-asymptotic
guaranties for variance reduced methods under a-PE condition for any « € [1,2). In our work, we
will answer the following open question:

What is the extent of improvement any variance reduction scheme can provide
under global a-PE condition for finite-sum objectives of the form [2)?

Online/streaming case. While variance reduction methods have been initially designed for prob-
lems of the form (2)), it was later discovered that they also improve over SGD when solving
[32, 37ﬂ The analysis of these methods was obtained for general nonconvex functions (for minimiz-
ing the norm of the gradient, E[||V f(£)]]] < €) and later extended to 2-PE objectives for minimizing
the function value, E [f(x) — f*] < €. For example, the methods in [58, 45 [17.[36]] achieve O(e?)
complexity improving over O(e~*) complexity of SGD for finding an e-stationary point. Under the
2-PL condition, these results can be extended to global convergence with O(e}?l) sample complexity
[36]. However, in contrast to a general nonconvex case, variance reduction under 2-PL. assumption
does not show any improvement over SGD in terms of €. We highlight that all existing analysis
of variance reduction under a-PL. condition is restricted only to a special case o = 2. We refer
the reader to Appendix |C, where we elaborate on the key difficulties in the analysis for the cases
a € [1,2). Since the direct analysis for @ € [1,2) is challenging, in order to obtain the global
convergence in this setting, one could naively translate the complexity for finding a stationary point
of a general nonconvex function (which is O(¢~?)) to convergence in a function value by using a-PL
condition: /2 (f(2) — f*)/* < ||Vf(2)||. This would result in O(e}%) sample complexity.
However, there are two serious issues with this approach. First, this complexity does not provide any
improvement over SGD in the most interesting practical case o = 1 and gives strictly worse result
for all « > 1. Second, the guarantees for general nonconvex optimization hold on average, in the
sense that the point £ is sampled uniformly from all the iterates of the algorithm. It would be more
desirable to instead derive last iterate convergence guarantees under Kb (a-PL) condition. In this
work, we will address the following open question:

Is it possible to accelerate the O(e_“_u)/”) sample complexity of SGD under
global a-PL condition for stochastic objectives of the form (I))?

1.2 Contributions

In this work, we provide an extensive analysis of stochastic optimization under global KE condition
and answer all the above questions. More precisely, our contributions are as follows

* We provide a new framework for the analysis of the dynamics of SGD under global KL
condition (see Section 3). It is based on the analysis of SGD dynamic which is governed by
a recursive inequality (see Equation (6)). As a result of this analysis, we introduce a set of
conditions (see Theorem [I)) for designing proper stepsizes to guarantee convergence.

* Using this framework, we provide sharp analysis of SGD under a general ES assumption
(Assumption and demonstrate that the sample complexity O(e}(%“)/ “) is tight for the
dynamical system describing SGD.

* Next, we propose PAGER, a new variance reduction scheme with parameter restart. A
carefully chosen sequence of parameters of PAGER allows the algorithm to adapt to the
nonconvex geometry of the problem and establish state-of-the-art convergence guarantees for

minimizing «-PL functions. In online setting (I)), we obtain O (e}z/ a) sample complexity

of PAGER, which beats O (61;(47&)/ “) complexity of SGD for the whole spectrum of

%k = £/, is the analogue of condition number, £ is defined in Assumption @
3Under additional assumptions such as smoothness of individual functions f¢(-) or even milder condition
such as average L-smoothness (Assumption @)



parameters . € [1,2). In particular, for the important special case of 1-PL., this leads to the
first optimal algorithm with 0(6;2) sample complexity, which already matches with the
lower bound known for stochastic convex optimization [42].

* Furthermore, we obtain faster rates with PAGER in finite sum case (2)), providing the first
acceleration over GD and SGD under a-PL condition.

In Table[T} we summarize the sample complexity results for stochastic optimization under a-PL and
BV assumptions. We also establish sharp convergence results for convergence in the iterates to the
set X* of optimal points and provide a summary in Table 2|in the Appendix.

Table 1: Summary of sample complexity results for a-PL functions (Assumption 3)) under average
L-smoothness (Assumptions @) and bounded variance (Assumptions[5)). Quantities: o = PL power;
u =PL constant; k = £/u; 0° = variance. The entries of the table show the expected number of
stochastic gradient calls to achieve E [f(x) — f*] < ej.

Method Finite sum case Online case
22—«

GD o (”“ (%)T) N/A
s | o(¥@)7) | e(¥))

PAGER 1) (n +/nk (L>Q_Ta (new) | O ((% + K2) (i)%> (new)

2 Assumptions and Discussion

In this section, we introduce the assumptions we make throughout the paper.
Assumption 1. The gradient of f(-) is Lipschitz continuous, that is, for all x and vy,

IVf(z) =Vl < Lilz—y

Furthermore, we assume that the objective function f is lower bounded, i.e., f* := inf,, f(z) > —o0,
and it satisfies the following inequality

Assumption 2 (global KL or global Kurdyka-t.ojasiewicz). Let ¢ : Rt — RT be a continuous
function such that ¢(0) = 0 and ¢*(-) is convex. The function f(-) is said to satisfy global Kurdyka-
Lojasiewicz inequality if

IVf(@)|| > o (f(x)— f*) forall z € R 3)
Assumption 3 (a-PL or Polyak-Fojasiewicz). There exists « € [1,2] and p > 0 such that
IVF@)|* > u)7 (f(z) — f*)  forallz € R (4)

We refer to a as the PL. power and i as the PL constant.

It is straightforward to see that the a-PE is a special case of KE with ¢(t) = /2 t'/*.

Connections with other assumptions. Another commonly adopted way to define the global KL
property is to assume that p (f(z) — f*) - |V f(x)|| > 1 for all z € R?, where p(t) is called a
disingularizing function and p’(-) denotes its derivative. Moreover, disingularizing function satisfies
the following conditions, it is continuous, concave, p(0) = 0, and p’(¢) > 0 [33].

If the above assumption holds for p(t) := %te and 6 > 0, then Assumptionis satisfied with PL.
power o = 1 . However, a-PL condition is more general since it allows to consider the case o = 1.
For example con51der the function of one variable f(z) = (e* +e~*)/2 — 1, then | f'(z)| > f(z)
for all z. Thus f(x) satisfies AssumptlonFWuh o= 1 and p = 1/2. Moreover, this function is
convex, but it does not satisfy inequality p’ (f ||V f(z)|| > 1 for any choice of p(t).

We also provide several non-convex problems for which «-PE holds with «v € [1, 2] in the Appendix
Other forms of ¢(t) also appear in practice, e.g., squared cross entropy loss function satisfies the KL
condition with ¢(t) = min{¢, v/¢}, [51]].



The intuition behind the special case av = 1 is that the function is allowed to be flat near the set of
optimal points X* = argmin,, f(z).

Assumption 4 (k-ES, Expected Smoothness of order k). The stochastic gradient estimator gi(x, &)
is an unbiased estimate of the gradient ¥V f (x) at any given point x and its second moment satisfies

B[l IF] < 24-h(70) = 1) + B |VS@IP + ) forallze R )

where A, B, C are non-negative constants. h : R™ — R is a concave continuously differentiable
Sfunction with b/ (t) > 0, h(0) = 0. The expectation is taken over random vector § ~ D. We call by,
the cost of such estimator.

This assumption encompasses previous assumptions in the literature. For instance, it is straightforward
to see that an estimator satisfies the standard bounded variance assumption [21] when h(t) = 0, B =
1, and by, = 1 in (3). Gradient estimators with relaxed growth assumption [6, [I1] are also special
cases of (@) for h(t) = 0 and b, = 1. A closely related assumption to the relaxed growth was
introduced in [53]] which holds when i(t) = 0 and C = 0 in (3)). Expected smoothness assumption
(30, 24, 56] is the closest assumption to k-ES and it holds when h(t) = ¢ and b, = 1. Notably,
ES assumption is satisfied in practical scenarios such as mini-batching, importance sampling and
compressed communication [30]. More recently, it has been shown that PG method with softmax
policies and log barrier regularization can be modeled using ES assumption [56]. Note that due to
the first term in (3)), i.e., 24 - h(f(xz) — f*), the second moment can be large when the objective
gap at z is large. Such property is not captured by standard bounded variance (Assumption[5). The
flexibility and advantages of introducing such additional term are elaborated in detail in the literature
(24} 130, 25} 156].

We highlight two special cases for the sequence by: by, = ©(k7) with 7 > 0 and b, = O(¢*) with
g > 1. For example, Monte Carlo sampling and mini-batching allow us to design estimators with
such {by},~, sequences. When a gradient estimator satisfies AssumptionEI, unless by, is bounded
for all k, it essentially means that we have a mechanism to reduce its variance. More precisely, the
variance decreases according to the sequence 1/b;. As we show in SectionE], if such estimator exists,
it results in a better convergence rate compared to vanilla SGD and the improvement is captured by
sequence bi. On the other hand, usually the access to such estimator comes with a cost proportional
to by, e.g., mini-batch setting described in SectionE} Thus we refer to by, as the cost of the estimator

3 Stochastic Gradient Method

Algorithm [I| summarizes the steps of a slightly modified SGD which we analyze in this work. We
call this algorithm SGD with restartsE] This algorithm updates the point x for 7' number of iterations
within an inner-loop. Note that, in the inner-loop, the step-size remains unchanged and the iterates are
updated via x; 1 = ¢ — ngr(x, &), where 1) is the step-size and {; },., are independent random
vectors. The cost b, of the gradient estimator g (x, &) remain the same within the inner loop of
Algorithm 1]
Algorithm 1: SGD with restarts

1: Initialization: z, T, K, {n; : k=0,..., K — 1}

2: fork=0,..., K—1do

3NN
4. fort=0,...,7T—1do
5
6

x4z — gk, &)
: return x

3.1 Dynamics of SGD

Let {x;};>0 be the sequence of points generated by the inner loop of Algorithm |1} and Assumptions
[11 21 [ are satisfied. Then the dynamics of SGD in the inner-loop of Algorithm[1]is characterized by

SNote that if we set K = 1, then Algorithmreduces to SGD with constant step-size.



