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Roadmap. We arrange the appendix as follows. In Section A, we provide several preliminary
notations. In Section B we provide details of computing the gradients. In Section C and Section D
we provide detail of computing Hessian for two cases. In Section E we show how to split the Hessian
matrix. In Section F we combine the results before and compute the Hessian for the loss function.
In Section G we bound the basic functions to be used later. In Section H we provide proof for the
Lipschitz property of the loss function. We provide our final result in Section J.

A NOTATIONS

We used R to denote real numbers. We use A € R™*? to denote an n x d size matrix where each
entry is a real number. For any positive integer n, we use [n] to denote {1,2, - -- ,n}. For a matrix
A € R™ 4, we use a; ; to denote the an entry of A which is in i-th row and j-th column of A, for
eachi € [n], j € [d]. We use 4; ; € R"* to denote a matrix such that all of its entries equal to 0
except for a; ;. We use 1,, to denote a length-n vector where all the entries are ones. For a vector
w € R", we use diag(w) € R™*"™ denote a diagonal matrix where (diag(w)); ; = w; and all other
off-diagonal entries are zero. Let D € R™*" be a diagonal matrix, we use D=1 € R"*" to denote a
diagonal matrix where i-th entry on diagonal is D; ; and all the off-diagonal entries are zero. Given
two vectors a, b € R™, we use (zrz ob) € R™ to denote the length-n vector where i-th entry is a;b;. For
amatrix A € R"*? weuse AT € R4X" to denote the transpose of matrix A. For a vector x € R",
we use exp(z) € R™ to denote a length-n vector where exp(z); = exp(x;) for all i € [n]. For a
matrix X € R™*", we use exp(X) € R™™" to denote matrix where exp(X); ; = exp(X; ;). For
any matrix A € R"*4, we define ||A||r := (3, 2?21 A? )12, For a vector a,b € R", we use
(a,b) to denote Y.~ | a;b;.

B GRADIENTS

Here in this section, we provide analysis for the gradient computation. In Section B.1 we state some
facts to be used. In Section B.2 we provide some definitions. In Sections B.3, B.4, B.5, B.6, B.7,
B.8 and B.9 we compute the gradient for the terms defined respectively. Finally in Section B.10 we
compute the gradient for L(X).

B.1 FACTs

Fact B.1 (Basic algebra). We have

o (u,v) = (v,u) =ulv="0u

* (uov,w) =(uovow,1,)

s u' (vow)=u' diag(v)w

Fact B.2 (Basic calculus rule). We have

o Wo@) — (dF@) o)y 4 (f(2), Y (here t can be any variable)

dy® _ ., z—1dy
° de — %Y dzx

U V=V U

de . . .
. @”j = e;j where ¢; is a vector that only j-th entry is 1 and zero everywhere else.

o Let x € RY, let y € R be independent of x, we have 3—; = 04.

o Let f(z), g(x) € R, we have W @) _ AT ) iy 4 p () dola)

o Letx € R, % exp (z) = exp ()

Let f(v) € R", we have S = exp(f(x)) 0“4
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B.2 DEFINITIONS

Definition B.3 (Simplified notations). We have following definitions
o We use u(X);, i, to denote the iy-th entry of u(X),.
» We use f(X);,.i, to denote the i1-th entry of f(X);,.

» We define W, . to denote the ji-th row of W. (In the proof, we treat W;, . as a column
vector).

» We define W, ;, to denote the ji-th column of W.

» We define wj, j, to denote the scalar equals to the entry in ji-th row, jo-th column of W.
» We define V. ;, to denote the ji-th column of V.

» We define vj, ;, to denote the scalar equals to the entry in ji-th row, jo-th column of V.
» We define X, ;, to denote the iy-th column of X.

» We define x;, j, to denote the scalar equals to the entry in i1-th column, j,-th row of X.
Definition B.4 (Exponential function w). If the following conditions hold

e Let X € RPXn

 Let W € RIx4
For each ig € [n], we define u(X);, € R" as follows

u(X )i, = exp(X WX, ;)

Definition B.5 (Sum function of softmax «). If the following conditions hold

o Let X € R¥xn

o Let u(X);, be defined as Definition B.4
We define (X )i, € R for all ig € [n] as follows

a(X)ip = (u(X)ig, 1n)

Definition B.6 (Softmax probability function f). If the following conditions hold

o Let X € R¥xn

 Let u(X);, be defined as Definition B.4

» Let a(X);, be defined as Definition B.5
We define f(X);, € R™ for each ig € [n] as follows

F(X)ip = a(X)3 u(X);,

Definition B.7 (Value function h). If the following conditions hold

 Let X € R¥xn

¢ Let V € Rdxd
We define h(X);, € R™ for each jy € [n] as follows

WX = X Vi,

Definition B.8 (One-unit loss function c). If the following conditions hold

* Let f(X),, be defined as Definition B.6
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* Let h(X);, be defined as Definition B.7

We define c(X) € R"*? as follows
C(X)io,ju = <f(X)’L'03 h(X)J0> - bio,joaViO € [n]ajo € [d]
Definition B.9 (Overall function L). If the following conditions hold

» Let ¢(X);,,j, be defined as Definition B.8
We define L(X) € R as follows

n

d
L(X) = Z . (C(‘X)io-,jo)2

B.3 GRADIENT FOR EACH COLUMN OF X ' WX, ;,
Lemma B.10. We have

e Part 1. Letig = 41 € [n], j1 € [d]

dXTWX,
dio = ey - (W, Xui) + X Wej,
Li,j1 ~N Y—— S~~~
nx1 scalar nxd dx1
nx1
* Part2 Let iy # i1 € [n), j1 € [d]
dXTWX, io
- == 7 : W *7X*i
dxil)jl € 1 < Ji, 5 0>
nx1 scalar
nx1
Proof. Proof of Part 1.
dXTI/VX“vO dx’ dX. s

= W X+ X' W

dxih]& dXil:jl d'dv <d dod dXilJl
xd  gx1 nx XA N !
nx1 nxd dx1
= e, e W Xei+ X' W ¢
R NS NGNS
nxl 1xq %9 ax1 nxd dxd ;.4

= € - <W7'1,*7X*,i0>+\XT,W*,j1

nxl scalar nxd dx1

T
= € '<Wj1-,*vX*,io>+\X ,W*,jl

nx1 scalar nxd dx1

where the st step follows from Fact B.2, the 2nd step follows from simple derivative rule, the 3rd is
simple algebra, the 4th step ie because ¢g = ;.

Proof of Part 2
dXTWX,, dx’ dX.
520 — W X*,ig + XT W ;20
dmil,ﬁ dxil-,jl \/v Ao dxil,jl
~—— dXd 5 nxd dXd se— —
nx1 nxd dx1
= e, e W Xoi+ X' W 04
1 J1 %0 N /\ ,
nx1 1xd dxd  g.1 nxd dxd dx1
= €4 <Wj17*’X*7io>
nx1 scalar
where the 1st step follows from Fact B.2, the 2nd step follows from simple derivative rule, the 3rd is
simple algebra. O
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B.4 GRADIENT FOR u(X);,
Lemma B.11. Under following conditions

* Let u(X);, be defined as Definition B.4
We have

 Part 1. For each igp = i1 € [n], j1 € [d]
d.i.o = w(X)ig 0 (eiy * (Wi x0 Xsig) + XTW*J&)
Liy g

nxl1

* Part 2 For each ig # i1 € [n], j1 € [d]
du(X i
Q80 (X ofer, - (Wi X))
——

nx1

Proof.
Proof of Part 1

i0

du(X);, dexp(X WX, )

dzihjl dxihjl

nxl nx1
AXTWX,

_ T )
R U P

nxd dxd dx1
nx1l

dXTWX,
dmihjl

= u(X);, 0
——

10

nx1
nx1

= u(X)Zo O( €ip '<”j17*’X*7io>+XT ”*Jl)
—_—— O —— L N
nx1 nx1 scalar nxd gy

where the st step and the 3rd step follow from Definition of u(X);, (see Definition B.4), the 2nd
step follows from Fact B.2, the 4th step follows by Lemma B.10.

Proof of Part 2
du(X)iO o dGXp(XTWX*,iO)
dxil-,jl o dxil,jl
———
nx1 nxl1
dXTWX,
=exp(X' W X, ;)0 ———22
NS~ dxihjl
nxd dxd dx1 N————
nx1
dXTWX,
= u(X);, 0 ot
N—— dxihjl
nxl1
nxl1

= U(X)io o( €iy - <Wj1,*’X*,i0>)
—_——— N —,—
nxl1 nx1 scalar

where the 1st step and the 3rd step follow from Definition of u(X);, (see Definition B.4), the 2nd
step follows from Fact B.2, the 4th step follows by Lemma B.10.

O
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B.5 GRADIENT COMPUTATION FOR a(X);,

Lemma B.12 (A generalization of Lemma 5.6 in Deng et al. (2023b)). If the following conditions
hold

» Let a(X);, be defined as Definition B.5
Then, we have

* Part 1. For each i = i1 € [n], j1 € [d]

da(X i
s ()it W X} + (X, XTW )
11,71

scalar
* Part 2. For eachig # i1 € [n], j1 € [d]
.. = U(X)i(]yil ! <Wj1,*7X*7i0>
scalar

Proof. Proof of Part 1.
da(X)i, _ d{u(X)i, 1n)

dxihjl dx’il’h
scalar scalar
dU(X)iO

= (=i g
< dmihjl 7\2)
N—— n X1
nx1

= <U(X)io o(eio : <Wj1,*vX*,io> + XTW*»]&)» 1, >

~~
nx1 nx1
= <u(X)lU OCig, 1TL> : <Wj1,*7X*,iU> + <U(X)Lo o XTW*Jl)? 1, >
nx1 nx1
= <U(X)invei0> ’ <Wj1,*7X*,i0> + <u(X)i0’XTW*,]'1>
nx1

= U(X)’i(),io ! <Wj17*7X*7io> + <U(X)i07XTW*7j1>

where the 1st step follows from the definition of a(X);, (see Definition B.5), the 2nd step follows
from Fact B.2, the 3rd step follows from Lemma B.11, the 4th step is rearrangement, the 5th step is
derived by Fact B.1, the last step is by the definition of U (X)

10,%0*
Proof of Part 2.
da(X)io _ d<u(X)iovln>
dxihjl dmihjl
———
scalar scalar
du(X);
— <M7 1,)
dzg, j, ~~
N—— n X1
nx1l
= (u(X)ig o€, - (Wi Xuig))> 1n )
nx1 nx1
= <u<X)io O€iy, 1, > ' <Wj17*7X*7i0>
nx1 nx1
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= u(X)io,il '<Wj1,*7 X*,io>
———

scalar

where the 1st step follows from the definition of «(X);, (see Definition B.5), the 2nd step follows
from Fact B.2, the 3rd step follows from Lemma B.11, the 4th step is rearrangement, the Sth step is
derived by Fact B.1.

O

B.6 GRADIENT COMPUTATION FOR a(X);U1

Lemma B.13 (A generalization of Lemma 5.6 in Deng et al. (2023b)). If the following conditions
hold

* Let o(X);, be defined as Definition B.5
we have
e Part 1. Forig =11 € [n], J1 € [d]

da(X);!

dl‘i P = _a(X)'il . (f(X)io,io : <Wj1,*7X*,i0> + <f(X)imXTW*,j1>)>)

()

scalar

» Part 2. Forig # i1 € [n], j1 € [d]

da(X); !

dl‘i],jl - _a(X)'il ’ f(X)io,il : <Wj1,*7X*-,i0>

10

scalar

Proof. Proof of Part 1.

da(X); ! o d(a(X);
i 1 (X)) 2, (X))
dxil’jl ~N —e—— dwil,jl
scalar scalar
scalar scalar
= _(a(X)io)_Q '(U(X)io,io : <Wj17*7 X*,io> + <u(X)i07XTW*,j1>)
scalar

= - O‘(X)i_ol . (f(X)io,io : <Wj1,*7X*,iU> + <f(X)ioaXTW*7j1>)

where the 1st step follows from Fact B.2, the 2nd step follows by Lemma B.12.
Proof of Part 2.

da(X);! L1 (a(X)) d(a(X)4,)
dxil,jl ~~ * dxil,jl
scalar scalar
scalar : scalar
= _(a(X)io)_2 'U(X)io,il ’ <Wj1,*>X*,i0>
scalar

= - a(X)_l ' f(X)imh ’ <Wj17*’X*7i0>

10

where the 1st step follows from Fact B.2, the 2nd step follows from result from Lemma B.12.

