Under review as submission to TMLR

Modeling high dimensional point clouds with the spherical
cluster model

Anonymous authors
Paper under double-blind review

Abstract

A parametric cluster model is a statistical model providing geometric insights onto the points
defining a cluster. The spherical cluster model (SC) approximates a finite point set P C R¢
by a sphere S(c,r) as follows. Taking r as a fraction n € (0,1) (hyper-parameter) of the std
deviation of distances between the center ¢ and the data points, the cost of the SC model is
the sum over all data points lying outside the sphere S of their power distance with respect
to S. The center ¢ of the SC model is the point minimizing this cost. Note that n = 0 yields
the celebrated center of mass used in KMeans clustering.

We show that fitting a spherical cluster leads to a strictly convex but non-smooth combina-
torial optimization problem, and we develop an exact solver based on the Clarke gradient of
non-smooth functionals over a suitable stratified cell complex induced by an arrangement
of hyperspheres. To the best of our knowledge, our method is the first practical application
of the theory of semiflows of convex maps, which generalizes the gradient flows of smooth
maps. We present experiments on a variety of datasets ranging in dimension from d = 9 to
d = 10,000, with two main observations. First, our exact algorithm is orders of magnitude
faster than BFGS based heuristics for datasets of small/intermediate dimension and small
values of 1, and for high dimensional datasets (say d > 100) whatever the value of n. Second,
the center of the SC model behave as a parameterized high-dimensional median.

The SC model is of direct interest for high dimensional multivariate data analysis, and holds
promises for the design of mixtures.

Keywords: subspace clustering, spherical clusters, centerpoints, medians, non smooth optimization.
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1 Introduction

Our work on the spherical cluster model lies at the confluence of three topics: clustering algorithms, para-
metric cluster models, and high dimensional data analysis.

Clustering methods. Clustering, namely the task which consists in grouping data items into dissimilar
groups of similar elements, is a fundamental problem in data analysis at large Xu & Wunsch| (2005). Existing
clustering methods may be ascribed to four main tiers. Hierarchical clustering methods typically build a
dendogram whose leaves are the individual items, the grouping aggregating similar clusters
. In density based clustering methods, a density estimate is computed from the data, with clusters
associated to the catchment basins of local maxima (1995). Topological persistence may be used
to select the significant maxima Chazal et al. (2013)). In spectral clustering methods, clusters are defined
from the top singular vectors of the matrix representing the data (or their similarity) [Von Luxburg (2007).
K-means and variants aim at grouping the data points into a predefined set of k clusters so as to minimize
the sum of intracluster variance. Such methods aim at solving a NP-hard optimization problem, and the
so-called smart-seeding strategy k-means++ provides guarantees (in terms of expectation) on the k-means
functional |Arthur & Vassilvitskii| (2007). In practice, this strategy is superseeded by a greedy inertia based
criterion which consists of picking a seed amidst a set of candidates—see Arthur & Vassilvitskii (2007)) and the
scikit-learn implementation of k-means++. These methods are related to the problem of fitting (Gaussian)
mixtures using Expectation-Maximization Dempster et al.| (1977); [Kasarapu & Allison| (2015). We note in
passing that the variety of clustering methods prompted the development of methods to estimate the relevant
number of clusters—e.g. the elbow method [Ng| (2012), as well as methods to compare two clusterings

et al (2019).

Cluster models. A central goal of clustering is to provide insights into the geometry of the data. This
goal prompted the development of k-subspaces clustering techniques, which belong to two tiers. The first
one consists of methods in the lineage of (affine) sparse subspace clustering (SSC/ASSC) [Elhamifar & Vidall
(2013)); |Soltanolkotabi & Candes| (2012)); Li et al.| (2018)). These two step methods write each data point as
a sparse linear combination of other data points, and the coefficients found are used to obtain the clusters
via spectral clustering. Their correctness hinges on the ability of spectral clustering to separate the clusters,
which relies on conditions (e.g. the absence of intersection between the affine supports of the clusters) that
may not be met in practice. The second tier involves clustering methods using an explicit i.e. parametric
cluster model [Parsons et al.| (2004)); Wang et al,| (2009). These techniques face two difficulties. The first is
to avoid overfitting using a complexity penalty (AIC, BIC, MDL, MML) , as a richer model
always decreases the fitting error—e.g. a plane better fits noisy data distributed along a line than the line
itself. The second is to obtain the cluster mixture representing the data, a task usually addressed using an
Expectation-Maximization procedure Dempster et al| (1977); (1983). However, the main difficulty for
heterogeneous mixtures (e.g. clusters of varying dimension) is to navigate in the space of models, a difficult
question typically undertaken via (split, merge, delete) operations on the mixture components
(2015), or using a combination of EM and model selection [Figueiredo & Jain| (2002).

Geometric centerpoints in data analysis. Cluster models providing insights on the geometry of a point
set also call for a discussion of high dimensional centerpoints and medians. The classical center of mass of a
point set, which minimizes the sum of square distances to data points and is used in k-means, admits several
important alternatives. The Fermat-Weber point is the point from R? minimizing the sum of Euclidean
distances to all data points. Unfortunately, this point is hard to compute and unstable [Kupitz & Martini
(1997); [Weiszfeld| (1937)); Bajaj| (1988); |(Cohen et al|(2016). Building on Helly’s theorem, a median can be
defined as any point whose Tukey depth is at least > n/(d+1) (1975)). (The Tukey depth or halfspace
depth of a point x is the smallest fraction of points of any closed half-space containing = (1975).) It
is, however, challenging to compute. The classical randomized algorithm |Clarkson et al. (1993)) has been
derandomized in Miller & Sheehy| (2009). The complexity is subexponential in d, but to the best of our
knowledge, the algorithm is not practical. The projection median is defined by projecting the dataset onto
random lines, computing the univariate median for each projection, and computing a weighted average of
the data points responsible for these univariate medians Durocher & Kirkpatrick| (2009)); Basu et al| (2012));
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[Durocher et al| (2017)). It is an elegant, stable and remarkably effective generalization of the univariate
median. The projection median also underlies the construction of the Donoho-Stahel estimator for outlier
detection [Stahel| (1981)); [Donoho| (1982); [Donoho & Gasko| (1992).

Contributions. Two types of parametric cluster models have been proposed recently Wang et al.| (2009):
affine and spherical clusters (SC). The former accommodates potentially unbounded (large) clusters of ar-
bitrary dimension. The latter defines compact (spherical) clusters based on the power distance of points
with respect to a sphere whose radius is (a fraction of) the variance of distances to the cluster center—to be
determined. However, the uniqueness of the SC center is not established, and no algorithm is presented to
compute it. (The calculation presented assumes the center is known, and it solely observes that the result
obtained is consistent with the usual center of mass when the fraction of the variance tends to zero Wang

et (2009).)

Our work, which focuses on the spherical cluster model, is rooted in statistical analysis: identifying an object
capturing a global description of the point set. We make three contributions.

First, we establish the SC cluster model is well posed — that is the solution is unique. Second, we present
an exact solver using the Clarke gradient on a suitable stratified cell complex defined from an arrangement
of hyper-spheres. To the best of our knowledge, our method is the first practical application of the general
theory of semiflows of convex maps, and may be of independent interest beyond the spherical clustering
problem. In our setting, it is numerically tractable and outperforms traditional convex optimization frame-
works, particularly in high dimensions, as demonstrated by our experiments. Third, we present experiments
showing that the center of the SC model behave as a parameterized high-dimensional median.

These contributions have two direct practical applications and implications. First, the center of SC can be
computed efficiently, which is of interest to compute high dimensional centers and/or identify inliers/out-
liers in high dimensional data analysis. Second, our algorithm and its implementation provide the missing
machinery to compute mixtures of spherical clusters in affine subspaces of positive codimension.

All proofs and detailed algorithms are provided in the Supporting Information.

2 Parametric cluster models: affine and spherical clusters

2.1 Notations and terminology

Geometry. Let D be a set of n points in R?. We consider a partition of D into k clusters C1, ..., Cy,
with D, the set of points associated to cluster Cy. The unbiased sample variance for cluster D, of center ¢y
satisfies
1
A9 2
6% (ce) = > i — el (1)

n—1
x, €Dy

Let A = ¢+ V be an affine space, with ¢ a point in R? (think cluster center), and V a vector space. For
any point « € R?, we denote by (z — ¢)y the orthogonal projection of the vector (z — ¢) onto V, and by
(r — ¢) Ly the orthogonal projection on V.

When fitting a model, the sum of squared distances from samples to the model is called the residual sum of
squares (RSS), or dispersion for short.

Finally, a ball and a sphere of center ¢ and radius R are respectively defined by ||z — ¢||* < 1 and ||z — ¢[|* = 1.

Parametric cluster models. Take Cy for £ € [1,k] and suppose D, is known. Cluster Cy is described
by the parameter set 8, = (01, ..., 0¢,) and a function dy : (x, C¢(0;)) — de(z, Ce(0¢)), that is some distance
from a point to the cluster. We call the description of Cy by the function dy a parametric cluster model. We
decompose the clustering problem into two sub-problems concerned with the minimization of a dispersion
term based on squared distances:
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Problem. 1 (Cluster optimization). Let Cy be a parametric cluster. Cluster optimization s the optimization
problem seeking the cluster parameters minimizing the dispersion

n%in P, with ¢; = Z dg(x,Cg(eg))Q. (2)
¢ z€Dy

2.2 Affine and spherical clusters

Affine clusters. As a first generalization of k-means, one can consider the distance from a data point to
an affine subspace, yielding k-subspaces clustering Wang et al| (2009):

Definition. 1 (Subspace cluster). Let A = c+V be some affine subspace of R? where c € R? is a point and
V' is an m-dimensional linear subspace. The subspace cluster Cy(A) is a cluster, where the distance from a
point x to the cluster is the distance to the subspace :

d(z,Ce(A))* = d(z, A)* = ||(z = ) v | 3)

Spherical clusters. As noticed in Introduction, affine clusters may be confounded by noise, and suffer
from their non compact nature. This latter aspect can be taken care of using spherical clusters. To see how,
recall that the power of a point # with respect to a sphere S(c,r) is defined by 7(z,5) = |z — ¢|* — r2.