Lemma 1. Under Assumptions[I} 2| and[|with constant cost, i.e., b := by, we obtain
d772

Si41 < 6 +an’ - h(s,) — g¢2(5t) 70 (6)

where §; :=E|[f(x¢) — f*], a := LA, d:= % n =N

Understanding the dynamics of this recursion, allows us to establish the global convergence of SGD.
Our approach consists of two main steps: i) Finding the stationary[] point of (6) when the inequality
is replaced by equality and for a fixed step-size, i = 7, which we denote by 7(n). ii) Selecting the
step-sizes {n; } and sequence {by };>0, such that the corresponding stationary points {7 (1) x>0
(defined below) converge to zero as k increases.

The stationary point of (6) after replacing inequality with equality must satisfy the equation:

d 2
an’h(t) + 5= = J8(0). )

Let us call this stationary point (7). To complete the first step, we approximate (1) by a polynomial
function of 7. In other words, we find v € R* such that r(n) = ©(n").

For the second step of our framework, we should design the stepsizes. Next result introduces a set
of conditions that allow us to design the stepsizes, which will guarantee convergence. The detailed
derivations are presented in the Appendix.

Theorem 1. Suppose there exist v > 0,{w;};>0, and ¢ > 0 such that g, = O(k™°), r(n) =
O(k=), |1 —wi| < 1, and

L+ anih (r(nk)) — med’ (r(me)) o (r(me)) =1 — wek ™" (8)

Then, §;,=0 (k™) and the iteration complexity ofAlgorithmwith T=Q(1/min; w;) is 0(6;1/(0/)).

As a consequence of Theorem [I] we present the iteration complexity of SGD for o-PE functions.

Corollary 1. Consider a special case ofAssumptionwith h(t) = t” and by, = k7, where 3 € (0,1]
and T > 0. Suppose the objective function f satisfies Assumptions[l\and[3} Let v := «f3. Then, for
any €y > 0, Algorithmreturns a point x with E [f(z) — f*] < € after N := K - T iterations.
)Ify=2(a=2and = 1), we have

1

N =0(e; 7)), withn, = ©(k™").

ii) If v < 2, we have

4—a

N = 0(e; ) with e = 00 FH ) i < T and
N_O(_Hf% h —@k_ji . Y
= € )wz e = O( )lf7'>74_a_7.

To verify the above result empirically, we simulated §; in (6] throughout all iterations of Algorithms
for different sets of parameters and presented the results in Figure [T|along with their corresponding
convergence rates given in Corollary |1} As it is shown in these figure, the above convergence rates
correctly capture the behaviour of the dynamics in (6). As an example, in Figure [I{b), the red solid
curve shows the rate of dy, i.e., log(dy) as a function of log(k) for v = 1.1, = 1.4, and 7 = 0.9.

Based on Corollary , the convergence rate of Algorithmfor this setting is 0(6;0'98) or equivalently

log(dy) = (—%) log(k) ~ —1.021og(k) which is shown by red dashed line. Next, we discuss
how the results in Corollary [T] generalizes the existing work in the literature.

Comparison to related works. Authors in [30]] studied the convergence of SGD for 2-PL objectives,
under a stronger assumption than Assumption[d] More precisely, they assumed an estimator that
satisfies Assumptionwith 7 = 0 and h(¢) = t and obtained the convergence rate of O(e?l). This

"Stationary point of a dynamic is its convergence point.



Iog(dk)
Iog(dk)
log(d,)

log(k) : log(k) ! Iog(k).

(a7 =0. (b) T =0.9. ()T =2.

Figure 1: Behavior of the dynamics in (@) for h(t) = t°, ¢(t) = /2u t'/, 7 € {0,0.9,2}, and
different «v, 8. Each solid line shows log(dy) as a function of log(k), for a given set of parameters and
each dashed line shows the corresponding theoretical convergence rate of §; presented in Corollary
The numbers assigned to dashed lines indicate the slope of those lines. (a) and (b) verify the case
corresponding to 7 < /(4 — a — ) and (c) verifies the case 7 > /(4 — a — ). Note that the
distance between the dashed and solid lines is due to constant factors.

is consistent with our rate presented in the Corollary |1} It is worth noting that in this setting, (’)(6?1)
is optimal [30]].

The authors in [56] studied the performance of SGD for 1-PL objectives. Assuming that the gradient
estimator satisfies Assumption @ with 7 = 0 and h(t) = ¢, they obtain 0(6;3) sample complexity.
This result can be recovered from Corollary [T|by setting 7 = 0,7 = 1, and a = 1. Note that in
this case, the cost of each iteration is by = 1, which means that the iteration complexity coincides
with the sample complexity. We note that our proof technique is different than in [56]] and allows to
consider more general assumptions. Finally, [20] studied SGD with a-PL objectives for a € [1, 2]
under bounded variance Assumption[5|with b, = 1 and obtained similar convergence rate to ours. We
recover their result as a special case by setting A = 0 and 7 = 0 in Corollary|[I} if we set 7' = 1 we
also recover the same (up to a constant) step-sizes n;, = © (k_ ﬁ) . However, we highlight that our

proof technique is different from [20], and more generic since it holds for a general Assumption 4]

3.2 Sample complexity of SGD

The result of Corollary [I|suggests that by increasing the cost of the gradient estimator by, over the
iterations, one can achieve a better iteration complexity of Algortihm[I] In particular, it improves

_d-a—y
with 7 until it reaches the minimum N = O (6 ;o ) atT = 47377 and does not change for

larger values of 7. However, we are merely interested in the iteration complexity in practice, since
the computational cost at each iteration can be prohibitively large. A more adequate measure is the
total computational cost (sample complexity) of the method. It is interesting whether increasing by,
over the iterations may also result in a better sample complexity for finding an € ;-optimal solution,
than for the constant choice, e.g., b, = 1. The following lemma shows the contrary.

Proposition 1. Let the assumptions of Corollary[l|hold, b;, = © (kT), T = © (1). Then the expected
total computational cost (sample complexity) of Algorithm[l)is

_4-a
K-1 Ofe © ) for0 <7< 74_3_7,
cost :==1T'- Z b = _ (e (rt1) 5
=0 @ € « forT > e

The above result implies that increasing the cost of the gradient estimator with iterations does not

improve the total sample complexity of Algorithm|[I] Therefore, one can simply select by, = 1 (7 = 0)
4—a

and obtain O (e; “ ) sample complexity.

3.3 Tightness of rates in Corollary ]

In this section, we show that when 7 = 0, the convergence rates presented in Corollary [T] are tight for
the dynamic (6) describing the progress of SGD. More precisely, if there exists a function f and a



gradient estimator satisfying the assumptions in Corollary [T|such that its corresponding recursive
inequality (€] is an equality, then its convergence rate, presented in Corollary [T] cannot be improved
by any choices of stepsizes {7 } .~ . Next proposition summarizes our results about the tightness of
our convergence rates in Corollary [T}

Proposition 2. Consider the following recursion

d 2
Ski1 = Ok +an - h(0y) — %&(5@ n % forallk >0,
k

where a. > 0, d > 0, h(t) = t# with § € (0,1], p(t) = /2ut"/* with o € [1,2], and by, = O(1).
Then 0y, = Q(kiﬁ)for any sequence Of{nk}kzo- Moreover, this rate is achieved by the choice

e = @(k-_ 2710‘/2 )

4 Faster Rates with Variance Reduction

Algorithm 2: PAGER (PAGE with restarts)

1: Initialization: Zo, go, K, {Ax = (k. Tk, Pr, bk, b)) : k=0,..., K — 1}
2: fork=0,..., K—1do

30 (w0,90) < (T, Gr)
4: (777pab7b/) < (T’kaplwbk‘)b;c)
5. fort=0,...,T, — 1do
6: Tyl = Ty — NGt
7: Sample y ~ Bernoulli(p)
8: if Y = 1 then
b
9: gt+1 = % Zi:1 vfgj+1 (mt—&-l)
10: else y y
11 gr+1 = gt + % Zi=1 vf5i+1 (xt"'l) o % Zi:l vf5i+1 (xt)

120 (Zpt1, Jet1) < (Teg1, Geg1)
13: Return: g

To simplify the exposition of the results in this section, let us assume that gx(x¢, &;) is constructed

explicitly via mini-batching gy (¢, &) = = b f x¢), where & = 1o e is a
p y g g ) 1 Et 9 to ) Gt

by £ui=
random vector of independent entries, §; are independent for all iterations, {V i (xt)}f; | are queries
provided by an oracle such that E[V f; (z)] = V f(x;) and E[||V f¢; (z;) — V f(2)|]*] < o® for
all ¢ > 0. The variance of this estimator diminishes linearly in the size of the mini-batch by, i.e.,
gk (x4, &) satisfies

Assumption 5 (k-BV, bounded variance). Let Assumptionhold with A=0, B=1and C = o2,
. 0-2
e, B ||lge(x,&) = VI(@)|*| < &

Additionally, we assume that we have access to a gradient estimator gj.(z, ), which satisfies the
following

Assumption 6 (Average L-smoothness (of order k)). Let gj(x,&) = bi, f/il V fei(x) and
k
g, (y, &) = i ?21 V fei (y) be unbiased mini-batch estimators of the gradient of f(-) at points x
and y, respectively for shared stochasticity ' ~ D for eachi = 1,...,b} and & = (£,..., &0 ).
Define A(z,y) = g,(x,&) — g (y,§). The average L-smoothness (of order k) holds if there
~ 2
exists L > 0 such that E {HA(Jc,y) - A(amy)” } < 572 |z —yl> forallz,y € R where

A(z,y) :==Vf(z) = V(y)
Remark 1. The Assumption @ holds in several standard settings. For instance, if each V f¢i(x)

is Lipschitz with constant L (almost surely or on average), then Assumption @ holds with £ < L.
Another example is when f(-) is of the form @) and b}, = n, then L = 0.