21



Under review as a conference paper at ICLR 2024

B.7 GRADIENT FOR f(X);,
Lemma B.14. [fthe following conditions hold

* Let f(X),, be defined as Definition B.6
Then, we have

* Part 1. Forall igo =iy € [n], j1 € [d]

df(X);
% - = f(X)ZO ' (f(X)loZo : <Wj1,*7X*7i0> + <f(X)iO,XTW*7j1>)
i1,71 ——

nx1 scalar
nx1

+ f(X)io o (eio ' <W71,*>X*7i0> + XTW*7.7'1)

nx1

e Part 2. Forall iy # i1 € [n], 51 € [d]

df(X);
# = = [(X)ig " [(XDig,ir - Wiy, Xoi)
Liy, 51 H/1—’
~ nx scalar
+ f(X)Lo © (eil ' <Wj11*7X*7iU>)
nx1l

Proof. Proof of Part 1.

df (X)sy _ da(X); u(X)s,

dxil,jl dxil,jl
nx1 nx1
— w(X)s, - o) 4 a(X) —L ),
H,_Lg dxihjl to o dmil,jl 10
nx1 scalar
scalar nx1
= = U(X)io ’ (a<X>io)_1 ’ (f(X)iOJ‘O ’ <Wj1,*7X*7io> + <f(X)io’XTW*J1>)
——
nx1 scalar
L d
+ a(X)iU : dxil,jl u(X)Zo
scalar 1
= - U(X)m ' (O[(X)io)71 ' (f(X)iOJO ! <Wj1,*7X*7i0> + <f(X)i07XTW*7j1>)
——
nx1 scalar
+ a(X);)l . (u(X)io © (eio ’ <Wi17*’ X*7i0> + XTW*;jl))
1
scalar nx

= — [(X)ig - (F(Xigsio - (Wi er Xusig) + (F(X)igs X TWejy))
——
nx1 scalar
+ f(X)Zo o (eio : <les*7X*1i0> + XTW*ajl)

nx1

where the st step follows from the definition of f(X);, (see Definition B.6), the 2nd step follows
from Fact B.2, the 3rd step follows from Lemma B.13, the 4th step follows from result from
Lemma B.11, the 5th step from the definition of f(X);, (see Definition B.6).
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Proof of Part 2.
df(X>10 _ da(X);)lu(X)Zo
dai, j, dzi, j,
nx1l nxl
= u(X); Loz(X)*1 +a(X); ! d w(X);
o H,_ZU/ dxi1,j1 o b dxihjl to
nx1 scalar
scalar nx1
= = U(X)io '(a(X)io)_2 'u(X)ioﬂl : <Wj1,*’X*,i0>
——
nx1 scalar
)4 ux),
+ Oé( )’io ’ dxil,jl ’LL( )20
scalar el
= = U(X)io '(a(X)io)_2 'u(X)ioﬂl : <Wj1,*’X*,i0>
——
nx1 scalar
+a( X))t (u(X)ig 0 (eq, - (Wi s Xaig)
——
scalar nx1
= - f(X)Zo .f(X)ilLl‘l ’ <Wj1,*7X*7io>
——
nx1 scalar
+ ey f(X)io,il ’ <Wj1,*7X*,i0>)
scalar

where the st step follows from the definition of f(X);, (see Definition B.6), the 2nd step follows
from Fact B.2, the 3rd step follows from Lemma B.13, the 4th step follows from result from
Lemma B.11, the 5th step from the definition of f(X);, (see Definition B.6). O

B.8 GRADIENT FOR h(X);,
Lemma B.15. [fthe following conditions hold
* Let h(X);, be defined as Definition B.7

Then, for all i1 € [n], jo,j1 € [d], we have
dh(X)jo
d'rihjl

€iy " Vj1 50
nx1

Proof.
dh(X);, dXTV*,j0

dxiujl dxil»jl

nx1 nx1
dxT
*,J0

dmil,jl N~
~—~— dx1

nxd

= €i - e; ’ V*Jo

— =~

nx1l 1xd dx1
= G " Vjigo
~—
nx1l scalar

where the first step is by definition of 2(X);, (see Definition B.7), the 2nd and the 3rd step are by

differentiation rules, the 4th step is by simple algebra. [
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B.9 GRADIENT FOR ¢(X )i, jo
Lemma B.16. Ifthe following conditions hold
* Let ¢(X);, be defined as Definition B.8
* Let 5(X)ig o := (f(X)ig, (X))
Then, we have

» Part 1. For all ig = 41 € [n}, jo,J1 € [d]

de(X 10,70

éx-) 28 = C1(X) + Ca(X) + C3(X) + Cu(X) + C5(X)
11,J1

where we have definitions:

- Ci(X) = _S(X)io,jo ’ f(X)io=i0 ’ <Wj17*’X*,io>
Co(X) = *S(X)io,jo ’ <f(X)io’XTW*J1>
03(X) = f(X)io,io : h(X)j07i0 ’ <Wj17*’ X*7i0>
Ca(X) = (f(X)ig o (X TWejy), M(X)jo)
C5(X) = f(X)io.io  Vir o

 Part 2. Forall ig # i1 € [n], jo,J1 € [d]

de(X )ig o
dxilfjl

= C6(X) + C7(X) + Cs(X)

where we have definitions:

- CG(X) = _S(X)io,jo ’ f(X)io,il : <Wj17*7 X*,io>
« This is corresponding to C1(X)

= Cr(X) = F(XDio,in - (XD jo iy - (Wi w5 Xocsio)
« This is corresponding to C5(X)

- CS(X) = f(X)io,il " Uji,jo
« This is corresponding to C5(X)

Proof. Proof of Part 1
dC(X)io,jl _ d((f(X)lo’ h(X)j0> - bimjo)

dmil:jl dmil:jl
scalar scalar
— d<f(X)io7h(X)j0>
dmihjl
scalar
df(X); dh(X);
= <ﬁ7h(X)jo> + ( (X )i d7m>
Liy,j1  N—~— S—— Liy,j1
nx1 nxl N=——
nx1 nx1
df(X)i
= <70’h(X)Jo> + <f(X)Zo’ iy 'vj17j0>
dmzml —— N—— N~
nx1 nx1 nx1l scalar
nx1
= <_ f(X)io . (f(X)ioﬂ'o ’ <Wj1,*7X*7i0> + <f<X)io’XTW*7j1>)
nx1 scalar
+ f(X)lo °© (eio ’ <Wj17*7X*7io> + XTW*-,jl)v h(X)jo> + <f(X)i07 €i, ‘vj17j0>
SN—— S—— N~
nx1 nx1 nx1 nx1 scalar
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| [
CIJ

(X)Zo Jo ” ( )10 i <Wj1,*7X*,i0>
(X)lodo : < ( )107 XTW*7J'1>
(X 10710 )]oﬂo <Wj17*7X*’io>
<f(X) (XTW*7j1)7h(X)jo>
+ F (XD i1 Vi o

= C1(X) 4 Co(X) + C3(X) 4 C4(X) + C5(X)
where the first step is by definition of ¢(X);, j, (see Definition B.8), the 2nd step is because b;, j,
is independent of X, the 3rd step is by Fact B.2, the 4th step uses Lemma B.15, the Sth step uses

Lemma B.14, the 6th and 8th step are rearrangement of terms, the 7th step holds by the definition of
f(X);, (see Definition B.6).

Proof of Part 2
dC(X)iOJ'l _ d(<f(X)ioa h(X)j0> — bioyjo)

d'ri17j1 d‘rihjl

scalar scalar

d<f(X)Zo’ h‘(X)](J>
dmilgjl

scalar

df( )10 h(

- Jio) + (F ()i

Liy,j1 \_v_/ N——
nx1 nxl1

nx1 nx1

Xy |,

dz. (X) >+<f(X)io’ iy 'vjl-,jo>
i1,J1 H/—/ S N =~

nx1 nx1 nX1 scalar

dh(X)jo >

= (4

dxiuh

= (=
nx1
= (= (X)) 7" - F(XDig - (XD ig iy - (Wi s Xoig)
1 1
scalar nx scalar
+ f(X)io o (61-1 ’ <Wj1,*’X*,io>)’ h(X)jo> + <f(X)iov €iy 'Uj17]'0>
S—— S~ N =~
nxl1 nx1 nx1 nx1 gscalar
= = (a(X)io)_l : <f(X)io’ h(X)jo> : U(X)imil ’ <Wj1,*>X*7i0>
scalar
+ <f(X)lo © 61'17h(X)j0> : <Wj1,*aX*,io>
scalar
+ <f(X)lo’ iy 'Ujhjo)
S~ N =
nx1 nXx1 scalar
= ( )ZOJO ’ (X)io,il : <Wj1,*7X*,i0>
( )10 i1 " (X)jmh : <Wj1,*7X*7io>
+f( )20,21 Vj1,do
= Cs(X) + C7(X) + Cs(X)

where the first step is by definition of ¢(X);, j, (see Definition B.8), the 2nd step is because b;

10,J0

is independent of X, the 3rd step is by Fact B.2, the 4th step uses Lemma B.15, the 5th step uses
Lemma B. 14, the 6th and 7th step are rearrangement of terms. [

B.10 GRADIENT FOR L(X)
Lemma B.17. If the following holds

* Let L(X) be defined as Definition B.9
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For iy € [n], j1 € [d], we have

Proof. The result directly follows by chain rule. [

C HESSIAN CASE 1: 79 = 73

Here in this section, we provide Hessian analysis for the first case. In Sections C.1, C.2, C.3, C.4, C.5,
C.6 and C.8, we calculate the derivative for several important terms. In Section C.9, C.10, C.11, C.12
and C.13 we calculate derivative for C, Cy, C's, C4 and Cj respectively. Finally in Section C.14 we
calculate derivative of 7051);_)1'0;]'0 .
1.2

C.1 DERIVATIVE OF SCALAR FUNCTION w(X);, 4,
Lemma C.1. We have

e Part1 Forig =11 =19 € [n], J1,J2 € [d]

ﬁ = Wj, 5o
e Part 2 For g =11 7é 19 € [n], jl,jg S [d]
dw(X)iOJl — 0
da;, o
Proof. Proof of Part 1
T = (W
Liy,jo Liy,jo
= (Wi, x: €55)
= Wy ,j2

where the first step and the 2nd step are by Fact B.2, the 3rd step is simple algebra.
Proof of Part 2

dw(X)l J dX*,,*
— = (W )
xl2»]2 1.12»]2
= (Wj,.+,04) =0
where the first step is by Fact B.2, the 2nd step is because i # is. O

C.2 DERIVATIVE OF VECTOR FUNCTION X "W, ;,
Lemma C.2. We have

e Part1 Forig =1, =19 € [n], J1,J2 € [d]

dX W,
— Wl — e sl s
dxi27j2 20 J2,J1
e Part 2 For io =1 75 19 € [TL], j1,j2 S [d]
dXTW..,
= €4, * Wi, j
dmi%j2 12 J2,J1
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Proof. Proof of Part 1

dXTW*Jl = dXT 'W*J'l
d$i27j2 dxiz’jz

= 61'26;2 . W*7j1

= Ciy - Wya gy

= Cip * Wiz,
where the first step and the 2nd step are by Fact B.2, the 3rd step is simple algebra, the 4th step holds
SINce 19 = 9.

Proof of Part 2
dX "W, ; B dxr’ . ‘
dziy j,  dwi, o
= eige;'; Wi i
= Ciy " Wjy 5y
where the first step and the 2nd step are by Fact B.2, the 3rd step is simple algebra. [

C.3 DERIVATIVE OF SCALAR FUNCTION f(X);, 4,
Lemma C.3. If the following holds:

* Let f(X),, be defined as Definition B.6
We have

* Part 1 Forig =iz € [n], j1,J2 € [d]
df (X)io.io

dx; == f(X)ioﬂ'o ! (f(X)io,io ’ w(X)iO7j2 + <f(X)i07XTW*7j2>)
12,J2

+ f(X)ioﬂo : <Wj27* + W*7j2’X*,i0>

* Part 2 For iy 7é 19 € [TL], J1,J2 € [d]
df( )10710 —

d _f(X)iofio ' f(X)io,iz : w(X)’im]é
‘Tm,h

Proof. Proof of Part 1
df( )Zo %o

azi, = (—(a(X)io) ™" F(Xig - (w(Xig o - w(Xig o + (u(X)ig, X TWoj)

+f(X)lo (elo 'w(X)io 2J2 +XTW ,jz))’o

= (a(X)m) ( )lo io (U(X)70770 ’ (X)imjz + < (X)HHX W ]z>)
+ (f(X)Zo (elo ’ ( )Zo’h))l ( ( ) o (XTW J2))'0
= (a(X)l ) ( )loﬂo : ( (X)lo,lo ’ (X)imjz + < (X)l()?X W Jz>)

+ f(X)lo,lo ' (X)Zo J2 + f(X)loﬂo ' <W ,]2>X* Zo>
= — [(X)ioio - (F(Xigsio - W(X)ig o + (f(X)igy X TWej,))
=+ f(X)i07i(J ' w(X)i(ijz + f(X>i07iO ' <W*,j27X*7io>

where the first step uses Lemma B.14 for 7o = 75, the following steps are taking the 7o-th entry of
f(X);, the last step is by the definition of f(X);, (see Definition B.6).

Proof of Part 2
df( )7/0;20

dxl%h

= (_(a(X)io)_l . f(X)lo 'u(X)io,iz : w(X)io,jz
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( ) X)igsio * w(X)ig iz + w(X)ig,jo
(X)lo o (612 ’ ( )lo,h )lo

(X)io ) F(Xigi0 - WX )ig i - w(X)ig g
= - f(X)zo.,zo ) f(X)lo,lz ~w(X)ig 4o

where the first step uses Lemma B.14 for ig # 42, the 2nd step is taking the io-th entry of f(X);,,
the 3rd step is because iy # @2, the last step is by the definition of f(X);, (see Definition B.6). [

C.4 DERIVATIVE OF SCALAR FUNCTION h(X);, i,
Lemma C.4. Ifthe following holds:

* Let h(X);, be defined as Definition B.7
We have

e Part 1 Forig =iy € [n], J1,J2 € [d]

Ah(Xjia _
dx’bz,jz J2,J0
* Part 2 For iy # iz € [n], j1,j2 € [d]
dh(X)jn,io -0
dxi27j2
Proof. Proof of Part 1
dh(X)jo,io

dl.iQ,jQ = (€i2 ’ szJo)io

= V33,50

where the first step is by Lemma B.15, the 2nd step is because ig = io.

