
Technical Appendices and Supplementary Material

A Preliminaries

Let N = {1, 2, 3, . . . }. For n ∈ N, we denote by [n] the set {1, 2, . . . , n} and assume throughout
that the set of actions of players both in MABs and games is [n]. For a discrete set Ω, we denote by
∆(Ω) the set of probability distributions over Ω. We often identify a distribution p ∈ ∆([n]) with
the vector p = (p1, . . . , pn) such that pi = p(i) = Px∼p[x = i]. Finally, we define the notion of a
smooth distribution:
Definition A.1. Let n ∈ N and σ ∈ [1/n, 1]. A probability distribution p ∈ ∆([n]) is called
σ-smooth if for every i ∈ [n], pi ≤ σ.

The degree of smoothness of a distribution is governed by the parameter σ. For σ = 1, smoothness
is vacuous as every probability distribution is 1-smooth. On the other extreme when σ = 1/n the
distribution is the smoothest possible: the uniform distribution.

A.1 Cryptographic preliminaries

Let λ ∈ N denote the security parameter. We write p.p.t. to mean probabilistic polynomial time. We
let negl(λ) denote a function that is O(1/λc) for all c > 0.

A.1.1 Vector commitments

A vector commitment [Catalano and Fiore, 2013] is a tuple of p.p.t. algorithms:

• KeyGen(1λ, n)→ pp: takes as input the security parameter and size n of the vectors to be
committed, and outputs public parameters pp.

• Commitpp(v)→ cv, aux: takes as input a length-n vector v, and outputs a commitment cv
and auxiliary information aux. aux often contains the entire committed vector v.

• Openpp(vi, i, aux) → pf: takes as input a value vi, an index i, and auxiliary information
aux. It outputs a proof pf that vi is the ith component of v corresponding to aux.

• Verifypp(cv, vi, i, pf) → {accept, reject}: takes as input a commitment cv, a value vi, an
index i, and a proof pf. It accepts if and only if cv commits to a vector whose ith component
is vi (except for events with negligible probability).

Vector commitments must satisfy correctness and position binding. Correctness requires that with
overwhelming probability, any honestly generated public parameters and honestly committed vectors
yield valid opening proofs for all of their components. Position binding requires that it is infeasible
for any non-uniform p.p.t. adversary to produce a commitment and two valid proofs for different
openings of that commitment. More precisely, for all n ∈ Z+ and all p.p.t. adversaries A,

Ppp←KeyGen(1λ,n)

[
accept← Verifypp(c, vi, i, pf) (c, i, vi, v

′
i, pf, pf

′)← A(1λ, n)
∧ accept← Verifypp(c, v

′
i, i, pf

′)

]
≤ negl(λ).

We refer the reader to Catalano and Fiore [2013] for further details.

A.1.2 Succinct non-interactive arguments of knowledge

We present a simplified description of succinct non-interactive arguments of knowledge (SNARKs)
and refer the reader to Groth [2016] for full details.

A succinct non-interactive argument of knowledge for a relation generator R is a tuple of p.p.t.
algorithms:

• Setup(1λ, R) → pp, τ : takes as input the security parameter and a relation R ∈ R, and
outputs public parameters pp and a simulation trapdoor τ .

• Prove(R, pp, ϕ, w)→ pf: takes as input a relation R, public parameters pp, and a statement-
witness pair (ϕ,w) ∈ R. It outputs a proof pf of this pair’s membership in the relation.
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• Verify(R, pp, ϕ, pf)→ {accept, reject}: takes as input a relation R, public parameters pp,
a statement ϕ, and a proof pf. It should accept if and only if ϕ has a witness w such that
(ϕ,w) ∈ R.

We consider SNARKs that satisfy perfect completeness and computational knowledge soundness.

Perfect completeness requires that for all λ ∈ N, R ∈ R, and (ϕ,w) ∈ R:

P(pp,τ)←Setup(1λ,R)[pf ← Prove(R, pp, ϕ, w) : accept← Verify(R, pp, ϕ, pf)] = 1.

Computational knowledge soundness requires that there exists a non-uniform p.p.t. extractor that can
extract a witness whenever an adversary can compute an accepting proof. That is, for all non-uniform
adversaries A, there exists a non-uniform p.p.t. extractor XA such that

P

 (ϕ,w) /∈ R and (R, z)← R(1λ)
Verify(R, pp, ϕ, pf)→ accept (ϕ, τ)← Setup(1λ)

((ϕ,w), pf)← (A||XA)(R, z, pp)

 ≤ negl(λ),

where (A||XA) denotes that the extractor has access to the adversary’s internal state and randomness.

B Bandits

B.1 Definitions

Definition B.1 (Bandit). Let n ∈ N. An n-arm bandit is a vector of n distributions q = (q1, . . . , qn) ∈
(∆([0, 1]))

n.

A bandit defines a bandit oracle such that, given a query i ∈ [n] (corresponding to “pulling the i-th
arm of the bandit”), the oracle returns a utility x ∼ qi sampled independently of all previous oracle
queries and responses.

The expected utilities vector of q is a vector u = utility(q) ∈ [0, 1]n such that ui = Ex∼qi [x] for all
i ∈ [n]. A strategy for an n-arm bandit is a distribution π = (π1, . . . , πn) ∈ ∆([n]). The expected
utility of π with respect to u is Ei∼π,x∼qi [x] =

∑n
i=1 πiui = π · u.

Definition B.2 (Smooth bandit strategy). Let n ∈ N and σ ∈ [1/n, 1]. A strategy π ∈ ∆([n]) for an
n-arm bandit is σ-smooth if πi ≤ σ for all i ∈ [n].
Definition B.3 (Optimal smooth bandit strategy). Let n ∈ N, ε ≥ 0, σ ∈ [1/n, 1], let u ∈ [0, 1]n be
the expected utilities vector of an n-arm bandit, and let π ∈ ∆([n]) be a strategy. We say that π is
ε-competitive with respect to σ-smooth policies for u, if for every σ-smooth strategy π′ ∈ ∆([n]),

π′ · u− π · u ≤ ε.

If in addition π is σ-smooth, then we say that π is an ε-optimal σ-smooth strategy for u.12

Definition B.4 (Verification of optimality for smooth bandit strategies). An interactive proof system
for verification of ε-optimal σ-smooth policies for n-arm bandits is a pair of algorithms (V, P ) such
that for all n ∈ N, and for every n-arm bandit q with expected utilities vector u = utility(q) ∈ [0, 1]n

and bandit oracle Oq , and for all σ ∈ [1/n, 1] and ε ∈ (0, 1), the following two conditions hold:

• Completeness. Let the random variable

πV =
[
V Oq (n, ε, σ), POq (n, ε, σ)

]
∈ ∆([n]) ∪ {reject}

denote the output of V after interacting with P , when each of them receives (n, ε, σ) as
input and has oracle access to Oq . Then

P[(πV ̸= reject) ∧ (∀ σ-smooth π′ ∈ ∆([n]) : π′ · u− πV · u ≤ ε)] ≥ 2

3
.

1 These are special cases of definitions in Daskalakis et al. [2024] (see Definition C.3 below). The first
definition corresponds to a weak ε-approximate σ′-smooth Nash equilibrium for u, and the second definition
corresponds to a strong ε-approximate σ′-smooth Nash equilibrium for u, where σ′ = 1/(nσ).

2We neglect specifying the approximation parameter ε when it is 0, and speak simply of strategies that are
optimal σ-smooth, or competitive with σ-smooth strategies.
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• Soundness. For any (possibly malicious and computationally unbounded) prover P ′ (which
in particular may depend on n, ε, σ and q), the verifier’s output πV =

[
V Oq (n, ε, σ), P ′

]
∈

∆([n]) ∪ {reject} satisfies

P[(πV = reject) ∨ (∀ σ-smooth π′ ∈ ∆([n]) : π′ · u− πV · u ≤ ε)] ≥ 2

3
.

In both conditions, the probability is over the randomness of Oq and V, as well as P or P ′.

We also consider a related notion of verification, where the prover convinces the verifier that the
optimal σ-smooth policy has expected reward in some interval [t − ε, t + ε]. In this protocol, the
verifier does not necessarily learn this policy. This allows for very low communication between the
prover and verifier.

B.2 Protocols for verifying smooth bandit strategies

Theorem B.5 (Verification for bandits). Let n ∈ N, let σ ∈ [1/n, 1], let ε ∈ (0, 1). Protocol 1 defines
an interactive proof system (V, P ) for verification of ε-optimal σ-smooth policies for n-arm bandits
such that:

• The protocol consists of a single message of O(n log(1/ε)) bits sent from P to V .

• P performs mP = O
(
n log(n/ε)/ε2

)
nonadaptive queries to the bandit oracle and runs in

time poly(n, 1/ε).

