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A Hyperplane Rounding and Derandomization

The following is a standard geometric fact related to hyperplane rounding.

Fact A.1. Let z1 and z5 be two unit vectors in d-dimensions (for any positive integer d). If the angle
subtended by them is 0, then

Pr[pos ((z1.g)) # pos ((22,8))] = /. m
where g ~ N (0,1)% is a vector with each coordinate iid standard Gaussian.

Note that (i) if (z1,22) > 0, then 6 < 7/2, and therefore the probability in (I)) is at most 1/2, and
(ii) if (z1,22) < 0, then 6 > 7/2, and therefore the probability in (T)) is at least 1/2. This can be
strengthened by observing that d(cos#)/df = —sinf € [—1,0] for § € [0, 7]. From the above it
follows that for any d € [0, 1],

o If (z1,29) > § then § < 7/2 — ¢, and therefore the probability in (I is at most 1/2 — § /7.
o If (z1,22) < —dthen § > 7/2+ 4, and therefore the probability in (I} is at least 1/2 + 6 /7.

Therefore, the constant oy in the proof of Lemma 2.3 can be taken to be 1/27.

A.1 Derandomization of Theorem 1.1 using [4]

Consider the algorithm given by Theorem 1.1 for LLP-LTF in Section 2. The objective for which
randomized rounding is applied can be recast as a Max-Cut problem as follows. For each non-
monochromatic bag consisting of {x;,x;}, we consider the pair {z;,z;} to be separated in the
random hyperplane, while for each monochromatic bag of size 2 consisting of {x;,x;} we consider
the pair {z;, —z;} (arbitrarily negating one of them) to be separated by the random hyperplane
rounding. The procedure of [4] (as applied to Max-Cut) will deterministically find one such g which
preserves the expected number of pairs separated. The rest of the algorithm using the obtained g
remains the same. A similar process applies to the algorithm given in Section 2.1 for LLP-OR.

B Preliminaries for Hardness Result

We will use the usual Berry-Esseen theorem below, as well as the multi-dimensional version.

Theorem B.1 (Berry-Esseen Theorem, [Sl]). Let X1, ..., X, be independent random variables with
E[X;] = 0and Var[X;] = 07. Let0* = ", 07. Then,
-1
sup Pr o X, <t| —®(t)| < ey 2)
teR X1,..,Xn Lg[;] ( )
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where ¢ is a universal constant, ® is the CDF of the standard Gaussian N(0,1), and v =
o~ max;e () (E [|X5]3] /o).
Theorem B.2 (Multi-dimensional Berry-Esseen Theorem, [0]). Let Xy, ...,X,, be independent
random vectors in R® with E[X;] = 0. Let S = > | X; and X = Cov[S]. Then for all convex sets
ACR?

IP[S € A] — Pr[Z € A| < CdY*y (3)

where C'is a universal constant, Z ~ N (0, X) and v := > | E [HZ‘I/QXZ»H;}.

Theorem B.3 (Chernoff-Hoeffding). Let X1, ..., X,, be independent random variables, s.t. a; <
X; <b, A;=b; —a;fori=1,...,n. Then, foranyt > 0,

Pr|y X, - ) E[X)]
Chebyshev’s Inequality. For any random variable X and ¢ > 0,

i=1 i=1

Pr[|X| > t] < E[X?]/%. 4)
We will also use the following anti-concentration lemma proved in [2].
Lemma B4. Let ci,ca,...,cr € RE be such that |c1|| > |ca|| > --+ > |ler|l. Suppose
X1,Xa, ..., Xz are R-dimensional Bernoulli random variables i.e., X; "~" {0,1}%, i € [T.
Then,
ez |

sup Pr || D (ci, Xi) + 6| < <Oo(T~?%).

= 71/2
Ok 1€[T) r

The total variation distance between two distributions P, Q over R% is TV(P, Q) := sup Acre|[P(A)—
Q(A)|. The following gives a bound on this distance between two multi-dimensional Gaussians with
the same mean.

Theorem B.5 ([1]]). If Xy and X5 are positive-definite d x d matrices, and let \1, ..., g be the
eigenvalues of 21_122 — 1, then for any pp € R¢

d 1/2
TV (N (1, 51), N (1, 32)) < (3/2) (Z A?)

The total variation between one-dimensional Gaussians is as follows.
Theorem B.6 ([1]).