Following [Wang et al.| (2009)), we define:

Definition. 2 (Spherical cluster). Let n € (0,1) be a hyperparameter, and let ¢q be a point called the cluster
center. Given the set Dy, the distance function associated to the spherical cluster Cy(cy) reads as

d(z, Cy(c))? = max (0, & — cef)® — 77&2(@)) = max (0, 7(z, S(ce, /76(ce)))) - (4)

The rationale of this definition is that one wishes to find the center minimizing the cost of outliers—points
outside the spherical cluster.

2.3 Spherical clusters: discussion

Cluster optimization (Pb. 1)) for the spherical cluster model requires optimizing the following functional:

Ui
Fy(e):= ) max |0, lzs —el® = — >l —clf? ()

z; €Dy z; €D,

= Z max (0, w(z;, S.)) . (6)

;€D

Note that the power distance m(z;, Sc(¢, R.)) is taken with respect to the sphere centered at ¢ and with
squared radius R? = /n-132, cp, |z — c|l”.

A central result of our work is to show that the optimal center optg,,.. is unique and can be computed
efficiently.

This optimization problem calls for several important comments.

Using the (quadratic) power distance. Using the power distance rather than the Euclidean distance
serves two purposes. First, when n — 0, the optimal center opty,,.. converges to the usual center of mass
of the point set, namely the point minimizing the sum of squared distances. Thus, the centerpoint optgyact
may be seen as a parameterized center of mass. Second, using the squared distance simplifies the algebraic
calculations carried out in the next sections, and alleviates constraints on number types to obtain a robust
implementation. This design choice is actually common. On the one hand, we have recalled in Introduction
the difficulty of computing the Fermat-Weber point instead of the center of mass (COM). One the other
hand, one should recall that the most general affine Voronoi diagrams are power diagrams (replacing the
Euclidean distance by the power distance), while Voronoi diagrams using a multiplicative version of the
Euclidean distance are much more complex to handle [Boissonnat et al| (2006]).
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Radius R. and its dependency to the centerpoint. The radius used to define the sphere is not fixed
but depends on the location of the centerpoint c¢. It is this interplay which makes the problem difficult.
Strictly speaking, it is the parameterized std deviation of distances from ¢ to the data points. We will abuse
terminology and plainly speak of the distance variance/std deviation to the center c.

The dependency of R, to ¢ introduces a subtle mix between inliers and outliers: inliers lie inside S. and
incur zero cost, whereas outliers lie outside and pay the power distance to S.. The optimization problem is
therefore ruled by the balance between these two point sets.

Non-smooth convex optimization problems. Convex optimization has been extensively studied over
the past decades. Our problem involves the optimization of a non-smooth convex function, for which standard
methods such as gradient descent may perform poorly in certain cases. Theoretical guarantees are also
weaker: classical bounds on the number of iterations required to reach a point within distance ¢ of a
minimizer grow much faster as ¢ — 0 than in the smooth setting . As we shall see, our
constructive proof and the associated algorithm avoid this caveat.

Hyper-parameter n and balance between inliers vs outliers. The parameter 7 determines the
radius R, and therefore the functional to be optimized. Varying n € (0,1) yields a one parameter family
of optimization problems. Let #outliers(c) be the number of outliers with respect to a sphere of radius R,
centered at ¢. Upon varying 7, two statistics of interest to assess the role of 1 are the (i) the average outlier
cost F(0Ptpyact)/#outliers(SC), and (ii) the outlier ratio #outliers(COM)/#outliers(SC) which compares
the number of outliers yielded by our model and that associated with the usual COM. See Section [5.2] for
details.

Spherical clusters and their merits. The fundamental motivation underlying the spherical cluster
model is rooted in statistical analysis: identifying an object capturing a global description of the point set.
In a broad machine learning / data analysis context, this model is attractive for several reasons.

First, its cluster center defines a high dimensional centerpoint which can be compared to the usual center
of mass and high dimensional medians. Second, this cluster model provides a natural way to identify inliers
and outliers, and the scale at which they appear when varying 7. Third, the existence of an efficient (exact)
algorithm to compute it paves the way to mixture design algorithms—to be explored in further work.

3 Spherical cluster optimization
We study problem of Eq. E], simply denoting F;, as F' since 7 is fixed.

3.1 Functional decomposition and geometry of the sub-functions

For a fixed data set Dy, we aim at minimizing over R? the map F,(c) from Eq.

To study the previous function, for each x; € Dy, let

1
Frai(€) = llws = el = n— > llzg =l (7)
r;€D,

so that

Fy(c) = Z max(0, fy 2, (c)). (8)

z;€D,

We first analyze the sub-functions and f, ,, in order to analyze the main function F;. In the sequel, we
assume that (i) the set Dy is fixed, (ii) x; € Dy, (iii) 0 < n < 1—1/n (iv) n is fixed, so that we drop 7 from
the notations (e.g writing F, f, instead of F;,, f, », to ease notations).
Studying the function f,, benefits from the geometry of the following sink region yielding a null cost:
Definition. 3. The sink region B,, is the set over which f,, does not contribute to F, that is By, =
it (=00,0]. We denote Sy, its topological boundary.

T
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Remark that since n < 1 — % the intersection B of all B,, is necessarily empty, as any x belonging to this

set would verify ||z — ;|| strictly lower than the average 1 > wien, 17— ||,

The following results from an elementary calculation.

Lemma. 1 (Geometry of B,,). Let ' = ”T_ln, Each map f., is proportional to a spherical power, and
takes the form

2
ferle) = (=) (Jle = eil* - B2) (9)
Putting T := %ijeDz x;, the center ¢; and the radius R; of said sphere satisfy the following.
Cp = Lol zvv
e (10)
/ 10
||z 2wl = T X ep sl
¢ 1—7 1—7 '

As a consequence the sink region By, is a non-empty closed ball of R4, and Sz, s its associated sphere.

As an immediate corollary, max(0, f,,) is a convex map. In R?\ B,., it is quadratic with gradient V f,,(c) =
2(1 —n')(¢ — ¢;), while being identically zero inside B,,.

3.2 Arrangement of hyper-spheres underlying the objective function

From the previous lemma, F is also continuous, convex and piecewise quadratic. = Finding the optimal
cluster center requires understanding of the relationship between all sink regions.

Arrangement. An arrangement of hyper-surfaces is a decomposition of R¢ into equivalence classes of
points using their position with respect to these hyper-surfaces [Halperin & Sharir| (2017). We apply this
concept to the spheres bounding the sink regions (Lemma [1]).

For z € R? and i € [1,n], consider the following signature which states whether point x lies outside/on/inside
the spheres S,,. It is a length n vector with one entry in {—1,0, 1} for each sink-defining ball:

o(z) = (sign(fe, (x)), . ., sign(fa, (2)))- (11)

The signature defines an equivalence relation, where two points are equivalent if they have the same signature.
We call cells the equivalence classes, and we use the notation C to denote them. By definition, cells are non-
empty and characterized by the three-set partition I7(C), I°(C),1~(C) of [1,n], where the sets are defined
respectively as the sets of indices i where f,, are positive, zero, and negative. Note that generically, 7+1 < d
spheres in dimension d intersect along an I = d — (7 + 1) sphere; thus we let the dimension of a cell C be the
number d — #1°(C). Cells of dimension d are said to be fully dimensional and are open subsets of R¢, while
others are said to be of positive codimension.

Combinatorial decomposition of F'. On a cell C, F is determined by the value of f,, where ¢ ranges
among 1 (C). More precisely, we have

Fiel(e) = Z Jz.(¢) = frreey(c), (12)

€It (C)

where f; := . ; fo, for any subset J of [1,n]. In the same vein, we put S; := (,c; Sz, so that in a
generic configuration of spheres any cell with non empty I° is a relatively open subset of S;o. We define ¢
to be the center of mass of all ¢; where i ranges among J.

1
Cr+(J) 1= %ZCZ (13)

iceJ
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Putting R2 := [les||” + (#J)~* (ZieJ R? — ||ci||2), straightforward computations yield

fole) = (1= m)#J [le = el = B3] (14)

Since any full-dimensional cell C is open, F' is twice differentiable in C with gradient and Hessian as follows:

{VFC«:) =201 =0 )#I7(C) (e~ er(c) (15)

HFc(c) = 2(1 — ) #I*(C)Id

3.3 Strict convexity and optimization

We have seen that B = ﬂz ep, Bz, is empty, and from previous computations the Hessian of F' is almost-
everywhere positive definite outside of B. This leads to the strict- convexity (and thus, well-posedness) of
the problem.

Theorem. 1 (Strict convexity of ). Let Dy be a set of n points of RY, with at least two distinct points,
and assume that 0 <n < 1 — % Then the associated F map is 2(1 — 1')-strongly convex on RY, and is a

fortiori strictly convex. Its minimization problem admits exactly one solution in RY.

Minimum of F on a full-dimensional cell. From Eq. (15, the minimum of F' is attained on a full-
dimensional cell C if and only if the gradient of F' vanishes in C, leading to the following characterization.

argmin F' € C <= cy+c) €C. (16)
Rd

The minimum of F' may be attained on a cell of positive codimension, (see e.g. Fig. |1} left.) so restricting
attention to full-dimensional cells is not sufficient. Among cells of positive codimension, there is no clear
closed-form solution for a minimum.

Figure 1: Minima of F' on cells of various dimensions. Data point in orange, minima in red. Selected
level sets (in dotted-lines) are also reported.
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4 Optimization: computing the unique minimizer of F),

Having established the strict convexity of F,,, we compute its unique minimizer. (As in the previous section,
we simply denote F), as F.) Our algorithm actually minimizes a function of the form ), max(0, ||z — all® -
R?), and constructs a finite sequence of points (z,,) by induction. The last point is the optimum of F. It
assumes infinite precision — the so called real RAM model, and also assumes that all points ¢; are in a generic
position and that when spheres S; intersect. See Sections [£.4] and for comments on these assumptions.