• V performs

mV = O

(
nσ

ε2
· log

(nσ
ε

)
log

(
1

ε

))
nonadaptive queries to the bandit oracle, and runs in time poly(n, 1/ε).

In particular, if σ = Θ(1/
√
n) then mV = Õ(

√
n), and if σ = Θ(1/n) then mV is independent of n.

The proof of Theorem B.5 appears in Section D.1.

B.2.1 A protocol variant for verifying optimality of a given strategy

Lemma B.6. Let n ∈ N, let η, ε ∈ (0, 1), and let q be an n-armed bandit. There exists a protocol
(Protocol 3) consisting of a prover P and a verifier V , both of whom are allowed oracle access to q
and given n, η, ε, π as input. The protocol satisfies the following:

• Completeness: If π is an ε-optimal σ-smooth policy for q, the verifier V outputs 1 with
probability at least 1− δ.

• Soundness: If π is not an (ε+ η)-optimal σ-smooth policy for q, the verifier V outputs 0
with probability at least 1− δ.

In either case:

• The protocol consists of O(n log(1/η) log(1/δ)) bits sent from P to V .

• P performs O(n(log(n/η)/η2) log(1/δ)) nonadaptive queries to the bandit oracle and
runs in time poly(n, 1/η, 1/δ).

• V performs

O

(
nσ

η2
· log

(
nσ

η

)
log

(
1

η

)
log

(
1

δ

))
nonadaptive queries to the bandit oracle, and runs in time poly(n, 1/η, 1/δ).

Protocol 3 and the proof for Lemma B.6 appear in Section D.2.
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Assumptions:
• n ∈ N; σ ∈ [1/n, 1]; ε > 0.
• q = (q1, . . . , qn) ∈ (∆([0, 1]))

n is an n-arm bandit.

• pP =
⌈
128 ln(12n/ε)/ε2

⌉
.

• pV (b) =
⌈
128 ln(12 · (log4(1/ε) + 2) · a(b))/(4bε)2

⌉
.

• a(b) =
⌈
4bε · 4nσ · (log4(1/ε) + 2) · ln(6)/ε

⌉
.

PROVER(n, ε):
for i ∈ [n]

for j ∈ [pP ]
sample ri,j ∼ qi

ũi ← 1
k

∑k
j=1 ri,j

ũ← (ũ1, . . . , ũn)
send ũ to verifier

VERIFIER(n, ε, σ):
receive ũ from prover

for b ∈ {0, 1, 2, . . . , ⌈log4(1/ε)⌉}: ▷ Iterate over all bins.

εb ← ε · 4b ▷ Bin b contains lies of magnitude
|ũi − ui| ∈ (ε · 4b−1, ε · 4b].

ab ← a(b) ▷ Number of bandit arms to pull.
pb ← pV (b) ▷ Number of pulls to each bandit arm.

for t ∈ [ab]:

sample ib,t ∼ U([n]) ▷ Select a bandit arm at random.

for j ∈ [pb]:
sample rb,t,j ∼ qib,t ▷ Pull (query) the bandit arm.

ûib,t ← 1
pb

∑pb

j=1 rb,t,j ▷ Estimate the bandit arm’s utility.

if |ũib,t − ûib,t | > εb/8:
reject and terminate execution ▷ Reject if prover’s purported utility

is far from estimated utility.

πV ← COMPUTEOPTIMALSMOOTHBANDITSTRATEGY(n, σ, ũ) ▷ Compute op-
timal strategy
for prover’s
purported
utilities using
Algorithm 1.

output πV

Protocol 1: A verification protocol for bandits, satisfying the requirements of Theorem B.5.

B.2.2 A low-communication protocol variant

We observe that using cryptographic tools, specifically succinct non-interactive arguments of knowl-
edge (SNARKs) and vector commitments (VCs), one can significantly reduce the communication
between the prover and the verifier in our bandit verification protocol. A VC allows one to commit to
a vector, and reveal individual components whose consistency with the commitment can be proven.
The commitment and opening proofs require space independent of the length of the vector. A SNARK
allows a prover to succinctly prove that a given instance belongs to a polynomial-time computable
relation.
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We apply these tools in our protocol by having the prover send a commitment to the vector ũ of
purported rewards, rather than sending ũ in full. It uses a SNARK to prove that the optimal smooth
policy with respect to ũ has a claimed value. The verifier then proceeds exactly as in Protocol 1; but
instead of examining ũ directly at each index, it asks the prover for the value and opening proof.
Lemma B.7. Let λ ∈ N be a security parameter, let n ∈ N, let ε ∈ (0, 1), let q be an n-armed
bandit, and let u denote be the vector of expected utilities of q. There exists a protocol (Protocol 4)
as follows. The protocol consists of a trusted setup phase, in which shared parameters are generated
by a trusted entity; and an interactive phase between a prover and a verifier. Assuming the security
of the underlying SNARK Π and vector commitment VC, our protocol satisfies:

• Completeness: If the prover behaves honestly, the verifier outputs a value t that is within ε
of the value of the optimal σ-smooth policy with probability at least 2

3 − negl(λ).

• Soundness: Even if the p.p.t. prover behaves arbitrarily, the probability that the verifier
outputs a value t that is not within ε of the optimal value is at most 1

3 + negl(λ).

The efficiency of the protocol is as follows:

• If Π has O(λ)-sized proofs, and VC has O(λ)-sized commitments and opening proofs, the
protocol consists of O

(
λ · (σn log n log2(1/ε)/ε

)
bits sent between P and V .

• P performs mP = O
(
n log(n/ε)/ε2

)
nonadaptive queries to the bandit oracle and runs in

time poly(n, 1/ε).

• V performs

mV = O

(
nσ

ε2
· log

(nσ
ε

)
log

(
1

ε

))
nonadaptive queries to the bandit oracle, and runs in time poly(n, 1/ε).

We remark that there exist SNARKs with (O(λ))-sized proofs for arithmetic circuit satisfiability,
which have knowledge soundness in the generic group model [Groth, 2016, Theorem 2]. There
also exist vector commitments with O(λ)-sized commitments and opening proofs; for example, the
CDH-based scheme of [Catalano and Fiore, 2013, Theorem 5].

When nσ is a constant, the number of bits sent between P and V is only Õ(λ), hiding log(1/ε)
factors.

The protocol and proof for Lemma B.7 appear in Section D.3.

B.3 Lower bound for bandit verification

Theorem B.8. There exist constants C, c > 0 as follows. Let n ∈ N, let σ ∈ [24/n, 1], and let
ε ≥ 0. Assume that (V, P ) is an interactive proof system for verification of ε-optimal σ-smooth
policies for n-arm bandits, as in Definition B.4. Then there exists an n-armed bandit q such that if
(V, P ) are executed with access to the bandit oracle Oq , then with probability at least 9/10, V uses
at least

mV ≥ C · σn
ε2
− c = Ω

(σn
ε2

)
queries to Oq .
Remark B.9. The linear lower bound in Theorem B.8 is stated only for σ ∈ [24/n, 1], and not for
all σ ∈ [1/n, 1]. Note that for σ = 1/n there exists only a single σ-smooth policy, and so indeed a
linear lower bound cannot hold for the entire interval [1/n, 1]. However, the constants 24 and 9/10
appearing in Theorem B.8 are somewhat arbitrary, and can be replaced by constants closer to 1. □

The proof for Theorem B.8 appears in Section D.5.

B.4 Lower bound for learning smooth bandit strategies

Claim 1 (Lower bound for learning smooth bandits). Let n,m ∈ N, n ≥ 3, let σ ∈ [5/n, 1], and
let ε ∈ [0, 1/4]. Let A be a (possibly randomized) algorithm such that for any n-armed bandit q,
A performs m (possibly adaptive) oracle queries to the bandit oracle Oq, and outputs a σ-smooth
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strategy π such that with probability at least 2/3, π is an ε-optimal σ-smooth strategy for q. Then
m ≥ n/6.

The proof for Claim 1 appears in Section D.6.
Remark B.10. As in Remark B.9, the linear lower bound cannot hold for the entire interval [1/n, 1].
However, the specific constants of 5/n and 1/4 in the statement are somewhat arbitrary. □

C Games

C.1 Definitions

Definition C.1 (Game). Let k, n ∈ N. A normal-form game with k players and n actions is a
vector u = (u1, . . . , uk) such that for each i ∈ [k], ui : [n]k → [0, 1] is a utility function for
player i. A strategy profile for such a game is a vector π = (π1, . . . , πk) where for each i ∈ [k],
πi = (πi,1, . . . , πi,n) ∈ ∆([n]) is a strategy for player i.

A game defines a game oracle Ou (corresponding to “playing the game”) such that given a strategy
profile π, the oracle samples an action vector a by independently sampling a1 ∼ π1, . . . , ak ∼ πk,
and returns a vector of realized utilities u(a) = (u1(a), . . . , uk(a)). Thus, Ou(π) is the distribution
of realized utilities under u obtained by sampling a from π.

