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Abstract

Conditional value-at-risk (CVaR) and value-at-risk (VaR) are popular tail-risk
measures in finance and insurance industries as well as in highly reliable, safety-
critical uncertain environments where often the underlying probability distributions
are heavy-tailed. We use the multi-armed bandit best-arm identification framework
and consider the problem of identifying the arm from amongst finitely many that has
the smallest CVaR, VaR, or weighted sum of CVaR and mean. The latter captures
the risk-return trade-off common in finance. Our main contribution is an optimal §-
correct algorithm that acts on general arms, including heavy-tailed distributions, and
matches the lower bound on the expected number of samples needed, asymptotically
(as 6 approaches 0). The algorithm requires solving a non-convex optimization
problem in the space of probability measures, that requires delicate analysis. En-
route, we develop new non-asymptotic, anytime-valid, empirical-likelihood-based
concentration inequalities for tail-risk measures.

1 Introduction

Tail risk is a common term used to quantify losses occurring due to rare events, and has been an
important topic in finance, insurance and other safety critical uncertain environments. [44]] first
formalized the problem of identifying optimal investment in financial assets as a multi-criteria
optimization problem of maximizing the average return, while minimizing the risk (measured via
variance). Since then, several other risk measures have been considered. Lately, risk-measures based
on tails of the distribution, like the conditional value-at-risk (CVaR) and value-at-risk (VaR), have
gained popularity in financial regulations and risk management (see, [48}47]), where the underlying
probability distributions are mostly heavy tailed (i.e. having infinite moment generating function for
all @ > 0). Informally, for a probability measure 7, VaR at level 7 € (0, 1) is the 7" quantile for 1,
i.e., the outcome below which there is exactly 7 mass. CVaR at level 7 is the conditional expectation
of 7, conditioned on values beyond the VaR at level 7. See Section [2| for precise definitions, and
[50, 46] for applications of these risk measures in finance and optimization. As opposed to VaR,
CVaR is a coherent risk-measure, and is a preferable metric (see, [5] for precise definition and
properties of coherence). Outside finance, these tail-risk measures are being used to control risk in
operations management, for example, in inventory management [4]], supply chain management [S1]],
etc. Recently, coherent risk measures, especially CVaR, have also been used in connection with
fairness in machine learning [5§]].

The importance of these risk measures in the sequential decision making set-up has well been
acknowledged (see, [49]142]]). Typically in the stochastic multi-armed bandit (MAB) literature, the
quality of an arm is measured using its mean. Tight asymptotic and finite time guarantees exist for
different MAB problems with performance measured by the mean (see, [27, 136, [16} [13} [1} [7, [53]).
Also, see [[12] for a survey of the variants of stochastic MAB problems. However, maximizing the
average reward is not always the primary desirable objective. In clinical trials, for example, the
treatment that is good on average might result in adverse outcomes for some patients. In finance, one
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is typically interested in balancing the mean return with the risk of extreme losses. Risk sensitivity
has been well studied in the online learning setting, where in each round, the player sees reward from
every arm (see, [24}/56]]). However, there is very limited work which incorporates these risk-measures
into the MAB framework.

In this paper, we provide a systematic approach for identifying the distribution (or arm) from a given
finite set of distributions (or arms) with minimum tail-risk (as measured by CVaR or VaR, or by
a conic combination of mean and CVaR, which we will henceforth refer to as the “mean-CVaR”
objective). Adopting the best-arm identification (BAI) framework of the stochastic MAB problem,
we consider algorithms that generate samples from the given arms, and are d-correct, i.e., identify
the correct answer (arm with minimum VaR, CVaR or mean-CVaR) with probability at least 1 — 4,
for some pre-specified confidence level §. While ensuring J-correctness, the aim is to minimize the
number of samples needed by the algorithm before its termination. This is the typical fixed-confidence
setting of the BAI MAB problem (see, [37}2]]). Variants of this problem have been widely studied in
the literature, where the best-arm is the one with maximum mean (see, [43, 25 16} 14126, |33, 127, 134]]).

A relaxation of the pure exploration setting described above is the (e, §)-PAC setting, where the aim
is to output an e-optimal arm (for an appropriate notion of e-optimality), with probability at least
1 — 4, while minimizing the number of samples generated. [59][18}[32] consider the pure exploration
problem of identifying the arm with minimum risk in the (¢, §)-PAC setting. While [59] consider
both VaR and CVaR as measures of risk, [18][32] focus on the VaR-problem. Recently, [39] and
[35] have studied the BATI MAB problem with CVaR and mean-CVaR objectives, respectively, in
the closely related “fixed-budget” framework, in which the total number of samples the algorithm is
allowed to take is fixed, and the aim of the algorithm is to minimize the error-probability.

1.1 OQutline of the approach and main assumption

As a warm-up, we first solve our minimum tail risk identification problems in the simple commonplace
setting of arm-distributions belonging to a canonical single parameter exponential family (SPEF) of
distributions. Each distribution in this family is uniquely identified with its parameter. We show that
both CVaR and VaR are monotonic functions of this parameter, as is the mean. Hence, finding the
best-(CVaR/VaR/mean-CVaR) arm reduces to finding the arm with the minimum mean.

Since risk-sensitive objectives are particularly important when there is a non-trivial probability of
occurrence of extreme outcomes, it is important to consider arm-distributions beyond canonical SPEF,
for which the above-mentioned equivalence breaks. We solve the VaR problem for arbitrary arm
distributions.

In contrast the CVaR problem is unlearnable in full generality: on the class of all arm distributions,
any d-correct algorithm requires an infinite number of samples in expectation to identify the best arm
amongst any finite collection of arms (Remark [3.1)). To avoid this, we impose a mild and standard
raw (1 + €)-moment restriction on the arm-distributions. Let P(R) denote the collection of all the
probability distributions on the reals ¢, and let B and e be positive constants. For risk measure CVaR
and for the mean-CVaR objective, we restrict the class of allowed arm distributions to

L= {n ePR) :E, <|X|1+E> < B} .

We discuss the choice of parameters in Section[I.3|below. For each tail measure, we prove information-
theoretic lower bounds on the sample complexity of any d-correct algorithm, and use these to develop
a d-correct algorithm whose sample complexity exactly matches the lower bound as § — 0, for CVaR,
mean-CVaR, and VaR problems. The mean-CVaR problem is conceptually and technically similar to
the CVaR problem. Hence, for simplicity of presentation, we primarily focus on the CVaR setting
in the main text and give details of the mean-CVaR setting in Appendix [, We also spell out the
somewhat analogous analysis for the VaR setting towards the end (Section[d.2), with details deferred
Appendix to[H]

1.2 Technical contributions

As is well known in the BAI MAB literature, the lower bound problem takes the underlying arm
distributions as inputs and solves for optimal weights that determine the proportion of samples that
should ideally be allocated to each arm. The proposed algorithm uses a plugin strategy that at each



sequential stage, modulo mild forced exploration, uses the generated empirical distributions as a
proxy for the true distributions and arrives at weights that guide the sequential sampling strategy.

In order to highlight the technical challenges arising in our non-parametric case, we will need to
introduce two functionals next that are central to our lower bounds, algorithms, confidence intervals
etc.

Information distance for CVaR problem Given m, 772 in P(R), let KL(n1,72) denote the KL-
divergence between them, i.e., KL(n1,72) := [ log 4 e (y)dm (y). Furthermore, for the probability
measure 7 let ¢, (n) denote its CVaR at the given conﬁdence level m € (0,1) (see Sectlonlfor the
exact definition). Then, given 7 € P(R) and x € R, we define functionals KL : P(R) xR — RT,
and KL

inf *

inf *

: P(R) x R — RT, where RT denotes the non-negative reals, as

KLY (n,z) := min KL(n,xk) and KLL(n,2):= min KL(n, k). (1)
KEL: cr(K)>x KEL: cr(k)<z

See [2 130, 115] for related quantities. These projection functionals appear in the lower bound (Section
[3), and are central to our plugin algorithm.

Unlike their analogues in the mean case, KLY . and KLE ; in (1) are not symmetric, and need to be
studied separately. In particular, Kme is a convex optimization problem, while KLiI;lf is not. This
is because ¢, (-) is a concave function, whence, the CVaR constraint in the KL ; problem in
renders the feasible region non-convex (see Section[2). CVaR can be expressed as the optimal value
of a minimization problem. This helped in re-expressing KL . as minimization over 2 variables,
fixing one of which resulted in convex optimization over the other (see Section 3).

For proving §-correctness, we develop a new concentration inequality for weighted sums of these
functionals (Proposition f.2)). Dual representations of these suggest natural candidates for super-
martingales, whose mixtures help us in proving the concentration result. Similar inequalities were
developed in [38 120, 54] in different settlngs. See [40, Chapter 20] for an overview of the method of
mixtures. We also propose KLJ .- and KL .-based tight anytime-valid confidence intervals for CVaR
for heavy-tailed distributions, and show that classical confidence intervals derived using popular
truncation-based estimators can be recovered using our method, with only a minor overhead (see

Section [4.3).

Since distributions in £ are not characterized by parameters, we work in the space of probability
measures instead of in the Euclidean space. A key and non-trivial requirement for the proof of
asymptotic optimality of the algorithm is the joint continuity of KLY ; and KLU, in a well-chosen
metric, which should generate a topology that is sufficiently fine to ensure this continuity, but coarse
to ensure fast convergence of the empirical distributions to the true-arm distributions. We endow
P(R) with the topology of weak convergence, or equivalently, with the Lévy metric (see Section
for definitions). Another nuance in our analysis is that the empirical distributions may not lie in L.
This is handled by projecting these on to £ under a suitable metric.

Our proposed algorithm is a plugin strategy that involves solving the lower bound problem using
the empirical distributions as a proxy for the actual arm distributions. This can be computationally
demanding especially as the underlying samples in the empirical distribution become large. To ease
the numerical burden we propose modifications that require solving the lower bound only order
log(n) many times till stage n of the algorithm (where n samples are generated). This modification
substantially reduces the computation burden. We show that it is optimal up to a constant (Appendix

[K).

VaR problem: Our algorithm for CVaR, with KLL . and KLU, replaced by the corresponding
functionals with the VaR constraints instead, is asymptotlcally optlmal for this problem in complete
generality (Sectlonn Here, KL and KLf;lf have closed form representations. However, they are
no longer jointly-continuous in the Lévy metric, which introduces new technical challenges in the

analysis of the algorithm.

1.3 Regarding the choice of ¢ and B in our assumption

Firstly, BAI problems are important in simulation where the best model may need to be identified
amongst many intricate models in terms of a performance measure such as CVaR or VaR, using
minimal computational effort (see, [31]]). Input distributions in simulation are known and may often



involve heavy tails. In some cases, by the use of Lyapunov-function-based techniques, bounds on
moments of output random variables, B, can be determined. (see, e.g., [28] and references therein).
Secondly, consider rewards (returns) from a number of hedge funds. Each time some amount of
money is invested into a fund, a random return may be revealed from that fund but not from others.
To assume that these returns come from a class of parametric distributions or have known bounded
support can be a substantially inaccurate simplification. Typically, from historical analysis, it is
known that the distribution of securities have a particular tail index, say, (1 + ¢). For stock returns,
extensive research suggests that (1 + €) € [2, 5]. For daily exchange rates and income and wealth
distributions we may have (1 + €) € (1,2]. Extreme value theory, under reasonable dependence
structure amongst underlying securities, shows that a portfolio (a weighted sum) will also have the
same tail index of (1 + €) (see, [19])). So the key approximation needed is in arriving at B. It is easy
to arrive at distributions 7 and x whose (1 + ¢)* moments are arbitrarily far while the KL distance
between them is arbitrarily close to zero. This makes it difficult to infer B from a given sample
of data without further restriction on the two distributions. One may take a pragmatic view and
approximate B by estimating the (1 + ¢)" moment from observed samples and padding it up with a
reasonably large factor. A further set of distributional assumptions would be needed to justify the
above procedure to arrive at B. Again, verifying those assumptions will entail similar problems. In
practice, one may live with the above approximation even though in rare settings it may be inaccurate
and lead to sub-optimal allocations in our algorithm. One accepts this risk as one often accepts the
assumption that the distributions of the random samples from each arm are time stationary or are
independent, even though these may only be approximately correct.

2 Background

For K > 2, let M = £ denote the collection of all K -vectors of distributions, v = V1, .. VEK)s
such that for all 4, v; belongs to L. Let . € M be the given bandit problem, and 7 € (0, 1) denote
the fixed confidence level. For € P(R), let F,,(y) = n((—o0, y]) denote the CDF function for 7,
and let m(n) denote mean of measure 7.

VaR, CVaR: With the above notation, VaR at level 7 for the distribution 7, denoted as x,(n),
equals min{z € R : F, () > w}. Since F,(-) is a non-decreasing and right-continuous function,
the minimum in the expression of VaR is always attained. Define CVaR at level 7, ¢, (n), as

cx(n) = Wwﬂ(nwrﬁ / ydFy (y). N
2 (1) 0

If 7) has a density in a neighbourhood around z, then ¢ (n) = E, (X|X > z,(n)), i.e., it measures
the average loss conditioned on the event that losses are larger than the VaR.

In the figure above, the total shaded area (green and blue regions, together) divided by 1 — 7 denotes
the CVaR of the measure whose CDF function is displayed in red. To see this, observe that the first
term in the expression above, scaled by (1 — 7), equals the blue region. The integral in the second
term when simplified using integration by parts can be seen to equal the green region. There are
alternative formulations of CVaR, which we state without proofs.

1 1
o) = == [ wd = min {0t B (X a0 @
pe[m,1] ’

=  max /ydv(y) s.t. Yy, dv(y) < dn(y) and /dv(y) =1-7m, (3
Ris

veM+(®) 1—T J

where (z) denotes max {0, 2} and M () denotes collection of all non-negative measures on .

From , since ¢, is a minimum of linear functions of 7, it is a concave function of 7. Thus, the
KLY, problem in (1) is a convex optimization problem, while the KLY ; problem is not, since the
¢ (+) constraint makes the feasible region non-convex. See, [50] for a comprehensive tutorial on the

two tail-risk measures, and their properties.

Parametric case: Using the definition of VaR, it can be argued that x,(79) is a monotonically
increasing function of § when 7y belongs to a canonical SPEF with parameter 6, as is the mean. The



first formulation inthen gives that ¢ (1) is also monotonically increasing. Thus, the problem of
identifying the best-(CVaR/VaR/mean-CVaR) arm is equivalent to identifying that with minimum
mean. See Appendix [A]for details.

However, the ranking in mean and in CVaR can be very different in general. To see this, fix 7 = 0.8,
and consider a 3-armed bandit instance, v, with v; = 0.89g + 0.261, 2 = 0.809 + 0.2d¢.5, and
v3 = 0.80_9.5 + 0.205. Clearly, m(v1) > m(va) > m(vs), yet cx(v2) < cr(v1) < cr(vs).

General case: For 7 in class £, the moment-constraint limits the minimum and maximum possible
values of VaR and CVaR, as discussed in the following lemma (proof in Appendix [B].

Lemma 2.1. Forn € L, c¢x(n) € D and x-(n) € C, where
1

1 1
g, (BT e o |- (BT (BT
"\1—-nm T "\1—-7

Topology of weak convergence and the Lévy metric: Let ¢ be a bounded and continuous
function on £, § > 0, and z € R. Consider the topology on P(R), generated by the
base sets of the form U(¢,z,6) = {n e P(R):|[; ¢(y)dn(y) — x| < §}. Weak convergence

D2

of a sequence k, to x, denoted as kK, EEN K, is convergence in this topology [see 23| Sec-

tion D.2]. It is equivalent to convergence in the Lévy metric on P (), (denoted by dr), de-
fined next (see, [9, Theorem 6.8], [23| Theorem D.8]). For n,x € P(R), dr(n,x) equals
inf{0>0:F,(z—9)—0<Fy(x) < F,(x+9)+9, Yo € R}. Additionally, the metric space
(P(R),dyr) is complete and separable.

3 Lower bound

We consider §-correct algorithms for identifying the arm with minimum CVaR, acting on bandit
problems in M. While ensuring J-correctness, the aim is to minimize the sample complexity, i.e.,
expected number of samples generated by the algorithm before it terminates. As is well known, the
d-correctness property imposes a lower bound on the sample complexity of such algorithms.

Let ;1 € M denote the given bandit problem. Henceforth, for ease of notation, we assume without
loss of generality that the best-CVaR arm in p is arm 1. Let X i denote the probability simplex in
RE, A; denote the collection of all bandit problems in M which have arm j as the best-CVaR arm,
75 be the stopping time for the J-correct algorithm, N, (7) denote the number of times arm a has
been sampled by the algorithm, and for a set .S, let S° denote its interior. It is easy to deduce using
standard arguments (see, e.g., [40, Theorem 33.5]) that for a -correct algorithm acting on i € Ay,

K

E(rs) > V(! logE where V(u ):tbew%p 1€nj Zt KL(tta,va), and A; = M\ A;. (4)
K Vv 1 g=1

Lemma 3.1. For p € Ay, the inner minimization problem in V (1) equals

min inf {thLH]f(ul, y) +t; KLlnf(uj, )}
J#1 <y

and hence

V() = sup min inf {t; KLie(u,y) + t; KLie (g, )} - 5)
teXx j#1 =<y

Recall from (I)) that the expresswns in @) and () above differ from those in the best-mean arm
setting in that the functionals Kme and KLU here are defined instead with the CVaR. constraints.

Remark 3.1. Without any restriction on arm distributions for the CVaR-problem, for y € R and
n € L, KLY (n,y) = 0. This is essentially because 7 can be perturbed in KL only slightly by
shifting an arbitrarily small mass from the lower tail to the extreme right, so that the CVaR constraint
is satisfied. Thus, without any restrictions, V(1) = 0 (see, [2, Lemma 1, Theorem 3] for similar
results in selecting the arm with the largest mean setting). However, we later solve the VaR-problem
without such assumptions, i.e., arm distributions are allowed to be arbitrary probability measures in
R. The lower bound for the VaR problem is as in (E]), with KL . and KLY, in the representation in
(E]) defined with VaR constraints, instead.

inf



A proof of Lemmacan be found in Appendix Let t* : M — 2¥% In particular, for v € M,
let t* (1) denote the set of maximizers in the V(1) optimization problem in (5). A key nuance of
our algorithm and the related analysis is that the vector of empirical distributions may not belong to
the class M. The algorithm first projects the empirical distribution to class £, then solves for the
optimal ¢* in (5) for the projected distributions, and samples the arms in proportion to the computed
t* (Section ). For appropriate choices of the projection maps, the following lemmas guarantee that
as the empirical distributions converge to the actual arm-distributions (in the weak topology), the ¢*
computed by the algorithm converge to the optimal weights corresponding to p.

Lemma 3.2. L is a compact set in the topology of weak convergence and the (Skorokhod transforms
of) its members form a uniformly integrable collection of random variables. When restricted to
Lx D°, KLiLnf and KLElf are both jointly continuous functions of the arguments. Moreover, for fixed

x, KLY (v, ) is a convex function of v.

Definition (Upper hemicontinuity) A set-valued function I" : S — T is upper hemicontinuous at
s € S if for any open neighbourhood V' of I'(s) there exists a neighbourhood U of s such that for all
x € U,T'(x) is a subsest of V.

Lemma 3.3. t* is an upper-hemicontinuous correspondence. For v € M?°, t*(v) is a convex set.

In Lemma[3.2} we restrict to the interior of D as KLY, (-, BT (1 — 7)) and KL (-, - BT+)
are not continuous (see, Remark@. In Lemma@ we only need to eliminate distributions with
these extreme CVaRs (there are only two such distributions. See, Remark . Lemma|3.3|and
Theorem (optimality and d-correctness of the proposed algorithm) hold for distributions with

CVaR in D°. For ease of notation, we restrict g to lie in the interior of M.

