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Abstract

We propose and analyze a stochastic Newton algorithm for homogeneous dis-
tributed stochastic convex optimization, where each machine can calculate stochas-
tic gradients of the same population objective, as well as stochastic Hessian-vector
products (products of an independent unbiased estimator of the Hessian of the
population objective with arbitrary vectors), with many such stochastic computa-
tions performed between rounds of communication. We show that our method can
reduce the number, and frequency, of required communication rounds compared to
existing methods without hurting performance, by proving convergence guarantees
for quasi-self-concordant objectives (e.g., logistic regression), alongside empirical
evidence.

1 Introduction

Stochastic optimization methods that leverage parallelism have proven immensely useful in modern
optimization problems. Recent advances in machine learning have highlighted their importance as
these techniques now rely on millions of parameters and increasingly large training sets.

While there are many possible ways of parallelizing optimization algorithms, we consider the
intermittent communication setting (Zinkevich et al., 2010; Cotter et al., 2011; Dekel et al., 2012;
Shamir et al., 2014; Woodworth et al., 2018, 2021), where M parallel machines work together to
optimize an objective during R rounds of communication, and where during each round each machine
may perform some basic operation (e.g., access the objective by invoking some oracle) K times,
and then communicate with all other machines. An important example of this setting is when this
basic operation gives independent, unbiased stochastic estimates of the gradient, in which case this
setting includes algorithms like Local SGD (Zinkevich et al., 2010; Coppola, 2015; Zhou and Cong,
2018; Stich, 2019; Woodworth et al., 2020a), Minibatch SGD (Dekel et al., 2012), Minibatch AC-SA
(Ghadimi and Lan, 2012), and many others.

We are motivated by the observation of Woodworth et al. (2020a) that for quadratic objectives,
first-order methods such as one-shot averaging (Zinkevich et al., 2010; Zhang et al., 2013)—a special
case of Local SGD with a single round of communication—can optimize the objective to a very high
degree of accuracy. This prompts trying to reduce the task of optimizing general convex objectives to
a short sequence of quadratic problems. Indeed, this is precisely the idea behind many second-order
algorithms including Newton’s method (Nesterov and Nemirovskii, 1994), trust-region methods
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Table 1: Convergence guarantees for different algorithms in the intermittent communication setting.
Notation is as follows: H: smoothness; U: third-order-smoothness; o: stochastic gradient variance; p:
stochastic Hessian-vector product variance; g(x; z): stochastic gradient oracle; h(z,u; 2’): stochastic
Hessian-vector product oracle (see Section 2 for complete details). For the sake of clarity, we omit
additional constants and logarithmic factors.

Algorithm Assumption,
Convergence Rate

(Reference) Oracle Access
Local SGD HB2 0B H1/3,2/3p4/3 Al
(Woodworth et al., 2020a) K& t ke T TR sRS g(x; 2)
2
FEDAC o+ 2 Al
(anandMa2020)  min BogSE WY )
Local SGD B2 L _oB U1/352/3 g5/3 A3 (3”d-order Smooth)
(Yuan and Ma, 2020) KR MKR K1/3R2/3 g(z; 2)
2
FEDAC ag J:/ V;’[/Bﬂ o A3 (3"%-order Smooth)
(Yuan and Ma, 2020) + HMl/gKlgR U KI%RES g(z; 2)
FEDSN 2 2 A2 (QSC)
d + HB oB pB
(Theorem 1) exp. decay + “w + Uik T VRR g(x; 2), h(z,u; )

(Nocedal and Wright, 2006), and cubic regularization (Nesterov and Polyak, 2006), as well as
methods that go beyond second-order information (Nesterov, 2019; Bullins, 2020).

Computing each Newton step requires solving, for convex F', a linear system of the form
V2F(z)Az = —VF(x). Unfortunately, this may be prohibitive in a high dimensional setting,
and may not even be feasible if F' is only accessible through a stochastic oracle in a streaming fashion,
as is the case in the setting we consider. To avoid these issues, we reformulate the Newton step
as the solution to a convex quadratic problem, mina, Az V2F(2)Az + VF(z)" Az, which
we then solve using one-shot averaging. Conveniently, computing stochastic gradient estimates
for this quadratic objective does not require computing the full Hessian matrix, as it only requires
stochastic gradients and stochastic Hessian-vector products. This is attractive computationally since,
for many problems, the cost of computing stochastic Hessian-vector products is similar to the cost of
computing stochastic gradients, and both involve similar operations (Pearlmutter, 1994). Furthermore,
highlighting the importance of these estimates, recent works have relied on Hessian-vector products
to attain faster rates for reaching approximate stationary points in both deterministic (Agarwal et al.,
2017; Carmon et al., 2018) and stochastic (Allen-Zhu, 2018; Arjevani et al., 2020) non-convex
optimization.

In the context of distributed optimization, second-order methods have shown promise in the empir-
ical risk minimization (ERM) setting, whereby estimates of F' are constructed by distributing the
component functions of the finite-sum problem across machines. Such methods which leverage this
structure have since been shown to lead to improved communication efficiency (Shamir et al., 2014;
Zhang and Xiao, 2015; Reddi et al., 2016; Wang et al., 2018; Crane and Roosta, 2019; Islamov et al.,
2021; Gupta et al., 2021). An important difference, however, is that these methods work in a batch
setting, meaning they allow for repeated access to the same K examples each round on each machine,
giving a total of M K samples. In contrast, we work in the stochastic (one-pass, streaming) setting,
and so our model independently samples a fresh set of M K examples per round, for a total of M K R
examples (see Appendix G.5 for an empirical comparison).

Our results

Our primary algorithmic contribution, which we present in Section 3 (and include a sketch in Ap-
pendix A), is the method FEDERATED-STOCHASTIC-NEWTON (FEDSN), a distributed approximate
Newton method which leverages the benefits of one-shot averaging for quadratic problems. We pro-



vide in Section 3, under the condition of quasi-self-concordance (Bach, 2010), the main guarantees of
our method (Theorem 1). In Section 4 we show how, for some regimes in terms of M, K, and R, our
method may improve upon the rates of previous first-order methods, including FEDAC (Yuan and Ma,
2020). In Section 5, we compare a more practical version of our method, FEDSN-LITE (Algorithm 6)
against the other methods, showing we can significantly reduce communication compared to other
first-order methods.

2 Preliminaries

We consider the following optimization problem:
min F(z), (1)

zERY
and throughout we use F™* to denote the minimum of this problem. We further use ||-|| to denote the

standard /5 norm, we let ||z|| , := VT Az for a positive semidefinite matrix A, and we let I denote
the identity matrix of order d.

Next, we establish several sets of assumptions, beginning with those which are standard for smooth,
stochastic, distributed convex optimization. We would note that we are working in the homogeneous
distributed setting (i.e., each machine may access the same distribution), rather than the heterogeneous
setting (Khaled et al., 2019; Karimireddy et al., 2019; Koloskova et al., 2020; Woodworth et al.,
2020b; Khaled et al., 2020).

Assumption 1 (Al).

(a) F is convex, differentiable, and H-smooth, i.e., for all x,y € R4, F(y) < F(z) +
VF(@) (y—=z)+ &y — x|

ere s a mmimizer x €argm1n &) such that ||x =~ .
(b) There is a minimizer x* in, F h that ||z*|| < B

(c) We are given access to a stochastic first-order oracle in the form of an estimator g :
R? x Z — R and a distribution D on Z such that, for any x € R? queried by the
algorithm, the oracle draws z ~ D, and the algorithm observes an estimate g(x; z) that
satisfies:

(i) g(x; z) is an unbiased gradient estimate, i.e., E.g(z;z) = VF(z).
(ii) g(x;z) has bounded variance, i.e., E.||g(z; z) — VF(2)|? < o2
In order to provide guarantees for Newton-type methods, we will require additional notions of

smoothness. In particular, we consider a-quasi-self-concordance (QSC) (Bach, 2010), which for
convex and three-times differentiable F’ is satisfied for « > 0 when, for all z € dom(F'), v,u € R?,

[V2F (2)[v, u, u)| < allol| (V2F(2)[u,u]) ,
where we define

8k
VFF(z)[ug, us, . .., up] = F(z+tuy +tous + - - + truy),
()[u1, uz k] 8u1,8uQ,...,8uk|t1:0,t2:0,...,tk:0 ( 1u1 + taus kUk)
for k > 1, i.e., the k*" directional derivative of F at z: along the directions ui, ue, . . ., u. Related to

this is the condition of a-self-concordance, which has proven useful for classic problems in linear
optimization (Nesterov and Nemirovskii, 1994), whereby for all z € dom(F'),u € R4,

V3 F (), w, ]| < 200 (V2F(2)[u, u))
Though quasi-self-concordance is perhaps not as widely studied as self-concordance, recent work has

brought its usefulness to light in the context of machine learning (Bach, 2010; Karimireddy et al.,
2018; Carmon et al., 2020). Notably, for logistic regression, i.e., problems of the form

N
1
mwin F(z) = N Z_; log(l + e_b"<““””>)7 2)
we observe that a-quasi-self-concordance holds with o« < max;{]|b;a;||}. Interestingly, this function

is not self-concordant, thus highlighting the importance of introducing the notion of QSC for such
problems, and indeed, neither of these conditions implies the other in general.'

'For the other direction, note that F'(z) = — In(z) is 1-self-concordant but not quasi-self-concordant.



We now introduce further assumptions in terms of both additional oracle access and other smoothness
notions. The following outlines the requirements for the stochastic Hessian-vector products, though
we again stress that the practical cost of such an oracle is often on the order of that for stochastic
gradients (Pearlmutter, 1994; Allen-Zhu, 2018).

Assumption 2 (A2). In addition to Assumption I, we have:

(a) F is three-times differentiable and o-quasi-self-concordant, i.e., for all x,v,u € R?,
|V3F (2)[v,u,u]| < oo V2 F(2)[u,u].

(b) We are given access to a stochastic Hessian-vector product oracle in the form of an estimator
h: R? x R x Z + RY, and a distribution D on Z such that, for any pair v,u € R?
queried by the algorithm, the oracle draws z' ~ D, and the algorithm observes an estimate
h(z,w; ") that satisfies:

(i) h(x,u;z") is an unbiased Hessian-vector product estimate, i.e., E, h(x,u;z") =
VEF?(z)u.

(ii) h(x,u;2") has bounded variance of the form E .|| h(z,u; 2') — V2 F (z)ul|?* < p?||ul|?.

Meanwhile, other works (e.g., Yuan and Ma, 2020) require different control over third-order smooth-

ness and fourth central moment. We do not require this assumption in our analysis, and include it
here for comparison.

Assumption 3 (A3). In addition to Assumption I, we have:

(a) F is twice-differentiable and U-third-order-smooth, i.e., for all x,y € R%, F(y) < F(z) +
VE(@) (y — )+ 5 (VF(2)(y —2), y — z) + G lly — [

(b) g(x; z) has bounded fourth central moment, i.e., E.||g(x;2z) — VF(x)||* < o?.
3 Main results

We begin by describing our main algorithm, FEDSN (Algorithm 1). Namely, our aim is to solve
convex minimization problems min, F'(x), subject to Assumption 2.

Algorithm 1 FEDERATED-STOCHASTIC-NEWTON, a.k.a., FEDSN(z)

(Operating on objective F'(-) with stochastic gradient ¢(-;-) and Hessian-vector product h(-; -, -)
oracles.)

Input: z, € R% B

Hyperparameters: 7': main iterations; and £: local stability (see Table 4).

Output: Approximate solution to min, F'(x) > See Theorem 1
fort=0,1,...,7T —1do

Ny

ul V2F (z;)u
+VF(z)Tu

~ > Approx. min
AZ; = CONSTRAINED-QUADRATIC-SOLVER(z}) willul| <37

Update: xy1 = x¢ + ATy
Return: zr

We will rely throughout the paper on several hyperparameter settings and parameter functions, which
we collect in Tables 3 and 4. Recall that M is the amount of parallel workers, R is the number
of rounds of communication, K is the number of basic operations performed between rounds of
communication, and H, B, o, «, and p are as defined in Assumptions 1 and 2.

Among our assumptions, we note in particular the condition of quasi-self-concordance, under which
several works have provided efficient optimization methods. For example, Bach (2010) analyzes
Newton’s method under QSC conditions, in a manner analogous to that of standard self-concordance
analyses, to establish its behavior in the region of quadratic (loglog(1/e€)) convergence. More
recently, both Karimireddy et al. (2018) and Carmon et al. (2020) have presented methods which
rely instead on a trust-region approach, whereby, for a given iterate x, each iteration amounts to
approximately solving a constrained subproblem of the form minag.|az|<c %A:cTVQF (x¢)Ax +

VF(z;) " Az, for some £ > 1 and problem-dependent radius ¢ > 0. This stands in constrast to the



Hyperparameter Setting Description

— | R (B
= \‘44 log (( < ))J Main iterations
(for ¢ = 4096 + 4(80 + 32log K + 24log(1 + 2aB))?)
6:=0 Momentum
7= min{ 328 log(TK), =} Trust-region radius
€ = exp(ar) Local stability
N\ = max { 2e 2p  32eH log(51200) 4p4/21log(51200)
= K—2' VK’ K ’ VK )
Regularization bound
320v2p 3200 8eH
VMK’ /MK’ K-16
N:= |1+ glog % Binary search iterations
C =18 log([log2 N (4 + % + W)ﬂ Reg. quadratic repetitions

Table 2: Hyperparameters 7', 3, T, E ,\, N, and C, as used by FEDSN and its subroutines.