Given a game u and strategy profile π, the expected utility for a player i ∈ [k] is

Ea1∼π1,...,ak∼πk
[ui(a1, . . . , ak)].

Definition C.2 (Smooth game strategy). Let k, n ∈ N and σ ∈ [1/n, 1]. In a game with k players
and n actions, a strategy πi = (πi,1, . . . , πi,n) for a player i ∈ [k], is σ-smooth if πi,j ≤ σ for each
action j ∈ [n]. A strategy profile is σ-smooth if each strategy in the profile is σ-smooth.3

Definition C.3 (Smooth Nash equilibrium; Definition 4 in Daskalakis et al. [2024]). Let k, n ∈ N,
σ ∈ [1/n, 1], ε ≥ 0. Let u be a game with k players and n actions. A strategy profile π for u is
a weak ε-approximate σ-smooth Nash equilibrium if for every player i ∈ [k] and every σ-smooth
strategy π′i ∈ ∆([n]),

Eai∼π′
i,a−i∼π−i

[ui(a)]− Ea∼π[ui(a)] ≤ ε.

If in addition π is σ-smooth, we say that π is a strong ε-approximate σ-smooth Nash equilibrium.4

Definition C.4 (Verification of smooth Nash equilibrium). An interactive proof system for verifi-
cation of ε-approximate σ-smooth Nash equilibria for k-player n-action games with error η is a
pair of algorithms (V, P ) such that for all k, n ∈ N, for every k-player n-action game u, and for all
σ ∈ [1/n, 1] and ε, η ∈ (0, 1), the following two conditions hold:

• Completeness. Let π be any ε-approximate σ-smooth equilibrium. Let the random variable

Xπ =
[
V Ou(k, n, ε, σ, η, π), POu(k, n, ε, σ, η, π)

]
∈ {accept, reject}

denote the output of V after interacting with P , when each of them receives (k, n, ε, σ, η, π)
as input and has oracle access to Ou. Then

P[Xπ = accept] ≥ 2

3
.

• Soundness. For any π′ that is not an (ε+ η)-approximate σ-smooth equilibrium, and any
(possibly malicious and computationally unbounded) prover P ′ (which in particular may
depend on k, n, ε, σ, η, u, and π′), the verifier’s output Xπ′ =

[
V Ou(k, n, ε, σ, η, π′), P ′

]
∈

{accept, reject} satisfies

P[Xπ′ = reject] ≥ 2

3
.

3 This and the following definition correspond to σ′-smoothness in the terminology of Daskalakis et al.
[2024], where σ′ = 1/(nσ).

4We neglect specifying the approximation parameter ε when it is 0, and simply speak of (weak or strong)
σ-smooth Nash equilibria. In this paper we focus on strong smooth equilibria. Hence, all smooth NE in this
paper are strong smooth NE, unless explicitly mentioned otherwise.
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C.2 Protocol for verifying smooth Nash equilibria

Assumptions:
• k, n ∈ N; σ ∈ [1/n, 1]; ε, η ∈ (0, 1).
• u = (u1, . . . , uk) is a normal-form game with k players and n actions, where for

each i ∈ [k], ui : [n]
k → [0, 1].

• π = (π1, . . . , πk) is a strategy profile, where for each i ∈ [k], πi ∈ ∆([n]).
• For each i ∈ [k], B(i, u, π) denotes the n-arm bandit q = (q1, . . . , qn) where for

each j ∈ [n], qj is the distribution of player i’s utility given that player i plays
action j, and the remaining players play according to π. Namely, qj = Ou(π

i,j)i
where πi,j ∈ (∆([n]))

k and for all i′ ∈ [k] and all j′ ∈ [n],

πi,j
i′ (j′) =

{
πi′(j

′) i′ ̸= i

1(j′ = j) i′ = i
.

INTERACTIVE PHASE:

Both the prover and verifier are given as input k, n, σ, ε, η
δ ← 1/(3k)
for i ∈ [k]:

bi ← VERIFYSMOOTHBANDITSTRATEGY(n,B(i, u, π), σ, πi, ε, δ, η)

VERIFIER:
if bi = 0 for any i ∈ [k]:

reject and terminate execution
accept

Protocol 2: A verification protocol for strong smooth Nash equilibria of k-player n-action games,
satisfying the requirements of Theorem C.5.

Theorem C.5 (Verification for smooth Nash equilibrium). Let k, n ∈ N, let σ ∈ [1/n, 1], let
ε, η ∈ (0, 1). Protocol 2 defines an interactive proof system (V, P ) for verification of ε-approximate
σ-smooth Nash equilibria for k-player n-action games with slackness η such that:

• The protocol consists of poly(k, n, 1/η) rounds between P and V , with a total of
poly(k, n, 1/η) bits sent.

• P performs

mP = O

(
n log(n/η)

η2
· k log k

)
nonadaptive queries to the bandit oracle and runs in time poly(k, n, 1/η).

• V performs

mV = O

(
nσ

η2
log

(
nσ

η

)
log

(
1

η

)
k log k

)
nonadaptive queries to the game oracle, and runs in time poly(k, n, 1/η).

In particular, in terms of the dependence on n, if σ = Θ(1/
√
n) then mV = Õ(k

√
n), and if

σ = Θ(1/n) then mV is independent of n.

The proof of Theorem C.5 appears in Section E.1.
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C.3 Lower bound for smooth Nash verification

Theorem C.6 (Lower bound for verification of smooth Nash equilibrium). Let k, n ∈ N, k, n ≥ 2,
ε ≥ 0, η ∈ [0, 1], and let σ ∈ [2/n, 1]. Assume that (V, P ) is an interactive proof system for
verification of ε-approximate σ-smooth Nash equilibria for k-player n-action games with slackness
η, as in Definition C.4. Then the verifier must use at least

mV = Ω(knσ)

queries to the game oracle.

The proof of Theorem C.6 appears in Section E.2.

D Proofs for bandits

D.1 Proof of upper bound for verification of smooth bandit strategies

In this appendix we prove Theorem B.5.

Claim 2. Let q ∈ (∆([0, 1]))
n be an n-arm bandit with expected utilities vector u ∈ [0, 1]n. In the

context of Protocol 1, let ũ ∈ [0, 1]n be the purported expected utilities vector provided by the prover.
Assume that there exists a σ-smooth policy π = (π1, . . . , πn) ∈ ∆([n]) such that

|π · u− π · ũ| ≥ ε/2.

Then the verifier in Protocol 1 rejects with probability at least 2/3.

Proof of Claim 2. For each i ∈ [n], let ∆i = |ui − ũi|. Let B = {−1, 0, 1, 2, 3, . . . , ⌈log4(1/ε)⌉},
and let

{Ib : b ∈ B}
be a partition of the indices [n] into ‘buckets’, such that for b ≥ 0,

Ib =
{
i ∈ [n] : ∆i ∈

(
ε · 4b−1, ε · 4b

]}
,

and
I−1 = {i ∈ [n] : ∆i ≤ ε/4}.

By the assumption,

ε/2 ≤ |π · u− π · ũ|
≤

∑
i∈[n]

πi · |ui − ũi|

=
∑
i∈[n]

πi ·∆i

=
∑
b∈B

∑
i∈Ib

πi ·∆i

≤
∑
b∈B

∑
i∈Ib

πi · ε · 4b (i ∈ Ib =⇒ ∆i ∈
(
ε · 4b−1, ε · 4b

]
)

≤ ε/4 +
∑

b∈B\{−1}

∑
i∈Ib

πi · ε · 4b (
∑
i∈[n]

πi ≤ 1)

≤ ε/4 +
∑

b∈B\{−1}
|Ib| · σ · ε · 4b. (π is σ-smooth)

Rearranging and dividing by (|B| − 1) · σ · ε gives

1

|B| − 1

∑
b∈B\{−1}

|Ib| · 2b ≥
1

4σ(|B| − 1)
.
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Because the maximum is greater than the average, there exists b∗ ∈ B, b∗ ≥ 0 such that

|Ib∗ | ≥
1

2b∗ · 4σ · (|B| − 1)
≥ 1

2b∗ · 4σ · (log4(1/ε) + 2)
≥ ln(6)

ab∗
· n, (1)

where ab∗ is defined as in Protocol 1.

In the verifier of Protocol 1, consider the iteration of the outer ‘for’ loop in which b = b∗. In that
iteration, the verifier pulls ab∗ arms chosen independently and uniformly at random from [n]. The
probability that none of these arms belongs to Ib∗ is(

1− |Ib∗ |
n

)ab∗

≤
(
1− ln(6)

ab∗

)ab∗

≤ 1

6
, (2)

where we used Eq. (1) and the inequality 1 + x ≤ ex.