The proofs of the above two lemmas are technically challenging and involve nuanced analysis.
Detailed steps are given in Appendix[C.2]and[C.3] We first prove joint lower- and upper-semicontinuity
of the KL-projection functionals separately. These rely on various properties of the weak convergence
of probability measures in £, the dual representations for KLiI;1f and KL}flf (see Theorem ,
properties of CVaR for probability measures in £, and the classical Berge’s theorem (see, [52])
for continuity of the optimal value and the set of optimizers for a parametric optimization problem.
We then use these to prove the continuity in Lemma[3.3] Convexity follows since ¢* is the set of
maximizers of a concave function over a convex, compact set.

Understanding the lower bound: Our proposed algorithm requires repeated evaluations of the lower
bound in (@) at its estimates of 4. To facilitate this, we now provide more tractable characterizations
of the two KL-projection functionals, and in particular, of (5). We also discuss the statistical and
computational implications of these alternative characterizations.

For € P(R), let Supp(n) denote the collection of points in the support of measure 7. For v € D?,
20 EC,AER, vy RN?, and X € R, set
G (X A 0) =14+ Mo —da(l—7) + As(| X" = B) = (M X (1 —m)" = M)y,
and
G (X v v, m0) =1 =y (v — a0 — (X — o)y (1— 7)) —72(B — | X|'1).
Furthermore, define S(v) = M =20XeR A >0:VzeR, gV (z,Av) >0}, and Ra(z0,v)
tobe {71 >0,72 > 0:Vy € R, g (y,v,v,20) > 0}. Notice that these are convex sets.

As shown in Theorembelow, Y (y,-,v) and g*(y, -, v, x0) are related to the dual formulations

of KLY and KLL ., respectively, and the parameters A and -y are the corresponding dual variables.

The sets S and Ro correspond to the feasible values of these dual variables.
Theorem 3.4. Forn € P(R) and v € D°,

(a)
KLEHC(U, v) = max E, (log (gU(X7 A, v))) .
AeS(v)
The maximum in this expression is attained at a unique point \* € S (v). The unique probability
measure k¥ € L that achieves infimum in the primal problem satisfies
dk* ) 1
Y) = T e
dn 9Y (y, A*,v)

fory € Supp(n).



Moreover, it has mass on at most 2 points outside Supp(n). Furthermore, for y' €
{Supp(x*) \ Supp(n)}, ¢¥ (y', A*,v) = 0.

(b)
KLﬁlf(n, U) - min max E7] (log (gL (Xa Y5V, IO))) .
$o€[—(§)17~1ﬂ,y] ~YER2(zo,v)

For a fixed xq, the maximum in the inner problem is attained at a unique v* in Ro(xo,v). The
unique probability measure k* € L achieving infimum in the primal problem satisfies

dr* 1

—(y) = ——""--—, €S .
n (y) P = fory € Supp(n)
Moreover, size of the set {Supp(k*)\Supp(n)} is at most 1, and for y €
{Supp(x*) \ Supp(n)}, g*(y'v*, v,20) = 0.

These dual formulations help in reformulating the lower bound optimization problem in (5) as
optimization over reals. A computationally more efficient approach for this is to consider the joint
dual of the inner optimization problem in ().

For 71,12 € P(R), and non-negative weights 1, aea, let

Z = nf {1 KL (m, y) + a2 KLi (2, 2) } - (6)
z<y

Fory e R, A€ R?, pc N2, and v, € R, let

hE(y, A5 Py o) = 1 — Ay +32(ly[' T = B) + pi(wo + (y — 0)4 (1 — 1)),

and

WY (g, X9, 0) =1+ M+ Moyl = B) = (p2 + (p1y — p2)+ (1 = m) ™).
For zy € C, define the convex region D, to be collection of \; € R, pa € R, A2 > 0, 72 > 0, and
p1 > 0, such that for all y € R, h%(y, A, v, p, 20) > 0 and hY (y, X, v, p) > 0. As we show next,

these quantities are related to the dual formulation of (6).
Proposition 3.5. For n1,m2 € P(R) and weights aq, as € [0, 1], Z equals

rnirév max a1Ey, (log (RY (X, A, 7, p))) + asEy, (log (B (X, A7, p,20)))
o< (A"Y’p)EDIO — Q1 IOg a1 — Qg log o + (Otl + 012) 10g (011 + 052) — (Oq + 012) IOg 2.

An application of above to the empirical distributions (7, = fi,(t)) weighted by sample counts, i.e.,
aq = Ng(t), for a € {1,2}, results in unweighted sums over the samples. Also observe that the
representation in Proposition [3.5]is 1 dimension smaller compared to that obtained by using Theorem
@] in @ and hence, is faster to optimize numerically.

Recall that while KL is a convex optimization problem, KL ; is not (see Section . To handle
this, we use the min formulation for CVaR in E] to turn it into a one-dimensional family of linear
constraints, which appears as the outer min,,  in the expression in@]in Theorem [3.4] and Proposition
[3.5]above, with the range constraint from Lemma 2.1} This renders the remanining problem as a
convex optimization problem. To simplify the CVaR constraint in KLHIf, we use Rest is the

Lagrangian duality. Complete proofs for Theorem 3.4] and Proposition [3.5] are given in Appendix [D]

The equality in Proposition[3.3] and the dual formulations in Theorem 3.4} are important statistically
and computationally. First, our stopping rule will threshold the Z statistics to determine when to
safely stop. So we need to bound the deviations of Z. For this, we will use the dual formulations
from Theorem [3.4]in () to construct mixtures of super-martingales that dominate the deviations of
Z. Second, our sampling rule will sample according to the optimal proportions evaluated for the
empirical distribution vector, fi(¢), in . For this, we use Propositionin our experiments to solve
the inner optimization problem in (5). These will be made precise in Section 4]

Computing a gradient for the objective of the maximisation problem (3)), seen as a function of the
sampling weights ¢, takes one Z evaluation per suboptimal arm. The inner maximisation over D,
is a constrained concave program, for which standard algorithms apply. The outer min,  problem
requires a different approach, as it is not even quasiconvex. Empirically it does become quasiconvex
after seeing enough samples, so we employ a heuristic bisection search for which we measure the
impact on the error probability (there is none). Numerical results are presented in Section



4 The algorithm

Given a bandit problem ;1 € M, our algorithm is a specification of three things: a sampling rule, a
stopping rule, and a recommendation rule.

Sampling rule: At each iteration, the algorithm has access to the empirical distribution vector, ji(n).
It first projects fi(n) to £LX in the Kolmogorov metric, d, using the projection map, II, defined
below. It then computes ¢* (II (i(n))) and allocates samples using the C-tracking rule of [27], which
we state in Appendix@for completeness. The map IT = (II,.. ., II), where IT : P(R) — L, is given
by

II(n) € argmin, ., dx(n, k), where dg(n, k) :=supyeq |F,(z)— Fq(x)|.
We show in Appendix [G] that this projection has a simple form and can be computed easily.

Stopping rule: We use a modification of the generalized likelihood ratio test (GLRT) (see, [[17])
as our stopping criterion. At any time, the vector of empirical distributions, fi(n), suggests an arm
with minimum CVaR (empirically best-CVaR arm), say arm ¢. This is our null hypothesis, which
we test against all the alternatives. Formally, the log of the GLRT statistic, denoted by S;(n), is
inf, c 4e Zle No(n) KL(fiq(n),v)). This is exactly the scaled inner optimization problem in the
expression of V' (fi(n)) in (4), except that i(n) may not belong to M (recall the Z statistic defined
in @). Let Z;(n) equal min,; inf, ., {N;(n) KL;(2i(n),y) + No(n) KLE ¢ (fia(n),2)} . It
equals S;(n) when fi(n) € M (Lemma3.1). Our stopping rule corresponds to checking

Zi(n) > B(n,0) where B(n,8) =log ((K —1)6") +5log(n+ 1) + 2. (7)

Recommendation rule: After stopping, the algorithm outputs the arm with the minimum CVaR
of the corresponding empirical distribution, i.e., if 7 is the stopping time of the algorithm, then it
outputs argmin, ¢, (fiq(7)).

4.1 Theoretical guarantees

For a given confidence 9, let 75 denote the stopping time for the algorithm. The algorithm makes an
error if at time 75, there is an arm j # 1 such that ¢, (f1,;(75)) < ¢z (f11(75)). Let the error event be
denoted by £.

Theorem 4.1. For § > 0 and pu € M°, the proposed algorithm with 3(t, ) chosen as in (7)), satisfies

P(E)<d and limsup By (75) < L

o0 log(1/6) = V(n)

We first sketch the proof for the §-correctness part of the theorem. Proof ideas for sample complexity
are presented later in this section. The detailed proof for Theorem[d.1]can be found in Appendix

d-correctness: Recall that the algorithm makes an error if at time 75, the empirically best-CVaR arm
is not arm 1. As in the best-mean arm case, it can be argued that this probability is at most

K
D P (3n: Ni(n) KL (i(n), ex(p)) + Ni(n) KLy (a (n), e (1)) = B) - ®)
=2

See Appendix [F] for a proof of (). The following proposition will be helpful in bounding each of the
summands above. Setting j = 1, and x = log % in Proposition along with 8 from , we get
that each summand in (8) is at most § /(K — 1), proving that the proposed algorithm is J-correct.

Proposition 4.2. Fori € [K|,j € [K], i # j, h(n) =5log(n + 1) + 2, and x > 0,
P (3n : Ni(n) KLize (i (n), cx (i) + Nj(n) KLizg (2 (), ¢x (1)) = h(n) > @) < ™.

A key step in proving Proposition[4.2]is constructing mixtures of super-martingales that dominate the
exponentials of N;(n) KLY .(71;(n), c¢x (p1;)) and N;(n) KLE ((71;(n), ¢ (11;)). From Theorem §|
and @, it can be shown that for fixed dual-variables, the objective is a sum of logs of random variables
with mean at-most 1. Hence, its exponential is a non-negative candidate super-martingale. Since we
want to bound the maximum over the dual parameters, we construct a mixture of these candidates,
over the dual-parameters, and show that it dominates the exponential of N;(n) KLY . (i1;(n), cx (111))-




Sample complexity: Our sample complexity proof follows that of [27] for a parametric family.
However, we work with a more general non-parametric class, in which we establish continuity of the
KL-projection functionals (Lemma[3.2). Our proof also differs from that in [2] in that we only have
upper-hemicontinuity of the set of optimal sampling allocations (¢*) (Lemma[3.3)). A nuance in our
analysis is that the empirical distribution may not belong to the class £, in which case we project
the empirical distribution onto that class, and the sampling rule uses this projected distribution to
compute t*. Our careful choice of the projection map aids in the proof of this result.

Computational complexity: The computational cost of these KL-projection functionals, and hence,
that of the oracle weights, is linear in the number of samples taken (see, [2, |16} 30]). As a result, the
overall run-time is quadratic in 75. We propose a modification in which we update the weights only
at geometrically spaced times. This modification improves the computational-cost to almost linear in
Ts, while its sample complexity is optimal up to a multiplicative constant depending on the choice of
geometrical-spacing factor, thus providing a controlled trade-off between the two costs. Recently,
[3]] propose a similar yet different “doubling” trick in the regret-minimization setting. However, our
approach differs from theirs in that our update-times for weights are not random. We refer the reader
to Appendix [K]for details of the algorithm and proofs for its theoretical guarantees.

Mean-CVaR problem: We now extend the methodology for the CVaR problem to the more general
mean-CVaR problem. For a distribution n € £ (for example, a random loss in a financial investment),
the metric associated with the “badness” of a distribution is aym(n) + asc(n), for a3 > 0 and
a9 > 0, and the best-arm is the one with minimum value of this conic combination of mean and
CVaR. For a; = 0 this is the CVaR-problem, which we have studied in this work. For a.g = 0, this is
the mean-problem, extensively studied in [2} 27].

As in (I), we can define corresponding KL-projection functionals, with the CVaR constraints replaced
with those on the modified metric. The above theory, with this updated KLY . and KLY, gives the

corresponding results for this setting. In particular, the lower bound on E (75) for §-correct algorithms
for mean-CVaR BAI is given by V(1) log 75, where V(1) is defined in (5) with the updated KL

and KLiI;lf.

Theorem 4.3 (Informal). For yu € M2, the proposed algorithm for CVaR, with KLY . and KLL .
defined with mean-CVaR constraints instead, is §-correct and asymptotically optimal.

The proof of this theorem parallels that for CVaR above. We give the formal statement with proof-
details in Appendix [I}

4.2 The VaR problem

In this section we present the main ideas for an analogous approach for the optimum VaR-problem.
Here, we will not impose any conditions (viz. membership in £) on the arm-distributions, as the
VaR lower bound is defined without it, i.e., arm distributions are allowed to be arbitrary probability
measures on J. For a probability measure 7, let £/, (y), denote its CDF evaluated at y and F, " (y) =
lim 4, F,,(2) denote the left limit of the CDF. Moreover, for 1, ¢ € (0,1) let d(r, ¢) denote the KL
divergence between the Bernoulli random variables with mean r and ¢. For y € R, let KLiI;lf(n7 Y)
and KLY (n, y) be defined as in , with VaR constraints, instead. These simplify as follows.

Lemma 4.4. KL% ((n,y) = do(min {F,(y), 7} ,7) and KL (n, y) = da(max {F, (y), 7} , 7).
Unlike in the CVaR-problem, we show that KL . and KL\, for the VaR problem are not jointly
continuous functionals (see Remark [H.2). The discontinuity occurs at y being the jump points of F,
in Lemma4.4]above. However, we prove in Appendix [H] (Corollary that the set of optimal
proportions, t*, is still upper-hemicontinuous and convex.

The algorithm for CVaR with KLY . and KLL . replaced by those in the lemma above, and setting

inf inf

t K-1 K—-1
B(t, ) = 6log (1+10g2> + log 5 + 8log (1+log 3 ),
we get our algorithm for the VaR-problem.

Theorem 4.5 (Informal). The proposed algorithm for the VaR-problem is 6-correct and asymptotically
optimal.

We refer the reader to Appendix [H|for a detailed discussion of the VaR-problem and proofs.



4.3 Tight KL;,-based confidence intervals for CVaR

We now present tight anytime-valid confidence interval for the CVaR of a distribution in L.
Let 7),, denote the empirical distribution corresponding to n samples from n € L. Our
proposed upper (U,,) and lower (L,) confidence intervals for c,(n) are of the form U, =
max {z € R: nKL(f),,2) < C}and L, = min {x € R : n KL (f),,2) < C}, for an appro-
priately chosen threshold C' ~ log ! + 3log n. Similar confidence intervals for the mean of heavy-
tailed distributions were proposed in [3]. Let & ,, denote the 7! quantile for #),,. Recall that the pop-
ular truncation-based estimator for ¢, (n) is given by ¢, , = n' (1 =) >, X;1(Zrn < X; < up),
for appropriately chosen truncation levels, u,, (see, [39]). Observe that there are 2 sources of error in
this estimator, first, the estimation of the quantile, and second, the estimation of the tail-expectation.
On the other hand, our confidence intervals do not rely on estimation of the true quantile, x,. In
Appendix |J| we show that even given the correct estimation of Z ,,, confidence intervals for ¢, ,,

perform poorly compared to those based on KLHlf and KLiI;lf, in some applications.

4.4 Numerical Results

This is only a brief teaser section on the experiments, which are detailed in Appendix [[] We are
interested in the question whether the asymptotic sample complexity result of Theorem [.1] is
representative at reasonable confidence levels 6. Whether this is the case or not differs greatly
between pure exploration setups: [27] see state-of-the-art numerical results in Bernoulli arms for
Track-and-Stop with § = 0.1, while [22] present a Minimum Threshold problem instance where the
Track-and-Stop asymptotics have not kicked in yet at § = 1072, Our experiments confirm that our
approach is indeed practical at moderate confidence 4.

In our experiments we implement a version of Track-and-Stop including C-tracking and forced
exploration and apply it to Fisher-Tippett (¥ (u, o,)), Pareto (P(u, 0,7)), and mixtures of Fisher-
Tippett arms (these heavy-tailed distributions arise in extreme value theory).

Figure |I| shows the distribution of
the stopping time as a function
of ¢ in a synthetic three-arm task: [\
arm 1 is a uniform mixture of
F(-1,0.5,0.4) and F(—3,0.5,—0.4), 0003 |- |
arm 2 is P(0,0.2,0.55) and arm 3 is s‘
F(-0.5,1,0.1) with respective CVaRs
at quantile 7 = 0.6 being —0.1428,
0.974 and 1.547. We select e = 0.7 |
and B = 4.5. This is a moderately [
hard problem of complexity V() = =y
49.7. We conclude that even at mod- 1)/
erate J the average sample complexity oo | 2/ -
closely matches the lower bound, espe- 0 500 1000 1500

cially after adjusting it for the lower- T

order terms in the employed stopping  Figure 1: Histogram of stopping times among 1000 runs
threshold 3(n,d). This demonstrates on 3 arms, as a function of confidence §. Vertical bars
that our asymptotic optimality is in fact  (solid) indicate the lower bound (@), and (dashed) a version
ipdicative of the performance in prac-  adjusted to our stopping threshold @@, i.e., the n that solves
tice n=Bln, )V ().

We do additional experiments to show the dependence of the algorithm’s performance on the number
of arms and the input parameter B. We see that the average stopping time of our algorithm increases
linearly in the number of arms. Moreover, the sample complexity is sensitive to B, indicating the
importance of correctly estimating it. We refer to Appendix [[] for details of these experiments.

— 01

— 001

— 0001
0.0001

0.002 - |

fraction of runs

Conclusion: We developed asymptotically optimal algorithms that identify the arm with the
minimum risk, measured in terms of CVaR, VaR, or a conic combination of mean and CVaR. Our
algorithms operate in non-parametric settings with possibly heavy-tailed distributions. Although
similar plug-and-play algorithms have been developed in simpler settings, our algorithms for tail-risk
measures require more nuanced analysis. The techniques developed may be generalizable to a much
broader class of problems.
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A Equivalence in canonical SPEF setting

In this section, we will show that 2 (1g) and ¢, (1) are monotonic functions of § when 7y belongs
to a canonical SPEF with parameter 6, as is the mean. Thus, the problem of identifying the best-
(CVaR/VaR/mean-CVaR) arm in this setting, is equivalent to identifying the arm with minimum
mean.

Let v be the reference measure on 3 for the SPEF, and © C } be the parameter space, i.e., © = {6 €
R : [ exp (0y) dv(y) < oo}. Then, for 7y in the SPEF, fory € R, (dng/dv) (y) = exp{fy—A(0)},
where A(6) is the normalizing factor. By direct computation, it can be verified that A’ () equals the
mean, and A" (#) equals the variance of 79. Hence, mean is an increasing function of 6 ([16]]).

Next, for a € R, define Fy(a) = [ ., dno(y) to be the tail-CDF of 7. Clearly, Fy(a) increases

on increasing ¢ since dFy(a)/df = Fy(a) (E,, (X|X > a) —m(ng)), which is positive. The fact
that 2 (ng) is a non-decreasing function of 6 now follows from its definition. From (2), we see that
¢x(ng) is non-decreasing in 6.

B Bounds on CVaR and VaR for distributions in £: Proof of Lemma 2.1]

We first recall the definitions and different representations of CVaR, which will be useful in this
section. Given a probability measure «, let 2, (k) and ¢, (k) denote its VaR and CVaR at level .
Then, recall that

F(zz (k) —m
1—-m

/ (v — 22())., dr(y)
D

= Izl'éiég {z - iEn (X - Z)+)} ;

cr(k) = Tr(K) +

1—7

where the infimum of the set of minimizers in the second representation, is VaR at level 7 for .