4.1 PAGER - a new variance reduction for o-PL objectives

We remark from the analysis of Algorithm [I]in Section [3|that merely playing with choice of 7, and
by, (chosen as polynomial functions of k) is not sufficient to improve the convergence, hence, we need
to construct more sophisticated gradient estimator and reduce the variance using control variate. Now,
we highlight the main algorithmic ingredients of our construction. First, let us describe the variance
reduced estimator named PAGE, which will be the main building block for our Algorithm[2] PAGE
was introduced and analyzed in [36] and is known to be optimal for finding a first order stationary
point. Moreover, it is easy to implement and designed via a small modification to mini-batch SGD

b
% Diz1 Vfggﬂ (@e41), w.p. P,
gt+1 = b
gt + 3 i (Vf§;+1(33t+1) - Vf5;+l($t)> ; wp.l—p,

where p is a small probability and mini-batch sizes satisfy b > b'.

However, while the method looks simple, the extension of its analysis to a-PL functions faces several
difficulties. [ﬂ Therefore, we introduce a new method, which we call PAGER (Algorithm [2)) — a
Probabilistic Average Gradient Estimator with parameter Restart. It takes as input the sequence
of parameters {Aj := (0, Tk, Pr, bx, b},) : K =0,..., K — 1}, where T} is the length of stage k,
Mk, Pk, Dk, b}, step-size, probability, and batch-sizes at stage k. PAGER updates this sequence of
parameters in the outer loop £ = 0,..., K — 1 and applies PAGE estimator with a fixed set of
parameters in the inner loop t = 0, ..., T} — 1. We will select {A}, -, depending on the PL. power
« to capture the dependence on the geometry of the problem and establish fast rates for each « in

settings (1) and ().
4.2 Online case

We present convergence guarantees for Algorithm 2]in the setting (I)) and defer its formal proof to
Appendix [C]
Theorem 2. Let f(-) have the form and satisfy Assumptions (with a € [1,2)), E] and

E] let the sequences'|in Algorithmbe chosen as b, = @(2 (Q_an)k), PE = @(2@), b =
G—a)k

@(2275), Ty =0O(27= ), nk = O(1). Then, for any e; > 0 Algorithm 2| returns a point x with
2—a
E[f(xz) — f*] < €f after N := fo;ol T = O(ne; ") iterations, where k. = £/u. The expected

_2
total computational cost (sample complexity) is O ((%2 + HQ) € ° )

Improvement over SGD. Theorem [2|implies that PAGER improves the sample complexity of SGD

_d-a _z
from (’)(e F e ) to O(e - ) under o-PL condition for the whole spectrum of parameters o € [1, 2).
In the case a = 1, which holds in many interesting applications (see Appendix [A|for examples), this
leads to 0(6;2) sample complexity compared to the best known 0(6;3) for SGD.

Relation to convex optimization and last iterate convergence. As a consequence of our analysis
we obtain the optimal sample complexity for convex stochastic optimization under the additional

assumption that the iterates of the method remain bounded, i.e., ||z; — m*H2 < D forall t > 0, where
r* € argmin,, f (a:) For 1-PL objectives, PAGER has O (6;2) sample complexity. Since the
iterates of the algorithm are bounded, convexity (V f(z),x — 2*) > f(x) — f(«*) implies 1-PL
with p = %. This observation implies convergence of PAGER for convex objectives with O (6;2)

sample complexity, which is known to be non-improvable for convex stochastic optimization [42].

8We refer the reader to Appendix |C| where we explain the challenges in the analysis of variance reduction
under a-PL condition and show how we overcome these difficulties using the restart strategy.

For brevity, in Theoremwe define the input sequences up to constants hidden in © (-) notation. In fact,
our analysis allows to specify these constants and we present detailed derivations in Appendix

!Note that this assumption is mild since it holds for the iterates of PAGER, for example, if we additionally
assume that f(-) is coercive, i.e., f(z) — oo for x — oo.



Moreover, we highlight that this result holds for the last iterate of PAGER, while the standard analysis
of first order methods for convex functions guarantees convergence for the average iterate [31]. The
last iterate convergence for convex objectives was only recently established for SGD by following an
involved analysis with a careful control of iterates via suffix-averaging scheme [20]].

4.3 Finite sum case

Let f(-) have the finite sum form (Z). Then we obtain the following result.
Theorem 3. Let f(-) have the form @) and satisfy Assumptions (with a € [1,2)) and@ let

the sequences be chosen as p,, = %H, b, =Lby,=mn T, = 9(2 (21&%), N = 9(1). Then,
forany ey > 0, Algorithmreturns a point x with E [f(z) — f*] < ¢; after N := Zf:_ol T, =

—a

o (n+ \/ﬁ/{e;T) iterations, where k. = £/ The expected total computational cost (sample
2—«

complexity) is (5(71 + \/ﬁme;T).

The proof is deferred to Appendix [C] Theorem [3] quantifies the improvement of PAGER over GD in
the finite sum setting in terms of n and over SGD in terms of ¢, see Table [I|for comparison. Recall

—(2-a)
that GD has sample complexity O(nne P ) When n is large, we get the improvement of order
\/n. Notice that in the limit o — 2, it matches the best known result for 2-PE. objectives [36]].

5 Conclusion

We analyzed the complexity of SGD when the objective satisfies global KL inequality and the
queries from stochastic gradient oracle satisfy weak expected smoothness. We introduced a general
framework for this analysis which resulted in a sample complexity of (’)(e*(“’a)/ ) for SGD with
objectives satisfying a-PL condition. We also demonstrated the tightness of this rate under the
specific choice of stepsizes. Last but not least, we developed a modified SGD with variance reduction
and restarting (PAGER), which improves the sample complexity of SGD for the whole spectrum of
parameters « € [1,2) and achieves the optimal rate for the important case of 1-PL objectives.
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Appendix

A Examples

A.1 «-PL Functions

In this section, we provide some examples and applications of global KL functions. Particularly, we

focus on the class of «-PL functions with a € [1, 2]. We start with simple one dimensional functions.

Example 1. Consider f(z) = ¢ |z|9, where ¢ > 1, ¢ > 0. f(z) satisfies Assumption [3| with
g2

—.

- 4 —
a—qflandu—

Example 2. Consider f(z) = % — 1. f(=) satisfies Assumption@with a=1and =1
Example 3. Consider f(x) = cosh(z) + 8 - cosh(sin(x)) — 9, where cosh(x) = (¢"+e™7)/2. The

) =
derivative is f'(x) = sinh(x) + 8- cos(x) - sinh(sin(x)) and |f'(x)| > 1072 - f(z) for all z. Then
f(x) satisfies Assumption3|with o = 1 and p =5 -107°.

Note that the functions in Example 1 and Example 2 are convex, whereas the function in Example 3
is nonconvex.

The following proposition shows that KL property is preserved under some operators such as direct
addition.

Proposition 3. Ler f(-) be a separable function, i.e., f(x) := %Z?:l fi(x;), where x =

(z1,...,2n), x; € RY, 3" d; = d. Let each f;(-) satisfy KL inequality (Assumption@) with ¢;(t).
Then f(-) also satisfies KL inequality with ¢(t) := ﬁ ming <;<p ¢ (t).

Proof. By separability and KL condition we have

n

IVF@IE = 3 IV

=1

S 36 (fiw) — 1)
=1
S ; & (i) - 1)

(i) n )

S (i S filn) - f;”f>
=1

(44) .

> ¢ (f(z)— f7), )

where (%) holds by definition of ¢(¢), (i) is due to convexity of ¢(t) := ﬁ ming <;<, ¢;(t) and

Jensen’s inequality and (iii) follows from L 3" inf,, f;(2;) < inf, 1 3" | fi(z) for any z =
(Jil, N 7.’17n).

The above Proposition |3| implies, in particular, that if we have a separable function f(z) =
>y fi(z;) and each f;(x;) is 1-PE with p1;, i = 1,...,n, then f(x) satisfies 1-PL with y = Kmin
Example 4. Consider f(x,y) = cosh(x)+8-cosh(sin(z))+0.5-cosh(y)+2.5-cosh(sin(y))—12.
This function of two variables satisfies Assumption|3|witha = 1 and 1 = 5 - 107°.

Now we list several problems which occur in applications and satisfy a-PE with o = 1.