Assume that the verifier pulls some arm i∗ ∈ Ib∗ in iteration b∗ of the outer ‘for’ loop in Protocol 1.
Then it pulls that arm pb∗ times, and obtains an average utility for those pulls of ûi∗ . Let ui∗ and ũi∗

be the true and purported expected rewards for arm i∗.

|ûi∗ − ũi∗ | ≥ |ui∗ − ũi∗ | − |ui∗ − ûi∗ | (Triangle inequality)

> εb∗/4− |ui∗ − ûi∗ |. (εb := ε · 4b; i∗ ∈ Ib∗ =⇒ ∆i∗ ∈
(
εb∗−1, εb∗

]
) (3)

By Theorem F.1,

P
[
|ui∗ − ûi∗ | ≥

εb∗

16

]
≤ 2 exp

(
−2 ·

(εb∗
16

)2

· pb∗
)

≤ 2 exp

(
−2 ·

(εb∗
16

)2

· 128 · ln(12 · (log4(1/ε) + 2) · ab∗)
ε2b∗

)
≤ 1

6 · (log4(1/ε) + 2) · ab∗
<

1

6
. (4)

Combining Eqs. (3) and (4) implies that

P
[
|ûi∗ − ũi∗ | >

εb∗

8

]
>

1

6
. (5)

Finally, applying a union bound to Eqs. (2) and (5) implies that with probability at least 1 −
1/6 − 1/6 = 2/3, the verifier pulls an arm i∗ ∈ Ib∗ , and obtains a measurement ûi∗ such that
|ûi∗ − ũi∗ | > εb∗/8. Therefore, the verifier rejects with probability at least 2/3, as desired.

Claim 3. Let n ∈ N, let ε ≥ 0, and let u, v ∈ [0, 1]n such that maxi∈[n] |ui − vi| ≤ ε/2. Let π∗ be
an optimal σ-smooth strategy for u. Then π∗ is an ε-optimal σ-smooth strategy for v.

Proof of Claim 3. For any σ-smooth strategy π′,

π′v − π∗v ≤ (π′v − π′u) + (π′u− π∗u) + (π∗u− π∗v)

≤ (π′v − π′u) + 0 + (π∗u− π∗v) (π∗ is σ-smooth optimal for u)

≤
∑
i∈[n]
|ui − vi| · (π′i + π∗i )

≤
∑
i∈[n]

(ε/2) · (π′i + π∗i ) (max
i∈[n]

|ui − vi| ≤ ε/2)

≤ ε. (π′, π∗ are distributions)

Claim 4. Let q ∈ (∆([0, 1]))
n be an n-arm bandit. If the prover and verifier of Protocol 1 interact

with each other, and each of them has access to the bandit oracle for q, then with probability at least
2/3, the verifier does not reject, and it outputs a policy πV that is an ε-optimal σ-smooth policy with
respect to q.

9



Proof of Claim 4. Let u ∈ [0, 1]n be the expected utilities vector of q, and let ũ ∈ [0, 1]n be the
vector of estimates computed by the honest prover, as in Protocol 1. Then

P
[
∃i ∈ [n] :

∣∣ũi − ui

∣∣ > ε

16

]
≤

∑
i∈[n]

P
[∣∣ũi − ui

∣∣ > ε

16

]
(Union bound)

≤ 2n · exp
(
−2pP ·

( ε

16

)2
)

(Theorem F.1)

≤ 2n · exp
(
−2 · 128 · ln(12n/ε)

ε2
·
( ε

16

)2
)

<
1

6
. (Choice of pP )

(6)
Similarly, denoting B = {0, 1, 2, . . . , ⌈log4(1/ε)⌉}, the verifier’s estimates û satisfy

P
[
∃b ∈ B ∃t ∈ [ab] : |ûib,t − uib,t | >

εb
16

]
≤

∑
b∈B

ab · P
[
|ûib,t − uib,t | >

εb
16

]
(Union bound)

≤
∑
b∈B

ab · 2 exp
(
−2 · pb ·

( εb
16

)2
)

(Theorem F.1)

≤
∑
b∈B

ab · 2 exp
(
−2 · 128 · ln(12 · (log(1/ε) + 2) · ab)

ε2b
·
( εb
16

)2
)

≤
∑
b∈B

ab ·
1

6 · (log(1/ε) + 2) · ab
<

1

6
. (7)

Therefore,

P
[
∃b ∈ B ∃t ∈ [ab] : |ûib,t − ũib,t | >

εb
8

]
≤ P

[
∃b ∈ B ∃t ∈ [ab] : |ûib,t − uib,t | >

εb
16
∨ |ũib,t − uib,t | >

εb
16

]
(Triangle inequality)

≤ 1

6
+

1

6
=

1

3
. (Eqs. (6) and (7), union bound)

This implies that P[G] ≥ 2/3, where G is the event{
∀i ∈ [n] :

∣∣ũi − ui

∣∣ ≤ ε

16

} ⋂ {
∀b ∈ B ∀t ∈ [ab] : |ûib,t − ũib,t | ≤

εb
8

}
.

When G occurs, the verifier does not reject, and by Claim 5, it outputs a strategy πV that is an optimal
σ-smooth strategy for a bandit with expected utilities vector ũ.

By Claim 3 and the assumption that event G occurs, πV is also an (ε/8)-optimal σ-smooth strategy
for u.

We conclude that with probability at least 2/3, the verifier does not reject, and it outputs a strategy
πV that is (better than) an ε-optimal σ-smooth strategy for u, as desired.

Proof of Theorem B.5. The completeness property follows from Claim 4.

For soundness, let q ∈ (∆([0, 1]))
n be an n-arm bandit with expected utilities vector u ∈ [0, 1]n.

Assume the verifier of Protocol 1 has access to the bandit oracle for q, and it interacts with some
(possibly malicious) prover that sends a vector ũ ∈ [0, 1]n of purported expected utilities. Consider
two cases.

• Case I: There exists a σ-smooth strategy π ∈ ∆([n]) such that |π · u− π · ũ| ≥ ε/2. Then
by Claim 2, the verifier rejects with probability at least 2/3.

• Case II: For every σ-smooth strategy π ∈ ∆([n]), |π · u− π · ũ| < ε/2. In this case, either
the verifier rejects, or by Claim 5, it outputs a strategy πV that is an optimal σ-smooth
strategy for ũ. Let π∗ be an optimal σ-smooth strategy for u. Then

π∗u− πV u = π∗u− π∗ũ︸ ︷︷ ︸
<ε/2

+π∗ũ−πV u+ πV ũ︸ ︷︷ ︸
<ε/2

−πV ũ

10



< ε+ π∗ũ− πV ũ (By assumtpion of Case II)
≤ ε, (By optimality of πV for ũ)

So πV is an ε-optimal σ-smooth policy for u.

We conclude that in both cases, with probability at least 2/3, either the verifier rejects or it outputs an
ε-optimal σ-smooth policy for u. This establishes the soundness property.

D.2 Protocol variant for verifying optimality of a given strategy

In this appendix we prove Lemma B.6.

Assumptions:
• n ∈ N; q is an n-armed bandit.
• σ ∈ [1/n, 1];π ∈ [0, 1]n; ε, η, δ ∈ (0, 1).

• k = ⌈18 ln(8/δ)⌉; ℓ = ⌈ 32 ln(8(k+1)/δ)
η2 ⌉.

VERIFYSMOOTHBANDITSTRATEGY(n, q, σ, π, ε, δ, η):

INTERACTIVE PHASE:

for i ∈ [k]:

The prover and verifier run Protocol 1 with parameters n, ε = η/4, σ.

if the verifier rejects:
Let π(i) := ⊥.

else:
Let π(i) := the strategy output by the verifier.

VERIFIER:

if π is not σ-smooth or not a valid probability distribution:
reject and terminate execution

if 1
k

∑
i∈[k] 1(1)[π

(i) = ⊥] ≥ 1
2 :

reject and terminate execution

for i ∈ [k]:

for j ∈ [ℓ]:
if π(i) ̸= ⊥, sample a ∼ π(i); sample ri,j ∼ qa;
else, let ri,j = 0;

vi ← 1
ℓ

∑
j∈[ℓ] ri,j

for j ∈ [ℓ]:
sample a ∼ π; sample rj ∼ qa;

v ← 1
ℓ

∑
i∈[ℓ] rj

if median
(
{vi}i∈[k]

)
− v > ε+ η/2:

reject

accept

Protocol 3: A protocol for verifying whether the given bandit strategy is η-close to an ε-approximately
optimal σ-smooth strategy for the bandit q. It uses Protocol 1 as a subroutine.
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Proof of Lemma B.6. We first show the following useful fact:

Let π′ be any valid probability distribution, and let u be the vector of utilities in [0, 1] underlying q.
If we sample a ∼ π′ and then for each j ∈ [ℓ] we sample rj ∼ qa, then:

P
aj∼π′

rj∼qaj
for j∈[ℓ]

∣∣∣∣∣∣π′ · u− 1

ℓ

∑
j∈[ℓ]

rj

∣∣∣∣∣∣ > η/8

 ≤ δ

4(k + 1)
(8)

This follows from a simple application of Theorem F.1, by observing that the expectation of the
average of the rj’s is π′ · u:

P
aj∼π′

rj∼qaj
for j∈[ℓ]

∣∣∣∣∣∣π′ · u− 1

ℓ

∑
j∈[ℓ]

rj

∣∣∣∣∣∣ > η/8

 ≤ 2 exp
(
−2ℓ(η/8)2

)

≤ 2 exp

(
−64

η2
· ln(8(k + 1)/δ) · η

2

64

)
= 2 exp (− ln(8(k + 1)/δ))

= δ/(4(k + 1)).