Parameter Function Description
— 2
(A) := TIA K < fmaxqEH + )\ & pork <5 Reg. quad.
AR = 4 K > 2max{{H + A, § andk > & stepsizes

A(§ max{EH+X, 5 }+h— %)

(L= +m3p*) "1 K < 3max{{H+ A, §

= by
" 0 K > 2maxqEH + ), § andk < & Reg. quad.
Wi = _ 3
%max{{H + A, %} weights
+k-8 -1 K>%max{§_H+)\,§}andk‘Z§

Table 3: Parameter functions 7, () and wy()), as used by FEDSN and its subroutines, where € is as

defined in Table 4, and where 7, denotes 77()\) := min{ EH%’ p%}

unconstrained minimization problem mina, gALL‘TV2F (z)Ax + VF(z) T Az, which, as we may
recall, forms the basis of the standard (damped) Newton method. Carmon et al. (2020) further use
their trust-region subroutine to approximately implement a certain ¢5-ball minimization oracle, which
they combine with an acceleration scheme (Monteiro and Svaiter, 2013).

These results show, at a high level, that as long as the radius of the constrained quadratic (trust-region)
subproblem is not too large, it is possible to make sufficient progress on the global problem by
approximately solving the quadratic subproblem. Our method proceeds in a similar fashion: each
iteration of Algorithm 1 provides an approximate solution to a constrained quadratic problem. To
begin, we follow Karimireddy et al. (2018) in defining 4(r)-local (Hessian) stability.

Definition 1. Let § : RT — RT. We say that a twice-differentiable and convex function F is
§(r)-locally stable if, for any v > 0 and any z,y € R? (z # y) such that ||z — y|| < r and
|z — yllv2p@) > 0, we have ||z — y|v2pq) < 6(r)llz — yllv2r)-

As the next lemma shows, quasi-self-concordance is sufficient to provide this type of local stability.



Lemma 1 (Theorem I (Karimireddy et al., 2018)). If F' is a-quasi-self-concordant, then F is
d(r) = exp(ar)-locally stable.

The advantage of local stability is that it ensures that approximate solutions to locally-defined
constrained quadratic problems can guarantee progress on the global objective, and we state this more
formally in the following lemma. Note that this lemma is similar to (Theorem IV Karimireddy et al.,
2018), though we allow for an additive error in the subproblem solves in addition to the multiplicative
error, and its proof can be found in Appendix B.

Lemma 2. Let F satisfy Assumption 2 and be §(r)-locally stable for § : RT — RT, let
zo € R? be as input to FEDSN (Algorithm 1), let ¢ > 0, let § € [0,1), and define Q;(Ax) =

@AmTVQF(wt)Ax + VF(x;) " Az, where x, is the t'"* iterate of Algorithm 1. Furthermore,
suppose we are given that in each iteration of Algorithm 1, ||AZ:|| < 5c and

EQ:(AZy) — min  Q:(Az) < 9<Qt(0) - min Qt(Al’)> +e,

Az:||Az|<ic Az:||Az||<ic
for € > 0. Then for each T > 0, Algorithm I guarantees

~ Te(1-0) ) 2Bé(c)d(5c)e
2Bé(5¢)é(5¢) c(1—0)

EF(er) — F* < E[F(zo) — F] exp(

We have now seen how to turn approximate solutions of constrained quadratic problems into an
approximate minimizer of the overall objective. We next need to ensure that the output of our
method CONSTRAINED-QUADRATIC-SOLVER (Algorithm 2) meets the conditions of Lemma 2. As
previously discussed, Woodworth et al. (2020a) showed that first-order methods can very accurately
optimize unconstrained quadratic objectives using a single round of communication; however, here
we need to optimize a quadratic problem subject to a norm constraint. Our constrained quadratic
solver is thus based on the following idea: the minimizer of the constrained problem ming,. ;| <. Q(x)

is the same as the minimizer of the unconstrained problem min, Q(z) + ’\7 ||z||? for some problem-
dependent regularization parameter A*. While the algorithm does not know what \* should be a
priori, we show that it can be found with sufficient confidence using binary search. Lemma 3, proven
in Appendix C, provides the relevant guarantees.

Lemma 3. Let F' satisfy Assumption 2, let x be as input to CONSTRAINED-QUADRATIC-SOLVER
(Algorithm 2), let & be as in Table 4, define

Qu) = guTV2F(x)u + VE(z) u, Qxr(u) = %uT(§V2F(x) + A)u + VE(z) ",

uy = argmuinQ,\(u), ™ (A) = [luill,

and let A, denote, for any v > 0, the value such that *(\,) = r. Let G be the output of Algorithm 2
for hyperparameters v, £, \, N and C' as in Table 4, and suppose the output @y of REGULARIZED-
QUADRATIC-SOLVER(z, \) satisfies for all X > X that

A (V)2 +72)

EQx(ix) = min @ (u) < ¢(A) = <00

Then 4| < 57 and

)\—2

EQ(d) — min Q@)gi(@(m_ min Q(u)>+e()\4T)+£.

wiul| <57 wllul| <37

We now show that using one-shot averaging (Zinkevich et al., 2010; Zhang et al., 2012) with M
machines—i.e., averaging the results of M independent runs of SGD—suffices to solve each quadratic
problem to the desired accuracy. The following lemma, which we prove in Appendix D, establishes
that REGULARIZED-QUADRATIC-SOLVER (Algorithm 3) supplies Algorithm 2 with an output @ that
satisfies the conditions of Lemma 3.



Algorithm 2 CONSTRAINED-QUADRATIC-SOLVER(x)

(Operating on objective F'(-) with stochastic gradient ¢(-;-) and Hessian-vector product h(-;-,-)
oracles.)

Input: x € R% B B

Hyperparameters: 7: trust-region radius; £: local stability; A: regularization bound; N: binary
search iterations; and C': reg. quadratic repetitions (see Table 4).

Output: Approximate solution to min,,. ., j<17 3 SuTV2F(z)u+ VF(z)Tu > See Lemma 3
M=) =1, N
141

while A; # @ do
A = Median(A;)
forc=1,...,Cdo
ali0) = REGULARIZED-QUADRATIC-SOLVER(JU, @)
it {20 9] € [3r, 57]}| > § then
@i = REGULARIZED-QUADRATIC-SOLVER (z, A(¥))

Return: @ = min{l, ”%H}u

else if | {9 : Ha(iv@y < 37} > § then
A1 ={N e X<A<i>}

else if Hu“ ) Hu(‘ °)H > r}’ C then

N ={N €A : N >)\D}
else
Return: 4 =0
11+ 1 ~
@ = REGULARIZED-QUADRATIC-SOLVER (z, A)
Return: i = min{l, ”5—;"}&

Lemma 4. Let I satisfy Assumption 2, let x € R?, A € R" be as input to REGULARIZED-
QUADRATIC-SOLVER (Algorithm 3), let Q(u) = 2u’ (EV?F(z) + Al)u + VF(z) "u, let Q% =
min, Qx(u), let u* = argmin, @Qx(u), and let stochastic first-order and stochastic Hessian-
vector product oracles for F, as defined in Assumptions 1 and 2, respectively, be available for
each call to REGULARIZED-QUADRATIC-GRADIENT-ACCESS (Algorithm 4), for either Case 1
(Different-Samples) or Case 2 (Same-Sample). Let 4, as output by Algorithm 3, be a weighted
average of the iterates of M independent runs of SGD with stepsizes 1g(\), ..., nx—1(\), ie.,

= —pr— ZM_l ZkK__Ol wiuy’. Then, for both Cases 1 and 2,
M S T, &om= =

2max{§H + A, %}Hu’ﬁnzmin{%, exp(—ﬁmln{EH)‘+A %ﬁ})}

+2(U+/’7\|“*H) ifK <2 maX{fH—i—)\ é}
EQx(d) — Q3 <
96\ || u*|| exp(——mm{ A /\2}> +W

EH+A" 7
K > Fmax{EH + A, 4 |

Our analysis for Algorithm 3 is based on ideas similar to those of Woodworth et al. (2020a), whereby
the algorithm may access the stochastic oracles via REGULARIZED-QUADRATIC-GRADIENT-
ACCESS (Algorithm 4). However, additional care must be taken to account for the fact that Al-
gorithm 4 supplies stochastic gradient estimates of the quadratic subproblems Q) (u) as per the
oracles models described in Assumptions 1 and 2. Thus, the estimates—based in part on stochas-
tic Hessian-vector products—have variance that scales with the norm of the respective iterates of
Algorithm 3 (see Assumption 2(b.ii)).



Algorithm 3 REGULARIZED-QUADRATIC-SOLVER(z, \)

(Operating on objective F'(-) with stochastic gradient ¢(-;-) and Hessian-vector product h(-;-,-)
oracles.)

Input: z € R, A\ e RT. -

Hyperparameters: (§: momentum; &: local stability; and parameter functions 7 (\), wg(\) (see
Tables 3 and 4). ~

Output: Approximate solution to min, @ (u) = u' (§V2F(z) + A\)u+ VF(z) u > See

Lemma 4
Initialize: ug, ..., u}! =0 > Initial iterates on each machine
for Each machine m = 1, ..., M in parallel do

fork=0,..., K —1do
y(upt; 237, z;ﬂm) = REGULARIZED-QUADRATIC-GRADIENT-ACCESS (z, u}l*, \)
it = = me )Y 2 2 + Lo (! — i) ?
Return: ¢ = m Zm:l Zk}:] wk(A)uZL

We also note two possible cases for the oracle access: Case 1 (Different-Samples) in Algorithm 4
requires both a call to a stochastic first-order oracle (which draws z ~ D) and a call to a stochastic
Hessian-vector product oracle (which draws a different 2’ ~ D); while Case 2 (Same-Sample) allows
both stochastic estimators to be observed for the same random sample z ~ D. These cases differ by
only a small constant factor in the final convergence rate, and we base our practical method on this
single sample model. We refer the reader to Appendix G.4 for discussion of these settings.

Algorithm 4 REGULARIZED-QUADRATIC-GRADIENT-ACCESS(x, u, \)

(Operating on objective F'(-) with stochastic gradient g(+;-) and Hessian-vector product h(:; -, )
oracles.)
Input: x,u € R% X\ € RY.
Hyperparameters: ¢: local stability (see Table 4).
Output: v(u;z,2") s.t. E, /[y(u;2,2)] = VQa(u) and E, ,||y(u; 2, 2") — VQ,\(u)H2 <o?+
P2 ul®
Case 1: Different-Samples (z, 2/ drawn independently for each stochastic oracle)
* Query the stochastic first-order oracle at x (as in Assumption 1(c)), so that the oracle
draws z ~ D, and observe g(z; z)
* Query the stochastic Hessian-vector product oracle at x and « (as in Assumption 2(b)), so
that the oracle draws 2z’ ~ D, and observe h(x, u; z’)
Case 2: Same-Sample (Same 2z’ = z used for both stochastic oracles)
* Query the stochastic first-order oracle at x (as in Assumption 1(c)), so that the oracle
draws z ~ D, and observe g(z; z)
* Query the stochastic Hessian-vector product oracle at x and u (as in Assumption 2(b)) for
z' = z, and observe h(z,u; z")
Y(u; 2, 2") = Eh(x,u; 2') + du + g(x; 2)

Return: v(u; z, 2’)

Finally, having analyzed Algorithms 1, 2, 3, and 4, we may put them all together to provide our main
theoretical result, whose proof can be found in Appendix E.

Theorem 1. Let F' satisfy Assumption 2. Then, for K > 175 and R > Q(l), and for hyperparameters
T, B, 7, & A\ N, C and parameter functions ny,(\), wi () as in Tables 3 and 4, the output of FEDSN
(Algorithm 1) with initial point xy € R?, using Algorithms 2, 3, and 4 (for both Cases 1 and 2)

>We add heavy-ball/Polyak momentum in this step with momentum parameter 3. Our theoretical results
do not require any momentum, and thus FEDSN is analyzed for 8 = 0. For our experiments we compare the
algorithms both with and without momentum, i.e., 8 = 0 or optimally tuned § € {0.1,0.3,0.5,0.7,0.9}.



satisfies

R K ~ ocB HB2 pB?
E[F (z —F*<HB2(e <—~ >+e (—)>+O< + )
Flan)]=F < P\ 6n)) TP\ o) VK " KR T VRR
where Q, O hide terms logarithmic in R, K, and aB.