4.1 Subdifferential and generalized gradient

We face a non-smooth convex optimization problem without constraint. Guarantees on the speed of con-
vergence of algorithms with such assumptions as a number of iterations are rather weak. While gradients
exists almost-everywhere, the classical gradient descent method may get trapped to bottleneck situations
Bubeck| (2015) leading to a precision rate of O (ﬁ), where T is the number of steps. Further non-smooth

investigation revolves around the use of the subdifferential or equivalently the Clarke gradient |Clarke| (1997)
of the function. For a convex function, the subdifferential/Clarke gradient of F' at x, denoted by 0, F(x) is
a convex set defined below, while the generalized gradient V,F'(x) is its element of least norm (Fig. :

0.F(x) = {sfly)— f(x) >s-(y—x),Yy}

V.F(z) := argmin [ju| .
u€D, F(x)

(17)

Gradient samplings methods [Burke et al.| (2020) avoid the earlier described bottleneck configurations with
a good descent direction obtained by approximating the generalized gradient. Given an arrangement of the
space, the recent so-called stratified gradient sampling |[Leygonie et al.| (2023)) proposes to use the arrangement
to efficiently determine a good descent direction. To tailor an exact algorithm, we use the structure at our
disposal. Indeed, for any fixed z in R?, we let I1, I° and I~ be the three-set partition associated to the cell
of x. Then the subdifferential of F' at x can be expressed as follows.

0.F(x) = {Vfr+(x)+ > NiVfi(z),0 <\ < 1} (18)

i€I0

The generalized gradient can thus be expressed as a solution to the following quadratic programming (QP)
problem, which admits a unique solution in A when all ¢; are in generic position — Sec. [A}

V.F(z) = argmin < [|Vfr+ (z) + Y NV i) ¢ (19)
0sAis1 ielo
Letting (a;);er0 be the unique solution to this problem, we let E|
IXz) ={iel),0<aq; <1}
IF(z) =TIt (z)U{iecl’(x),q; =1} (20)
I7(z) =1 (z)U{ieIl’x),a; =0}

Moreover, we let C*(z) be the cell with three-set partition I/ (), I{(x), I (x). This cell plays an important
role in our algorithm, as the following paragraph about semiflows will demonstrate.

Describing the semiflow of F'. Even though V. F might not be continuous, by convexity of F' from any
starting point x there exists (see for instance [Bolte et al.| (2010); [Marcellin & Thibault| (2006)) a trajectory
t — x(t) (with £(0) = x) called a semiflow verifying (for t € R™):

7' (t) = —V.F(z(t)). (21)

INot to be confused with the sets I1(C), I°(C), I~ (C), defined from the sign of the power distance.
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In particular F(z(t)) decreases at rate |V F, (z(t))||%, and by strong convexity x(t) reaches the argmin of F
over R? in a finite time, where it is stationary [Marcellin & Thibault| (2006)); |Josz| (2023). Given the structure

of our F', there are three possible behaviors for the semiflow with starting point x:

e If z is in a full dimensional cell, the semiflow starting from z begins by a segment heading towards
Cr+(z), until it reaches a new cell or cr+(,) which is the minimum.

o If z lies in a cell of positive codimension and I?(z) is empty, the semiflow enters the non-empty, full
dimensional cell C*(x) and follows a straight line in this cell until it meets a new cell, as described
as above.

o Else, I%(z) is not empty. One can show that if the Clarke QP (Eq. lies in what we call a
non-degenerate positionﬂ for small ¢ the semiflow enters the non-empty cell of positive codimension
C*(x), which is a subset of Sjo(,y. Points z with a degenerate QP problem are of measure zero,
however points x such that the trajectory x(t) reaches a degenerate QP position, making the semiflow
intractable, are not.

4.2 Exact algorithm

We develop algorithm SC-Exact-Solver mimicking the semiflow trajectory except for the third type of
trajectory described above to seek for the minimum of F. See Algo. [f] for the pseudo-code — Sec. [A]

It can be decomposed into three so-called main procedures, which are Teleportation, LineDescent,
SphereDescent.  The latter is further described using two procedures SphereIntersection and
MinSphereIntersection. A sixth procedure used in LineDescent and SphereDescent is ClarkeQP. Except
for the latter which consists in solving a classical QP programming problem, their pseudo-code can be found
in — Sec[A] Procedures LineDescent, SphereDescent are illustrated in Fig.

(i) If 2, lies in a full dimensional cell C (usually at the start of the algorithm), we check if I7(C) contains
cr+(c)y- If so, we let x, 1 be cr+(c) and we stop the algorithm. Since this step does not follow the semiflow
we call it the Teleportation procedure. If there is no teleportation, we obtain z,; from the LineDescent
procedure within C, which is described as follows. We seek the first point on the half-line starting from z,
heading towards cr+ () meeting another cell, and we let x,11 be this point. This is done by solving for

quadratic equations (in t) of the form |z, + tu — ¢;||> = R2.

(ii) Else z,, starts in cell of positive codimension. Compute the generalized gradient of f at = as well as the
associated I,f (zy,), I(zy), I (z,) with the ClarkeQP procedure (i.e. solving Eq. .

o If the generalized gradient is zero, the minimum has been reached and we can stop the algorithm.

o If I2(x,) is empty, follow the LineDescent procedure described earlier within the full dimensional
cell C*(x,,). Take x,,11 to be the point given by this procedure.

o Else, the semiflow starting from z,, stays in Sjo(,,) and we follow the SphereDescent procedure,
which consists in the following. Compute the point y where f1+(xn) restricted to Sjo(,, ) reaches its
minimum via a procedure called MinSphereIntersection described in more details in the appendix.

If y is in the cell C*, let @41 be y. Else, compute the center cg and radius Rg of Sjo(,,) via the
SphereIntersection procedure. Via the parameterization [0, 1] — cg + RSM—I;\\;‘/’:EEH of the
geodesic on Sjo(,, ), check the first point on the geodesic leaving the cell C*. Let z,41 be this point.

Following the semiflow ensures that our algorithm converges in a known number of steps in a certain neigh-
borhood of the point z* where F' reaches its minimum. The number of steps is related to the number of

2We say that the QP problem of minimizing Hu + Zl Aivg H ,0 < A; <1 lies in a non-degenerate position when the argmin
w is such that the set of ¢ such that w - v; = 0 is exactly the set of ¢ such that the coefficient of v; in the decomposition of w
is neither 0 or 1. This condition is standard in the sense that for a given box, for almost all isometries acting on that box, the
image box lies in a non-degenerate position.
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{z | fi(z), f2(x) > 0, f3(x) = 0}
(1)

Figure 2: LineDescent (from zg, x1,23) and SphereDescent (from z3) steps. Underlying trajectories
are depicted in dark green. Point y is obtained by MinSpherelIntersection point zs.

faces of the Clarke gradient 9, F (x*), which is 3¢ where ¢ is the number of spheres on which z* lies. We refer
the reader to the proof in appendix for the quantification of the neighborhood size.

Theorem. 2 (Algorithm convergence). Denote by x* the point where F' reaches its minimum, and let ¢ be
the number of spheres on which x* lies. There exists a ball centered at x* with radius R > 0 depending on
(i) the mazimum radius of the ball only cells touching x*, and (i) the Clarke gradient 0, F (x*), in which the
algorithm converges in at most 3¢ steps.

4.3 Combinatorial complexity

The complexity (number of cells of all dimensions) of the arrangement of n spheres in R? is O(n?) |Toth et al.
and the bound is tight in the worst case. Despite this, we may expect a number of steps polynomial
in n if calculations remain Jlocal in the arrangement, a fact substantiated by our experiments. Note that for
small values of 7, the center of mass provides a warm start to the algorithm. Indeed the solution of the
minimization problem of F), varies continuously in 7, and the barycenter is solution to the problem with
n=0.

Computations at each step are linear in the total number of points since LineDescent (resp. SphereDescent)
computes the first sphere crossed by a line (resp. a sphere geodesics). Other computations involved at
each step are at most cubic in the number of spheres on which the current point lies, be it by solving
the ClarkeQP problem, inverting a matrix in SphereIntersection or computing an affine projection in
MinSphereIntersection.

While the limiting factor of our approach is the absence of constructive bound on the number of steps,
we point out that contrary to classical methods, our theoretical analysis shows that the exact minimizer
is reached in a finite number of steps, and that this number is bounded when the algorithm starts in a
neighborhood of a certain size (see Theorem [2| for the exact statement). In classical methods such as the
subgradient descent, the final point is guaranteed to lie at distance at most € to the minimizer after a number
of steps tending to infinity as € goes to 0. To ensure an exact convergence with precise complexity guarantees,
one could thus use a subgradient descent and finish the job with our algorithm. In practice, we did not have
to resort to such ad-hoc methods, as the algorithm outperforms the classical methods used in non-smooth
convex optimization — see Sec.
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4.4 Numerics

Arithmetics and number types. The algorithm from Sec. {4]is described assuming the real RAM model
computing exactly with real numbers. On the other hand, geometric calculations (predicates, constructions)
are known to be plagued with rounding errors Kettner et al. (2008). Serious difficulties may be faced for
cascaded constructions, which iteratively embed new geometric objects (the points of the pseudo-gradient
trajectory in our case). Advanced number types combining multiprecision and interval arithmetics can be
used to maintain accurate representations in such cases. See e.g. random walk inside polytopes [Chevallier
et al.| (2022)) or trajectories of the flow complex (the Morse-Smale diagram of the distance function to a finite
point set) (Cazals et al.| (2021]).

In the sequel, we review the numerically demanding operations required by our algorithm, and refer the
reader to Sec. [f] for experiments with our python based implementation.