Completeness. We first consider the case where the prover behaves honestly. Completeness of
Protocol 1 ensures that for each protocol run, with probability at least 2/3 the verifier accepts and the
policy sent by the prover is (η/4)-optimal. For all i ∈ [k], define random variables Xi := 1 if the
verifier accepts, and 0 otherwise. Since the protocol runs are independent, the Xi’s are independent.
We can therefore apply Theorem F.1:

P

[∣∣∣∣∣23 − 1

k

k∑
i=1

Xi

∣∣∣∣∣ > 1

6

]
≤ 2 exp

(
−2ℓ(1/6)2

)
≤ 2 exp(− ln(8/δ))

= δ/4.

Therefore, strictly more than half of the π(i)’s will be (η/4)-optimal. Furthermore, by Equation (8)
and a union bound, with probability at least 1 − δ/2, all estimates vi and v will be within η/8 of
the true values of π(i) and π respectively. This implies that the median of the vi’s will be within
η/8 + η/4 of the optimal value. Therefore, if the value of π is within ε of optimal, its estimate will
be within ε+ η/4 + η/8 + η/8 = ε+ η/2 of the median of the vi’s and the verifier will accept.

Soundness. We next consider the case where π is at least (ε+ η)-far from optimal, and the prover
may behave maliciously. If at least half of the invocations of Protocol 1 result in rejection, the verifier
rejects. Therefore, for the remainder of the proof we consider the case where more than half of these
protocol invocations result in acceptance.

Soundness of Protocol 1 ensures that in each protocol run, the verifier accepts and outputs π that is
η/4-far from optimal with probability at most 1/3. For all i ∈ [k], define random variables Xi := 1 if
π(i) is more than η/4-far from optimal and the verifier accepts; Xi = 0 otherwise. P[Xi = 1] ≤ 1/3;
therefore, it follows by the same application of Theorem F.1 used in Case I that

P

[
1

k

k∑
i=1

Xi ≥ 1/2

]
≤ δ/4.

Therefore, with probability at least 1− δ/4, strictly more than half of the πi’s have value within η/4
of optimal. Also with probability at least 1− δ/4, by a union bound, all values v and vi are η/4-close
to their policies’ true values. If both of these events occur, which happens with probability at least
1− δ/2, the median vi is at least η/4-close to optimal. Since v is within η/4 of its true value, which
more than (ε+ η)-far from optimal by assumption, v is more than (ε+ η/2)-far from the median of
the vi’s. Therefore, the verifier will reject.
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D.3 Low-communication protocol for verifying smooth MAB strategies

We use a SNARK, Π, for the family of relations parameterized by VC.pp and n:

RVC.pp,n :=


(cv, t; v) : ∀i ∈ [n], vi ∈ [0, 1]

π is an optimal σ-smooth policy for v
π · v = t

cv, auxv = VC.CommitVC.pp(v)


Proof of Lemma B.7.

• Communication. The prover sends a commitment and SNARK proof, each of which
consists of O(λ) bits. In the interactive phase, the verifier sends O(ab log(1/ε)) =
O(nσ log2(1/ε)/ε) indices, each of which can be written in log(n) bits. The prover sends
O(ab log(1/ε)) openings and opening proofs, requiring O(σn log n log2(1/ε)/ε) bits in
total.5

To show completeness and soundness, we invoke properties of the SNARK and VC to reduce the
analysis to that of Protocol 1.

• Soundness. Towards a contradiction, consider a p.p.t. adversary A that acts as the prover
and with probability at least 1/3 + 1/poly(λ) causes the verifier to output t that is ε-
far from the true value of the optimal σ-smooth policy for some bandit q. Recall that
computational knowledge soundness of Π implies that there exists a p.p.t. extractor XA that,
with overwhelming probability, computes ũ such that (cv, t; ũ) ∈ RVC.pp,n. That is, cv is
a commitment to ũ, and the value of the optimal σ-smooth policy of ũ is indeed t. Now,
position binding of the vector commitment implies that with overwhelming probability all
openings of ũ that the prover sends to the verifier are either rejected, or indeed match the
corresponding component of ũ.

Soundness of the protocol now follows exactly from the analysis of Protocol 1.

• Completeness. By construction, π is an optimal σ-smooth policy for ũ, and (cũ, auxũ) is
indeed the output of VC.Commit(ũ). Therefore, (cv, t; ũ) ∈ RVC.pp,n and completeness
of Π ensures that pf verifies with probability 1. Correctness of VC ensures that all vector
commitment openings verify with probability 1−negl(λ). The remaining checks performed
by the verifier are exactly those from Protocol 1; therefore, if the prover behaves honestly
the verifier accepts with probability at least 2/3− negl(λ).

5The numbers of queries made by the prover and verifier to the bandit oracle are the same as in Protocol 1.
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Assumptions:
• n ∈ N; σ ∈ [1/n, 1]; ε ≥ 0; λ ∈ N.
• q = (q1, . . . , qn) ∈ (∆([0, 1]))

n is an n-arm bandit.

• pP =
⌈
128 ln(12n/ε)/ε2

⌉
; pV (b) =⌈

128 ln(12 · (log4(1/ε) + 2) · a(b))/(4bε)2
⌉
.

• a(b) =
⌈
4bε · 4nσ · (log4(1/ε) + 2) · ln(6)/ε

⌉
.

TRUSTED SETUP:
VC.pp← VC.KeyGen(1λ, n).
Let R be the relation inR parameterized by VC.pp and n.
Π.pp, τ ← Π.Setup(1λ, R).

PROVER(n, ε,VC.pp,Π.pp):
for i ∈ [n]

for j ∈ [pP ]
sample ri,j ∼ qi

ũi ← 1
k

∑k
j=1 ri,j

ũ← (ũ1, . . . , ũn)
π ← COMPUTEOPTIMALSMOOTHBANDITSTRATEGY(n, σ, ũ); t← π · ũ
cũ, auxũ ← VC.CommitVC.pp(ũ); pf ← Π.Prove(R,Π.pp, (cũ, t), ũ).
send cũ, t, pf to verifier

VERIFIER(n, ε,VC.pp,Π.pp):
receive cũ, t, pf from prover

if reject = Π.Verify(R,Π.pp, (cũ, t), pf):
reject and terminate execution

INTERACTIVE PHASE:
for b ∈ {0, 1, 2, . . . , ⌈log4(1/ε)⌉}: ▷ Iterate over all bins.

εb ← ε · 4b; ab ← a(b); pb ← pV (b)

for t ∈ [ab]:

Verifier samples ib,t ∼ U([n]) ▷ Select a bandit arm at random.

for j ∈ [pb]:
Verifier samples rb,t,j ∼ qib,t ▷ Pull (query) the bandit arm.

ûib,t ← 1
pb

∑pb

j=1 rb,t,j ▷ Estimate the bandit arm’s utility.

Verifier sends ib,t
Prover sends pfũ, ũib,t ← VC.OpenVC.pp(cũ, ib,t, auxũ)
if reject = VC.VerifyVC.pp(cũ, ũib,t , ib,t, pfũ): ▷ Check opening proof.

Verifier rejects and terminates execution
if |ũib,t − ûib,t | > εb/8:

Verifier rejects and terminate execution

Verifier outputs t

Protocol 4: A low communication-complexity verification protocol for bandits, satisfying the require-
ments of Lemma B.7.



D.4 Computing an optimal smooth policy for a known bandit

Assumptions:
• n ∈ N; σ ∈ [1/n, 1]; u ∈ [0, 1]n.

COMPUTEOPTIMALSMOOTHBANDITSTRATEGY(n, σ, u):

i1, . . . , in ← sort {1, . . . , n} such that ui1 ≥ ui2 ≥ . . . uin
for j ∈ [n]:

πij ←
{

σ j ≤ ⌊1/σ⌋
1− σ · ⌊1/σ⌋ j = ⌊1/σ⌋+ 1
0 otherwise

π ← (π1, . . . , πn)
output π

Algorithm 1: A subroutine of Protocol 1. Computes an optimal σ-smooth strategy for an n-arm
bandit with a given expected utilities vector u.