Example 5 (Policy gradient optimization in RL). Consider a Markov Decision Process (MDP)
M ={S,A,P,R,v,p}, where S is a state space; A is an action space; P is a transition model,
where P(s'|s,a) is the transition density to state s' from a given state s under a given action a;
R = R(s, a) is the bounded reward function for state-action pair (s, a); v € [0, 1) is the discount
factor; and p is the initial state distribution. The behavior of the agent in MDP is characterized by the
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parametric policy wg(a|s) over S x A, which denotes the probability of taking action a at the state s.
The policy g is assumed to be differentiable with respect to parameter 6 € Re. Let T = {s;, at}yso

be a trajectory generated by the policy g and it is distributed according to distribution T ~ p(T|my).
The expected return of the policy g is defined by

Z ’YtR (St, at)‘| .
t=0

The goal of policy-based methods is to find 0 which maximizes the expected return 0* &
arg maxy J(0). It was recently shown that the above objective satisfies 1-PE assumption

IVJO) = /21 (J* = J(0))  forall§ € R

under the standard assumptions on Ty and p such as non-degenerate Fisher matrix and transferred
compatible function approximation error [41) 1} 156l].

J(0) =E,

Example 6 (Operations management problems). In applications such as supply chain or revenue
management [\[4|], problems can often be formulated as

min F(z) := Efp(x A €], (10)

where X is a convex compact subset of R%, € is a random vector, \ denotes a component-wise
minimum and ¢(-) is convex. As a result, F'(-) becomes non-convex. On the other hand, such problem
often admits a convex reformulation

min G(y) == F(g~" (), (1)
yey
where g(x) = E [x A £] and function G(-) is convex. Suppose g : X — Y is a bijective differentiable
map with Vg(x) = A, A > 0 for all © € X, then function F(-) satisfies 1-PE condition. This is
because: for any x with g(z) = y,

F(z) - F(") = Gy) - G(y")
< (VGy),y—vy")
< IVGWIly =y
= [[Vo ' VF(@)| lly — v
< B ywr@),

where Dy, is the diameter of the set ). Therefore, F(-) is 1-PL with 1 = %3—%

Remark 2. Note that even though the problem in Example [6] satisfies 1-PE condition, our theory
developed in this work is not directly applicable to solve this problem The reason is that this problem
has a compact constraint and therefore requires an appropriate generalization of PL condition, e.g.,
using the notion of gradient mapping or the subgradient of the indicator function of the set X, see
[29] for examples. However, our theory becomes applicable for this problem if we additionally
assume that the solution of lies in the interior of X and all the iterates {x.},-, generated by

the method remain in the interior of X.

A.2 KL Functions

Example 7. A commonly used type of loss function in machine learning applications is a squared
cross entropy (CE), it is given by
) 2

Uz,y) == Zyz log (Ee:jmj
: j

Under such loss function, it is known [51]] that KL condition holds with corresponding function
#(t) = min{t, \/t}. This is function is both positive and ¢(t)? is convex. Next, we apply the result
of Theorem |l|to obtain the convergence rate of SGD for this type of loss functions assuming the

16



stochastic gradient estimator satisfying Assumption 4| with h(t) = t. First step is to obtain the
stationary point r(n) using Equation (7).

d 2
2an°t + 2% = n(min{t, \/i})2

It is straightforward to see that for small enough 0, the stationary point is smaller than 1. In this
case, min{t,\/t} is t. Therefore, we are in the setting of Corollary|l|with o = 1,3 =1, and T = 0.
This implies that the interation (and sample) complexity of SGD is of the order O (6;5). Moreover; if

A in Assumption[|is zero, using a similar argument and the result of Theorem|[2] one can derive that
PAGER give us 0(6;2) sample complexity.

To illustrate the generality of the result of Theorem [T} next we present the convergence rate of
SGD for objective functions that satisfy the global KE condition with ¢(t) = 1/t log(¢ + 1) under
Assumption[d] with h(t) = log(1 + ¢).

Example 8. Consider the scenario in which the objective function satisfies the global KL condition

with ¢(t) = \/tlog(t + 1) and a stochastic gradient estimator satisfies Assumptionwith h(t) =
log(1 + t). In this case, Equation (T) becomes

2 dn?
2an“log(1+1t) + 27 = ntlog(1 +¢).

Defining u := log(t + 1) yields

d
n(2au + 25) =" - Nu=(u+ ?)u
The last approximation is true since for small enough n, u is less than one. Solving the above cubic
equation leads to a solution that is of the order u = ©(,/n) or equivalently r(n) = ©(exp(/1) — 1).
Note that for small enough 1 < 1, we have ©(exp(,/n) — 1) = ©(/n +1n) = O(\/7), i.e., v = 0.5.
To obtain ¢ in Theorem([l) we use Equation (8) which leads to

ang _%( (1)

Ltr(p) 2 \1+r(m)

2
B ang nk( V1k )7 -1
=14k T VI og(1 4 /R)) = 1 — wiek L,

In order to have the above equality, we can have i, = ©(k~1). Finally, the result of Theorem
yields 6, = O(k=%) = O(k~99).

+ log(1 + T(m)))

B Proofs for Section

B.1 Proof of Lemmal[ll

Lemma 1. Under Assumptions [T} 2] and 4] with constant cost, i.e., b := by, we obtain

d 2
Se41 < 0+ an® - h(8,) — g¢2(5t) + %,
where 5t =E [f(mt) - f*]’ a = LAs d:= %7 ="Mk

Proof. Let {xg, 1,2, ...} denote the sequence of points that are obtained from SGD. From the
L-smoothness assumption, we obtain

Fleesa) < Fleo) = ulV I (@), ge (oo &) + G v — il P

Taking the conditional expectation of both side of the above inequality given x; yields

E[f(ze41) = f(@e)|oe] < —nE[(Vf(@e), gr (e, &) |2e] + §7721E[||gk(ivm€t)|\2\$t]'
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Using Assumption [d]and the fact that oracle’s queries are unbiased, we obtain
L ,C

Blf ()~ S (@l < LA B(f(r0)—§7) = (1~ 5nB) - 6 (F(w)~ ) + 575

where b = by, denotes the cost of gradient g;. Since the choice of learning rate is ours, we select it
such that (1 — an ) > 1 . Using Assumption [2|for points around the optimum point x*, we obtain

d 2
Elory1|z] — 0t < an? - h(ot) — g¢2(9t) + %7

where ¢ := f(2;) — f*,a:= LA, and d := £Z. Let 6, = E[,]. Using the fact h(t) is concave and
¢? is convex, and Jensen’s inequality, we obtain the result. O

B.2 Proof of Theorem[Il

We first prove the following technical lemma.
Lemma 2. Consider a series {r,};>o that for every integer T > 0 satisfies the following inequality

k
Ty < H(l —ai )T o + O™,

where t = kKT and a < a; < A < 1 for some positive constants a and A and all i. Then, there exists
T such that vy = O(t7?).

Proof. Using the fact that a;s are bounded and 1 — = < exp(—x), we obtain
k k

H(l —a;i )T <exp (- aTZi_l) < (k+1)7

i=1 i=1
In the above inequality, we used Zz it > My = log(k + 1). Selecting T' = [b/a] will
imply the result. O
Theorem 1. Suppose there exist v, {w; };>0, and ¢ > 0 such that 7, = O(k~¢), r(nx) = O(k~%),
|1 —wi| <1, and

L+ angh! (r(ne)) — med’ (r(ne)) o (r(ne)) =1 — wek ™.
Then, §; = O(k~") and the iteration complexity of Algonthmlls Ol(e @))

Proof. Suppose we are in the k iteration of the outer-loop of Algorithm[T} Using Lemma(l]and the
definition of 7(n) in (7), we have

b1 < 8+ an (h(6) — h(r(m) ) = B-(6%60) = 62 (r(m0)) )-
By defining y; := &; — r(n,) and using the concavity of functions h(-) and —¢?(-), we obtain

yerr < e (1 + @t (r(m) = ' (r(m)) o (r(m)) )
Given the assumption in Theorem|[I] we have
Y1 < ye(1— wkk_l)-

Recall that k corresponds to the index of the outer-loop. After ¢ iterations of the inner-loop (in which
index k is fixed), we obtain

e < yo(1—wpk™)". (12)

This shows the rate at which the inner-loop of Algorithm|I](lines 4-5) converges to point , where
r(ng) = f(x) — f*. Based on Equation (T2), after setting = 7, and 7} rounds of the inner-loop,
we obtain

yr, <yo(l— 0J1)T1 = o, <yo(l— 6«21)T1 + ().
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Continuing this process, after updating n = 72 and going through the inner-loop for another 75
iterations imply

2+

yr+1, < (61, —r(n2)) (1 — g)TQ = 041, < (yo(1— wl)Tl +r(m) —r(n) (1 - =) +7r(n2).