Consider a probability measure 77 € £. Recall that fore > 0, L = {n € P(R) : E, (f(X) < B)},
where f(y) = |y|""*

C=[-f1(Br"), fH(BA-m")] and D=[-f(B),fH(B1-m)")].
Let z (1) < x(n). Then for 2. (n) < 0,

x5 () ) f(y) w0 fly) B
me [ m= [T et < [ g ) <

and for z(n) > 0,

R ) © ) B
l-ms /m;m) ) /x;w @1 < /z;m) ) Y = Ty

Combining the two, we get —f1(Br) < z.(n) < fL(B(1—nx)"), where f7(c) is defined as
max {y : f(y) = ¢}, which equals ¢, To get a bound on ¢, (n), consider the following inequalities.

o0

B>E, (f(X)) = (F(zx(n) =) f (2x(n)) + / f(y)dn(y)

7 (1)

, and

- | BT ey + [ @ |
@ (1)

where the first inequality follows since 7 is in £, and the second follows since f is non-negative.
Furthermore, since f is convex, using conditional Jensen’s inequality, the above can be bounded from
below by

T e U =ty ] B
zx(n)
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whichis (1—7) f (¢ (1)) . Thus we have, — 1 (B (1 — 7)™") < ¢ (n) < f1(B (1 —7)"). However,
the lower bound for ¢, (n) obtained above can be further tightened. Recall that

1
min ¢;(n) = min min {2+E,]((Xz)+)}.
neL z€C neL 1—-m

In the inner minimization problem in r.h.s. above, the objective is minimizing expectation under n
of convex functions of X, under the constraint that expectation under 7 of a convex function being

smaller that B. Thus, the minimizer concentrates at a single point, i.e., the minimizer n = ¢, for
some z € R such that f () < B. Thus, the above problem equals

1
min min {z + (x — z)+} )
€0 we[-f1(B)./1(B)] 1-=
which is increasing in 2. Thus, at optimal x = — f"*(B), it equals
. { —f1(B) - m}
mimmax-<z, —— (-
zeC 1—m

Clearly, the minimum is attained at z = — f~*(B), with the optimal value being — -1 (B). Combining
with the previous bounds on ¢, (1), we have that forn € £, c.(n) € D.

C Details of proofs in Section 3]

We first review some notation that will be useful in this section. Recall that for a non-negative
constant B, arm distributions belong to class £ which equals {n € P(R) : E, (f (X)) < B}, where

F(z) = |z|*T*, for some € > 0. Define f(c) = max {y : f(y) = c} = cT¥e.
We denote by M the collection of all K-vectors of distributions, each belonging to £ and by .A; the
collection of vectors in M with arm j having the minimum CVaR. Furthermore, for € P(R) and

7 € (0,1), ¢z (n) and . (1) denote the CVaR and VaR at confidence level 7, for measure 7. Also,
for x € R, we define the KL projection functionals

KLY (n,z) := inf  KL(n,x) and KLE(n,z)= inf  KL(n, k).
KEL: cr(K) > KEL: cr(k)<z

Furthermore, recall that
D=[-f'B),f' B1-m™")] ad C=[-f'Br"), fH(BQ-m)")],

and D° and C° denote the interior of sets D and C, respectively. For v € D°, xy € C, XA € 13,
v € R and X € R,

gU (X, A, 0) i= 14 Mo — Ao(1 —7) + A3 (f(X) — B) — (fl_); - )\2>+, )
and
g (X, v, v,20) =1 - (v—xo—W) — v (B - f(X)). (10)
Furthermore,
S):=={M >0,d2 € R, A3 >0:Vz R, ¢V (z,\,v) >0}, (11)
and
Rao(xo,v) := {7 = 0,72 > 0,Vy € R, g (y,~, zo,v) > 0}. (12)

Later, in Theorem [3.4] we show that for € P(R),

KL (n,v) = max E, (log (¢” (X, A, 0)))
AeS(v)

and
KL (n,v) = min max E, (log (gL(X,%xo,v))) .
20€C ~yER2(z0,v)
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C.1 Proof of Lemma[3.1]

K
Recall that arm 1 is the arm with minimum CVaR in p, and V(u) = sup inf Y ¢ KL(p;, 1),
teSK vEAS i=1
where A = M \ A;. Clearly, the inner optimization problem satisfies

K K
inf Zti KL(p;,v;) = min inf Zti KL (4, ;). (13)
veEAS T J#L veA; T
Next, for 4 € M the infimum in the expression in r.h.s. above is attained by v € A; such that
v; = p; for all arms ¢ not in {1, j}, as otherwise, the value of the summation can be decreased by
setting them equal to u;. Thus,

K
inf ZtZ KL([LZ,I/l) = inf {tl KL(/Ll,I/l) +tj KL(/Lj7Vj)}.
veEA; T v,V €L, <y,
er(vj)<z, ex(v1)>y

Now, from the definition of KL.L . and KLY

inf inf?

inf {81 KL (i, y) + 5 KLigg (1, 2) )
TY

the r.h.s. in above equation equals

Combining this with gives the desired result. [J

C.2 Towards proving Lemma[3.2; Continuity of the KL-projection functionals

We first establish the properties of £ stated in the Lemma.

Uniform integrability of £: Since each probability measure 7 in £ has a uniformly bounded p**
moment for a fixed p > 1, their Skorokhod transforms {u — F; "' (u) | n € L} form a uniformly
integrable collection ([S7]).

Compactness of L£: It is sufficient to show that £ is closed and tight. Prohorov’s Theorem then
gives that it is a compact set in the topology of weak convergence ([9]). We first show that it is a
closed set. Towards this, consider a sequence 7,, of probability measures in £, converging weakly to
n € P(R). By Skorohod’s Representation Theorem (see, [9]), there exist random variables Y;,, Y

defined on a common probability space, say (2, F, q), such that Y;, ~ 7,,, Y ~ 7, and ¥, =25 Y.
Then, by Fatou’s Lemma,

e (1) =& (1) = i) < e, () < 5

Hence, n is in £ and the class is closed in the weak topology. To see that it is tight, consider
1 1
K. i= [~ (2Be) ™, (2B!) 77| Forn € £,y (K¢) <.

Convexity of KLU (.,2): Consider two measures, 71,72 in £, and let A € (0,1). Let x; be
such that KLY (11, 2) = KL(n1, x1). Existence of ; is guaranteed by continuity of KLU . in its
arguments, and compactness of the domain of optimization, which follows from Lemma [C.2] below.
Similarly, let ko satisfy KLin¢ (12, ) = KL(n2, k2). Let

M2 = )\7]1 + (1 — )\)7}2, and K12 = )\Hl + (1 — )\)KZQ.

Clearly, k12 is in £. Moreover, by concavity of ¢ (-), ¢x(k12) > Acx(k1) + (1 — Neq(k2).
Then, KLEIf(mQ,a:) is at most KIL(7;2, k12), which, by joint convexity of KL, is bounded by
AKL(m1, £1) + (1 — A) KL(n2, k2). This bound then equals AKLY (71, z) + (1 — A) KLing (12, 7).

Joint continuity of KLY and KLL . : We show upper- and lower-semicontinuity separately for
the KL projection functionals restricted to £ (see Lemmas|[C.3} [C.4] and[C.5). The following results
will assist in the proofs of these.

Lemma C.1. Forn, andn € L, cx(n,) — cx(n) whenever 1, EEN .
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Proof. Consider a sequence 7, € L weakly converging to n € L. Then, there exist random
variables Y,, Y defined on a common probability space (€2, F, ¢) such that Y;, ~ 7,,, Y ~ n, and

Y,, 2% Y (Skorohod’s Theorem, see, [9]). Furthermore, since 7,,,7 are uniformly integrable,
E, (|Y.|) = E4 (1Y) (see, [57, Theorem 13.7])

Consider a sequence of real numbers z, — z. Then, Y,, — z, —> Y — z, whence (Y, —zn)+ Sk

(Y — 2) 4. Clearly,
(Ya—2n)+ < [Yal+|zal s [Yal+|za] == Y]+ and Eg (|Ya])+lzn] = Eq ([Y])+]2] < oo.

Then, by generalized Dominated Convergence Theorem, E; ((Y;, — z,,)+) — Eq (Y — 2)4) . Now,
forn € L, cx(n) equals

1
min g(z,n), where  g(z,m) = 2+ ——E, (X - 2)4).
zeC 1—m
From the above discussion, g(z,7n) restricted to C' x L, is a jointly continuous function. Berge’s
Theorem ([[8, Maximum Theorem, Page 116]) then gives the desired result. O

Lemma C.2. The sets DX £ {n€ L:cy(n) <v}and DY & {n € L: c,(n) > v} are compact
sets in the topology of weak convergence.

Proof. Since L is compact, it is sufficient to show that the sets Dﬁ and fo are closed, which follows
from Lemma O

Lemma C.3. Forn € P(R) and v € D, the functionals KLY .(n,v) and KLE ;(n,v) are jointly
lower-semicontinuous in (1, v).

Proof. Recall that
KLL (n,v) = min KL(n,xk) and KLJ (n,v) = min KL(n, k).

KEL: cr(Kk)<v KEL: cr(K)>V

For n,x € P(R), KL(n, k) is jointly lower-semicontinuous function in the topology of weak
convergence (see, [43]) and a jointly lower-semicontinuous function of (n,x,v). Let D, =
{r € L: cx(r) < v}. Since D, is a compact set for each v (Lemma|C.2), it is sufficient to show that
D,, is an upper-hemicontinuous correspondence (see, [8, Theorem 1, Page 115]).

Consider a sequence vy, in D, converging to v in D. Letn, € D, , which exist since D, are
non-empty sets. Since L is a tight, and hence relatively compact collection of probability measures,
and 0, € L, n, has a weakly convergent sub-sequence, say 7,,, converging to 7 € L (since L is
also closed). Furthermore, ¢x(1,,) < vy,. From Lemma[C.1] ¢, (n) = lim,,, ¢x(n,,) < 0, which
implies that n € Dj, proving upper-hemicontinuity of the set D,, in v (see, [52, Proposition 9.8] for
sequential characterization of upper-hemicontinuity).

Similar arguments hold for KL (-, -). O

Lemma C.4. KLL

inf’ 1—n

viewed as a function from L X (—f‘l (B), f! (—)] , is a jointly upper-
semicontinuous function.

o (v (2] m e[ (2)]

We prove in Theorem [3.4(b)| that for v € D, KL% ;(n,v) = min, co, h*(zo,v,n), where for g~
and R defined in (T0) and {12} above,

Proof. Let

h*(zo,v,m) ;== max E, (loggL(X,'y,xo,v)) )
~YER2(xo,v)
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Joint upper-semicontinuity for v > ¢, (n):  Observe thatforn € Land v > c.(n), KLL ((n,v) =
0. Consider a sequence (7, v, ) converging to (,v). Then, Ing such that for all n > ng, cx(n,) <
vy, To see this, suppose not, i.e., for all n, ¢, (n,,) > v,. Taking limits, this gives ¢, () > v, which
is a contradition. Thus, for n > ng, KLiI;]f(nn, v, ) = 0, proving continuity in this case.

We next prove the joint upper-semicontinuity for v < ¢, (n), and handle the joint upper-semicontinuity
at (1, cx(n)) separately.

Joint upper-semicontinuity for v < ¢.(n): It can be argued that for n € £ and v < ¢, (n),

KL¢(n,v) = min  h*(20,v,7). (14)
z0€C,\{v}

To see this, v < ¢x(n) implies that y & P (Supp(—o0, v]) and from Lemma [D.8|and the remark
following it, h* (v, v, 1) = oo, giving (14).

Clearly, C, \ {v} is a lower-hemicontinuous correspondence. To show that KLE . is jointly upper-
semicontinuous, it suffices to show that h*(z, v, n) is jointly upper-semicontinuous ([8} Theorem 1,
Page 115]).

Joint upper-semicontinuity of 4*: It follows from the definition that Ro(xo,v) # 0 as 0 €
Ra(z0,v), and for zg # v, Ra(wo,v) is compact (Lemma [D.8). Furthermore, suppose R (zo, v) is
jointly upper-hemicontinuous correspondence, and for v € R (o, v), E;, (log g% (X, v, 0, v)) is
jointly upper-semicontinuous in (xg, v, 7, ), then h*(x¢, v, n) is upper-semicontinuous ([8, Theorem
2, Page 116]). It then suffices to prove the following:

I For 2y # v, € Ra(w,), h(zo,v,7,) = E, (log g (X, 7, 20,v)) is a jointly upper-
semicontinuous function.

2. Forzg € Cy \ {v} andv € D, Ra(x0,v) is an upper-hemicontinuous correspondence.

Proof of (I): Consider a sequence (2, Up, n, Yn) € Cy, X D X L X Ro(xy,vy,) converging to
(zo,v,m,v) € Cy x D x L X Ra(xg,v), where convergence is defined coordinate wise, and 7,
converges to 7 in topology of weak convergence. It is sufficient to show that

limsup h(xnavn777n7’7n) S h($07v7n7’7)'

n—oo

Since 7, % 71, by Skorokhod’s Representation Theorem (see, [9]), there are random variables,

Y., Y defined on a common probability space, (€2, F, q), such that Y,, 2% Yand Y, ~ M, and
Y ~ 1. Then, log (9" (Yn, Yn: Tn, vn)) —— log (g%(Y,~, z0,v)), and

BT, Uny s Vo) = Eq (108 6% (Yo, Yy @y vn))  and (o, v,m,y) = Eq (log g% (Y, v, 20,v)) .
Let
0 S Zn = Cin + Con ‘Ynl + C3n |Yn|1+6a

where
Tin |xn|
1—m7

Vin
1—7’
Clearly, each ¢;,, converge to ¢; < co. With these notation, log (gL (Yo, Vn, Tn, vn)) is bounded by
log(1 + Z,), and Z, 272 7. Thus, there exist ¢, ——— ¢y < oo such that log(1 + Z,) <
Con + \Zn|1/ (%) and using the form of Z,, from above, there also exist constants cy,, SAmAN ¢4 and

Csn nzeo, ¢s5 such that

Cin = Yin ('Un - mn) + + 2B, con = C3n = V2n-

|Zn|1/(1+6) S Cqn + Csn |Yn| .

Thus, there exist constants cg,, C4y, C5, CONVerging to co, ¢4, ¢5 such that

IOg (gL(Yn77n7xn7’Un)) S Con + C4n + Csn ‘Yn| é fL(an'Yna (Enﬂ}n)-

Furthermore,

fL(Yn777L7xn7UTL) &) fL(Y7 ‘7,1’0,’1}) and Eq (fL(an')’naInaUn)) - Eq (fL(Y7 7717051})) )
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since 7,,n € L which is a collection of uniformly integrable measures (see, [57]). Since,
FEY A, Zn, vn) —1og g% (Yo, Y, @, vn) > 0, by Fatou’s Lemma,

Eq (Uminf(fX (Yo, Yns Zn, vn) — 10g 6% (Ye, Y, Ty i)
n—oo
< E, (f* (Y,v,20,v)) — limsupE, (log ¢" (Yo, Yn, Tn, vn)) »
n—o0

which implies

h(zo,v,n,¥n) = E, (hmsuP log (gL(Yna77L7xn;U7L))> > limsup E, (IOg (gL(Yna77L7JU7L7U7L)))

n— oo n—r oo

= limsup h(zn, Vn, Nn, Yn)-

n—oo

Proof of (2): Clearly, (0,0) € Ro(x,v) forall z € C, and v € D. Next, consider a sequence
(Tn,vn) — (z0,v) € C, x D and a sequence ~,, € Ro(xy,vy,). Since (z,, v,) — (zo, v), there
exists a closed and bounded (compact) subset, K, of # x R containing (z¢, v), such that for some
J>1,andall n > J, (zn,v,) € K. Since min,, g*(y,-,-,-) is a jointly continuous function,
for n > J, 7, also belongs to a compact subset of R. Bolzano-Weierstrass theorem then gives a
convergent subsequence {(z,, Un, ), Yn, } in 12 with the limit {(x¢,v),~v}. It is then sufficient to
show that v € Rz (xg,v), which follows since

95 Y Vs Tnyvn) >0 = g"(y, 5, 20,0) >0,

proving that the correspondence R+, ) is upper-hemicontinuous (see, [52] Proposition 9.8]). This
completes the proof for upper-semicontinuity of KLL ¢ (1, v) for v < c(n).

Joint upper-semicontinuity of KL .(1, c.(n)): Towards this, consider a sequence (1, v,,) €
L x D converging to (1, c;(n)), where the convergence is defined coordinate-wise and in the first

coordinate it is in the Lévy metric. Without loss of generality, assume that v,, < ¢ (7,,) for all n. It
n— oo

is then sufficient to argue that KLE (1, v,,) ——— 0.

We demonstrate a sequence of measures k,, € £ which are feasible to KLiLnf (1, vy ) problem, such
that KL (7, k) ———3 0, whence KLY . (7., v,,) ——> 0. Define

Ep, (X —2n), — (1 =7)(vn — 2n)
En, (X —2z,)

w, = and Ky = Wpl0_p1(B)ys, + (1 — Wn )0,

+

where,

L () — == for v, < eq(n)
" zx (1), otherwise.

It is easy to check that for w,, € [0,1], k, € L. The above choice of z, ensures that w,, € [0, 1].
Furthermore,

1
cﬂ'(K”ﬂ) S Zn + EEK" (X - Zn)Jr g Un,

where the last inequality follows from the choice of w,,, whence «,, are feasible.

n—oQ

Since v, ——>% cx(M)s M =N n, and nn,n € L, By (X —2,), —— Ej(X —2:(n))

+

n— oo

whence, w,, ——— 0. With this choice of x,,, KLE (1, v,,) is bounded from above by

n—oo

—log (1 — wy) =5 0 = KL{;;(n, cx(n)).
0

Lemma C.5. KLU, viewed as a function from L x |—f1(B), f! (—) ) is a jointly upper-

inf? 1—m

semicontinuous function.
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U

Proof. Proof for upper-semicontinuity of KL,

However, we give it for completeness. Define

o[ (12))

Consider the dual formulation of KLU, from Theorem Since for v € D, S(n, v) (defined in

) is a compact set (see Section , and for all y € R gY(y, -, -) is a jointly continuous map,

S(+) can be verified to be an upper-hemicontinuous correspondence. Whence, it suffices to show that

h(v,n,A) :=E, (log (¢V (X, A, v))) is a jointly upper-semicontinuous map, where gV is defined in
above.

follows exactly as proof of the previous lemma.

Consider a sequence (v, 7, An) € D X £ x S(v,) converging to v, 1, A € D x £ x S(v). Notice
that the convergence is defined coordinate-wise, and 7,, converges to 7 in weak topology. It suffices
to show:

limsup (v, Mn, An) < h(v,n, A).

n— oo

By Skorokhod’s Theorem (see, [9]), there exist random variables Y,,, Y defined on a common proba-

a.s.

bility space (€2, F,q) such that Y,, ~ 1,,Y ~nandY,, == Y. Hence, log (¢¥ (Y, An,vn)) —
log (gU(Y7 A, v)) , and

h(vnvnn»)‘n) = Eq (10g (gU(an Anvvn))) and h(’U»TIa )‘) = Eq (IOg (gU(Y7 )\,’U))) .

