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Abstract

We study the problem of finding the Nash equilibrium in a two-player zero-sum
Markov game. Due to its formulation as a minimax optimization program, a natural
approach to solve the problem is to perform gradient descent/ascent with respect
to each player in an alternating fashion. However, due to the non-convexity/non-
concavity of the underlying objective function, theoretical understandings of this
method are limited. In our paper, we consider solving an entropy-regularized
variant of the Markov game. The regularization introduces structure into the opti-
mization landscape that make the solutions more identifiable and allow the problem
to be solved more efficiently. Our main contribution is to show that under proper
choices of the regularization parameter, the gradient descent ascent algorithm
converges to the Nash equilibrium of the original unregularized problem. We ex-
plicitly characterize the finite-time performance of the last iterate of our algorithm,
which vastly improves over the existing convergence bound of the gradient descent
ascent algorithm without regularization. Finally, we complement the analysis with
numerical simulations that illustrate the accelerated convergence of the algorithm.

1 Introduction

The two-player zero-sum Markov game is a special case of competitive multi-agent reinforcement
learning where two agents driven by opposite reward functions jointly determine the state transition
in an environment. Usually cast as a non-convex non-concave minimax optimization program, this
framework finds applications in many practical problems including game playing [Lanctot et al.,
2019, |Vinyals et al.,[2019], robotics [Riedmiller and Gabel, 2007, |Shalev-Shwartz et al.,[2016], and
robust policy optimization [Pinto et al.l 2017].

A convenient class of methods frequently used to solve multi-agent reinforcement learning problems
is the independent learning approach. Independent learning algorithms proceed iteratively with each
player taking turns to optimize its own objective while pretending that the other players’ policies are
fixed to their current iterates. In the context of two-player zero-sum Markov games, the independent
learning algorithm performs gradient descent ascent (GDA), which alternates between the gradient
updates of the two agents that seek to maximize and minimize the same value function. Despite
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the popularity of such algorithms in practice, their theoretical understandings are sparse and do not
follow from those in the single-agent case as the environment is not stationary from the eye of any
agent. [Daskalakis et al.l | 2017] shows that iterates of GDA can possibly diverge or be trapped in limit
cycles even in the simplest single-state case when the two players learn with the same rate.

It may be tempting to analyze the two-player zero-sum Markov game by applying the existing
theoretical results on minimax optimization. However, as the objective function in a Markov game is
not convex or concave, current analytical tools in minimax optimization that require the objective
function to be convex/concave at least on one side are inapplicable. Fortunately, the Markov game
has its own structure: it exhibits a “gradient domination” condition with respect to each player,
which essentially guarantees that every stationary point of the value function is globally optimal.
Exploiting this property, |Daskalakis et al.| [2020] builds on the theory of |Lin et al.|[2020a] and shows
that a two-time-scale GDA algorithm converges to the Nash equilibrium of the Markov game with
a complexity that depends polynomially on the specified precision. However, deriving an explicit
finite-time convergence rate is still an open problem. In addition, the analysis in |Daskalakis et al.
[2020] does not guarantee the convergence of the last iterate; convergence is shown on the average of
all past iterates.

In this paper, we show that introducing an entropy regularizer into the value function significantly
accelerates the convergence of GDA to the Nash equilibrium. By dynamicially adjusting the regular-
ization weight towards zero, we are able to give a finite-time last-iterate convergence guarantee to the
Nash equilibrium of the original Markov game.

Main Contributions

e We show that the entropy-regularized Markov game is highly structured; in particular, it obeys a
condition similar to the well-known Polyak-L.ojasiewicz condition, which allows linear convergence
of GDA to the (unique) equilibrium point of the regularized game with fixed regularization weight.
We also show that the distance of the equilibrium point of the regularized game to the equilibrium
point of the original game can be bounded in terms of the regularizing weight.

e We show that by dynamically driving the regularization weight towards zero, we can solve the
original Markov game. We propose two approaches to reduce the regularization weight and study
their finite-time convergence. The first approach uses a piecewise constant weight that decays
geometrically fast, and its analysis follows as a straightforward consequence of our analysis for the
case of fixed regularization weight. To reach a Nash equilibrium of the Markov game up to error e,
we find that this approach requires at most O(e~3) gradient updates, where O only hides structural
constants. The second approach reduces the regularization weight online along with the gradient
updates. Through a multi-time-scale analysis, we optimize the regularization weight sequence along
with the step size as polynomial functions of k&, where k is the iteration index. We show that the
last iterate of the GDA algorithm converges to the Nash equilibrium of the original Markov game
at a rate of O(k~'/3). Compared with the state-of-the-art analysis of the GDA algorithm without
regularization which shows that the convergence rate of the averaged iterates is polynomial in the
desired precision and all related parameters, our algorithms enjoy faster last-iterate convergence
guarantees.

1.1 Related Work

A Markov game reduces to a standard Markov Decision Process (MDP) with respect to one player if
the policy of the other player is fixed. This is an important observation that allows our work to exploit
the recent advances in the analysis of policy gradient methods for MDPs [Nachum et al.| 2017, Neu
et al.|[2017,|Agarwal et al.| 2020} Mei et al., 2020, Lan, |2022]]. Various entropy-based regularizers are
introduced in these works that inspire the regularization of this paper. Our particular regularization is
also considered by Cen et al.|[2021]], but we discuss and leverage structure in the regularized Markov
game that was previously unknown.

As the two-player zero-sum Markov game can be formulated a minimax optimization problem,
our work relates to the vast volume of literature in this domain. Minimax optimization has been
extensively studied in the case where the objective function is convex/concave with respect to at
least one variable [Lin et al., |2020alb, [Wang and Li, {2020} (Ostrovskii et al., 2021]]. In the general
non-convex non-concave setting, the problem becomes much more challenging as even the notion
of stationarity is unclear [Jin et al., [2020]. In |Nouiehed et al. [2019], non-convex non-concave



objective functions obeying a one—sided PL condition are considered, which the authors use to show
the convergence of GDA. |Yang et al.|[2020] analyzes GDA under a two-sided PL condition and has a
tight connection to our work as the value function of our regularized Markov game also has structure
that is similar to, but weaker than, the PL. condition on two sides.

By exploiting the gradient domination condition of a Markov game with respect to each player,
Daskalakis et al.|[2020] is the first to show that the GDA algorithm provably converges to a Nash
equilibrium of a Markov game. A finite-time complexity is not derived in Daskalakis et al.|[2020],
but their analysis and choice of step sizes indicate that the convergence rate is at least worse than
O(k~1/10:5) " Additionally, |Daskalakis et al. [2020] does not guarantee the convergence of the last
iterate, but rather analyzes the average of all iterates. In contrast, our work provides a finite-time
convergence analysis on the last iterate of the GDA algorithm.

While our work treats the Markov game purely from the optimization perspective, we would like to
point out another related line of works that consider value-based methods [Perolat et al., 2015} Bai
and Jin}, 2020] [Xie et al.| 2020} |Cen et al., 2021, |Sayin et al.| [2022]. In particular, [Perolat et al.| [2015]
is among the first works to extend value-based methods from single-agent MDP to two-player Markov
games. Since then, the basic techniques for analyzing value-based methods for Markov games are
relatively well-known. Bai and Jin| [2020] considers a value iteration algorithm with confidence
bounds. In|Cen et al.|[2021], a nested-loop algorithm is designed where the outer loop employs value
iteration and the inner loop runs a gradient-descent-ascent-flavored algorithm to solve a regularized
bimatrix game. In comparison, pure policy optimization algorithms are much less understood for
Markov games, but this is an important subject to study due to their wide use in practice. In single-
agent MDPs, value-based methods and policy optimization methods enjoy comparable convergence
guarantees today, and our work aims to narrow the gap between the understanding of these two
classes of algorithms in two-player Markov games.

Finally, we note the recent surge of interest in solving two-player games and minimax optimization
programs with extragradient or optimistic gradient methods in the cases where vanilla gradient
algorithms often cannot be shown to converge [[Chavdarova et al., 2019, Mokhtari et al.,[2020, Li et al.}
2022| [Wei et al., 2021}, Zhao et al., 2021} |Cen et al., 2021} |Chen et al., 2021]]. These methods typically
require multiple gradient evaluations at each iteration and are more complicated to implement. Most
related to our work, (Cen et al.|[2021]] shows the linear convergence of an extragradient algorithm
for solving regularized bilinear matrix games. They also show that a regularized Markov game can
be decomposed into a series of regularized matrix games and present a nested-loop extragradient
algorithm which solves these games successively and eventually converges to the Nash equilibrium
of the regularized Markov game. The regularization weight can then be selected based on the desired
precision of the unregularized problem. Although our overall goal of finding the Nash equilibrium of
a general Markov game is the same, the manner in which we decompose and analyze the problem
is different. Our analysis here is based on GDA applied directly to a general regularized Markov
game. We show that for a fixed regularization parameter for a general Markov game, GDA has linear
convergence to the modified equilibrium point. We also give a scheduling scheme for adjusting the
regularization parameter as the GDA iterations proceed, making them converge to the solution to the
original problem.

2 Preliminaries

We consider a two-player Markov game characterized by M = (S, A, B, P,v,r). Here, § is the
finite state space, .4 and B are the finite action spaces of the two players, v € (0, 1) is the discount
factor, and 7 : S x A x B — [0, 1] is the reward function. Let A  denote the probability simplex
overaset F,and P : S x A x B — Ag be the transition probability kernel, with P(s’ | s, a,b)
specifying the probability of the game transitioning from state s to s’ when the first player selects
action a € A and the second player selects b € B. The policies of the two players are denoted by
7€ Af and ¢ € A, with w(a | s), #(b | s) denoting the probability of selecting action a, b in state
s according to 7, ¢. Given a policy pair (7, ¢), we measure its performance in state s € S by the
value function

de)(s) = E@k"’ﬂ'(‘|5k)7bkN¢(‘|Sk)75k+1"’7>(“5kaakabk) [Zk:o ’Ykr (Ska Ak, bk) | S0 = $§|.
Under a fixed initial distribution p € Ag, we define the discounted cumulative reward under (7, ¢)
J(T(, ¢) £ ESUNP[Vm(b(SO)]v



where the dependence on p is dropped for simplicity. It is known that the Nash equilibrium always
exists in two-player zero-sum Markov games [Shapley, |1953]], i.e. there exists an optimal policy pair
(7*, ¢*) such that

in J(m,¢) = mi J(m,¢) = J (", ¢"). 1
e i (m,9) Join, max (m,¢) = J(7", ¢7) q))

However, as J is generally non-concave with respect to the policy of the first player and non-convex
with respect to that of the second player, direct GDA updates may not find (7*, ¢*) and usually
exhibit an oscillation behavior, which we illustrate through numerical simulations in Section E} Our
approach to address this issue is to enhance the structure of the Markov game through regularization.

2.1 Entropy-Regularized Two-Player Zero-Sum Markov Games

In this section we define the entropy regularization and discuss structure of the regularized objective
function and its connection to the original problem. Let the regularizers be

oo

Hals,m,0) = Eaimm(Isk),brmd(-5k),5501~P(|sk,ak.bx) {Z —" logm (ay | sk) | so = 8}7

k=0

H¢(577Ta d)) £ Eak"’ﬂ'("sk)vbk""cb("Sk)vSkJrlN'P("Sk.,ak.,bk) {Zkzo _’Yk log ¢ (bk | Sk) | S0 = S} .

We define the regularized value function
VIO(s) £VTO(s) + THa(s,m, 6) — THy(s, 7, 9)

= Erp| D0 7 (7 (smansbi) — Tlogmlan | si) + Tlog d(be | 1)) |50 = 3],

where 7 > 0 is a weight parameter. Again under a fixed initial distribution p € Ag we denote
Jo (7, ¢) £ Esp[V™?(s)]. The regularized advantage function is

Af’¢(s, a,b) = r(s,a,b) — tlogm(a | s) +7logp(b| s) + YEs P (|5,a,b) [Vf’%s’)] — Vf’¢(s),

which later helps us to express the policy gradient.

We use d:,“‘i’ € Ags to denote the discounted visitation distribution under any policy pair (7, ¢) and
the initial state distribution p

a5 () 2 (1= )Erop [ D

k = ~
sk =8) s~ 1]

For sufficient state visitation, we assume that the initial state distribution is bounded away from zero.
This is a standard assumption in the entropy-regularized MDP literature [Mei et al., 2020, |Ying et al.,
2022].

Assumption 1. The initial state distribution p is strictly positive for any state, and we denote
Pmin = minsES p(S) > 0.

When the policy of the first player is fixed to 7 € A%, the Markov game reduces to an MDP for
the second player with state transition probability Py (s’ | 5,0) = > .. 4 P(s" | s,a,b)m(a | s) and
reward function 74 (s,b) = > ., r(s,a,b)w(a | s). A similar argument holds for the first player if
the second player’s policy is fixed. To denote the operators that map one player’s policy to the best
response of the other player and the corresponding value function, we define

7. (¢) 2 argmax J, (7, ¢), ¢, (7) 2 argmin J, (7, ¢),
WEAi ¢€Ag

g-(m) = mir}s Jr (7, ¢) = J- (7, g7 (). 2
pEA

B

For any 7 > 0, the following lemma bounds the performance difference between optimal and sub-
optimal policies and establishes the uniqueness of 7, (¢) and ¢, (7). When 7 = 0, we use 7 (¢) and
¢o() to denote one of the maximizers and minimizers since they may not be unique.