4 Comparison with related methods and lower bounds

In this section, we compare our algorithm’s guarantees with those of FEDAC, and we include
additional comparisons in Appendix F. A difficulty in making this comparison is determining the
“typical” relative scale of the parameters H, o, U, «, and p. Drawing inspiration from training
generalized linear models, we consider a natural scaling of the parameters that arises when the
objective has the form F'(z) = E,¢({z, z)), where |¢'|, |¢”|, and |¢"'| are O(1), and where ||z|| < D;
this holds, e.g., for logistic regression problems (see (2)). In this case, upper bounds on the derivatives
of F' will generally scale with ||z||. So if we assume that ||z|| < D for some D, then the derivatives of
F would scale as | VF(z)|| < D, |V2F(2)|lop < D% and ||V3F()]op S D3 where [|-,, denotes

the operator norm. Thus, we will take H = D? oc=D,U=D3 a=D,and p = D?. These
parameters could have different relationships, but we focus on this regime for simplicity.

In addition to working within this natural scaling, we consider the case where we have access to
sufficient machines (i.e., M 2 53 BQ) and for K large enough. We explore various reglmes W.L.L.

~

both the number of rounds of communication R and the “size" of the problem D B. Thus, ignoring
constants and terms logarithmic in R, K, and a3, our upper bound from Theorem 1 reduces to

D?RB? +D232 D?B?  D?B?
KR3/?2 KR \FR VKR’

R
EF (%) — F* < D*B? exp<—DB> + D?*B%exp(—K) +

Comparison with FEDAC

The previous best known first-order distributed method under third-order smoothness assumptions is
FEDAC (Yuan and Ma, 2020), an accelerated variant of Local SGD, which achieves a guarantee of

-/ HB2 ocB H1/302/3B4/3 U1/302/335/3
EF(z) — F* <O + + +
KR2 /MKR MY3K1/3R K1/3R4/3

For the setting as outlined above, this bound reduces to
D2B2 D5/3B5/3
* L + .
~ KR2 K1/3R4/3
In the case where DB is not too large (DB < K?R?), the dominant term for FEDAC is

EF(z)— F
D5/3pB5/3
K1/3RA/3>
and so we see that our algorithm improves upon FEDAC as long as R < g;, whereas for R 2 g;,
FEDAC provides better guarantees than FEDSN.

Comparison with first-order lower bounds

Woodworth et al. (2021) provide lower bounds under other smoothness conditions, including quasi-
self-concordance, which are relevant to the current work. Roughly speaking, they show that under
Assumption 2(a), no first-order intermittent communication algorithm can guarantee suboptimality
less than (ignoring constant and log M factors)

HB2 oB + mi {HB2 acB? oB }
min R s
“ xRt VMKR R? " \/KR?2 VKR

In the same parameter regime as above, the lower bound reduces to

EF(3) — F* >

D?B? D?B? DB
S\ * > 7 7 4 - - ==
EF(ZE) F = B 2+mln{f 2,\/7}

Comparing this lower bound with our guarantee in Theorem 1, we see that, when DB = O(1) and
the number of rounds of communication is small (e.g., R = O(log K)), our approximate Newton
method can (ignoring log K factors) achieve an upper bound of EF(#) — F* < 1/y/K. Therefore,
in this important regime, FEDSN matches the lower bound under Assumption 2(a), albeit using a
stronger oracle. No prior work has matched this lower bound, and so we do not know whether such
an oracle is necessary in order to achieve it, or if perhaps the stronger oracle allows for breaking it.
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—3— FedSN-Lite w/ Mom. (Our Method) ~ —$— MB SGD w/ Mom.
FedSN-Lite (Our Method) 4 MBSGD

—4— FedAC-2 (Optimally Regularized) —4— Local SGD w/ Mom.

—4— FedAC-1 (Optimally Regularized) Local SGD

M=100 M=200 M=100 M=200

-0.44

-0.48 C

5 10 25 50 100 5 10 25 50 100 5 10 25 50 100 5 10 25 50 100

Best Log(Rel. Sub-optimality)
5
Best Log(Validation Loss)

Number of Communication Rounds Number of Communication Rounds
(a) (d)

Figure 1: Empirical comparison of FEDSN-LITE (Algorithm 6) to other methods (see Appendix G.1) on
the LIBSVM a9a (Chang and Lin, 2011; Dua and Graff, 2017) dataset for minimizing: (a) in-sample, and (b)
out-of-sample unregularized logistic regression loss using M € {100,200} machines. We vary the frequency
of communication (horizontal axis of each plot), while keeping the total number of steps on each machine
(theoretical parallel runtime) fixed at K R = 100. Thus, every point in the sub-plot is a separately tuned instance
of an algorithm, where each algorithm besides FEDAC solves an unregularized ERM problem and reports (a) the
best relative sub-optimality w.r.t. the optimal minimizer and (b) the best validation loss on a held-out dataset. All
results are averaged over multiple runs (see Appendix G.3 for full details).

5 Experiments

In Appendix G.1 we present a more practical variant of FEDSN called FEDSN-LITE (Algorithm 6),
which does away with the search over the regularization parameter as in Algorithm 2. We compare
FEDSN-LITE against the two variants of FEDAC (Algorithm 7, Yuan and Ma (2020)), Minibatch
SGD (Algorithm 9, Dekel et al. (2012)), and Local SGD (Algorithm 8, Zinkevich et al. (2010)). We
also study the effect of adding Polyak’s momentum, which we denote by [, to these algorithms (see
Appendix G.1). FEDAC is mainly presented and analyzed for strongly convex functions by Yuan
and Ma (2020). In fact, they assume the knowledge of the strong convexity constant to tune FEDAC,
which is typically hard to know unless the function is explicitly regularized. To handle general
convex functions, Yuan and Ma (2020) build some internal regularization into FEDAC (see Appendix
E.2 in their paper). However, their hyperparameter recommendations in this setting also depend on
unknowns such as the smoothness of the function and the variance of the stochastic gradients. This
poses a difficulty in comparing FEDAC to the other algorithms, which do not require the knowledge
of these unknowns.

To overcome this we take the more carefully optimized version of FEDAC for strongly convex
functions and tune its internal regularization and learning rate. This emulates the setting where the
objective is assumed to be just convex but FEDAC sees a strongly convex function instead. In our
experiments in Figure 6, we notice that FEDSN-LITE is either competitive with or outperforms the
other baselines. This is especially true for the sparse communication settings, which are of most
practical interest. A more comprehensive set of experiments can be found in Appendix G.2 along
with full implementational details in Appendix G.3.3

6 Conclusion

In this work, we have shown how to more efficiently optimize convex quasi-self-concordant objectives
by leveraging parallel methods for quadratic problems. Our method can, in some parameter regimes,
improve upon existing stochastic methods while maintaining a similar computational cost, and we
have further seen how our method may provide empirical improvements in the low communication
regime. It remains open whether the same guarantees we achieve here can also be achieved using
only independent stochastic gradients (a single stochastic gradient on each sample), or whether in the
distributed stochastic setting access to Hessian-vector products is strictly more powerful than access
to only independent stochastic gradients.

3Code is availabe at https://github.com/kishinmh/Inexact-Newton.
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A Algorithm Sketch

Here we provide a sketch of our main algorithm FEDERATED-STOCHASTIC-NEWTON (a.k.a.
FEDSN).

Algorithm (Sketch) FEDERATED-STOCHASTIC-NEWTON, a.k.a., FEDSN(z)

(Operating on objective F'(-) with stochastic gradient ¢(-;-) and Hessian-vector product h(-;-,-)
oracles.)
Input: z, € R B
Hyperparameters: 7": main iterations; £: local stability parameter; and N: binary search iterations
(see Table 4).
Output: Approximate solution to min, F'(x)
fort=0,1,...,7T —1do
A={\,.. ., AN} > Set of regularization parameters
while A # & do
A = Median(A)
Define: Qx(u) = 2u' ({V2F (z) + AI)u 4+ VF(z) Tu> Regularized quadratic subproblem

Run SGD on Q) (u) independently on each machine (starting with ug = 0) for K steps,
then communicate the final iterate u'% from each machine m, and average them to obtain
u = ﬁ Zr]\le ug.
if Sufficiently good A is found then
A:ﬁt = fL
break
else
Reduce the size of A by half.
Update: x¢y1 = x¢ + ATy
Return: xr

B Analysis of Algorithm 1

We will use the following notation in our analysis:
Q7 (Az) = %AwTVQF(xt)Ax + VF(z,)" Ax. 3)

Lemma 5 (Lemma 5 (Karimireddy et al., 2018)). Let F be §(r)-locally stable for a given § : RY
RF, let ||2*|| < B, letr > 0, lety = r/B and x%, = (1 — y)x; +yx*, and let x4y = x4 + ATy for
|AZ|| < 7. Then

F(xe) — F(z,) < Q1 (AZ,)

F(a) = Fxe) > Q" (a2 — ay).

Lemma 6 (Lemma 6 (Karimireddy et al., 2018)). For any convex domain Q and constants a - b > 1,
1
in Q%(Az) < — min QY*(Ax).
ity Q' (Ax) < 25 iy, @ (Ax)
We will now prove Lemma 2 from Section 3.
Lemma 2. Let F satisfy Assumption 2 and be §(r)-locally stable for § : RT — RT, let

zo € R? be as input to FEDSN (Algorithm 1), let ¢ > 0, let § € [0,1), and define Q;(Az) =

@AJJVQF(:UQAJJ + VF(x;) " Aw, where x; is the t'" iterate of Algorithm 1. Furthermore,
suppose we are given that in each iteration of Algorithm 1, |AZ;|| < 5c and

Az:||Az|<ic Az:||Az||<ic

EQ:(Az;) — min Q:(Ax) < 0<Qt(0) — min Qt(Ax)> + €,
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for € > 0. Then for each T > 0, Algorithm I guarantees

Tc(l —6) 2Bé(c)d(5c)e
235(;0)5(50)) M-

EF(xr) — F* <E[F(x9) — F*]exp (

Proof. To begin, we are given by the assumptions of the theorem statement that Algorithm 1 chooses
the update AZ; such that ||AZ;|| < 5c and

EQ°®?(AZ;) — min Qf(5c)(Am)<e+0<Qf(5c)(0)— min Qf“”(A@). (4)

Az <ic lAaz|<ie
Therefore,
E[F(z,11) — Fz,)] < EQ)"(Az) (5)
. . 4(5c)
<et+(1-0) ler‘riﬁ‘S%CQt (Az) (6)
1-46 1/8(%¢)
= 5Gaste) RT3 o Mg @ (B9 @
1—- 1/6<2c) _c _
<e+ 5(5(:) % ((1 )wt + 2B$ xt) 3)
< (5 s) rel o
-0 *
<e+ 5(20 K ) xt)—l—ﬁF F(xt)} (10)
_ (1 =9 1p@) - . (1

236(50)6(5 c)

Here we used Lemma 5 for the first inequality, Lemma 6 for the third, Lemma 5 again for the fifth,
and the convexity of F' for the sixth.

Rearranging, and unravelling the recursion, we conclude that

E[F(er)— F] < (1— —U=9 TIE[F — F7] —I—GZ 1- 79) t (12)
T = 2B3(5¢)5(Lc) 2B5(5¢)6(%e)
Tec(l—0) 2B(§(5C)(5(§C)6
<E[F — F* - 13
< ElF(z0) - F7] eXp( 235(50)5(;C)> (1—0) (13)
This completes the proof. O
C Proof of Lemma 3
Before we analyze Algorithm 2, we recall some key definitions. For a given = € R?, we let
Qu) = guTV2F(x)u + VF(z) ' u, (14)
and for a regularization penalty A\, we also define
1 _
Qx(u) = §uT(§V2F(x) + M)u + VF(z) u. (15)
We use u} to denote the (unique) minimizer of ()5 (u), and we use 7*(\) = ||u}|| to denote the norm

of the minimizer. For 0 < » < r*(0), we also use A, to denote the value of A such that r*(\,.) = r
(Lemma 7 below shows that \,. is unique).

Lemma 7 (Lemmas 35 and 36 (Carmon et al., 2020)). For any r, there exists a unique A\, > 0 such
that

uf = argmin Q(u) = argmin @y, (u) = —(V?F(x) + X\, 1) "' VF(z).

w:||ul| <r u€eRd
Also, )\, is decreasing in r, and if A\, # 0 then ||uk|| = 7.
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Lemma 8. Forr < r*(0), \, € [0, @]

Proof. By Lemma 7, A > 0. If A > 0, then since VQF(:E) > 0 ( by convexity of F'), we have that

IVE@)I|
A
Rearranging completes the proof. O

r=luill = [(V2F(z) + \D) 7'V F(2)] < (16)

Lemma 9. Foranyr > 0let A > v > 0 such that v*(\) = r and r*(y) = 2r. Then

E[Q;(u) = Qy(u})] <€ = E[Q(u) — Q(u})] < e.