Proof of Part 2
dh(X)jo,i
TM = (€4, 'vjz,jo)io
12,J2
=0
where the first step is by Lemma B.15, the 2nd step is because iy # ia. O

C.5 DERIVATIVE OF SCALAR FUNCTION z(X);, j,
Lemma C.5. Ifthe following holds:

* Let f(X),, be defined as Definition B.6

o Let 2(X)ig . = (f(X)igs X TWe )

o Let w(X)ig,jn = Wiy e Xaio)
We have

» Part 1 Forig = i1 =is € [n], J1,Jj2 € [d]

dZ(X)iU ,J1
dxim]é

= - Z(X)io,jd : f(X)io,iU ’ w(X)’imjz
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(X)Zo’h : ( )7407j2
f(X)lo g <W* Jl?X* lo> : (X)io,jz
+(f(X)ig 0 X TWejp, X TWoj)
+ f(X)io,io “ Wiz,
e Part 2 For ig = 11 75 19 € [n], J1,J2 € [d]
d{f (X)ig, X "W i)
dws, 5,
= - Z(X)ioJi ’ f(X)io,io 'w(X)i()Jé
+ f(X)io,io : w(X)imjz ’ <W*7J'1’X*,io>
+ F(XDig 0 - Whaii

Proof. Proof of Part 1
A{f (X)igs X TW.ji)

dxi%jz
df( )10 T dXTW*jl
XTW, X)io, ’
<d%,y2 W) + (F(X)i T )
df(X);
= (B T )+ it w0
12,72
df(X)i

- < dx; - XTW aJ1> + f( )zo,io * Wiy 51
12,J2

= (=(a(X)io) " F(XDig - (WX )igig - w(X)iggo + (W(X)ig, X T Wi j,))
io © (€ig - W(X)ig o + X T Wasy), X TWa i) 4+ F(X)ig o - Wi s
(Xio - (F(XDigio * w(X)ig s + (F(X)igr X Wi js))
io © (€ig - w(X)ig o + X Wiy ), X W 1) + F(X)ig o * Wia o
= = 2(X)ig,jr + F(X)io,io - W(X)ig 5o
Jiosja * 2(X)io,ja
Jiosio " (Wi i Xuio) » w(X)ig g
+ (f(X)ig o X TW, j,, X TW.j,)
+ [ (Xiosio * Wz

where the 1st step is by Fact B.2, the 2nd step uses Lemma C.2, the 3rd step is taking the iy-th

entry of f(X);,, the 4th step uses Lemma B.14, the 5th step is by the definition of f(X);, (see
Definition B.6).

Proof of Part 2
A{f (X)ig, X Wi ji)
da)’i27j2
df(X)iy o7 X W
X W s X)igy ——+
< d$7,2 2J2 W 7]1> * <f( ) ’ dxiQ,jQ >
df(X):
= dgi - XTW*>j1> + (f(X)io» €4 'wj2’j1>
i2,J2
df(X);
= <dx(i])vO>XTW*>j1> + f(XDiosia * Wiz

= <_(a<X)io)_1 ’ f(X)io 'U(X)io,io : w(X)io,jz
+ [(X)ig © (€ig - 0(X)ig )y X W) + F(Xigio = Wi i
= <_f(X)7,o : f(X)iU7iO 'w(X)ioﬁjz
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io © (€ig  W(X)igjo)s X Wiji) + F(X)isio - Wi,
= = 2(X)igr  f(X)igio - w(X)ig g
)ioyio : w(X)it),Jé ’ <W*-,117X*7io>
X)i07i0 * Wiz, 51
where the 1st step is by Fact B.2, the 2nd step uses Lemma C.2, the 3rd step is taking the ig-th

entry of f(X);,, the 4th step uses Lemma B.14, the last step is by the definition of f(X);, (see
Definition B.6). O]

C.6  DERIVATIVE OF SCALAR FUNCTION f(X )i, .i0 - R(X) o0
Lemma C.6. Ifthe following holds:

* Let f(X),, be defined as Definition B.6

* Let h(X);, be defined as Definition B.7
We have

e Part1 Forig =11 =iy € [n], J1,J2 € [d]
df(X)ioﬂ'o ’ h(X)joyio
dxizyjz
= (_f(X)io,io : (f(X)io,io 'w(X)icnjz + <f(X)i07XTW*,j2>)
+ f(X)imio ) <Wj27* + W*7j27X*,io>) ’ h<X)j0>i0 + f(X)imio " Ujiz,j0

e Part 2 For 10 =11 # i9 € [TL], jl,jg c [d]

df(X)io,iU i h(X)jmio _
dxi27j2

_f(X)imio ’ f(X)io,iz ! w(X)io,jQ ’ h(X)jmio

Proof. Proof of Part 1
df(X)im’io ) h(X)jo#io

dmi21j2
df(X)io i dh(X) jo,i
:77]1()() p +f(X)i p .\ /Jos%0
dxi2,j2 Jote o dmi2~,j2
df(X)io,i
= % ’ h(X)jo,io + f(X)i(),io " Vjz,50
Liy,jo

= (_(O‘(X)io)il : f(X)io,io ’ (U(X)iowio : w(X)io,jz + <u(X)iov XTW*>]'2>)
+ f(X)ioyio ) <Wj2,* + W*Jé’ X*,io>) ) h(X)jo-,io + f(X)ioyio " Uja2,jo
= (= F(Xigsi0 - (F(X)inio - (X )ig g + (F(X)igs X TWejp))
+ F(Xigio * Wiae + W g, Xi)) - mX ) jo.io + F(Xiosio * Vi o
where the fist step is by Fact B.2, the 2nd step calls Lemma C.4, the 3rd step uses Lemma C.3, the
last step is by the definition of f(X);, (see Definition B.6).
Proof of Part 2
df(X)io,io i h(X)
da:iwé
df(X)io,io dh(X)jo.io

= m : h(X)jo,io + f(X)io»io :

Jo,to

dxi21j2
= - (O‘(X)io)71 : f(X)io,io 'U(X)ioﬂé : w(X)imjz ' h(X)jo,io
= = [(Xigsio * [ (X)igyin - 0(X)ig5z - R(X)jo i

where the fist step is by Fact B.2, the 2nd step calls Lemma C.4, the 3rd step uses Lemma C.3, the
last step is by the definition of f(X);, (see Definition B.6). O

30



Under review as a conference paper at ICLR 2024

C.7 DERIVATIVE OF SCALAR FUNCTION f(X);; .50 - W(X)ig,j1
Lemma C.7. If the following holds:

* Let f(X),, be defined as Definition B.6
We have

e Part1 Forig =i, =i € [n], J1,J2 € [d]
df (XDig,io - W(X)ig

dxizﬂ'z
= (f(X)io,io ! (f(X)io,io : w(X)i07j2 + <f(X)io’XTW*7j2>)
+ f(X)i07iD : <Wj2 « + Wi szX* lo>) ' w(X)imjl + f(X)io,io * Wiy o

e Part 2 Forig = 11 7é 19 € [n], J1,J2 € [d]
df (XDig,io - W(X)ig, 1

dxizdz

= 7f(X)io,io ! f(X)i07i2 : w(X)iané 'w(X)i()Ji

Proof. Proof of Part 1
df(X)iU,io ) w(X)io’Ji

dzi27j2
(X SUCELE
(X )ig gy F(Xigig g
dxzz,JZ o 00 dxi27j2
df Q0,0
d( ) o "LU(X)iOJd + f(X)io,io " Wy, g2
xzz,j2

= (_(a(X)io)_l : f(X)io,io ' (u( )lo,lo : (X)IOJQ < (X)ZO’X Wi 32>)
+ F(Xiosio * Wiz + Wi jos Xuig)) - w(X)ig 1 + F(X)igio * Wiy o

= (* ( )lo,zo ( ( )2071'0 'w(X)lo J2 < (X)Z()?X * Jz>)
+ f( )7/0720 <WJ27* + W*,jz’X*,to» ’ (X)to,h + f( )Zo»io * Wy, 52

where step 1 is by Fact B.2, the 2nd step calls Lemma C.1, the 3rd step uses Lemma C.3, the last step
is by the definition of f(X);, (see Definition B.6).

Proof of Part 2
df(X)io,iU ' w(X)’io,jl
dxiz ,J2
_ df(XDioi0

= “w(X)ig,j X)ioyio *
dxl2 j2 w( ) 0,J1 + f( ) 0,t0

= df( >10)20 'w(X)io’jl

dws, 5,
= = (a(X)io)_l ’ f(X)ioyio ! U(X)ioﬂ'z 'w(X)io,jz : w(X)imjl
= - f(X)iO7i0 ’ f(X)ioﬂz : w(X)irJ,jz ’ w(X)io,jd

where step 1 is by Fact B.2, the 2nd step calls Lemma C.1, the 3rd step uses Lemma C.3, the last step
is by the definition of f(X);, (see Definition B.6). O

dw (X)io 2J1
dmimjz

C.8 DERIVATIVE OF VECTOR FUNCTION f(X);, o (X "W, ;)
Lemma C.8. If the following holds:

* Let f(X),, be defined as Definition B.6
We have
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e Partl Forig =1, = is € [TL], jl,jg S [d]
df( ) (XTWJl)

dxlz,]z
= (*f(X)lo ’ (f(X)ioyio : w(X)io,jz + <f(X)ioaXTW 7jz>)
+ f(X)ZU o (eio 'w(X)iOJ2 + XTW*,jz)) (X W ,jl) f(X)Zo o (eio 'wjz,jl)

e Part 2 Forig =iy # is € [n), j1,j2 € [d]
df(X)io © (XTW*Jl)
dxi27j2
= (_f(X)io : f(X)io,iz 'w(X)io,jz
+ F(X)iy 0 (€5 - w(X )i n)) © (X TWogi) + F(X)ig 0 (€4, - Wy,

Proof. Proof of Part 1
df(X)lo © (XTW*Jl)

dl‘i27j2
_ XTW.,)+f o ——&
dl’zz,ﬂz ( " ( ) dxi%jz
df(X);
= d( ) %o (XTW*,jl) + f(X)lo o (€5 'wjz’jl)
Liy,jo

= (—((X)ig) ™" F(Xip - (@(X)ig g - (X )i g + (w(X)ig, X "W, j,))

+ F(X)ig 0 (€ig - 0(X)ig 0 + X Wiz)) o (X TWejy) + f(X)ig 0 (€4 - w5, )
= (= F(X)ig - (F(XDigig - w(X)ig g + (F(X)ig, X "W j,))

+ (X © (€55 - 0(X)ig 3o + X Wi j)) 0 (X TW. 1) + F(X)ig © (eq - wjy 5,)

where the 1st step is by Fact B.2, the 2nd step uses Lemma C.2, the 3rd step uses Lemma B.14, the
last step is by the definition of f(X);, (see Definition B.6).

Proof of Part 2
df(X)lo ° (XTW*7j1)
d$i2,j2
_ df(X)i, S AXTWL 5,
= dw, o (XTWejy) + f(X)i, Qs
= (ﬂi (XTW ;]1) + f(X)io © (eiz : w.j27j1)
= — ((a(X)ig) ™ F(X)i U(X)m,zz “w(X)ig g
+ f(X)ig 0 (eqy - w(X)ig50)) © (X7 Wij,) + f(X)i © (€3 - w51 )
( (X)m f( )10712 ’ ( )10 J2

(X>Zo (612 : (X)in,jz)) o (XTW*,jl) + f(X)Zo o (ei2 'wjmjl)

where the 1st step is by Fact B.2, the 2nd step uses Lemma C.2, the 3rd step uses Lemma B.14, the
last step is by the definition of f(X);, (see Definition B.6). O

C.9 DERIVATIVE OF Cq(X)
Lemma C.9. Ifthe following holds:

o Let C1(X) € R be defined as in Lemma B.16
* Let Z(X)ioﬁjl = <f(X)Zo’ XTW*7j1>
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Table 1: C; Part 1 Summary

ID | Term Symmetric? | Table Name
T 4+25(X)ig o - FX7 iy - w(Xig gy - 0(X)ig s Yes N/A

2 _f(X)?O ig h(X)jowio i w(X)io,jz ) w(X)ion Yes N/A

3 - (X)’imio ) <f(X)7o © (XTW*Jz)a h(X)]0> . w(X)i(hjl No Table 4: 1

4 — (X)?O ig Vjy,jo w(X)io,jl No Table 5: 1

5 _S(X)ioﬂ'o . f(X)ioJo i w(X)iij ) w(X)io,jl Yes N/A

6 _S(X)io,jo . f(X)io,io . <W*,j27X*,io> . w(X)io,jl No Table 2: 7

7 —5(X)ig.50 - J(X)igsio - Wi ja No Table 2: 9

8 2 (X)lo,io . S(X)i07j0 . Z(X)io,jz . w(X)iwl No Table 2: 1

* Letw(X)io,jl = <Wj1,*ﬂ X*,io>
We have

e Part1 Forig =11 =iy € [TL}, J1,J2 € [d]

dC(X)
dwi, j,
= +25(X)igjo - F(X)Z i - 0(X)ig 5o - 0(X)ig 5,
+ 2f(X)io,i0 * $(X)ig o * 2(X)ig,go - W(X)ig s
— [0 (X)) joio - 0(X)ig s - 0(X )ig o
- f(X)ig,io ’ <f(X) (XTW ,Jz) (X)Jo> ( )lo,jl
— FX)3 0 Vo - W(X)io g
= 8(X)io,jo * F(Xigio - W(X)ig o W(X)ig 5
= 5(X)io,jo * F(X)iosio * Wi,jas Xasig) » w(X)ig
= 5(X)iojo + f(X)iosio * Wiy g

e Part 2 Forig = 11 # i9 € [n}, J1,J2 € [d]
dC1 (X)
dximjz

= S(X)io,jo ’ f(X)imiz 'w(X>io,]‘2 ’ f(X)imio 'w<X)i0,j1

- f(X)iO7i2 : h(X)jo,iQ : w(X)io,jz ’ f(X)io,io : w(X)io,jl

- f(X)io,iz " Uja,jo f(X)io,io ) w(X)i()gjl

+ S(X)ioyjo ! f(X)io,io : f(X)io,iz ! w(X)iOJQ : w(X)io,Jd

Proof. Proof of Part 1

dCq (X)
dxiz,jz
_ d— S(X)iodo i f(X)io,io .w(X)iO»jl
dxiz’jz
ds(X)ig o
= — —— [(X)ig,io - W(X)ig,
dxi2,j2 f( ) 0,%0 ’LU( ) 071
df(X)igio - w(X)ig,j
(X - Do i,
i2,j2
ds(X);, i
= - M : f(X)imio 'w(X)’io,jl
dximjz
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— 5(X)iggo - (=(a(X)ig) ™"+ F(XDigio + (W(X)igig - w(X)ig s + (w(X)ig, X Wi j,))
+ f(XDigsio = Wiae + Wiy Xiiig)) - w(X)ig 5 + F(X)io,i0 - Wji,52)
= — (=5(X)ingo - F(XDigio - (X )ig,jo = (X )i jo - (f(X)igr X Wi j,)
+ f( )io,io 'h(X)Jo,lo : ( )umz
+ (F(X)ig 0 (X TWia ), M(X)jo) + F(XDigin = Vjnio) * F(XDigio - w(X)ig 5o
— 5(X)iggo - (= (XDigsio - (F(Xiguio - WX )igjo + (F(X)ig, X Wi j,))
+ F(Xigsio - Wias + Wi joy Xiciio)) - w(X)ig g + F(XDio 0 - i1 ,j2)
=25(X)igjo - F(X)7 40 - W(X)ig g - W(X )ig 5y
w(