Lemma 1 (Performance Difference). Under Assumpnonland given T > 0, w.(¢) is unique for any
¢ € AZ, and ¢, () is unique for any = € AS. Given any min player policy ¢ € Ag,

To(77(9), ) — Jo (7, ¢) > QTlgg(i;) Il (6) — 7|2, Vr e AS. 3)

Given any max player policy ™ € Ai,

Tpmll’l

0g(2)

The Nash equilibrium of the regularized problem is sometimes referred to as the quantal response
equilibrium [McKelvey and Palfrey, [1995]] and is known to exist under any 7. Leveraging Lemma[T}
we formally state the conditions guaranteeing its existence and affirm that it is unique.

Jr(m, ¢ (7)) = J7 (7, ¢) < lo-(m) — ¢lI%, V¢ € AZ. 4)

Lemma 2 (Minimax Theorem for Entropy-Regularized Markov Game). Under Assumption|l| for any
regularization weight T > 0, there exists a unique Nash equilibrium policy pair (7%, ¢ ) such that

wneli)é ¢11€11An Jr(m, @) = ¢m1AnS man Jr(m,¢) = J (7L, ¢F). 5)

We are only interested in the solution of the regularized Markov game if it gives us knowledge of
the original problem in (I)). In the following lemma, we show that the distance between the Nash
equilibrium of the regularized game and that of the original one is bounded by the regularization
weight. This is an important condition guaranteeing that we can find an approximate solution to the
original Markov game by solving the regularized problem. In addition, this lemma also shows that the
same policy pair produces value functions with bounded distance under two regularization weights.

Lemma 3. For any T > 7' > 0 and policy m,

—(r = 1")log |B| < Jo(n},¢7) = Jr (77, ¢7.) < (7 — 7') log | Al (6)
—(r =) 1og |B| < g7 (7) = g7/ () = Jo(w, ¢+ (7)) = Jo (7, s (7)) < (7 = 7") log | Al (7)
T—1 T—7
— log |B| < J(m,¢) — Jr(m,¢) < T log | Al ®)
- -7
2.2 Softmax Parameterization
In this work we use a tabular softmax policy parameterization and maintain two tables § € RS*4,

1p € RS*B that parameterize the policies of the two players according to
exp (0(s,a)) exp (¥(s, b))
Z(I/EA exp (0(87(1/))’ Zb/eA exp (Q/J(S,b/))

The gradients of the regularized value function with respect to the policy parameters admit closed-
form expressions

mo(a | s) =

and  ¢y(b|s) =

OJc(mo, ¢y) 1 mp0, _
80(8, a) - 1— ’ydp (S)?Tg(a | 8) ZbEB ¢¢(b ‘ S)AT (s,a, b)a

0J;(mg, 1 . ot
5127(27 £¢) = 7dp ¢“P(s)¢w(b | s) ZaeA mo(a | s)AT by (s,a,b),

and computing them exactly requires knowledge of the dynamics of the environment. Note that the
gradients of value function and the regularizer are Lipschitz with respect to the policy parameters
with constants Ly = T 87)3 and Ly = @Ef%ﬁlﬂ‘ This property is more formally stated and proved
in Lemmas [5) and 6] of the appendix.

We next present an important property that we will later exploit to study the convergence of the
GDA updates to the solution of the regularized Markov game. Under the softmax parameterization,
the regularized value function enjoys a gradient domination condition with respect to the policy
parameter that resembles the PL condition.



Lemma 4 (PL-Type Condition). Under Assumption[l} we have for any § € RS*4 and ) € RS>

_ 2 2
190 (0, 60) 2 22005 (it ) (G0, 60) = o 6.

2(1 — )7rp2. 2
|V 7 (0, G || > (7§)|pmm (rgl’iglqﬁw(b | s)) (J- (g, ) — Jr(ma, P+ (m0))) -

The PL condition is a tool commonly used in the optimization community to show the linear
convergence of the gradient descent algorithm [Karimi et al., 2016, [Yu and Jin, 2019, |Khaled
and Richtarik| 2020, Zeng et al.l |2021b]. The condition in Lemma E] is weaker than the common
PL condition in two aspects. First, our PL coefficient is a function of the smallest policy entry. When
we seek to bound the gradient of the iterates ||V J, (7, , y, ) ||* and ||V J- (70, , Dy, )||* later in
the analysis, the PL coefficients will depend on min; , g, (a | s) and ming p ¢y, (b | s), which may
not be lower bounded by any positive constant. Second, the coefficients involve 7, which is not a
constant but needs to be carefully chosen to control the error between the regularized problem and
the original one.

3 Solving Regularized Markov Games

Leveraging the structure introduced in Section 2] our first aim is to establish the finite-time conver-
gence of the GDA algorithm to the Nash equilibrium of the regularized Markov game under a fixed
regularization weight 7 > 0. The GDA algorithm executes the updates

Or+1 = O + Vo J- (7o, , Dy, ), Y1 = Ve — BV dr (Mo Guy)- )

The convergence bound we will derive reflects a trade-off for the regularization weight 7: when 7 is
large, we get faster convergence to the Nash equilibrium of the regularized problem, but it is farther
away from the Nash equilibrium of the original one. The result in this section will inspire the 7
adjustment schemes designed later in the paper to achieve the best possible convergence to the Nash
equilibrium of the original unregularized Markov game.

It can be shown that the Nash equilibrium of the regularized Markov game is a pair of completely
mixed policies, i.e. V7 >0 there exists ¢, >0 such that min, , 77 (a | §)>c¢,, and min, ,¢%(b | s)>c¢,
[Nachum et al., 2017]]. In this work, we further assume the existence of a uniform lower bound on the
entries of (7, ¢F) across 7. We provide more explanation of the assumption in Remark

Assumption 2. There exists a positive constant c (independent of T) such that for any T > 0

min7}(a|s) >e¢, mingi(b|s)>c.
s,a s,b

To measure the convergence of the iterates to the Nash equilibrium of the regularized Markov game,
we recall the definition of g, in (Z) and define

O :JT(W;(b:)_gT(ﬂ-ek)’ 6$:JT(779M¢¢1€)_9T(7T91C)' (10)

The convergence metric is asymmetric for two players: the first player is quantified by its performance
when the second player takes the most adversarial policy, while the second player is evaluated under
the current policy iterate of the first player. We note that 6} and 5;: are non-negative, and 6} = 6;? =0
implies that (7, , ¢y, ) is the Nash equilibrium. Under this convergence metric, the following theorem
states that the GDA updates in (9) solve the regularized Markov game linearly fast. The proofs of the
theoretical results of this paper are presented in Section[A]of the appendix.

VISl and choose
V(I=7)pminc’

the initial policy parameters to be 6y = 0 € RISXIAl gnd opy = 0 € RISIXIBI (the initial policies o,
and ¢, are uniform). Let the step sizes of (9) be

Theorem 1. We define L = 3Ly max{r,1}, Cy = 3uee and Cy =

ap =, B =20,
with «, ( satisfying
1 o (1—y)pd,cir? . CoL? . 16[S]
< 2. A= Pmin® ° g < L ‘
max{e, B} < 7 < min gy sree B @ S il =) )



If Assumption[I| holds and
307 + 065 < Oy, (11)
then the iterates of ) satisfy for all k > 0

1 —7)arp?, 2
5T ¢< 1_( min k 5T ¢'
305 + 65, < ( G )*(365 + &5)

Theorem [T] establishes the linear convergence of the iterates of (O) to the Nash equilibrium of (3)),
provided that the initial condition (TI) is satisfied. The convergence is faster when 7 is large and
slower when 7 is small. Choosing 7 to be large enough guarantees the initial condition (see Section|[C]
of the appendix for more discussion) but causes the Nash equilibrium of the regularized Markov game
to be distant from that of the original Markov game. This motivates us to make the regularization
weight a decaying sequence that starts off large enough to meet the initial condition and becomes
smaller over time to narrow the gap between the regularized Markov game and the original one. We
discuss two such schemes of reducing the regularization weight in the next section.

4 Main Results - Solving the Original Markov Game

This section presents two approaches to adjust the regularization weight that allow the GDA algorithm
to converge to the Nash equilibrium of the original Markov game. The first approach uses a piecewise
constant weight and results in the nested-loop updates stated in Algorithm [} In the inner loop
the regularization weight and step sizes are fixed, and the two players update their policy iterates
towards the Nash equilibrium of the regularized Markov game. The outer loop iteration reduces
the regularization weight to make the regularized Markov game approach the original one. The
regularization weight decays geometrically in the outer loop, i.e. 7411 = n7¢, where 7 € (0, 1) must
be carefully balanced. On the one hand, recalling the definition of g, in (2) and defining

Zr,k = Jﬂ (W:u(b:t) — 9 (ﬂ-et,k)7 (Sfjk = JTt (ﬂ-et,k’qswt,k) —9n (ﬂ—et,k)’

we need 7 to be large enough that if 6; o and ); o observe the initial condition 347, + 62% 0 SOy,
then so do 61,0 and 1¢41,0 in the worst case. On the other hand, an 7 selected excessively large
makes the reduction of 7; too slow to achieve the best possible convergence rate. Our next theoretical
result, as a corollary of Theorem|[I] properly chooses 1 and K, and establishes the convergence of
AlgorithmT]to the Nash equilibrium of the original original problem.

Algorithm 1: Nested-Loop Policy Gradient Descent Ascent Algorithm with Piecewise Constant
Regularization Weight

Initialize: Policy parameters 0y o = 0 € RS*4 and 10 o = 0 € RSB, step size sequences {cv;}
and {5, }, an initial regularization parameter 7
fort=0,1,--- ,T do
fork=0,1,--- Ky — 1do
1) Max player update:

9t,k+1 = et,k =+ atv@‘]‘l'(ﬂ-et,k’qbwt,k)
2) Min player update:
d)t,k—&-l = 1/)t,k - /BtvaT(Tret.k+1’¢wt.k)

end
Set initial policies for next outer loop iteration ;11,0 = 0: Kk,, V41,0 = Y1k,
Reduce regularization weight 7,1 = 17 and properly adjust oy, B;

end

We choose 1 = 2%11122%5’ where Ls = 4log|A| + 3log |B| + % and C1 is defined in Theorem

Corollary 1. Suppose that Assumption hold and Ty is chosen such that 35 o + (585,0 < T

'This inequality is guaranteed to hold with a large enough ¢ if g, and ¢, are initialized to be uniform.
See SectionE]of the appendix for more discussion.



Then, under proper choices of ., and By, the iterates of Algorithm[I|converge to a point such that
J(ﬂ-*7 ¢*) — 90 (7T9T,o) <e and J(ﬂ-eT,U ’ ¢¢T,0) — 9o (7T9T,o) <e (12)

in at most T = O(log(e~1)) outer loop iterations. The total number of gradient updates required is

Yo K =0(7%).

Corollary guarantees that (mg,., ¢, ) converge to an e-approximate Nash equilibrium of the original
Markov game in 7" = O(e~3) gradient steps. In order to achieve this rate, K; has to be adjusted
along with 7;: we need Ky = O(7; ) when 7, becomes smaller than 1. The varying number of inner
loop iterations may cause inconvenience for practical implementation. To address this issue, we next
propose another scheme of adjusting the regularization weight that is carried out online along with
the update of the policy iterates.

Algorithm 2: Policy Gradient Descent Ascent Algorithm with Diminishing Regularization Weight

Initialize: Policy parameters 6y = 0 € RS> and ¢y = 0 € RS*B, step size sequences {ay}
and {8y}, regularization parameter sequence {7y }
fork=0,1,--- , K do
1) Max player update:

Or+1 = O + Vo, (779m¢1/1k)
2) Min player update:
l[}k-l-l =Y — Bkvw‘]Tk (79k+1 ) ¢'¢'k>

end

Presented in Algorithm 2] the second approach is a single-loop algorithm that reduces the regular-
ization weight as a polynomial function of the iteration k. We define the auxiliary convergence
metrics

52 = JTk (ﬂ-:k’¢:k) - ng(Ter)’ 51? = ‘]Tk (ﬂ-ek’(bwk) - ng(ﬂ-ek)?

which measure the convergence of (g, , ¢, ) to the Nash equilibrium of the Markov game regularized
with weight 7. To judge the performance of the iterates in the original Markov game, we are
ultimately interested in bounding J(7*, $*) — go(mg, ) and J(wg,, ¢, ) — go(7s, ). Thanks to

Lemma we can quantify how fast J; and 5,‘f approach these desired quantities as 73 decays to 0.

Under an initial condition on 4] and 6,?, we now establish the convergence rate of Algorithmto
(7*, ¢*) of (I) through a multi-time-scale analysis.

Theorem 2. Let the step sizes and regularization parameter be

T Be=Fe Th= s
(k+h)2/3 Tk PO TR g s

with o, Bo, 10, and h > 1 satisfying a system of inequalities discussed in details in the analysis.

Under Assumption[I}2] the iterates of Algorithm 2 satisfy for all k > 0

Cy70 + 3(log | A| + log | B|)mo
3(k+h)l/3 ’

(1 —)Ci70 + (log | Al + log |B|)7o
=+

aE =

J(ﬂ-*7 (b*) - gO(ﬂ-Gk) < (]3)

(o, Py ) — Go(mo, ) <

(14)
where the constant C is defined in Theorem|[l]

Theorem [2|states that the last iterate of Algorithm converges to an O(k~1/3)-approximate Nash
equilibrium of the original Markov game in k iterations. This translates to the same sample complexity
as Algorithm I|derived in Corollary [T} Compared with Algorithm[I] reducing 73, online along with
the gradient updates in a single loop simplifies the algorithm and makes tracking the regularization
weight, step sizes, and policy iterates simpler and more convenient. We note that the techniques in
Daskalakis et al.| [2020] may be used to analyze the finite-time performance of GDA for Markov
games and lead to a convergence rate at least worse than O (k~1/19-%), which we improve over.