Exact solver. The solver uses the following predicates and constructions:

eSolving the ClarkeQP procedure. The library cvzpy uses non-exact solvers to find the minimum of a
QP problem. While those solvers usually give a result up to machine precision, we found out that they
were prone to instability in minimizing functionals of the type ||g + AA||* when g is vector of norm largely
greater than both 1 and than that of the columns of A, with constraints 0 < A < 1, in the sense that those

2
solvers would claim the problem to be unfeasible. The equivalent problem of minimizing Hm (9+ A)\)H

was sufficient in addressing those issues. The precise computation of the vector A is not needed as we only
need to check for the index i with respectively A; € {0}, (0,1) and {1}. The entries with values 0 and 1 are
usually reached with precision greater than machine precision.

eSolving the LineDescent and SphereDescent procedures. Starting from a point =, with a prescribed
direction u, procedure LineDescent seeks the first ¢ such = + tu changes cell, that is, the smallest positive
t verifying || +tu — ¢;||> = R2. This is obtained as roots of a second-degree polynomial. To weaken
imprecision we chose to solve this equation with a renormalized vector v of norm 1. Similarly, given two
points x,y on a sphere of radius Rg and center cg, procedure SphereDescent computes the first point on
the geodesic between x and y changing cell by solving for a quadratic equation.

eSolving the Spherelntersection procedure. The pair center/radius cg, Rg used above is obtained as
the center and radius of an intersection of spheres. As described in the appendix, the center is obtained
through the computations of a projection onto an hyperplane defined by linear equations involving the centers
of said spheres. Computing R; is done by solving for a quadratic equation.

eSolving for the MinSphereIntersection procedure. Given an intersection of spheres Sy, with I C
{1,...,n},#I < d the MinSphereIntersection procedure minimizes a function of the form (f;);s, by
computing a similar projection on a convex hull.

The genericity assumptions and the robustness of our routines are further discussed in the SI Section [4.5]

The BFGS solver. The Broyden—Fletcher—Goldfarb—Shanno quasi-Newton method (BFGS) is designed
to be very efficient on twice differentiable function by approximating the Hessian matrix without any matrix
inversion (in opposition to Newton’s methods), using the gradient. When the gradient is not given, it is
estimated using finite differences. While the objective function F; is not differentiable, it is also known
that BFGS works well in practice for non-differentiable functions |Lewis & Overton| (2012). The next section
challenges this observation for F;,.

The BFGS solver is systematically launched from a warm start at the center of mass of the point cloud
processed — as for the exact solver.

4.5 Genericity assumptions

The genericity condition for our algorithm to work at a point x is that the intersection of spheres containing
z is transverse. For k spheres, this existence of a non transverse intersection is checked as follows. The
non transversality at point  reads as ), Ai(z — ¢;) = 0 or equivalently (D, A\;)x = >, \i¢;, which requires

11
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discussing two cases: (Case 1) >, A\; # 0, and (Case 2) >, A; = 0. In each case, we need to check the points
x satisfying these conditions satisfy the sphere equations.

To do so, Case 1 requires solving a QP problem. Case 2 requires computing the null space of the matrix
A= ({[e: 11T }iza,. k), and if Ker(A) # 0, one needs to further check the sphere feasibility conditions, which
require solving another linear system.

Also note that at a given point x, the test simply boils down to checking that the vectors x — ¢; are linearly
independent.

The exact computation of trajectories by our algorithm is more involved. It requires cascaded degree two and
degree four algebraic numbers. (NB: degree two when intersecting a segment with a sphere; degree four when
intersecting a geodesic along a sphere with another sphere.) A robust numerical solution could be obtained
using say an interval number type with bounds of arbitrary precision, e.g. the iRRAM library .

In practice though:

e We do not check the transversality condition, as even in medium dimensional spaces, the points
where the intersections are not transverse are scarce, and our trajectories do not cross them.

e« We do not use elaborate number types, since the observed robustness of our floating point imple-
mentation did not require using them.
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5 Spherical clusters: experiments

5.1 Implementation

Our implementation of the algorithm from Sec. [4] using python and numpy is denoted SC-Exact-Solver and
is termed the ezact method. 1t is available from the Core tier of the Structural Bioinformatics Library, in
the | Cluster sphericall package. We compare the solution yielded by SC-Exact-Solver against that yielded
by SC-BFGS-Solver— the optimization being done with BFGS. The cluster centers are denoted optg,,.; and
optprag respectively.

Calculations were run on a DELL precision 5480 equipped with 20 CPUs of type Intel(R) Core(TM) i9-
13900H, 32Go or RAM, and running FedoraCore 42.

Figure 4: Spherical cluster: illustrations on a toy 2D dataset. (Left) Trajectories from five different
starting points, with n = 0.5 (Line/Sphere descents in blue/orange). (Right) Evolution of the cluster center
for n in [0.1,0.9] be step of 0.1.

5.2 Contenders, datasets and statistics

Contenders. We challenge SC-Exact-Solver with two contenders denoted SC-BFGS-Solver and
SC-LBFGS-Solver respectively, using the BFGS and L-BFGS-B solvers provided by scipy.optimize. Note
that the latter uses an approximation of the Hessian—as opposed to a O(d?) sized matrix.

Medium dimensional (MD) datasets. = We ran experiments on ten standards datasets used in cluster-
ing experiments |Celebi et al| (2013); |Carriere & Cazals| (2025)), with size n € [1484,200000] and dimension
d € [9,77] — Table Following common practice, on a per dataset basis, we perform a min-max normal-
ization on the coordinates to avoid overly large ranges.

High dimensional (HD) datasets. = We use two datasets to explore the effect of high dimensionality. The
Proteins-HMM dataset consists of N = 1443 protein sequences whose biological function is unknown |Vice-
domini et al.| (2022). To identify putative functions, each sequence is scored by d = 400 Hidden Markov
Models (HMM) corresponding to major known protein functions, yielding a d-dimensional point. Carbone et
al. perform hierarchical clustering on these points (Ward’s method), yielding 16 clusters (sizes in 11..176) of
sequences expected to have identical functions. The|Arcene dataset contains mass-spectrometric data meant
to distinguish cancer versus normal patients, and has shape (n,d) = (900, 10000). The d = 10000 features
correspond to protein abundances in human sera, to which distractor features with no predictive power have
been added.
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Parameters. For each dataset, we explore values of 1 in [0.1,0.9] by steps of 0.1 — nine values in total.

Statistics and plots. We define (Fig. |3|and SI):
e Spherical cluster square radius R?. The square radius with respect to which the power distance is computed,
that is n62 — see Eq.

e Projection plot. The plot of all points (data points, center of mass, SC centers) onto the first two principal
directions. Inliers (resp. outliers) are displayed in blue (resp. orange). The number of outliers identified
by our cluster model, is denoted #outliers(SC). Similarly #outliers(COM) stand for the number be outliers
defined with respect to a sphere of the same radius centered at the center of mass.

eDual plot. Reports F, and R? as a function of 1. (NB: R? values are represented negated on this plot.)

eStacked barplot. The plot function of 7 counting the number of steps of each type (line descent, sphere
descent, teleportation) in SC-Exact-Solver.

eTime ratio plots. The plots for tgxact/tBras and tgxact/tL-BFGs.B, comparing the running times of
SC-Exact-Solver against those of SC-BFGS-Solver and SC-LBFGS-Solver respectively.

eAverage outlier cost plots. The plots F,,(0ptgy,.)/#outliers(SC) and F,(0ptgy,e)/#outliers(COM).
eOutlier ratio plot. The plot #outliers(COM)/#outliers(SC).

eDistance between points plot. The plot comparing the distances between three special points: optgyact,
optpras, and the projection median from [Durocher et al.| (2017).

5.3 Spherical cluster model

Trajectories and centers. We build up an intuition by observing the trajectories followed by our exact
solver when varying the starting point, on a simple toy 2D example (Fig. A)) We also note that even for
such simple cases, the center moves in a complex way when varying 7 (Fig. B))

Running times and the burden of dimensionality. For the dataset DS-Cluster, we first inspect
running times using the ratios tgxact/tL-Bras.s (Fig. Tab. , and tgxact/tr-Bras-s (Fig. Tab. .
Using median values, the comparison shows that SC-Exact-Solver is faster than SC-BFGS-Solver up to
up to n = 0.7 included, while SC-Exact-Solver is faster than SC-LBFGS-Solver up to n = 0.3 included.
Increasing the value of n results in larger spheres and more complex arrangements, whence the burden
observed.

We perform the same analysis for the dataset Proteins-HMM, for ratios tgyact/fr-Bras.s (Fig. Tab.
, and tgxact/tL-Bras-p (Fig. Tab. . Using median values again, SC-Exact-Solver is two for four
orders of magnitude faster than SC-BFGS-Solver and SC-LBFGS-Solver.

For the Arcene dataset, BFGS turned out to be unpractical. We observe that our exact algorithm is between
two and five orders of magnitude faster than SC-LBFGS-Solver (Fig. [S17).

Summarizing, SC-Exact-Solver is orders of magnitude faster than SC-LBFGS-Solver and SC-LBFGS-Solver
for datasets of small/intermediate dimension and small values of 7, and orders of magnitude faster than these
two methods for high dimensional datasets.

Function values. Wen now compare the values yielded by the three contenders: SC-Exact-Solver vs
SC-BFGS-Solver: Fig. and Table[S8} SC-Exact-Solver vs SC-LBFGS-Solver: Fig. and Table
While these values are on par for all values of 7, we note that the approximate solvers are more prone to
numerical instabilities, in particular for DS-Cluster and for DS-HD.

Outliers and the selection of 7. As noticed earlier, the SC center depends both on inliers and outliers.
On all datasets processed, the outlier ratio #outliers(COM)/#outliers(SC) lies in the interval ~ [1, 3], which
illustrates the stringency of our criterion to identify such points.
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The outlier cost plot F; (0ptgyact)/#outliers(SC) is of particular interest to capture the scale/cost of outliers.
The general behavior of this plot is a monotonic decrease (e.g. Fig. m Fig. , indicating that capturing
outliers is getting easier when increasing 1. However several datasets exhibit a non monotonic behavior (Fig.
Fig. [S9)), showing that gaps must be crossed to capture certain outliers.

5.4 Projection median

We also compare opty,,.. against the projection median computed as a weighted average Durocher et al.
(2017). As expected, their distance increases as a function of 7, showing that the cluster center behaves as
a parameterized point set center. See Supporting Information, plots Distance between points plots.