Observe that the strategy returned by the above algorithm is indeed σ-smooth since 1−σ ·⌊1/σ⌋ ≤ σ.

Claim 5. Let n ∈ N, let σ ∈ [1/n, 1], and let q be an n-armed bandit with expected utilities
vector u ∈ [0, 1]n. Then executing COMPUTEOPTIMALSMOOTHBANDITSTRATEGY(n, σ, u) as in
Algorithm 1 yields an optimal σ-smooth strategy π for q.

Proof of Claim 5. Let ∆σ,n = [0, σ]n be the set of all σ-smooth strategies. ∆σ,n is compact, and the
expected utility function f : ∆σ,n → R given by

f(π) =

n∑
i=1

πiui

is continuous. By the extreme value theorem, f attains a maximum in ∆σ,n.

Let π∗ = (π∗1 , . . . , π
∗
n) be the strategy constructed by the algorithm. Namely, for indices i1, i2, . . . , in

∈ [n] such that ui1 ≥ ui2 ≥ · · · ≥ uin , we have that π∗ij = σ for j ∈ [⌊1/σ⌋], and the remaining
weight, if any, is at index ij for j = ⌊1/σ⌋+ 1.

We argue that π∗ is a maximum of f in ∆σ,n. Indeed, assume for contradiction that there exists
π′ ∈ ∆σ,n such that f(π′) > f(π∗).

Let s ∈ [n] be the smallest index such that π′isuis ̸= π∗isuis (such an index exists because f(π′) ̸=
f(π∗)). Then π′is ̸= π∗is . However, by construction of π∗, it must be that π′is < π∗is ≤ σ.

Let t ∈ [n] be the largest index such that π′it ̸= π∗it . Note that t > s and π′it > π∗it (otherwise, that
would be a contradiction to f(π′) > f(π∗)).

By the choice of i1, . . . , in, it must be that

uis > uit , (9)

since otherwise, uis = uis+1 = · · · = uit , and that would be a contradiction to f(π′) > f(π∗)
(because π′ and π∗ differ only on indices i such that i ∈ {is, is+1, . . . , it}).
Now, let δ = min {σ − π′is , π

′
it
}. Note that δ > 0 (because π′is < σ and π′it > π∗it ≥ 0). Consider

the strategy πδ = (πδ
1, . . . , π

δ
n) which is a modification of π′ at two entries, such that

• πδ
is
= π′is + δ ≤ σ,

• πδ
it
= π′it − δ, and

• πδ
i = π′i for all i /∈ {is, it}.
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Note that πδ is σ-smooth, and furthermore,

f(πδ)− f(π′) =
∑
i∈[n]

ui · (πδ
i − π′i)

= uis · (πδ
is − π′is) + uit · (πδ

it − π′it)

= uis · δ + uit · (−δ)
= δ(uis − uit) > 0. (by Eq. (9) and δ > 0)

This is a contradiction to the maximality of π′.

D.5 Proof of lower bound for verification of smooth bandit strategies

The proof of Theorem B.8 uses ideas from the proof of Lemma 3 in Even-Dar et al. [2002]. Specifi-
cally, it uses a reduction to the coin bias problem, which is defined as follows.
Definition D.1 (Coin Bias Problem). Let ε, δ ∈ (0, 1) and let m ∈ N. An algorithm A solves the coin
bias problem with precision ε, confidence 1− δ, and sample complexity m if for every b ∈ {−1, 1},

PX∼(Ber( 1
2+bε))

m [A(X) = b] ≥ 1− δ.

The probability is over the randomness of A and of X = (X1, . . . , Xm), which is an i.i.d. sample of
size m from the Bernoulli distribution with parameter 1

2 + bε.

The following well-known claim gives a sample complexity lower bound for the coin bias problem
(see, e.g., Lemma 5.1 of Anthony and Bartlett, 2002; cf. Theorem 11.8.3 in ?).
Claim 6 (Lower Bound for the Coin Bias Problem). Let ε, δ ∈ (0, 1/4) and m ∈ N. Consider the
following experiment:

1. Sample b ∼ U({−1, 1}).
2. Sample X1, X2, . . . , Xm i.i.d. from Ber

(
1
2 + bε

)
.

Let f : {0, 1}m → {−1, 1}. If
P[f(X1, X2, . . . , Xm) = b] ≥ 1− δ

then

m = Ω

(
log(1/δ)

ε2

)
.

The reduction from the coin bias problem to bandit verification is depicted in Figure 1.

1 2 3 4 · · · n−1 n

Prover P1: 1
2−ε 1

2−ε 1
2−ε 1

2−ε · · · 1
2−ε 1

2−ε

Verifier V1: 1
2−ε xt xt

1
2−ε · · · xt

1
2−ε

Prover P−1: 1
2−ε 1

2−ε 1
2−ε 1

2−ε · · · 1
2−ε 1

2−ε

Verifier V−1: 1−xt
1
2−ε 1−xt

1
2−ε · · · 1

2−ε 1−xt

Figure 1: Illustration of the reduction from the coin bias problem to bandit verification. Algorithm 2 is given
access to a coin with distribution Ber

(
1
2
+ b∗ · ε

)
for some unknown b∗ ∈ {−1, 1}. Algorithm 2 defines two

instances of bandit verification, (V1, P1) and (V−1, P−1). The prover in both cases has access to a bandit oracle
where all arms have utility Ber

(
1
2
− ε

)
. The bandit oracles for the verifiers are similar, except that a subset of

1/σ arms selected at random (depicted here in green) has different utilities. For V1, the reward for these arms is
generated by simply flipping the coin each time the arm is queried to get a fresh sample xt ∼ Ber

(
1
2
+ b∗ · ε

)
.

For V−1 the process is similar, except that the reward is 1− xt, i.e., the outcome from the coin is reversed. This
design ensures that verifier V−b∗ has an oracle where all arms have reward Ber

(
1
2
− ε

)
, whereas Vb∗ has a

subset of 1/σ arms with reward Ber
(
1
2
+ ε

)
.
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Assumptions:
• n,m ∈ N, σ ∈ [24/n, 1], ε ≥ 0. For simplicity, assume 1/σ ∈ N.
• (V, P ) is an interactive proof system for verification of ε-optimal σ-smooth

policies for n-arm bandits, as in Definition B.4.
• x1, x2, . . . , xm ∈ {0, 1} are sampled as in the coin experiment of Claim 6.

DECIDECOINBIAS(x1, x2, . . . , xm):

for b ∈ {−1, 1}:
sample Ib ∼ U

((
[n]
1/σ

))
▷ Ib ⊆ [n] is a subset of cardinality |Ib| = 1/σ.

(Vb, Pb)← fresh copy of (V, P )

q ←
(
Ber(1/2− ε), . . . ,Ber(1/2− ε)

)
▷ q is an n-arm bandit.

b← 1 ▷ Simulate interactive proof (Pb, Vb).

t← 1

while t ≤ m: ▷ Use coin sample xt for t = 1, 2, . . . ,m.

continue simulation of (Vb, P
Oq

b ) until Vb terminates or queries an oracle arm

if Vb queried an arm i ∈ [n]:

if i ∈ Ib:

r ←
{

xt b = 1
1− xt b = −1 ▷ Simulate arm i ∈ Ib using coin sample xt.

send r to Vb

b← (−b) ▷ Switch to simulating (P−b, V−b).

t← t+ 1 ▷ Proceed to next coin sample.

else:

sample r ∼ Ber(1/2− ε) ▷ Simulate arm i /∈ Ib.

send r to Vb

else: ▷ Vb has terminated.

π ← output returned by Vb

if π = reject or
∑

i∈Ib πi ≥ 1/2:

output b and terminate
else:

output −b and terminate

output ⊥ and terminate ▷ We have exhausted our sample supply x1, . . . , xm.

Algorithm 2: A reduction from the coin bias problem of Claim 6 to verification for smooth bandits
(as in Definition B.4).

Proof of Theorem B.8. For simplicity, assume that 1/σ ∈ N. We show a reduction from the coin bias
problem of Claim 6 to verification for smooth bandits (Definition B.4).

The reduction is given in Algorithm 2, which solves the coin bias problem by simulating two copies
of an interactive proof (V, P ) for bandit verification, denoted (V1, P1) and (V−1, P−1).