As earlier, let
0 < Zn = Cin + Con ‘Ynl + c3pn |Yn|1+€a

where
A
Cin = Aln |’Un‘ + |/\2n(1 - 77)‘ + )‘3nB; Con = ﬁ; C3n = /\3na
and Z, 2=2% Z and ¢;, 22255 ¢; < oo. With these notation, log (gU(Yn, )\n,vn)) is bounded
from above by log(1 + Z,,), and there exist constants cg, 179 ¢ such that log(l+ Z,) <
Con + (Zn)l/ (1+¢) | Using the form of Z,, from above, there also exist constants cy, 2720, ¢4 and
C5n SAmEN ¢ such that

(Z,)Y O < e+ 50 | Yol -
Thus as earlier, there exist constants cgy,, C4y, C5n, CONvVerging to cg, c4, cs such that
log (Y (Y, Anyvn)) < con + can + 50 [Yn| 2 FU (Yo, Anyvn).
and
FUY, Ansvn) == fUY A 0)  and By (fY (Y, Yoo vn)) = Eq (F7 (Yo7, 0))

since n,,,n € L, whence Y,,,Y are uniformly integrable (see, [57]) . Since, fU(Yn, AnsUn) —
]'Og (gU (Y’ﬂ7 An7 Un)) Z 0, by FatOU.’S Lemma,

By (timinf (/Y (Y, An, vn) = 108 (97 (Yo, Ans ) ) <Eq (FV (¥, A,0))
— limsupE, (log (gU(Yn, An, vn))) ,

n— oo

which implies

n—oo

h(v,n,A) = Eq <lim sup log (gU(Yn,)\n, vn))> > limsup E, (log (gU(Ym )\n,vn)))
n—oo

= lim sup h(vpnn, An).

n—oo
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Remark C.1. k3 = 7y + (1 — w)éf,l(%) and ko = d_1(p) are unique measures in £ with

CVaR being f! (%) and — f*(B), respectively. Uniqueness of x5 follows from the proof of
Lemma[2.1] To see the uniqueness of x1, consider the following optimization problem, optimal value
of which equals f! (%) :

1
max min <z+ —E, (X —z }
neL zeC { 1—m & )+

First observe that if E,, (f(X)) < B, then 1 does not belong to the set of maximizers above. Using
this, it is also sufficient to restrict to 2-point distributions with () = 0 and mass on 0 being T,
as otherwise we can improve in the B constraint, and hence, the objective. Now, k1 is the unique

distribution satisfying the above requirements, with CVaR being f! (—)

s

Remark C.2. Consider v,, = v = f! (%), and let

nn:(ﬂ'—n)éo—i— (51+(1—7r)6f TERE and 77:77(50+(1—7r)6f_1(i).

1—m

Clearly, dr.(n,,n) — 0, as n — oo. Moreover, Remarkargues that there is a unique x € £ such
that ¢ (k) = f* (%), whence

Kme( Un, KL(9,, k) = 00 > 0 = KL(n, k) = KLyt (n, v).

Un) =
Thus, KLY (n, f1(B(1 — 7)) is not a jointly continuous function. Similar example can be
constructed for KLE .(, — f1(B)).

C.3 Proof of Lemma[3.3k

Upper-hemicontinuity of t*: Let v be in A; N M, i.e., the best-CVaR arm in v is arm j, and
each arm-distribution strictly satisfies the moment constraint. Then from Lemman 2.1} for all i € [K],
¢x(vi) € D°. Let t*(v) be the set of maximizers in

V(v) = max min g, ;(v,t),
teX K  a#j

where

Ga,j(v,t) = inf {t Kme(uJ7 x) +tg Kme(ya,y)}.
z<y

The infimum above is attained at a common point between the CVaR of the two distributions, whence
the above equals

Ga,j(V,t) = inf {t Kme(V]7 x) +t, Kme(l/a, )}

a:E[cw (Vj)acw (Va)]
Using Lemma [C.1] it is easy to verify that the set [c (1), ¢x(v4)] is both upper- and lower- hemi-

continuous in (v, t) whence continuous. Then by Berge’s Theorem and joint contlnulty of KLE,
and KLU, in arguments, when viewed as functions from £ x D° (Lemma E, Ja,;j (v, t) is jointly
continuous in (v, t). Again by Berge’s Theorem, V' (v), as a function from M to R, is a contin-
uous function of v. Furthermore, the set of maximizers, {t* : V(v) = min,_; ga.;(v,£*)}, is an
upper-hemicontinuous correspondence.

Convexity of the set of maximizers: Let (1) and ¢(2) belong to t*(v). Then,

V(p) = min gq(v, 1) = min ga (v, ).
a#j a#j
Clearly, min,; ga(v, At + (1 = X)t@) > Amin, ; ga(v,t™M) + (1 — X)ming; gy(v, t?),
which equals V (v). Since ¢(*) and +(?) are maximizers, the above holds as an equality. Thus the set
t*(v) is convex.
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D Dual formulations

In this section we prove the Theorem . Recall that P(R) denotes the space of all probability
measures on i, and M+ denotes the collection of all finite, positive measures on R. Let p € P(R).
Then, for 7 € (0,1), ¢-(n) denotes the CVaR of 7 at the confidence level 7. Furthermore,

1
cx(n) = min {930 ty— E, (X - $0)+)} (15)
ToER -7

1
= max /ydv(y) s.t. Vy, 0 < dv(y) < dn(y) and / dv(y) =1—m, (16)
veM+(®) 1—7 J R

Forn € P(R), and v € D°,
KLY (n,v) = inf KL(n,k) and KLE:(n,v)=  inf KL(7, k).

KEL: cr(K)>V KEL: cr(r)<v

Furthermore, extend the Kullback-Leibler Divergence to a function on M+ (R) x MT(R), i.e.,
KL : M*(R) x M*(R) — R defined as:

KL(k1,K2) £ /yeﬁlog (Z:;(M) dk1(y).

Note that for k3 € P(R) and ko € P(R), KL(k1, k2) is the usual Kullback-Leibler Divergence
between the probability measures.

We first present the proof for the Theorem

D.1 KLY, problem: towards proving Theorem

Consider the following optimization problem, which is equivalent to the KLU . problem (see, ).

min KL (5, k) subject to xdW (z) > v (17)
KEM™T R
weM™t
/ dW(x)=1-m=
®
/ F(@)di(z) < B
®

/% di(z) = 1

Vo : 0 < dW(x) < dk(x)
Introducing the dual variables (A1 > 0,A2 € R, A3 > 0, Ay € R,Vx A\s(xz) > 0). Then, the

Lagrangian, denoted as L(x, W, X), equals
ade( )> + A2 </ dW (z )—1+7r>

[ e (2w ) anto + 3
_)\3B+,\3/f Ydk(z +/\4</dli —1) //\ — dr()).

The Lagrangian dual problem is

max inf L(k, W, X). (18)
A1>0,22ER,A\3>0, KeMJr
AERNVz:A5(2)>0  Wwepnmt
Let S= (A1 >0, € R, A3>0,0 € R, Vx: \5(x) > 0), and define
Si=8SN{x: Ve e R, A+ Asf(x) — A3B — As(z) > 0}.

Lemma D.1. The Lagrangian dual problem (I8) satisfies

max inf  L(k,W,A) =max inf L(k, W,\).
A120,M2ER, X320,  keMm™t A€S1 keMmt
AMERNVZ:A5 ()20 wemt weMm+
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Proof. Consider A € S and A € S;. Then, there exists yg € R such that
A4+ Ajf(yo) — 3B — )\5(y0) < 0.

Consider the measure ky; € M such that x;(yo) = M and

dﬂ(y) =1, fory e {Supp(n) \ vo}-
KM

Then, L(xpr, W, A) equals
dn
[ 0w () )+ [ O+ 307 (0) = a8 = D)) a0 19)
R Ky R

Y (v 1;/%176114/(@) + o (/%dW(;z:)ler) f)\4+/§R>\5(x)dW(x).

Clearly, the first two terms in the expression above decrease to —oc as M increases to co. Thus, for
A € Sand A ¢ Sy, the infimum in the inner optimization problem in (I8) is —oo, and we get the
desired equality. O

Let ZA) = {y € R: M+ Asf(y) — As(y) = 0}.

Lemma D.2. For A € Sy, k* that minimizes L(x, W, X) satisfies Supp(x*) C Supp(n) U Z(A).
Furthermore, for y € Supp (1), As + A3 f(y) — A3B — As(y) > 0, and

dr*
dn

(y) = A+ X3 f(y) — AsB = XAs(y) (20)

Proof. Clearly, for A € S1, L(k, W, A) is a strictly convex function of x being minimized over a
convex set M 1. Thus, if there is a minimizer of L(k, W, ) over M +, it is unique. It is then sufficient
to show that x* satisfying the conditions of the Lemma minimizes L(x, W, X). Let k1 # £* and
k1 € M*.Fort € [0,1], define k2 s = (1 —¢)k* +tk1. Then kap € M and it suffices to show that

aL(K/27t7 W A)
ot

t=0

To see this, substituting for k2 ; in , L(ka,t, W, X) equals

Lo (G ) o)+ [ e 20700 = et o)

d/‘ﬁg,t

+ A (v— 1iﬂ/ﬁxdW(m)> — 3B+ Ay (/%dW(x)—Hw) —/\4+/%)\5(:c)dW(m).

OL(k2,t,W,X)
ot

Differentiating with respect to ¢ and evaluating at ¢t = 0, the derivative equals

t=0

[ ) s~ dm) @)+ [ O+ 200 (0) = XaB = Aslo) (s — ) )
k R

Supp(n)

Now, using the form of x* from (20), the above expression simplifies to

(As+A3f(y) = A3B — X5 (y))dka(y) — / (A +A3f(y) = AsB — As(y))dr™ > 0,
R\Supp(n) R\Supp(n)

where the inequality above follows since the integrand is 0 in the second term, while it is non-negative
in the first term. O
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D.1.1 Proof of Theorem 3.4(a)]

We first show that the dual problem in simplifies to the alternative expression for KLY (n, v) in
the Theorem. Then we argue that both the KLElf primal problem in and the dual problems are
feasible, and that strong duality holds.

Using the expression for the optimizer for optimal £* (Lemma|[D.2) in the Lagrangian dual in Lemma

equals

max inf /log (Aa+A3f(y) — AsB — As(y)) dn(y)
AES, W€M+§E

A
+/ﬁwww(1fi+A2+Aam>+1+AwAxlw)M.

Since W € M, and if A are such that the integrand in the second term above is negative, then the
value of the expression above will be —oo. Thus, it suffices to restrict A so that this does not happen.

Let
)\1!17

Sg:Slﬂ{)\:Vx,—l +)\2+/\5(a:)20}.
™

Then the dual problem simplifies to

inagx /log A+ A3f(y) —A3B = Xs(y)) dn(y) + 1+ v — Ae(1 — ) — Aa.
€52

Optimizing over the common scaling of the dual variables, we get

M+&ﬂw—&3—&@0
ma. lo d .
AES): §R/ ) ( “Mv A+ (1 —7) + A n(y)

Observe that —A\jv + Ao(1 — 7) + Ay > 0, for the dual optimal variables. Thus, it is sufficient
to restrict the variables to satisfy this constraint. This follows from the complementary slackness
condition and the restrictions in the set S5. We later show that strong duality holds. Since the problem
is a convex optimization problem, the dual optimal variables satisfy the complementary slackness
conditions.

Setting 5\4 = —A\1v + A2(1 — ) + A4, and substituting in the above expression, we get

max /log (T4+ XMoo= 221 =m)+A3f(y) — AsB — As5(v)) dn(y),
A€Ss3(v) ®

where S3(v) is Se with the above modifications, and is given by intersection of the set .S’ with the set

— T

{A:Vy, 1+ Ao —Ao(1—7) + Asf(y) — \aB — As(y) = 0, & Ve As(z) > (IA“” —)\2) }
+

Further, optimizing over A5(x), the dual representation simplifies to

max E, <log <1+/\1U—>\2(1—7T)+)\3f(X)—)\SB_()‘1X _/\2> ))
+

AeS(v) 1—m

Thus, it suffices to show that both the primal problem in and the dual in (I8) are feasible, and
strong duality holds.

Consider A' = (0,0,0,1,0). To show that dual is feasible, it suffices to show

min L(k, W, A} = min KL(n,k) — 1 —|—/ dr(y) > —oo.
KEM+ WeM+ KEM+ WeM+ R

Let & be the minimizer of the above expression. Then, Supp(&) = Supp(7), as otherwise if there
is a point y in Supp(n) \ Supp(k), then the above expression is oo, and if there is a point in
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Supp(%) \ Supp(n), then the value of the above expression can be improved by removing that mass.

Furthermore, from (20,
di
Py =1.
W)

We next argue the feasibility of primal problem, and show that strong duality holds. For v < 0, define
K1 := d¢,, where € > v and f(e1) < B. Similarly, for v > 0, define ko := qdf,l(%) + (1= q)do,

where ¢ < 1 — 7 is chosen to satisfy ¢, (k2) >v and Eg, (f (X)) < B.

Clearly, ;1 and ko defined above, lie in the interior of the feasible region of the primal problem.
Hence, strong duality holds if the primal is feasible. To see feasibility, define

Ri:=pim+(1—pi1)rk1 and Rg:=pan+ (1 — p2)ke,
where p; and ps are chosen to satisfy
cr(R1) > v, Exy (f (X)) < B and c¢q(R2) > v, Eg, (f (X)) < B.

It is easy to see the existence of p1, ps, €1, and g satisfying the above requirement.
D.2 KLiI;[lf problem

inf

optimization problem (we refer to the inner optimization problem in the following as O1).

Forn € P(R), and v € R, using , the KL . optimization problem is equivalent to the following

1
inf min KL (n,k) subjectto zo+ —— / (y —x0)+dr(y) <wv
ff‘l(%)gzogv KEM(R) 1—m

R
/f@MMMSB
R
dk

[ dnts) =1

We first characterize the solution to the inner optimization problem for a fixed xy, O1. The proof is
similar to that for the duality result in [2].

Let~ = (y1,72,73). For k € M (R), the Lagrangian, denoted by L(k, v, x¢), for the Problem O,
is given by,

KL )+ (0+ 2= [ (0= 0)sduta) - o)

s ([ 1@ asta) = B) 4 [ asto) -1). en

L(v,x0):= inf  L(k,~v,x0)- (22)
KEM*(R)

Define

The Lagrangian dual problem corresponding to the Problem (O;) is given by

max < inf  L(k,~, x0)> . (23)

7120,7220,73€R  \ ke M+ (R)

Let Supp(k) denote the support of measure x,

[I>

by v.w0) £ T (= w0)s + s +22f ), Z() = {y € R by, 7,20) = 0},

1

and

R3($0) = {’7 € §R3 ‘T > 07 2 > 0/73 € §R7 inf h(y’77$0) > O} .
yeR

Observe that for v € R3(z0), there is a unique element in Z ().
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Lemma D.3. The Lagrangian dual problem (23)) is simplified as below.

max ( inf L(m’y,xo)): max ( inf L(ff77,x0)>.

Y3ER,7120,7220 \ kEM+(R) YER3 (o) \KEMT(R)

Proof. For v € R3 \ Rs3(x), there exists yo € R such that h(yo,~,z0) < 0 and it suffices
to show that L(v,z¢) = —oo, where L(7,z) is defined in (22). Observe that for every M >
0, there exists a measure kp; € M T (R) satisfying ks (yo) = M and for y € Supp(n) \ {vo}.

Then, (ZT) can be re-written as:

L(kar, v, w0) = / log <dn(y)) dn(y) + / h(y, 7, zo)drar (y) +71(z0 — v) —v3 — 12 B.

dk g
yeR yeER
L4, 24,
From above, it can be easily seen that L(xps, ) M —o00, since A; + Ay — —oo. Thus, for
v € R3\ R3(x0), L(7,70) = —oo and we get the desired result. O
Lemma D.4. For~ € R3(xo), £* € M (R) that minimizes L(k,~, xo), satisfies
Supp(x”) C {Supp(n) U Z(7)} . (24)
Furthermore, for y € Supp(n), h(y,~, o) > 0, and
. 1
= (&T(y —@0)4 + 73 + 2 (y)) : 25)

Proof. For~ € Rs(xo), L(k,, o) is a strictly convex function of x being minimized over a convex
set. Hence, if the minimizer of L(k,~y, o) exists, it is unique. It then suffices to show that x*

satisfying and minimizes L(k,y, zo).
Let 11 be any measure in M (R) that is different from x*. Since M+ (R) is a convex set, for
t €[0,1], kot = (1 — t)k* + try belongs to M+ (R). Since L(k,, zo) is convex in &, to show that
x* minimizes L(k,~y, Zo), it suffices to show
aL (K/27t7 ’7)
ot
Substituting for k2 ¢ in , L (ko,,7y) equals

[ os (52 00) o) + Gateo =) =30 =223+ [ hly o) o)
x

> 0.
t=0

)

y€ESupp(n)
Evaluating the derivative with respect to ¢ at ¢ = 0,

OL (Ko, d N "
PLard)| [ g — dsa)0) + [ bl v0) (s — ) )
=0 y€Supp(n) ®

For y € Supp(n), 9n/0k™ = h(y,~y,xo). Substituting this in the above expression, we get:

oL , . .
% = / h(y,~,zo)(dk —dm)(y)—/h(y,’y,xo)(dm —dr1)(y)
=0 y€Supp(n) R
= / h(y,v,z0)dr1(y) — / h(y,~,x0)dr*(y)
yE€{R\Supp(n)} yE€{R\Supp(n)}

>0,

where, for the last inequality, we have used the fact that for y € {Supp(x*)\ Supp(n)},
h(y,~,x0) = 0and h(y,~,xo) > 0, otherwise. O
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D.2.1 Proof of Theorem 3.4(b)|

To prove the alternative expression for KLL . given by this theorem, we first show that both the
primal and dual problems (O and Oq, respectively) are feasible and that strong duality holds for
the Problem ;. We then show that the alternative formulation for KLiI;lf is its simplified dual
formulation.

Let 6, denote a unit mass at point y. For 29 > 0, define k1 = (1 — 7)dz,—c, + T, Where €
is chosen to satisfy f (z¢g — €g) (1 — w) < B. Similarly, for the other case (zo < 0), for zy #
vand zg > —f1 (£), define k3 := 704y—e, + (1 — T)6zy+c,, Where €1 and €, are chosen to satisfy

o+ e <v and 7Tf|(E0—€1|+(1—7T)f(£C()+62)<B.

Also, for zg = — f1 (£), forv > 0, define 15 = (1—7)dp +775(7f_1(§) ) where €5 is chosen to

+es
satisfy 0 < e3 < 1_7”1). Similarly, for 2o = —f! (%) and v < 0, define k4 = (7 — 64)5_f,1(§) +

(1 =7+ €4)0y—c;, Where €4 > 0 and €5 > 0 are chosen to satisfy

€4 -1 E 1 B
l—7m+e (f <7r>+v> <& < (1—7T—|—64>+U'

Ko = Kk11(xo > 0) + kal(zg < 0)1 (—f'l <f> <z < v) +9y1 (2o =v)1(x9 <0)

Define

+1 <x0 =—f1! (f)) (k31 (v >0) + K41 (v <0)).

Clearly, k¢ defined above satisfies all the inequality constraints in the primal problem strictly, whence,
lies in the interior of the feasible region.

Recall that ¢, (n) is a concave function of 7 (see ). It is then easy to check that there exists
0 < p < 1such that &’ := pn + (1 — p)kg is feasible for the primal problem, and KL(7, ") < oc.
Hence, primal problem O; is feasible.

Next, we claim that 'yl = (0,0, 1) is a dual feasible solution. To this end, it is sufficient to show that

min  L(k, (0,0,1),z¢) > —o0.
KEM*(R)

Observe that for k € MT(R), KL(n, ) defined to extend the usual definition of Kullback-Leibler
Divergence to include all measures in M+ (%), can be negative with arbitrarily large magnitude.

From (21)),
L(r.4" x0) = KL(p.%) — 1 + / dr(y).
R

Let & denote the minimizer of L(k,~,zo). Then, as earlier, Supp(%) = Supp(n). Furthermore,
from Lemma for y in Supp(n), the optimal measure & must satisfy

dr
oy =1.
a (y)

Thus, £ = 7 and min, ¢ yr+ () L(k,~4*,z0) = 0. This proves the feasibility of the dual problem Os.