X)io,jl

) .o
+25(X)ig 5o Z2(X)ig.ga + [(X)igio -
(X070 (XD josio * W(X i s - w(Xig o
= F(XDigsio - (F(X)ig 0 (X TWejy), h(X) ) - w(X )ig 5,
( )z‘o,io * Uja o w(X)io,jl
= 8(X)ig.go * F(Xigio - Wiz + Wi o, Xicig) - w(X)ip 5,
(XDiogo = f(XDiasio - Wi o
where the first step is by definition of C'; (X) (see Lemma B.16), the 2nd step is by Fact B.2, the 3rd
step is by Lemma C.7, the 4th step is because Lemma B.16, the 5th step is a rearrangement.
Proof of Part 2

dCy(X)
dxi27j2
_ d— S(X)imjo i f(X)io,io ) w(X)imjl
dxizdz
dS(X)Z J
= - ﬁ ’ f(X)io,io : w(X)imh
df (X)ig,io - W(X)ig,5
= 50 - L Xt i
12,72
ds(X);, .4
= - Wi p(x),, 4 w(X)
dxizdb

+ S(X)i(mb ’ f(X)ioﬁio ! f(X)i07i2 ’ w(X)io,jQ : w(X)io,jl
= = (*S(X)ioyjo ’ f(X)io,lé ’ w(X)io,]é + f(X)io,iz : h(X)joﬂé ’ w(X)iOJé
+ F(Xio iz~ Va o) - F(XDigio - w(X)ig o
+ 5(X)iogo  F(Xig.io - f(XDigin - 0(X)ig o - w(X)ig g
= 5(X)iojo  F(Xigui - w(X)ig o+ F(X)igio - w(X)ig s
- f(X)loﬂz ) h<X)jo,i2 : w(X)iodé ’ f(X)io,io . w(X)io,Jd
- f(X)io,iz " Vja,jo f(X)io,io : w(X)io,jl
+ S(X)io’jo ’ f(X)io,io : f(X)io’Zé : w(X)imjé : w(X)iqul
where the first step is by definition of C (X)) (see Lemma B.16), the 2nd step is by Fact B.2, the 3rd
step is by Lemma C.7, the 4th step is because Lemma B.16, the 5th step is a rearrangement. O

C.10 DERIVATIVE OF C5(X)
Lemma C.10. If the following holds:
o Let Cy(X) be defined as in Lemma B.16
o We define (X )iy jr = (f(X)ig, X TWi j,).

We have
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Table 2: C5 Part 1 Summary

ID | Term Symmetric Terms | Table Name
1 ZS(X)iO,jO . f(X)i(JviO . w(X)ioij . Z(X)ig,jl No Table 1: 9

2 S(X)io,jo ) Z(X)io,jz . Z(X)io,jl Yes N/A

3 _f(X)in,io i h(X)jo,io : w(X)io,jz i Z(X)io,jl No Table 3: 3

4 _<.f(X)io © (XTW*,jz)’ h(X)j0> i Z(X)imjl No Table 4: 2

5 _f(X)in,io . /sz,jo . Z(X)io,jl No Table 5: 2

6 | +5(X)injo  2(Xiguin * F(Xigsio * 2(X)ig o Yes N/A

7 =5(X)insio  F(Xinsio - Wajrs Xuig) - W(X)ig,jn | NO Table 1: 6

8 | —s(X)igujo - (f(Xip 0 (X Wojp), XTW.jy) Yes N/A

9 _S(X)io,jo . f(X)io,iU * Wiy 51 No Table 1: 7

e Part1 Forig =11 =19 € [n], jl,jg c [d]
dC>(X)

dximjz

= 4+ 25(X)ig,jo + f(X)igsio * W(X)ig,50
+ S(X)io,jo : Z(X)io,]é ’ Z(X)imjl
= [(XDigio = (X ) josio = W(X)ig gz + 2(X)ig 1
— (F(X)ig o (X TW. ), B(X) jo) - 2(X)ig 54

- f(X)ioyio " Vja,jo Z(X)iOvjl

: Z(X)imﬁ ’ f(X)ioyio ’ Z(X)ioyjé
F(XDigsio - (Wi jus Xasig) - 0(X)ig g
(f(X)io 0 (XTW*A,J'2)7XTW*J1>

: f(X)io,io “ Wiz,

L Part2F0ri0 =1 7& i9 € [TL}, jl,jg c [d]
dCy(X)

" Vjy,50 Z(X)imjl

“F(XDigyio " Wia i

Proof. Proof of Part 1

d — C(X)
dxizdz
dS(X)io,jo i Z(X)io-,jl
dxiz,jz
ds(X)i, .4 dz(X)4, 4
dzs, 2(X)ig.1 + 8(X)ignjo Az, 1,
dS(X)io Jo
dxi27j2 Z( ) 0,J1

’ Z(X)imh

! f(X)io-,i2 : w(X)io,jz ! Z(X)imh
Ch(X)jorin - W(X)iggo - 2(X)ig s

: <f(X)Zm XTW*,j1> ! f(X)io,io : w(X)io,jz
F(XDigio - Wajir Xesig) - w(X)ig o

+ S(X)io,jo ’ (<_(a(X)io)_1 ’ f(X)lo : (U(X)io,io 'w(X)iosz + <u(X)i0’XTW*,j2>)

+ f(X)Zo © (eio : w(X>i07j2 + XTW*Jz)’XTW*7j1> + f(X)ioa’io ! wj27j1)
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= (=5(X)ig.jo * F(Xig o - W(X)ig 1 = 5(X)ig g0 - (F(X)igs X Wi j)
+ f(X)io io ° h( )jo i (X)lo J2
+ (F(X)ig 0 (XTWe jp), h(X)jo) + F(Xiguin * Vi o) - 2(X)ig sy
+ 8(X)ig,j0 + ((—(e (X)io)fl (X iy - (WX ig 0 - w(X )ig gy + (W(X)ig, X Wi j,))
+ F(X)ig 0 (€3 - 0(X)ig o + X TWai), X TWe i) + F(Xig i - Wi i)
= = 5(X)ig,go - F(X)io,io - 0(X)ig,jo - 2(X)ig 51
= 8(X)igjo - 2(X)ig,jo + 2(X)ig,
+ F(XDiosio - 1(X)joi0 * W(X)ig a2 2(X) g,

+ (F(X)ig o (X TW. j,), B(X) o) - 2(X)ig 5,

+ f(XDiosiz * Viarjo - 2(X)ig

— 5(X)ig o - (F(X)igs X TWa i) F(Xiguio - w(X)ig g

= 5(X)igugo * (F(X)igs X TWasi) - F(Xiguio - (f(X)ig, X Wi jy)
+ 8(X)ig,g0 * F(Xigsio = (Wi gis Xusig) - 0(X)ig

+ S(X)io,jo : <f(X)zo o (XTW*,jz)vXTW*,jJ

+ (X )ig,go - F(X)iosio - Wia,a

where the first step is by definition of C3(X) (see Lemma B.16), the 2nd step is by Fact B.2, the 3rd
step is by Lemma C.5, the 4th step is because Lemma B. 16, the Sth step is a rearrangement.

Proof of Part 2

d— Cy(X)
dxiz,jz
= dS(X)io,jo | <f(X)’i07XTW*7j1>
dxig,jz
ds(X)ig o A{f (X)igs X TWeji)
= 90 L (X )i X)) i - 02 J1
dxiQ,jz Z( ) 0,J1 + ‘9( ) 0,J0 dxiQ,jz
dS(X)io Jo
= 7’ . X i ;
dxi27j2 Z( ) 0,J1

+5(X)ig.go - ((—=(@(X)io) ™ F(X)ig - (X ig,io - (X )ig,ja

+ F(X)i © (€ig - w(X)ig g2)s X T Waji) + F(X)io o * Wiz jn)
= (=5(X)ig. o * [(XDio i - W(X)ig g2 + f(X)igin - 1(X)jo i - w(X)ig 5

+ f(X)io,iz : sz»jo) ’ Z<X)io,j1

+5(X)ig.jo - ((—=(@(X)io) ™ F(X)ig - (X igio - w(X )ig,ja

+ F(X)i © (€ig * w(X)igga)s X T Waji) + F(X)io o * Wiz i)
= = 5(X)iggo - f(X)igiz - w(X)ig gy - 2(X)ig a

X)lo,lz . h(X)JO,lz ’ w(X)imjz ’ Z(X)io’h

Jiosiz * Uiz, * Z(Xio,a
ioo " (F(X)is X TWigi) - F(Xigio - w(X)ig o
Jiogo * F(XDiosio + (Wagis Xuig) - w(X)ig
)io,jo ’ f(X)imio " Wiz, 51
where the first step is by definition of Cy(X) (see Lemma B.16), the 2nd step is by Fact B.2, the 3rd
step is by Lemma C.5, the 4th step is because Lemma B.16, the 5th step is a rearrangement. O

C.11 DERIVATIVE OF C3(X)
Lemma C.11. [f the following holds:

o Let C3(X) be defined as in Lemma B.16
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Table 3: C'5 Part 1 Summary

ID | Term Symmetric Terms | Table Name
U | —fX)7 i P josio - w(Xiggo - w(X)igyy | Yes N/A

2 [ FXigsio - w(XDig s - MX) o0 - W( X))o Yes N/A

3 | —f(Xigio - 2(X)ig,jo - 1(X) jo,i0 - (X )ig 1 No Table 2: 3
4 f(X)Z(Mo i <W* J27X*7i0> . h(X)jo,io . w(X)iO,jl No Table 4: 3

5 Xio.io " Vjarjo - W(X)ig.is No Table 5: 3
6 ( Vioio - M X)ig.io * Wiy . No Table 4: 5

We have

e Part 1 For io =11 =19 € [n], j1,j2 S [d]

dCs(X)
dz;, j,
= - f(X)zzoﬂ’o . ( )]0,20 : (X)iodé 'w(X)io,jl
- f(X)iowio ( )10 J2 (X)jo,io 'w(X)imJi
+ f(X)io-,io : w(X)Zodz ’ h(X)joyio ’ w(X)io,]i
+ F(Xigio - (Wi jar Xosio) - (X ) jo g - w(X i
+ F(XDigsio * Viago - W(X)ig g
+ [(XDiosio - P X io i * Wiy gz

Proof. Proof of Part 1

dC3(X)

dl’i21j2
— df(X)i07i0 : h/(X)iOU:O . w(X>i0;j1

dSCiQ’jQ

df (X)ig,io - M(X)i,i dw(X )i, .
= SH e B () F i WX i g

df (X)ig,io - M(X)ig,i
- ((]1; . e w(X)io,jl + f(X)io,io : h(X)io,io “ Wiy s

12,72

= (= F(Xiasio - (F(XDigsio - W(Xig.jo + (F(X)ig, X Wijn))

+ [ (Xiosio * Wia + Wi, Xuio)) - M X )joio + F(XDiosio * Viano) - WX,
+ [ (XDioio - M(X ig o = Wi ja
= - f(X)zzo,io 'h(X)jo,io ’ w( )l07]2 ’ (X)i0>j1
- f(X)ioyio ' Z(X)io J2 ° h( )Jo g (X)107J1
+ f(X)io,io : <W12 «+ W ]2’X* zo> h(X Joyio ( )zo.,j1
+ f(X)imio *Vjago w(X)loJl
+ [ (XDioio - M(X ig o = Wi ja

where the first step is by definition of C3(X) (see Lemma B.16), the 2nd step is by Fact B.2, the 3rd
step is by Lemma C.1, the 4th step is because Lemma C.6, the 5th step is a rearrangement.
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Table 4: Cy Part 1 Summary

ID | Term Symmetric? | Table Name
U | —(f(X)ip o (XTW. ), (X)) jo) - F(Xigio - w(X)ig,jo | No Table 1: 3
2 | (X o (XTWaji), M(X)jo) - Z(X)ig o No Table 2: 4
3 f( )Zo,lo'h(X)]oﬂo <W*]1’X*lo> w( )10,]2 NO Table3:4
4 | (F(X)ig o (XTW. ) o (X TWoj), h(X) ) Yes N/A
5 f(X)iU,io 'h(X)jo,io * Wiy 4y No Table 3: 6
6 f(X)io,io . <W*,j17X*,i0> 'sz,jo No Table 5:4
Proof of Part 2
dCs(X)
dxim]é
_ df(X)io,io h(X)lolo ) w(X)i(]ujl
dxiz,jz
df (X)ig,io - M(X )i 0 dw(X),;
= ; = w(X)ig,j X)igio - (X )igig - — 2
d$i27j2 w( )u,]1+f( )o,o ( )0,0 dxiz,jg
df(X)ig,io - M(X)ig.i
= P it Mooy (x),,,,
‘rlz,Jz

where the first step is by definition of C3(X

- f(X)io,io : f(X>io,i2 ! w(X)io-,jz : h(X)joyio ' w(X)ioJi
) (see Lemma B.16), the 2nd step is by Fact B.2, the 3rd

step is by Lemma C.1, the 4th step is because Lemma C.6, the 5th step is a rearrangement.