2

The above inequality is because before starting the inner-loop for the second round, the initial point
for y is yp, := o1, — r(n2). Using induction and after k rounds of outer-loop, we obtain

k k—1
T; Wi T, T i) —T i
0 < H|1— — yo+H|1— i Z j(771) (ijﬂ;/ +7(nk)
i1 i1 ! = e (1= 57)
k k-1 k w
Ty + > () —rmiv) ] S (k)
i=1 j=1 i=j+1
where t = ) j T}. In Algorithm 1| T; are selected to be T". Next, using Lemma , we show there
exist a positive constant 7" such that §; = O(t~¢). Following the proof of Lemma[2} we have
k—1 k
5t<H|1_7| vo+ > (r(n) —r(mi+1) 1] |1—7 + (k)
j=1 i=j+1
k—1 . wT
j+1
<(k+1)" yO + Z 77]+1)) <k+1> +7(ne),
j=1

where t = kT and w = min; w;. Letb := v{and T := [(b+ 1)/w]. Since r(n) = O(n") and
n; = ©(j7¢), then there exists a constant C > 0 such that

5 < (k+1)~ yo+CZ —(G+1) )<i++i>w +O(k™Y)
<Ok + ¢ 5 ((1 b e 1)(j +1)+ Ok
- (k;+1)b+1 = ] '

Using (1 +x)” — 1 < bx/(1 — bx) forz < 1/band b > 0, we obtain

_ c’ Lj+1
< b b = _b.
% < Ofk )+(k+1)b+1 k+1b+1zg—b ) =Ok™)

where C’ > 0 is a constant corresponding to the part of the summation for j < b. The result follows
from the fact that k = ¢/7T and T is a constant. O

B.3  Proof of Corollary/]

Corollary 1. Consider a special case of AssumptlonE]wnh h(t) = t” and b, = k7, where 3 € (0, 1]
and 7 > 0. Suppose the objective function f satisfies Assumptions[Iand[3] Let v := /3. Then, for
any e > 0, Algorithm [I]returns a point  with E [f () — f*] < ej after N := K - T iterations.

i) Wheny =2 (o« = 2 and 8 = 1), we have

1

N =0(e; "7), with g, = O(k™1).

ii) When v < 2, we have

N =0, ™) with g = O( T i T <

b
4—a—xv

,and

d—a—~
a

N=0(c;, = )withn =0k =) if7 >
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Proof. Using the result of Theorem|[I} we need to specify the constants v and ¢. To do so, we first
characterize the stationary point for the special setting of this corollary. Equation (7)) becomes

dn

an-t’B—k? = ut?/@. (13)

Let v := «f and define the following function

2 dn?
Hy(t) := ant? — pmt = + = -

Next, we either find (7)) exactly or bound it. Depending on whether + is less than or equal to 2, the
analysis of H,(t) = 0 is different. We study each case separately.

Dy = 2(r B = 1and a = 2): In this case, we can find r(n) exactly and it is given
by

dn

r(n) = . —ban =0 (%) = @(k_Tn).

Note that in the above expression, we used the fact that b, = ©(k"). Next is to find the parameters in
Theorem|1} To do so, from Equation 8| with h(t) = ¢ and ¢(t) = \/2ut, we have
—en2 _ _
L+ angh! (r(ne)) — ned’ (r(me)) 6 (r(ne)) =1+ a(O(k™¢))" — uO(k™¢) =1 — wik ™.

In order to have the above equality, we should have ( = 1. Now, suppose that 7 > 0, then
r(n) = ©(k~(*7)) and based on Theorem we obtain the convergence rate of O(k~1+7)) for 6.

II) 0 < v < 2: In this case, we find lower and upper bound for (7). To this end, consider the
following point for some constant S,

For this point, we have

I

For S =0, H,(to) > 0. On the other hand, if n = ©(k~¢) and b, = ©(kT), then for (1 + () > 7
and large enough S, we have H,(t9) < 0. This implies

w=o(()).

Next is to check whether () holds for 7, = ©(k~¢), by, = O(kT), h(t) = t%, and $(t) = /2ut?/*,
ie.,

B—1

1+ aﬂ(@(k—4>)2(@(k—(4+r)a/2)> _ %“@(k:*) (@(k—(4+r)a/2)>2/a71 =1 —wpk L.

The order of the first term is O(k~(¢+(C+7)(8=1)/2)) and the order of the second term is
O (k= (¢H(CHn)a(2/a=1)/2)) 1n order for the above expression to hold, we should have

C+({C+71a2/a-1)/2<2¢+ ((+7)a(f-1)/2, (14)

and
C+({C+nal2/a—1)/2<1. (15)
Inequality (T4) implies v¢ > (2 — )7 and inequality (T3) leads to ¢ < 2:;}2 — 7. See Figurefor

an example of the region (¢, 7) for which both (I4) and (T3] hold. Putting everything together, we
obtain

fr<—"  thendy = Ok~ =), with 1y = Ok T==/2T7).

T4d-a—v
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¥=Q2-yr

(§+‘r)(27%)=‘r+1

1 2 T 3

Figure 2: An illustration of the region (7, () that ensures both (T4) and (T3) hold. This is the
highlighted area. Within this region, the maximum -y is at the red line. In this figure v = 1.2, a = 1.3,
and 5 =1.2/1.3 =0.92.

Note that 47;’7 is the intersection point of two lines. For 7 > 47%, the dynamic is equivalent to
v a—y

2
Si1 < 0+ an? - 5] — npdy (16)
with the stationary point (1) = (an / u) =3, Following the steps similar to the previous case, we get

the following equation

1+ aﬁ(@(k‘c)f(@(k’gﬁ))ﬁil - %“(—)(/f—@‘)(@(k*ﬁ))w“1 — 1wk L.

This leads to { = 43237 and subsequently to

v

7> , then 6, = O(k~™a=7), with 1, = Ok~ Ta7).

B.4 Proof of Proposition 1]

Proposition|[T} Let the assumptions of Corollary[T]hold, b;, = © (k™), T = © (1). Then the expected
total computational cost (sample complexity) of Algorithm T]is

K-1
cost:=1T - Zbk:
k=0

4—a

O 6;7 fOI‘OSTSﬁ,

_(d—a—y)(z+1) ~
O € : for 7 > o

Proof. Corollarym says that Algorithmmﬁnds the global € ¢-stationary point after N = K - T number
of iterations, where

_ _4-a .
N =0(c; ") with n = Ok~ 7727} if r < ﬁ
Y

_4d-a—y . __2—x .
N:O(€f > )Wlth?’]k:@(k’ 4f“’”)1f7'> m

For 7 < 4727*/’ the expected total computational cost (sample complexity) is

K—-1 K—-1
T T _(!4:03 (m+1) T Ta
cost:=T-3 b =T & =O(N+1)=o<ef<+> )zo(ef ).
k=0 k=0

For 7 > ;—1—, the iteration complexity does not improve and the sample complexity becomes
. ’Y .
worse when increasing 7

Kol K-l 1 _ a4
cost=T-Y b=TY k" =O(N ):O(ef a >
k=0 k=0
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B.5 Proof of Proposition 2]

Proposition[2} Consider the following recursion

d 2
Sri1 = Ok + an? - h(0y) — %’“&(5,6) + % for all k > 0,
k

where a > 0, d > 0, h(t) = t° with 8 € (0,1], 4(t) = /2ut'/® with a € [1,2], and b, = O(1).
Then &), = Q(k~ 7= ) for any sequence of {1k },>0- Moreover, this rate is achieved by the choice

N = @(k_ 2—})/2)_

Proof. We begin with the fact that if ¢, defined in (6) converges to zero with stepsizes {7y, }, then
there exists a K such that for all k¥ > K, §, < 1. Hence, for k > K, we have §, < 55 for

B € (0,1]. An immediate consequence of this fact is that for h(t) = % and ¢(t) = /2ut'/®, the
above dynamic can be bounded as follows

2 2
Sk + anioy, — Neptd + dni < 6, + an,%é,f — Ml + dni, Vk > K. (17)

Let us define two new dynamics as follows, i.e.,

2
Thil i= Tk + anery — qepr +dng, o = o, (18)
1+2—a—5
rere = m(L=am " ) dnE o=, (19
First, we show that for any 0 < € < 2’?“, there exist K, a’, d’, such that forall k > K, 741 < Tjq1.

To do so, we need to understand for what values of z, the following inequality holds.

2—a—¢

2(1 —ay ) +d'n} < 2+ anz — mpzs + dng.

This implies

2—a—¢

0< (a'n;+ o+ ani)z — mppze 4 (d—d)nt. (20)

By choosing d’ = d, the above inequality holds for

N}
|
|
o
vl

Since a > 0, (20) also holds for

2—a—¢

sefo ("))

Therefore, if 7, is within the above interval, then 7,11, < 7,41. Using (17), we know that

Tk+1 < Ok+1- On the other hand, based on the result of Theorem we have §;, = (’)(77,? ). Because
of H% < 1 and the fact that there exists K such that for all k > K, n;, < 1, then &, will lay inside
the above interval for large enough k. This implies that there exists K’ such that for all k > K’,
Thtl,e < Th1 < Opy1. Finally, using the result of Lemmawith € = #, we obtain the optimal
convergence rate of r, . that is

1—¢’

@(k_ T ) — @(}( 43;2),

Comparing the above rate with the rate of d; presented in Corollary|l} i.e., O(k~ = ), concludes the
result.

O
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Next, we present a generalization of Theorem 3.2 in [24] that helps us to establish our tightness result.

Lemma 3. Consider the following recursive equation
Tre1 = (1 — a'ni“,)rk +dni, k>0, 1)

where n, < %for allk and o', ;€ > 0 witha' < V. Then, choosing s > 2 and

1 ,1;61
ks i< (8] or i < E57
k -—
2/(1+€ 1+e’ .
(a’(s/#(»kifs[%])) 5 otherWlse,

will result in T = @(K‘%),

Proof. For k < [X], we obtain

a\F c = a a\*
MSG_U>M+ ZXN—UY§G—U>m+@

bi+e —0
’ ’1_65
where d; := —<%—. Note that if K < - then
a’blm
a\ ¥ c
rg < (1_b’> To+ma

1—e
1

;,E' and k = [K/2], we have

NS
U < (1 - b’) ro + di,

But for K >

Then for k > 1+ [£], we have

2/(1 4 &) , 2/(1+¢) R,
e (12 ) e (o )

Multiplying both sides by ef, := (s + k — 1 — [%})% results in

1—¢’ 2

3+€/ K K 1+€’ 2 T+e/
< k— - = k—1-]= _ -
ekrk_(8+ 1+4¢€ [2]> (8+ [2]) "k 1+c<a’(l+e’)>

<ep_1Tk—1 + do, (22)

2
where ds := ¢/ (ﬁ) """ The last inequality is due to the Jensen’s inequality and the fact that

log(x) is concave, hence,

Summing up 22) from k = [K/2] + 1 to k = K gives us
exrTr < ek Tk /2 + d2(K — [K/2]).