Since both primal and dual problems are feasible, both have optimal solutions. Furthermore, kg
defined earlier satisfies all the inequality constraints of (O;) strictly, hence lies in the interior of the
feasible region (Slater’s conditions are satisfied). Thus strong duality holds for the problem (O;) and
there exists optimal dual variable v* = (v;,~5,v5) that attains maximum in the problem O (see,
[41, Theorem 1, Page 224]).

Also, since the primal problem (for fixed z() is minimization of a strictly-convex function (which is
non-negative on the feasible set) with an optimal solution over a closed and convex set, it attains its
infimum within the set. Strong duality implies

KLine(n,v) = min max inf  L(k, X, xp).
—f1(£)<zo<v YERs(w0) wEMT(R)
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Let x* and v* denote the optimal primal and dual variables. Since strong duality holds, and the
problem () is a convex optimization problem, KKT conditions are necessary and sufficient for
k* and v* to be optimal variables (see, [11, page 224]). Hence x*,v5 € R,y > 0, andv5 > 0
must satisfy the following conditions (KKT):

wedt ), [ ) =1 s+ = [ <o [ warm <o

o Y — T * * * * * * * *
|t ) =i a0 [ ias @) =5 . [ 3@ @) =B o)
2o 1—m R R

and (v},73.75) € Rs(zo). Furthermore, £* minimizes L(k,¥*,2o). From conditions (26), and
Lemma L(k*,v*) = E,; (h(X,~¥*,20)) , where X is the random variable distributed as 7).
Adding the equations in (26), and using the form of x* from Lemma|[D.4] we get 75 =1 — (v —
z0) — 13 B.

For 4 = (71,92) let,

(X — o)y

) (B - £ (),

gL(Xa;)'laUaxO) =1 _:)/1 (U — Ty —

and
Ra(z0,v) == {711 > 0,72 > 0: ¥y € R, ¢"(y, (11,72), 20,v) > 0} .

With this condition on ~3, the region R3(xg, v) reduces to the region Ra(x¢). Since we know that
the optimal v* in R3(z() with the corresponding minimizer, *, satisfies the conditions in and
that 3 has the specific form given above, the dual optimal value remains unaffected by adding these
conditions as constraints in the dual optimization problem. With these conditions, the dual reduces to

max E'r? (log (gL(X,’)’7$O7U))) P
(71,72)ER2(z0,v)

and by strong duality, this is also the value of KLj,¢ (7, ).
D.3 Compactness of the dual regions

In this section we show that for valid values of v and z, the regions S(v) and R (2o, v) are
closed and bounded, i.e., compact. Recall that for v € D° = (—f‘l (B), f1 (i)), x0 € C =

[—f‘l (8, 1 (%)] A€ R3and v € 12, a

GV (X, A 0) =14+ Mo — (1 —7) + X3 (f(X) - B) — <1)\1X —/\2> ,
- .

(X —20)+
1—7

) (B (X)),

S)={M>0,X RN\ >0:Vz R, ¢V(z,\,v) >0},

g (X, v v,20) =1—m (v — o —

and
RQ(‘T(%,U) = {’Yl Z 0772 2 0 : Vy € 3?, gL(yv (71772)3‘%077}) 2 0} ) (27)

where f(y) = |y|' ™ for some € > 0.
We first state a few results, which are easy to prove, and will be used later.

Lemma D.5. Fora > 0,b > 0, and z € R, the minimizer, z*, for a |z|' "¢ + b(x — 2), satisfies

0, ifz>0
1
e if 2z <0, andzzf(ﬁ)‘
1
_ (ﬁ) ° . otherwise.
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Lemma D.6. Fore >0,b>0,a € R, and ¢ > 0, the set of p > 0, ¢ > 0, satisfying

€ q I+e
a—bp+cqg— >0
P 4 p% <1+€> -

is compact, provided c'*¢ < b. Moreover,

a a
elo,—4 1. clo,—% 1.
P { CHEb} I [ c—bljré}

Lemma D.7. Forv € [—f'l(B), ! (L) ) S(v) is compact.

1-7

Proof. For A € S(v),

A
min 14+ Mv—X(l—7)+ A3 (f(y) —B) — (1 1yﬂ_)\2> >0,
y _

and
min 1+ Mv—X(1—7)+ A3 (f (y) — B) > 0.
Y
The Lh.s. in the first inequality above is a convex function which is minimized at y; for which the

derivative of the Lh.s. is 0, while the Lh.s. of the second inequality above is minimized at y2 = 0.
Substituting for y; and y- in the above inequalities,

Ltdw—XB N 11 14+Mv—XB %)
1—m == )\;)/e (1 +e)ltt/e (1 —qm)ltl/eq s '
Eliminating A\ and simplifying,
)\1+1/e 1 1 i .
L€ A — Ao+ AT B <0 (29)

L+ e /eq /e
L.h.s. above is a convex function of A; which is minimized at
AT =0 (1 —m)(1 +e).
In particular, holds for A}. On substituting A} in (29), we get
A< (B—o't(1—m)".
Again, observe that Lh.s. in (29) is a convex function of A3 which is minimized at

)\*_ 1—|—)\1’U
57 B(l+e)

e (i) )

These bounds on \; and A3, together with the fact that A; > 0 and A3 > 0, and bounding A, using
1; we get that the region specified by S(v) is compact. O

Substituting A3 in (29), we get

1—m

LemmaD.8. Forv € (—f'l(B),f'1 (iﬂ and xg € [—f1 () ,v), Ra(wo,v) is compact.

Proof. Forvy € Ry(v,xo),

. — I €
min 1 —; (U*$O)+Vl%*’m(37|y|l+)20. (30)
) —
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Using Lemma[D.3] the region-constraint above can be re-written as

0, if 7o > 0,

o=

ifozxoz—(

|z |1+6 N, (B
0 < 1—7;(v—20)—72 B+{ 12 1Fol RI=—m+g)
T

€ 1 1+% 1 1 ©
TMisr T (ca) i~ (maBmes) 2o

2

Let 2y # v. In this case, for zy > 0,
v < (v-— xo)_l and 7, < BL
For zy # v, in the bottom case, optimizing out ; and setting derivative to 0, together with the fact
that v; > 0, we get that the minimizer
v =max {0,72(1 +€)(1 — ) (—7zo — (1 — m)v)}.
This gives
Yo < (B — max {0, —7rzg — (1 — 7r)v}1+€)_1 .

Furthermore, the case constraint gives that

(—z0) (L —m)(1 +¢)
B — max {0, —wzo — (1 — m)o}' e

1 < (=20) (I —m)(1+¢) <

Note that for v > — f*1(B), the denominators in the bounds above is strictly positive.

Let us now consider the center case with g # v. In this case, the region constraint is
1+
0<1—m(v—x0)—"2 (B— Y 6).

Consider optimizing over -, to get a bound on ~». Since the coefficient of ~; is positive, optimal

value of 71 equals 0, in which case, 7, is at most (B — |zo|"T) L if 20" "¢ < B, otherwise the
maximum occurs either at the case-line, or in the bottom case.

Similarly for 1, for |x0|1JrE < B,y < (v — x0)?, and the maximum occurs either at the boundary,
or in the bottom case, otherwise.

Thus, overall bounds for zy # v are :

1< (v—1z0)t, Y <B' forz >0,
M < (w—20)t, 92 < (B -zl t)?t,  formy <0, (—w0)'t < B,
and for zg < 0, (—x0)'™¢ > B,

(=20)* (1 =m)(1 +€)
n= B —max {0, —razo — (1 — m)o}' T

-1
vo < (B —max {0, —mxo — (1 — Tr)v}H_e) .

It is important to note that for v > — f"1(B), the bounds above blow-up only for zyp = v. This case
will be handled separately. Let us now look at the case when 2y = v. In this case, (30) simplifies to

(y — z0)

min 1+ £ — 0Bty lylt>0.

y 1-—m
When zy > 0, y = 0 is the minimizer for L.h.s. above. Substituting this, we get
Y2 S B_l.

Remark D.1. When zy = v > 0, v, is unbounded. However, if the given probability measure, 7,
is such that 7(v, 00) = 0, then ; doesn’t appear in the objective function. Thus, it is sufficient to
restrict Ro(zo(= v), v) to the 2 axis. Hence, the modified region is again compact in this special
case.
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For the other case, i.e., when 29 = v < 0, Lh.s. in minimized at y* € [z, 0], which is given by

y* — (_1) (,}/1,}/2—1)1/6 ((1 _ 71.)1/6(1 + 6)1/e>_1 )

Substituting and simplifying as above, (or substituting y = x(), we get that

-1
1+
Y2 < (B— |o| 6) :
Observe that the denominator is positive for zo = v. Since y* > z(, we get that

(=z0) (1 —m)(1 +¢)
B— |x0|1+6 :

M < (=20)2(1 =7m)(1+€) <
Hence, the region Ry (g, v) is compact in this case too. O

D.4 Discussion on possibility of uniform priors on the dual feasible regions

Consider an arm distribution u; for ¢ € {1,...,K}. Since §(cﬂ(ui)) is compact (see Lemma
, uniform measure on the set is well defined. For the region Ra(zx(p;), cx(:)), whenever
(i) # cx(p;), the region Ro(zx(1:), cx(p;)) is compact, and uniform prior on this set is well
defined. When y; is such that 2 (u;) = cx(p;)(=v, say), then Supp(y;) C (—oo,v]. In this case
R2(v,v) is unbounded along the ~; axis. However, from the Remark it is sufficient to restrict
the region along v, axis, and this restricted region is then compact. We put uniform prior on this
modified region.

D.5 The joint-dual problem

Recall that £ is the class of all probability measures on R, say 1, with moment bound, i.e.
E, (f(X)) < B, where f(z) = |z|"" for some € > 0.

In this sub-section, we look at the joint optimization problem, which appears in the lower bound as a
weighted sum of KL{;1f and KLHlf for two arms. Specifically, for 71,72 € P(R), and non-negative
weights o, ap, we denote the inner optimization problem in (3] by

Z = lnfzgy {al KLi[glf(nlv y) + a2 KLilzlf(UQa SC)} ’
which is equivalent to the following problem:

minimise oy KL (91, 51) + ag KL (12, k2)
subjectto  Ki,ko € L
cr(k2) < cx(k1)

Using the maximization form of CVaR for £; and the minimization form for o from (I6) and (I5),
the above problem is equivalent to

minimise a3 KL (1, 51) + a2 KL (12, £2)
subjectto  k1,k2 € L,z € R,WW € M (R)
1 1
B (X2 < 1 [ e
1—m zeR

1—m

Vo : 0 < dW(z) < dki(z)
/ dW(z)=1-m.
zeR

Introducing the dual variables (p1 > 0,p2 € R, A1 € R, A2 > 0,71 € R,72 > 0,V \3(z) >
0). Then, single out the minimisation over z, the Lagrangian in terms of x1, k2, W, denoted as
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L(ﬁla K2, VV7 A7’77p)’ equals

/log (jzl( )) dn (y +a2/log(dﬂ2 >dn2(y)+)\1 </§Rdm(m)—1)
+)\2</f ks (2 )Ml( dris(x —1>+72</f Jdra(z) B)
o <z+/:cz+dn2 —7/xdW )
+/)\3(x) (dW () — drs (2)) + pa </§RdW(x)—(1—7r)>.

Then the Lagrangian dual problem is

min max min  L(k1, k2, W, A7, p). 31)
2€R p20,0€R, g eMt
A ER,A2>0,A3(x)>0, K2€M+
Y1 ER,¥2>0. WeM™t

Let S = {p1 >0,p2 € R, A1 € R, A2 > 0,71 € R, 72 > 0,Vx A3(z) > 0}, and let S; be the set
obtained by intersection of S and set of (A, v, p) such that

min A\ + Ao f(z) — Ao B — A3(z) >0, min ~v; +y2f(z) — fygB—Fpl%ZO.
zeR TER -

Lemma D.9. The Lagrangian dual problem (31)) satisfies

min  max min  L(ky, ke, W, A,v,p) = min  max inf  L(k1, ke, W, A, 7, p).

ZER  p120,p2€RN, meM+ zZ€R (N\v,p)€S1 k1eM™T
/\1@? ;\2 0 ke Mt Ko €M™
)\3 x)>0 + +
’ M M
e A0, We We

Proof. Consider (X,~y, p) € S and A & S;. Then, there exist y; € R such that
A1+ A f(y1) — AaB — A3(y1) < 0.
Set ko = 19 and define 15, € My such that k1 (y1) = M and
() =1, fory € {Supplm) \ 1}
Then, L(k1pr, k2, W, A, 7, p) equals

RimMm

o [ 1og< A )(y)dm(y)+ [ Ot 2af (@2) = AaB = Xa(o)) draas (o)

[ (et @ - mB+ =2 ) dealo)

x
+f (— LT () + P2> AW ()~ M — 1+ prz — pa(l — 7).
. _
Clearly, the first two terms in the expression above decrease to —oo as M increases to co. The other
cases, specifically (v, p) € S1 and (A,~, p) € S1 can be handled similarly. Thus, the infimum in
the inner optimization problem in (3T)) is —oo, and we get the desired equality. O

Using arguments similar to those in Lemma[D.2)and Lemma|D.4} it can be shown that the optimal r}
and 3, that solve the inner minimization problem in (31)) have the following form:

drj o
= for y € Su , 32
dn Y T N T2 (f(y) - B) - x(y) Y bo() 2
d *
Koy 2 for y € Supp(12). (33)

y =
@ (F (y) — B) +
Furthermore, for y € Supp(x}) \ Supp(m1), A\ + )\2 (f( )—B) — A3(y) = 0 and fory €
Supp(5) \ Supp(12), 11 + 72 (f () — B) + pr =2+ = 0.
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D.5.1 Proof of Proposition3.5]

We first show that the dual problem in simplifies to the alternative expression given in the
Theorem. Then we argue that both the primal and the dual problems are feasible, and that strong
duality holds.

Using the expressions for the optimizers 7 and x5 from above in the dual in Lemma|D.9] the dual in
(31) equals

min max inf  oqEy, (log (A + X2 (f (V) —B) —X3(Y))) —arloga; —azlogas — Ay
Z2ER (A,v,p)€S1 WeMt

+ anky, <log (71 +7(f(Y)-B)+ Pl%)) + a1+

+/dW(:E) (_1p1$7r + p2 +)\3(m)> —p2(l=7m) + pr1z —m.

Since W € M, and if (X, v, p) are such that the integrand in the integral above is negative, then
the value of the expression above will be —oo. Thus, it suffices to restrict (X, v, p) so that this does
not happen. Let

S = 51N {(A,v,p) YV, As(x) > (W) }
+

Then the dual problem simplifies to

min max Oqu (10g ()\1 + /\2 (f (Y) — B) — )\3(Y))) — Q1 log a1 — Qg IOg Qo — 71
zER (A,’y,p)GSz

(Y —2)4

+aaky (108 (4 (1 0) = B 4 =2

))+O¢1+O¢2+p12—)\1—p2(1—ﬂ').

Let (A, v, p) = (A1, A2,71,72, p1, p2) and
S3=25n {(A,%p) :min A + Ao (f (y) — B) > </)11yﬁ'2) }
y -7 ),

and
_ i (y—2)+
S4 =530 1Ay, p) € Siminy +72 (f(y) = B)+ = —— 20
y —

Optimizing over the choice of \3(x), and renaming py(1 — 7) to ps, we get

vy _
min  max oy, (log()\l—l—/\g(f(Y)—B)—(M) >>+a1+a2—)\1—’Yl
+

2ER (A,7,p)ES4 1—m
(Y —2)4

+ asEy), (log (71 +7(f(Y)=B)+pn -

>) —ajloga; —aslogas — pa + p12.
(34)

Optimizing over the common scaling of the dual variables, the inner problem in (34) above can be
re-written as

Mo e (F (V) = B) - (e )

1—m

max a1k, | log

+ (a1 +az)log (a1 + a2)
(As75P)ESa A +p2—prz+m

M+ (f(Y) = B)+p S22
M+p2—p1z+m

+ asky, <log > —aplogag — aslog as.

Observe that as earlier, A\; + p2 — p12+71 > 0. This follows from the conditions on the dual variables
in Sy and complementary slackness conditions, which hold as the problem is convex optimization
and satisfies strong duality (proved later).
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Setting v1 = A1 + p2 — p12 + i, and Ay + po = ):1 and substituting in the above expression and
renaming the variables, we get

Yy —
max oqEy, (log [ A1+ X2 (f(Y)—B) —p2 — <p1p2> — o log o — aglog as
()‘777P)ES5 1 — T +

Y — 2
+ asE,, (log (1 — M+ (fY)=B)+pz +P1g

- )) + (o1 + az)log (a1 + a2),

where S5 is given by intersection of the set S with the sets

{(A,%p) - min (M 02 (f (4) = B) = p2 - (”f’_‘f) ) > o},
Y +

{()\,'y,p) : min (1—)\1 + 72 (f(Y)—B)+p1z+p1(Y1__Z7T)+) >0}.

Y

and

Re-parameterize again by setting A=A -1 /2 and scaling every dual variable by 1/2, we get the
desired dual formulation.

It now suffices to show that both the primal and dual problems are feasible, and strong duality holds.

Consider (A, 7, p)1 =(1,0,0,1,0,0,0). To show that dual is feasible, it suffices to show

min  L(k1, k2, , W, (A7, p)") = min a3 KL(n1, k1) + as KL(n, k) — 2
K1EM™T kieMt
Ko €M™T koeMT

Jr/ dr1(y) Jr/ dka(y) > —o0.
R R
Let %1 and %o be the minimizers in the above expression. Then, Supp(%;) = Supp(n;) and
Supp(&2) = Supp(n2), and from and (33),
dkq

iy

dRa

= d _
(y) =a; an an

(y) = aa.

We next argue the feasibility of primal problem, and show that strong duality holds. Consider
K1 = Ko = p1m + pan2 + (1 — p1 — p2)do, where, p1,p2 € (0,1) and E,;, (f (X)) < B. Clearly,
KL(n1, k1) < oo and KL(72, k2) < oo and are feasible for the primal problem. Furthermore, the
measures i1 = (1 —€)d_p1(py +€dp and fp = (7 +¢€)do + (1 — 7 — e)5f,1(§) lie in the interior of
the primal region. Hence, strong duality holds.

E Description of the C-tracking rule of [27] used in Section 4]

Recall that at each time n, the algorithm evaluates the optimization problem (3)) for the projected
empirical distribution vector, i.e., it computes V(I (ji(n))). Let t*(II (fi(n))) be a maximizer.

In order to track these with some forced-exploration, for ¢ € (0, %], let tS(II((n))) be a L™

projection of ¢*(II(i(n))) onto Eg{ ={(t1,...,tx) €[¢,1] : t1 +--- 4+ tx = 1}. The algorithm
sets ¢, = (K2 4 n)~2 /2, and chooses

An1 € argmax > (t& (T(ja(n)) = Na(n)) -

n
s=0

See [27, Section 3.1] for details of the C-tracking rule, and its properties.