Furthermore, for any y and v,

BlQ:(1) - @ (13)] <« = Bl - Q) <o+ W2

Proof. For any u,
E[Qy (1) — Qui)] = E[Qy(w) — @ (u)] + Q) = @) + 2> ()

* * Yo ow2
< €+ Qy(w3) = @y (u}) + S [[uill™ (18)
By the 7-strong convexity of Q.,, the fact that either v = 0 or |[u}|| = r and [u} || = 2r, and the
reverse triangle inequality,
2 2 2
. AT gl f12 T y@2r—r)” o
Qy(05) — Q) + Lk P < Ly — w3 P4 20 < LI )

Combining (19) with (18) completes the first part of the proof. For the second part, we observe that

B[Q) + 1l - Q)] = E[Q: (1) - @y(05)] + @y u3) — @y (1) + J1t? < e WL,

(20)
Above, we used that @ (u}) = min, Qx(u) < Qx(y). O
Lemma 10. Let A > v > 0. Then,
A sl
vyl

Proof. By the definition of u}, = arg min,, @~ (u) and u} = arg min,, @ (u) and the - and A-strong
convexity of ), and @, respectively,

AT (I~ 13 12) = @ (u3) — Q4 u5) + @au3) — Qa(u3) >

Therefore, by rearranging and applying the reverse triangle inequality

eI

APz —
2

Al o )2 il (e
e [ (sl =i _ ] = s -
T el =l st Tl sl
By Lemma 7, since A >, ||u3|| > |ju}]|. Therefore, rearranging this inequality completes the

proof. O
Lemma 11. Let X ~ Binomial(C,p) with p > 3. Then,

C c

Proof. This is a simple application of Hoeffding’s inequality:

1 1 1 C
— < —<p—-=1< — .
IP’(CX 5 <p 4) exp( 8) (23)
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Lemma 12. Let z € R be as input to Algorithm 2, let Q) (u) = 3u’ (§(57)V2F (z) + AD)u +
VF(z) u, let Q%) = min, Qyw) (u), and for each i, let alV .. a%C) be computed as in
Algorithm 2 such that
A (r*(AD)2 4 72)

800 '

EQ ) (@9) — Q3 < e(AP) <

Then,
. < . 37 C C
r*(AD) e 27, 3] = ]P’(Cz_:l IL{ a9 € {274, 2r” > 2) >1 —eXP(—8>
(A9 ¢ [F, 47] = IP(EC: IL{ a9 e {37* 7?” < C) <exp<—C>
’ ot 272 -2 ) 8
£\ < o7 o [ao] <312 C e[ E
(A )<27":>]P’<C=211L{u §27’}>2>21 exp( 8>
“D) > 37 o [acol s 25l 5 € e C
(A )>3T:>]P’<c_zl]l{u >27’}>2>21 exp( 8>'
Proof. By the A(¥)-strong convexity of @, for each c,
B[ 1 — w5 7] < BQua 69) - G < 00, o4

Therefore, by Markov’s inequality, for each ¢

1
@

IN

» 1 . 1 200€(\(")
P (Be) _ % 12 > * A(l) 24 7)<
<||U u>\(1) = 100T ( ) + 100r — )\(1) (T* ()\(2))2 + f2)

Furthermore, by the reverse triangle inequality,

1 . 1 r(AD) + 7
= () (9))2 R
< \/100T WO+ 100" < 10 (26)

1) = 7 (AO)| < 179 — uy

Therefore, for each ¢

9 , 1 , 11 . 1 3
Z DY s < |59 <« ZZ (0O —F) > 2.
P(lor (A") 10r < |l@'" ) < 107’ (A + 101") > 27)
‘We now consider several cases:
If r*(A®) € [2F, 37], then
X 3.7
~(i,¢) °% '=
P(|u | € [27", 27"]) (28)
17 9 . 1 11 1 34 3
> rce L0y s < |59 <« ZZ (0@ —r< ZF) > 2
—P<1or— 0" M) T T SIS g N+ g = 35T ) 2 g 29

Therefore, by Lemma 11

(]~
=
—N
=3
S

I
—

r*(AD) € [2F, 37] = P(

37 C ¢
S |:2T, 2T:|} > 2) >1 _eXp<_8) - (30)

C

If r*(A\)) > 47, then

; 3_7 7 9 ) 1 )
P( 11460 25 LF ) > Pl fr< 2000 - —F < |la@a) ) > 1
(1t e [3r. 7)) 2B (3 < o - fr<patan) =3, e

>



Similarly, if 7*(A\()) < 7, then

G 3 7 » 11, . 1 _12\_3
P10 ¢ |57 57| ) 2 P (10 < g0 + g < or) 2 5

Therefore, by Lemma 11,

M~
=
—
Q/z\

r*(AD) ¢ [F, 47] = IP(

If r*(A\()) < 27, then

Finally, if 7*(A\()) > 37, then
: 5 26 9 , 1 .
P( 1140 ZFl>p 7 < Ay —r < g ) > 2
(IIu | > 27“) > (1 TS gn (A) =T = 1@l =

Therefore, by Lemma 11

A > 3F = P(EZI{H irc)

c=1

=~ w

This completes the proof.

Proof. In the case that A < A7, by Lemma 8, with N > 1 + 2 5 log M,

PP LT

?* >9 >1— _g
27’ B = exp 3 .

Lemma 13. Let N > 1+ 3 5 log “VF(I)“ . Then, either X > A3z or 3\ € Ay with r*(\) €

(32)

(33)

(34)

(35)

(36)

(37

O
(27, 37].

(38)

So, A3r is between the largest and smallest elements in A;. It follows that for some 1 < n < N,

AT < Az < AT

Therefore, by Lemma 10,

g ) i
zA@ > r*(A@) ) > 27

2

Finally, by Lemma 7, r*(;\(%)n) < 37, 50 r*(j\(é)n) € [27, 37] as claimed.
Lemma 14. Ler A satisfy r*(

) < 47 and let @ be chosen so that
A ()2 + )

EQA(1) — Q3 < e()) = 20

Then if r*(\) > T,

Otherwise,

. or | . . 1 .
rQ <mm{1’ ||11H}u> Tty S 2 <Q(O) - wﬂ&rQ(u)) TN+

(39)

(40)

O



Proof. First,

EQ(min{l, EY}&) — min  Q(u)
o wllul| <37

Il
=
O
N
7N
[
\
=3
=]
—
—
=
——

IN

E

(1 - min{l’ HBJID (Q(O) - u=|r51|i§1;rQ(u)>
+ min{l, ﬁj”} <Q(f‘) B u:|r«fl|igérQ(U)>]

Jal | -
<B| 5] (Q(O) - u:fi?él;r@(“)> TEQE - gy C

E| , ) |
B W (Q(O) a u||r£|12§TQ(u)> + ]EQ(U) — min

in
<57
) 57 ) . .
0+ ming1l, — ¢4 ) — min Q(u)
llall uwillul| <37

wiflul <37

(41)

(42)

(43)

(44)

(45)

For the first inequality we used the convexity of (), and for the final inequality we used Jensen’s

X
457"

inequality on the concave function x — Next, we bound
Eflall <r*(A) + Efa — uy||

< 47 + /E|i — ug |2

_ 2¢(N)
<4
<4r + \
B 7"*()\)24‘7"2
<4
T 400
1772
< 4r
<d4r + 100
< br.

Therefore,

EQ(min{l,?}&)— min = Qu) <
l[all willul| <37

If »*(\) > 7, then by the first part of Lemma 9

N =

willul| <37

EQ(@) —~ min Q(u) <EQ@) - min  Qu) < e(N).

wlull <37 wilul| < g (A)

Otherwise, by the second part of Lemma 9

EQ(a) — min Q(u) = EQ() — Q(u

wllul|<37 L 2

%

We are now ready to prove Lemma 3.

<Q(0)— min Q(u)) +EQ(a)—

(40)
(47)

(43)

(49)

(50)

(G
(52)

Q(u).

(53)

(54)

Lemma 3. Let F' satisfy Assumption 2, let x be as input to CONSTRAINED-QUADRATIC-SOLVER

(Algorithm 2), let £ be as in Table 4, define

Q) = SuTVEF(@)u+ VE@) T, Qa(u) = %uT(EVQF(x) D+ VE(z)Tu,

2
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u} = argmuinQA(u), r*(A) = [luill,

and let A denote, for any v > 0, the value such that v*(\,) = r. Let U be the output of Algorithm 2
for hyperparameters v, {, \, N and C as in Table 4, and suppose the output .y of REGULARIZED-
QUADRATIC-SOLVER(x, \) satisfies for all X\ > X that

A () +7)

EQx(ay) — muin Qx(u) <e(N) = <00

Then |G| < 57 and

)\72

EQ(i) — min Q(U)§3<Q(0)— min Q<u>>+e(x4f>+;“.

usllul|[ <57 4 wflul|[< 57

Proof. First, we note that |A;| = N, and in each iteration either the algorithm terminates or A; 4
is chosen such that [A; 1| < 1|A;|. Therefore, the algorithm terminates after at most [log, N
iterations.

By Lemma 13, either A > A3; or there exists A € A; for some A such that 7*()\) € [27, 37]. If such a
A exists, we denote this (not necessarily unique) value \*.

By Lemma 12 and the union bound, the following holds for all iteration ¢ = 1,2, ... with probability
atleast 1 — 2[log, N exp(—$):

< 3.7 c
£ (D) ¢ [oF. 37 S udffaco] e |37 IA) L S €
(A )E[T,ST]zCZI {u €|:27", 2r]}>2 (56)
< 3.7 c
() (%) = A = (4,¢) °F sl 2
r*(A\) & [F, 47 = ;_11{ o € [27", 2r]} <3 (57)
c
) ) 5 C
* 0y (2) = ~(i,¢) < ZF _
r*(AW) <2r = ;_11{ U < 27"} 3 (58)
c
) ) 5 C
* 0y (2) = ~(1,c) _ —
r*(AY) > 3F = ngll{ U >3 } 5 - (59)

For most of the rest of the proof, we condition on this event, which we denote F.

Under F, if A0 = A*, then the algorithm will terminate on Line 2, and even if 2@ # \*, if the
algorithm terminates on Line 2, then \(Y) € [F, 47]. In either case, by the first part of Lemma 14

1 .
EQ(d) — min Qu) < {Q(0)— min Qu) | +e(A?). (60)
uilluf| <37 2 wilul| <37
Finally, since r*()\(i)) < 47, A > Ay
If the algorithm instead updates

as on Line 2, then conditioned on E,

C
. 7
~(i,¢) °s 2
ZIL{Hu 6[ T, 5 }}
c=1
>2

implies A() < 27. By Lemma 7, since 7*(\*)

IN

c
C . 5
N(lac) < —r
5 < 0521 IL{Hu < 27"} (62)

> r*(AD), A < A9 and therefore \* € A; ;.

If the algorithm instead updates

Aigr = Ay \ {)\ €A A< A@)} (63)
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as on Line 2, then conditioned on E/

CEf:l]l{Ha(i,c) c [gn ;} % Ef: {H (i) } 64)

implies A(¥ > 37. By Lemma 7, since 7*(\*) < 37 < r*(A(¥)), we have A* > A(), and therefore
DS A7;+1.

Finally, £ implies that the algorithm will never reach Line 2.