5.5 Discussion: complexity in practice

Number of steps and multiplicity of cells. For all datasets and whatever the value of eta, we checked
that the number of cells traversed is negligible with respect to the worst case complexity of the arrangement.
We also checked that in practice the cells visited are so only once, contrary to what can be found in
pathological sphere configurations with bad starting points. We draw a comparison with the celebrated
simplex algorithm, which has exponential complexity in the worst case, and yet stays in use after almost
80 years. Our framework is similar in spirit, as the arrangement is exponential in dimension while the
algorithm is effective in practice. Note that we were unable to build an example where the number of steps
is anywhere near the total number of cells. The fact that our trajectory benefits from a warm start (warmer
as eta decreases) at the center of mass certainly helps in reducing the number of cells to be crossed before
reaching the minimum, explaining the efficiency of our algorithm against classical methods (whose underlying
trajectory is not stopped when crossing a cell) when eta is not close to 1 — 1/n.

Behavior in high-dimensions. In higher dimensions, our algorithm outperforms the BFGS and L-BFGS.
The main factor for this behavior resides in computation times of the steps which are cubic in the number
of spheres containing the current point of the trajectory—see Section . In practice, this number is small,
on average between 2 and 3 as shown by our experiments: a vast majority of steps are either LineDescent
procedures or SphereDescent on a small number of spheres-rarely more than five even in high dimensions.

6 Outlook

Spherical clusters embedded in affine spaces of fixed dimension provide useful insights into the geometry of
high dimensional point clouds.

Our work shows spherical clusters are well defined by a non smooth strictly convex problem. We also show
that this optimization problem is well poised and can be solved by an exact iterative procedure following a
semiflow on a stratified complex defined by an arrangement of spheres. Quite remarkably, BFGS also solves
all the instances we processed to satisfaction. Yet, the exact solver is orders of magnitude faster than BFGS
based heuristics for high dimensional datasets (say d > 100), and for dataset of medium dimensionality
and small values of 7. Our experiments also show that the center of spherical clusters behave as a high
dimensional median parameterized by the fraction n of the variance of distances between the cluster center
and all points.

Our work calls for future developments in theory and in practice.

From a theoretical standpoint, understanding the complexity of our exact method as a function of n appears
as a challenging problem.

From a practical standpoint, spherical and affine clusters were proposed as mixtures components. However,
fitting such mixtures is a challenging non convex problem which commands to monitor the quality of the
fit and the model complexity. To the best of our knowledge, two main strategies have been explored for
this task. The first one is based on split/merge/delete operations on components of the mixture, a very
demanding task |[Kasarapu & Allison| (2015). The second one consists of Expectation-Maximization based
strategies Dempster et al.| (1977, possibly combined with model control using e.g. the minimum message
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length |Figueiredo & Jain|(2002)). This is also a demanding strategy, in particular to control the singularization
of the components and their number.

Defining spherical clusters embedded into affine spaces of the varying dimensionality appears as a very
appealing choice, but a non trivial task. If successful, we anticipate that such models will prove extremely
useful in data analysis at large, providing compact clusters capturing the intrinsic dimension of the data,
that could also be used to define stratified complexes.
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The supporting information is structured as follows:

o Section [A} Algorithms and proofs

e Section [B} Experiments

A Algorithms and proofs

In this section of the Appendix, we develop the theoretical background and prove the results of the article.
More precisely,

o We prove several intermediate results needed for some propositions used in the article. Intermediate
results will be called lemmas while the results quoted in the article will be called propositions.

o We precisely describe procedures LineDescent and SphereDescent, as well as the procedures
SphereIntersection and MinSphereIntersection used internally. We also explain the maths
behind them.

o We describe the full SC-Exact-Solver algorithm and prove its convergence.

A.1 Lemmas and propositions

With the centers ¢; and radii R; as defined in Eqs. [I0, we have:

Lemma. 2 (Freeness of the Vf;(x)). For any z in R* and for any J C {1,...,n}, the rank of the family
(Vfi(x))ics is the dimension of the affine hull of x and (¢;)ic-

As a consequence, if the centers c; are in generic position, for any x € R? the family (Vfi(x))icro(w) is free.

Proof. The rank of said family is the rank of the vectors (x — ¢;);es, which is exactly the dimension of the
affine hull of z and (c¢;);es. For the second point, if I°(x) is empty (resp. a singleton) the result is trivial
by convention (resp. because no radius is zero). Assuming k = #1°(x) > 2, = belongs to the intersection
Sj(oz) = Niero(z) Si which is a (d—k) dimensional sphere centered around a point cs of Aff((c;)ie o) orthogonal
to the previous affine space, with radius Rg - see Lemma [] for the exact computations. As a consequence
the dimension of the affine hull of z, (¢;);cso(z) is 1 plus the dimension of the affine hull of (¢;);cr0() Which

is k — 1 by genericity of the centers.

The following lemma describes the full-dimensional cells in any neighborhood of a point. It is illustrated in
Fig. [S1] below.

Lemma. 3 (Full-dimensional cells around a point). Assume that the family {c;} lies in a generic position.
Let © € R? be a point with #1°(x) = k(x) > 0. Then any neighborhood of x encounters exactly 2% cells
of full-dimension, and any such cell is determined by [T = It (z)UA, I- =1 (x)U B, where AUB is a
2-partition of 1°(z).

Proof. Tt is clear that the full dimensional cells possibly existing around z are included in the one described
in the proposition.

Reciprocally, let A C I°(z) and B = I°(x)\ A. Consider the set U4 the cone of vectors such that V f;(x)-u >
0,Vfj(z)-w <0forallie A, je B. This is the polar (or dual) cone to the cone Ty generated by the
vectors (—V f;(x))ica and (Vf;(z));jen; as such Uy has non-empty interior if and only if T4 N (—T4) = {0}.
This condition is satisfied (for every A C I9(z)) as the family (V f;(x));er0(z) is free by the previous lemma.
Any u in the interior of Uy satisfies Vfi(z) -u > 0, Vfj(z) -u < 0 for any i € A,j € B and thus
I(x+tu) =TT (x)UA, I~ (x+tu) = I~ (x)UB for t > 0 small enough. O
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Figure S1: Neighboring cells. Each red dot has I° of cardinal two and 22 neighboring cells of full dimension.
In blue, points with I° of cardinal 1 have 2! neighboring cells.

Remark that F' is smooth at point x if and only if = does not lie on a sphere. The Clarke gradient of
F at x will allow us to study F in a neighborhood of x. Thanks to Prop. [l it has the following explicit
representation (Fig. [S2|for an illustration), where V f;(x) is denoted by V f; to ease notation.

Proposition. 1 (Clarke gradient of F). For any x € R? we have :

O.F(x) ={Vfre@w+ >, AV,0< N <1} (22)

i€I0(z)

The minimum of A — vaﬁ(a;) + Zielo(x) NV fill is attained at a unique point. We denote its coordinates

by (ai)ielﬂ(m)-

Proof. Recall that the Clarke gradient of a Lipschitz function is obtained as the convex hull of limits of
nearby gradients . Denote by B the set on the right-handside of Eq. B is a box whose
vertices are V fr+yua(@) = Vfr+@(2) + Vfa(z) where A ranges among the subsets of 1%(x) (with the
convention that Vfy = 0). These are also exactly points determining the convex hull in the definition of
O F(z).

Recall from Lemma [2| that gradients (Vf;)icro(,) form a free family of vectors. It follows that the map

2
A ‘V Jr+@) + 2icro (@) AiVfi|l is strictly convex and thus admit only one minimizer on the convex set
[0,1]™. O

Recall the definition of the sets I?(x), I (x), I (x) in Eq. from which one defines the cell C*(z) of
the arrangement containing x. We say that the Clarke QP problem is non-degenerate when I9(x) = {i €
I°(x),0 < a; < 1} coincides with {i € I°(z), V.F(x) - Vfi(z) = 0}. We measure the degeneracy of this
problem with the quantity

degen(9, F(x)) := min{|V.F(x) - Vfi(x)|,i € I°(z) such that a; € {0,1}}, (23)

which is zero if and only if the QP problem is degenerate. Note that boxes of R¢ are generically non-
degenerate, and in practice our algorihm never stumbles onto degenerate configurations for the Clarke gra-
dient.

Proposition. 2. If the Clarke QP problem is non-degenerate, the exact gradient flow of F' begins by a curve
inside C*(x) on which the Clarke QP problem stays non-degenerate.
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Vfr++ Vs

Vfﬁ-

V/1+ Ve

Vfi++Vfi

Figure S2: Clarke gradient and generalized gradient. The Clarke gradient (Eq. as a convex
hull/box. The generalized gradient is the projection of the origin onto that convex hull. (Left) Example of
Clarke gradient with I° = {1,2}, and I? = {1}. (Right) Clarke gradient lying in a degenerate position—
orthogonality between the red (VF,) and black (V f;) segments.

Proof. We will show that for ¢ positive and small enough, the semiflow trajectory t — xz(t) starting at x lies
in C*(x) by showing separately that

o x(t) stays in Sjo(,) for ¢ small enough and positive;

o It (z(t)) = I}(x) and I~ (x(t)) = I; (z) for t small enough.
Remark that the coefficients «; defining VF,(z) are obtained through the affine projection of 0 onto the
affine set generated by V [+ + Vfi(z) where i ranges among I(x) by the non-degenerate condition.

The coordinates A;(x) of the affine projections are obtained as solutions of the following non-singular linear
system:

Z Ai(@)V fi(z) - V(@) = =V [+ - Vi) for every j € I%(x). (24)

€10 (x)
Equivalently, letting A be the full-rank matrix whose rows are (V f;());cro, A is a solution to
A(x) A@@)A\(@) = —A@) 'V f1+ (2),

and the corresponding generalized gradient is equal to ¢(z) = A(2)AM(z) + V f+(,(2). Since z — A(z) is a
smooth map, the ODE 2/(t) = —¢(z(t)) starting with z(0) = = admits a solution.

This solution coincides with the exact gradient flow for small ¢, as by continuity we still have
0 < N(2(b) <1, (25)

so that the point of least norm in the affine space generated by vectors Vf,j(z(t)) + Vfi(2(t))ieroz(t)yufoy
coincides with the point of least norm within the box generated by the same vectors. This ensures that for
small positive t and any i € I2(z(t)) we have

Vfi(2(t) - 2 (t) =0, (26)

which warrants that f;(z(t)) is constant and equal to zero, i.e., that the trajectory z(t) stays on the
intersection of spheres Syo ().