Remark 1. Assumption]is a restrictive assumption that does not seem necessary but rather arises
as an artifact of the current analysis. When we apply the weaker PL-type condition (Lemma H)
in the analysis, the entries of the iterates mo, , ¢y, need to be uniformly lower bounded, which is
difficult to establish using the game structure. We come up with an innovative induction approach
to quantify the connection between min, , 7o, (¢ | s), ming p ¢y, (b | s) and the optimal gap o7, 6,?.
This approach allows us to transform the uniform lower bound requirement on T, , ¢, to that on
the Nash equilibrium, leading to Assumption 2] It is a future work to remove/relax this assumption.

A Markov game is said to be completely mixed if every Nash equilibrium of the game consists of
a pair of completely mixed policies, i.e. ming , 7 (a | s) > 0, min, ;, ¢*(b | s) > 0 for any Nash
equilibrium (7, ¢*) of the Markov game (if more than one exists). Assumption [Z] intuitively seems no
stronger than requiring the original Markov game to be completely mixed. If the original Markov
game has at least one completely mixed Nash equilibrium, the Nash equilibrium of the regularized
Markov game should also be completely mixed even when the regularization weight is small, since
the regularization encourages the solution to be more uniform. The reward function that results in
completely mixed Markov games is well studied in Raghavan|[1978]], |Kaplansky, [[1995]], Das et al.
[2017)].

5 Numerical Simulations

In this section, we numerically verify the convergence of Algorithm [2] on small-scale synthetic
Markov games. Our aim is to confirm that the algorithm indeed converges rather than to visualize the
exact convergence rate, as achieving the theoretical rate derived in Theorem 2]requires very careful
selection of all involved parameters. Considering an environment with |S| = 2 and |A| = |B| = 2,
we first choose the reward and transition probability kernel such that the Markov game is completely
mixe

a=1le-3,Bk=1le-2, u=(k+ 1)1 a=1e-3,Br=1e—2, 14=0 ax=1le—-3,Bk=1e—-2, 4«=0
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Figure 1: Convergence of GDA for a Completely Mixed Markov game

We run Algorithm I for 50000 iterations with c, = 1073, B = 1072, 7, = (k 4+ 1)~1/3, and
measure the convergence of 7, and ¢y, by metrics con51dered in (13) and (T4) of Theorem[2] As
shown in the first plot of Figure[I] the last iterate exhibits an initial oscillation behavior but converge
smoothly after 10000 iterations. In comparison, we visualize the convergence of the last iterate and
averaged iterate of the GDA algorithm without any regularization (second and third plots of Figure ),
where the average is computed with equal weights as T = 17 S o, bk = ] K by,
The existing theoretical results in this case guarantee the convergence of the averaged iterate but not
the last iterate [Daskalakis et al.,[2020]]. According to our simulations, the last iterate indeed does not
converge, while the averaged iterate does, but at a slower rate than the convergence of the last iterate
of the GDA algorithm under the decaying regularization.

The theoretical results derived in this paper rely on Assumption [2| To investigate whether this
assumption is truly necessary, we also apply Algorithm [2]to a Markov game that has a deterministic

To create a completely mixed game with |.A| = |B| = 2, we simply need to choose the reward function
such that r(s, -, -) as a 2x2 matrix is diagonal dominant or sub-diagonal dominant for any state s € S, and we
can use an arbitrary transition probability kernel. The exact choice of the reward function and transition kernel
as well as the Nash equilibrium of this Markov game are presented in Sectionof the appendix.



Nash equilibrium and does not observe Assumptionm As illustrated in Figure the experiment
shows that Algorithm [2] still converges correctly to (7*, ¢*) of (I). This observation suggests
that Assumption [2] may be an artifact of the current analysis and motivates for us to investigate
ways to remove/relax this assumption in the future. We note that the pure GDA approach without
regularization also has a last-iterate convergence and does not exhibit the oscillation behavior observed
in Figure[T] since the gradients of both players never change signs regardless of the policy of the
opponent in this Markov game.
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Figure 2: Convergence of GDA for a Deterministic Markov game

6 Conclusion & Future Work

In this paper, we present the finite-time analysis of two GDA algorithms that provably find the Nash
equilibrium of a Markov game with the help of a structured entropy regularization. Future directions
of this work include formalizing the link between Assumption [2] and completely mixed Markov
games, investigating the possibility of relaxing this assumption, and characterizing the convergence of
the stochastic GDA algorithm where the players do not have knowledge of the environment dynamics
and can only take samples to estimate the gradients.
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A Proof of Theorems and Corollaries

We frequently use the following inequalities which hold for all 7 > 0, 7 € A4, and ¢ € AB,
JT(ﬂ-u ¢T(7T)) S J‘I’(ﬂ—a ¢)7 JT(T(T(¢)7 (b) Z JT(7T> ¢)

We use H (-) to denote the entropy of a distribution. For example,

H(n(-|s)) ==Y mla|s)logm(a|s), H($(-|s) == ob]s)logs(b|s). (15)

a b

Due to the uniqueness of ¢ (-), Danskin’s Theorem guarantees that g, (7g) defined in (@) is differen-
tiable with respect to 6 [Bernhard and Rapaport, |1995]

Vogr(m9) = VoI, (m9,0), ¢ = ¢r(mg), V0 e€RISXMIL (16)

We also introduce a few lemmas that will be applied regularly in the rest of the paper.



Lemma 5. Let Ly = ﬁ. The value function J is Ly -Lipschitz continuous and has Ly -Lipschitz

gradients, i.e. we have for all 61,605 € RISIXIAI gnd 1,09 € RISIXIB]

Vo T (7o, ) — VoI (o, by )| < L ([101 = 02 + [[401 = ¢2]),
IV g T (70,5 pupy ) = Vi (0,5 Gy )| < Lv (|02 — B2 + [|401 — ¢al]),
1T (70,5 s ) = J (o, )| < Lv ([[01 = O] + [|9o1 — a])-

Lemma 6. Let Ly = 4??1705)‘;4'. The regularization functions H, and Hg are Ly -Lipschitz

continuous and has L -Lipschitz gradients.

Lemmas andEimply that V7 > 0, VyJ; is Lipschitz continuous, i.e. for any 61,60, € RISIXIAl
Y1,y € RISIXIBI

Vo7 (mo,, by ) = Vo r(may, by )| < Vo (o, duy) — Vo (o, dus, )|
+ 7 VoHn(s, 0., ppy) — VoHar (s, 705, Gy )|
+ 7 VoHe (s, mo,, pyy) — VoHg (s, Toys Py |l
< (Lv +27Ly) (161 — O2| + [[91 — 92l])- (17)
Lemma 7. Forany 0 < a < 1 and integer k > 0, we have
1 1 8

< .
(k+h)e  (k+1+h)® = 3(k+ h)*!

A.1 Proof of Theorem/[l
The definition of the constant L and Eq.(T7) imply for any 6, 6, € RISXIAL 4 4hy € RISIXIBI
HVGJT(791’¢¢1) - VeJT(W927¢w2)” < L(||91 - 92” + ||1/11 - '(/)2“) (18)

We will use an induction argument to prove the convergence of 307 + 5,?. The base case is 397 + 5$ <
30§ + 68, which obviously holds. Now, suppose

a(l = )7

st < (1 —
307 4+ 60 < (1 32081

)F (305 +65) (19)

holds. We aim to show

a(l =) 7pmin

307 +0p, < (1- )L (36T 4 62).

32|S]
We introduce the following technical lemmas.
Lemma 8. Suppose (19) holds. Then, we have
2 2
3
- (minmgk (a | s)) < —%, (20)
2
3 2
- (min¢¢k(b | s)) <= 1)
s,b 8

2
Lemma 9. Suppose (19) holds. Under Assumptionand the step size o, < (L + % V“)SIL)—ly
—7)PminTC

we have

97 (0) — g (Or41)
= JT(ﬂ-ekvd)T(ka)) - ‘]T(Trek+1’¢7'(7r‘9k+1))

= % (IVo T+ (o, , - (m0,)) — Vo Tr(moy, S )12 = Va7 (70, , Dr (m0,)II?) -

By the lemma above, we have

™ T
k41— Ok



= JT(T‘—@M ¢T(7T9k)) - JT(W0k+17¢T(7T‘9k+1))

< % (HVGJT(FekaqéT(Ter)) - VGJT(ﬂ-Okaqblbk)HQ - ||V9J7'(779k’¢7(7r9k))“2)

(22)
Similarly, we consider the decay of (5,‘?.
51?—«—1 - 51(3 =Jr (W9k+1 ) ¢'¢)k+1) —9r (ﬂ—ek+1) —Jr (7‘—91«,7 ¢1/)k) +9r (7T9k,)
= (JT(W9k+1’¢wk+1) - J‘F(W@k+17¢¢k)>
+ (J.,. (7r9k+1 ) ¢¢k) - JT(ﬂ-ek ) ¢wk )) + (g‘r (7r9k) —9r (7r9k+1 )) (23)

Using the L-smoothness of the value function derived in (I8)

JT(W0k+17¢’4/’k+1) - JT(ﬂ-ek-f-l ) ¢wk)

L
< <V¢JT(7T9k+1’¢wk),wk+l - wk> + 5”7/}16—0—1 - 1/}k||2

LG}

= _BkvaJT(W@kﬂvd)d)k)HQ + Tk||v1/1‘]f(7r3k+1v¢wk)”2
B

< =SV (w00 )

L2000 (i 500 (019)) (s ) — s (0, )

1— 9B (. ?
(|)Sk lgl}glmk(blS) 57,

where the second inequality uses By < % and the third inequality follows from Lemma@and the fact
that d%(s) < 1 forall s € S and policies 7, ¢.

Using Eq. (ZT)) of Lemma §]to further simplify this inequality,

3(1 — Tp2. 2
JT(ﬂ-ok+1’¢7/1k+l) - JT(W91¢+17¢¢1¢) < - ( Py;f; Pinin 5](? (24)

For the second term of (23)), we have from the L-smoothness of the value function derived in (T8)

L
']T(7T9k+17¢¢k) - JT(7T9k7¢1/Jk) < <v9‘]7(7r9k7¢1/)k)7 Ok+1 — 9k> + §||0k+1 - okHQ

Lo?
= ak||v9JT(7r9kv¢wk)H2 + TkHVQJT(ﬂ-Gk?Qka)”Q
30%
< 7||V9JT(7T9k,¢¢k)||2,

(25)
where in the last inequality we use a, L < 1.

Similarly to (22)), the last term of (23) is bounded as
gT(W9k>7gT(7T9k+1) = gT(ﬂ—e;;) - gT(W9k+1) =+ 97(71—9k+1) - gT(mng)
a
< 5 (Vo Tr (o 62 (m0,)) =V o.Tr (70, b ) 1= Vo T (o 6 (0, ))I?)

(26)
Using (24)-(26) in 23), we have

6[?_;'_1 - (‘]T(ﬂek+1 5 ¢wk+1) - ‘]T(ﬂakdrl ’ d)wk))
+ (‘]T(ﬂ-ek+l7¢wk) - JT(W9M¢¢1€)) + (gT("T%) - g'f'(ﬂ-ekJrl))

3 ]_ . T 2. 02 30&
<3 7;% Poin )5+ 25 Vo e (may )|

+ % (IVe (76, ¢+ (m0,)) — Vo Tr(mo,, S ) I* — Vo dr (7o, o7 (ma,))1) . (27)



Combining (22) and (27),

3a
3(Slc-i-l +5k+1 = 35k +7k (”V@J (7r‘9k7¢7'(ﬂ-0k))_v9']7'(7r9k’¢'¢'k¢)||2_||V9JT(7T0k7¢T(7T9k))”2)

3(1 — V)ﬁkTpmin

3a
+(1- S Ok + 200000 + 5 IV e (wan b
7]“ (IVo - (7o, , d+(m0,)) — Vodr(mo,, by )|I> = [IVoJr (70, b= (m0,)) 1)
3(1 — . C 3a
<357 + (1 = 2o 50, 3% 10 ()

8S|
+ 204 [|Vo - (70, , - (70,)) = Vo Ir (Ta, Sy ) |* =20 | Vo T (o, , dr (m0,)) ||
Simplifying this inequality with
IVoJr (7o, oy ) |I* = IV Tr (o, & (70,)) — (Vo7 (o, & (70,)) — Vo (o, dy,)) |17
< IVoJr(mo,, o= (mo, NI + IV 7 (o, , ¢ (m0,)) — Voo (mo, , by )|
+ 2(VoJ- (76, , O+ (ma,)), VoJr(T0,, O (ma,)) — VoI (Ta,, O )
5

< S| Vodr(mo,., b7 (mo ) I* + 5l Vor (7o, , b7 (70, ) — VoJr(mo, . by, )17

S

we have

3(1 - ’Y)/BkTP?nincz
8|S

||v9‘] (7r9k7¢‘r(779k)) - VGJT(TFGIC7¢'¢U€)||2' (28)

307, + 00, <307+ (1
190[1C

[0
)6}? _ §k||V9JT(7T6k7¢T(7T9k))H2

Using Lemmald]to bound —||Vg.J, (7, , ¢+ (70, )) ||,

~ Vo (a6 (s, )P
)2 2
2= (i, (a1 5)) (o0 (0, ): (7)) = I 50,)
2(1 =) TPhin
s (

where the second inequality follows from

o (77 (97 (70,))s ¢r(70,,)) = m;?X I (7, ¢r (0, ) > mgxm;n Jr(m,¢) = J- (77, 0F).