F Theoretical guarantees for the algorithm: Proof for Theorem [4.1]
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F.1 Proof of Theorem 4.1t 5-correctness

In this section, we prove that the algorithm presented is d-correct, i.e., the first part of Theorem [4.1]
holds. Recall that the error occurs when at the stopping time 75, the arm with minimum CVaR is not
arm 1. Let the event {/i(n) suggests arm j as answer} be denoted by &, (). Then, using the stopping
rule in (@), £ is contained in

i#1 aFi z<y

which is further contained in

z<y

- {inf {Ni(n) KLY (1 (n). 9) + Na(n) KL (i (n), 2)} > B m)} . 69)

%

Clearly, x = ¢, (1) and y = ¢, (u;) are feasible for the infimum problem above. Using these with
the union bound, the probability of the error event is bounded by

ZF’ (3 Ni(n) KLy (f1i(n), ex (1)) + N1(n) KLize (fun (n), ex (i) = B) . (36)

Whence, it is sufficies to show that each summand in l) 18 at most %.

and
R2(x0;v) = {’71 > 0,’}/2 >0: Vy S 8?79L(y,")/,’l},(£0) > 0}’
where,
" X
g7 (X, A 0) =1+ Mo = Xo(l =) + X (f(X) = B) = T =X )
+
and

) (s - £ (X))

Clearly, gV and g% are concave functions of A and ~. Recall from Theorems that for each arm i,

g (X, v, v,30) =1 — <v —z0—

Ni(n)
Ni(n) KLHuf (f1i(n), ex(p)) = max Z log (gU(X;7 A Cr (Mz))) ) (37)
AeS(ex (i) j=1
and
Ni(n)
N( )Kme(ﬂl( ) Cﬂ'(,ui)) < max Z 1Og (gL(X]l:77vc7T(/~Li>7xﬂ'(,ui)>) ’ (38)

YER 2 (xr (pri),Cx (1)) j=1
where, X7 : j € {1,...,N;(n)} are samples from ;.

The following lemma bounds the maximum of a sum of exp-concave functions, i.e., functions whose
exponentials are concave. It is essentially the regret bound for the continuous exponentially weighted
average predictor, which was shown for the core portfolio optimisation case by [10] and stated in
general by [29, Theorem 7].

Lemma F.1. Let A C R? be a compact and convex subset and q be the uniform distribution on A.
Let g; : A — R be any series of exp-concave functions. Then

T
max th()\) < logEx~q (ethzl gto‘)) +dlog(T+1)+1
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Ro(xx(p:), (1)) See Sections and [D.4|for a discussion on the possibility of having uniform

Let ¢q1; be a uniform prior on the set S cx(p:)), and ¢o; be the uniform prior on the set
priors on these sets. For samples X} : j € {1,..., N;(n)}, define

Ni(n)
Li(n) = Eyngs, H gL(X;v'YaCTr(/ii)axﬂ(/ii)) ’X{w"vXJlVi(n) )
j=1

and
N;(n)

Ui(n) = Exwgy, H qv ;,)\,cﬂ(ui))‘Xii,..., ]ivi(n)

Then, using Lemmawith gt(X) =log gV (X4, A, ex (i), d = 3, and , on each sample path,
we have

Ni(n) KL (f1i(n), ex (i) < logUs(n) + 3log(Ni(n) +1) + 1.
Also using Lemmawith (7)) = g% (Xt, v, cx (i), v (13)), d = 2, (38) and Remark on
each sample path,

Ni(n) KLizs(fi(n), ex(ui)) < log Li(n) + 2log(Ni(n) +1) + 1, as.

For each arm 1, let

Y (n) = Ni(n) KLizs (f1i(n), ex (ni)) — 2log (Ni(n) + 1) — 1. 39)
and

Y, (n) = Ni(n) KLipe (A1 (n), ex (1)) — 3log (Ni(n) +1) — 1. (40)
Then we have that . .

M < Li(n) and €Y ™ < Ui(n), as.

Furthermore, it is easy to verify that for each arm i, L;(n) and U;(n) are non-negative, super-
martingales satisfying E (U;(n)) < 1 and E (L;(n)) < 1. Thus, U;(n)L;(n) is a non-negative
super-martingale with mean at most 1, and satisfies that the event

{3n: Ni(n) KLY (715(n), ex (1)) + Ny () KL (1 (n), e (1)) = B, 5)}

is contained in

{Hn:Ll(n)Ui(n) > Ka_l}'

Using Ville’s inequality (see, [55]]), the probability of the above event is bounded by %. O

F.1.1 Proof of Lemmal[E1l

Recall that ¢ is uniform over A. Let \* denote the maximizer for max ¢ \ 21 g¢(A). Then, for any
distribution r over A, Donsker-Varadhan variational form for KL(r, ¢) gives that

max th ) < KL(r, q) ZE,\NT 9e(A*) = ge(\)) + log Exq (eZ? gt“)) . @D
reA
Fix o € (0,1). Define the set A = {a\* 4+ (1 — )Xo : Ao € A}, and choose 7 to be uniform
over A. Then, KL(r,q) = —dlog(l — a). Moreover, since et is concave, for A\ € A such that

A=aX + (1—a)),
9t () > aedt(A) +(1— a)egt(ko) > aedt(A)

Taking negative logarithm of the above inequality, we get g¢(A*) — g;(\) < —log o, for all X € A.

Using this and the bound for KL(r, g) in l| along with setting o = TL-&-d’ we get
- T ,
N) < (T+d)H, (7 ) +1ogEany (21 2V,
r;lgicglgt()_(+)2<T+d>+0gxqe

where Ho(a) is the entropy of Bernoulli(a) random variable. The required inequality then follows by

observing that (T + d) Hz <T+d) <dlog(T'+1)+1. O
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F.2 Sample complexity

We now prove that the sample complexity of the algorithm matches the lower bound asymptotically,
as d — 0, i.e., it satisfies

The proof works for any projection map II, which is continuous at £. However, we give proof
for the map that projects onto the element in £ which is closest in the Kolmorogov metric, i.e.,
I = (11,5, ..., k), where

Hl(n) € argmin dK(’%vn)a and dK(K777) = sup |Fm(x) - Fﬂ(x)| )
KEL zeR

and F); and F,, denote the CDF functions for the measures 7 and .
Let ¢ > 0and n € N. Define Z. £ B¢(u1) X Be(pa) X ... x Be(p), where Be(u;) =
{k € PR) : dr(k, i) < (},and ¢ > 01is chosen to satisfy the following:

WEeL, = V' et* (II(y)), 3t € t* (p) st |t' —t]oo < €.
Observe that for ¢ — 0, probability measures in B¢ (1;) weakly converge to p;, for all 7. Also, for all
k € Be(ps), die (K, pi) < ¢ which implies that di (II(x), k) < ¢, and hence, dx (II(k), p;) < 2¢,
where the last inequality follows from triangle inequality for d .
Recall that 1 € M is such that —f™ (B) < ¢x(p1) < max;, cx(p;) < f (%), where

fY(c) :=max {y : f(y) = c}. Existence of { = ((e) is then guaranteed by the upper-hemicontinuity
of the set ¢t*(u) (Lemma . See, [21, Theorem 9] for a proof in the parametric setting, when the
optimal proportions are only upper-hemicontinuous.

For T € N, set lo(T) = T''/*, and define

ﬂ {i(n) € o} .

n=lo(T)

Let 1’ be a vector of K, 1-dimensional distributions from P(R), [K] = {1,..., K}, andlett’ € Xk.
Define

g(/ula t/) £ max min inf (t Kme(:“‘l) ) + tb Kme(:“lﬂ )) .
a€[K] b#a re[_f—l(B)_’f-l(%)]

Note that, for j1 € (P(§R))K from Lemma and Berge’s Theorem (see, [8, Theorem 2, Page 116]),
g(u, t) is a jointly lower-semicontinuous function of (1, ). Let ||.||c be the maximum norm in %

and
* A . / /
Colp) = inf gy, t).
/L/EIE/
tinf gy (0 18—t 0o <4€

From Lemma|E4} for T > T./, on Gr(€'), for t > T1/4, the modified log generalized likelihood ratio
statistic for i(n), used in the stopping rule, is given by Z(n) = max, min,, ,, Z, (1), where

Zoyp(n)=n inf <N a(n) Kme( o(n),z) + No(n)
ze[—1(B),f1(2:)] n n

In particular, on G (€), for T > T, and n > lo(T),

Kme(:ub( ) Jf)) .

Z(n) = n maxmin inf (N“(n) KL (fa(n), z) + No(n)
a b;éaze[ F( B)fl( )] n n

_ng<?(){1vlé )7“ ()})

>nChp)

KLaf<ﬂb<n>,z>)

38



Furthermore, the stopping time is at most inf {n > lo(T) : Z(n) > B(n,d),l € N}. For T > T.,,
on Gr(€'),

T
min{7s, T} <VT+ > 1(t <)

I=VT+1
T
<VT+ S 1(ZW)<B6)
I=VT+1 42)
T
B(M))
<VT 1(1
T+ 3 (i<
I=VT+1
B(T,0)
<VT :
=V e
Define,
To(6) = inf{l eN:VI+ g(l(/‘i; < z}.
On Gy, for T > max {T(8), Te }, from (@2) and definition of Tp(6),

B(T,9)
C(w)

which gives that for such a T', 75 < T'. Thus, for T' > T;(9), we have Gr(€¢') C {7s < T} and hence,
P (15 >T) <P,(G%). Since 75 > 0,

min {75, T} < VT + <T,

Eu(r5) STo(0) + T+ > Pu(G5(e)). (43)
T=To(6)+1
For € > 0, it can be shown that
lim sup To(9) (1+¢) (44)

P log (1/0) = Crm)

Then, from @3), @), and Lemma[F3]

. E.(7s5) (1+¢)
lim su B < .
50 log (1/8) = C5 ()

From lower-semicontinuity of g(z/, ') in (1, ') for y/ € (P(R))™ . it follows that lim inf C* (1) >

n— oo

V(). First letting € — 0 and then letting ¢’ — 0, we get

) E,.(75) 1
lim sup K < .
50 log(1/6) = V(p)
Lemma F.2 ([27], Lemma 7). For n > 1 and a € [K], the C-tracking rule ensures that N,(n) >

vn + K? — 2K and that

m[af((] Nu(n) — z_:t (s)| < K(1++/n), where t(s)et*(II(i(s))).
ac s=0

Lemma F.3 ([21], Lemma 33). Let € > 0 and A C X be a convex set and let t(1),1(2),...,t(n) €
Sk be suchthat fors € {1,...,n}, inf,c 4 [t(s) —t|loo < €. Theninf,c 4 || 137 t(s)—t]|oc < e.

s=1
Lemma F4. For ¢ > 0, there exists a constant T! such that for T > T, it holds that on G for
tracking rule
Na (TL) _ t*

n a

Vn > \/T, inf max
t*et*(p) a€[K]

< 3€¢.
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Proof. The proof follows along the lines of [27, Lemma 20] and [21, Lemma 35]. For any n >
VT = 1y(T), using the Lemma for all a,

N, (n) 1 1=
inf max |[—~ —¢,| < max f—z inf max —Zta(s)fta
tet* (u) a€[K] n a€[K] n n-= tet*(#)ae[K] n-=
n—1
K(1 lo(T 1
Qv o@D e |2 s - 0)
n n et () || T s

On the set Gr, from the definition of this set, for all n > lo(7"), Vt' € t* (II(iu(n))), inf,cp- () It —

t]|oo < €. Since t*(p) is a convex set, by Lemma|F.3] the last term in the expression above is at most
/
¢’. Thus,

inf ma Na(n) t,l < 2K + 1 + € < 3¢
X —la| > € = o€,
tet*(p) a€[K] n lo (T) lo (T)
for T > ((2K + 1)/2¢)%. O
Lemma F.5. -
> Pu(%(€))
limsup 2= =0.
6—0 lo (1/6)
Proof. Recall that for T € N, [o(T) = T*/*, and
T
ﬂ {i(n) € Lo} .
’I’L:lo(T)
Using union bounds,
T
PuGHEN € 3 P ¢ Ty < 3 ST (00 a0 - Fulo)] = ).
1=lo(T) I=1o(T) a=1

From Lemma C-Tracking ensures at least v/] /2 samples to each arm till time {. Using this, each
summand in the above can be bounded as follows:

P (SI;P | Fhoy(2) = Fa(z)] = 6’) <P (St;p |Fhoy(@) = Fa()] 2 € Na(l) = \2[>

R.h.s. in the above inequality can be bounded using union bound and DKW inequality by

Z 6_2]5 = 8_6/2ﬂ (1 — 6_26/2)-1 .
J=v1/2
Thus,
PL(G5(0) < KT "1 (1- 2},
completing the proof. [

G Computing the projection in Kolmogorov metric

In this section, we describe a method for computing the projection of F' (where the typical application
has F' as the empirical CDF) onto £ in the Kolmogorov metric, i.e.

argmin  dg(F, G),
G: Eq(f(X))<B
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where recall that
dx(F,G) := sug |F(z) — G(x)].
TE

To project F' onto L in the Kolmogorov metric, we will essentially relocate equal mass from the
extreme left and right tails to 0. This is because relocating some mass, say £, from points in the
right tail already incurs & cost in the Kolmogorov metric (observe the shift in the CDF at 0 due to
this mass). Thus relocating an equal mass from points in the left tail to O is for free in the metric
under consideration. However, if the left tail does not have the required £ mass, then the additional
mass needed to bring down the (1 + €)* moment will only be relocated from points in the right tail.
Lemma [G.1|essentially shows that there exists a projection of F' on £ which satisfies this.

Lemma G.1. There exists z > 0 such that an optimal measure in L has CDF of the following form:
max {0, F(x) — 2z}, for <0

G.(z) = .

min {1, F(z) + 2}, for x> 0.

Proof. Let G* be a minimiser, and let z = d (F, G*). Clearly, G, as defined above is a CDF, and
dk (F,G,) < z. It then suffices to show that G, is also a feasible solution, i.e., Eq, (\X\He) < B.

For e > 0, since f(z) = |z|"** is a non-negative function, and £ (c) := max {y : f(y) = ¢},

Eq. ( (X)) = / Pa.(f(X) 2 ) ds

= [ Pa(Xzrt@des [ Po (X<—ft@)d @

>0
Since di (F,G*) < z,
G*(z) > G,(z), forx <0 and G*(x) < G,(x), forx > 0.
Using this in (@3], we have that

Eq. (f (X)) < / Pa- (X > f'1 (m)) dx+/ Pa- (X < —f'1 (x)) dx = Eg+ (f(X)),
x>0 x>0
which is bounded from above by B, as desired. O

Since there is an optimizer of the specific form considered in Lemma|G.] to compute the projection,
it suffices to search over only such probability measures. Hence, it only remains to compute the
smallest z for which G, € L is feasible. We can see from the expression in @3) that Ex ¢, [f(X)]
is a convex, decreasing function of z, which is moreover piecewise linear for discrete (i.e. empirical)
F'. This means we can use many techniques to find the argument z for which it first reaches 0 (binary
search, Newton, explicitly enumerating the segments/knots, etc.).

H Discussion on the VaR problem

In the main text, we mainly focused on the minimum CVaR arm identification problem. In this section
we formally present the ideas for the analogous approach of the optimum VaR arm identification
problem. As before, our treatment is based on the lower bound problem. In this section we will not
(need to) impose a moment constraint, i.e., 1 € P(R), as the VaR lower bound is defined without it.
The main object of study is the optimization problem that appears in the lower bound, given below:

K

V(p) = sup inf Zta KL(ta,va), and Aj = M\ A (46)
teXk veAS [T

where M C P(ER)K is the set of all bandit models with a unique best VaR arm, and .A; C M is the
set of bandit models with j being the arm of lowest VaR.
Recall that for a distribution 7, VaR at quantile 7, denoted as z.(n), is defined as

zx(n) =inf{x e R: F,(z) > 7}.
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As in the CVaR case, for u € M, can be shown to simplify as

V(n) = sup min inf {t1 KLHIf(/Ll,y) +tp KLiL;lf(,uley)}7
tEX K b#1 Yy

where KL . and KLU . are defined similar to (1)) earlier, with the CVaR constraints replaced with

m
the corresponding VaR constraints, and are given as:

KLHlf(n,y) = min KL(n,x) and KLiLnf(n,y) = min KL(n, k).
KEP(R): zx(K)2y KEP(R): zx(k)<y
47

Let 2} (n) :=sup {z € R : F,,(z) < 7}. Then the set of 7'"-quantiles for the distribution 7 is given
by (zx(n), =7 ().

Remark H.1. We assume that the given bandit problem, i, has the set of 7**-quantiles disjoint from
that of every other arm distribution , as otherwise the bandit instance is not learnable. To see this, fix
7 = 0.8 and consider a two-armed bandit problem, y, where ;11 = Ber(0.2) and py = Ber(0.2 + ¢),
for an arbitrarity small € > 0. Then z,(u1) = 0, 7 (1) = 1, and 2 (u2) = 1. Clearly V() = 0,
whence, p is unlearnable.

Let us now understand some structural properties of the KL, ¢ functionals which will be helpful for
proving Jd-correctness and optimality of the proposed algorithm. For a probability measure 7, let
Fy(z) := n((—o0, x]), denote its CDF evaluated at z and F, (x) = limy, F})(y) denote the left

limit of the CDF of 7. Moreover, for p, ¢ € (0,1) let d2(p, q) denote the KL divergence between the
Bernoulli random variables with mean p and q.

Lemma H.1 (Restating Lemma[d.4). Fory € R,

KLE (1, y) = da(min {F,(y),7},m) and KLY:(n,y) = da(max {Fn_ (y),ﬂ} ,TT).

Proof. Recall that KLE (1, y) and KLY .(n, y) equal the optimal values of the following problems,
respectively:

min KL(n,x) st s€PR), F.ly)>m, 1-Fi(y) <1-m, (48)
and
min KL(n,k) st. «€P®R), F (y)<w, 1-F (y)>1-m. (49)
Clearly,
Y o]
_ dn dn dn dn
kL) = [ (oL@ dst) + [ (oo fw) dnta).
—00 yt

where the first term in the summation above equals

[ dn/Fy(y) dn/Fy(y) , ) ()
S an/E(y O (@)

Fy(y)
F(y)’

Fy(y)

which can be lower bounded using Jensen’s ineqality by

0 s 225

Similarly, the second term in the definition of KL(#, ) above can be lower bounded by

1 - Fy(y)

(1- Fn(y))log m7

giving
KL(1n, k) > d2(Fy(y), Fi(y))- (50)
Let Supp(n) denote the support of measure 7). Consider x* defined below.
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n(z) (1 —7) (1 —min{m, F,y)})", forze {z: x>y},
and x*(z) > 0 for z < y such that z ¢ Supp(n), if {z : © < y} N Supp(n) = 0.
Clearly, x* satisfies the constraints of [48|and is feasible to the KL

inf
KL(n, %) = dz(min {7, F;)(y)}, 7) < da(Fy(y), Fie- (),

where the inequality above follows from the monotonicity of ds in the second argument. This, along
with the bound in (50) implies that the above inequality holds as an equality. Whence, x* is optimal
for KLE .(n, y) problem, and we get the desired equality for KL .(n, y).

/-@*(ac)é {U(x)w(min{an(y)})_l7 fOI‘iCE{l’ZQ;‘Sy}’

(1, y) problem. Moreover,

The equality for the KLY (7, y) problem can be argued similarly using ¢* defined below:

1

) = {n(x)w (max {mF{(y)})_l ) forz € {z:2 <y}
n(z) (1 —7) (1 —max {m, F, (y2)})" forze{z:z>y},
and ¢*(z) > O for x > y and = ¢ Supp(n), if {z : z > y} N Supp(n) = 0. O

Thus, V(1) in the lower bound equals

sup min inf {t; dy(max {7, F, (y)}, )+ ty do(min{m, F, (y)},7)},
texx  b£l  y

which can also be shown to equal

sup min inf {t1 dy(max {m, F, (y)},7) + ty de(min {m, F,, (y)},7)}.
teXk bl yeled (n1),@n ()]
(51

Lemma H.2. For fixed n and m, KLE ((n, y) and KLY ;(n,y) are lower-semicontinuous in y.

The proof of the above lemma follows from continuity of ds(., 7) and dual formulations for KL% .

and KL .. At the points of discontinuity of F,, KLk . and KLY, can only decrease in value, whence,
lower-semicontinuous.

Remark H.2. Let 7, = 0.258 + 0.2501 + 0.250 + 0.2503, 7 = 0.6, y, = 1 — L, and y = 1.
With these, n = 7,,, and y,, — y. Using Lemma [H.1} KLE:(1,,,9,) = d2(0.25,0.6), while
KLLE  (n,y) = d2(0.5,0.6), thus showing that KL . is not jointly continuous. Similar example can
be constructed for KLY .