Consequently,
2

e K —|K/2 s —1)1+ K —|K/2
pe < SR (K)o DT (K K2

eK €K €K €K

2 K

1) a2 K —[K/2
JGoum (0 a\EL N LK)

(57¢ b (57¢
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On the other hand, we have ex > (K — [K/2]) e > (K/2) T, which leads to the following upper
bound for r g

135’ al [%]
TK<(S_1)2<(1_,) T0+d1>+(1216/
(K — [K/2)) ™ b (K — [K/2]) T

_ 1\ N 5] d
§(8)2<(1—Z/> T0+d1>+21_€,.
(K/2) =+ (K/2)

For the lower bound, we use the following inequality

2 1+€
(m—1+ > o> (2 —2)?, Vo >2.
€

This implies
exTl = €g—2Tk—1 + da.
Multiplying the above by ej_1, we get
€k—1€kTk > ek—1€x—20k—1 + daeg_1.
Summing up the above expression from k = [K/2] + 1 to k = K gives us
EK—1EKTK = €[K/2)€[K/2]—1T[K/2] T d2 (e[K/Q] +..+ eK)-
2 2 .

Using Zf;K_1 i1 > fssle 21T+ dx, we obtain

Kt
2 2
Ki+e Ki+e
To show that no other designs of stepsizes can achieve better rate, we show that even with the optimal
stepsizes, the rate will be the same as above. Note that the dynamic in 1) is a nonlinear function of

the stepsize 7, that has a global minimum which can be obtained by taking a derivative of (ZI)) with
respect to 7. This optimal stepsize is given by

’ 1/(1—¢)
e = (a(He)m) . 23)

ric =9 ):mK%ﬂ

2c!

Using this stepsizes will lead to the following dynamic
2 -1
Trp1 =1e(1—Arp,=° ), 24

where A := ¢/( L‘_: )( a/(;je) ) T2 Given the result of Lemma@ the convergence rate of this dynamic
is (’)(k—%i ). See Figurefor an illustration of an example that shows both the simulated ry, in (24)

and its corresponding optimal rate. Different colours show different e.

O

C Proofs for Section 4 and Additional Discussion

This Section is organized as follows. First, we elaborate on the intuition why one needs to resort to
variance reduction techniques in order to improve over SGD analysis provided in Section|3| Then we
highlight the key challenges associated with the analysis of variance reduced methods under global
KL condition and introduce a new variance reduced method PAGER. We explain the intuition why
PAGER overcomes the aforementioned challenges and improves over SGD in online case (IJ), and
over SGD and GD in finite sum (2)) case. Finally, we provide convergence guarantees for each setting
in Theorems [4 and

"Note that Theorems E] and|5|are detailed versions of Theorems[2and |3|provided in Section
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R - —-0.66
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Figure 3: An example to verify equation (24) for € € {0.2,0.8}. Solid and dashed lines denote the

1—e
simulated dynamic in Lemma 3|and its corresponding theoretical rates, i.e., O(k~ 7<), respectively.
Numbers assigned to dashed lines indicate the slope of those lines.

Why SGD is not enough? Notice that the analysis in Section [3] in particular, implies that if we
want to solve problem (I)) using SGD with constant step-size 7 and a mini-batch with replacement
gradient estimator of size b, we immediately obtain a recursion

772LJ2
2b

It is easy to see that if 7 is fixed, then the last (variance) term in the above recursion can be only
controlled by selecting large enough bE] Assume that we want to solve our problem to € accuracy
2

2
Opp1 — O < —nuds +

(25)

(67 < €¢). Then to balance the two terms on the RHS, one needs to take b ~ 6;5. This choice

2
simplifies the recursion to d;11 — 6 < —"20,. Applying Lemma@with c= QjT"‘, we conclude
—(2-a)
that one needs T' ~ €, *  iterations to reach 07 < ef. Thus, the total sample complexity is
—(4—a)

b-T ~ ¢ P This observation implies that we need to construct a more sophisticated gradient
estimator than mini-batch estimator in order to improve the sample complexity of SGD.

Variance reduction and challenges under KL condition. One common technique to design faster
algorithms in stochastic optimization is to reduce variance of the gradient estimator using a control
variate. It turns out that using such variance reduction techniques one can often design a gradient
estimator at a much lower cost, while maintaining the same iteration complexity. Let us turn our
attention to one popular variance reduction mechanism called PAGE. The main steps of PAGE method
is described in Section 4] the detailed pseudo-code is presented in Algorithm[3] This method was
originally proposed and analyzed for general non-convex and 2-PL objectives [36]. However, its
application to a-PL functions with « € [1, 2) remains elusive. If we try to apply the standard analysis
of PAGE, it will become apparent that we face several challenges. In particular, Lemma 8| along with
Lemma [ provides the following inequality for the iterates of the Algorithm 3]

2 4 2-a D¢ 02
Ui - < e - PG (1 - %\Pﬁ ) D (26)

where U, = d; + AGy is a candidate for a Lyapunov function and G is the variance of the gradient
estimator, and A > 0. To illustrate one key obstacle in the analysis of PAGE in online setting, let us
set G = 0 for simplicity

pAo?

2
Ui =0y < =¥y + o 27

">The results of Corollaryand Lemmaimplies that changing 7 and b with iterations does not help.
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Now, this recursion is very similar to (23). Therefore, the same argument applies here. In particular,
2

one can argue that given constant parameters 7, b’ and p, we need to take b ~ e;g. Thus the total
—(4-a)

sample complexity is again no better than b - T ~ ¢ s © - Note that the assumption G = 0 was

only made to illustrate one difficulty. Rigorously proving the fact that the term including G/ is small

constitutes another challenge.

Faster rates via PAGER in online case. However, we notice that in (26), we have one more degree
of freedom — the parameter p, which can be selected small enough to ensure smaller per iteration
cost of the method. This intuition brings us to PAGER (Algorithm 2, a new modification of PAGE
method with varying parameter p. |'°| We carefully select the sequences {px }1~q» {0k} >00 10% o0

for PAGER in order to obtain a small per iteration cost of order pyby + b;c ~ 6;1. This leads to a

2/(

much faster convergence with e; * sample complexity.

Difficulties in finite sum case and a fix via PAGER framework. Let us now consider a finite sum
problem (2) and directly apply Algorithm 3] with (constant) parameters 7, p, b, b’. Then we arrive at
the following recursion

2 A
(U — AGy)® — %Gt

2 pA dnu(n +1) _ 2=«
—np¥e — ?Gt (1 - %\I]t “

\I/t—‘rl - lIlt

IN

IN

where we applied Lemmaand selected optimal parameters p = n%rl, b=mn,b = 1. By choosing

a small enough stepsize 1, we can unroll the above recursion and obtain the sample complexity
2—«
O( (nby + v/nk) (%) “ ), where 6 = f(zo) — f*, & = £/u. However, this complexity is
clearly not what one should hope for when analyzing a variance reduction scheme for problem @.

2-a
Notably, this complexity can be even worse than the one of standard GD, which is O (nn (% ° ),

for instance, when &g > x. The main reason for this slowdown is that in the analysis of Algorithm
with constant parameters, we are forced to take small step-sizes of order = (9(%50) to ensure
progress. Luckily, thanks to a flexible choice of parameters in PAGER, we can overcome this difficulty
and provide improved convergence guaranties. Specifically, the framework of Algorithm [2]allows us

to select an increasing sequence of step-sizes until it reaches the value n = O(ﬁ .

Algorithm 3: PAGE

1: Initialization: xg, go € R4, step-size 7 , number of iterations T, probability p, batch-sizes b, b’
2: fort=0,...,7T—1do
3 Xty =T — NGt

4:  Sample x ~ Bernoulli(p)
5. if x = 1 then
b

6: G411 =7 2oiy Ve (2i41)
7. else
8 — 150 \a _ 1 \a

Jt+1 =gt + 3 Zi:1 f§;+1(xt+1) o Zi:1 f5:+1($t)
9: Return: xp

C.1 Proof of Theorem

Now we state and prove a detailed version of Theorem 2}

Note that originally PAGE was only analyzed with constant parameter p, the extension to an arbitrarily
changing p; is not trivial.
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Theorem 4. Let f(-) have the form (1)) and satisfy Assumptions|I) B|(with o € [1,2)), [5|and[6] let
the sequences in Algorithm[2|be chosen as

where Ug = f(Zo) — f(x*) + Ao |go — V£(Zo)|%, No := 4770(15#)0. Then, for any ey > 0
2—«
Algorithmreturns a point T with E[f(Zr) — [*] < €7 after N := 2(:—01 T, = O(G;T)

iterations. The expected total computational cost (sample complexity) is

K-1

cost = Z T (prbr +2(1 = pr)by) = O <€f %> :
k=0

Proof. Combining the result of Lemma and Lemma with a = % T = A\P—C’:’ < 1, we obtain the
following recursion

2 pe) 4 2-a DPrAg 02
Ui =W < iy - PERG, (1—;5%“ >+’“2’“bk7 (28)

where W, = &, + MGy, Gy = E[Sllg~ VI, 6 = E[f(m)~ f@)] A =
bi,

Ang (1—pi) L2

Define the sequence {W}, _ as ¥y := E {f(i:k) — f(@*) + M\ ||k — Vf(a?k)HQ}, which corre-
sponds to the outer loop of the Algorithm[2} Foreach k = 0, ..., K — 1, the inner loop of Algorithm[2]
starts with 2o such that U, := Uj. Let us prove by induction that within the outer loop U, < %
fork =0,...,K —1and, foreach k = 0,..., K — 1, within the innef loop we have ¥, < U,
fort =0,...T; — 1 (unless we reached the desired accuracy ¥, < Y. _ within the inner loop).