IN

2
miny, (a | s)) (Jr(7r, ¢%5) — J- (7o, , o (70,))) s (29)

s,a

From LemmaEq. [@0), — (min, , 7, (a ] 5))* < —%, which further simplifies (29)

AVl 2
1900 6o o DI < 2= T (i ] ) (Ut 62) T ey (70, )

2(1 — ’y)Tp?nin : ? T 3(1 — V)Tp?ninc2 T
_T Igl,lan’ﬂ'gk(a | S) 51@ S _Ték

For |V J-(ma,, ¢- (T, ) — Vo Jr (mo,,, dyy.) ||, we have from the L-smoothness of the value function

derived in (I8)

IV = (76, &+ (76,)) = Voo (o, by ) I* < L2[1pr (m6,) — i |1
2log(2)L?

< T (JT(ﬂgm(bibk) - JT(Trek’(bT(ﬂ-@k)))
2log(2)L? ,
— 7616
T Pmin



Using the bound on —||VgJ, (g, , ¢+ (me,.))||* and ||VoJ; (7o, 7 (me,.)) — V- (T, Py )| in

@8).

3(1 — 2 o2
351‘Icr+1 + 5]?4_1 < 35]: + (]_ — ( ’y)ﬁkTpmmC

815

[0
)5;17 _ §k||V9JT(7T0k,¢T(7T9k))H2

19«
+ 5 Vo r (7o, . 6-(mo,)) = Voo (moy., b))

3(1 = )BrTp2inC? o Bou(l —y)7p2 . c? 191og(2) L2av,

< 36T 1— min o min~ gmw 5
< 300+ S 32/S] T

ag(1 = 7)€ 3(1 = )BeTppinc® | 1910g(2)LPay ., 4

— 3 1 _ min 57\' 1 _ min 6 .

( IR 8IS L e—

— 2,3 . 2 . .
With the step sizes ax = a, B = 3 such that § < min{%m?ﬁ%, 8}, we can simplify the

inequality above
ar(l —y)71p2;.c? 3(1 — 7)BeTp2nc? n 191log(2) L2y
32|S| 8|S| T Pmin
a(l =) TPpinc” (1 =9)B7Pain | <o
< 3(1 — ——2Tmn_ )47 1 -2 P Pmin” yg

307, + 00, <3(1— )60

)o% + (1 -

(1 = V) TPpin€ | jasr | <6
<(1- -1 Pmin®

ol — 7)7p2m' c? k+1 @
<(1 m 365 +0¢)-

A.2  Proof of Corollary/l]
As a result of Lemma[3] it is easy to verify

(307410 + 51?+1,0) — (307 g, + 5?,1@)
= (3Jr 1 (M7, 07) = 3Jri (Mo 100 Prigs (T0,410)
F T (T0, 100 Do) = Tresr (Tor41.00 Prois (T0,410)))
— 8Jr (77, 07,) — 3J7, (7o, i, » D7 (o, 1, )
+ e (T, e, s Poe i, ) — I (Tor i, > Pr (T, 1, )
= (31 (17, 070) = 3Jrs (Mo 100 Prigs (TO,410)
F i (M0 41,00 Porvino) = Troin (T0ui1.00 Pross (T0,41.0)))
— (3 (77, ¢7,) = 3J7 (W0, 41,0, Pr (T 410))
+ I (M0 100 Porino) = I (T0u 1100 Pr (T0,410))
=3(Jra (77, 07, ) — Jn (77, 07,))
- 4(Jn+1 (7"'9f,+1,oa ¢Tt+1 (Tret+1,0)) —Jr, (7T91,+1,0’ 7 (7T9f,+1,o)))

+ (J‘f't+1 (W0t+1,0’ ¢wt+1,o) - JTt (7r0t+1,07 ¢"/)t+1,0))
SLS(Tt—Tt+1)~ (30)

We can choose 7y large enough that
3000 + 58),0 < C17o

holds. For any ¢ > 0, if we run the inner loop for K iterations such that

Ch1
2 b

s 1 T
30{ K, + 6?,Kt < 5(351570 + 5?,0) <



then we have
Ch1

307 1.0+ 00410 < 307k, + 07, + Ls(re — 1) <

_ (Ch +L6)017_ C1Ls S
C1+2Lg o+l C1+2Ls o+l

+ Ls(7¢ — Ti41)

CiTit1,

where the first equality plugs in 7, = 2001 1:22;;5 Ti+1. This means that the initial condition (TT)) is

observed at the beginning of the every outer loop iteration.

Applying the inequality recursively,

367, + 5%0 < Oy

With an argument similar to the one in (30)), we can show

(3(J(m*, %) — I (Tor.0» d0(Tor,)))
+ (J(Tor0, Sura) = I (Tor.0, G0(Tor0))) — (3650 + 05.) < LsTr.

In order to achieve (I2)), it suffices to guarantee 355570 + 5%0 + Lstr < e€,0r (C1 + Ls)mr < e. This

T
implies that we need 77 = O(¢), or equivalently, 7' = O(log(e~!)) since 77 = (26(:‘111226:55) 70-

Ultimately we are interested in bounding ZtT:o K. Note that K; needs to be at most
log(3)

(A=) 7ep3in
log(1 — 20=Drtramc)

Ky

IN

[ 1.

To apply Theorem we need to select the step sizes that satisfy the required condition. Since {7¢} is
a decaying sequence, the smoothness constant L = 3Ly max{7g, 1} is valid across all outer loop
iterations t.

We use Ly = 3Ly max{7, 1} to denote the smoothness constant of the regularized value function in
outer loop iteration ¢ and use 7T} to denote the index of the outer loop iteration such that 7, > 1 and
7r,+1 < 1. Note that 7} is an absolute constant that only depends on the structure of the Markov
game. From iterations ¢t = 0 to ¢ = 77, the smoothness constant is proportional to regularization
weight L; = 3Ly max{r;, 1} = 3Ly 7. We need to choose oy, 3; such that

(1= )77

15210g(2)[S| L2’
2./|S|L? = 16|S| )
(I = Y)pminric’ (L= 7)Poinc?Te
18VIS|L3 7 16|S|

\/ (1 - ’Y)pminc ’ (1 - 'Y)I)EmHCQTt

Then it is obvious that we can choose oy = O(7; 1), implying a;7; = O(1). Therefore, for all

0<t<Th,

(1 B 7)p§ninc2

3},
1368 1og(2)|S|L2,’ !

B < — = X < min{ 8} = min{

ap < min{(L; +

= min{(3Ly7: +

1.

log(3)
ae(1—7)Tep2. c2
log(1 - Hggfanc)

K

IN

[

1=0(). 31)

From iterations ¢t = T} until ¢ = T', the smoothness constant is L; = 3Ly max{7,1} = 3Ly. Note
that there is an upper and lower bound on ;. In order for the upper bound to be no smaller than the
lower bound, we need

15210g(2)|S|L%a; 1

(I =Npgmc®r ~ L

IA



This means that we should choose o, = O(77), implying o7 = O(73). Plugging it in (31)),

log(3) 1 .
Ky = i =0 7v) < O(r7%),
log(1 — (1 ;gléf ) log(1 —77)

where the last inequality follows from the fact that 1 + = < exp(z) for any scalar .

. o (2C142Ls\T—t
Since 7, = 70 (FH52)

bl

- d d 20} + 2Ls
— — 1 _ _
S K= 3K Y K=Y 0 00+ 3 ofr (2
=0 =T, t=0 t=T, 1 4
~ C +2Ls | L. Oy +2Ls
-3 1 3(T—t)y _ -3 1 3t
O ; 20 var,) )00 ;(201+2L5) )
. 1 _
= O(TTBW) = O(7;%).
2C1+2Ls

Since 7 = O(e),

A.3  Proof of Theorem

Define Ly = L3;(279 + 1). The exact conditions on the initial step sizes, regularization weight, and
h are

C
o5 + 05 < =12, (32)
3
65536 log(2) (log |A| + log |B|) 4+ 96(1 — ) pminc?
Qo = 5 , (33)
3(1 - 7)2pminc47—0
L2,Cyh3
aig < (2Ly +4L3,Cs) ? + (Ly +4L%,Cy) + 7-[7237 (34)
h3 h3 T0
23 2
ao (1 ’Y)TO pmlnc 1} (35)

<= 22 <mi
&bLa B = "M alog2)lSI2

In Remark at the end of this section, we show that there always exist ay, Sg, 79, and h that observe
the conditions.

(T7) implies that for any 6, 65 € RISI¥IAL 4y 4py € RISIXIBI and k > 0,

Vo T, (Tay s by ) — Voo (0,5 Py )| < (Lv + 271 Ly ) ([|61 — O2| + [[Y01 — 2]|)
< Lo([|61 — 02| + (|1 — 2)), (36)

where the last inequality follows from 7, < 9.

Convergence of 367 + 52’:

We will first use an induction argument to prove

2
PminTOC
367 + 69 vk > 0.
ETOR S G BT S

The base case is 307 + 685 < ﬁ, which holds by the initial condition. Now, suppose
og(2

2
PminT0C
307 + 6} < 641og(2)(k + h)'/3 G7




holds. We aim to show

2
PminT0C

30741 + 0f, :
b1 O = G log@)(k+ 1+ B)1/3

We introduce the following technical lemmas.
Lemma 10. Suppose (37) holds. Then, we have

2 2

- (minﬂ'gk (a| s)) < —3%, (38)
. 2 3

- (n;;gl Gu (b s)) <= (39)

Lemma 11. Suppose (37) holds. Under Assumption[I|and[2|and the step sizes of Theorem[2} we have

9, (919) — Gry, (9k+1)
= JTk (7T9k ) (ka (Wek )) - JTk (7T9k+1 ) ¢Tk (7T9k+1 ))

g
< 7 (HVGJTIQ (7T9k’¢7'k (ﬂ-@k)) - VQJ‘FI@(TFQMQka)”Q - ”v@‘]m(ﬂ-@w¢Tk(7r9k))H2) .

We perform the following decomposition
01 — 0f
= Jr (Mo, Dy (T01)) = Ty (Mo 15 Prss (Tor 1) + Ty (77,5 07, ) — T (77,5 07,)
= Jr (Toy, O7. (70,)) — I (Toy 105 Or (T041))
+ o (o140 P (Tor 1) — T (T 1 s Prisr (0441 )
+ I (W01 Pricis (T0111) = Triciy (Tori1s iy (T, 1))
T (T Ory) — I (77, 07,)

Tk
<J: (7T9k ’ ¢Tk (Wek)) - JTk: (7T9k+1 ) ¢Tk: (7T9k+1>) +
o

-
T:H log | A| + (7k — Tes1) log | B|

< 7k (HvQJTk(ﬂ-ek’d)Tk (ﬂ-ek)) - VQJTk(ﬂ-0m¢wk)H2 - ||v9‘]7’k (ﬂ-gk?(ka(ﬂ-ek))HQ)

+ %T:“(log |A| + log |B|) (40)
where the first inequality comes from J;, (7, , ,, ¢, (ngﬂ)) — JTk (7Tgk+1 s Orsr (Mo,,,)) < 0 by
the definition of ¢, (-) and the bound on J., (g, Pry., (o,
and J. Jr (77, ¢7,) from Lemma 3] Eqs

Tk+1 ( Tk 17 ¢Tk+1)
uses Lemma

1)) — Tk+1 7T9A+17¢Tk+1 (7T9k+1>)
@ and (6). The second inequality

Similarly, we consider the decay of 5;?.
51?—',—1 61? = JTk+1 (7T9k+1 ) ¢¢k+1) ~ 9ri41 (7‘-9k+1) - ‘]Tk (7"9k ) ¢¢k) + g7, (7T9k)
= (J‘rk+1 (7T9k+1 ’ ¢¢k+1 ) 7‘]7'19 (7T9k+1 ’ ¢¢k+1 )) + (J‘rk (7T9k+1 ’ ¢¢k+1 ) 7‘]7'19 (7r9k+1 ’ ¢¢k ))

+ (JTk (7r9k+17¢1/)k) - JTk (7r9k’¢¢k)) + (ng (ﬂ-ek) — Y141 (7r9k+1)) : (41)
By Lemma[3|Eq. (8),
Tk — Tk
‘]‘I’k+1 (71—9k-+1 ) ¢¢k+1) - JTk (ﬂ9k+1 ) ¢1/1k+1) < Tf;l log ‘B‘ (42)

Using the Lo-smoothness of the value function derived in (36)
JTk: (7T9k+1 ) ¢wk+1 ) - ']Tk (7r9k+1 ) ¢1/Jk)

L
<AV dr Ty 15 P )s YVhe1 — V) + 70||1/)k+1 — thi||?

LoS;
= _ﬁkHle)Jﬂc (7T9k+17¢wk)”2 + TkvaJTk (7T9k+17¢wk)||2



B
< ,%va(]m (W9k+17¢wk)||2

— 2 g ’
< _WW (ff;ibn D (b s>> (Jru (Mo Sus) = I (T, 6r, (o, )
1— i 2
_ _(W‘;’Tﬂcpmm (Hsubn(bwk (b s)> 5y,

where the second inequality uses 3, < %0 and the third inequality follows from Lemma

Using Eq. (39) of Lemma [I0]to further simplify this inequality,

3(1 B V)Bk)’rkp?ninc2 5¢
Le

JTk (7r9k+17¢1/1k+1) - JTk(ﬂ-ek:+17¢wk) < - 8|S|

(43)

For the third term of @T)), we have from the Lo-smoothness of the value function derived in (36)

L
JTk (7r9k+1a¢1/)k) - JTk (7T9ka¢)¢k) < <v9']7'k (7r0k7¢wk)70k+1 - 97€> + 70||0k+1 - ekHz

2

IV, (mo G0 I + Z5E |V T (w60, P
3OLk
2
where in the last inequality we use o Lo < 1.