Therefore, conditioned on FE, if A* € A1, then the algorithm will never remove A* from the set of A’s
under consideration, and it will eventually terminate on Line 2 by returning a point such that

1 )

EQ@) ~ min Q)< :(QO)— min Q)| +e(A®). (65)
willul| <37 2 willul| <37

Otherwise, if such a A\* does not exist and the algorithm does not terminate on Line 2, then it

terminates on Line 2 using A > A3z > A\y7, which implies 7*(\) < 47. Therefore, by the second part

of Lemma 14,

N . 1 . oy, A
EQ()~ min, Q)< g{QO)~ min Q)| +eN)+ . (66
wiflu| <37 2 wlul <47 8
Therefore since ¢(\) is decreasing in A, conditioned on E the algorithm’s output satisfies
_ , 1 , A
EQ(a) — min Q(u) < =[Q(0)— min Qu) | +e(Asr) + — . (67)
wiflul| <47 2 wflul|<i7 8

We now consider the case that  does not hold. In this case, the algorithm’s output is guaranteed to
have norm at most 5. Therefore,

Q) = @fﬁv?ﬂx)a +VF() a < 255(5f)“v22F @ | 59 r@)| (68)
255(57)[| V> F () 27

=Q(0) +

5 + 57| VF (). (69)

Therefore, conditioned on —F,

= 2 =2
Q@) - ﬁigl,Q(u) < Q) - .HmHiEL,Q(U) N 256(5r)||V2 F(x)|2r

57| VE(z)]]. (70)

We conclude by noting that

EQ(i)— min Q(u)

uillul <37

= E[Q(a) | EJP(E) + E[Q(a) | ~E|P(=E) — min  Q(u) (71

. Y2
< m QO0)— min Qu) | +e(A4r) + )\i (72)
2 wlul <37 8
_ 2 =2
N (255(57“)||V2 F@)lar” 5r||vp(x)|>p(ﬁE) (73)
_c AT
< 2[log2 N-| eXp( 8) Q(O) —  min Q(u) +e(Aar) + /\7702
2 willul| <37 8
_ 2 =2
N (255(5T)||V2 F(z)||27 n 5r||VF(a:)|> -2[log, N exp (—g) (74)
Using the fact that
. 81og([1og2 - (4 . 85(5f)IIV;F(a:)II2 N 80||V)\1:(33)||>> (75)
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we conclude

This completes the proof. O

D Proof of Lemma 4

Lemma 4. Let F satisfy Assumption 2, let = € R?, A € RT be as input to REGULARIZED-
QUADRATIC-SOLVER (Algorithm 3), let Q(u) = 2uT (EV2F(2) + Al)u + VF(z) Tu, let Q% =
min, Qx(u), let u* = argmin, Q(u), and let stochastic first-order and stochastic Hessian-
vector product oracles for F, as defined in Assumptions 1 and 2, respectively, be available for
each call to REGULARIZED-QUADRATIC-GRADIENT-ACCESS (Algorithm 4), for either Case 1
(Different-Samples) or Case 2 (Same-Sample). Let 4, as output by Algorithm 3, be a weighted
average of the iterates of M independent runs of SGD with stepsizes no(\), ..., nx—1(\), Le.,

= m Z Zk o wrup. Then, for both Cases 1 and 2,

2max{§H—|— A 5 }||u I§ mln{ L exp(—@mln{gHA+/\, 2—;})}
A

+ 2 RO i K < 2 max{€H + A,

EQ\(4) — @3 <

96A|\u*||2exp(_gmin{ 2 L}) 1 96000 )

EHN 07
ifK > %maX{EH ey P;}

Proof. We will use uy = M Z _, uy' to denote the average of each independent run of SGD’s
k™ iterate. This quantity is never explicitly computed until the end, but we can nevertheless use it
for our analysis. Likewise, we will use ¥, = 2 Z%:l y(up; 237, z,;m) to denote the average of
the stochast/ic gradients of () (u) computed at time k, whereby we recall that (u}’; 2}, z;ﬂm) =
Eh(x,ul’; ™) + Auj + g(z; 277) as defined in Algorithm 3, along with the requisite oracle access
as described in Algorithm 4.

We also have that, by Assumptions 1(c) and 2(b), for Case 1:

By o B 2020 = VQa @) and By o |1t 27, 5) — Vr )| < 0% 40

2
while for Case 2 we have:
m..m .m m..m .m my (|2 m|2
Eope [y(uil's 21, 20)) = VQa(u) and B Iy (uil’; 277, 217) = VQA(up)[|” < 202 + 20%|[uf" |1,

where we used the fact that ||a + b||* < 2Ha|| + 2||b|| for any a, b € R<, and so in either case the
variance term is bounded by 202 + 22 [|u"||”.

A key feature of these stochastic gradients of @ (u), which we will use frequently, is that by the
linearity of VQy (u) = (EV2F(z) + A\)u + VF(z),

M M
_ 1 m m 'm _
Ev;, = i E Evy(ui'; 2t 20") = mE: EVQa(ui’) = VQx(Eug). (77)

m=1
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We begin by expanding,

Ellixsr — o

= El|a, — u*||* + n?E|7el|® — 20eE (VQx (), T — u*) (78)
A

= Eljax — u*||” + nZE|VQa(ax)|* — 2 {Qx(ﬁk) -5+ §||ﬂk —u*? (79)

+ 2B |5k — VQu (i) | (80)

< (1= mNE[a, — o[> — 2m(1 — (EH + N E[Qx () — Q3] (81)

2
+ 2 <;+MQZE|| m) (82)

Since 7, < m forall k, (1 — (£H + A)ni,) > 1 so we can rearrange
_ % 1 _ %112 1 — * (12
E[@x(ur) — Q3] < ( — — A Ellag — v ||” — —E[|agr1 — u”|| (83)
Nk Mk
20
+n<M MQZMU) (84)
From here, we note that since uj,, ..., uj! arei.i.d.,
1 - m|2 1 - m mi|2 mi|2
5 OBl = = > [Ellug? — B | + [Euy| ] (85)
m=1 m=1
1
=Ela — Ea'|” + o7 [Eax | (86)
1
<Efax —u*|* + 57 [Eax||” (87)
< Elar —u*|* + *||Euk —ur|?+ = || || (88)
Furthermore, for each k, since 11 < T H Y
[Etx —u*||* < [[Eae—1 — u||* +n7_1 [ VQA(Er—1)]|* — 2m—1 (VQA(Etip—1), -1 — u*)
(89)
< [|Btig—y — u’||* + 2(6H + Mni_, [Qa (B 1) — Q3] (90)
= 201 [Qx(Etg—1) — Q3] on
< |Baip—y — u*||® < |Ego — w*||* = |Ju”]|*. (92)
Therefore, returning to (84),
_ 1 2002
E ig) — Q3] < [ — = N )E||ag —u* ——Eu —u |+ — (93)
@x(m) - Q51 < (o = A Bl - | 3 i —ut P + 2
+ 200 (Bl = + g1 1?) ©4)
1
= (o =2t Bl - I - LB -0l 69
Nk Nk
21k (02 + pQIIU*IIQ)
. (96)

M

2 max{éHJr)\,é
A

‘We first consider the case K < } , so that

1 A
= = 1 S — d — 1_)\ 2 2 _k_l.
M =1 mm{Z(gH—i-)\)’ 2p2} and  wy = (1= An+n?p°)
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Then,

1 K
EQx (K wkﬂk> - Q3
> ko Wk k=0

K
1 % _ *
< e [ = A+ 02 Blli — | — wp s — ] (97)
nzk:o Wk 1—o

w112
2n( + 2|

i (93)

1 K k (k+1)
= Kiz:[(l —nA+0?p?) Bl — u*[|* — (1 - X +n?p?) E| i1 —U*HQ}

N2 k=0 Wk 1=o
99)
277(02 + pQIIU*IIQ)
i (100)
w112
Bl —u|? (o + 1) (1o1)
T (1= A+ p2p2) Y M
w2
a2 277(02 + P2 |u|| )
< (102)
nmaX{K, (1—nA+ 772/)2)7(1”1)} M
_ 2 1 K+1 A A\
< 2Inax{§H + A /;\}||u*|2 min{K, exp ( Z min{ TS, {)2})
202 + p?|lu* 2
20"+ P llurl) M\Z}”{ ") (103)
_ 2
2max{ EH+N, 5
For the last line, we used that K < #k} = 71%\

2max{§7H+)\,é} . . .
In the second case | K > ——— |, we consider the first /2 iterations where

. 1 A
== sy )
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1 1
EQx(Ug/2—1) — Q) < (77 - A+ 7702>EHUK/21 - u*HQ - 5EH71K/2 - U*HQ

w112
2n(o + )

2
22 (02 4 g2 )

M
— Bl — |’ < (L A+ 92 Elfg s — |+ ————
= (1= mA+2%0*) *Blluo — "
27 (0% + 7t ) /250
" > (-mn??)

k=0
« K/2
= [[w*(1 = A +n°p°)

2
2772<U2 + 07l ) 1-(1 —77)\+772p2)K/2

M nA —n?p?
%112
ma}ﬂﬁ+fmn)
M(X—np?)

< [lwr ] (1 = nA +n?p?)

1 N2 an(o? )
* 12
< P(1-5m) g

(104)

(105)

(106)

(107)

(108)

(109)

(110)

(111)

(112)

This bounds the distance of the (K/2)™ iterate to the optimum, from which we can upper bound the
suboptimality of the averaged iterate. Let W = ZkK:O wg = ZkK: K /2 Wk- Then by the convexity of

Qx(u

).

2wpny (02 + 7 |u*||)

1 K 1 w
_ . [ .
> |wk ( - A+ chz)]EHUk —u|® = B[ —u*]|® +
Nk Nk

wK/z( ! _)\+77K/2P2>E||7:LK/2_U*H2

M

(113)

2wpe (0 + p2 " )

NK/2
w
1 i Wy, 5 Wg—1 _ w2
+W Z <77k — WA + WrNEp” — le—1)EHUk_u 1+
k=K/2+1

25
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With our setting of wy, = (a+k— K/2—1) and ny, = m with a = %max{%, gH—i-)\},
we have for k > K/2,

Mk—1 2 a+k—K/2 4
— Mp_1A _ = — 115
e Me—1A + Nk—11kpP Ctk—KR2—-1 atk-Kj2-1 (115)
16p?
116
N E—KR)atk—K/2-1) (116)
_ a+k—K/2 (117)
a+k—-K/2-1
1 16p?
_——2-4 118
+a—|—l<;—K/2—1< +)\2(a+k—K/2)> (118)
W1 1 16p?
< -2 119
T wy +a—|—kj—K/2—1( +/\2a (19
< Dl (120)
W
Therefore, we have
EQx(#) — Q)
_ |2 %
_ (s Ao Bl — [P B w0 4 2 )
= W T w 2 M
k=K/2+1
(121)
a 2 = «|[2
(=) (3 A+ 2 )] | .
= W (122)
202+ p?|ut])?) &~ Ala+k-K/2—1
D> (A(a+k—é(/2) ) (129
k=K/2+1
N?B[sejz —w|* 8K (0?4 pu*)
<
- 4w + AW M (124)
w2
a2 1 K/2 477(02+p2||u I ) K(o? + 02llu*l?
<P (1=500) o+ L Gt U RS
4W 2 AM AWM
et [ U SN S G 7l U ) 2
=——[1—=nA -~ (8K A 126
AW 2" L vi VR G LY (126)
AP xRN B a0 + )
AW 4(EH + X)) 4p? AW M ’
(127)
where, for the third-to-last line we used (112), and the last line we used that n =
min{m, ﬁ} = %. Finally, we lower bound
K K/2 1 1
= — = > = —K?.
W= Y (a+k-K/2) Za—!—z_ S0l + DK (128)
k=K/2 i=0
Thus, since K > %max{%, EH + )\} = 2, we conclude
A A2\ 96(02 + p?llut|?)
EQx(2) — Q% < 96\ |[u*||*( 1 — min{ ————, = . (12
Q@) - @3 < 90u (1 - min{ b, ) D )
Combining this and (103) completes the proof. O

26



E Proof of Theorem 1

Theorem 1. Let F satisfy Assumption 2. Then, for K > 175 and R > Q(l) and for hyperparameters
T, B, 7, & A\ N, C and parameter functions ny.(\), wi () as in Tables 3 and 4, the output of FEDSN
(Algorithm 1) with initial point xo € RY, using Algorithms 2, 3, and 4 (for both Cases 1 and 2)
satisfies

E[F(zr)|—F* < HB? (exp(—%) +eXp(—OI((1))>+O<\/% + il(lj; - jg;) :

where Q, O hide terms logarithmic in R, K, and aB.

Proof. We first recall the hyperparameters from Table 4, whose settings we will refer to throughout
the course of the proof:

Hyperparameter Setting Description
— | Blog?( (B
T= {44 log (( < ))J Main iterations
(for ¢ = 4096 + 4(80 + 32log K + 24log(1 + 2aB))?)
68:=0 Momentum
7= min{ 328 log(TK), &} Trust-region radius
€ == exp(ar) Local stability
N max 4 2¢H 2p  32¢Hlog(51200) 4py/210g(51200)
. K—2 JK’ K ’ VK )
Regularization bound
320v2p 3200 8eH
VMK ’ +V/MEK’ K—16
N =1+ g log %—‘ Binary search iterations
C:=18 10g<[log2 N (4 + % + %) )—‘ Reg. quadratic repetitions

Table 4: Hyperparameters T, 3, T, f o\, N, and C, as used by FEDSN and its subroutines.