3lot — o3| N |1 — p2|

vV (N(,uha'%)vN(,uQvU%)) < 2 9
o7 01

We also use the Gaussian anti-concentration bound (which is obtained by simple integration) that for
g~ N(0,0?)

Prlg € [t,t +d]] < d/(oV2m) (5)
forany t € Rand § > 0.

B.1 Critical Index

We first define the following notion of regularity.

Regularity. We say that a sequence of values {a; | i € I} is v-regular if a? < v Yier a? for all
1€ 1.

For some M and R consider a sequence of vectors {c; € R¥}M, whose concatenation is ¢ :=
@®M ¢, so that [|c[|2 = M |lci||2. We will work with linear forms h = S (c;, X;) where
X; € RE (1 <4 < M) are variables.



Let o : [M] — [M] be the unique ordering s.t.

leayllz > llea@yllz > -+ > lleq(anll2, (6)
and,
o(i) < o(i), Vi,i' s.t.i <" and [[c, i) ll2 = [[co@) |2 (7
For a given 7 € (0,1) define i,(c) := min{i € [M] s.t. [[c,;)[|13 < 72y llcs@nl3} be the
T-critical index. B

Define the following: C(h) := {o(i) | i < i,(c),i € [M]}, C=E(h) = {o(i) |i < K,i <i,},
and C78(h) := [M]\ C;(h).

Now, the sequence of coefficients corresponding to Cy 2 (h) are T-regular, since for any i € C72(h),
lleill3 < Yiecem llew |3. This regular part of c is for convenience denoted by the following
notation: ¢ := @, e (1) ;.

On the other hand, the coefficients corresponding to the non-regular part C.(h) are essentially
geometrically decreasing. This is formalized in the following proposition.

Proposition B.7 ([7]]). For the above setting the following condition hold:

o Foranyiy,iz € Cr(h), st.ty =07 1(i1), ta := 07 1(ia), t1 < ta,

1 _
llew, I < =(1 =)= 7ley, ||,

2

B.2 Proof of Theorem 3.2

The proof of Theorem 3.2 is given in Appendix A of [3], in particular the intermediate instance B
obtained in their proof is the hard instance of Theorem 3.2.

B.3 Representing Boolean Functions

Finally, we have this simple lemma on the representation of boolean functions.

Lemma B.8. Any boolean valued function f over boolean variables y1, . ..,y can be written as
F@y) = (aHHys>, ®)
HC[0) s€H

where each |ag| < 2° for each H C [{).

Proof. Using the truth table of £, it can be written as an OR of up to 2¢ terms, one for each point
at which f evaluates to 1. Each such term is an AND of exactly / literals which evaluates to 1 on
a distinct point on which f evaluates to 1. Any such term can be evaluated as a product of: y for
each positive literal y in it, and (1 — y) for each negated literal in the term. Distributing this product
yields for each term an expression of the form on the RHS of (8] with coefficients of magnitude 1.
Summing up the expressions for all the (up to 2°) terms gives us the expression on the RHS of (§) for
f, with coefficients of magnitude at most 2¢. O

C Hardness Reduction and Proof of Theorem 3.3

Let 0, £ be the constants in the statement of Theorem 3.3. We choose the following parameters for the

reduction:
32 8
€ ) 64 € 32 8
> ( ) Q= o TiEeg K := —log () ) ©))

© 7 10107 \ 8¢ — T

where €y € (0, 1) is a small enough absolute constant to be decided later. The hardness reduction
is from an instance £ of Smooth-Label-Cover given by Thm. 3.2 for a value of z (and thereby



d := 47) to be chosen later, and Jyaram (We denote J from Thm. 3.2 as Jyaam to avoid notation
conflict) as defined as follows:

4
€2

Jparam = (10)

76

16450\ >
(m+ 6 ) .

We now define the set of boolean variables (feature space) over which the LLP-OR instance is
defined.

Variables. Let

M Q
U U UXisd} (11)

1=1b€{0,1} ¢=1
be a set of variables. We use the following notations: X, := (X p1,.-., Xip,0) Xi = Xi08Xi 1
and X = @M X, forall i € [M],b € {0,1}. Further, let Si,. .., S,, be a partition of [M] such
that |S;| < d forall j € [m]. For each j € [m], let X\¥) = @;¢ s, X (in any order). For coefficients
{cibg | i €[M],be {0,1},q € [Q]}, we analogously have c; 5, c;, c) and c.