Using Lemma[IT]and Lemma 3] {7), we bound the last term of (41}

< Vo dr, (mo,, b)) |17, (44)

9y, (7r9k) — 9741 (7T9k+1)

= 9y, (7T9k) — 9r (7T9k+1) + g7, (ﬂ9k+1) ~ 9741 (ﬂ-@k+1)
«
< ?k (||V9JTk(7T9ka¢Tk (ﬂ-ek)) - VOJTk (’/THICVQka)”? - ||VQJ7—k (’ﬂgk,d)m(ﬂ'gk))HQ)
+ (’Tk — Tk+1) log ‘.A| 45)

Using @2)-@3) in @T), we have
51?—&-1 = 5;? + (J‘l'k+1 (W0k+1 ) ¢'¢’k+1 ) 7J7-k (7r9k+1 ) ¢wk+1 )) + (J‘rk (7T9k+1 ’ ¢¢k+1)*‘]‘rk (7T9k+1 ’ ¢¢k ))
+ (J‘Fk (W9k+1 ) ¢1/11c) - J‘Fk (71—9;« ) %k)) + (ngc (ﬂ-ak) ~ Y91t (71—9k+1))

Tk — Th+1 3(1 = N)BrTkPmin€ o, 30k
<O+ =y log Bl - 8|S %+ =g VoI (o du)l
g

2 (||V9JTk(779k7¢Tk (7T9k)) - VG']Tk (ﬂ-am(bwk)HQ - HVGJTIC (ﬂ.ek7¢7k(ﬂ-9k))||2)
+ (i — Th+1) log | A]

+

3(1 — ) BrTplinc? 3a
< (1 = BT 56 30k G )P
8[S] >
(0%
+ 7’6 (||V0JTIC (ﬂ—ek7¢7k (7T9k)) - VGJTk (ﬂ—om(bl/)k)HQ - HVGJTk (7T9k7¢7k (ﬂ—ek))HQ)
+ T’“%’;“aog |A| + log |B). (46)

Combining (@0) and (46),
30%41 + 0p 14
- 30zk
< 35k + 7 (HVQJ-,—k (7T9k7¢7k(7T9k)) - V‘g‘]ﬂc (7T9k’¢¢k)”2 - ||v9‘]7'k(ﬂ'9k7¢7'k (71—91@))”2)

3(1 =) BrTrpiine®
8|S|

3(Tk — Tk+1)(

+ 1=

log | A| + log|B|) + (1 — )35,



(677
=+ ? (||v9JTk(7T9ka¢Tk (ﬂ.‘gk)) - vOJTk (TFOk?Qka)Hz - ||v9‘]7'k (ﬂ9k7¢7k(779k))||2)

3a Tr — T
+ 5 V0 (o 6|+ =7 (log |A| + log |B)
” 3(1 — 7)Bemrp?;, 2 3ay,
< 307 + (1 = 2L 50 1 SRV, T (a0,

+ 20¢k||V9J7—k (7T9k’¢‘rk (ﬂ—ak)) - VQJTk (W9k7¢wk)||2 - 2ak7||v9‘]7'k (779k7¢7'k (7T9k))||2
4(7’]€ — Tk+1)
1

Simplifying this inequality with
||v9‘]7'k(ﬂ-9k7¢¢k)”2: ||v9‘]7'k (7T9k7¢7k (7T9k)) - (v9‘]7'k (7T9k’¢7'k (71—91@)) - vé)Jm (ﬂ-@k?(rbwk)) ”2
< ||v0']7'k (7T9k7 (ka (779k))H2 + ||V9J7'k (7T9k’ d)m (ﬂ-ak)) - VQ‘]Tk (ﬂ-ew ¢¢k)||2
+2(VgJr (o, b7, (70,.)), VoI, (e, b, (Ta,,)) — Voo, (0, %k))

5
SZ”V@JW (77919’9257% (71-9&))||2+5Hv9']‘rk (7r9k7¢7'k (ﬂ-ek))_VQ‘]‘f'k (ﬁgk,quk)”Q

+ log | A| + log |B]).

we have

™ T 3(1 - ’Y)ﬂkaJp?‘ﬂinc2 Qg
36k+1 + 5l(f+1 < 351@ + (1 - 8|S| )(Sl(i5 - ?”VHJTIC (ﬂ-ek’¢7k (ﬂ-@k))HQ

HVGJ‘% (7T9k7¢7'k (71—9;«)) - VeJTk (7791@’ ¢'¢’k)||2

(T — Trt1)
kl_ k+ (

19«
i k

+ log | A| + log |B|) 47)

Using Lemmato bound —||VgJ., (7o, , dr, (70,)) ||
- ||V9J‘rk (ﬂ'gk 5 ¢Tk (7T9k))||2

— 702 2
< Wl (I?’ianﬁek (a | S)) (J'f'k (7r7'k ((rbm (7r9k))’¢7k (mgk)) - Jﬂc (7T9k7¢7'k (ﬂ-gk)))

)

2(1 = )72 (. ’ .
< _T rrsnan Oy (a’ | S) (J‘Fk (ﬂ—-rk?(b'rk) - JTk (7T9k7¢7k (ﬂ—ek))) ) (48)

where the second inequality follows from

JTk (WTk(¢Tk(W9k))7¢Tk(W0k)) - m;iX JTk(/n-?quk(ﬂ-ek)) > mTEr%XHl(gH J‘l’k (Wad)) - JTk(ﬂ—:k7¢:'k)

From LemmaEq. B8). — (min, o 7, (a | 5))* < —%, which further simplifies 48)
- HVGJTk (7r‘9k’ Pr, (ﬂ-ek))HQ

21 — 2. 2
< 20t (winm, (0 8)) (T (%0 05,) = T (o 6 70, )

S|
2(1 = N TkPin (. ? 3(1 — )7k plin
_ ( |78) kPmin <Hsllan7r«9k (a | S)) 5T < — ( 1)|Skpmm or. (49)

For ||V Jyr, (7o, , by, (T0, ) — VoJr, (o, , dui ) |2, we have from the Lo-smoothness of the value
function derived in

||V9J7'k (77919’9257'1@ (Wak))_VGJTk (7T9k’¢1/1k) |2 < Lg”QSTk (7T9k) - ¢¢k ”2

2log(2)L3
< ] 0 (JTk(ﬂ-Gkv(bwk)_‘]‘rk(WGka(ka(W@k)))
Tk Pmin
2log(2)L?
— Og( ) 0 6;?, (50)
Tk Pmin

10



where the second inequality follows from Lemma [I|Eq. ().
Using [@9) and (30) in @7),

36741 + 041y
3(1 — )BTk Pimin 159

™ Ak
< 361@ + (1 - 8|S| - ?”VGJTIC (ﬂ—ek7¢7—k (7T‘9k))||2
19a 4(1 — T
4 208 (6 (10) = Ty s 00 + 2= g 4]+ b 5]
3(1 = NBrTkptin€® | oo Ba(l — ) Tep2inc?
< 3671' 1 _ min 6 _ min 671'
< 307 + 83| ) 32/3] k
191log(2)L3 4(1y —
+ 08(2)Loa 5,‘? + (7 Tk+1))(10g|¢4| + log |B])
Tk Pmin 1—»v
(1 = ) axTkpinc 3(1 = v)Brmhpaine” | 191log(2)Liak , .4
—3(1 — min 5T _ min 5
( 32‘S| ) ( 8|S| Tk Pmin ) k
4 —
4 A = ) (0014] 4 10g |B)). (51)

1-—

With the step size rule 32 < min{% 1}, we can simplify (31)),

1 —y)apmep2,;, c? 3(1 — P2 c?  19log(2)Lia
35g+1 +6]f+1 < 3(1_ ( 7) k kpmm )5g+(1_ ( W)ﬁk kPmin + g( ) 0 k)é}(f

32/ 8|S] TP
2T 10y 14 4105 B)
ST v);z'c;/?pfmncz) o7
= et
+ W(log Al + log|B|)
<301 (1- V)SZT;TPQHCQ)(;; . (1- v)f(gkpiﬂﬁ)az
+ 4(7’“1_2““) (log | A| + log |B|)
< (1= Um0 a7+ g7+ 2T g 4+ g )
<(1- (1— ’Y)P?ninc2a070) Cy 3279 (log | A| + log |B)),

320S[(k+ 1)kt h) 7B 31 —~)(k+ )3
where the last inequality follows from @) and Lemmal[7}

Letting Dy = % and Dy = 5 (log | A[ + log | B]),

2|S 3(1 v)
Diagto Ci7o Dy7o
307, 00 < (1-
k1 T k“‘( k+h > (k+h)1/3+(k+1)4/3
.D 01’7'0
k+h—D —_—.
< + 1a070+01>(k—|—h)4/3
By requiring
o 65536 log(2)(log | A| + log |B|) + 96(1 — ¥)pminc® 1 1+ &)
0 3(1 —)%2p3 . ctag - Diag c”

11



we have

[ D Ch
Dy Dy Ci1o
( " ( +Cl)+01) (k + h)4/3
_ Gino(k—1+h)
T (k+h)AB

Since (k —1+h)?(k+1+h) < (k+h)*forall k > 0andh > 1, we have
k—1+h_(k—1+h)(k+1+h)1/3< (k + h)4/3 1

(k+h)43  (k+ D43k +1+h)13 = (k+h)¥3(k+1+h)1/3  (k+1+h)1/3’

which leads to

ClTo(k— 1—|—h> Cimo pminTQC2
367 5 . < < — .
e O S TS S R LB 6dlog(2)(k 4 14 A3

This finishes our induction and implies that for all £ > 0

* * Ci1o
JTk:(ﬂ-Tk7¢Tk) - JTk(ﬂ-ek7¢Tk(7T9k)) < Wv
Chi
JTk (7T9k-’¢¢k) - Jm(ﬂ-%vqsﬂc(ﬂ%)) < W

Bounding the difference between value functions with and without the regularization:

Ultimately, we are interested in J(7*, ¢*) — J(mg, , ¢o (7o, )) and J(ma, , ¢y, ) — J(7a,,, P (7o, )),
which measure the performance of 7y, and ¢, in the original un-regularized Markov game.

By Lemma[3|Eq. (@), (7), and (8),
o (77, 0%) — (7%, ¢%) > —75; log | B
JTk (Wekv(bﬂ; (ﬂ-ek)) - J(ﬂ-ak7¢0(ﬂ-6k)) < Tk log |A‘

-
I (Mo, ) — (o, Pysy.) 2 1 _k,y log |B|.

Therefore,

J(@*, ¢") = J (7o, ¢o(mo, ) = (7", ") — Jr (77, 07, ) + Jr (77, 07, ) = Ir (7o, Or (T0,.))
+ JTk (WQkad"rk (ﬂ-ek)) - J(ﬂ-ek7¢0(ﬂ-9k))

Cimo
<7l _
< melog Bl + 507
_ Cy1o + 3(log | Al + log |B) 7o
= 3(k + h)1/3 !

+ 7 log |A|

and

J(Ter’(biZ)k) - J(Wkaqu(ﬂ-@k)) = '](779k7¢1/)k) —Jr (7r9k7¢wk)
+Jn, (7T9k ) d)l/Jk) —Jr (7T9k s Oy (T‘-Ok:))
+Jn, (7T9k s Or, (ng)) - J(ﬂ-ek ) ¢0(7T9k))
Th Cimo
A
(1= )Cim + (log | A| + log|B)ro
S () [ R R

IA

log |B| + + 71 log | A]
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Remark 2. To select v, Bo, 10, and h, we first make 79 = AR1/3 for some X\ > 0 large enough. This
choice guarantees the validity of (32) (we just need 6 + 63 < Cy\). Viewing (33), it means
65536 1og(2)(log | Al 4 log |B]) + 96(1 — ) pminc?
3(1—~)2p3 . cAhs .

Now that X is fixed, to ensure (34), we choose h large enough to observe

65536 log(2)(log | A| + log |B|) + 96(1 — 7) pminc® ap

3(1—7)2p3 ;. c*Ah Ch3
2 2 L%C2
< (2LH + 4LH02))\ + (L;l.[ + 4LHCQ) + N
Once A and h are chosen, o, 19, and h are determined. Finally, since %2&% < 1, we just

need to select 3y € [%, L—] Recall that Ly = Ly (279 + 1), it can be easily seen
0 FPmin

152 log(2)|S| L2 g
(1—7)T§l)§ninc2

L%) = (’)(%) = (’)(ﬁ) since X was large enough.

that the lower bound

=0O( /\3h1/3 ), which is much smaller than the upper bound

O

B Proof of Lemmas

B.1 Proof of Lemmal[ll

For a given ¢, let # € m(¢) (which is a possibly non-unique maximizer).
According to Mei et al.|[2020][Lemma 26],

JT(ﬁ-aQS) - ']T(W7¢) =

— Sesd}f’d’(s)DKL(W(' | $)|[7(- | 5))-

The Pinsker’s inequality states that for any two probability distributions p; and po

Dicr(pllne) = sl — ol
Using this inequality,
Ty (5,6) = T, 9) = > 74(s)Dict (- | )1A(- | )
> S =) 2 IR 9 =7 |9
> S - I 9 =7 |

T minges p(s)
> D o 9= 7C |

T Minges p( )” . 7A_‘_||2
21og(2)

where the second inequality follows from the fact that dz"&(s) > (1 — v)p(s) entry-wise. This

inequality means that 7 € 7, (¢) has to be unique, as no other policy can achieve the same value
function.