We also note that since all of the updates AZ; have norm at most 57, ||z; — z*|| < B + 5T'F for all ¢,
and therefore by the H-smoothness of F, | VF(z;)|| < H(B + 5TF) for all t. Furthermore, since F’
is H-smooth and 7 < %, ¢ V2F (x¢) < eHT for all t. Therefore, our settings of N and C satisfy the
conditions of Lemma 3, and for each ¢,

Y72

Az:||Az||<iF Az:||Az||<iF

as long as the error guarantee of Algorithm 3 satisfies for all A > A

A (V)2 +72)

EQx(#) — min Qx(u) < e(\) = 22

(131)
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By Lemma 4, since the objectives are such that HEVQF(:Q) + )\IH2 < eH + X forall t and )\, the
output with optimally chosen stepsizes have error at most

EQx () —min Qx(u) < &(N) (132)
2max{eH + A, %}T*()\)z exp( K+1 mln{eH)\+)\’ 27;}) + W
K< %max{eH—l—/\, p2}

96A7* ()2 exp( K mln{ eH’\+/\, 2*2}) + 796(02:5;;()‘)2)
2

K > %max{eH—i—)\ &
(133)

‘With our choice of

3 { 2¢H 2p 32eHlog(51200) 4p\/210g (51200) 320v2p 3200 S8eHd
= max

K-2 VK K VK " VMK /MK K-16
(134)
we note that
2 p?
K> —maxqeH + A\, — ¢, (135)
A A
sofor A >\
K A A2 96(a2 + p?r*(N\)?)
é(N) < *(\)? —— mi = . 1
E(X) < 96A7*(N) exp( 3 mm{eH_’_)\7 p2}>—|— SME (136)
Furthermore, K > 175and A > \ > max{ 32¢H 10}%(51200)’ oy 21:;%(51200) } implies
K A A2 1
—— min{ ———, = < —. 137
966Xp( 3 mm{eH—i—)\’ 7 }) < 1600 (137)
Likewise, A > )\ > 3\2/(1)\47‘/[5{" implies ;
96p 1
) 138
AMMK ~ 1600 (138)
Finally, A > > F?/QZ&LK implies ) )
960 7
~ 139
MMK ~ 800 (139)
Putting these together, we conclude that for A > b
- A(r*(N)?2 +72)
A < —————— > =¢(\). 140
{0 = 2T - (140)
Combining this with (130), we conclude that the output of Algorithm 2 satisfies
EQt(Aft) — min 7Qt<AI')
Az:||Az||<iF
<3Quo)-  min  Qan)
— 4 Az:||Az||<iF !
K A 2?2 96(c? + 16p%72) A2
12\ —-= — _— 4+ — 141
+5 rexp< 8m1n{ CH N pz})+ Nie + (141)
3
< - 0) — i A
— 4 (Qt( ) A:v:”rilgﬁgé Qt m >
K A A2 oF + 16p72 A2
127 —-= — —_—+ —. 142
+ 512Ar exp( 8m1n{6H+/\, p2}> WiTT 1 (142)
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Now, we upper bound A — A exp (—% min{ CH/\+>\ )‘—2 }) for A € A;. First,

K . A A2 AK AN K
Aexp(—8 mm{eH_’_)\7 p2}> = max{/\exp(—w\), Aexp<—8p2>} . (143)

Considering each term separately,

d AK A eHEN
dax [A P (‘ 8eH + 8)\” - (‘ SeH + 8)\> (1 T 8(eH + )\)2> ' (144)

This is less than zero if 8(eH + \)? < eHK )\, i.e.,
eH eH
- —16 — —16)2 — <A< — — V(K —16)2 — .
16 (K 16 (K —16) 16) <A< 16 (K 16 + /(K — 16) 16) (145)

With our choice of X > 8651[6, for any A > Xand K > 175,

8eH eH
> > (K 16— (K -1 2—1) 14
A2 e 2 g (K - 16— K =167~ T6), (146)
so the left side of this inequality is satisfied. Thus, for A € A; such that A <

(K =16+ /(K167 - 16),

AK . MK
A 2% ) <Rexp(——2 ). 147
eXp( 8H+8/\) < 86H+8)\) (147)
Also,if A > < (K ~ 16 + /(K — 16)7 — 16, then since K > 175
eH(K—16)

AK cHE16) p¢ K
Nexp(——20 ) <dexp[———10 =) < Nexp( —— 148
eXp( 86H+8/\) exP( 86H+8H<1;16>> exp( 1o> (148)

Furthermore, for A € A4,

N-1 N _ _
\ e A(3) . %H(B+5TT) _ BH(B+5Tr)

2 _ = 149
2 AT 67 (149)

Therefore, for any A\ € Ay

Aexp<—>\K> < max{)\exp(— AK ), 3H(B—|:5Tf) exp(—K)} . (150)

8eH + 8\ 8eH + 8\ 67 10
Similarly,
d N K N K N K
A — = —— 1——. 151
o (-5 =5 ) (- 57) as»
This is negative for all A > X\ > j—%, )
MK - MK
We conclude that
EQ:(AZy) — min Q:(Ax)
Az:||Az||<i7
3 oF + 16p7% A2
< = 0) — min Ax) | + ——+ —
=7 (Qt( ) A HA;”<% Q+( )) oMK 4
~ - 2K 3H(B + 5TT) K\ - MK
1272 - - —— ], A =2 )(
+ 5127 max{)\exp( 86H+8)\>’ o exp< 10), exp( 8,2
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Now, because F' is a-quasi-self-concordant, by Lemma 1, F is exp(ar)-locally stable, so with our
choice of 7 < %, we have that exp(%r_) exp(57) < e!'! < 4. Thus, it follows from Lemma 2, for

0= %, combined with the guarantee on the output of Algorithm 2 from Lemma 3, that

EF(zr) — F*
Tr 32B (oF + 16p7?  \i?
< E[F — F* — —
< Bl (an) ~ Flexp( - o ) + 220 (T2 4 2
32B MK 3H(B + 5TT) K\ - N K
+ == . 51272 max{Aexp( ReH + 8>\>7 o exp(—lo>, )\exp(— 8.2 )}
(154)
r 320B + 512pB7T _—
< E[F — F~ — 8AB
< BlF(e0) - Flexp( g ) + 222 i
- AK 3H(B? + 5T BF) K\ - N K
14 - -
+2 max{ABrexp(— 86H—|—8)\)’ 5 exp 10/ ABT exp —8—p2
(155)
Tr 3208 + 512pB7
< E[F —F* -
< Bl (an) ~ Flexp( - g ) + 202
< MK 3H(B + 5T7) K N K
A\B 214 — _ _ _= A ,
+ 7‘(8 + max{exp( ReH + 8)\)’ o exp( 10), exp( 5,2 ) })
(156)

We have, for a constant c,

X 2¢H 2p 32eHlog(51200) 4p\/210g (51200) 320v2p 3200 S8eHd
= max{ ——
K-2 \/F K VK " VMK /MK K-16
(157)
32eH log(51200) 4p+/21log(51200) 3202 p 3200
= max ) (158)
K VK " VMK MK
H »p o
=c-max{ —, —, . 159
{K VK r\/MK} (159)
So, for a constant ¢/, and using EF' (z9) — F* < Hf2 ,
EF(z7)— F*
Tr oB + pBF
<c.(HB? —
c < exp< 323>+ i
_ AK \ H(B+Tr) K N K
+)\BT(1+max{eXp(—H+)\), - exp< 10) p( g )}>>
(160)

Tr B Br . K
c - (HB2 exp(—?);B) + U\/]TT?( ! —&—max{ABr, H(B2 + TBr) exp(—lo> })

(161)

=c- <H32 exp(—?g;) + U?/;\FTZ(BF
—I-max{ H}fT T/BI \/‘i H (B> +TB7“)exp(—fg> }) (162)
=c. (HB2 exp(—;;B) + % + H[ff + f%f + H(B? + T B7) exp(—fé)). (163)
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So, since ¥ = min{ 222 log(T'K), 2}, and using the fact that, for (,a,b > 0, e-¢minfa:b} <

’ Ba
e %% 4+ ¢t we have, for a constant ¢,

2 2
EF(SET)—F*SC"~<HBQexp< T ) B oB  HB logTK

" 160aB K ik TK
B2log TK K
PZ_ O8I R | HB210g(TK) exp (—)) (164)

TVEK 10
T 0B HB?logTK
< . HB2 _
=¢ ( eXp( 160aB) Ak T Tk

B2log TK K
% + HB? log(TK) exp (—1())) , (165)

where the last inequality follows from the fact log(T'K') > 1, since TK > 175.

Finally, each call to Algorithm 2 requires at most C' [log N'] rounds of communication (one for each
call to Algorithm 3). Therefore, we can implement up to R/(C [log N) iterations of Algorithm 1
using our R rounds of communication. We recall that N and C' are set as

5 H(B+5TT)
N=|1+—-log———=~ 166
{ +5log o W (166)
H H(B Tr
O = | 810g( Tlog, N1 (44 L SOHIBASTIN N | (167)
A AT
Therefore, we need to choose 7" such that 7" < %. To provide an explicit lower bound on how

large T can be, we therefore lower bound the right hand side. First, we have

5 H(B+5TF)
N=|14-log——= 168
{ T3 T W (168)
5 H(B +5TZ log(TK
<2+ log 2eH( —E ( ))1 (169)
2 3m mln{Tlog(TK), Ba
<2+ Jlog—DRISTI) (170)
emin{ 322 log(TK), =}
)
<2+ 3 max{log(TK log(TK)), log(2aBK log(TK))} (171)
<2+ 5log(1 + 2aB) + 5log(TK). (172)
Similarly,
H 80H(B+5Tr
C= {SIOg(ﬂogQN] <4+e)\+()\+7‘))>-‘ (173)
T

H
<1+ 8log <flog2 N (4 + 266711 + 240 max{T K log(TK), 2aBK log(TK)}>> (174)

K-2
<1+ 8log([log, NT(4K + 240 max{T*K?, 2aBTK?})) (175)
<1+ 8log((1+log N)(353T°K? + 693aBTK?)) (176)
<1+ 8log(693) + 16log(TK) + 8log(1l + aB) + 8log(1 + log(N)) (177)
<544 16log(TK) + 8log(1l + aB) + 16loglog N (178)
< 80 + 32log(TK) + 24log(1 + 2aB). (179)
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Therefore,

R R
>
C[log N — (80 + 32log(TK) + 241og(1 + 2aB)) [log(2 + 5log(1 + 2aB) + 5log(TK))]|
(180)
> L . as1)
(80 + 32log(T'K) + 24log(1 + 2aB))
R
> 5 - (182)
2048 + 2(80 + 321og K + 24 1log(1 + 2aB))
So, it suffices to choose T such that
R
T'log?(T) (183)

< .
T 2048 + 2(80 + 32log K + 24log(1 + 2aB))?
Note that equality holds for

1/2
R
4096 + 4(80 + 32log K + 24log(1 + 2a.B))? ’

T =exp| 2W (

where W (-) denotes the Lambert TV function. Thus, because W (x) > log(z) — loglog(x) for x > e,
and since we assume

R>Q(1) = 2 (4096 +4(80 + 32log K + 241log(1 + 2aB))2),

we have that

s 1/2
exp | 2W 5
4096 + 4(80 + 321og K + 241og(1 + 2aB))

1/2

R
>exp | 2] log 5
4096 + 4(80 + 321og K + 241og(1 + 2aB))

1/2
R
— loglog 5
4096 + 2(80 + 32log K + 241og(1 + 2aB))

1 R
4 (4096 +4(80 + 321log K + 241og(1 + 2aB))2>

R
log? .
8 <<4096 +4(80 + 32log K + 241og(1 + 2aB))2>>

Thus, letting

1 R
B {4 (4096 + 4(80 + 32log K + 241log(1 + 2aB))2>

R
10g2 )
((4096 + 4(80 + 32log K + 24 log(1 + 2@B))2>>J
and using O notation to hide polylogarithmic factors in R, K, and a3, we have

E[F(2r)] — F* < HB? (exp<—é(f;)> +exp(—of(<1))> +O~<\/% + il(if + jg;) :

(184)
This completes the proof. O
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F Additional Comparisons

Here we include additional comparisons, recalling that we we are working in the natural scaling of
parameters that arises when the objective has the form F'(z) = E,¢({x, z)), where |¢'|, |¢”|, and
|¢""| are O(1), and where ||z|| < D, which provides for setting the parameters as H = D?, 0 = D,
U=D3 a=D,and p= D?

Comparison with Local SGD

Recall that, under third-order smoothness assumptions (Yuan and Ma, 2020), Local SGD converges

at a rate of ) 13 203 15/
. N ~(HB oB U'/°0“/°B
EF(2) - F <O<KR Y Aen T KBRS >

For the setting as outlined above, this bound reduces to

D2RB2 D2RB2 D5/3B5/3 D2RB2 D5/3B5/3
* < ~

BF@) - S n * Kre Y ksges ~ KR T KRR
In the case where DB is not too large (DB < K 2R), the dominant term for Local SGD is %ﬁig,
and so we see that our algorithm improves upon Local SGD as long as R 2, %

Comparison with min-max method under Assumption 1

Woodworth et al. (2021) identified the min-max optimal (up to logarithmic factors) stochastic first-
order method in the distributed setting we consider, and under Assumption 1. Namely, a min-max
optimal method can be obtained by combining Minibatch-Accelerated-SGD (Cotter et al., 2011),
which enjoys a guarantee of

2
EF(3) — F* < O(HB o8 ) :

+
R? MKR

with Single-Machine Accelerated SGD, which runs K R steps of an accelerated variant of SGD
known as AC-SA (Lan, 2012), and enjoys a guarantee of

HB? ocB
EF(2) - F" <O —o—= + —
@) - F" < <K2R2 * m)
Therefore, an algorithm which returns the output of Minibatch Accelerated SGD when K < %,

and otherwise returns the output of Single-Machine Accelerated SGD, achieves a guarantee of
H?B? n oB 4 mi 2 oB

ming ——, —— .
K2R? * \/MKR R VKR
As shown by Woodworth et al. (2021), this matches the lower bound for stochastic distributed
first-order optimization under Assumption 1, up to O(log2 M) factors.