For each vertex v € V there is a separate copy X,, of X defined above. In particular, the total set of

variables is
M Q -
UU U UFuisdd

veVy i=1b€{0,1} ¢=1

represented by the (|V|- M - 2 - Q)-dimensional boolean vector X. The goal is now to define a
distribution over non-monochromatic bags of size at most two.

For this we first define a distribution D x as given in Fig. [[Jon X given in (TI), parameterized by
a partition Sy, Sy, ..., S,, of [M]. We use as building blocks the two distributions over {0, 1}¢:

HQ. =U ({ey, .. s eq}) (i.e., uniform over the (-dim coordinate vectors) and ﬁQ = U ({0,1}9)
(uniform over (Q-dim boolean vectors).

Randomly choose J C [m] by sampling each j € [m] independently w.p. 1/2.
Randomly choose J. C J by sampling each j € .J independently w.p. .
Independently for each ¢ € [M] sample b; € {0,1} u.ar. Seta; =1 — b, fori € [M].
Independently for each i € Uje S}, sample X; ,, from Ug.

Independently for each i € U;c .S}, sample X,; 5, from ﬁQ.
For i € UjeJ\JESj, set X, 5, to 0.
Forall j € J, setall X; (¢ € S;) to 0.

N A WD =

Figure 1: Distribution D x ({S; };”:1) with partition {S;}72 of [M].

For a given u € Uy and (v, u), (w,u) € E, using D x we define in Fig. a distribution D, ,, ., on
a pair of points — over the entire variable set - (X(l) , X(z)). The final non-monochromatic bag
distribution D g is given in Fig.

C.1 Proof of Completeness of Theorem 3.3

Suppose that the instance £ is a YES instance i.e., there is a labeling o = (o, o) that satisfies all
the edges E . Consider the monotone-OR F™* given by:

(X)) =\ V(@%mma- (12)

veVy bG{O,l} g=1

The following lemma shows the completeness of the reduction.



1. Randomly choose J¥ C [m] by sampling each j € [m] independently w.p. 1/2. Let
JY =[m]\ J".
2. Setting S; = 7, L(4) for j € [m], sample ifjl) from Dx ({S;}72,) | J = J".

3. Setting S; = m,,(j) for j € [m], sample XS) from Dx ({S;}7,) | J = J“.
1

v’,i,b,q

(2)

v’ 1,b,q

4. Forallv' € Vi \ {v} setall {X | i € [M],be {0,1},q € [Q]} to zero.

5. Forallv' € V \ {w} setall {X | i € [M],be {0,1},q € [Q]} to zero.

6. Output (X(l) , 2(2)).

Figure 2: Distribution D, 5, -

Choose u € U u.a.r.

Choose v, w independently and u.a.r from Nz (u) := {v' € V | (v',u) € E}.

Sample (2(1)72(2)) from Dy, 4 -

Lol S e

Output the bag B = {X(l) , 2(2)}.

Figure 3: Bag Distribution Dp.

Lemma C.1. For each bag B = {X(l) , X@)} in the support of Dp in Fig.
F* (X(l)) 4 F* (X(Q)) .

Proof. Let j* := 7,4 (0v(v)) = 7w (v (w)). Suppose that in the generation of {2(1)72(2)}

from Dp, (Y(l) ; X(Z)) were sampled from D, 4, -

In Dy, y.w, it can be seen that if j* € JY then Xf) satisfies Xff)z = 0y forall i € 7%, (%), in

) )

particular Xf}av(w) = 02¢. Further, XS = 0 for any v' # w. Thus, F* evaluates to 0 on x®,

On the other hand, from D x we know that one of {Xil,?yv(v),m Xﬁiv(v),l} is sampled from Ug,

therefore at least one of {Yv,av(v),b,q | b€ {0,1},q € [Q]} is set to 1 and therefore F™* evaluates
<D
tolonX" .