The same argument can be used to show Eq. (@).

13



B.2 Proof of Lemmal2l

Let (71, ¢1), (72, ¢2) be optimal solution pairs to the maximin and minimax problem, respectively,

(m1,¢1) € argmaxargmin J,(7,¢) and (w2, s) € argmin argmax J.(m, ).  (52)
TEAS  ¢EAF peAE  meA§

Since the policy simplex is a compact set, (71, ¢1) and (72, ¢2) exist and are well-defined. The
following minimax inequality always holds

e (T, ¢1) = max ¢m1AI}S Jr(m,¢) < ;22“; max Jr(m,0) = Jr(m2, d2). (53)

We first want to show that 71 = 7, (¢1) and ¢1 = ¢, (7). Since

J (ﬂ-lad)l) - maX mln J (7T ¢) = min ‘] (7T17¢) = J‘r(ﬂ'17¢7(ﬂ'l))a
Ad) ¢€A

we have ¢; € ¢,(m), and Lemmal 1| further implies ¢1 = ¢, (1) is unique. In addition, we
know that 7 is the optimizer of g, defined in (]ZI) Let 6, be an softmax parameter for 7; (e.g.
01(s,a) =logm(a | s) for all s,a). Since 71 is an optimizer of g, in policy space, #; must also be
an (not necessarily unique) optimizer of §-(6) = ming J- (g, ¢) in the parameter space. Therefore,
we have V0 € RSx4

0 > <V9g7(7r91), 0 — 01> = <VQJ.,—(7T91,¢1), 0 — 01>7 (54)

where the first equality follows from Danskin’s Theorem in (I6). Since 6 is not constrained, (54)
means that

VGJT(T[-91 3 ¢1) =0
implying that 6; is a stationary point of

mOaX JT(7T§7 (bl)

By Lemma every stationary point is also globally optimal. Therefore, we have 7w, = g, = 7 (¢b1).

A consequence of 11 = 7,(¢1) and ¢1 = ¢, (m1) is that (7r17 ¢1) is the unique optimal solution
pair to the maximin problem, i.e. there does not exist (71, qi)l) # (71, ¢1) such that (771, ¢1)
argmax e s argmingeas Jr (m, ). To see this, let us suppose that such a pair (7;, $;) does

exist. Then, the only possibility is T; # 7; and (;51 % ¢1 by Lemmal Since 71 # 7, (¢1) and
1 # ¢-(71), we have
Tr (@1, 1) < Jo(m1,61) = - (Fr, 61) < J-(7, ),
which creates a contradiction.
Similarly, it can be shown that
T2 = ¢r(¢2), and @2 = ¢-(m2),
and that (2, ¢2) is the unique optimal solution pair to the minimax problem.

We now aim prove that (71, ¢1) = (72, ¢2), i.e. the minimax and maximin problem have the same
solution. Suppose (71, ¢1) # (w2, d2), which means that 1 # 79 and ¢1 # @2 have to hold due to
Lemma Since 12 # 7, (¢1) and ¢1 # ¢, (m2), we have from (33)

Jr (72, 1) < Jr(m1,01) < Jr (72, ¢2) < Jr (72, 61).
This is again a contradiction. Therefore, (71, ¢1) = (72, ¢2) has to be true. Then, (33)) leads to

max min J;(7,¢) = max min J, (7, ).
TEAS pEAS TEAS PEAF

We also know that the Nash equilibrium has to be unique in this case, as the maximin and minimax
problems both have a unique solution pair that agrees with each other.

O
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B.3 Proof of Lemma[3l

By the definition of the value function,

Jo(m, ) = I (7, 9)
=E [nyk (r (Sk, Gk, b)) — Tlogm(ag | si) + 7log ¢(by | sk)) | 9 ~ p}
k=0

—E [Z ,yk (r (sk,ak, br) — 7 logm(ak | sk) + 7 log ¢ (by, | Sk)) | 59 ~ p]

=E [Z’Y (T*T logm(ak | sk) + (1 —7') log p(bx | 5k-)> |50NP]

k=0

-7 , ,
= T Berndp? amm i) gt 150 [T 1087 (@ [ 8) + 108 60 | )]

T—7

= 7= EvmapeH (] s)) — H((- [ 8)];
where H denotes the entropy and is defined in (T3).
We have the following upper and lower bound on the entropy
0< H(m(-]5) <log|Al, 0<H(¢(-|s")) <log|B].

Therefore, if 7 > 7" > 0,

log\B\ < Jr(m, d) = Jri(m, 9) <

!/
T log | Al

For any 7 > 7/ > 0,

Jr (7, 07) = Jr (75, 0%0)
= max m;n I (m, ) — mq%n T (75, B)

> m(gn Jo (75, ) — ngn T (75, b)

= min (Jo(x2.0) + (7 = 7 Halp.720,6) = (7 = 7'VHo(p, w20, 6) ) = min T (21, 6)
> it Jy (73, 6) 4 (r=7') min H (. 720, 0) + (7 = 7/) min —Hy (p. 72, 6) —min Jrs (w2, )

= (7= 1) (i M 2, 0) — o, 72.6) )
> (r = 7')(0 — log |B))
—(r — ') log|B],

where the second inequality comes from the fact that min, f1(x)+ f2(x) > min, f1(z)+min, fo(z)
for any functions f, fo of the same domain.

It can be shown by a similar argument
T (w5, 6%) = Jor(wh 65) < (7 — ') log | Al.
In addition, for any 7 > 7/ > 0 and any policy T,

Jr (7, ¢r (1)) — Jro (7, o (7))
= m(;n Jo(m, d) — m(;n Jr(m, )

= min (Jp:(7,6) + (7 = 7} Ha(p,7,0) = (7 = 7')H(p.7,6)) = min Jp (7, 0)

IN

<Hgn I (7T, ¢> + (T - T/) m(;;i.X H‘ﬂ'(p7 T, ¢) + (T - T/) mgx(_Htﬁ(p? T, (b))) - m(gn I (71-7 ¢)
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= (T — 7'/) (mgx’Hn(PvWaﬁﬁ) - mdan¢(p’7T’¢)>
< (r—1")log|A|.

It can be shown by a similar argument

T (7,67 (%)) = Jos(m, 60()) > —(r — ') log |B.

B.4 Proof of Lemmal

Adapting Mei et al.| [2020][Lemma 15], we have for any # € RS*4 and ) € RS*B

dzr(¢w)7¢w -1

27—pmin . 2
Vo7 (70, b))% > S| (rgl{lnﬂe(a | S)) Pz (J7 (77 (Dy), ) =7 (o, D))
’ P oo
2 2Tpmin 2 d‘lp;e@ﬂ—(ﬂg)
IV Jz (o, 0y)[1° = NG (rrsligﬂ%(b | S)) e (Jr(mo, y) — J7 (w9, ¢~ (70))) -
: . .

Then, the first inequality follows from d;’wd’)’m’ (s) < 1land dge’m (s) > (1—=)p(s) = (1—7) prin
for all s € S, and the second inequality from d:,rs"bT(Tre) < 1and dgg’% > (1 —7)pmin forall s € S.

O

B.5 Proof of Lemmal3

Mei et al.|[2020][Lemma 7, Lemma 14] establishes the smoothness condition of the value function
and the regularization entropy with respect to one player’s policy, i.e.

||V9J(7T917¢¢1) - VGJ(W%?QS%/H)” < Lv||91 - 92”7
Vg (Ta,, by, ) — Vi (6,5 Py | < L [[th1 — 2.

Therefore, we only need to show
HVQJ(W917¢1/11) - V@J(W91,¢¢2)|| < Lv||¢1 - ¢2||7
[V d (o, ¢p) — Vi (o, o) || < Ly (|61 — 02

Given a fixed 0 and 1), with arbitrary vectors v and v such that ||ul|2 = ||v||2 = 1, we define the
shorthand notation

To,u = TO+au, (rbﬂ,’U = Typ4Buv-

According to Zeng et al.|[2021a]][Lemma B.5],

Z dm,z(;IS) <9, Xb: d(bﬁ,:)ig”*g) <9,
dma(a | 5) ddso(b] ) dma(a | s) ds(b | )
- [freal oo < (o |9 ) (o[l o) <o

Let P(a, 3, u,v) € RISIAIBIXISIAIBI denote the state-action transition matrix induced by the policy
pair (ﬂ-a,ua ¢5,v)

P(aaﬁvu7v)(s,a,b)~>(s’,a’,b/) = P(S/ ‘ 57a7b)ﬂ-a,u(a/ | 8/)¢5,U(b/ | 8/)'
Differentiating with respect to « and f3,

{d2P(a,6,u,v)] _ drgu(d | s") dog (b | ")
dadﬂ (s,a,b)—(s’,a’,b") dov dﬁ

P(s" | s,a,b),

16



which implies for any vector x

d*P(a, B,u,v) _ dro(a’ | s') g (V' | ')
{ dodp xLab_ %:b/ da B

P(S/ | s, a, b)xs’,a’,b’ .

The /., norm of this quantity can be upper bounded

2p
d (a’ﬂ’u)v)x“

max
lullo=lvll2=1 dadp
o ma {dQP(a,ﬂ,u,v) ]
= Imax max _ 7T
ssab ullz=lolla=1 dadp o

drg(a’ | s") dog, (b | s)
- Z B

’
dOt dﬂ P(S | S,a,b)l‘s/’a/’b/

max max
sab fula=lvlz=1| £

drg(a' | 8") dop, (b | $)
< max E P(s' | s,a,b o max E 2
s.ab | L lull2=llvll2=1 £ dox g

< 4H$||oo' (55)

Using an identical argument, we can show that

B,uv H drau(a| s)

= — |zl < 2|2, 56

a1 _; e el < 2]l (56)
dP(o«ﬁnw H drg.(b| s)

— a5 Y = — < 2|12l oo- 57

lullo=llo]l-=1 i OO—Z a8 < 2f|z| (57)

b

With M («, B, u,v) = (I — vP(c, ,u,v))" ! and r = [r(sg,aq,bp), - ,7(818], 1415 b))
Q’TQ’“’W”’(S, a,b) = ela7bM(a,[3,u,v)r.

Taking the derivatives,

dQme%. (s, a, b) dP(a; B, u,v)

— T
da Ves,a,bM(Oé)ﬁ?u?’U) da M(O[,ﬁ,u, ’U)’/’,
dQTew b8 b dpP
Q g (s,a,0) el . yM(a, 57“70)%’%1})1\4(@7@% v)r.
Taking the second-order derivative,
d2Qme w950 (s, a,b)
dad
dpP dpP
=42l M(a, B,u, W)MM(Q’ B,u, U)MM(OZ7 B,u,v)r
“ da dg
dP(a, B,u,v dP(a, B,u,v
+ 7261a,bM(aa Ba u, v)(T)M(O[7 Bv u, ’U)#M(OL, 57 u, U)T
d*P(a, B,u,v)
+ 'YGIa,bM(av B,u, U)WM(% B, u,v)r

Using M (a, B,u,v)1 = (I —vP(e, B,u,v)) "1 = ﬁl and inequalities (53) and (57), we have

Ta,u,$B,v
dQ (s,a,b) MM(Q,B,MU)THOOS zal

’gvM(aﬁ,u,v)

max —_—,

l[ull2=lolla=1 da da (1—7)?
dQﬂ'a‘“’(ﬁB”” (S,G,b)’ dP(Oé,/B,U,,’U) 27

max <|[vyM(e, B, u,v) ————"=M (ct, B, U, V)| 00 < ——,

l[ulla=lolla=1 dp IvM(e, 8,u,0) dp ( )l (1—7)?
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and

e d>Qe w5 (5, a,b)
llulla=[[v]l2=1 dadf
dP(a, B,u,v)
da
dP(c, B,u,v)
dp
d*P(a, B, u,v)
dadf

dP (o, B, u, v)
g

(e 8,00 O g

§ ||’)’2M(OL,67U,U) M(OZ,B,U,’U) M(a,ﬂ,u,v)r“m

+Iv?M(a, B, u,0)

+ ||7M(a,ﬁ,u,v) M(O&,ﬁ,U,U)THOO

272 4

S Tamr

Since Vensts.n(5) = 3, ) (@ | $)0p.0(b | 8)Q w952 (s, a,b),

d2V7ra,u7<¢>fe,v(s) _ z dre w(a|s) dos.(b]| s) Qﬁa,u@ﬁ,v(s a,b)

dodp — do a5
dQQﬂ'a,uyd)B,v s,a,b
+ Zﬂa,u(a | $)bp.u(b]s) dadﬂ( )
a,b
dmau(a | s) dQ w980 (5, a, b)
+ Z T¢B,v(b | 5) 5
a,b
dﬁb ) bl s dQﬂ'a,u,(ﬁ/ﬂ,u s,a,b
2 manlald) ﬁd(ﬁ| ) da( ).
a,b

Therefore,

dV’T(x,ua‘ﬁﬂ,U (S)

4 2~2 4 4 8
*(( T 7>2>”< <

max < - hS )
llull2=llvll2=1 dodfs T 1y 1—7)3  (1—v 1—7)2 = (1—~)3
which implies
8
Vo (76, by, ) — Vo (6, by, )| < WII% — 1ha].
Similarly, it follows by the same argument that
8
IV d (79,5 @) — Vi (m0,, Gy)|| < m”el — O2]|.
Zeng et al.[[2021a]][Lemma B.5] implies
2
1T (70, Py ) — I (o, o )| < m(\lfh = 0o + [[41 — ¥2)), (58)

and we simply use ﬁ < Ly.