C.12

DERIVATIVE OF Cy(X)

Lemma C.12. Ifthe following holds:

o Let Cy(X) be defined as in Lemma B.16

We have

e Part IFOV’iO =141 =19 € [n}, jl,jg c [d]

dCy(X)
dwi, j,

= = {f(X)ig o (X TWe ), M(X) o)
~ (f(X)ig o (XTWaj), (X)) - Z(X)
+f( )io,io' ( )Jozo < 7J1’X*0
+(F (X 0 (X TWegy) 0 (X TWejy), h(X

+ f( )20710 ' h(X)Jmm Wijg,j1
+ F(X)iosio = Wigis Xsio) * Voo

e Part 2 Forig = 1 75 ig € [TL}, J1,J2 € [d]

— (F(X)ig

+ f(X)io,lé ' h(X)j07i2 ! <W*7j1aX*,i2> ’

X)ioﬂé ’ h(X)joJé " Wiy 51
)’io7i2 ’ <W*,j1 ) X*7i2> " Vj,50
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Proof. Proof of Part 1

dCy(X)
_ A (X 0 (X TWe ) A(X)j0)
dxi27j2
_ <df(X) dxl()j W 711) h(X)]0> —+ <f(X)zO o (XTW*,]1)7 dcil;(j(jjo>
= (df(X) dwl()j el (XD o) + (F(X)ip 0 (X TWaji)s €y - 0js o)

= <(_f(X)lo : (f(X)ioyio -w(X)iOJQ < ( )107XTW*J2>)
+ f(X)io © (eio ’ w(X)iO,h XTW* Jz)) © (XTW*,jl) + f(X)io © (eio ’ wjz;h)? h’(X)j0>
+

jo)
f(X)Zo io w(X)io,jz

(f(X)
= —<f(X)z‘oo(XTW*,j1) h(X); )
— (F(X)ig © (X TWiji), h(X) jo) - {(f(X)igs X Wi jo)
+ f(Xio,io - (X)) jo 0 - (W 7.71’X*71 ) w(X)igj,

+{(f(X)ip 0 (X TW, j,) 0 (X TWaj,), h(X)4)
(X)mﬂo ’ (X)joyio * Wiy, 51
=+ f( )20710 ’ <W*,j17X*7io> " Vj,50

where the first step is by definition of Cy;(X) (see Lemma B.16), the 2nd step is by Fact B.2, the 3rd
step is by Lemma B.15, the 4th step is because Lemma C.8, the Sth step is a rearrangement.

Proof of Part 2

dCy(X)
dxi27j2
(X 0 (XTWay), X))
dxiz,jz
_ df(X) (XTW 7]1) ) ) ) dh(X)jo
S MO e W) S T
Af(X)iy 0 (XTW,
= (P2 Tn) X))+ (i (XTWoi )i )

(=(f(XDio - F(XDigin  w(X)ig 4o

+ (X © (€5, - 0(X)ig 5)) 0 (X TWajy) + F(X)ip 0 (€5, - w), 5,), h(X) o)
+ (f(X)ig 0 (XTWej), €5y s jo)

- ( X)io

= — (F(X)io 0 (X T Wei) 1(X)jo) - F(Xigiz » (X )i o
( )10,22 : ( )Joaiz ’ <W leX* 12> ’ (X)ioﬁjz
( )Zo 12 " ( )Jo iz " Wya, g1
( )Zo i2 <W* leX* lz> Uja,jo

where the first step is by definition of C4(X) (see Lemma B.16), the 2nd step is by Fact B.2, the 3rd
step is by Lemma B.15, the 4th step is because Lemma C.8, the Sth step is a rearrangement.

O

C.13 DERIVATIVE OF C5(X)
Lemma C.13. [f the following holds:

o Let C5(X) be defined as in Lemma B.16
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Table 5: C5 Part 1 Summary

Term Symmetric Terms | Table Name
*f(X)?O,iD ) w(X)imh " Ujy,j0 No Cl (X) 14
7f(X)i0-,io . Z(X)io,jg . Ujl,jo No Table 2: 5
f(X)iO,iD . w(X)iOJQ * Vi1 .50 No Table 3:5
F(X)igio - Wi g Xuio) - Vi1 jo | NO Table 4: 6

We have

e Part1 Forig =11 =iy € [TL], J1,J2 € [d]
dCs(X)

dxiz \J2

(X301 - WX )ig gz * Vir o
( )io,io 'Z(X)io,h *Uj1,d0
+ f(X)ioﬂ'o ’ w(X)ioJé * Vj1,50
+ f(X)im’io ’ <W*1j27X*710> " Uj1,50
e Part 2 Forig = i, 7é i9 € [n], J1,J2 € [d]

4Cs5(X)
dxizdé

= - f(X)io»io : f(X)i(),iz ' w(X)ioyjfz * V51,50

Proof. Proof of Part 1
dC5(X)

dwizdz
_ A (Xig i Vi o
dﬂ?iz,jz
A (X
dw;, j,
= (= F(Xigsi0 - (F(X)ioio - (X )ig g + (F(X)igs X Wi j3))
+ f(X)imio : <Wj2’* + W*»j27X*,i0>) " Uji,jo
= - f(X)?o,io : w(X)io,jz " Uj1,50
— F(XDigsio - (F(X)igs X TWe o) - 05
+ f(X)io,io : <Wj2~,* + W*»j2vX*,io> " Vs g0

J1,Jo

where the first step is by definition of C5(X) (see Lemma B.16), the 2nd step is by Fact B.2, the 3rd
step is by Lemma C.3, the 4th step is a rearrangement.

Proof of Part 2
dCs(X)
dxiz ,J2

_ df(X)imio " Yji,50
dximjz

o df(X)io,io

dz. J1,J0
12,]2
= - f(X)io,io : f(X)i07i2 ’ w(X)io’jz " Uj1,50

where the first step is by definition of C5(X) (see Lemma B.16), the 2nd step is by Fact B.2, the 3rd
step is by Lemma C.3. [
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C(X)lo,jo
Tiq g1

C.14 DERIVATIVE OF

Lemma C.14. [f the following holds:
* Let ¢(X)i,,j, be defined as in Definition B.8
We have

e Part1 Forig =1 =19 € [n], J1,J2 € [d]
dC(X)ioJo

dxilx.jlxi27j2

where we have following definitions

Dy (X) :=25(X)igjo - F(X)7 a0 w(X)ig g - w(X)ig g

D (X) = 2f(X)ig i - (X)ZOJD 2(X)ig gz WX )ig 1

+ 2f(X)io,io * $(X)ig,jo  2(X )10,11 ~W(X)ig,5
DS(X) = - (X)’L?o,’i[) : h( )Joﬂo ’ (X)ZO’JQ : (X)lo,h
Da(X) = — f(Xigio - (f(X)ig 0 (XTWejp), h(X)jo) - w(X)ig 50

- (X)ioﬂo <f(X) (XT ,]1)7 (X)Jo> ( )Zo,jz
D5(X) = (X)zgo,io * Vjy,50 w(X)imh - (X) 0,i0 " Yit,do 'w(X)ioyjz
Dg(X) = — S(X)ioajo 'f(X)io,io ~w(X )Zo,Jz ~w( )Zo’j1
D7(X) = _S(X)io,jo fX )Zo ig (W 2> X, 10> w(X )10 Ji

- S(X)io,jo f( )lo i <W* Jl’X* Z0> ( )Zodz
Dg(X) == — S(X)imjo F(Xigsi0 " Wi go — $(X)ig 5o+ F(X)io,io * Wiai
Dy(X) := 5(X)ig,5o - 2(X)igjz * 2(X)ig, 1
Dio(X) := = f(X)ig,io - )go,zo' W(X)ig gz - 2(X)ig g

- f(X)io,io : h( )]0710 ’ ( 10,J1 " Z(X)ioyjz

)i
‘X)ioo()(T *J2) ( )J> ZX)Z 2J1
)j )i

(
(
X)io,io " Uja,jo Z(X)ZOJI - f(X)loﬂo Uj1.jo Z(X)io,jz

—{f X)ioo(XT Wi )s (X)) o) - 2(X)ig o
D1a(X) = — f(
D13(X) == S(X)Zo,jo : Z(X)io,jl ’ f(X)ioyio ’ Z(X)io,jz
Diy(X) = —s(X)iO,jO (X )i 0 (X T W jy), X TWo )
D15(X) = ( )’L(),’LU . ( )J(Mo : (X>ZO’J2 . (X)io,Jd
Di6(X) := f(X)ig,i0 - w(X )m,Jz P(X) o0 - W(X)ig,1
Di7(X) = f(X)lo,lo (W x> X lo> h(X )Jo,zo : (X)io,jl
+ ( )lo,lo : <W ,JuX* 10> : h(X)]OJO 'w(X)ion
D18(X) = f(X )1 " Vja.g0 w(X)iO;jl + f<X)io,io " Yjr,g0 w(X)ion
D19(X) = f(X )Zo,lo : ( )10 io Wiy, jo T f(X)io,io : h(X)io’io " Wiz, 51
Daog(X) == + (f(X)ig 0 (X TWej,) 0 (X TWijy), h(X)jo)
DQl(X) =+ f(X)lo,lo : <W szX* lo> Uy o T f(X)io,io . <W 7J1’X* lo> " Vja,jo

e Part 2 Forig = 1 7é ig € [n], J1,J2 € [d]
dC(X)io,jo _

dxil;jlxi27j2

Proof. The proof is a combination of derivatives of C;(X) in this section.

Notice that the symmetricity for Part 1 is verified by tables in this section.
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D HESSIAN CASE 2: iy # iy

In this section, we focus on the second case of Hessian. In Sections D.1, D.2, D.3, D.4 and D.5, we

calculated derivative of some important terms. In Sections D.6, D.7 and D.8 we calculate derivative
de(X)ig i1

of Cs, C7 and Cy respectively. And in Section D.9 we calculate the derivative of ——

D.1 DERIVATIVE OF SCALAR FUNCTION f(X);, 4,
Lemma D.1. [f the following holds:

* Let f(X),, be defined as Definition B.6

e Forig #i2 € [n], j1,72 € [d]

We have
df(X)i07il _

dxi27j2

- f(X)io,ﬁ ’ f(X)io,iQ : w(X)io,jz
+ f(X)io,il ’ w(X)iOJQ

Proof.

X iois _ (a(X)) ™ F(XDig - ul(Xig - (Wi e X i)

dmiz’jZ
+ f(X>i0 o (eil ’ <Wj27*’X*7io>))i1
= — ((X)ig) " F(Xiguir - W X)igrin + Wiaer Xuig)
+ [(Xigsis - Wiy e Xcsig)
= = [(Xio,ir - [ (XDio,ia - w(X)ig,5
+ F(X)igsiy - w(X)ig,jo

where the first step follows from Part 1 of Lemma B.14, the second step follows from simple algebra,
the first step follows from Definition B.6. O

D.2 DERIVATIVE OF SCALAR FUNCTION h(X);, i,
Lemma D.2. [f the following holds:

* Let h(X);, be defined as Definition B.7

* Forig # iz € [n), j1,J2 € [d]
We have

e Part 1. For iy 75 19,11 = 19 € [n], J1,J2 € [d]

dh(X)jo,h —
dxiQ,jg J2,J0
e Part 2. For i, 7& 12,11 % 19 € [’ﬂ], J1,J2 € [d]
dh(X)jn,il -0
dxi27j2
Proof. Proof of Part 1.
dh(X)jo,il _

= (eiz 'sz,jo)il
dxizdz

= Vj2.50
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where the first step follows from Lemma B.7, the second step follows from ¢; = 5.
Proof of Part 1.

dh(X ) j0,%1
TJ_OL = (eiQ 'Uj27j0)i1
12,2
=0
where the first step follows from Lemma B.7, the second step follows from simple algebra. O

D.3 DERIVATIVE OF SCALAR FUNCTION (f(X);,, h(X);,)
Lemma D.3. [f the following holds:

* Let f(X),, be defined as Definition B.6

* Let h(X);, be defined as Definition B.7

* Forig # is € [n], j1,j2 € [d]

We have
d{f(X)ig, M(X)j,
QM) — X0 (X Wi X
+ f(X)io © (eil : <Wj2,*7X*,i0>)7h(X)jo> + f(X)io,iz * Vjz,50
Proof.
d(f (X)io, M(X)jo) — ,df(X)ig _ - dh(X)j,
dwi, j, == dwi, j, X )so) - F (Ko dﬂ?iz,jj >

= (—(a(X)i,) ™ F(Xig - w(X)ig,ia * Wiiaes Xisio)
(X)ip © (€iy + (Wi er Xasi)) h(X) o) + (F(X)igyy =22

= (= f(X)io - [(XDigiz * Wiz, Xssig)
Vio © (€01 + (Wi s Xeiio))s (X ) jo) + (F(X)igr =2

X)io ’ f(X)i07i2 ’ <Wj27*’ X*7i0>

X)io 0 (€iy * (Wiaes Xosio)), (X ) o) + (F(XDio» €3 * Vjajo)
X)io ’ f(X)imQ : <Wj2,*’ X*,io>

X)io o (eil ’ <Wj2,*v X*,io>)v h(X)jo> + f(X)io,lé " Uja,jo

where the first step follows from simple differential rule, the second step follows from Lemma B.14,

the third step follows from simple algebra and Definition B.6, the fourth step follows from
Lemma B.15, the last step follows from simple algebra. O

D.4 DERIVATIVE OF SCALAR FUNCTION f(X )04, - (Wi, 4, Xuio)
Lemma D.4. [f the following holds:

* Let f(X),, be defined as Definition B.6

* Forig # iz € [n], j1,j2 € [d]

We have
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df(X)io,il i <Wj1,*7X*,i0>
dxi%jz