EF(z) — F* < 0(

For the setting as outlined above, this bound reduces to
‘< D?RB? n D?B? 4 min D?B? DB N D?B? 4 min D?B? DB
~ K2R? ' KR? R? " \KRJ K’R? R? KRS~

EF(3) — F

3/2 . . 2p2 . . .
Thus, for DB < Rﬁ, the dominant term is 2 R? , in which case FEDSN is better as long as

R < VK. Furthermore, for % < DB < K3/2R3/?, the dominant term is \Z(E, in which case
FEDSN is better as long as R > D?B2. In these regimes, we see that Assumption 2 allows FEDSN
to improve over the best possible when relying only on Assumption 1. We also note that when
DB > K3/?2R3/2, the combined algorithm described above is better than the guarantee we prove for
FEDSN—we do not know whether this is a weakness of our analysis or represents a true deficiency
of FEDSN in this regime.
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G Additional Information for Experiments

G.1 Baselines

We first present a more practical version of our algorithm FEDSN, called FEDSN-LITE. It differs
from FEDSN in two major ways: first, it directly uses REGULARIZED-QUADRATIC-SOLVER
(Algorithm 3) (with & = 1) as an approximate quadratic solver without requiring a search over the
regularization parameter as in Algorithm 2; and in addition, it scales the Newton update with a
stochastic approximation of the Newton decrement (see Nesterov (1998); Boyd and Vandenberghe
(2004)) and a constant stepsize v (we use v = 1.25 throughout our experiments). Because of these
changes, the Newton update is fairly robust to the choice of v, so we then only need to tune the
learning rate of REGULARIZED-QUADRATIC-SOLVER, making it as usable as any other first-order
method.

Algorithm 6 FEDSN-LITE(z)

(Operating on objective F'(-) with stochastic gradient g(-;-) and Hessian-vector product h(-; -, -)
oracles.)
Input: z, € R%.
Hyperparameters: 7": main iterations; v: Newton stepsize scale; and /3: momentum.
fort=0,1,...,7 —1do
REGULARIZED-QUADRATIC-SOLVER(z¢, 0)
v i=v (1+ (AZ/] h(wy, AZy; 2“))1/2)71 > h(xs, AZy; z) is st B [h(xe, AZy; 2)] =
VQF(l't)Afi't 4
Update: z¢y1 = ¢ + 4 ATy
Return: xr

Note that in each step of FEDSN-LITE, the subroutine REGULARIZED-QUADRATIC-SOLVER
approximately solves a quadratic subproblem using a variant of one-shot averaging (we set the
parameter functions as n(\) = n and w(\) = 7). Moreover, we implement FEDSN-LITE such that
each call to the stochastic oracle from within REGULARIZED-QUADRATIC-SOLVER uses only a
single sample (Case 2 in Algorithm 4), and so it is asymptotically as expensive as the gradient oracle
(i.e., O(d), if d is the dimension of the problem). For a discussion of the computational cost of using
a Hessian-vector product oracle, see Appendix G.4.

We have compared FEDSN-LITE against the two variants of FEDAC (Yuan and Ma, 2020), Minibatch
SGD (Dekel et al., 2012), and Local SGD (Zinkevich et al., 2010). Two settings of hyperparameters
are considered for FEDAC in Yuan and Ma (2020) for strongly convex functions:

« FEDAC-L: ) € (0,1/H], v =max {\/5%,n}, o = %,52@—&—1;

* FEDAC-II: € (0,1/H], v :max{./%,n}7 a= 2,%\ — %,/3 = 232:11,

where H is the smoothness constant as in Assumption 1, X is an estimate of the strong convexity, and
7 is the learning rate which has to be tuned. Thus, a limitation of FEDAC is that it requires either the
knowledge of A (say, through explicit A\-regularization), or that the algorithm adds regularization to
the objective itself (this is how Yuan and Ma (2020) present FEDAC for general convex functions). In
our experiments we have both of these settings, i.e., FEDAC with internal regularization X (c.f., figures
la and 1b) or explicitly A-regularized objectives (c.f., figures 4 and 5). For brevity, in Algorithm 7 we
present FEDAC with five hyperparameters: «, 3, 7, 7y, and A\. When the objective is regularized we
use A = 0, whereas otherwise we tune A, to ensure the best possible performance for FEDAC.

*We can calculate an approximation to the Newton decrement at Ay, i.e., (A%, V2F (x:)AZ;)/?, using a
call to the Hessian-vector product oracle (see Assumption 2(b)), along with an additional dot product, namely
A.’i}:h(l’t, Aiit, Z)
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Algorithm 7 FEDAC(zg, a, 3,1, 7, \)

(Operating on objective F'(-) + \/2||.||? as opposed to F'(.) with stochastic gradient oracle gy (+;-)°.)
Intitialize: (%" = z{" = x( for all m € [M]
fort=0,1,...,7T —1do
for every worker m € [M] in parallel do
2 = Bl (1= g
g7 ga(zhm Zm) > Query the stochastic first-order oracle at "™, for 2" ~ D
ag,m md,m m
Vep1 Ty NGt
oty = (1—a Dy +a~la™"™ —qgp"
if{ mod K = —1then
TPy 37 Dot Vit

ag,m 1 M ag,m’
Ty 4 A7 Domi=1 Vil
else
m m
Tip1 < Vppa

ag,m ag,m
Tyl U

509 1M ag,m’
Return: 277 = 57 >, o7

In Algorithm 8 we describe Local SGD (a.k.a. FEDAVG) (Zinkevich et al., 2010) with learning rate
and Polyak’s momentum (a.k.a. heavy ball method) parameter 5. Setting 3 = 0 recovers the familiar
algorithm as analyzed in Woodworth et al. (2020a). Finally, in Algorithm 9 we describe Minibatch
SGD with fixed learning rate 77 and momentum parameter (3.

Algorithm 8 Local SGD(zq, 3,7)

(Operating on objective F'(-) with stochastic gradient oracle g(;-).)
Intitialize: x{', < x for all m € [M]
forr=0,...,R—1do
for every worker m € [M] in parallel do
fork=0,...,K —1do

gl < g(xl; 27) > Query the stochastic first-order oracle at «", (for 2", ~ D drawn
by the oracle)
Ty % =9 + Lso By — 2 y)

’

1 M m
Trp1 € 37 Domi—1 Tr K
Return: zp

Algorithm 9 Minibatch SGD(z, 3, 7)

(Operating on objective F'(-) with stochastic gradient oracle g(-;-).)
Intitialize: z{" = x for all m € [M]
forr=0,...,R—1do
for every worker m € [M] in parallel do
fork=0,..., K—1do
9k g(xr; z:’fk) > Query the stochastic first-order oracle at ;. (for 2, ~ D drawn by

the oracle)
1 K—1<—M m'
9r 4 TRT 2ok'=0 2ami=1 91k
xr+1 — Ty — ngr + 1r>06(xr - xrfl)
Return: xp

Note that in our experiments we compare the algorithms using the same number of machines M,
communication rounds R and theoretical parallel runtime 7" against each other, where T' = K R.

>Note that gy (z; 2) = g(z; 2) + Az, i.e., the stochastic oracle for the regularized objective can always be
obtained using the oracle for the unregularized objective (see Assumption 1).)
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Also note that unlike Algorithm 7, there is no internal regularization in Algorithms 8 and 9. While
conducting experiments for figures 4 and 5, we assume that F'(.) is regularized, so that Algorithms 8
and 9 instead minimize F'(.) + 3||.||? and have access to g, (.;.). The reason why \ is not presented
as a hyperparameter for any algorithms beside FEDAC, is because the regularization is a part of the
optimizer FEDAC itself determines its other hyper-parameters.

In addition, we may see that REGULARIZED-QUADRATIC-SOLVER with 73, (A) = 1 and wy(\) =
(as in each iteration of FEDSN-LITE) is a special case of Local SGD (Algorithm 8) with R =
Thus to summarize, in our experiments, we have compared the following algorithms:

e FEDSN-LITE (which uses REGULARIZED-QUADRATIC-SOLVER) without momentum i.e.,
B = 0 or with optimally tuned momentum 3 € {0.1,0.3,0.5,0.7,0.9},

* FEDAC-1 and FEDAC-2, with either no internal regularization i.e., A = 0 (in experiment

2 when the objective is explicitly regularized) or optimally tuned internal regularization
A € {le-2, le-3, le-4, le-5, le-6} (in experiment 1),

e Local SGD without momentum ie., 5 = 0 or with tuned momentum [ €
{0.1,0.3,0.5,0.7,0.9},
e Minibatch SGD without momentum i.e., 5 = 0 or with tuned momentum S €

{0.1,0.3,0.5,0.7,0.9},
We search for the best learning rate € {0.0001, 0.0002, 0.0005, 0.001, 0.002, 0.005,0.01, 0.02, 0.05,

0.1,0.2,0.5,1,2,5, 10,20} for every configuration of each algorithm. We verify (along with Yuan
and Ma (2020)) that the optimal learning rate always lies in this range.

G.2 More extensive experiments

First, we present more comprehensive versions of the experiments presented in Section 5.

M=20 M=50 . M=100 . M=200 M=500

5 10 2 50 100 5 10 25 50 100 5 10 2 50 100 5 10 25 50 100 5 10 2 50 100

Number of Communication Rounds

—4— FedSN-Lite w/ Mom. (Our Method) ~ —§— FedAC-2 —4— MBSGDw/ Mom. —$— Local SGD w/ Mom.
FedSN-Lite (Our Method) —4— FedAC-1 ¢ MBSGD Local SGD

Best Log(Relative Sub-optimality)

Figure 2: The same experiment as in fig. 1a but with a broader range of values of M. All optimization runs
were repeated 30 times.

M=20 M=50 M=100 M=200

-0.40 -0.44 -0.44 -0.44
046 . —046 ) -0.46
045 : s -
= -0.48 -0.48
5 10 2 50 100 5 10 25 50 100 5 10 25 50 100 5 10 25 50 100

Number of Communication Rounds

—4— FedSN-Lite w/ Mom. (Our Method) ~ —§— FedAC2  —4— MBSGDw/Mom. —§— Local SGD w/ Mom.
FedSN-Lite (Our Method) —4— FedAC-1 ¢ MBSGD Local SGD

Best Log(Validation Loss)

Figure 3: The same experiment as in fig. 1b but with a broader range of values of M. All optimization runs
were repeated 20 times.

Recall, how comparison to FEDAC requires the knowledge of the strong convexity constant. To
alleviate this in figures 2 and 3 we added an internal regularization parameter to FEDAC and tuned

36



it. Another way to deal with this is to solve a regularized empirical risk minimization problem,
where FEDAC knows the level of regularization, which serves as a proxy for strong convexity. Next
we consider exactly this setting in figures 4 and 5, where we provide FEDAC the regularization
strength 1. Unlike previous experiments, here we report regularized training loss, i.e., we train the
models to optimize F(x) + r(z) = >, ¢ fi(x) + &z|]3, for a finite dataset S. We also vary the
regularization strength p, to understand the algorithms’ dependence on the problem’s conditioning.
This was precisely the experiment conducted by Yuan and Ma (2020) (c.f., Figures 3 and 5 in their

paper).

u=0.01 ) p=0.0001 y=1e-06 p=1e-08

M=50

optimality)

M=100

Best Log(Sub

= -15
M=200 f

-0.50
-10

-0.75
-15

-1.00

M=500

20 -1.25

-1.50
-25

-175

-30

-15 -1
T\
-12
-20 5 -14
T
5 10 25 50 100

5 10 25 50 100 5 10 25 50 100 5 10 25 50 100

Number of Communication Rounds

—4— FedSN-Lite w/ Mom. (Our Method) ~ —$— FedAC2  —4— MBSGDw/Mom. —4— Local SGD w/ Mom.
FedSN-Lite (Our Method) —4— FedAC1 ¢ MBSGD Local SGD

Figure 4: Empirical comparison of FEDSN-LITE (Algorithm 6) to other methods (see Appendix G.1 for
complete details) on the LIBSVM a9a (Chang and Lin, 2011; Dua and Graff, 2017) dataset for minimizing
p-regularized logistic regression loss using M machines and p regularization strength. We vary the frequency
of communication (horizontal axis of each plot), while keeping the total number of steps on each machine
(theoretical parallel runtime) fixed at K R = 100. Each algorithm besides FEDAC solves a regularized ERM
problem, and reports the best relative sub-optimality w.r.t. the optimal minimizer. For FEDAC we use p as the
strong convexity constant to tune its hyperparameters. For the other algorithms we tune the learning rate for
either 8 = 0, i.e., without momentum, or for all 8 € {0.1,0.3,0.5,0.7,0.9}, to choose the optimum level of
momentum. We repeat this tuning procedure for each value of p, M, R, and thus each point in the plot represents
an optimal configuration of that algorithm for that setting. All optimization runs were repeated 70 times with the
tuned hyperparameters.