B.6 Proof of Lemmal6l

We will prove the first two inequalities on the Lipschitz gradient of .. The next two inequalities are
completely symmetric and can be derived using an identical argument.

Mei et al.[[2020][Lemma 14] implies
||V9H7T(87 U ¢Ib1) - V9H7T(S7 o5 ¢w1)|| < L7'l||91 - 92”)
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so we just need to show

HVGHW(877T917¢1ZJ1) - VGHW(S77T917¢1112)|| S L’Hle - ¢2H7
IVyHar(s, o, Py ) — VyHar (8, Ty, by )|| < Layg|01 — 02, (59)
IVyH (s, oy, Py ) — VpHar (s, Toy, byl < Laglltn — 2.

Given a fixed 0 and 1), with arbitrary vectors u and v such that ||ul|2 = ||v||2 = 1, we define the
shorthand notation

Ta,u = To+ous ¢B,v = TMep+Bu-
Note that to show (39), it suffices to show for any u, v

d2%7r(5577a,u7¢/3,v) erHTr(Svﬂ'a,anb,B,v) <Ly

<L
dadp = dp2 =

We define the state transition matrix P € RIS!*IS| guch that

P(a, B,u,v) 55 = ZP(S’ | s,a,0)Tqu(a | s)pp(b]s).

a,b
Let M (v, B,u,v) = (I —vP(a, B,u,v))"t. Then, we can re-write H, (s, 7, ¢) in the matrix form
HT{'(S7 T, ¢) = BZM(O[, Ba u, v)hoz,u7

where R o = [ha,u(50), s ha,u(ss))] € RIS is a vector with

hoz7u(3) - — Zﬂ-am(a | 5) logﬂ-a,u(a | S)'

According to Mei et al.|[2020][Lemma 14],

dha
|| < 2tom Al = 21084
o oo
Taking the derivatives of H (s, 7, ¢),
dHﬂ'(Su To,uy ¢B,v)
do

dpP dho

= ] (et 8,00 OB 0 ) eI (0, 8,0

and taking second order derivative

dzHﬂ'(S7 To,uy ¢B,v)

dadp
= el (o B, 0) LD a5, ) PO D 0
+~%el M(a, B, u, v)idp(a’dg’ U ) M(a, 8,u, v)idp(a;if; U, 0) M(a, B, u,v)hgy
+ el M(a, B, u, U)WM(O&, By, v)ha y
-%VeZAl&Lﬁ,uﬂﬂdy%a&gﬂhv)ﬁlQnﬁ,UJOdzzu.

Using a similar line of argument to[Mei et al| [2020][Eq. (192)-(195)] and analysis in Lemma 3] of
our work, we can show that for any vector =

HdP(a,B,u,v) ‘dP(a,ﬁ,u,v)

<

mH < 2, < 4)2oo.
o0

d*P(a, B,u,v)
dadp

’ oo

’ oo
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From the fact that || M («, 8, u, v)x|| 0o < ﬁ ||| o> We have for any vectors u, v

P Hr (S Tau, Do)
dadfs

dP(Oéﬂ/B7u7 U)
da M(a7/87u7/v)
dp(a7 B? u’ U)
dp
dQP(a7B7u’/U)
dadp
dP(a’ﬁ7u7 /U)
dp
472 log |A|  492log|A|  4ylog|A| 2y
< + + -2log | A
R R (R E i (R A () Ak
8log |A|
< —.
T (=)

Now it remains to be shown

dP(a7 ﬂ? u’ 7‘})
dp

P
M(ae 8,0,0) PELE N0 g

S’YQ M(a,ﬂ,u,v) M(O‘aﬁauvv)ha,u

—"_72 M(a)/87u7 U)

. HMm,ﬁ,u,v) M (@, 6,11, )

M(a,ﬁ,u,v)dhﬂ

+'YHM<04767U"U) dov

dQHﬂ'(Sa T,y d)ﬁ,v)
dpg?
From the eye of the second player, H(s,mg, ¢y ) is simply the value function of a regular MDP
with itself as the only agent (the first player’s policy combines with P) with the reward function
r(s,0) = =3 ,camola ] s)logma(a | s) € [0,log|Al]l. Therefore, by Lemmawhich is derived
with reward bounded between 0 and 1, we know
dQHW(’S? To,uy (ybﬂ,v)
dg?

< Ly.

<log|A|Ly < Ly.

To show the Lipschitz continuity, we note that

d%w(s, To,uy ¢ﬂ,v)
da

dP(a, B, u,v)
do

dha
(e}
dhe

7o |

= |yel M(a, B, u,v) M(a,ﬂ,u,v)h,}’u—&—e:M(a,B,u,v)

dP(a, B, u,v
<M (o, 8,00 OB pr 0 6 1, ] + 1M (o, B, ,0)

_ Dlosl] | 2loglA

(1-=7) 1—v
To show the Lipschitz continuity of #, with respect to ¢, we use the same argument as above and
note that from the eye of the second player, 7 (s, mg, @) is simply the value function of a regular

MDP with itself as the only agent (the first player’s policy combines with ) with the reward function
7(s,0) = = > camola| s)logmg(a | s) € [0,log | A|]. Adapting (58), we have

dHﬂ<sv7rau7¢ﬂv) 2
d J < -1 < Ly.
a5 S oy el =

< Ly.

B.7 Proof of Lemmal(7l

7 1 1 8
We first show that for any k£ > 0, we have = — e < ST
Since the integer kis positive, it can be lower bound by %
1 1
ke (k+1)e
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_ (kD) ke 2k 1)T k) 2((k+ 1) = k) ((k+ 1)~ + 151*“)
ka(k+ 1) ~ (k +1)2a (k + 1)2a ((;}; +1)l-a 4 ];;1_(1)
2(k+ 1) = ko) ((R+ 112+ B70) a((h+1)2 = k) ((k+ 1)1+ k1)
< = =
G2 (k1)1 SR 1)) 3(k + 1)+t
4 ((1; 1) = ko(k + 1)1 + ek + 1) — z;)
- 3(];- + 1)a+1
4 (1 —l%a(l?:+1)1—“+l%1—“(15+1)a) 3
N 3(];—}— 1)“"‘1 < 3(]%_1_ 1)@—1—17

where the last inequality follows from

o+ 1) — ok + 1)< B+ D)k 4+ 1) — ROk =k 1 — k= L.

Choosing k = k + h yields
1 1 8 8

< < .
(k+h)*  (k+1+h) — 3(k+1+h) T = 3(k+ h)ot!

O
B.8 Proof of Lemmal§]
The property of the min and max function implies that
max(n7(a | s) —mg, (a | s)) +minmg, (a|s) > minmr(a | s).
Since the three terms are all non-negative, the inequality holds after taking the square
(minw?(a | 5))* < (max(wt(a| s) — 7o, (a| ) +minm, (a | 5))?
4
< S(minmo, (a | 9))? + Amax(ri(a| 5) 7o, (a | )
Re-arranging the terms,
2 3 2 2
- (minﬂ'gk (a] s)) < ~1 (minﬂ:(a \ s)> +3 (maxwﬁ(a | 8) — mg, (a| s))
3 2
<3 (minws (e 19)) 4307 - e 2
From Lemmal T}
2 3 2
- (minmaal9) <=3 (winmals) + 305 - o P
3( . > 6log(2 N .
<= (mnmal ) + 2 a0 - g (a0
$,a T Pmin
3 . 2 6log(2 e
<=3 (minnttal ) + D (n2,60) - oy 070, )
$,a Tpmm
2
3/ . 6log(2) ..
=3 (rrs{lanWT(a | s)) + mék (60)



: s o(l—y)T r:)ninc2 T mmc m]uc2
Since 307 + 07 < (1 — %)’%350 +09) < 385 + 0y < o 27y We have 0f < vt
Then, implies

2 2
_ 3/ . 610g( ) on 3¢t 3c? 3c?
- <_= * <22t L2
<r§,1am"k(a|5)> =7 <r?,1amf(a|s)) P S e R

Similarly, the property of the min and max function implies that
mas(82(b | 5) — Gy, (b ] 5)) + min by, (b| 5) > ming? (b | 5).

Again, all three terms are non-negative, which means that the inequality is preserved after taking the
square

(min 67(b | £)* < (win g, (0| 5) +max(@3(b | 5) = 64, (0| 5)))?

< Snin gy, (b] 5))? + A(max(é (b | 5) = 64, (] )2,

which leads to
—(min (0] 5))? < 5 (min 63 (b | £))” + B(max(82(b] 5) — Dy, (0] 5)))?
3
< 2 (min g3 (v] ) + 367 — oy, |

3
< — (mingz(b| $))? + 6llpr (ma,) — P I” + 6107 — e (ma, )7 (61)

From Lemmal T}

2log(2 2log(2
60 (70,) — 601 < 2B (1 (00 — (o 0o, ) = 2B e )
pmlﬂ Tpmln
and
163 = b < 2 (5, (o, 62) = 7y 61, ))
2log(2
< 28D () (2, 62) T s ()
- Zloslz )%, (63)
Tpmln

Using (62) and (63) in (61),
~(min 6, (b | )2 <~ (min (5 | )2 + 616 (75,) — el + 6167 — 0r ()

5 121og(2) 121og(2)
<-= ; ’ g :
< —mingr(v ] 9)? + = EES = e

121og(2)

min

3, . T
=~ (mingZ(b | 5))* + (OF + 7).

T a(1=7)T7ph;, ¢ T min €’ T min €’
36T +060 < (1 %)’%350 +85) < 307 + 05 < goms 1757 guarantees o7 +07 < EATIOR

Using this in the inequality above, we have

121og(2)

3
_ . 2 < _= : * 2 .
(nin gy, (b | 5))° < —7 (min@7(b [ 5))" + F— <-Ttg <73
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B.9 Proof of Lemmal[9]
From Lemma for any ¢ € RISI*IBI

S| dy2 0o 2
T G 0 )= ~ . IV om0
27 Prmin (Ming 4 ¢y (a | 5))2 d,,52’¢w _
S|

2
< 27_(1 _ ,7) (mins_,a ¢w(a ‘ 8))2 HV%Z’JT(W%’QSTZJ)” )

where the second inequality follows by an argument similar to (8)). Letting ¢ be the parameter that
parameterizes ¢ (g, ), we have

JT (71-92 ) ¢T(ﬂ-91 )) - JT (7T92 ) ¢T (7T92))

s :
= 200 ) (im0 T
S
T ot T Vi () = S )
s

< 6, — 6>,
= 27 =) (minen br (ro) @ 97

where the last inequality follows from the fact that for any 0y, 05 € RISIXIAL 4p; 4hy € RISIXIBI
IVydr(mo,, Gy, ) = Vo (mo,, by, )| < [V (To,, Gp,) — Vi (o, Gy, )|
+ T”Vﬂ)’Hﬂ(sv oy 5 (blﬁl) - vwﬂﬂ(& T, ¢¢2)”
+7IVypHo (s, To, dyy) — VyHe(s, To,, by, )|
< L([|61 = 02l + [[vh1 — tal]), (64)
which is a result of Lemmas [ and [@

By Lemmal(I] we also have

T (o, 01 (70,)) = o (Toz, 61 (70,)) = 5

> Sy lo- (70 = 6 (o)

Combining the two inequalities and re-arranging the terms, we have

V/IS[log(2)L
(m9,) — s (m0,)|| < : 01 — 0, 65
¢+ (7o,) — &+ (7a,) | = pnr (i 6 (m ) (@ | S))II 1= 0| (65)

Therefore, by (T7),
Hv‘9‘]7'(7r9k7¢7'(7r9k)) - V9JT(7T9k+1 ’ ¢T(7T9k+l>)||
< L0k — Ot || + Ll ¢ (m,) — dr (o, )|
V/[S]log(2)L

<L|1+ .,
< (1 - W)pmin'r (mins,a ¢T(7T9k)(a | 8))) || k k+1H

Due to the Danskin’s Theorem (T6)), this implies that we can perform the expansion

Jr (7r‘9k s ¢T (7T9k)) —Jr (7T9k+1 ’ ¢7— (W9k+1))

< 7<VOJT(7T9}97 ¢T(7r9k))7 gk—‘rl - 9k>

Sllog(2)L
i Vil log(?) 651 — B
(1 =) pminT (ming o - (o, )(a | s))

< *Oék<VQJT(7T9k_ ) (b‘r(ﬂ-@k))a VGJT(T‘-Ok 5 d)wk»

L Lo} (1 . VIS log(2)L

2 (1 - 'Y)pminT (mins,a ¢T(Tr9k)<a’ | 3))

> ||v9<]'r(7r9ka¢¢k)“2~ (66)
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Note that by the property of the min function
min 6. (7, )(a | $) > min 6% (a | ) — max(é:(a | 5) = 6-(mo,)(a | 5))
> min g} (a | 5) = |65 — 6 (o,

> ¢ — \/QIOg@) (67 + 69), (67)

T Pmin

where the last inequality uses the same argument as in (72). Since (37) implies 67 + &7 <

i ()27—
Mlo&’;‘;‘w, we further have
2log(2 1 cy/log(2
min ¢ (7, )(a | s) > ¢ — g(. )(5g+5,f)20(1— 7)2@.
5,0 T Pmin 32 2
Using this bound in (66),

JT(WakaQb'r(W@k)) - JT(’/THI«+1 ’ ¢T(7r0k+1))
< _ak<v9‘]7'(7r9k’¢‘r(ﬂ-9k))7Ve‘]‘f'(ﬂ-ek7¢wk)>
La3 v/ |S|log(2)L 5
42k (4 Vo, (7o, b
2 ( (0 — )P (min, @(m)(as») Vo lrimon: Go]
< _ak<v9‘]7'(7r9k7¢T(ﬂ9k))’V9JT(W0k7¢wk)>