In both copies, the prover is given oracle access to an n-armed bandit where all arms have utility
Ber(1/2− ε). For each b ∈ {−1, 1}, the verifier Vb is given access to a bandit oracle corresponding
to a subset Ib ⊆ [n] of cardinality 1/σ that is chosen uniformly at random. For each arm i /∈ Ib, the
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utility is distributed Ber(1/2− ε), the same as in the prover’s oracle. However, for arms i ∈ Ib, the
utility is simulated using a sequence of i.i.d. samples x1, x2, . . . , xm from the coin bias problem.
Specifically, for verifier V1, the utility for an arm i ∈ I1 is simulated by returning xt, where xt is the
next unused sample from the sequence x. In contrast, for verifier V−1, the utility for an arm i ∈ I−1
is simulated by returning 1− xt (flipping the value of the next available sample).

Algorithm 2 alternates between simulating the interaction of (V1, P1) and the interaction of
(V−1, P−1). Each interaction is simulated until a sample xt is used, at which point Algorithm 2
switches to simulating the other interaction. This ensures that the numbers of samples xt used for the
two simulations differ by at most 1.

Assume that the bias of the coin is 1/2 + b∗ · ε for some fixed but unknown b∗ ∈ {−1, 1}. Observe
that for all b ∈ {−1, 1}, all arms in the bandit oracle for Vb that are not in Ib have utility distri-
bution Ber(1/2− ε); however, in simulation (Vb∗ , Pb∗), the arms in Ib∗ have utility distribution
Ber(1/2 + (b∗)(b∗) · ε) = Ber(1/2 + ε), while for (V−b∗ , P−b∗) the arms in I−b∗ have utility distri-
bution Ber(1/2 + (−b∗)(b∗) · ε) = Ber(1/2− ε). In particular, for exactly one of the simulations,
the expected utility of all n arms the verifier’s oracle is 1/2− ε, and in the other simulation there is a
randomly-chosen subset of 1/σ arms that have expected utility 1/2 + ε, and the remaining n− 1/σ
arms have expected utility 1/2− ε.

We now show that Algorithm 2 solves the coin bias problem correctly. In Algorithm 2, either the
simulation of (Vb∗ , Pb∗) or of (V−b∗ , P−b∗) terminates first and determines the output of Algorithm 2.
If (Vb∗ , Pb∗) terminates first, then the soundness of (Vb∗ , Pb∗) implies that with probability at
least 2/3, Vb∗ outputs π such that π = reject or π is a σ-smooth ε-optimal policy for the bandit that
Vb∗ had oracle access to, which is an oracle where each arm i ∈ [n] has expected utility

ui = 1/2− (−1)1(i∈Ib∗) · ε.
The optimal σ-smooth policy for that bandit is given by π∗i = 1(i ∈ Ib∗) · σ, which has expected
utility π∗ · u = 1/2 + ε. Thus, with probability at least 2/3,

π · u ≥ π∗ · u− ε =
1

2
. (10)

But

π · u =

(
1

2
+ ε

)
·
∑
i∈Ib∗

πi +

(
1

2
− ε

)
·
∑
i/∈Ib∗

πi. (11)

Combining Eqs. (10) and (11) gives that with probability at least 2/3,∑
i∈Ib∗

πi ≥
1

2
. (12)

Therefore, if (Vb∗ , Pb∗) terminates first, then with probability at least 2/3, Vb∗ reaches the first output
statement in Algorithm 2 and outputs b∗, representing a coin bias of Ber(1/2 + b∗ · ε), which is the
correct answer.

On the other hand, in the copy (V−b∗ , P−b∗), all the arms in the verifier’s bandit oracle and in
the prover’s bandit oracle have expected utility 1/2 − ε. By completeness of (V−b∗ , P−b∗), with
probability at least 2/3, the verifier V−b∗ outputs a policy π ̸= reject that is a distribution over [n].
Because in that simulation all the arms in [n] are indistinguishable, and the set I−b∗ is chosen
uniformly at random, the expected weight that π assigns to arms in I−b∗ is

E

 ∑
i∈I−b∗

πi

 =
|I−b∗ |
n

=

(
1
σ

)
n

=
1

σn
.

By Markov’s inequality,

P

 ∑
i∈I−b∗

πi ≥
1

2

 ≤ 2

nσ
≤ 1

12
, (13)

where we have used the assumption that σ ≥ 24/n. Therefore, if (V−b∗ , P−b∗) terminates first, then
with probability at least

2

3
− 1

12
=

7

12
,
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V−b∗ reaches the second output statement in Algorithm 2 and outputs −(−b∗) = b∗, which again is
the correct answer. This establishes that Algorithm 2 solves the coin bias problem correctly with
probability at least 7/12.

We now show that the correctness of Algorithm 2 implies a lower bound on the number of oracle
queries used by the verifier in bandit verification. Let mb∗ and m−b∗ be the number of coin samples
xt used by Vb∗ and V−b∗ , respectively. Let k be the total number of oracle queries performed by
V−b∗ (some of which used coin samples, so m−b∗ ≤ k). We want to show a lower bound on k.

Seeing as Algorithm 2 solves the coin bias problem correctly with probability at least 7/12, Claim 6
implies that there exists a constant c0 > 0 such that the total number mb∗ +m−b∗ of coin samples
used by Algorithm 2 is lower bounded by

mb∗ +m−b∗ ≥ c0 ·
1

ε2
. (14)

In the simulation (V−b∗ , P−b∗), all the arms in the bandit oracles for V−b∗ and P−b∗ have expected
utility 1/2− ε. For these oracles, the arms in I−b∗ are indistinguishable from the other arms in [n].
Hence, if V−b∗ makes k queries to the bandit oracle, then the expected number queries that V−b∗
makes to arms in I−b∗ , and therefore the number of a coin samples V−b∗ uses, is

E[m−b∗ ] = k · |I−b∗ |
n

= k ·
(
1
σ

)
n

=
k

σn
.

By Markov’s inequality,

P
[
m−b∗ ≥ 10 · k

σn

]
≤ 1

10
.

In other words, with probability at least 9/10,

m−b∗ < 10 · k

σn
. (15)

Because Algorithm 2 alternates between simulating (Vb∗ , Pb∗) and (V−b∗ , P−b∗), the numbers mb∗

and m−b∗ of coin samples used by each simulation differ by at most 1. Hence,
mb∗ +m−b∗ ≤ 2m−b∗ + 1. (16)

We conclude that

k >
nσ

10
·m−b∗ (By Eq. (15))

≥ nσ

10
· mb∗ +m−b∗ − 1

2
(By Eq. (16))

≥ nσ

10
·

c0
ε2 − 1

2
(By Eq. (14))

=
c0
20
· nσ
ε2
− 1

20
,

as desired.

D.6 Proof of lower bound for learning smooth bandit strategies

Proof of Claim 1. For simplicity, we assume that 1/σ is an integer (the proof for the general case is
similar). We will assume in the proof that m ≤ n/2 (otherwise, there is nothing to prove).

For each b ∈ {0, 1}, let Db denote the degenerate distribution such that Px∼Db
[x = b] = 1. Let Sσ =(

[n]
1/σ

)
be the collection of all subsets of [n] of size 1/σ. For every set S ∈ Sσ , let qS ∈ (∆([0, 1]))

n

be an n-armed bandit such that for each i ∈ [n], qSi = D1(i∈S). In words, qS is a bandit where arms
in S always give utility 1, and the remaining arms always give utility 0. Let uS = utility

(
qS

)
denote

the expected utilities vector of the bandit qS . For S ∈ Sσ and i ∈ [n], let Si = 1(i ∈ S).

For any S ∈ Sσ, let πS = (πS
1 , . . . , π

S
n ) be the uniform distribution on S, i.e., πS

i = 1(i ∈ S)σ.
Note that πS is a σ-smooth strategy, and it has expected utility

πS · uS =
∑
i∈S

σ · 1 = 1. (17)

Consider the following experiment:
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1. Sample a subset S uniformly at random from Sσ .

2. Execute A with respect to the bandit qS .

Let I = {I1, . . . , Im} be the indices of the arms pulled by A, and let G = S ∩ I be the “good” arms
pulled by A (i.e., the arms queried by A that have utility 1).

In the experiment, for each i ∈ [n], E[Si] = |S|/n = 1/(σn). We may assume without loss of
generality that A issues precisely m queries, each to a different arm.6 It follows that

E[|G|] = E

[
m∑
t=1

SIt

]
=

m∑
t=1

E[SIt ] = m · E[S1] =
m

σn
. (18)

The strategy π that A outputs in the experiment has expected utility

E
[
π · uS

]
= E

[
n∑

i=1

πi · uS
i

]
= E

[∑
i∈G

πi · uS
i

]
+ E

 ∑
i∈[n]\G

πi · uS
i

. (19)

Consider each term separately. For the first term,

E

[∑
i∈G

πi · uS
i

]
≤ E

[∑
i∈G

πi · 1
]
= E[πG], (20)

where πG =
∑

i∈G πi. For the second term,

E

 ∑
i∈[n]\G

πi · uS
i

 = E

 ∑
i∈[n]\G

πi · Si


≤ 1

σ(n−m)
· E

 ∑
i∈[n]\G

πi


≤ 2

σn
· E[1− πG]. (m ≤ n/2) (21)

Combining Eqs. (19) to (21) yields

E
[
π · uS

]
≤ E

[
πG +

2

σn
· (1− πG)

]
=

2

σn
+

(
1− 2

σn

)
E[πG].