Moreover, for ¢ small enough we have I~ (2(t)) = I~ (z) U {i € I°(z), \i(z) = 0}. Indeed, if \;(z) = 0 with
i € I°(x), by virtue of the generalized gradient being the element of smaller norm in 9, F(z), we have for
every s € [0,1] the inequality |V, F(z) + sV fi(z)||> > [|[V.F(z)||>. As a function of s, the right derivative
at zero must be positive so that:

—V.F(z) - Vfi(z) <O0.
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Since the Clarke gradient is non-degenerate, this previous quantity is in fact negative. Seeing 2/ (t) = —¢(z(t))
is continuous, the derivative of f;(z(¢)) is negative for ¢ small enough. The same holds symmetrically, so
that I1(z(t)) = IT(x) U {i € I°(x), \;(z) = 1}. This proves that the Clarke gradient 9, F(z(t)) is the box
generated by the previous vectors V f+,y(z) + V f;(x), where i ranges among I%(z). O

A.2 Procedures and their justification

Algorithm 1 — LineDescent
Compute the first point along the semi-line = + tu, ¢ > 0 changing cell. Compute the cell to which this point
belongs.

Require: A set of centers ¢; and radii R;, an initial point x, a directing vector u, sets of indices I+, 1%, I~.
Ensure: z = x + tu is the first point along the semi-line x + tu, ¢t > 0 changing cell. I, 1% I~ are the set
of indices at z.
t < 400
ChangingIndices < 0 > Set of indices in I U I~ to which z belongs - usually a singleton.
foric ITUI™ do
t; < Smallest positive solution to ||z + tu — ¢;||> = R2 (with ¢; = oo if no solution).
if t;, =t and t; # oo then
 Add i to ChangingIndices
else if t; <t then
L ChangingIndices « {i}.
t <+ t;.
Add elements of ChangingIndices to I°, Remove elements from ChangingIndices off of 11, I~.
return z =z + tu, 1°, It I~

The SphereDescent procedure is less straightforward. It needs two subprocedures: SphereIntersection
and MinSphereIntersection. The first one is done by solving for a linear system.

Lemma. 4 (Computations in the SphereIntersection procedure.). Let 2 < j < d and let Sy, ... S; be
spheres in R® with centers cy, .. .,¢; (in generic position) and radit Ry, ..., R; intersecting transversely.
Then S = ﬂ1<i<j S; is manifold of dimension d — j — 1 described as the intersection of a sphere of radius
Rs and center cg intersected with an affine subspace given by the j — 1 equations

&€ (Cl - Ci) = Ki (27)
for all 2 < i < j with K; := %(R% —|lea||® — R2 + ||ci||2). Moreover, the center cg is the only convex

combination of ci,...,c; belonging to this affine subspace, and it is obtained as the solution of the linear
system with j equations and j unknowns:

Yo Aici-(c1—cp) =Ky o for every 2 < k < j;
SiA =1 (28)
The radius R% verifies for every i in {1,...,n}
lei — es|” + R% = R2. (29)

Proof. Let cg be the solution of the Eq. Denote by A the affine space defined by equations (on w)
u-(c1—cx) = Ky, for every 2 < k < j, to which belong any point of S by subtracting equations ||z — ¢;||* = R2
to ||z — cl||2 = R2. Then cg is the point at the intersection of A and the affine hull of every c¢;. For any x
in A by the Pythagorean theorem one has ||z — ¢;||* = ||z — cs + cs — ¢i||> = ||z — es||* + |les — ¢i]|*. One
can check that R2 — ||¢; — ¢s||? is a positive number independent of 4, whose square root we define to be Rg.
Thus z belongs to S if and only if z € A and ||z — ¢s||> = R2. O
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Algorithm 2 — SphereIntersection
Compute the center and radius of the d — #I dimensional sphere given by the intersection of transverse
spheres Sy.

Require: A set of indices I with corresponding centers ¢; and radii R;
A < solution of the system of Egs.
Ccs < Zie[ )\ici
Rs < \/R? — ||lc1 — s
return cg, Rg

The second one requires a projection onto an affine hull.

Lemma. 5 (Computations in the MinSphereIntersection procedure.). Let S = Ni<i<;S; be an intersec-
tion of j spheres in R? intersecting transversely with centers in a generic position. Let g be a map of the
form x — « (||z — | - RQ) with ¢ ¢ S. Then g5 is a smooth map whose differential vanishes on S evactly
at point cg % Rsﬁ where b := ¢ — w(c), ™ being the projection map onto the closest point in the affine
subspace generated by the centers ci,...,c;. These points are the argmin and the argmaz of gs-

Proof. Without loss of generality, take a = 1/2 and R = 0. For any = € S, Vg|g(z) is the orthogonal
projection of Vg(x) = x — ¢ onto the tangent space T,.S. This space consists in a (d — j)-dimensional vector
subspace of R? defined by the following equations on v:

v-(x—cg)=0 and ve(cp —¢)=0forall 2<i<j. (30)

By the change of variable x = ¢g+ Rgu and by the previous proposition, S can be parameterized by u ranging
in the unit sphere orthogonal to all the ¢; — ¢;. All in all T,.S is the space orthogonal to (¢1 — ¢;)2<i<;, u.
The orthogonal projection onto such a space is zero if and only if it belongs to the space spanned by these
vectors. Thus the differential vanishes in z if and only if

x—c=cg+ Rsu— c € Vect(c; — ¢;,u).
which after some manipulation and seeing that cg is a convex combination of every ¢;, is equivalent to
¢ —c1 € Vect(c1 — ¢, u). (31)

They are exactly two unit vectors orthogonal to every ¢; — ¢; such that the previous equation is verified.
Indeed, write ¢ — ¢; = a + b where a € Vect(c; — ¢;) and b is orthogonal to them, which is equivalent to b
being ¢—m(c) as defined in the proposition. The previous equation is verified if and only if u = :tﬁ. The

argmin and the argmax being two distinct critical points of g|g, they are necessarily these two points. O

Algorithm 3 — MinSphereIntersection
Compute the minimum y of a function of the type ||z — ¢||* on a transverse intersection of spheres S = N;e1S;.

Require: A set of indices I with corresponding centers ¢; and radii R;, a center ¢ such that ||z — ¢||” is to
be minimized over the intersection S of the spheres indexed in I
Ensure: y = argmin, g ||z — ¢||”
(cs, Rs) + Spherelntersection(I)
7(c) < the projection of ¢ into the affine hull of (¢;);e;.

c—7(c)
U Te=n(@

(y1,y2)  (cs + Rsu,cs — Rgu)
if |ly; — C||2 > |ly2 — c||2 then return y,
else return y;

The following lemma shows how to compute the SphereDescent procedure, that is, to compute when a
geodesic [x,y] starting from 2 among an intersection of spheres changes cell.
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Lemma. 6 (Computations in the SphereDescent procedure.). Let x,y be two non-antipodal points on a
sphere of radius R centered at c. Then the change of signs of f; among the geodesic [x,y] on the sphere are
as follows.

o If fi(x) and f;(y) have different signs, there is exactly one point in [x,y] where f; vanishes.
o If fi(x) and f;(y) have same signs, there is either zero or two points in [x,y] where f; vanishes.
Moreover, such intersection points are computable thanks to the following process. Put v : x ﬁ and let

u=v(z—c) andv=v(y —c— ((y —c)-w)u), forming an orthonormal basis of Vect(x — ¢,y —c). Then S;
intersects with S N Aff(c, z,y) at two points if and only if

lw|* R* = D, (32)

where w¥ = (¢; —¢) - u and w! = (¢; —¢) - v, w; = wiu + wlv (and thus |w;|® = (W2 + (w?)?),

D;=1% (RZ2 —|lei — cH2 — RQ), If Eq. is verified, then these two points are of the form C + su + tv with

(5,) = 2w w) £ B2 — 2ot ). (33)
[|lw]| [ |

Furthermore, ¢ 4+ su + tv lies on the geodesic [x,y] on S if and only if (y —¢) -u < s and t > 0.

Proof. Since by the definition of v one has (y —¢)-v >0 we have y —c = (y —¢) -u++/R% — ((y — ¢) - u)?v,
and any point ¢ + su + tv lies on the spherical geodesic [x,y] if and only if s> +t? = R? and (y —¢) - u <
s,t > 0. Now the orthogonal projection of ¢; onto the plane P = Aff(c,z,y) is obtained by p(c¢;) =
c+((ci—¢)-uw)u+ ((¢; — ¢) -v)v = c+w;. The intersection SI’ = S; N P is either empty or a circle of radius

Rip= \/RZ2 — |le; — ¢||? + |Jws]|? within P, centered at c+w;, depending on the sign of R2—||¢; — ¢||*+|Jw|>.
SF and S have non-empty intersection if and only if ||w;|| < R+ R; p.
Decomposed as ¢+ su+tv, the intersecting points are exactly the solutions of the quadratic system s +2 =

R, ||su+ tv — w;||* = (R? p which is equivalent to:

s2 4¢3 R?
swf +tw! = D,

where D; = % (R2 + e — ci||2 — Rf) It is simpler to see the solution ¢ + su + tv as ¢ + aw; + Bw;,

with wi = —w!u + wfv. Then from the second equation of the last system we have o = ﬁ and

_ 1 D?
B =ty E — =

Lemma. 7 (SphereDescent decreases F'). Let x be a point of R which does not minimize F, with #1°(z) >
2,9g= flj(x)' As per the previous proposition let y be the point of S = SIj(x) where g5 reaches its minimum.
Let [z,y]s be the geodesic between x and y on S. Let X be the minimum of t such that the projection x; of
tr+ (1 —1t)y on S (or equivalently, onto [x,yls) has one of I (x¢), I (x¢) different from respectively I} (x)
and I (z). Then X is well-defined and we have

F(z)) < F(x). (34)

Proof. By Lemma we know that = belongs to the closure of C*(z). Moreover for ¢ small enough, x; belongs
to this cell as by definition z; stays on S. Now on the trajectory ¢ + x;, F' coincides with f;+(z) which is
a strictly convex function. Its restriction to S has a unique minimum attained at y; thus F' decreases along
the geodesic [z, y]s. O
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Algorithm 4 — SphereDescent
Compute the first point along the geodesic between x,y on a Sphere Sjo of center C', radius R leaving the
cell and the cell to which this point belong.