La3 21/|S|L 9
+ 1+ —— ||V9JT(7T9k7¢wk)” ) (68)
2 ( V (1 - W)f)min’rc

-1
2
With the step size choice oy, < (L + % V‘)S|L> , we get
—7)PminTC

‘]T(7r9kv¢‘r(7r9k)) - JT(7T91¢+17¢T(7797€+1))
< _Oék<v0=]7'<7r0k ) ¢T(7T9k))? V9JT(7T9k ) ¢wk)>

Lo? 2y/|S|L
Loj HL Vo7 (70, , o, )|I?
2 (1 — "Y),DminTc

*Oék<V9JT(7T9k ) ¢T(7r9k))? VQJT(Tng 5 ¢wk)>
(67
+ 5 IVoT-(mo,.. b |

o
= %‘IV9JT(7791€5¢T(7791C)) - V@JT(ﬂgk,¢¢k)‘|2 - ||V9JT(779k>¢T(7T9k))H2'

+

IN

B.10 Proof of Lemma [10]
The property of the min and max function implies that
max(n?, (a | 8) = 7o, (a | 5)) + minmg, (a | 5) > min, (a | 5).
Since the three terms are all non-negative, the inequality holds after taking the square
(min, (a | 5))* < (max(w}, (a | 5) = 7o, (a | 5)) + minm, (a | )’

< S(minm (a ] 5))? + d(max(x?, (a | 5) — 7o (o] 5)))"

Re-arranging the terms,
> 3
— (mil’lﬂ'gk (a| s)) < —— <min7r: (a] s))
s,a 4 \ s,a k
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s,a



3 .
<-3 (f?lanw;(a | s>> + 3|73, — 7o I

From Lemmal[I]

2 2
3
- (minmacal9) <=3 (minws(al9) 3, o P
3 : * 610g(2) * * *
<=3 (winmso19) + SED 0 (w00 - (s 07,)
3 . L Glog® L
S_Z mlank(a|s) + - (JTk(”T'rkﬂgb‘rk)_J‘Fk(,]rewgb‘rk(ﬂek)))
s,a Tk Pmin
2
_ o3 6log(2) o
=3 (n;lanﬂm (a | s)) + — or, (69)

Since 347 + 5,‘? < 6512“;(22), we have 6] < 6517%;(22), which along with (69) implies

2 2
3 6log(2 3¢ 3c? 3c?
_ (rgl’ianmk(a | s)) < ~1 (r?’ianw;‘k(a | 5)> + Tkopgnin)dg < 7% + 3% < ,%,
Similarly, the property of the min and max function implies that

max(9%, (0| 8) = Gy (b | 5)) + min oy, (b | 8) > min g%, (b | ).

Again, all three terms are non-negative, which means that the inequality is preserved after taking the
square
(min g7, (b 5))* < (mingy, (b] 5) +max(@7, (0] s) = ¢, (0] 5)))?
4
< =
-3

(it 6, (b | 9)* + Amax(62, (0| 9) = b (b] 5))°,

which leads to
3
—(min gy, (b | 5))* < = (min g7, (b 5))* + 3(max(¢7, (b] 5) = by, (b )))*
3
< —(ming, (0] 5)* + 3105, — b |

3
< —z(fillbn(b:k(b ‘ 5))2 + 6||¢Tk (7r9k) - ¢1/JkH2 + 6H¢:k - ¢7'k(7T9k:)H2'

(70)
From Lemmal T}
2log(2 2log(2
||¢Tk (ﬂ—ek) - QbikaQ < Tog(' ) (JTk (ﬂ-ek’(bwk) - JTk(ﬂ—ek7¢Tk(ﬂ-9k))) = Og(v )6;?; (71
k Pmin Tk Pmin
and
65, — &n (T,
< 28D (5 (0, 82,) = oy (7))
< 27_11:)5[512“) ((‘]ﬂc (ng’gb:k) —Jn, (7r9ka¢¢k)) + (JTk (ﬂgk,¢¢k) —Jn, (Wekv(lsrk (Wek))) )
57
= 218D (1 (8, )= oy (7 6 (F00) + (T (o 6 () =T () + 67
- T Proin T \ 10k Pry, T \ 0> P \ 710y T \T0s s Pr \TO,, T \T 055 Popy. k
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< 21og(2)
Tk Pmin

210g(2) * * ¢
T Prin (JTk (W'rk,v(b'rk) - JTk (Wekv(bm (ﬂ-ek)) + 6k>

2log(2) "
= op +6 72
Tk Pmin ( k + k) ’ ( )

(JTk: (W9k ) ¢:—k) - JTk: (7T9k ) ¢Tk (ﬂ-gk)) + 61?)

IA

where the third inequality follows from J;, (g, , ¢+, (7a,)) — Jr,. (To,., Dy, ) < 0.
Using and in (70),

3
—(Hé}i[fl%k(b ‘ S))2 < _1(1?151¢:k(b | 8))2 + 6||¢7—k(ﬂ-6k) - ¢'¢'k”2 + 6||¢:—k - ¢Tk (7T9k)||2

121og(2 121og(2
L 12108(2) | 121o(2)
Tk Pmin TkPmin

121og(2) "
+ ————=(d7 +26,).
Tk Pmin ( k k)

3. ™
< 7 (ming?, (0] 5))* (OF +67)

3 : * 2
= —;(mingz (0] 5))
307 + 50 < bR implies that 6] + 9259 < LT Using this in the inequality above,

k — 64log(2) k — 32log(2)
3¢ 12¢2 < _g

12log(2
4 12108(2) (5m | 950y < 3¢

3
. 2 . * 2
—(1151}1}1 Gy (b 8))" < —1(1217? ¢r.(b|s)) e T T3 ST

B.11 Proof of Lemma [I1]
From Lemma for any ¢ € RISI¥IBI

J"’k (71’92, ¢¢) - ‘]Tk (7792 ) ¢Tk (7T92))
|S| d7"92 ’¢Tk (7\'92)

P
27Tk Prmin (Ming ¢ @y (a | s))2 d;ey%
- s

273, (1 — ) (ming 4 ¢y (a | s))

where the second inequality follows by an argument similar to (@8). Letting ¢ be the parameter that
parameterizes ¢, (mp, ) and defining L, = Ly (271, + 1), we have

JTk (71—927¢Tk (7791)) - JTk (7T92, (b‘ﬂc (7792))

< IV T, (0, $)|I*

o0

5 va‘]‘rk (7@27 ¢¢)H27

S| 2
= v ‘]Tk 29 YTk 1
T 27(1 — ) (ming,q @7, (70, ) (a | s))2 IV dr, (70,5 Pz (70,))
_ |S| . B ) 2
= T T |V o Vi (70) = Vo (s, i (70 |
Ls|

51161 — 627,

< ,
27,(1 = ) (ming o ¢7, (70, ) (a | 5))
where the last inequality uses the same argument as (64).

By Lemmal(I] we also have

T (T2, 67 (70,)) = Ty (o b, () 2 o oo

= 210g(2) H(rbﬂc(ﬂ—ﬁ) - QSTk(ﬂ—gz)Hz'

Combining the two inequalities and re-arranging the terms, we have

v/ |S|log(2) Ly
[5]log(2) L 16— 6a]. (73

(1 - 7)pmin7'k (Inins,a O, (7r91)(a | 3))

H(rka(ﬂ—gl) - (vka(’n—ez)H <
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Therefore, by (T7),
”V@Jm (779k ) ¢7'k (7T9k)) - va‘]‘rk (7T9k+1 ) ¢Tk (W9k+1)) H
< Lk”0k - 0k+1” + LkHd)Tk(ﬂ—ek) - ¢Tk(779k+1)”
S|log(2)L
<ILpl1+ S| 'g( )L, 105 — O
(1 — ) PminTk (mln&a Oy (7791c)(a ‘ 5))

Due to the Danskin’s Theorem (I6)), this implies that we can perform the expansion

‘]Tk (7T9k ; (bm (ﬂ—ek )) - ‘]Tk (7r9k+1 ) ¢‘rk (7r9k+1 ))
—(VoJr, (0., &7 (70,.)), Oks1 — O)

L S|log(2)L
w1y Sllo(2) Ly 16041 — 00l
2 (1 - ’7)pmin7—k (mlns,a ¢Tk (Wek)(a | S))

< _O‘k<v9‘]7'k (7T6k ) (b‘rk (ﬂ—ek))7 vGJTk (7T9k, ) ¢'¢U¢)>
Lia? log(2)L

(14 151 108(2) s Vo r, (70, Su )12 (74)
2 V (1 =) pminTk (Ming o ¢, (e, ) (a | 8))
Note that by the property of the min function

min ¢ (o, )(a | s) = min ¢r (a]s)— HSIE};X(@'C (a]s) — ¢r, (79, )(a | s))
> min g7, (a ] s) = 67, = én.(mo)|

>c— \/%g(?)(agwf), (75)

where the last inequality uses the same argument as in (72). Since B7) implies 67 + 07 <

minC” T
64102(2)%’ we further have

. 2log(2) , . 1 cy/log(2)
Ig{lan¢rk(ﬂek)(a |s) =c— \/TkPmin(ék +67) > e(1 - ﬁ) =

+

Using this bound in (74),
s ,Or (77 )
JTlc (7T9k ) ¢Tk (ﬂ-ek )) J7k9k+1 S (p)
< —ap(VoJr, (mo,,, r,.(76,,)), VoI r, (Toy Py )
Lkak ( |S|log(2) Ly

)pmmTk (mlns a (ka (7701 )(a | 5))
< —og VQJTk 770ka¢‘rk Wek))7v6'°]7'k(ﬂ-9k’¢wk)>

p s () BV ) g (b0
V(1 =) pminTre R

<V9Jk(ﬂ—0ka¢7'k (Fek))7V0JTk(7T9k’¢¢k)> (Lk +

) ”V@Jm (79ka¢¢k)”2

CyL2

)nvw@wuwmm?
(76)

1/
The condition on A, which is ;5% < < (2Ly + 4L§_LC'2)% + (Ly + 4L%{Cg) + L—a‘%g, can be

equivalently expressed as ay (Lo + Ci—?) < 1. Since «y, decays faster than 73, this guarantees for
allk >0
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Using this inequality in (7€), we get
JTk (7r9k, ) d)‘rk (7T9k)) - JTk (ﬂ-ek-,+1 ) ¢Tk (7r9k,+1 ))
A
< _ak<v9‘]‘rk (7r9k ’ (ka (ﬂ-ek))7 v9‘]7'k (7T9k ) ¢'¢'k)> + 7 ||v9‘]7'k (7r‘9k ) ¢1Z)k)||2

= % (IV o7 (05, Dr (m6,)) = VoTr (7o, Du )P = IV o Tr (To s b (m0,)]I?) -
O
C Discussion on the Initial Condition for Corollary [[jand Theorem 2|
We show that as 79— o0, both 67 /7o and 6% /7o approach 0. Decomposing 67 /7o, we have
L S ERCNMES)) )

=+ (Hﬂ(pa 7‘-:07 (b:o) - Hﬂ(pv oo s (VZSTO (71—90))) + (7‘[45(/), 7T;0 , ¢:—0) - H¢(p7 T0q 5 ¢7—0 (7"90))) (78)

The original value functions are bounded within [0, ﬁ], which implies that the term (77) decays
inversely with 7g in the worst case. When 79 — o0, the Nash equilibrium policy pair 77 and ¢
both approach the uniform distribution, and so does ¢, (g, ). This means that approaches 0.
Therefore, as the sum of (77) and (78), §7 /7o decays to 0 as 7o — co. A similar argument can be

used for 67 /7.

D Experiment Details

We first discuss the design of the completely mixed Markov game. The dimension of state space is 2,
and so is the dimension of the action spaces of both players. Using s;, s2 to denote the two states, we
can essentially describe P asa 2 x 2 X 2 x 2 tensor where P(s’ | s,-,-) is a 2 X 2 matrix for any
s, 8" € S with rows corresponding to the action of the first player and columns corresponding to the
second player

0.2 0.5 0.8 0.5
P(Sl ‘ S1, 7, ) = |: 05 01 :| 5 P(SZ | 817'7') = |: 05 09 :| 9

0.3 0.2 0.7 0.8
Plorfs2) = [ 0.6 0.2 } o Plsa]s2,0) = [ 0.4 0.8 } '

Similarly, the reward function can be described by a 2 x 2 x 2 tensor where (s, -, -) is a 2 X 2 matrix
for any s € S with rows corresponding to the action of the first player and columns corresponding to

the second player
1 2 6 4
7"(81,‘,‘): |: 2 1 :|a T(SQa'a'): |: 3 10 :| .

Under the initial distribution p = [0.5,0.5] " and discount factor v = 0.9, the (approximate) Nash
equilibrium of this Markov game is
*(+ | s2) =[0.837,0.163],

(-] s1) = [0.812,0.188], 7*(-
¢*(- | 51) = [0.880,0.120], ¢*(- | s2) = [0.597,0.403].

To design the Markov game that does not observe Assumption[2] we use the same transition probability
matrices as in the completely mixed Markov game case. The reward function is

we=[3 3] = [ 3]
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Under the initial distribution p = [0.5,0.5] " and discount factor v = 0.9, it can be easily seen that
the Nash equilibrium of this Markov game is unique and is

(- [s1) = [0,1],  7*(- ] s2) = [0,1],
¢*(- [ s1) = [1,0],  ¢"(-|s2) =[1,0].

Since the Nash equilibrium consists of a pair of deterministic policies, Assumption [2]is not satisfied
in this case.
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