)

An analogous argument shows that when j* € J* = [m] \ JY, F* evaluates to 1 on < ,and to 0
)

on X(l . ]
C.2 Proof of Soundness of Theorem 3.3

In this case £ is a NO instance. Consider ¢ linear forms

M Q
gs(i) =50+ Z Z Z ch,u,i,b,qu,i,b,qa ENS [E] (13)

veVy i=1b€{0,1} ¢=1

For an given vertex v € V, define

hs,v(iv) = Cs,v,i,b,qu,i,b,q~ (14)

for each s € [¢]. Let us fix a triple (u, v, w) as a choice of Dp in Fig. [3| For convenience we let
Ty 1= Ty .y @Nd Ty 1= Ty 4. Using this along with the notation in Sec. define for each s € [¢]:

Br(hsw) = {i€CrEhso) | lleswill > (7°/(16d%)]ci% 13}, (15)
Br(hsw) = {i € CF¥(hsw) | lleswalls > (7°/(16d%))[lels, 13}, (16)




and

B:(v) = UBT(hS,v) B (w) = UBT(hs,w) (17)
sel sel
CERw) = O  (ha) CE¥(w) = | CEX (ho)- (18)
sel sel
Further, for each s € [{]
¢
Sew = {1 €CF(hap) | m(i) € my (CEX )}, Spw = Sevw (19)
s=1
Soww = {1€C%(hey) | mu(i) € mu (CEE )}, Sww = Seww  20)
s=1
¢
Seww = {i € CF8(hey) | mu(i) € my (CEX ()}, Sow = [ Sevw (21)
s=1
¢
Sswy = {Z € qu—eg(hs,w) ‘ ﬂ'w(i) € My (CTSK(U))} y Suw = U Sswo- (22)
s=1

Using the above we have the following definition.

Definition C.2. A triple (u,v,w) chosen in D (Fig. |3) is said to be good if the it satisfies the
following conditions:

1. Top-K Top-reg bijective.

|70 (C=K(v)u B:(v))| = ’C;K(v) U B-(v)], (23)
|7 (C=K(w) U B:(w))| = ’C;K(w) U B-(w)| (24)

2. Top-K non-intersection.
Ty (C=5(v)) Ny (CE5(w)) = 0. (25)

3. Top-K heavy-reg non-intersection. For each s € [{),

Y leswil3 < (FP/16)[ )13, and Y feswil

1€Ssvw 1€Sswo

5 < (7°/16)]|e5,[15. 26

s,w

First we prove the following lemma.

Lemma C.3. There is a choice of z depending only on 6, £ such that the probability over the choice
of (u,v,w) in Dp that (u,v,w) is good is at least 1 — e.

Proof. The following arguments use the bi-regulariy of £. Suppose for a contradiction that at least
e-fraction of the triples (u, v, w) are not good. From the smoothness property of Theorem 3.2, a
random edge (v, u) incident on v for a given v € V; satisfies (23) is at least:

(|CE5 ()| + |B. (v)])*
Jparam

since | B, (hs )| < 16d®/7° for any s € [¢] and by (T0). Thus, we obtain that (u, v, w) satisfies the
Top-K Top-reg bijective property with probability at least, 1 — &2 /2.

1—

8\ 2
>1-— (EK +£16§> [Jparam > 1 —€%/4,
T

It follows that there must be at least ¢ — €2 /2 > £/2 fraction of triples (u, v, w) which do not satisfy
either (23)) or (26) - call such triples intersecting. Given this, consider the following randomized
labeling o to the vertices of L:

1. Foreveryv € V:



(a) With probability 1/2 choose oy (v) u.a.r from C=5(v).
(b) With probability 1/2:
i. Choose s € [{] u.a.r.
ii. Choose oy (v) to be i € C7¥(hs,,,) with probability ||cs ».i[|3/]|cs o |3

2. Foreach u € Uy, choose a w u.a.r. from N (u) and assign oy (v) = my o (ov (w)).

Consider a random edge (v, u), and let w be the choice for u in the above randomized labeling.
With probability £/2, (u, v, w) is intersecting. In this case, if is violated then with probability
1/(402K?), 7y u(ov (v)) = 7w u(ov (w)). On the other hand, if one of the conditions in (26)) is not
satisfied for some s € [/] then with probability 7¢ /(64K ¢?), 7, (0 (v)) = 7w w(ov (w)). In both
cases, (v, u) is satisfied. Thus, there is a labeling that satisfies at least,

£ . 1 76
o MU IR K2 6aK 2

fraction of the edges. Choosing z in Theorem 3.2 to be large enough depending only on 7, K, ¢, ¢
(which in turn depend only on 4, ¢ for fixed £¢ as given in (9)) yields a contradiction.