Require: A set of centers ¢; and radii R;, an initial point x, destination vy, sets of indices I, 10,1,
Ensure: z = C + su + v R? — s2v is the first point along the geodesic between z,y on a sphere leaving the

cell.
(s,t) < (—R,0)
U 4— H‘;:icu
vey—C—(y—0C)-u
v ﬁ
ChangingIndices < 0 > Set of indices in I U I~ to which the final z belongs - usually a singleton.

forie ITUI™ do

Dy § (B2~ flei — CI - B2)

wf < (¢; = C) - u,w! « (¢, —C) v
wi e () 4 (w))?

A+ R2- 2L

wL r . . . . . 3 al

if A; > 0 then > If the circle on which the geodesic lies intersects with S;
D;,.x [ A, Y D;,.x A, Y
Sy uTw’L -+ w; ’Z,Ui , 8 — Ewl — Ewl
t+(—wfzwi—1/wfzwi,t7<—wfz i+\/w7:wi

L + set of pairs among (s,t4), (s_,t_) verifying s. > s,t. > 0.

(Stemp, ttemp) < the pair with maximal first element in L.

if Stemp = s then > Degenerate case where z = c+su+tv (at that point in the algorithm) already
lies on a sphere S; with i ¢ I°.

Add i to ChangingIndices

else

L ChangingIndices = [i]

L L (87 t) <~ (Stempattemp)

Add elements of ChangingIndices to I°, Remove elements from ChangingIndices off of I+, I~.

return z = C + su+tv, I, It I~
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A.3 Exact algorithm : pseudocode and convergence result

Algorithm 5 — SC-Exact-Solver
Compute the minimum of F' =}, max(0, ||z — ¢ill® — R2).

Require: A set of centers ¢; and radii R;, an initial point xg
Ensure: z is the point where the minimum of F' is attained
T < g, MinimumAttained < False.
It (z),I%x), I~ (z) < Signs(z)
while MinimumAttained is False do

if #1°(z) then
if c;+(,) € C(z) then > Check if the minimum lies in C(x).
‘ Teleportation procedure : MinimumAttained <— True, z < cr+(4)-
else
> Compute the lowest t such that x —tV f1+ (y) is in another cell using theLineDescent|
algorithm and update the signs. N
@, I, I°, I~ < LineDescent (z,—V f1+(z)).
else > x lies on at least one S;
> Compute V. F(z) and the sets of indices I} (z), I?(x), I (z) via ClarkeQP q
IF(x), I%(2), I7 (z) + ClarkeQP(x, It (z), I°(z), I~ (z)).
if 0 € 0,F(x) then > Check if the minimum is attained at x.
 MinimumAttained < True
else if #I1%(z) =0 then > Traj. out of x is in a full dimensional cell.
if ¢;+(,) € C*(z) then > Check if the minimum lies in C*(x).
Teleportation procedure : z < ¢+ (x)1 MinimumAttained < True
else
> Compute the lowest t such that © — tVf;;(,/,,) is in another cell using th(i
algorithm and update the signs. N
2,17, I° I~ + LineDescent (z, V@)
else > Trajectory out of x is not in a full dimensional cell.
> Compute cs, Rg respectively the center/radius of Sro(,) via SphereIntersection. N
cs, Rs + SpherelIntersection (I2(z)).
> Compute the argmin of fui(;r) on Sto(y) using the |MinSphereIntersection| algorithm. N
y + MinSpherelntersection (I (x),cs, Rs)
if y € C*(x) then
T4y
else
> Compute the first intersection of the geodesic from x to y on S with another cell using
the [SphereDescent]| algorithm. Update the signs. q
x, It 1% I~ + SphereDescent (z,%,5)

return x

Red = Computations taking the minimum of roots of second degree polynomials.

Violet = Computing the solution of a quadratic programming problem.

Olive = Computations solving a full-rank linear system and roots of degree two polynomials.
Teal = Exact computations of predicates.

We now prove Thm. [2] which we re-state for convenience:

Theorem. 3 (Algorithm convergence). Denote by x* the point where F reaches its minimum, and let ¢ be
the number of spheres on which x* lies. There exists a ball centered at x* with radius R > 0 depending on
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(i) the mazimum radius of the ball only cells touching x*, and (i) the Clarke gradient 0, F (x*), in which the
algorithm converges in at most 3¢ steps.

Proof. At point x*, the minimum of F' is reached meaning that its Clarke gradient 0,F(xz*) contains 0.
Recall that this Clarke gradient 9, F(z) of F' at any point « is a box of the form

{Vf[+(1)(l‘) + Z a;Vfi(x),0 <a; <1}

i€10(z)

Such a box has 3¢ faces—of all dimensions, where ¢ is the cardinal of I°(z). For any point = with I°(z) C
I°x*), IT(z*) C I™(z),I~(z*) C I~ (z), O.F(x) is a box of smaller dimension than d,F(z*), and it is
similar to a facet of the box 0, F(z*).

The underlying trajectory followed by our algorithm takes direction in the Clarke gradient of F', so that
the sequence |z, —x*| is decreasing. Let R,y be the maximum radius around the minimizer «* with
non-empty intersection only with cells touching x*. Since the distance of z,, to z* is decreasing, z,, stays in
the ball B := B(z*, Ryin)-

By the convex nature of the functional our underlying semiflow trajectory has necessarily decreasing norm of
generalized gradient. Indeed we have seen that the semiflow either (i) follows the flow of a convex function
on an intersection of spheres or (ii) encounters a new sphere, so that the dimension of the box of the Clarke
gradient is increased by 1. The new generalized gradient, which is the point of least norm among the Clarke
gradient, has necessarily smaller norm (Fig. for an illustration).

Each point z,, in our sequence corresponds to the point where the semiflow changes cell (situtation (ii) in
the previous paragraph), so that the sequence ||V, F(x,,)| is strictly decreasing.

For any point z, we build a directed graph whose vertices are the faces (of any dimension) of the box 0, F'(z).
There is one edge between faces C,C’ is and only if one is contained in the other, with dimension different
than one. In this case, assuming C’ C C' the direction of the edge is determined by the following rule:

o O/ C if C is strictly closer to 0 than C’,

- - . (35)
o C'— (" if C,C" lie at equal distance to 0.

This directed graph provides a well-ordering of the faces of 0, F(z) (Fig. .

Let d be the infimum of degen(C') among all non-empty faces C of 9,F(z*). The points defining the
vertices of the Clarke gradient box are each 2n-Lipschitz at most. Therefore, for any z in the ball of radius
min(d/2n, Ry ) centered at 2*, the vertices have not moved enough the change the directed graph associated
to 0, F(z): it corresponds to the subgraph of the directed graph associated to 9. F (x*) given by the vertices
of indices It (2),1°(2), I~ (2).

As the sequence ||V.F(zy)| is decreasing and each step modifies the facet of 0.F(z) nearest to 0, the
sequence of x, induces a decreasing sequence among the order of d,F(x*). Hence the sequence has less
element than the number of faces, i.e., 3°. O
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Figure S3: Directed graph on faces of two boxes in R%.  On these 2D examples, the faces have
dimensions 0, 1 and 2. The arrows correspond to the edges defined in Note that a small change in
the position of vertices would not change the directed graph, as the corresponding d (infimum of degen(C')
among all non-empty faces C' of the Clarke gradient) is positive.

Figure S4: Clarke gradient of F' of the last two steps of our algorithm. Between z3 and x4 the
semiflow remains on Sy3y and its norm is decreasing. At x4, the semiflow reaches a new sphere, so that the
dimension of the box of the Clarke gradient increases by one, and the generalized gradient becomes 0: the
critical point (minimum) has been reached. Among the directed graph associated to 0, F(z4) the last three
steps were vy (semiflow before x3) — ey4 (from z3) — 0. F(x4) (when 24 is reached by the semiflow).
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B Experiments

B.1 Datasets clustering

Name Shape (n,d)
yeast (1484,9)
faults (1941, 28)
mfeat (2000, 77)
cloud (2048, 11)
segmentation (2310, 20)
spam (4601, 58)
optdigits (5620, 65)
landsat (6435, 37)
pendigits (10992, 17)
letter (20000, 17)

Table S1: The dataset DS — Cluster, consisting of 10 individual datasets. The shape of a dataset: n:
number of observations/points; d: dimension. Datasets selected in clustering experiments, see [Celebi et al.
(2013)).

id n id n id n id n

cluster 0 20 cluster 1 19 cluster 2 11 cluster 3 49
cluster 4 45 cluster 5 77 cluster 6 69 cluster 7 101
cluster 8 90 cluster 9 161 | cluster 10 149 | cluster 11 176
cluster 12 100 | cluster_ 13 92 | cluster 14 165 | cluster 15 119

Table S2: The Proteins-HMM dataset: 16 clusters in dimension d = 400 — from |Vicedomini et al.
(2022). We use the clusters as individual datasets.