From Eq. (18) and the σ-smoothness of π,

E[πG] = E

[∑
i∈G

πi

]
≤ E[σ · |G|] = m

n
.

Namely,

E
[
π · uS

]
≤ 2

σn
+

(
1− 2

σn

)
· m
n
. (22)

From the utility of the optimal σ-smooth strategy (Eq. (17)) and the assumption that with probability
at least 2/3, A outputs an ε-optimal σ-smooth strategy,

P
[
π · uS ≥ 1− ε

]
≥ 2/3,

so
E
[
π · uS

]
≥ P

[
π · uS ≥ 1− ε

]
· (1− ε) ≥ 2

3
· (1− ε) ≥ 1

2
. (23)

6In the experiment, the distributions of each arm is degenerate. So an algorithm that issues less than m
queries, or queries the same arm more than once, can be transformed into an algorithm with the same output that
pulls precisely m distinct arms.
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Combining Eqs. (22) and (23) yields,

2

σn
+

(
1− 2

σn

)
· m
n
≥ 1

2
.

We conclude that

m ≥ n · σn

σn− 2
·
(
1

2
− 2

σn

)
≥ n

6
. (σ ≥ 5/n)

E Proofs for games

E.1 Proof for game verification

In this appendix we prove Theorem C.5.

Proof of Theorem C.5. Protocol 2 reduces the problem of verifying approximate optimality of a
smooth Nash equilibrium to several bandit verification tasks, one for each player.

That is, verifying that each player i ∈ [k] has no deviation to a σ-smooth strategy increasing its
expected utility by at least ε is equivalent to verifying a bandit problem defined as follows. Observe
that for each action j ∈ [n], π specifies a distribution over player i’s utility, given by the output of
the game oracle Ou(π)i. This induces an n-arm bandit, denoted B(i, u, π). A strategy πi for this
bandit is σ-smooth if and only if πi is a σ-smooth strategy for player i in the given game. Therefore,
player i has no smooth deviation increasing their utility by at least ε under π if and only if πi is an
ε-approximate σ-smooth policy for B(i, u, π).
Protocol 2 leverages this equivalence between each player’s optimality in the game and bandit
optimality, simply by having the prover and verifier engage in a verification protocol for each of these
bandits. The prover sends k length-n vectors of empirical average rewards t̃i, one for each bandit.
The verifier then checks optimality of π for player i under bandit B(i, u, π) with maximum error
probability δ = 1/(3k). If any of these subprotocols fails, the verifier rejects and terminates.

Completeness. Observe that if π is indeed an ε-approximately optimal σ-smooth strategy for the
game, every induced bandit policy is approximately optimal as well. By Lemma B.6, for each i
Algorithm 1 succeeds with probability at least 1/3k. By a union bound, all k subprotocols succeed
with probability at least 2/3.

Soundness. If π is not an (ε+ η)-approximately optimal smooth strategy, there must be a player
i for which the induced bandit policy is not approximately optimal. For this player, the bandit
verification subprotocol rejects with probability at least 1− 1/3k ≥ 2/3.

Query complexity. The prover and verifier engage in k runs of Protocol 3 with δ = 1/3k. The
query complexity follows.

E.2 Proof of lower bound for smooth Nash verification

Proof of Theorem C.6. For simplicity, assume that 1/σ is an integer. Let S =
(
[n]
1/σ

)
be the collection

of all subsets of [n] of size 1/σ. For every vector s ∈ Sk and integer i∗ ∈ [k], let us,i∗ =

(us,i∗

1 , . . . , us,i∗

k ) be a k-player n-action game as follows. For each i ∈ k, us,i∗

i : [n]k → [0, 1] is a
utility functions such that for every action vector a ∈ [n]k,

us,i∗

i (a) =

{
1 i = i∗ ∧ (∀j ∈ [k] : aj ∈ sj)
0 otherwise.

Note that there exists a σ-smooth profile strategy πs,i∗ for us,i∗ where player i∗ has expected utility
1, and all other players have expected utility 0. Namely, πs,i∗ is the profile where each player i ∈ [k]
selects an action uniformly at random from the set si ∈ S.

21



For every vector s ∈ Sk and integer i∗ ∈ [k], define a distribution Ds,i∗ over strategy profiles as
follows. When π ∼ Ds,i∗ , then with probability 1, for every i ∈ [k] \ {i∗}, πi = U(si) (as in the
strategy πs,i∗ described in the previous paragraph).

For player i∗, the strategy πi∗ is sampled as follows.

1. Sample R ∼ U(S) | (R ∩ si∗ = ∅).

2. Set πi∗ = U(R).

Let u0 = (u0
1, . . . , u

0
k) denote the game where all players always receive utility 0 (u0

i ≡ 0 is a
constant function for all i ∈ [k]).

Now, consider the following experiment.

1. Sample i∗ ∼ U([k])

2. Sample s ∼ U
(
Sk

)
3. Sample π ∼ Ds,i∗ .

4. Sample a bit b ∼ U({0, 1})
5. Execute the honest prover P (k, n, ε, σ, η, π) with access to the game oracle Ou0 .

6. If b = 0, execute the verifier V (k, n, ε, σ, η, π) with access to the game oracle Ou0 . Oth-
erwise, if b = 1, execute the verifier V (k, n, ε, σ, η, π) with access to the game oracle
Ous,i∗ .

Observe that if b = 0, then V should accept, because in the game u0, every action profile is a Nash
equilibrium (and in addition, the profile π sampled from Ds,i∗ is also σ-smooth). On the other hand,
when b = 1 then V should usually reject, because π will have expected utility close to 0 for all
players, but player i∗ has a deviation that would give it an expected utility of 1.

We now argue that V cannot distinguish between the case b = 0 and b = 1 unless it makes at least
Ω(knσ) queries to the game oracle.

To see this, make a few observations:

• Without loss of generality, we can assume that every query π′ that V sends to the game
oracle is a strategy profile where each player i ∈ [k] playes a pure strategy. (If V wants to
sends a query that includes a mixed strategy, then V can simluate the result of that query
by first sampling an action vector a ∼ π′, and then sending the query consisting of a pure
profile corresponding to a to the oracle. The result is identical.)

• Every action vector a ∈ [n]k where the number of deviations is not 1, namely,∣∣{i ∈ [k] : ai /∈ supp(πi)
}∣∣ ̸= 1,

satisfies that us,i∗(a) = 0 = u0(a), where 0 = (0, . . . , 0). Hence, we may assume without
loss of generality that each query that V sends to the game oracle has precisely one player
i ∈ [k] that deviates to an action not in supp(πi).

• Assume b = 1. Fix an action vector a ∈ [n]k.7 If there exists a unique j ∈ [k] such that
aj /∈ supp(πj), then the probability that the result of the query πa corresponding to action
profile a is not 0 is

α : = P[Ous,i∗ (πa) ̸= 0] (24)
= P[j = i∗ ∧ aj ∈ sj ]

= P[j = i∗] · P[aj ∈ sj | j = i∗]

7a is simply a fixed action vector. In particular, it does not depend on any of the random variables in the
experiment.
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=
1

k
·

1
σ

n− 1
σ

≤ 2

knσ
. (σ ≥ 2/n)

From Eq. (24), it follows that the number N of queries that V sends before it has its first success (i.e.,
the number of queries that receives result 0 prior to the first query that receives a nonzero result), is
distributed geometrically, N ∼ Geom(α). In particular,

P[N ≥ m] = (1− α)
m
.

Assume for contradiction that V performs at most mV queries and has success probability 2/3. Then
for some c ∈ [0, 1),

1 > c ≥ P[N ≥ mV ] = (1− α)
mV ≥

(
e−

α
1−α

)mV
.

This implies that

mV ≥ Ω

(
1− α

α

)
= Ω

(
1

α

)
= Ω(knσ),

as desired.

F Concentration of measure

Theorem F.1 (Hoeffding, 1963). Let a, b, µ ∈ R and m ∈ N. Let Z1, . . . , Zm be a sequence of
i.i.d. real-valued random variables and let Z = 1

m

∑m
i=1 Zi. Assume that E[Z] = µ, and for every

i ∈ [m], P[a ≤ Zi ≤ b] = 1. Then, for every ε > 0,

P[|Z − µ| > ε] ≤ 2 exp

( −2mε2

(b− a)2

)
.
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