= (_f(X)io,igf(X)in’il + f(X)io,il) : <Wj2,*7 X*,i0> : <Wj1,*7 X*,io>

Proof.
df(X)io,il ) <Wj17*’X*,io>
dxizdé
df(X)ig,i AWy e Xsio)
=20 (W X N IR T RL L XY
d‘riz,jz < J1, ,10>+ dx’ig,jz f( )10711

(—=f(XDio,ia f (XDigyin + F(XDigsin) * Wiz, Xesig) - (Wi, Xiig)
d<W’1,*;X*,i0> o

W X)),

(_f(X)io,i2f<X)io,i1 + f(X)iO7i1) : <Wj2,*7X*7i0> : <Wj1,*?X*7io> +0g * f(X)imil
= (_f(X)io,izf(X)imil —+ f(X)io,il) ’ <Wj2,*7X*,i0> ’ <Wj1,*7X*7i0>

where the first step follows from simple differential rule, the second step follows from Lemma D.1,
the third step follows from iy # is, the last step follows from simple algebra. O

+

D.5 DERIVATIVE OF SCALAR FUNCTION f(X);y 4, - h(X)jo .4,
Lemma D.5. [f the following holds:

* Let f(X),, be defined as Definition B.6

* Let h(X);, be defined as Definition B.7
We have

* Part 1 Forig # i2,i1 = i2 € [n], 1,42 € [d]

df(X)io,il ) h(X)jo,il
dxi27j2
= (_f(X)io,iz +1+ va,jo) . f(X)in,il ’ <Wj2,*>X*7i0> ’ h(X)jo,i1>

* Part 2 For iy # iz,i1 # i2 € [n], j1,j2 € [d]
df(X)io,io i h(X)joﬂ'o
dxi27j2
= (= f(X)ig,in [ (X)igyin + F(Xigin) * (Wiip s, Xiciig) * WX ) jo iy

Proof. Proof of Part 1.

df(X)io i h’(X)jo i1 df(X)lo i1
’ — = — - (X )jo.i f(X)igi
d$i2,j2 dzi27j2 ( )JO, 1 + f( ) 0,21
= (_f(X)io,i2f<X)io,i1 + f(X)imil) ’ <Wj27*?X*7i0> ’ h(X)jo,il
dh(X)jo.i,
— 0N (X )
* dxiz 2J2 f( ) o
= (= f(XDigsia f (XDigsir + F(X)ig,ir) - (Wi, Xosig) - B(X) o0
+ Vjy 50 f(X)imil
= (_f(X)’i(JJQ +1+ UjZJ(J) ' f(X)’io7i1 ! <Wj27*’ X*7i0> ! h(X)jo,il
where the first step follows from simple differential rule, the second step follows from Lemma D.1,
the third step follows from Part 1 of Lemma D.2, the last step follows from simple algebra.

dh(X)jo,i1

dxiz»jz
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Proof of Part 2.
Af (Xig,in - MX)jo,in — df(X)ig s dh(X)jo,q
(():11. : Jostr o fJ 1 ,h(X)j07i1+ d( ‘)J‘O 1 .f(X)l.O,Z.1
Lig,ja Liy,jo Lig,ja
= (_f(X)iOﬂ-Qf(X)iOyil + f(X)io,il) : <Wj2»*7X*,i0> : h(X)jo,il
dh(X)jo i1
P eV [\ EL ST " I
T (X

= (_f(X)io,izf(X)imh + f(X)io,il) . <Wj2,*7X*,i0> . h(X)j07i1

where the first step follows from simple differential rule, the second step follows from Lemma D.1,
the third step follows from Part 2 of Lemma D.2. O

D.6 DERIVATIVE OF Cg(X)
* CG(X) = _<f(X)i0’ h(X)j0> ’ f(X)imil ) <Wj17*’ X*7i0>
* C7(X) = f(X)i07il ’ h(X)joyil ) <Wj1>*’ X*7i0>
* Cs(X) = f(X)igir * Vi jo
Lemma D.6. If the following holds:
o Let Cg(X) € R be defined as in Lemma B.16

* Forig # iz € [n], j1, j2 € [d]

We have
dCs(X)
dxiz,jz
= < ( )to (X)imiz ) <WJ2 w0 X i0>
(X)l (611 : <W]2,*7X* 20>) h(X)Jb) + f(X)io,iz " Uja,jo f(X)imil : <Wj17*7 X*7i0>
<f( 10? ( )jo>) ’ ( f( )Zo7i2f(X>io,i1 + f(X)io,h) ) <Wj27*’X*,i0> ’ <Wj17*’X*7io>
Proof.
dCs(X)
dxiz,jz
d
= da; ; (_<f(X)i07h(X)jo> ) f(X)io,il : <Wj1,*7X*,io>)
d
= dz; ; (_<f(X)207h(X)J0>) ’ f(X)io,il : <Wj1,*7X*,i0>
(i MDD - (K - (Wi X))
i2,j2
d
= dzs. (_<f(X)i07h(X)jo>) ) f(X)i07il ’ <Wj17*’X*,i0>
12,72

+ (= (XDios M) o))+ (= (XDigin f(Xig,in + F(Xigsin) = (Wiaws Xosig) = (Wiy x5 Xocsig)
= <_f(X)io ’ f(X)io,iz ’ <Wiz,*7X*7io>

+ f(X)io 0 (eiy = (Wi, Xusio)), H(X) o) + F(XDiosia * Viago = f(XDiosia * (Wi s Xoio)

+ (_<f(X)i07 h(X)jo>) ’ (_f(X)io,izf(X)io,il + f(X)io,il) ’ <Wj2,*>X*,io> ’ <Wj1,*7X*,io>

where the first step follows from Lemma B.16, the second step follows from simple differential rule,
the third step follows from Lemma D.4, last step follows from Lemma D.3. O
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D.7 DERIVATIVE OF C7(X)
Lemma D.7. If the following holds:

o Let C7(X) € R be defined as in Lemma B.16
We have

 Part 1. Forig # ia,i1 = i2 € [n)], j1,j2 € [d]
dC7(X)
dz;, j,
= (= f(Xigsin + 14+ 045 50) - [(XDig,is * Wi s Xiciig) - R(X ) jo,ia ) - (Wiiy s X))
o Part 2. Forig # ia,11 # iz € [n], 41,72 € [d]
dC7(X)
dw;, j,
= (= f(XDio,ia f (XDio,i + F(XDio,in) - Wiia, Xacig) - MK ) jo,ia + (Wi s Xissio)

Proof. Proof of Part 1.

dC7(X)
dximjz
d
= dz. - (f(X)imil 'h(X)jo,h : <Wj17*7X*,io>)
12,72
d d
dz. (f(X)i07i1 ’ h(X)j07il) ’ <Wj17*7 X*7io> + f(X)imil ’ h(X)jmil ’ ﬁ(<Wj17*’X*aio>)
12,72 12,72
( )10712 +14vj,, ]o) ’ f(X)io,il : <Wj2,*’X*,io> : h(X)jUai1> : <Wj1=*7X*,i0>
d
f(X) 10711 ’ X)jo,h : ﬁ(<Wj1>*7X*;i0>)
12,72

X)loﬂz +1+ Vja, Jo) : f(X)io,il : <Wj27*’X*,i0> ' h(X)jo,i1> : <Wj1,*’X*,i0>
Jiosin * (X)) joiy - 0a
= (_f(X)Zo,lz +1+ ijJO) ’ f(X)io,il : <Wj2’*7X*,i0> : h(X)jo,i1> : <Wj1,*’X*,i0>
where the first step follows from Lemma B.16, the second step follows from differential rule, the third

step follows from Part 1 of Lemma D.3, the fourth step follows from iy # i, the last step follows
from simple algebra.

Proof of Part 2.

= ) (f(X)io,h 'h(X)joﬂd : <Wj1,*’X*,io>)

d d
f(X)iofil ' h(X)j07il) : <Wj17*’ X*7i0> + f(X)i[)ﬂ:l ' h(X)joJl ) 7(<Wj17*’X*,io>)

d$i2,j2 ( dxiz,jz
= ( f(X)TU L2f( )7/07i1 + f(X)io,il) : <Wj27*’X*,io> : h’(X)jOail : <Wj1,*7X*,i0>
d
(X)l ’ (X)j07i1 : ﬁ(<Wj1,*7X*,i0>)
12,72
( ( )10 12f( )10,i1 + f(X)if)ail) ! <Wj27*’X*,io> : h(X)jo,h ! <Wj1,*7X*,io>
( )10711 ' (X)jo7i1 - 0g

= ( f( )Zo,lzf( )io,il + f(X)io,il) . <Wj27*7 X*’io> : h<X)jo,i1 . <Wj1,*’X*;i0>
where the first step follows from Lemma B.16, the second step follows from differential rule, the third

step follows from Part 2 of Lemma D.3, the fourth step follows from iy # i, the last step follows
from simple algebra. O
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D.8 DERIVATIVE OF Cs(X)
Lemma D.8. If the following holds:
* Let C3(X) € R be defined as in Lemma B.16

* Forig # iz € [n), 41,72 € [d]

We have
dCs(X)
dxiz,jz
= (_f(X)io,i2f<X)io,i1 + f(X)io,il) : <Wj2,*7 X*,io> * Uj1.50
Proof.
aCs(x)  d
= f()()7 i Vg
dxinz dmizdb ’ 0

= (= f(Xigsin [ (X)igir + F(X)igsin) - Wiy, Xisig) * Vi o

where the first step follows from Lemma B.16, the second step follows from differential rule and
Lemma D.1. O

de(X)ig,5,
dziyjy

D.9 DERIVATIVE OF

Lemma D.9. [f the following holds:
* Let ¢(X);,,j, € R be defined as in Lemma B.16 and Definition B.8
We have

e Part 1 For ig 7é 12,11 = 12 € [n], J1,J2 € [d]

de(X) B
dxihjwdximjz

* Part 2 For ig # i2,41 # i2 € [0, j1, j2 € [d]
de(X)

dxihjud‘rimh

Proof. Proof of Part 1.
dC(X)ioyjo
dxil,jlvdxiz,jz
dCs dCy dCs
dwiy g, dwig, Az, j,
= <_f(X)Zo ’ f(X)io,iz : <Wj2,*7X*,i0> + f(X)Zo © (eil : <Wj2,*ﬂ X*,i0>); h(X)J0>
+ f(X)ioyiz * Vjs,j0 ° f(X)io,il : <Wj1,*7X*,i0>
+ (_<f(X)107 h(X)JO>) : (_f(X)i(),iQf(X)iOyil + f(X)io,il) : <Wj2-,*7X*,io> : <Wj1»*7X*,i0>
dCy n dCy
dmizd‘? d.’lﬁh’jz
= <*f(X)io : f(X)io,iQ : <Wj2,*7X*,io> + f(X)lo © (eil : <Wj2,*vX*,io>)v h(X)j0>
+ F(XDiosia * Viasjo  F(Xig,in - (Wiia e Xsio)
+ (_<f(X)io’ h’(X)Jo>) : (_f(X)io,izf(X)’imh + f(X)ioJl) ! <Wj2,*7X*,i0> : <Wj1,*7X*,i0>

+
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dCy
dwi, j,

+ (_f X)imiz +1+ vj2,jo) : f(X)i(),h ' <Wj2,*7X*,i0> ' h(X)j0711> ' <Wj17*7X*710> +

(
F(XDio - F(XDigin = (Wi Xosig) + F(X)ig 0 (€3 - (Wi s Xisig)), (X))
f(X)Z(J7'LQ Vjs,j0 f(X)imil : <Wj1,*7X*,i0>

—~

+

+( <f( )lo’ ( )J0>) . (_f(X)io,izf( )i07i1 + f( )imil) ’ <Wj2,*7X*,i0> ' <Wj1,*7X*,i0>
+ (_f(X)lo,lz +1+ Uj2,j0) ' f(X)io,il ’ <W2 o Xx 10> ’ h(X)j07i1> ’ <Wj1,*7X*7i0>

+ ( f( )io,izf(X)i(),il + f(X>i0,i1> : <Wj2,*’X*,20> " Uj1,50

where the first step follows from Lemma B.16, the second step follows from Lemma D.6, the third
step follows from Part 1 of Lemma D.7, the last step follows from Lemma D.8.

Proof of Part 2.
dC(X)iOJO
dxihjl?dmizdz
_ A, dCr |, dCy
g, g dxiz,jz dei, j,
< ( ) ( )10 i2 " <W72,*7X*,i0> + f(X>Zo ° (eil : <Wj2,*7X*,i0>)7h(X)j0>
( )Zo is " Uja,jo f(X)io,h : <Wj1,*7X*,io>
( <f( )107 (X)J0>) ! (7f(X)i0,i2f<X)i0,i1 + f(X)io,il) ! <Wj2,*’X*,io> ' <Wj17*’X*,io>
dCy n dCsg
dxlzd2 d‘rlz,Jz
= <7f(X)lo : f(X)ioﬂé ' <Wj2,*7X*7io> + f(X)Zo o (eh : <Wj2,*7X*,io>)7 h(X)Jo>
+ f(X)i(J,iz *Vja,50 ° f(X)io,il ' <Wj1,*7X*7’i0>
+ (_<f(X)iov h’(X)Jo>) ! (_f(X)imi?,f(X)ioJl + f(X)i(hil) ' <Wj2,*7X*7i0> ' <Wj1,*7X*7i0>

dC
+ (_f(X>io,izf(X)io7i1 + f(X)io,h) ’ <Wj2,*7X*,i0> : h(X)joﬂ'l ’ <Wj1,*7X*7i0> + :

dz;, 4,
< FXio - F(Xigiz - (Wiaer Xusio) + f(X)ig © (€3 - (Wig 0 Xoio))s 1(X) o)
(X)loﬂz Vjz.jo * f(X>i0,i1 ’ <Wj1,*7X*,io>
+ (= {f(XDios P(X)j0)) - (=F (XDioia f (XDigin + F(Xigsia) - (Wiia e, Xosig) + (Wi ey Xicig)
( ( )10 sz( )zo,il + f(X)in,il) ’ <Wj2,*7X*,io> ’ h(X)joyil ’ <Wj1,*?X*7io>
+ ( f( )mﬂzf( )107i1 + f(X>i0,i1) ’ <Wj2,*7X*,io> " Uji,jo

where the first step follows from Lemma B.16, the second step follows from Lemma D.6, the third
step follows from Part 2 of Lemma D.7, the last step follows from Lemma D.8. O

_|_

E HESSIAN REFORMULATION:

In this section, we provide a reformulation of Hessian formula, which simplifies our calculation
and analysis. In Section E.1 we show the way we split the Hessian. In Section E.2 we show the
decomposition when g = i1 = 3.