—a

22«
The induction base for the outer loop and k£ = 0 is trivial. The induction base for the inner loop and
t = 0 is verified by the assumption on the step-size and the choice of batch-sizes when k = 0. Fix
k=0,...,K—1andt =0,...,T; — 1 and assume that we have ¥, < ¥, ; < ¥y = ¥} and
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U, < J2. Then it follows from (28) that

2 ppA 4 2-a Pk O
Ui =0 < -ty - PEEG, (1 ~ pf—g% - ) + o
2 Pk dnp - 2-o ik 02
< gup - PR (- T TRk T
- ot 2 t( [Ne" k + 2 by
< g _ P (A Do\ ° \ | prAeo’
- t 2 pra \ 2 2 by
© 2 PEARO
< eV + 2 by
.. 2 /
() 2 pro by,
2 e 2 Tk
Ty b dn(1 = ) L2
(44%) 2 o? 1
R 1R I
nuw¥ e + b 8L
— 2
(iv) 2 np o °
= — \I/a _ -
MLty (2.22?.%)

2—«

where (i) follows by pj, > - = 4%“ (%) " and the assumption on the step-size, (i) is due
k

to A\ = MW, (44) is due to fﬁ—;’; = 1, and (4v) holds by the assumption on the batch-size

2—«
—a [k oy =2\ o
by.. The above recursion guaranties that after at most 7}, = % (2 2% (% + 2 (%) - ))

s — — Yo Indeed,iffort=0,..., T — 1,
22 a 2.2« .2k

- 2

we have not reached ¥; < 2‘1,’7?,&, then ¥,y — Uy < —%\I’f < 0 and by Lemma|§|(with
227 2k

c= QTTO‘, b= mnu/2), we get Up, < 'IQO_Q = —2=—. Now it remains to analyze the outer loop of
2.

o _ Uy
0 =

inner loop iterations, we have U, <

27 22
Algorithm By the dqﬁnition_of U}, and the choice of batch-sizes b;c we have A\ < 25" A and
\leﬂ < 275" Wp < % < 2‘,5’421. Thus, the induction step is complete.

In order to achieve Uy < € f>weneed K = log, (E’—;) outer loop iterations. The total number of
iterations is

K-1
N = Ty,
k=0
K-1 2 . Qk o 2cx
- = <2 9%5* <@+2(”2“)”>>
o K 0
2—«
2 2oy 52 A 0k 25\
- )T (T T
yIs = \ Yo 2
- 2.22@;0‘) U +2<77H)ﬁ "';“K—l(22_a)k
a N T 2 P
2(2—a) 2-a
iy ey N S O
B N Uy 2
2(2—a) o 2—«a _ 2—a
2 (U () )T oy ()
- N Yo 2 €f



The expected computational cost per iteration is

prbe +2(1 — pr)by,

Denote A := (

cost

02'24/(12

[0}

IN

IA

IN

IN

4nL2 0,

Y
L

K—

a

(6]

Qk) o

8np (‘Ilo

(%

(

(2 22—70)% 202 2k «
nL: Wy Anp
g2 . 2%e? «
Lz Wy o dnu
(02 - 9e? « ) ok
_2—a :
47’]£2‘1/0 477,u\IJO o

(prbr +2(1 — pr)by,)

“3== |, then the total cost is
Anu¥

2—«

2k o
250 (0)
8np \ Yo

2—«
2k Ta
)

2—a
2k Ta
)



which further simplifies by using the value of A and the step-size

A 1 %Ta 2
t = O — (= 2K) =
. (W (‘I’o) %) )

A 1 & \I/())a
= O == Z0
(nu (‘1’0) (€f >
_ @<A% <1>5>
n €f
_ 2(a—1) 2
o2 U, « 1\~
o[ ) @)
((u n?u? €f
2 2(a—1) 2
o) ()
7 €r

C.2 Proof of Theorem

Now we state and prove a detailed version of Theorem 3]
Theorem 5. Let f(-) have the form @) and sansfy Assumptzonsl I 3| (with « € [1,2)) and @ let the

sequences in Algorzthm@be chosen as py, = n+1’ . =10b,=mn,
1 U2k+1 Ta
Ty = — ( + 2 (Mep ) ;
mee \ Yo (ege)

. 1 « ok
= min _
Tk o/nL’ au(n + 1) \ T, ’

where Wy = f(Zo) — f(x*) + Xollgo — VF(Zo)|I”, Ao =
Algorithm@returns a point T withE [f(Zx) — f*] < € after

W Then, for any ey > 0,

2—a

N = KZ:ka (n+ff@e “)

iterations. The expected total computational cost (sample complexity) is

K-1

cost 1= Z Ty (prbr + 2(1 — py)by,) = (n + Vnke, = ) .
k=0

Proof. Combining the result of Lemma and LemmaE|with a= %, T = /\TG; < 1 and noticing that

o2 = 0, we obtain the following recursion

2 A dnp(n+1) 2=
Ui =0y < —nu¥y — %Gt (1 - %\Ijt ° ) ) (29)

where U, i= 8, + MG, Gy = E [ 4llge = VS @)I], 00 := E[f(@) = F@) M = gpiyze-

Define the sequence {\Ilk}kzo as Uy, == E {f(:ik) — fla*) + X |Gk — Vf(jk)H?] and )\, =

W, which corresponds to the outer loop of the algorithm. For each k = 0,..., K — 1,
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the inner loop of Algorithm |2 starts with xo such that g := Uy. Let us prove by induction
that the sequence {\Ilk}k>0 satisfies ¥, < % forall K = 0,..., K — 1. The induction base for
k = 0 is trivial. Let us prove the induction step for k + 1. The evolution of the inner loop is

2
characterized by (34) and given the assumption on the step-size, we have ¥;; — ¥, < —nuW¥ for
allt =0,...,T; — 1. Therefore, by Lemma@(wuh c= 2 <, b = nu) we have

U+ ()™ Oy U+ ()™= By
(nkuTk)ﬁ U2 42 () ==

U+ ()™= 0y, . \T’o (i) Ty

U+ (nk-,u) 7)? 2k‘+1 — 2k+17

Uy <

JA—

where in (i), we used U, < % Furthermore, since 711 > 7, then A\ y1 < Ay and W g <
Y, < %, and the induction step is complete.

In order to achieve U < € ¢, we need K = log, (TO) outer loop iterations. The total number of
iterations is

K-—1
N = 31
k=0
@ KL Mn41) (To\ = U2\
0
2 o 2 AN
e

IN
=
I
"

S 2 (o)) () T )
) () ) )
| |

2-a _ 2-a  _
e v 2 2U 1 A
() 2 (1Y (0
€f 2% —1 Uy /nk €f

where in (7) we used the assumption on the step-sizes. The expected computatlonal cost per iteration
is prbr + 2(1 — pg)bj, < 3 and thus the total cost is O(n + ke, ). O
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=
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+
=
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[ 4040 (5 (i, o

— 6<n+\/ﬁme;2;a>,

C.3 Technical lemmas

Lemmad. Letx < landa > 1, then (1 — z)* > 1 — ax.
Proof. The results follows directly by applying the definition of convexity. O

The following lemma is standard, we provide its proof for completeness.

Lemma 5. Suppose that function f(-) is L-smooth and let v, 1 = x; — 1ng;, where g; € R is any
vector, and n > 0 any scalar. Then we have

L
avnn) < 1) = VS = (5= 5 ) lows =+ Lo = V@l G0)
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Proof. Define z,;1 := x; — nV f (x;), then using Assumption || after some rearrangements we
obtain

L
f@1) < fm) +(Vf (@), 241 — 20) + 3 2ot — ze]|?
L
= fx) +(Vf () = 96, i1 — 24) + (9, Tpg1 — T4) + 3 [E—k

= £+ (9F ) = g ng) = (5= 5 ) o —

= F) IV () — gl =0 (VF @) — g VF () — (}7 - L) l2esr — ]

2
1 1 L
= f@)+nlVf () =gl - " (Tt41 = Teg1, T — Tegr) — (77 - 2) [
1 L
= F IV @) -l - (3= 5 ) hover -l
1
~gp (e =2t e = 2ol = s = )
1 L
= F VS @) -l - (3= 5 ) v - ol
1 2 2 2 2 2
=g (P95 @) = all* 47 195 @I = e = )
1 L
= Fe) - LIV @l - (5 = 5 ) o -l + Dllac— 97 @l

Lemma 6. Let {ry} k>0 be a non-negative sequence, which satisfies
Tpe1 < rE(l—=0bry), forallk
and c > 0. Then
U+bY/e
e < +7r‘3/c7
(b(k+1))

where U := 2/ . c=51 + Ve,

Proof. Define uy, := @(k)ry, o(k) := (b(k + 1))1/°. Then using p(k + 1) — ¢(k) < %*"(kﬂ) and
1< o(k+1) (o(k))™" < 2"¢, we obtain