29



Under review as submission to TMLR

B.1.1 Dataset DS-Cluster: comparison SC-Exact-Solver vs SC-BFGS-Solver

Moustache plot for times ratios le—7+1 Moustache plot for values ratios
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Figure S5: DS-Cluster: SC-Exact-Solver vs SC-BFGS-Solver.

min median max
7 =0.10 | 2.694e-04  1.001e-03  2.875e-03
n=0.20 | 3.795e-04  6.018e-03  8.253e-02
n=0.30 | 2.101e-04  4.999e-02  2.583e-01
n =0.40 | 1.554e-04  1.112e-01 5.133e-01
n=0.50 | 5.921e-04  1.635e-01 1.160e+00
n =0.60 | 3.834e-03  3.567e-01 1.608e+00
n=0.70 | 2.143e-02  7.780e-01  8.065e+00
7 =0.80 | 7.910e-02 1.076e+00 1.043e+01
7 =0.90 | 9.749¢-02 1.252e+00 1.236e+01

Table S3: DatasetCLU: {gxact/tBFGS.

min median max
n=0.10 | 1.000e+00 1.000e+00 1.000e+400
n=0.20 | 1.000e+00 1.000e+00 1.000e+00
n=0.30 | 1.000e+00 1.000e+00 1.000e+00
n = 0.40 | 1.000e+00 1.000e+00 1.000e+00
n = 0.50 | 1.000e+00 1.000e+00 1.000e+00
n = 0.60 | 1.000e+00 1.000e+00 1.000e+00
n=0.70 | 1.000e+00 1.000e+00 1.000e+00
n = 0.80 | 1.000e+00 1.000e+00 1.000e+00
17 =0.90 | 1.000e+00 1.000e+00 1.000e+00

Table S4: DatasetCLU: F; (0ptgyact)/Fn(oPtgras)-
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B.1.2 Dataset DS-Cluster: comparison SC-Exact-Solver vs SC-LBFGS-Solver

Moustache plot for times ratios
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Figure S6: DS-Cluster: SC-Exact-Solver
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vs SC-LBFGS-Solver.

min

median

max

n=0.10
n =0.20
n=0.30
n = 0.40
n = 0.50
n = 0.60
n =0.70
n = 0.80
n =10.90

1.660e-03
1.350e-03
2.060e-03
7.021e-04
1.394e-02
2.027e-01
5.270e-01
6.523e-01
5.829e-01

8.070e-03
1.403e-01
7.913e-01
1.304e+00
1.521e+4-00
3.627e+00
2.777e+00
6.386e-+00
5.068e+00

5.783e-02
2.605e+00
3.208e+00
7.195e+00
9.129¢+00
3.103e+01
5.143e+4-01
5.227e+4-01
6.467e+-01

Table S5:

DatasetCLU: tExact /tL-BFGS-B .

min

median

max

n =0.10
n=0.20
n =0.30
n = 0.40
n = 0.50
n = 0.60
n =0.70
n =0.80
n =0.90

1.000e+-00
1.000e+-00
1.000e+00
1.000e+00
1.000e+00
1.000e+-00
1.000e+-00
1.000e+00
1.000e+00

1.000e+-00
1.000e+-00
1.000e+-00
1.000e+-00
1.000e+-00
1.000e4-00
1.000e4-00
1.000e+4-00
1.000e+-00

1.000e+-00
1.000e+-00
1.000e+00
1.000e+00
1.000e+00
1.000e+-00
1.000e+-00
1.000e+00
1.000e+00

Table S6: DatasetCLU: F,(0optgyact)/Fy (0Pt Bres-B)-

B.1.3 lllustration: DS-Cluster, dataset yeast_std
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Function values Yeast_std: comparison of F_eta and squared radius R2
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Figure S7: DS-Cluster, dataset yeast_ std — shape (1484, 9)
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B.1.4 lllustration: DS-Cluster, dataset yeast_std
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Function values SPam_std: comparison of F_eta and squared radius R2
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Figure S9: Dataset spam__std — shape (4601, 58)
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B.2 Dataset Proteins-HMM

B.2.1 Proteins-HMM: comparison SC-Exact-Solver vs SC-BFGS-Solver

Moustache plot for times ratios

Moustache plot for values ratios
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Figure S11: Proteins-HMM: SC-Exact-Solver vs SC-BFGS-Solver.
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min median max
n=0.10 | 2.355e-05 1.253e-04 2.194e-03
n=0.20 | 1.585e-05 1.434e-04 2.318e-03
n=0.30 | 1.021e-06 1.457e-04 1.723e-03
n=0.40 | 4.014e-07 1.507e-04 1.834e-03
n=0.50 | 1.213e-06 2.618e-04 3.800e-03
n=0.60 | 5.484e-04 1.088e-03 5.961e-03
n=10.70 | 1.460e-03 3.091e-03 2.425e-02
17 =0.80 | 9.693e-04 4.121e-03 2.256e-02
n=0.90 | 2.363e-03 8.852e-03 4.387e-02

Table S7: ProtHMM: tgxact/tBFGS-

min median max
17 =0.10 | 1.000e+00 1.000e+00 1.000e+00
n = 0.20 | 1.000e+00 1.000e+00 1.000e+00
n =0.30 | 1.000e+00 1.000e+00 1.000e+00
n = 0.40 | 1.000e+00 1.000e+00 1.000e+400
n = 0.50 | 1.000e+00 1.000e+00 1.000e+00
n = 0.60 9.999e-01  1.000e+00  9.999e-01
n=20.70 | 9.992¢-01 1.000e+00  9.992e-01
n=0.80 | 9.975e-01 1.000e+00  9.975e-01
n = 0.90 9.892e-01  1.000e+00  9.892e-01

Table S8: ProtHMM: F), (optgyact)/Fy(oPtgras)-

B.2.2 Proteins-HMM: comparison SC-Exact-Solver vs SC-LBFGS-Solver

Moustache plot for times ratios
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Figure S12: Proteins-HMM: SC-Exact-Solver vs SC-LBFGS-Solver.
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min median max
n=0.10 | 5.327e-05 1.287e-04 1.508e-03
n=0.20 | 7.769e-05 1.436e-04 7.514e-04
1n=0.30 | 6.607e-05 2.455e-04 1.695e-03
n=0.40 | 6.549e-05 2.572e-04 9.777e-03
n=0.50 | 9.009e-05 2.133e-03 1.386e-02
n=0.60 | 1.740e-03 7.108e-03 3.145e-02
n=20.70 | 7.868e-03 2.164e-02 6.013e-02
n=0.80 | 1.322e-02 4.556e-02 1.233e-01
n=0.90 | 4.903e-02 8.999e-02 1.744e-01

Table S9: ProtHMM: tExact/tL-BFGS-B-

min median max
17 =0.10 | 1.000e+00 1.000e+00 1.000e+00
n = 0.20 | 1.000e+00 1.000e+00 1.000e+00
n =0.30 | 1.000e+00 1.000e+00 1.000e+00
n = 0.40 | 1.000e+00 1.000e+00 1.000e+400
n = 0.50 | 1.000e+00 1.000e+00 1.000e+00
n = 0.60 | 1.000e+00 1.000e+00 1.000e+-00
n=0.70 9.991e-01  1.000e+00  9.991e-01
n = 0.80 9.962e-01  9.999¢-01 9.962e-01
n = 0.90 9.232e-01  9.987e-01 9.232¢-01

Table S10: ProtHMM: F),(optgyact)/Frn(0oPty.Bras-B)-
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B.2.3 lllustration: Proteins-HMM, Cluster 10
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Function values Cluster_10: comparison of F_eta and squared radius R2

Value/BFGS
Value/Exact
R2/BFGS.
R2/Exact

Q Q o} a a a a

»D0o0

100

Values

01 05

eta values

_10° 06 08

10t
102
100
S0t

~10%

108
10° gy

Dataset cluster__10: dual plot Fj and R?

cluster_10: time ratio Exact/LBFGS

0.07

0.06

0.05

0.04

Time ratio

0.03 4

0.02

0.01 4

0.00 A

T T
0.1 0.2 03 0.4 0.6 0.7 0.8 0.9

Ratio tgxact/tBFGS

Average COM outlier cost for cluster_10

168000

166000

164000

162000

Mean SESC outlier cost

160000 -

158000

T
0.1 0.2 03 0.4 0.6 0.7 0.8 0.9

Mean COM outlier cost

Distances OptExact x (OptBFGS,ProjMedian) to OptExact for cluster_

Dist. OptExact-OptBFGS
Dist OptExact-ProjMedian

300

2504

200 1

150 4

Distance

100

50

04

0.1 0.2 0.3 0.4 0.6 0.7 0.8 0.9

Distance between points

50 { WEM LINEDESCENT

Number of Steps

cluster_10: num. steps by type in Exact

Segment Type

e SPHEREDESCENT
e TELEPORTATION

05
Eta

Dataset cluster_10: step types in trajectory

Mean SESC outlier cost

#0utliers(COM)/#0Outliers(SESC)

Average SESC outlier cost for cluster_10

150000
140000 ~
130000 A
120000 4
110000 4
100000 ~

90000 +

80000

0.'1 U.‘Z 0.‘3 0:4 015 0.‘5 0:7 U.‘S 0.‘9
eta
Mean SESC outlier cost
Num. of outliers: num(COM)/num(SESC) for cluster_10
2.24
2.04
184
1.6+
1.4
124
1.0+
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
eta
Outliers: num(COM)/num(SESC)

Figure S13: Dataset cluster_ 10 — shape (149, 400)
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Figure S14: Dataset cluster__10 — shape (149, 400)
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Illustration: Proteins-HMM, Cluster 11.
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Figure S15: Dataset cluster_ 11 — shape (176, 400)
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Projection onto PC1+PC2; eta = 0.10
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Figure S16: Dataset cluster__11 — shape (176, 400)

Projection plot cluster 11-, n = 0.9
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B.2.4 Dataset Arcene

Moustache plot for times ratios
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Figure S17: Arcene:
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Moustache plot for values ratios
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SC-Exact-Solver vs SC-LBFGS-Solver.

min

median

max

n =0.10
n = 0.30
n = 0.50
n = 0.70
7 = 0.90

4.559e-05
5.732e-05
4.431e-05
5.946e-04
5.234e-02

4.559e-05
5.732e-05
4.431e-05
5.946e-04
5.234e-02

4.559e-05
5.732e-05
4.431e-05
5.946e-04
5.234e-02

Table S11:

DatasetHD: tgxact/L-BFGS-B-

min

median

max

n=20.10
17 = 0.30
1 = 0.50
n=0.70
7 =0.90

1.000e+00
1.000e+00
1.000e+00
1.000e+-00

9.447e-01

1.000e+-00
1.000e+-00
1.000e+00
1.000e4-00

9.447e-01

1.000e+00
1.000e+00
1.000e+00
1.000e+-00

9.447e-01

Table S12: DatasetHD: F, (optgyact)/Fy (0Pt Brgs.-B)-
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