Lemma H.3. Let X and Y be metric spaces with dx and dy being the respective metics. Let
f: X xY — Rbe such that V€ > 0, 36 such that Vx € X, we have

Vi’ dy(z,2') <6 = sup |f(z,y) - f(z',y)| <&
yey
Furthermore, for a fixed , f (z,y) is lower-semicontinuous function of y. Then, inf cc(,) f (z,9)
is continuous in x, where C : X — 2% is a compact set-valued map.

Proof. Consider a sequence x,, such that d (z,,,z9) — 0 as n — oo. Let y,, be the minimizer for
f(@n,y),ie,inf co ) f(@n,y) = f(Tn, yn) and let yo be that for f(zo,y). Existence of y,, and

1o is guaranteed by lower-semicontinuity of f (2, y) for fixed x, and compactness of the map C. Then,
for a fixed n,

.}F(‘TOJJO) - f(xna yn) < f(x07yn) - f(xnayn)v
which, for n large enough so that dy (x,,, xg) < 5, is bounded by €. Similarly,

F@nyn) — F(@0,90) < F(@n,90) — F(@0, 0),

which is again bounded by € for large enough n, concluding the proof. O

43



For u € M and t € X, define gy (1, t,y) := t1 KLY (1, 7) + tp KLE ¢ (11, 7), and let

h(/jl7t) — min inf gb(uvt7y)'
b#1 yelrd (u1),zn (up)]

From Lemma|[H.2] for fixed y,t, g, is lower-semicontinuous function of y. Furthermore, da(., )
being a continuous function on bounded support, is a uniformly continuous function. Whence, given
€ > 0, there exists J > 0 such that

V(ﬂ7t~) : Z (dK(:&‘a?Ma) + d(favta)) <d = sup ‘gb(uat7y) - gb(ﬁvi y)| <€
Yy

a
where d is a metric on R.

Corollary H.3.1. h(u,t) is a jointly continuous function.

As we did in Section E]for CVaR, we will use the maximiser, t*, evaluated at the empirical distribution
vector to drive our sampling rule. Observe that, unlike CVaR, we do not need to project the empirical
distribution in this setting. The algorithm stops at the first time, n, when

max min inf Na(n) KLY (fia(n), z) + Ny(n) KLE (f1p(n), ) > B(n,6),
a  bEa gelad (ia(n))wx (fin(n))]
— 1)

All in all, the algorithm for finding the best VaR arm is similar to that for CVaR, with the correct
definition of KL . and KLY ; used at all places.

n

Theorem H.4 (Formal statement of Theorem . For € M, the proposed algorithm for finding
the best VaR-arm is §-correct, and satisfies

where
K—-1

)

t K
B(t, ) = 6log (1 + log 2) + log + 8log (1 + log

E (75) 1
V()
For the proof of the Theorem [H.4]above, we need to discuss two things: upper-hemicontinuity of ¢*,

which is needed for the proof of (52)) and deviation inequalities for the stopping statistic, which is
needed for the j-correctness.

IN

lim sup

52
5—0 log (1/6) 42

To prove §-correctness of the algorithm, we would like to show that

P (an € N maxmin {Na() KL 22(012)) + No() KL, 220)) 2 ﬂ(nﬁ))
a#l a

is at most §. Towards this, it is sufficient to show that the following event has probability at most J:

{Eln eN: mjx {Nu(n)ds(Fp, (n), ) + Ni(n)da(Fpy (n), ™) } > 5(71,5)} .
a#1

The above deviation inequality follows from the observation (see e.g. [32]) that for each arm a,

Fju,t)(wx(pa)) is an average of i.i.d. Bernoulli random variables with bias 7. This means that we

can employ standard uniform deviation inequalities for sums of self-normalised variables (see, [38,
Section 6.1]).

Recall that the sample complexity proof for the best CVaR-arm problem required continuity (upper-
hemicontinuity) of ¢* only in the Kolmogorov metric which, for measures 7; and 79 is defined
as

dic (1, 712) = sup [ F, () = Fo, ()]
TE

Upper-hemicontinuity of ¢*(x) (in the Kolmogorov metric, as a function of p) follows from Corollary
together with Berge’s Maximum theorem. Furthermore, the set of maximizers, t*, is convex.

In conclusion, we see that asymptotically optimal algorithms for the minimum VaR arm identification
problem lie squarely in the convex hull of existing ideas.
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One challenge with the VaR objective is that the objective inside the inf,, in the expression for V(1)
is not (quasi) convex. Our current best computational approach is to do a one-dimensional grid search
over candidates zy. Once we have the oracle for computing the inner optimization problem for a
given t € ¥, we can compute the inner inf, problem for the best-looking arm vs all alternatives.
We may then further wrap this oracle in an outer optimisation (for example by the Ellipsoid method)
to find ¢*.

I Discussion on the mean-CVaR problem

Recall that we have K arms, each associated with a distribution, which may, for example, correspond
to a loss in a financial investment. When an arm is selected, an independent sample from the
associated distribution is revealed. In the mean-CVaR problem, the performance-metric associated
with a distribution 7 is o(n) := aam(n) + agcx(n), where ag > 0, e > 0, m(n) and ¢ (n) denote
the mean and CVaR at w*"-quantile for distribution 7. We are interested in finding the arm with
minimum value of this metric in a J-correct BAI framework. We point out that this problem is
conceptually and technically similar to the CVaR-BAI problem, described in detail in the main text.
Hence, we state the results directly, while omitting the proofs.

In this section, we again need to restrict arm-distributions to class £ = {n € P(R) : E, (| X 't <
B}, otherwise the problem is un-learnable. This imposes restrictions on possible values of o(n),
¢x=(n), and 2 (n), which are stated next.

Lemma L1. Fora; >0, as >0, 7 € (0,1)

. T 1 a2
. - = — BT+e .
min arm(n) + azcr(n) + a2z (n) T—— (al + 1—77)

Proof. First, observe that it suffices to consider distributions supported on only 2-points. Then the
following is an equivalent problem:

min ayxm + (1 — 7)oy + ay + asz s.t. mla]+ (1 =7y < B

z<y 1-

«
1-m

The objective function can be re-written as (a1 + ) (zm + (1 — m)y) , which clearly is mini-
mizedatx =y = —B Wle, proving the desired equality. O

Lemma L2. Fora; >0, as >0, 7 € (0,1)

1+1\ T+e
1 CYQ
max a1m(n) + ascy = B (n+(1—m <1+) .
nel 1 (77) 2 (77) 1 ( ( ) Oél(]. _ ’/T) >

Proof. First, observe that it is sufficient to consider distributions supported only on 2 points. Thus,
the problem is equivalent to

max aymz+or(1—7)y+agy st wla| T+ 1 —7m) |y < B.
z<y

The objective function above can be re-written as ay7mx + (1 — 7)y (lafﬂ + a1> . Since we are

optimizing a linear function over a convex set, the optimal will occur at a boundary. In particular, the
moment-constraint will hold as equality, and

1
B* 1— 1+e€ Tte
x( (1—my )
™

will be satisfied. At this point, the problem reduces to

max a1 (B— (1 —my*™) + (1 -7y (1&2 + a1> .
(+85) T 2y20 -

1—m
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Differentiating with respect to y, and setting derivative to 0, we get

1
€

« (65 B
Yy = <1+ 1
ag(1— 7r)> o 1+<
6+ (1-90) (1 + a1(1—9)>
Furthermore, it can be verified that y* < (%) Hence, substituting this into the objective function
gives the desired result.
O
Lemma L3. Fora; >0, as >0, 7 € (0,1)
min a;m(n) + aec.(n) = — Bﬁ(al + ag).

neL

Proof. First, observe that it is sufficient to consider distributions supported only on 2 points. Thus,
the problem is equivalent to

max oz +o(l—m)y+aey st owle] T+ (1 —7) |y < B.
z<y

The objective function above can be re-written as ay7a + (1 — 7)y (10_27T + al) . Since we are

optimizing a linear function over a convex set, the optimal will occur at a boundary. In particular, the
moment-constraint will hold as equality, and

: <B<1w>y1+e>f+e

x =
™
will be satisfied. At this point, the problem reduces to

max —apm ™ (B—= (1 —m)(=y)') + (1 —7)y (1012 + al) :
~BTH <y<0 "

Differentiating with respect to y, and setting derivative to 0, we get

Observe that y* < —BT+<. Substituting y* = 0 in the objective function, we get the desired

1
1+te

o=

B

1+1
6+ (1-06) (1 + 701(0;1_9))

bound. O
Lemma L4. Fora; >0, as >0, 7 € (0,1)

min aym(n) + asce(n) — asx(n) = —a1BTE.

neL

Proof. First, observe that the given problem can be re-written as

min - aim(n) +azEy (X~ 2e(m),)

Since the second term above is non-negative, and the first term is minimized by n* which is a point
mass at —B T+, with second term being 0, n* is optimal, proving the desired equality. O

As earlier, for n € P(R) and = € R, the following two quantities will be crucial for the algorithm
and its analysis:

KLY:(n,z) = min KL(n, k) and KLL(n,2) = min KL(7n, k).

KEL KEL
o(r)z= o(w) <z
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I.1 Mean-CVaR: algorithm and results

Forz € R, z € R, and n € P(R), let Sa(z, x) equal

A1 >0, Ao 20:min1—/\1(B—|y|1+6)—/\2 (w—aly—agz—%(y—Zh) >05,
yeR 1—m

1 1
B\ ¢ x4+ a1 BTF
s ’ Qo

Z(x):

)

1 1 (e 1+% e
O=|-B™ (1 +ay), By (n+(1—7) 14+ ——— )
a1(1 —7T)

and let S be set of all (p1, p2, p4) such that p; > 0, p2 > 0, ps € R, and

. € (%
min 1—p1<B—|y|1+>+p2<x—a1y>—p4<1—7r>—(” Qy—p4> > 0.
yER 1—m +

Forn € P(R) and z € O°, KLL (1, ) equals

min  max E, (log (1 —M(B— X" = A, (ac — X — gz — —2 (X — z)+))> ,

z€Z(z) (A1,X\2)ES,

and KLY (n, z) equals

c as X
max E, <log <1—p1(B—X|1+)—|—p2(a:—qu)—p4(1—ﬂ')—<p2 2 —p4) ))
PESs 1—m +

As earlier, these are precisely the dual representations for the KL-projection functionals, crucial for
the algorithm, and its analysis. Compactness of the dual regions, Ss and S, can be argued as in
Section[D.3] Joint-continuity of these KL-projection functionals can also be established by mimicking
the arguments in Section [C.2} which is required for the sample complexity proof. Concentration
inequalities similar to those in Proposition[d.2]can be developed for the empirical versions of these
mean-CVaR KL-projection functionals, and the algorithm of Section |4} with KLU . and KLE ; as
defined in this section, and §3 as in (7), gives a plug-n-play algorithm for the mean-CVaR BAI
problem.

Theorem L5 (Formal statement of Theorem[.3). For u € M, the proposed algorithm for finding
the best mean-CVaR-arm is §-correct, and satisfies

E (7s) < V(l 2
1

i
U0 log (1/9)

J Discussion of KL; (-based confidence intervals for CVaR

In this section we construct KL, ¢-based confidence intervals for CVaR, and compare them to those
obtained from the traditional concentration and clipping arguments. We will show how the traditional
argument can be recovered from the KL;,r concentration at minor overhead, but with built-in anytime
validity.

Given n samples from a distribution 7 € £, U,, defined below is an upper bound on the true CVaR of
n at its 7" quantile, where

U, = max{z € R : nKLJ(f,,z) <C}, (53)
for an appropriately chosen threshold C, so that U,, > ¢, (n) with probability at least 1 — §. This
follows from Proposition 4.2}
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This upper bound can be re-formulated as

U, =max{cz(k): k€L, nKL(f},,x) < C}.
Using the Donsker-Varadhan variational representation for the KL divergence, U,, is at most

max c(k) s.t. nEsy) (9(X)) —nlogE, (eg(X)> <C,
KEL

for all measurable functions, g, with a finite second term above. Let x,. denote the Wth-quantile for k.
Then, for a sequence of thresholds u,,, and # > 0, we define the function

0
gn(X)=——X1 (2, < X <wuy).
1—m
Substituting g,, for g in the above, and adding %EK (X1 (zr < X)) on both the sides, we get that
U, is at most the maximum ¢, (k) such that k € £ and

b i(E“ (X1 (2, < X)) —X;1 (2, < X; <up))
i=1

1—m

—nlogE, (e—%“(”’éxf“”) <C+ 1"—9& (X1(zr < X)). (54
— T

Let Y, = X1 (2, < X < up), mp = Eo (X1 (2, < X <)), and 0 = 2. Then |Y,| < u,
and E,; (02Y;?) < 62 Bu)~°. Using this,

0, XL(zr <X <un) ZOC Ex ('9”Y”|]> B K (Orun)
Eli (e P ™A xUn ) S 1 —Gﬂmn—l— ﬁ S 1 _Gﬂ-ml‘i_ Tte E ]| .
! Un .

Jj=2 Jj=2

(55)

Thus, we have E,; (e 0=X1(@-sXSun)y <10 m,, + Tli‘ (ef7n — Qu,, —1). Using 1 + & < e”

and (53)) in , we get that U, is at most: max ¢, () subject to

KEL

0, i (B (X1 (zr < X)) — Xil (25 < X < un))

B
<C+n <97TEK (X1(zr < X)) —0my, + —= (e&run — u,, — 1)> _
Un

Clearly, E,; (X1 (X > w,,)) is at most B/(uy, ). The above constraint can be relaxed to

n

> (Ew(X1(2r < X)) = Xil (22 < X; S uip))

n
i=1

<

b, \n

E 1 (C B
Uy, n U}LJFE

(69”““ — Oru, — 1)) .

Choosing 0, = c:g , the above constraint is
1 — B nB? Culte
— < — X, < X, < < n —
=) (B (X1 (0r < X)) = Xil(ar € Xy Sun)) € — + g (e 1)

i=1

Recall that




Setting

Uy = (Bn (log 661)_1) " and rn(00) == 1 ) ZXil (2r < X; < up),

n(l—m P

for some parameter &, which will be chosen later, we get the following upper bound on U,,:

™= -1\ Te c -1
éﬂ,n((So) + BT <1Og60> (1 + (elog501 — 1) 1Og050 > ) (56)

1—m n

Observe that ¢, ,,(9) is the popular truncation-based estimator. Now, if 6y = ¢ and C' ~ log 51, then

we obtain ) ]
4BTFe <1og5'1)1+‘

Uy, < éxn(0)+ - ”

(57)

which is a (1 — §)-probability upper bound for the true CVaR, obtained using the truncated estimator,
¢rn(6) [39, see, (29)], assuming perfect estimation of VaR at the 7*" quantile. From Proposition
4.2 however, the current best C' permitted is log 6! with an additional 3 log(number of samples),
which gives that our upper-bound will be worse. However, our confidence intervals are any-time (as
Proposition 4.2 is).

Typically, in applications to multi-armed bandit problems, we require high-probability upper bounds
for a random number of samples allocated to an arm. Our confidence intervals are any-time and can
be directly used in these applications. The same is not true for the truncation-based intervals, where a
union bound would instead be needed in the analysis.

For example, in the classical regret-minimization framework of MAB with CVaR as the (unobserved)
loss, a UCB algorithm based on the truncation-based estimator in would choose § = T2 at
time 7', for constructing index for an arm with n samples. With this choice of 6, r.h.s. of would
correspond to index for such an arm at time 7'. On the other hand, since the bound for KL}flf 1S

anytime, UCB constructed using it would require § =~ (T log?(T )L, This would correspond to
setting C' =~ log T+ 2log log T + 31og (number of samples) in (53))

[3]] recently show that a UCB algorithm using an arm index similar to (53)) (KL;,s-UCB) is asymptot-
ically optimal for the mean objective in heavy-tailed bandits. Their algorithm, with KL;,¢ replaced
with KLY . or KL{ , as appropriate, will be an optimal algorithm for regret-minimization with the
CVaR-objective. Since for such an algorithm, sub-optimal arms are pulled approximately log 7" times
till time 7', this would correspond to setting

C = logT + 2loglogT + 3loglogT

for sub-optimal arms in this application. With this choice of C, (56) is an upper bound on our index at
time T, for all values of §y. In particular, setting 6o = T2, we get that our index for a sub-optimal
arm is dominated by

ATFT T72
Crin )+1—7r n

3BT+ (2logT)1€+‘

which is smaller than the index of UCB with the truncated estimator.

Furthermore, the comparison with (56) doesn’t account for error in estimating the VaR of the
underlying distribution, which is also needed in the truncation-based CVaR estimator. We would also
like to point out that the estimator of [39] is similar to the ¢, ,, () defined above, with the truncation
level changing for each sample. However, using their analysis, it can be shown that both ¢, ,, () have
the same guarantees.

K Batched algorithm and Sample complexity

In this section, look at the computational complexity of our asymptotically-optimal algorithm for
the CVaR or mean-CVaR BALI, and propose a modification which is optimal up to constants, but is
computationally less expensive.

We observe numerically that the computational cost of the KL-projection functionals increases
linearly in the number of samples of the empirical distribution. In particular, the computation of
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optimal weights increases linearly with number of samples. Let this cost at time n be ¢; + can,
where c; and co are non-negative constants. Then, the over-all cost of the algorithm till time 75 is
(01 + %) Ts + %2752, which is quadratic in the total number of samples.

Consider a modification in which we only check for stopping condition, and compute the weights at
(1 + n)-geometrically spaced times, for 1 > 0, and use these weights to allocate the samples at all
the intermediate times using any reasonable tracking rule. The (1 + 7)-batched algorithm with the
randomized tracking rule of [2] is formally described in the next subsection. The algorithm makes an
error if at the stopping time, its estimate for the best-arm is incorrect. As earlier, the error probability
can be seen to be at most[36] and d-correctness thus follows (Section [K.2)).

Theorem K.1. The n-batched algorithm with randomized tracking is d-correct, and satisfies:

. E(Tg) 1+1n
lim su < .
so0” log (1/8) = V(p)

The proof of the Theorem [K.1]is similar to that of sample complexity part of Theorem4.T|and can
be found in Appendix [K.3|below. Thus, if 75 denotes the stopping time of the original algorithm,
the batched algorithm stops after at most (1 4 7)7s5. Moreover, it computes optimal weights roughly

at times (1 + n)¢, fori € {O, 1,..., kl’i:f + 1}. Thus, the computational cost of this algorithm is

log(1+n)
generated.

at most ( log7s | 1) e+ (1+ n)%};%"‘, which is roughly linear in 75, the number of samples

K.1 Algorithm

The algorithm proceeds in batches, as below. Let ¢; denote the time of beginning of I*” batch, and let
b; denote its size. We use the randomized sampling rule, as in [2]]. The stopping and recommendation
rules are as earlier (see Section[d).

* Pull each arm K times. Initialize | = 1, = K? + 1 and b; = max {1, [7(t; — K?)]}.

* At the beginning of each batch, I/, compute the optimal weights ¢*(II(fi(¢;))), where II is
the map that projects the argument on to £X in the Kolmogorov metric (see Section E]for
details of the projection map). Check if the stopping condition is met. If not,

1. Compute starvation of each arm a, defined as s, = max {0, (t; + b;)'/? — N, (t;)}.
2. If Y, 8¢ < by, generate s, many samples from arm a, for all arms. Furthermore,

generate by — ) s, i.i.d. samples from the weight distribution, ¢* (II (fi(¢;))). For
each arm a, count the number of times a appears in the generated samples and sample
arm a that many times.