Now, for any boolean function f over pos(g1), ..., pos(gs) we have the following lemma.

Lemma C.4. For any good triple (u,v,w), under the distribution D, ,, .,
—(1)\ , (2 —(1 —(2

Proof. From LemmaB.8] f (pos(g1), ..., pos(ge)) can be written as:

Z (aH H pos(gs)> (27)

HC[/] seH

where each |ag| < 2¢. The above expression is the sum of at most 2¢ product terms. Thus,
f (Y(l)) f (X(z)) has at most 22¢ product terms of the form

(aH 11 pos(gs) (X(l))> (CLH’ [T pos(gs) (X(z))> (28)

seH secH’

for some H, H' C [¢]. By LemmaC.5|however, we know that for a good triple (u, v, w)

E laH [T pos(gs) (X(l)) an ] posig:) (X(z)ﬂ

seH seH’
~E [GH 11 pos(as) (X(l))] E [GH’ 1T pos(as) (X(Q))] ‘
seH seH’
< lagam|-O (12251/4) (29)

Since |agap/| < 22¢ bounding the error separately for the 22¢ terms as above, we obtain the bound
in the lemma. ]

Over all choices of triples made in D g, the probability that f satisfies the non-monochromatic bag
consisting of (X(l),i(m) is,

Eunnbo, . [F(XV) (1= (X)) + 7 (X?) (1- 7 (XV))]

— EuowEn, .. [f (X(”) +f (X(Q)) _of (X(”) f (X(Z))} (30)



Since at least (1 — ¢)-fraction of triples are good and using Lemma from the above we bound
the probability by

e e 1 ()] 1 (x)] 261 (<) e[ ()] o (272 42)

where the inner expectations are over v, w, D, , .,. For a fixed u, since v and w are chosen indepen-

dently from N (u) we have
elr (x7)] =e[r (x7)] =

Using which (1)) becomes,
Eu [2ps — 292] + O (5224%1/4) 32)

Observe that
< (1)
pu = Even [ (X))

(1) . . . . .. L
where X( ) in the above is sampled according to D,, ,, ,,. The choice of w is immaterial since the

marginal distribution of x after fixing v and v is the same. Note also that py := E,[p,,] is the bias
of f over the choice of a random bag from D g and a uniformly random feature vector from B. Now,

Eu [200 — 202] = 2p; — 2E, [p2] < 2p; — 2 (Eu[pu))? = 2p,(1 — py),
using E[X?] > (E[X])?. Thus,

Pr  [pos(f) is non-monochromatic on B] < 2p;(1 — py) + O (622“51/4) . (33)
B(—DB

Since py € [0, 1], the value on the RHS of the above is at most 1/2 + O (¢£224¢1/4) < 1/2 + § by
the setting of our parameters (and small enough choice of the absolute constant £¢) in ().

C.3 Analysis for a good triple

In this subsection we fix a good triple (u, v, w), and for convenience as before let 7, := , , and
Ty = Ty, Note that Y(l) and X@) in D,, ., are supported only on the coordinates corresponding
to v and w respectively. Therefore, in this section we will think of X(l) defined only over { X v,i,b,q}

and X*) defined only over {X,, ;4 ,} and let D denote this distribution over X' and X', For
convenience, we let D y1) and D y 2y denote the respective marginals.

For each s € [(] we let g , and h, , be the restrictions of g, and h, to the coordinates {X, ;p ¢}
respectively and similarly define g; ,, and hg .

For any H C [{] define:

f’L),H(X’U) = H pos(gs,v(Xv)); fw,H(Xw) = H pos(gs,w(xw)) (34)

seH seH

In the remainder of this subsection we prove the following lemma.

Lemma C.5. Forany H, H' C [{]

’ED {fv,H (X(l)) fuw.m (X(Q))} _ EDxU {fv,H (X(l))} Ewa [fw,H’ (X(2))”
<0 (35)



Proof. For a given s € [(] let us consider the distribution of of A (X)) = e {Cusis X£12>
We divide this sum into four disjoint parts as follows. Let

hOXD) = Y (e X)) (36)
i€CE X (h v)

R (XW) = 3 (i X (37)
i€C - (hs,w \CE ™ (hy)

KAXD) = Y (e X)) (38)
1€SspvUSsvw

hE(XD) = 3 (Cois X)) (39)

iec-‘rcg(hs,v)\(ssvvussuw)

Similarly, we define:

ROX®) = Y (eowan XPD) (40)
i€CEK (hy W)

(1, (X®) = 3 (Covwis X0) @1)
1€Cy (hs,w)\CF X (hw)

hgz)u(x(g)) = Z <Cs,w7iaX$u2,)i> (42)
1€SswwUSswo

h),(XP) = > (i X 43)

i€CTE (he w)\(SswwUSswo)
We will first prove the following lemma.