E.1 HESSIAN SPLIT

Definition E.1 (Hessian of functions of matrix). We define the Hessian of ¢(X ), j, by considering
its Hessian with respect to x = vec(X). This means that, V*c(X ), j, is a nd x nd matrix with its
i1 - J1,%2 - jo-th entry being

dC(X)io ,Jo

dxh J2Lia,j2

Definition E.2 (Hessian split). We split the hessian of ¢(X ), ;, into following cases

. . . 41,0
® 20221212.'H1(1 2)
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® iO = il, ’io 7é i2 N H2(11’12)
. .. . (i1,i2)

® 7,07521,7,0:12.'1{3

. . - H(ilaiQ)
20#11,20#12. 4

In above, HZ-(il’iZ) is a d x d matrix with its j1, jo-th entry being
dC(X)io,jo

dxihbxiz,jz

Utilizing above definitions, we split the Hessian to a n x n partition with its i1, io-th component

being Hi(il, ig).

Definition E.3. We define V?c(X ), j, to be as following
'Hil,l) Hil ,2) Hil,S) H?()l,io)
H4E2 1) H4E2 ,2) Hi2,3) H?()Z,io)
Hf 1) Hig ,2) His,s) H?()S,io)
VeX)os=| i i :
H2(i0 1) H2(i0,2) H2(i0,3) Hl(io,io)
_Hi'n,l) Hin,Q) Hlin,S) Hén,u))
E.2 DECOMPOSITION HESSIAN : 19 = i1 = 19
Lemma E.4. Under following conditions
o Let D;(X) be defined as Lemma C.14
o Lot 2(X)iy = WX - f(X)s,
o Let w(X)ig« = WX
we have
Di(X) = ej, ~w(X)igx - 25(X)ig,jo - F(X)F, 40 - w(X) -

DQ(X) = e;rl : (w(X)io,* ’ 2f(X)i0,io : 3( )10 Jo ° Z(X)
) -

Hil,n)'

HiZ,n)
HAES,H)

Hz(’io )

H4n,n)

)'ejz

+ 2(X )iy - 20 (X)igio - (X )ig jo - w(X), L) - €5
Dy(X) = — e}, - w(X)igu - F(X)7 ig - BX ) josio - w(X)yp -
Dy(X) = —e] - WT - f(X)igi, - X - diag(f(X)i,) - B(X)5, - w( i, * €
— ey - w(X)ig - F(X)igio - W(X)j, - diag(f(X)ip) - X - W - ey,
Ds(X) = — e}, - (w(X)igw - F(X)7 ig - Vijo + Vajo - F(X)F o - w(X),1
De(X) = —e) - w(X)igw 5(X)iojo - F(X)iguio .w(X);* “ej,
Dr(X) = —e) - w(X)igs 5(X)iojo - F(X)igsio - Xiiy - W - €5,
— ejTl W KXo - 8(X)io o F(Xioio w(X);l(—,* " €jy
Ds(X) =€), - 5(X)igjo - f(X)igsig - (W' = W) -ej,
Do(X) =ej, - 2(X)ig - 8(X)ig 5o - 2(X)5, - €5,
Dio(X) = —e] - (2(X)iy - F(X)igsio - MX)josio - w(X)]
+w(X)ig s - F(XDigio - 1(X)jo 0 - (X)) - €5,
D1y (X) = —ej, - (2(X)ip - (W(X)j, - diag(f(X)i,) - X - W
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+ WX diag(F(X)ig) - h(X)j, - 2(X)y,) - €5,
Dia(X) = —e; - (2(X)ig - F(X)igsio - Viliy + Vasio - F(XDigsio - 2(X)i1) - €5,
Dis(X) =e] - 2(X)iy - $(X)igjo - F(X)iosio - z(X)£ "€,
Du(X) = —¢f, - WT - X - s(X)igjo - diag(f( X)) - X - W e,
Dis(X) = —ej, - w(X)ig - f(X)7 iy - W X)josi - w(X)i, . €5
Dis(X) =€) - w(X)ign - F(X)igio - M(X)joio - w(X) - €5,
Dir(X) =e] - (w(X)igu [(X)igsio - X iy - MX)josio - W
F W Xeio - F(XDigsio (XD josio - w(X)io) - €,
Dis(X) = e, - (W(X)igf (Xigio - Via o + Vit o - F(XDigsio - w(X) ) - €5
Dig(X) =¢] - [(X)ig,io - M(X)igsig - W +WT) e,
Doo(X) :=e] -WT - X -diag(f(X);,) - diag(h(X)j,) - X - W -ej,
Doy (X) =] (W Xoio - F(X)igiio Valjy + Vasio - F(Xigsio - XiLiy - W) - €y
Proof. This lemma is followed by linear algebra calculations.
Based on above auxiliary lemma, we have following definition.
Definition E.5. Under following conditions
o Let 2(X )iy = WX - f(X)i,
o Let w(X)iy« = WXy
We define the Case 1 component of Hessian c¢(X );, j, to be
Hy"™)(X) = B(X)
where we have
21
X):= > Bi(X
i=1
Bi(X) = w(X)ige - 25(X)ig o+ F(X)7 40 - (Xt 0
Ba(X) i= w(X)igx - 2 (X)igio = (X)igjo - 2(X) s
+2(X)io + 2f(Xigio * 5(X)io.jo - 0(X) g«
B3(X) = = w(X)ig,s - F(X)7 40 - h(X)josio - w(X)5,
By(X) = =W f(X)ig,io - X - diag(f(X)sy) - h(X)j - w(X )I),*
—w(X)ig o F(Xigio - h(X)J, - diag(f(X)s,) - X T - W
Bs(X) i= = w(X)ige - F(X )i+ Vidjo = Vaso  F(X 0 - 0 (X
Bs(X) = = w(X)ig« - S(X)m,go F(X)ioio - (X)z
B7(X) = - w(X)io,* ) S(X)ZOJO ) f(X)lo,m : ,zo W
— W Xaig - 5(X )iggo - F(Xigio - w(X)i, .
Bs(X) := 8(X)ig.jo * f(Xigio - (W' = W)
By(X) = 2(X)iq - 5(X)ig 5o - 2(X)1,
Bio(X) := — 2(X)ig + f(Xiguio X joi0 - w(X), .
= w(X)ig o F(Xiouio * h(X)josio - 2(X)i,
Bii(X) := — 2(X)y, - (h(X);, - diag(f(X)s,) - X W
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—WT - X - diag(f(X)i,) - h(X)j, - 2(X),,

B1a(X) == — 2(X)ig - F(X)igsio - Valiy + Vijo = F(X)igio - 2(X))
Bi3(X) = 2(X)io - 8(X)ig.jo * [ (X)io,io 'Z(X)z—'l;
Biy(X):= = W' - X-5(X)iyjo - diag(f(X)s) - X - W
Bis(X) = = w(X)igw - F(X)3 i - 1K) jorio - w(X)i,
Bi6(X) :=w(X)ig - f(X)ioio - ( josio - w(X){,
Bi7(X) == w(X)ig e - F(X)igio - X i - h(X) o0 - W
W KXo F(XDigsio M) jorio - w(X )i
Bis(X) = w(X)igx  F(X)igsio - Vigw + Vil o F(XDiguio - w(X), .
Big(X) = f(X)igio - M(X)igio - (W +WT)
Bao(X) :=WT - X - diag(f(X)s,) - diag(h(X);,) - X T
Boy(X) =W Xoio - F(X)inio - V*TJO + Vigo - F(X)igio - X iy - W

Notice that, the Hessian for other cases equals to summation of selected terms in Case 1. We do not
provide the explicit here since they are not essential for following analysis.

F HESSIAN OF LOSS FUNCTION

In this section, we provide the Hessian of our loss function.

Lemma F.1 (A single entry). Under following conditions

» Let L(X) be defined as Definition B.9

we have
dL Z Z dC 1o,j0 . dc<X)i0,j0 +C(X) o dc(X)iOJO
da:zh]las22 PO | dz;, 5, dzi, j, 090" qagy 1 Tin g
Proof. Proof of Part 1: i1 = i,
n d
dL(X d de( X)),
( ) _ ( Z C(X)ig o C( )OJO)
dmihhxizdz dxizyjz io—=1jo—=1 d'rihjl

d iogo  dc(X)ig.s de(X)i, .
— Z Z C( ) 0,J0 C( ) 0,J0 +C<X)io,j0 . C( ) 0,J0
i drag dzi, j, Az, 41 iy o
where the first step is given by chain rule, and the 2nd step are given by product rule. O
Lemma F.2 (Matrix Representation of Hessian). Under following conditions

* Let ¢(X);,,j, be defined as Definition B.8
o Let L(X) be defined as Definition B.9

we have
-y Z Ve(X)ig g - V(X gy + (Xig g - V2e(Xio gy
’L() 1 j() 1
Proof. This is directly given by the single-entry representation in Lemma F.1. [
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G BOUNDS FOR BASIC FUNCTIONS

In this section, we prove the upper bound for each function, with following assumption about the
domain of parameters. In Section G.1 we bound the basic terms. In Section G.2 we bound the
gradient of f(X);,. In Section G.3 we bound the gradient of ¢(X);, j,

Assumption G.1 (Bounded parameters). Let W, V, X, B be defined as in Section B.2,

* Let R be some fixed constant satisfies R > 1

s Wehave |[W| <R, V|| <R

X|| < R where || - || is the matrix spectral norm

o We have b;, ;, < R?

G.1 BOUNDS FOR BASIC FUNCTIONS

Lemma G.2. Under Assumption G.1, for all ig € [n], jo € [d], we have following bounds:

* Part 1
[f(X)ill2 <1
* Part 2
[A(X )i |l2 < R?
* Part 3
|e(X)jo| < 2R
* Part4
lz " Wi ll2 < R?
e Part5
[W(X)io 5o < R?
* Part6

[2(X)ig ol < R?

Proof. Proof of Part 1
The proof is similar to Deng et al. (2023d), and hence is omitted here.

Proof of Part 2
1R(X)joll2 = 1 X TV joll2
< VIl 1]
<R’

where the first step is by Definition B.7, the 2nd step is by basic algebra, the 3rd follows by
Assumption G.1.

Proof of Part 3
|C(X>j0‘ = |<f(X)7,0; h(X)Jo> - bi()’jo‘
< |<f(X)Zm h(X)J0>| + |bi0’j0‘
< (X Digll2 - [1R(X)jo ll2 + [Big,jo |
< 2R?

where the first step is by Definition B.8, the 2nd step uses triangle inequality, the 3rd step uses
Cauchy-Schwartz inequality, the 4th step is by Assumption G.1 and Part 2.
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Proof of Part 4
2" Wi jollz < llz]| - W]
<R’
where the first step is by basic algebra, the second is by Assumption G.1.
Proof of Part 5§
|w<X)i0,j0| = |<Wj07*’ X*’io|
< Wi ell2 - [1 X o ll2
<R’

where the first step is by the definition of w(X);, j,. the 2nd step is Cauchy-Schwartz inequality, the
3rd step is by Assumption G.1.

Proof of Part 6
12(Xig ol = [{F(X)ig, X TWejo)
SNFDiollz - 1X0- W o
<R?
where the first step is by the definition of z(X);, ., the 2nd step is Cauchy-Schwartz inequality, the
3rd step is by Assumption G.1. O

G.2 BOUNDS FOR GRADIENT OF f(X);,

Lemma G.3. Under Assumption G.1, for all ig,i1 € [n],j1 € [d], we have:

df(X)io 2
||m\|2 <4R
Proof.
df(X)i,
C{x(u), =l = F(X)io - (F(Xigio - (Wi es Xsig) + (F(X)igs X W)

+ f(X)ig © (€ig - (Wi Xusig) + X Waji)12
NPl - W, Xeio)| + 1F (XI5 - 1X T Wi
FFCioll2 - Wi s Xsio)| + 1F (ol - X T W) 2
<4R?
where the 1st step is by Lemma B. 14, the 2nd step is by Fact B.1, the 3rd step is by Lemma G.2. [

G.3 BOUNDS FOR GRADIENT OF ¢(X);, o

Lemma G.4. Under Assumption G.1, for all iy, € [n], jo, 1 € [d], we have:

dcé;il)f;m | < 5R*
Proof.
2 = C1(X) + Ca(X) + Co(X) + Ca(X) + ()|
TSI+ G)] G O]+ 1Y)

NPl - IR jo 12 - 10 (X )i g |+ 1F (X )i ll2 - 1A o ll2 - 12(X )i 5]
F A XDioll2 - NA(X) g6 ll2 - [0 (X i o |
A ll2 - XA Wi llz2 - 1A jo 12 + 17 (X0 [l - [Vl
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<R'+R'+R'+R'+R*<5R!

where the first step is by Lemma B.16, the 2nd step is by triangle inequality, the 3rd step is by
Fact B.1, the 4th step is by Lemma G.2, the 5th step holds by R > 1.

O

H LIPSCHITZ OF HESSIAN

In Section H.1 we provide tools and facts. In Sections H.2, H.3, H.4, H.6, H.6, H.7 and H.8 we
provide proof of lipschitz property of several important terms. And finally in Section H.9 we provide
proof for Lipschitz property of Hessian of L(X).

H.1 FAcCTS AND TOOLS

In this section, we introduce 2 tools for effectively calculate the Lipschitz for Hessian.