U1 —up = p(k+ Drrp — o(k)re
(Pl + 1) = (k) 7 = bp(k + 1)y *
(k1) = (k) () ™" e = biplk + 1) (k) "yt
(o4 1) = ) (o) s (1= Gy s
< (plk+1) = o) (p(k) ™ i (1= cuf).
It follows from the above recursion that the sequence {uy, } k>0 is bounded for all k. Indeed, define
F(k,u) := (p(k+1) — (k) (p(k)) " u (1 — cu®). Notice that for all k > 0 and u > ¢~/ we

have F(k,u) < 0 and for all k,u > 0 we have F(k,u) < 2"/¢- ¢~ ¢~1. Now it is straightforward

to see that uy, < ug + 27/¢ - ¢=¢~1 4 ¢="/<. It only remains to return to ry sequence to obtain the
desired result. O

IN
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Lemma 7 (Lemma 4 of [36]). Let Assumptions E| and @ hold, and let for x ~ Bernoulli(p) and
g: € R%, we construct Jt41 Via

b .
Gri1 = R vjﬂ“(xwl) rox=t 31)
g+ & S (Ve @) = Vi, @) i x=0.
Then
1-p)L? 2
Git1 — Gy < —pGy + %Rt + %, (32)
where Gy := E [% llge — Vf(xt)||2], R, =E [% lzer1 — xt||2].
Proof.
1
Giy1 = E [2 lgiv1 — Vf ($t+1)||2]
2
_ 1
= 3 vagm (@t41) = Vf (@t41)
i -~
1 1<
+(1-pE 2%+U;;@%h@%ﬂ—v@ﬂ%0—vﬂﬂﬂ)
- / 2'_
po? 1 1
< G 0B |G lacr 530 (Ve ) = Ve, (20) =V ()
po? T 1 ~ 2 _
= B+ (1-DE |5 |0~ VS @)+ Bt z) = Ao
o 1 1~ 2
_ Zb+u—MELﬂm—VNmmﬂ+O—MELHNMHJQ—N%HJW”
1 1-p)L%_J1 po?
< A-0E [ lo - VF @l + CS2EE |l P + 5
1-p)L o
= (n G PR B

where the first inequality holds by Assumption [5]and the second inequality is due to Assumption [f]
. N b
with A(w,y) == X0, (Ve @) = Vi, W), Al,y) == V(@) = Vi), o = @,

Yy = Zt.
O
Lemma 8. Let f(-) satisfy Assumptions @ and @ Assume that the step-size in Algorithm

satisfies
1 pb 1
< — .
n < mm{% s pM} (33)

Define ¥, := E [f(zt) — fl@) + Mg — Vf(a:t)HQ}, A= W. Then Algorithmgener-
ates a sequence of points {x+},- such that

2
\I’t+1 — \I/t < —n (\Ijt — )\Gt)‘l — 7Gt + = —. (34)

Proof. Using the notation G; := E [% gt — Vf(xt)||2}, R, := E [% |z — xtHQ}, 0y =
E[f(xz¢) — f(z*)] and assumption on the step-size n < 5~ L, it follows by Lemmathat

041 — 0 < —*E [va(xt)H } - %Rt +nGj.
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Using Assumption Jensen’s inequality for = +— T4, we get
2 1
6t+1 — 5,5 S —77/J/§ta + ’l?Gt — %Rt

For p < 1, it follows from Lemma that

b pb’ b po?
—R < ——— (Gy1 — Gy) — G —.
R e L M (e Tl
Thus, combining the above two inequalities, we get
1 b 2 1 pb’ b po?
041 — 0t + — ——— — < —nuét — | ———— — —_—
=0t e G =G < — (g ) G g

Let ¥y 1=t + AGy, A = MIEW' Using the assumption on the step-size, n < , /ﬁ, we
get

U1 =V = 041 — 0 + A(Geg1 — Gy)
= 01— 0t + 7277(1 b/p)ﬁz (Gi41— Gy)
< cwit - G
= s - %Gt %%2
= —nu (¥~ AGy)* *%\Gt+%%2

D Convergence in the Iterates

In this Section, we assume that «-PE. condition holds with « € (1,2]. We provide convergence
guaranties in the iterates to the set of optimal points X*, which we assume to be non-empty. The
sample complexity results are summarized in Table[2] The results in Table[2]are obtained by translating
the sample complexity results reported in Table[I|to convergence in the iterates via Proposition 4]
Note that in the special case o = 2, our rates in both Tables[I] and [2] recover the optimal rates for
online case [26 23] 130] and the best known results for finite sum case [49, |36].

Proposition 4. Let Assumption [3| hold with o € (1,2] and the set of optimal points X* =
argmin,, f(x) is not empty. Then

a 1
a—1+/2u

where dist (x, X*) := mingex~ ||y — z|.

dist (z, X*) < (f(z) — f)%  forallz € RY, (35)

The above result can be obtained by following the argument similar to the proof of Theorem 2

in [26] (where it is shown for a particular case a = 2). The only difference is that one should
a—1

take a disingularizing function as g(z) = (f(z) — f*) = , where f* = min, f(z). This result

immediately implies convergence in the iterates via

E [m)gl o — y||] — E[dist (2, X)
B3 o 1 N
S it lU@ -]
« 1 7y 2=t
< L) (36)

where the last inequality holds by Jensen’s inequality for a concave function ¢ +— o

'“While our analysis for variance reduction formally holds for oz < 2 only, the special case o = 2 can be
easily recovered via standard techniques, e.g., [49,136].
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Table 2: Summary of sample complexity results for a-PE functions (Assumption [3) with o € (1, 2]
under average £-smoothness (Assumptlons@ and bounded variance (Assumptions|3). Quantities: a
= PL power; 1 = PL constant; x = £/u; 0% = variance. The entries of the table show the expected
number of stochastic gradient calls to achieve E [dist (z, X*)] < €., where X* # () is the set of
optimal points of f(-).

Method Finite sum case Online case
a—2 2—a
GD 0 (nwiszl) (%) “*1) N/A

SeP © (RU%% (é)iﬁ) @] (KJZM% (i)m>

PAGER | O (n IV =) (A) i%a) (new) | © <(‘;i n rﬁ) yi= (if) “*1> (new)

a3

E Simulations

In this section, we perform numerical tests to evaluate the performance of the discussed methods.
Our experiments are based on the RL setup described in Example [5]since we believe that it is one of
the most interesting applications of our theoretical results. The goal of our experiments is twofold.
First, we want to make sure that variance reduction technique is useful in maximizing a cumulative
reward for policy optimization tasks. Second, it is interesting to find out if the restarting procedure in
PAGER is helpful in practice.

Algorithmic adjustments. In order to make Algorithms[I]and 2]applicable to the setup of Exam-
ple[3] one needs to make some standard adjustments. First, we should specify the way the stochastic
gradient is computed. In our experiments, we use the standard GPOMDP estimator [5], which is
given by
1 r H—1
bi ryhr Shvah Z9 hs

i=1 h=0

where Zy j, 1= ZQZO Vologme(ailst), T := { st ab }h is generated according to the trajectory
distribution p(7|my), e is the parametric policy and H is the horizon length of an episode. Second,
the data distribution changes over iterations (distribution shift), and one needs to use an importance
weighting technique in order to apply variance reduction methods [47]. Importance weighting is
implemented as

by, H-1

1 7 i —
Ghe g, (01, 7) 1= i > w(rilba,01) Y A r(sh ai)Zon  w(milfs, 1) =TI
i=1 h=0

mo, (a}]s})
o, (aj]s})

Given the above notation PAGE gradient estimator can be computed as

- Gr(Ors1, Tev1), w.p. D,
Jt+1 gt + 95 (01, Tet1) — gfﬂ’wtﬂ (60, 7¢), wp.1—p

Experimental setup. We test the discussed methods on benchmark RL environments CartPole and
Acrobot that are available on OpenAl gym [12]. Both environments have discrete action space and
continuous state space. We use a neural network with two hidden layers of width 32 each and Tanh
activation function. We set parameters by default as H = 200, v = 0.9999 and initialize all runs
with the same randomly generated policy. For SGD, we use T' = 1, b = 50. For PAGE we use b = 50,
b =5, p = 0.1. For PAGER, we set initial batch-sizes as by = 15, by = 5, po = 1 Ty = 50 and
change the values from one stage to another based the formulas given by Theorem 2] (with o = 1).
We tune step-sizes from the set {10 52.1075,...26. 10~ "} and select the one that gives the best
performance based on the average reward in the last 10 iterations. The convergence curves Figure ]
are calculated as the mean over multiple runs with fixed parameters, the shaded regions represent one
standard deviation.
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Figure 4: Performance of SGD, PAGER and PAGE on benchmark RL tasks.

Results. The empirical results shown in Figure ] seem to be in line with our theoretical findings
(Theorem [2). There are two interesting observations. First, SGD requires more time to converge
compared to variance reduced methods. The difference is especially tangible for CartPole environ-
ment, where PAGER stabilizes at the maximal average reward 3 times faster than SGD. This is in line
with the theoretical sample complexity gap between PAGER — 0(6;2) and SGD - 0(6173). Second,
PAGER converges much faster than its (non-restarted) variant PAGE on CartPole task, which shows
empirically the benefit of the restarting procedure. Moreover, the behavior of PAGER is more stable
near optimum. This observation is in accordance with the intuition described in Section [Cland our
theoretical analysis because PAGER is able to reduce the variance term in (26)) at the desired rate by
varying parameters p and b over time.
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