3. Elseif b < ), sq, then generate 5, samples from arm a, where § = {31,...5x} is
the solution to the following load balancing problem: min; max, {s, — $,} such that

80 €N, 8, €[0,5,),and Y 5, = by.
4. Sett;y1 =t + by, b1 = max {1, M(tHl — KQ)—I }, and [ = [ + 1, and repeat.
* If the stopping condition is met, declare the empirically-best CVaR-arm as the answer.

deterministic. Moreover, for ¢ > 0, let [(¢) denote the batch [ such that t; <t < ¢;,1.

Clearly, K? + % >t > K2+ (1+a) " and (1 +7)! > b > 7(1 + 7)1, and are

1
3
Lemma K.2. The 7j-batched algorithm ensures that for all | > 1, N, (t;) > tlf —1.

1
Proof. Clearly, forl =1,¢t; = K 2 4+ 1, and each arm has K > % — 1 samples. Let the given
statement be true for all [ < [, for some [p € N. Then, for [ = [y + 1 the statement will be
1 1

true if (t7 ,, —17) < [7(ti, — K?)] , where r.h.s. is the number of samples available with the
algorithm in the batch [y + 1, and Lh.s. is the maximum number of samples the algorithm will
need to allocate in order to ensure the inequality in the lemma. The above is equivalent to showing

1

2

1
that (t;, + [ij(ty, — K?)])? —t7 < [ijts, — 7K?] . For positive a and b, a* + b > (a + b)?.
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Hence, (t, + [fi(ti, — K?)])7 — tl‘%o < [t — nKﬂ% < [iti, — 7K?], proving the desired

inequality. O

K.2 J-correctness

As in Section 4] our stopping rule corresponds to thresholding the Z statistic (see (7). However,
instead of checking this at each time, we do this only at the beginning of each batch. Formally, the
stopping time, 73, lies in {; : | € N}, where #; corresponds to time of beginning of I*" batch. As
earlier, error occurs when at time 75, the estimated best-arm is not arm 1. Thus, the error event is
contained in

U {inf {3500 KL Gt + 30 KL a0} 2 5 8,0 .

<y

which can be bounded using Proposition[4.2] as in Sectiond] We omit the details here, and refer the
reader to Sectiond]

K.3 Sample complexity

We now prove that the sample complexity of the batched-algorithm matches the lower bound upto a
factor of 1 + 7, asymptotically as § — 0, i.e., it satisfies

E, 1+7
limsupy < ﬁ

50 log s Viu

As in Section we use the projections in the Kolmorogov metric, i.e., II = (IT1, 5, ..., k),
where

I;(n) € argmin dk (k,n), and dx(k,n) = sup |F(z) — F(z)],
KREL zeR

and F}; and F}, denote the CDF functions for the measures n and «. As earlier (Section @), define

To £ Be(pr) x Be(p2) X ... x Be(uk), where Be(pi) = {k € P(R) : dr(k, ;) < ¢}, and
¢ > 01s chosen to satisfy the following:

p eIy = V' et* (II(y)), It et (u) st |t/ —t]oo < €.

Recall that 1 € M is such that —f™ (B) < ¢x(p1) < max;y cx(p;) < f (%), where

fc) == max{y: f(y) = c}. For T € N, define Io(T) = I(T3), [,(T) = I(T3) 4 1, Iy(T) =
max {l1(T),(T) — 1}, where for n € N, I(n) denotes [ such that t; < ¢ < ;1 and ¢; denotes time
of beginning of [ batch. Furthermore, let

12(T)
m {i(ty) EI} ﬂ {max

1=10(T) a€[K]

Nq(ty)
l

—ﬁwﬂs%}.

Let 1/ be a vector of K, 1-dimensional distributions from P(R), [K] = {1,..., K}, andlett’ € Y.
Define

g(i',t") & max min inf (t, KLY (ph, ) + t, KLiI;lf(ug,x)) .
a€[K] b#a xe[_f—l(BLf—l(%)]

Note that, for i € (P(%))K, from Lemmaand Berge’s Theorem (see, [8] Theorem 2, Page 116]),
g(u,t) is a jointly lower-semicontinuous function of (1, ). Let ||.||cc be the maximum norm in #
and
Ci(p) = inf g(u',t).
e,
t':inftet*(”) [t —t]) oo <4€’
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Recall that for n € N, the modified log generalized likelihood ratio statistic for ji(n), used in the
stopping rule, is given by Z(n) = max, min, ., Z, (1), where
Ng
Zayp(n)=n inf ((n) KLi{flf(ﬂa(n), x) +
ve[-r1B).f1(Z)] N "

Nb(’I’L)

On Gp(€'), for T > K + 1and ! € N such that I5(T") > 1 > 1 (T),
Ng(t
Z(t;) = t; max min inf <(l) KLY (fa(t), ) +
a  b#a IG[,f—l(B)wf-l(%)] t

- i {102, N0}
(

>t CH(p).
(58)
Furthermore, for T > K2 + 1, on Gr(¢'),
12(T)
miIl{Tg,T} < by + Z b1 (tl < 7'5)
=1, (T)+1
12(T)
=ty + Y, bl(Z (k) < B (t,9))
=1, (T)+1
I2(T) 59)
4,0 (
<tumyt+ Y ml(n<;i£2;)
=11 (T)+1 e\
B(tiy(1y,0)
Shmv+‘ém;*+%@>
B(T,9)

Stll(T)+(1+ﬁ) +17

Ci ()

where for the last inequality, we use monotonicity of 3(-, -) in the first argument, and that by, (7 <
7 8(T,9) + 1. Next, define

77C:,(/t)
. _ B(n,0) }
To(0) =inf sn e Nty + (1 +7)—=; +1<n,.
0(0) = inf fn €Nt + (1 DG
On G, for T > max {Ty(6), K* + 1}, from and definition of Ty (4),
T,6
wmin {75, T} <ty + (1 4+ ) o) < 7,

Ch(p) ~
which gives that for such a T, 75 < T. Thus, for T > max {To(d), K2+ 1}, we have Gr(€') C

{75 < T} and hence, P, (75 > T') < P,(G%). Moreover, for a constant 7¢,, Lemma |F.5|bounds the
probability of G, for T" > T.. Since 75 > 0,

oo

Eu(7s) < To(0) + K> + 1+ To + > P, (G5(€))- (60)
T=To(6)+K2+1+T,,
For € > 0, it can be shown that
. To(9)
lim su
s log (1/9)

Then, from (60), (61), and Lemma [K3]
. Eu(rs) _ (L+0)(1+¢)
lim sup —* < :
s 108 (1/0) = )

(I+7)(1+¢é)
Ci(p)

IN

(61)
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From lower-semicontinuity of g(z/,¢') in (1/, ') for y/ € (P(R))" . it follows that lim inf C% (1) >
n—oo
V(). First letting € — 0 and then letting ¢/ — 0, we get the desired inequality.
Z Pu(G7()

Lemma K.3. Let T, = ¢ —8/3, Then, lim sup W

6—0

=0.

Proof. The proof of this is similar to that in [2) Lemma 32]. However, the batch sizes in our algorithm
may not be constant. We modify the proof to allow for this flexibility.

Recall that for T € N and T > K2, Io(T) = I(T3), i(T) = I(T3) + 1, I5(T) equal
max {l1(T),1(T) — 1)}, for I € N, ¢; denotes the beginning of I*" batch, and

12(T) 12(T) N
)= [ {at)eZe} ) {E[K]’ ta(u)‘<4e/}.

1=1o(T) =1, (T)

Let
12(T)
/ = m {i(t) € Zo} .
1=1o(T)
Using union bounds,
12(T) L(T) K
< ) PL(alt) €To)+ Y ZP(‘ (u)’>4e’,g}(e’)>. (62)
1=1o(T) 1=1,(T) i=1
The first term above can be bounded by
(T) K
5 3 (s o)~ Rl 2 ).
1=1o(T) a=1

From Lemma the algorithm ensures at least ‘F —1>+/t//(2K) samples to each arm till time
t;. Using this, each summand in the bound above can be bounded as follows:

t
P (sup |Fﬂa(tl)(x) — Fa(x)| > e’) <P (sup |Fﬂa(tl)(x) — Fa(x)| > €' No(ty) > g;) .

R.h.s. in the above inequality can be bounded using union bound and DKW inequality by
t

. /o /2\/7 /2 -1
Z e deT <€ (1—6 ) .

J=Vti/(2K)
’ / ’ -1
Thus, the first term in is bounded by KTe™*¢ 2¥ (1 — e 2% 2) .

To bound the other term in (62), for I € {l;(T),...,l>(T)}, let M;, denote the set of times in
{1,...,%;} when the algorithm flipped coins to decide which arm to pull. Define

Z|t ) —ti(w)|, and A2 Zu ()],
]6]\4” ]é]\/[tl

where I;(j) is the indicator that 7*" arm is pulled on j*" time step, and /i(j) denotes the empirical
distribution vector at the beginning of the batch to which the time j belongs. Using these,

N;(t « , 1 . * Al /
(| | 240,01 ) <P | 1] & () - @G| + Az + A0 > 4¢.63
JEMy,

Since |I;(j) — t; ()| < 1, and from Lemmawe have that t; — |Mj,| < tll/z. For T' > T., and
I > 1;(T), As above satisfies

-V 1 1 /

<

A
PSS o SRS




Next,

Ay = tl S ARG — W+ Y 1 A(aG)) - (w)] -
JEMy, JEMy,
J<tiy(T) J2tig(T)

If £,y < K2, then the first term above is 0 since in this case, My, N {1, . 7tlo(T)} is emptty, as
Lo(T)

the algorithm does not flip any coins in this period. Otherwise, the first term is bounded by D)’
1

which is further bounded by —i, which for T > T, is bounded by €'.

On GL(¢'), the second term in As is atmost ¢, since for j > tio(ry f1(j) € Zer. Thus, Ay < 2€¢'.
Thus, for T > T, = 6/8%, and for [ > 1;(T),
Ni(ti) . . s
P (| | a0t ) <P (| X 10 - D) > 0.6

t )
jGZ\/Itl

Let Sy =3 ;cnr, (Ii(5) — 7 (w)). Clearly, S, is a sum of 0-mean random variables. Whence, it is a
martingale, and satisfies [S, 11 — S, | < 1. Azuma-Hoeffding inequality then gives,

Ni(t)) , o €212 €2t €273/4
P22 — 5 (p)| >4 <2 - <2 —— ] <2 -
(’ t i(w)| 2 4€,Gr | < 2exp oM, | ) =P 9 | =P 2

where for the last inequality, we used that [ > {1 (7). Summing this over [ and 4, the second term in

is bounded by
"23/4
2KT exp <E Z ) .

L. Details on the Experiments

In this section we report the numerical studies undertaken to validate our methods. We are interested
in the question whether the asymptotic sample complexity result of Theorem [4.1]is representative
at reasonable confidence §. Whether this is the case or not differs greatly between pure exploration
setups. [27] see state-of-the-art numerical results in Bernoulli BAI for Track-and-Stop with § = 0.1,
while [22] present a Minimum Threshold problem instance where the Track-and-Stop asymptotics
have not kicked in yet at § = 10_20{1] The latter work suggests the difference may very well lie in the
specifics of the lower-bound optimisation problem for each task, with the good case arising when
the optimal solution t* to the lower bound puts positive mass on all arms, so that convergence of
estimates does not require forced exploration. Our heavy-tailed best CVaR problem (@) indeed has
full support, and our experiments confirm that the approach is practical at moderate §.

To focus on the heavy-tailed regime, we select arm distributions for which higher moments do not
exist. In particular, we choose Fisher-Tippett (F'(u,o,~)), Pareto (P(u,o,7)), and mixtures of
Fisher-Tippett arms (these heavy tailed distributions arise in extreme value theory). The standard

Fisher-Tippet distribution with shape parameter v has CDF Ff (z) = e~ ()7 (continuously

extended to v = 0), and this is lifted to three parameters Flf oy (T) = Ff () by adding a location

v and scale o. The m-th moment of F, exists iff v < 1/m. Similarly, CDF for P(y, o,) is given by

FP, (@) :=1—(1+7 (%£))~*=1/7. Fory > 0, both F(y,0,7) and P(y, 0, ), have unbounded
support on the positive axis. F'(u, o,~) has unbounded support on the negative axis for v < 0. We

create interesting two-sided distributions by taking (binary) mixtures of these.

In our first experiment, we look at the distribution of the stopping time of the algorithm as a
function of J. In this setup, there are three arms: arm 1 is a uniform mixture of F'(—1,0.5,0.4) and
F(-3,0.5,—0.4), arm 2 is P(0,0.2,0.55) and arm 3 is F'(—0.5,1,0.1) with respective CVaRs at
quantile 0.6 being —0.1428, 0.974 and 1.547. We select e = 0.7 and B = 4.5. This is a moderately
hard problem of complexity V! (u)* = 49.7. The arm-densities are shown in Figure

'[211, Figure 2] show that (unmodified) Track-and-Stop is not asymptotically optimal for problems with mul-
tiple correct answers including (e, §)-BAIL They have to go out to § = e~ 3° to see the suboptimal asymptotics.
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Figure 2: Histogram of stopping times based among 1000 runs on 3 arms with heavy-tailed distri-
butions, with densities shown in (b), as a function of confidence §. Vertical bars indicate the lower
bound (E[) (solid), and a version adjusted to our stopping threshold (]Z]) (dashed), i.e., the n that solves

n= 6(“; 5)‘/(:“)_1'
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Figure 3: Stopping time (empirical sample complexity) of the algorithm at 6 = 0.05 as a function of
number of arms. Each data point is an average of 1000 independent runs.

Figure [2a] shows histograms of the sample complexity, together with the lower bound (solid vertical
line) and a second reference point (dashed line) which is the n that solves n = V(1) 3(n, ), i.e.
the time by which our stopping threshold activates for the optimal sampling allocation. We see that,
for a range of practical J, the actual stopping time is very close to it. In particular, this means that
the algorithms learns to approximate the optimal sampling strategy. We thus conclude that even at
moderate ¢ the average sample complexity closely matches the lower bound, especially after adjusting
it for the lower-order terms in the employed stopping threshold 3(n, d). This demonstrates that our
asymptotic optimality is in fact indicative of the performance in practice.

In our second experiment, we let £ be the collection of all distributions with 1.7t"-moment bounded
by 4.5. We demonstrate in Figure [3] that the stopping time of the algorithm (empirical sample
complexity), at § = 0.05, increases linearly with the number of arms, though currently theory shows
a dependence of K 4, where K is number of arms, in the lower-order terms (see the very last line
of Lemma . The experiment suggests that this K* dependency is an artefact, as it does not
materialise in practise. For this experiment, we start with a 2-armed bandit: arm 1 being a uniform
mixture of F(—1,0.5,.4) and F(—3,0.5, —.4), and arm 2 being P(2.25,0.1,0.01). The CVaRs for

these arms at 0.6 quantile are —0.1428 and 2.4439, respectively. Here, arm 2 is sub-optimal (recall
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Figure 4: Stopping time (empirical sample complexity) of the algorithm as a function of the moment
bound, B. The graph shows the dependence for 3 values of e: 0.5, 0.7, and 1.1. We observe that for
€ < 1, the sample complexity is a convex function of B, and is linear for ¢ > 1. Each data point is an
average of 1000 independent runs.

that we are interested in the arm with minimum CVaR). We then keep adding more arms which are
replicas of arm 2, thus minimizing the effect of other factors on the sample complexity.

In our final experiment, we look at the dependence of empirical sample complexity on the parameter
B. The arms are the same as in our previous experiment, i.e., arm 1 is a uniform mixture of
F(-1,0.5,.4) and F(—3,0.5, —.4), and arm 2 is P(2.25,0.1,0.01). In this experiment, we change
the comparator class £ by changing only B. ¢ is set to one of 0.5,0.7, or 1.1, and we start with
B = 7.5, and increase it upto 20, in steps of 0.5. Figure a|plots the stopping time of the algorithm
as a function of B, for the 3 different values of €. It demonstrates that for e < 1, the dependence is
convex, approaching to linear-dependence as ¢ — 1. We in fact sketch approximate lower and upper
bounds for V(1) (Section M]), a quantity that characterizes the asymptotic sample complexity. These
bounds show that sample complexity scales as B % for e < 1, and scales linearly for € > 1. This
is clearly visible from the graph in Figure [#a] where the blue curve, which corresponds to € = 0.5,
can be checked to be quadratically increasing, and the curve in Figure db| demonstrates a linear
dependence for e = 1.1.

In each case we perform 1000 independent replications. We use the stylised threshold 3(n, ) =

log %‘g(”). This threshold is not currently allowed by theory. Yet we find that it is still conservative,
as we do not observe a single mistake. Finally, instead of computing ¢t*(7},,) at each round, we make
use of a technique recently introduced by [22] to reduce computation: namely after each round we
perform a single step of an iterative saddle point solver for £*. We do not make use of their optimistic
gradients, instead relying on classical y/n-forced exploration. We use C-tracking from [27].

Finally, the computation of the stopping statistic (GLRT) and also the gradient involves an optimisation
over x as in the optimization problem in Proposition[3.5] We use bisection search to find the minimum
in zy. Even though this is not licensed by theory, we consistently observe in practice that after a few
rounds all these minimisation problems are in fact quasiconvex in xy. We use the ellipsoid method
for the inner minimisation problem. As the number of terms grows by one each round, the overall
run-time is O(Kn) in round n.

We conclude that even at moderate J the average sample complexity closely matches the lower bound
(with adjusted stopping threshold 3(n, d)). This demonstrates that our asymptotic optimality is in
fact indicative of the performance in practice. The stopping time of the algorithm increases linearly
with the number of arms. Moreover, for € < 1, the stopping time is a convex function of the class
parameter, B, indicating that it is important to correctly estimate this parameter for smaller e.
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M Interpretable Lower Bound Approximation

In this section we consider an approximate version of the lower bound problem. Even though it is
heuristic, it is worthwhile as it gives an interpretable result. We take as our starting point (57)), which
we may invert to give us

4 \1tl/e -
KL ~ (122) B cola) i
4\ 1t/ .
Kihilno) ~ (122) B el - ) F

Let 111 be the best CVaR arm, in that ¢ (111) < ¢ (u;) for all j > 1. The lower bound problem (see
Lemma [3.T)) then requires solving the approximate problem (denoted by a tilde)

1+1/€
R R N T R i #
(63)
, which is the midpoint under the renormalised

V(p) == sup min inf (

tesk j#1 = -7

tica (H1)+t; cr(g)

Plugging in the optimiser x = T
115

e-powered weights, results in

3 4\ 1t/ AL+
Viw) = (1 - ) B7Y/¢ sup min ————,
7T €Sk JAL (17 +15°)

where we abbreviated Aj = ¢ (p;) — ¢ (1) for j # 1 and Ay := min;_; A;. From this point we

can already see that the characteristic time, 1/ f/( 1), scales with B 1/¢ which is clearly visible e.g. the
blue line in in Figure@ corresponding with e = 1/2, and which matches a quadratic (quadrupling
when B doubles).

At this point we can follow [27, Appendix A.4] and obtain an interpretable sandwich on f/(,u) with a
multiplicative factor 2'/¢.

Lemma M.1.

1+1/€ 1+1/e
I—m 1/e 1 (o —1 1e(l-m 1/e 1
(F57) B < vt = 2 () B

J J J J

Proof. LetC = (%) 1/ °. First, by plugging in the sub-optimal choice for ¢ given by
—1-1/e
—1-1/¢€’
2,

where we interpret A; = min;_; A;. We then find

1+e /e 1/e 1/e
- e Ry Ay 2<CB
V()™ < CBY [ YA max ((A_) +1> = ZW'

3 1£1 3
J J# J J j

tj

We may also obtain a lower bound on the characteristic time of the same order by considering the
sub-optimal choice z = ¢, (uy) in instead. We obtain

~ 1
V(,U/*) S sup min tjc_lB_l/eA;Jrl/E = W
teXk  j#l NSV
N
Taking the reciprocal gives the result. O
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