Fact H.1 (Mean value theorem for vector function, Fact 34 in Deng et al. (2023d)). Under following
conditions,

o Letx,y € C C R"™ where C is an open convex domain
o Let g(x) : C — R™ be a differentiable vector function on C
o Let ||¢g'(a)|| < M forall a € C, where ¢'(a) denotes a matrix which its (i, j)-th term is
%;)j
then we have

lg(y) —g(@)ll2 < Mlly —z|2

Fact H.2 (Lipschitz for product of functions). Under following conditions

o Let {fi(z)}}_, be a sequence of function with same domain and range
* For each i € [n] we have

- fi(x) is bounded: Vx, || fi(x)|| < M; with M; > 1
— fi(=) is Lipschitz continuous: ¥z, y, || fi(x) — fi(y)|| < Li||z — v

Then we have

n

ITLfiw) =TT fill <277 max{ L} - (T 20 - o =l

il i€[n]

Proof. We prove it by mathematical induction. The case that 7 = 1 obviously.

Now assume the case holds for i = k. Consider 7 = k£ + 1, we have.

k+1 k+1
ITL 4@ - [T 5w
;111 - k k k+1
I £ = fin@) - TAOI + i@ L) - ] £
=1 . 271]6 i=1 i=1 . .
<@ 1T f@) = TTAEOI+ 1 k@) = fen @) - T @) = TT AW
i=1 i=1 i=1 i=1
k k k
< M1 - | ] fit@) = T @I+ [T M) - e (@) = frsa ()]
i=1 i=1 i=1
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k+1 k

< Qk_l(H M) Izrelz[ik)]({Ll}Hx -yl + (H M;) - fe41(@) = ferr (W)l
i=1 i=1
k+1 k

<2 ([ 80 - mac{ L} o — vl + ([T M) - Ll =
i=1 i=1
k+1 kt1

< 2N ) -mac{ Ll = ol + ([T M) - Lz — vl
i=1 i=1

k+1
< 9ok M;) - Li}||x —
< (il;[1 )+ mmax {Li}]lz -yl

where the first step is by triangle inequality, the 2nd step is by property of norm, the 3rd step is by
upper bound of functions, the 4th step is by induction hypothesis, the 5th step is by Lipschitz of
fr+1(x), the 6th step is by My11 > 1, the 7th step is a rearrangement.

Since the claim holds for ¢ = k + 1, we prove the desired result. O

H.2 LIPSCHITZ FOR f(X);,
Lemma H.3. Under following conditions

» Assumption G.1 holds
* Let f(X),, be defined as Definition B.6

For X,Y € R we have
1F(X)io = F(V)ioll2 < 4R*| X Y|

Proof. This lemma is directly given by Mean Value Theorem (Lemma H.1) and upper bound for
gradient of f(X);, (Lemma G.3). O

H.3 LIPSCHITZ FOR ¢(X);, jo

Lemma H.4. Under following conditions

* Assumption G.1 holds
* Let ¢(X);,,j, be defined as Definition B.8

For X, Y € R¥™™ we have
(X )i0g0 = (¥ Digujoll2 < BRYIX = V|

Note that here we abuse notation, || X — Y|| denotes || vec(X) — vec(Y)||a.

Proof. This lemma is directly given by Mean Value Theorem (Lemma H.1) and upper bound for
gradient of ¢(X);, j, (Lemma G.4). O

H.4 LIPSCHITZ FOR h(X);,
Lemma H.5. Under following conditions

* Assumption G.1 holds
* Let h(X);, be defined as Definition B.7

For X,Y € R we have
”h(X)]o - h(Y)j0||2 < RHX - Y”
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Proof.
17(X )0 = h(Y)joll = Ve ll2 - [ X = Y|
<R-[X-Y|
where the first step is from the definition of h(X);, (see Definition B.7), the 2nd step is by Assump-
tion G.1. O

H.5 LIPSCHITZ FOR w(X);, j,
Lemma H.6. Under following conditions
e Assumption G.1 holds

For X, Y € R¥™™ we have
[w(X)ig.go = w(Y )ig 0| < RIX =Y

Proof.
|w(X)i0,jo - w<Y)i0,jo| = |<Wjo7*’X*,i0 - Y*,i0>|
< [Wigell2 - |1 X = Y|
<R X -]

where the first step is from the definition of w(X);,_j,, the 2nd step is by Fact B.1, the 3rd step holds
since Assumption G.1. O

H.6 LIPSCHITZ FOR z(X)

0,70
Lemma H.7. Under following conditions
e Assumption G.1 holds

For X,Y € R*™ we have
|Z(X)io,jo - Z(Y)i07j0| < 5R*- HX - Y”

Proof.
12(X)ig.go = 2(Y )iogol = [{F (X )iy X TWejo) = (F(¥ )iy Y T We o)
< (i X TWago) = (F(X)ios YT Wi o)
F I (Xiqs Y T Wejo) = (F(V)igy Y T Wi )|
S NFXDigllz - [1X =Y Wi joll2 + [1F (X io = S ol - IV - [[Wajo
<SR-|X =Y + R f(X)ip — F(Y)iol

<5R'-|X -]
where the first step is from the definition of w(X);,_j,, the 2nd step is by Fact B.1, the 3rd step holds
since Assumption G.1, the 4th step uses Lemma H.3. O

H.7 LIPSCHITZ FOR FIRST ORDER DERIVATIVE OF ¢(X);, jo
Lemma H.8. Under following conditions

* Assumption G.1 holds
* Let ¢(X);,,j, be defined as Definition B.8

For X, Y € R¥™™ we have

X)ios Y )i s
C( )0,30 _ C( )o,J0| §320R6-||X—Y||
dxi17j1 dyihjl
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Proof. Notice that

» max;eps {[|Ci(X)} < R
* maxfecg{Lipschitz(f)} = 4R? where S is the set of basic functions in C;(X)
L] n = 4

The result is directly given by applying Fact H.2.

H.8 LIPSCHITZ FOR SECOND ORDER DERIVATIVE OF ¢(X );, jo
Lemma H.9. Under following conditions

e Assumption G.1 holds

* Let ¢(X)i,,j, be defined as Definition B.8

For X,Y € R¥*™ we have

dxilyjl Lig,j2 dyi17j1yi27j2

20,J0

Proof. Notice that

* max;ep {1 Di(X)[|} < R°
¢ maxsecg{Lipschitz(f)} = 4R? where S is the set of basic functions in D;(X)
*n==~6

The result is directly given by applying Fact H.2.

H.9 LIPSCHITZ FOR HESSIAN OF L(X)
Lemma H.10. Under following conditions

* Assumption G.1 holds

* Let ¢(X);,,j, be defined as Definition B.8

For X, Y € R¥™™ we have
IV2L(X) = VZL(Y)| < O(n*d’R')|| X Y|

Proof.
Lx) L) |
dxil;jlmi%jQ dyi17j1yi27j2
n d
dC(X)Z 1 dC(X)1 j dC(X)l j
:| 0,J0 070+C(X)i,‘ . 0,J0
Z()Z:lj()z:l dl‘il,jl d:r:ihjz 0.Jo dxihjlximjz

n d
de(Y);, oo de(Y);, de(Y);,
_ Z Z C( ) 0,Jo | C( ) 0,J0 + C(Y)io,jo . C( ) 0,J0 |

io=1j0=1 dyi1,j1 dyihjz dyil7j1yi27j2
d
zn: Z“dC(X)ioJO Cde(X)iggo  de(X)igjo dC(Y)z'o,j0|
N io=1 jo—=1 dxh,jl dxil,jz dxil»jl dyil:j2
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dC(X)io,jo . dc(Y)iO,jo _ dc(Y)icnjo . dc(Y)io,jo

+ |
dwi, j, dyi, j, dyi, dyi, 5
de(X )i, de(Y )i,
—‘rCXi‘- 0,J0 —CYi'- 0,J0
| ( ) 0,J0 dxihjlxiz,jQ ( ) 0,J0 dyil,jlyi%]é ‘
dC(Y)Z J dC(Y)Z j
+[e(X)ig jo - 7 — e(Y)ig jo - eI

dyilajl Yiz,j2 dy’i17j1 Yiz,j2

- i Ed:qdc(X)io,jo |- IdC(X)io,jo _ de(¥)io.jo

io=1jo=1 dxil;jl dmilij dyi1«,.7'2
dC(X>i0;j0 . _dC(Y)iOJO . dC(Y)iO;jo
= penl B e el
:17217]1 y117]1 y117]2
de(X)ig de(Y)ig .5
+[e(X)io.go - | R0 — o |

d‘ri17j1 Lig,ja dyilajl Yiz,j2

dC(Y)Z i
160 go = €Y Dijol [ g = 22-1)
11,J19%2,]2

dc(X)io,jo _ dC(Y)

n d
S (10R4 . | 7;0».740 |

iozzl j(]z:l dmil)jZ dyih]é
de(X i0.7 de(Y 307

+ |C(X)i0,j0| A ‘ ( ) 0.Jo ( ) 0,J0 |
dxihjlxiz,b dyil,jl Yiz,jo

dC(Y)Z \j
+ |C(X)i0,jo - C(Y)io,j0| ) ‘ — D

dyihjl Yiz,j2

(3200R" - | X — Y|

M=

lo:ljo:l
dC(X)Z' j dC(Y)i J
(X ig o |~ — |
Liy,j1Lia,ja Yir 1 Yiz o
dC(Y)Z \j
+ |C(X)i0,j0 - C(Y)io,jo| ’ ‘ — D

dyihjl Yiz,ja

(3200R' - | X — Y|

M=

dC(X)io,jo _ dC(Y)io,jo |

dxiuil Lis,ja dyi17j1 Yia,ja

de(Y )iy,
+1e(X)ig,50 — (Y )io.jol - \ﬁ\
11,71 912,72

n d
> > (3200RY - | X — Y|
i(]:l j():l
+5376RYC - | X — Y|
+ 23RS - 1(X)ig,50 — (Y )ig.501)

n d
D) (3200R - | X - Y|

i0=1jo=1

+5376R' - | X — Y|
+105RY - | X — Y|
8681ndR'" - | X - Y|

+2R? - |

IN

IA
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where the first step is by Lemma F.1, the 2nd step is by triangle inequality, the 3rd step is basic
algebra, the 4th step uses Lemma G.4, the 5th step uses Lemma H.8, the 6th step uses Lemma G.2,
the 7th step uses Lemma H.9, the 8th step uses Lemma H.4.

Then, we have
IVZL(X) = VAL(Y)| < [V?L(X) = V2L(Y)||r
<n?d*-9193ndRY|| X — Y| = 9193n*d® R - | X — Y|

where the 1st step is by matrix calculus, the 2nd is by above result. O

I STRONGLY CONVEXITY

In this section, we provide proof for PSD bounds for H;.

I.1 PSD BOUNDS FOR H;

Lemma 1.1 (PSD bounds for H;). Under following conditions,
e Let HZ-(il"iQ) be defined as in Definition E.5
e Let Assumption G.I be satisfied

For all i € [4] (i.e., the 4 cases), we have

—21R% .1, < H""™) < 21RS .1,

Proof. Considering H 1(1'0,1‘0)’ we have
—21R% .1, < H{"") < 21R° .1,

This is given by the upper bound of B;(X) is smaller than RS for all i € [21].

Notice that in other cases, the Hessian has less terms than Case 1. Also, those terms are included in
Case 1 (equivalence by changing coordinates). Therefore, the PSD bound is suited for all cases. [

Lemma L.2 (PSD bounds for V2¢(X);, j,). Under following conditions,
* Let c;, j, be defined as in Definition B.§
e Let Assumption G.I be satisfied

For all ig € [n], jo € [d], we have

—21R% 1,4 < V2¢(X)iyjo = 21R" -1,

Proof. Recall in Definition E.3, each partition component of VZ¢(X) is H i(“ 2) \which has PSD

bounds as in Lemma I.1

Then by the definition of PSD, V2¢(X);, j, has the same PSD bounds. O

0,70

Lemma 1.3 (PSD bounds for V2L(X)). Under following conditions,

» Let L(X) be defined as in Definition B.9

* Let Assumption G.I be satisfied

we have

V2L(X) = —O(ndR®) -T,4
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Proof. Recall in Lemma F.2, we have

n d
VLX) =Y > Ve X)igo - Ve(X) g 5o+ (X )igo - V2e(X)ig g
io=1jo=1

Notice that the first term is PSD, so we omit it.
By Lemma G.2, we have

|C<X)i0,jo | < 2R2

Therefore, we have
V2L(X) = —42ndR® - 1,4
which is given by combining Lemma 1.2 and Eq. (2).

J FINAL RESULT

@)

Theorem J.1 (Formal of Theorem 1.3, Main Result). We assume our model satisfies the following

conditions

* Bounded parameters: there exists R > 1 such that

- Wlr <R |VIF<R
- I Xllp <R
- Vie[n],j€[d],|b;| < R whereb; ; denotes the i, j-th entry of B

* Regularization: we consider the following problem:

min [[DX) 7 exp(XTWX)XTV = Bl[f 4+ - || vee(X)3
ERn X

* Good initial point: We choose an initial point X such that M - || Xo — X*||r < 0.11, where

M = O(n*d®R')

Then, for any accuracy parameter € € (0,0.1) and a failure probability § € (0,0.1), an algorithm
based on the Newton method can be employed to recover the initial data. The result of this algorithm

guarantee within T = O(log(| X — X*|r/€)) executions, it outputs a matrix X € R¥™ satisfying
|IX — X*||F < € with a probability of at least 1 — 6. The execution time for each iteration is

poly(n,d).

Proof. Choosing v > O(ndR?), by Lemma 1.3, we have the PD property of Hessian.
By Lemma H.10, we have the Lipschitz property of Hessian.

Since M is bounded (in the condition of Theorem), then by iterative shrinking lemma (see Lemma 6.9

in Li et al. (2023c) as an example), we prove the convergence.
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