G.3 More implementation details

Dataset. Following the setup in Yuan and Ma (2020), we use the full LIBSVM a9a (Chang and Lin,
2011; Dua and Graff, 2017) dataset. It is a binary classification dataset with 32,561 points and 123
features. For generating figures la, 2, 4 and 5 we use the entire dataset as a training set. On the other
hand, For generating figures 1b and 3 we split the dataset, using 20,000 points as the training set and
the rest as the validation set.


https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html#a9a
https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html#a9a
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Figure 5: Same setting as figure 4 but with a longer parallel run-time of 7" = 1000.

Figures 4 and 5. As described in the body of the paper, each sub-plot (in Figure 4) shows the perfor-
mance of the different algorithms and their variants (as discussed above) on p-regularized logistic
regression. For the experiments we vary the values of 1, M, and R, for fixed theoretical parallel
runtime K R. Each of these is a different setting, reflecting different computation-communication-
accuracy trade-offs. For each of these settings, we run an algorithm configuration (with some 8 and
A = 0 for FEDAC), with different learning rates 7, and record the best loss (which is the Regularized
ERM-loss on the entire dataset) obtained at any point during optimization. Based on this run we
pick the optimal learning rate for each setting for each algorithm from the set {0.0001, 0.0002,
0.0005,0.001,0.002,0.005, 0.01, 0.02,0.05,0.1,0.2,0.5,1,2,5,10, 20}.

Note that this means every point in a sub-plot is an individual experiment, for which we have tuned.
Since we are only concerned with optimization, we tune and report the accuracy only on the training
set (with 32,561 points). Both the stochastic first-order oracle and the Hessian-vector product oracle,
used by the respective algorithms, do sampling with replacement. Following Yuan and Ma (2020),
we ensure that our learning rate tuning grid was both wide and fine enough for the algorithms to
achieve their optimal training losses. Since we are using stochastic algorithms which sample with
replacement, without any definite order on the dataset (as opposed to making a single pass), the best
suboptimality is potentially different for each run of the algorithm, even when choosing the same
learning rate and initialization. Thus, once we have the optimal parameters (7, 5, A), we rerun the
algorithm multiple times on the corresponding setting. The error bars represent the standard deviation
of the best suboptimality obtained when using this optimal learning rate.

Note that changing the regularization strength changes the optimal error value on the RERM task.
Thus, to get the optimal loss value, we run exact Newton’s method separately on each of these settings
(for different values of (), until the algorithm had converged up to ~ 12 decimal places. We also
ensure that our optimal loss values look similar to Yuan and Ma (2020). The reported suboptimality
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in Figure 1a is obtained after subtracting this optimal error value from the algorithms’ error, followed
by dividing this excess error with the optimal value.

Figures 1a and 2. As described in the body of the paper, each sub-plot in Figure l1a shows the
performance of the different algorithms and their variants (as discussed above) on logistic regression
for getting the best possible unregularized training loss. We train FEDAC on an appropriately
regularized RERM problem on the training set. This is achieved through its internal regularization
parameter A as described above. All other algorthms minimize an ERM problem on the dataset. We
vary M and R while keeping the parallel runtime K R to be fixed. Our hyperparameter tuning and
repetitions are similar to the description for the experiment above, though we additionally tune the
regularization strength A in the RERM problem for FEDAC. All the algorithms do sampling with
replacement on the training set, and can make multiple passes on the dataset. The optimal training
loss is again obtained using 100 iterations of the Newton method.

Figures 1b and 3. As described in the body of the paper, each sub-plot in Figure 1b shows the
performance of the different algorithms and their variants (as discussed above) on logistic regression
for getting the best possible validation loss. We train FEDAC on an appropriately regularized RERM
problem on the training set. All other variants minimize an ERM problem on the training set. This is
achieved through the internal regularization parameter for FEDAC as discussed above. We vary M
and R while keeping the parallel runtime K R to be fixed. Our hyperparameter tuning and repetitions
are similar to the description for the experiments above, though we additionally tune the regularization
strength X in the RERM problem for FEDAC. We use the same split of training and validation datasets
across the multiple repetitions. All the algorithms do sampling without replacement on the training
set, and can make at most one pass on the training dataset.

Note that in all our experiments, we are concerned with minimizing a convex function F'(z). In some
cases we are supposedly minimizing a finite sum, i.e., F'(x) = >, ¢ fi(x) where S is our training
dataset, for e.g., in Figure la. In others F'(z) = E.cp[f(z;2)], i.e., a stochastic optimization
problem where we access the distribution D through our finite sample S, for e.g., in Figure 1b. To
estimate the true-error on D, we split S into S,.q:, and Syq;, then sampled without replacement from
Strain to train our models, and reported the final performance on S,,;.

Hardware details. All the experiments were performed on a personal computer, Dell XPS 7390.
The total compute time (CPU) on the machine was about 300 hours. No GPUs were used in any of
the experiments in this paper.

G.4 Computational cost of a Hessian-vector product oracle

Consider minimizing the function F(x) = E,[f(z; z)] given access to various stochastic oracles.
Note that FEDAC, Minibatch SGD, and Local SGD are all first-order algorithms, in that they use a
first-order stochastic oracle. Thus, each time they observe a stochastic gradient (as per Assumption
1), the oracle uses a single unit of randomness (e.g., a single data point, when thinking in terms of a
finite training dataset).

In contrast, our main theoretical method FEDSN proceeds via two possible options: for Case 1
as established in Algorithm 4, the algorithm queries both a stochastic gradient and a stochastic
Hessian-vector product oracle at two independent samples, while in Case 2, we consider a different
setting which allows the algorithm to observe, for any x, u, both a stochastic gradient and stochastic
Hessian-vector product using the same random sample z. We may note that the final theoretical
guarantee for Case 1 differs by only a small constant factor from that of Case 2, and our results as
presented in Theorem 1 apply to both cases.

Thus, in order to maintain a fair comparison between these first-order methods and our practical
method FEDSN-LITE, we have implemented FEDSN-LITE so that it also uses a single random
sample (single data point), as outlined via Case 2 (Same-Sample) in Algorithm 4.

In addition to keeping the number of samples consistent, it is important to understand how both
oracle models compare computationally. Clearly every oracle call for FEDSN-LITE is at least as
expensive as a first-order stochastic oracle, as it subsumes the latter. Moreover, it is unclear a priori
if the Hessian-vector product can be computed efficiently (say, in as much time as vector addition
or multiplication). However, it turns out that the Hessian-vector product for logistic regression
can be efficiently computed, since the Hessian matrix for a given sample is actually rank one
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(i.e., an outer product of known vectors). This is generally true for loss functions which belong
to the family of generalized linear models. To see this, note that for loss functions of the form

F(z) = Zf;l é(b;x " a;), we have by a simple calculation that
N N

VoF(z) =Y ¢'(bix"a;)b;i-a; and VIF(x):=V,(V.F(zx)) =Y _ ¢"(biz" )b} - a;a],
i=1 1=1

and so for any v € RY,

N
V2F(z)v =Y ¢"(bix"ai)b? - a; - (a] v),
i=1
which means each summand can be calculated in O(d) time. When maximizing the log-likelihood in
the logistic regression model with labels in {—1, 1}, we need to minimize the following function,

N
F(z) = Z (fbi:v—rai +1n (1 + exp (bixTai))) ,
i=1
which is an instance of the generalized linear models as considered above. Thus, in terms of vector
operations, the Hessian-vector product oracle and the stochastic gradient oracle are asymptotically
similar in the logistic regression model. We also note that for a general class of differentiable
functions, Pearlmutter (1994) provides a technique to compute the Hessian-vector product using
two passes of backpropagation (in the context of neural networks). For instance, we may consider a
twice-differentiable function F' : R? — R and note that for a vector v € R,

V2F(z)v =V, (V.F(z)"v),
which can be obtained using two passes of backpropagation.

For the scale of our problem, it turns out that the difference in the number of vector operations
is outweighed by other implementational overhead (for, e.g., loops, memory operations, etc.). In
Table 5 we show the average per-step runtimes (over 250 runs) for three different algorithms for
M =1,R=1,K = 100000.

Algorithm Avg. Runtime/Step (in 107° sec.)  Std. Dev. of Runtime/Step (in 10~ sec.)

FEDSN-LITE 6.67 1.42
Local SGD 6.39 1.37
FEDAC 7.48 1.58

Table 5: Comparing the wall-clock runtimes of different algorithms in our implementation. We run
every repetition of each algorithm as an individual job, so that the runs are independent, i.e., we don’t
introduce extraneous biases for any one algorithm (e.g., thermal throttling affecting the runtimes for a
single algorithm). We run each algorithm 1700 times so that the 95% error margins for the average
runtime/step estimate are within 1% of its value. Specifically, we calculate the empirical standard
deviation o of our average runtime/step estimate z by running it for n = 1700 runs. Then we report
the error margin § = zo/+/n, where z = 1.96, is the z*-value from the standard normal distribution
for a 95% confidence level. We ensure that n = 1700 is large enough, so that 6/ < 0.01. Finally
we round Z to two significant digits, respecting the 1% error margin. We also report the standard
deviation estimate of the runtime/step so that its 95% error margins are within 4% of its value.

G.5 Comparison with GIANT

Recall that we are optimizing a convex function F', which is accessible only through stochastic oracles
in an online fashion. To do so, we implement an inexact Newton method, where we reformulate the
Newton step as the solution to a convex quadratic problem, mina, 3 Az " V2F(z)Az + VF(z) " Az,
We then solve this problem using one-shot averaging, with access to stochastic gradient and Hessian-
vector product oracles. If instead we were solving a batch problem, where we had a finite dataset, we
could use it to determine the exact Newton step.
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Figure 6: (a) Empirical comparison between GIANT and FEDSN-LITE, when equalizing for the number of
data-accesses per communication round. We vary the frequency of communication (horizontal axis of each plot),
while keeping the total number of steps on each machine (theoretical parallel runtime) fixed at K R = 1000
for FEDSN-LITE. We choose s, ¢ such that n/M + sq = K for GIANT. For R > 10, GIANT could not
be run in this setup, as ¢ was less than one. Note that this is the same reason why GIANT performs worse
going from K = 200 to K = 100, as the value of ¢ gets closer to one. We suspect that this worsening of
performance does not happen for s = |n/M |, as in that case the effect of increasing Newton steps is more
dominant than decreasing g. All experiments were repeated 20 times. (b) Empirical comparison between GIANT
and FEDSN-LITE when keeping the number of oracle accesses equal. For both the methods we count the
stochastic oracle access as well as the Hessian-vector product oracle access as two oracle accesses. The dark
lines depict the minimum error obtained across multiple runs, and the error strips denote the maximum error
across those runs.

More specifically, if F(z) = 1 Y, en) f (%3 2i), where z; indexes an example in the training dataset,

then we can obtain a sketch of the Hessian matrix VQFm(x) on each machine, by distributing the

examples across M machines. Then we can solve the linear system V2F,,(z)p,, = VF(z) where
V F(z) could be computed exactly and broadcasted to each machine. The linear system can be
effectively solved with a conjugate gradient method. Finally the directions p,,, can be aggregated to
get an approximate Newton direction. This was precisely the idea proposed by Wang et al. (2018), in
their algorithm called GIANT. In fact, there has been much work in the batch setting (Shamir et al.,
2014; Zhang and Xiao, 2015; Reddi et al., 2016; Crane and Roosta, 2019; Islamov et al., 2021; Gupta
et al., 2021) similar to this, but as we point out before, we work in a strictly more difficult setting.
The ability to index the examples in the training set, and possibly re-use them in multiple rounds is
commonly used in the batch setting, but it cannot be exploited in the online setting (except perhaps
with an additional generalization error when F'(z) := E.p[f(z; 2)]).

Moreover, typically the computation per communication round for batch methods is much higher
than our method. For instance if GIANT uses s examples on each machine for making a sketch of
the Hessian and uses ¢ steps of the conjugate gradient method, then since it still needs to compute
the full gradient per communication round, the computation per round is o< n + M sq, as opposed to
KM for FEDSN-LITE. Nevertheless, we compared GIANT to our method for a range of values of s
in Figure 6a. We note that in the sparse communication regime we beat GIANT. If communication
is not a bottleneck, we can also compare both these methods while keeping the number of oracle
accesses equal. In such a setting, as we note in Figure 6b, FEDSN-LITE has an advantage initially
(when GIANT is not even applicable), but eventually GIANT’s updates are more accurate, and it
outperforms FEDSN-LITE. The bottom line is that these methods perform very similar updates,
i.e., inexact Newton steps, but FEDSN-LITE is applicable in the online setting while GIANT is not.
Moreover, FEDSN-LITE can have an advantage in the sparse communication regime.
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