Lemma C.6. Forany s € [{]

)

Pj’)r [pos (gsﬂv(X(l))) # pos (hg%(X(l)) + hgg’g(X(l)) + 0370)} < 0(51/4) (44)
and similarly,

Pr [pos (gs,w(X(Q))) # pos (hg%(xm) + A, (X®) + CS,O):| <OEYY @)

Proof. We will prove (@4), with @#3) following analogously. We fix any s € [(]. Lemma|C.8|shows
that,

Pr [pos(gs..) # pos (A + ) + h) + ¢.0) | < O(EY) (46)
by our setting of the parameters and a small enough choice of £¢ in (9). Let us now bound contri-

bution of h%). Note that by (I3) and [@3), each i € S, satisfies |[c,. ;|2 < (73/(2dY)) || 55 |2
Furthermore, by definition |Sg,,| < Kd{. Thus,

S leowin XEN < Y leswiln < vV2Q DT lleswill2
1€Ssuu 1€Ssvu 1€Ssvw
7'3 "
< (Katy/2Q) (2d4) e 12
< (724 @7)

by our setting of the parameters and a small enough choice of ¢ in (9). The above also implies (using
the fact that ||x||2 < [|x]]1),

Yo leswil < Y7 lleswl

2
1< ( > IIcM,ill> < (7°/16)||e5% 113 (48)
1€Ssuu 1€Ssuu 1€Ssuw




Now consider any j € m,(Sspw), and let i* := argmax{||cs 2 | ¢ € Ssvw,wv( ) = j}. By
2 llcsv,i- ||2 > ( 3/4)||Creg |2 and by (I3) for any i € S N7, ( ), i # 7% ||leswillz <
(73/(2d%))| 5

Therefore, for agiven j € my(Ssow)s

Yo eswili £v2Q YT ewwill < V2Q ((7P/4) + d(73/(4d%))) [|eE |15

1€SsvwNmy ' (4) 1€SsuwNmy ()
VQllcsE,

IN

(49)

Thus,

N

> (e X0 <

iESS’l)iU

Z Z ”Cs,v,i”l < 3K£\/>||creg||2

JETY (Ssvw) ’iESsu/wﬁﬂgl(j)

IA

T2/l (50)

using @[} and the size bound | (Sspw)| < |mw (C=% (w))| < K¢, and by a small enough choice
of €¢ in (9). The derivation of (50) also implies,

Yo lleswals < Y lleswall

1€Sspw 1€Sspw

> Yo leswill ] <@/16)ICIE 5D

jeﬂ'v(ssvw) iessvwmﬂ—v_l(j)

IN

First, using (@7), (30)

[REXD)| < (72/2)llexe]|2, (52
and (@8)) and (5T) also yield the following bound on the sum ¢3 masses,
Yo lleswilld < (FP/8)lcTE (53)
i€SeuoUSsuw
Thus,
e > leswills = NeS5IE = X2 leswll3
€0 (g, o)\ (SsvoUSsvw) i€S500USsuw
> (1=7%/8) [l |13
> (1/2)]e53 13- (54)

Since {||cs,v,ill2 | i € CF%(hs,w)} is T-regular by definition (refer to Sec. B.1), the above (and an
analogous analysis for h; ,,) implies the following lemma.

Lemma C.7. The following sequences of coefficients — of hs v and h§ 1)u respectively — are (27)-
regular:

{Hcsﬂ)ﬂ'”2 ‘ 1€ Cg—eg(hs,v) \ (Ssvv U Ssmu)},

{lleswillz | i€ CF¥(hs,w) \ (Ssww U Sswo)}
fors e [4].

Note that % and h{%) depend only on Xf)l) satisfying m, (i) € m, (C=5(v)) Uy, (C=5(w)),

while 2% depends only on those for which (i) € 7, (C=¥(v)) U my, (C=¥(w)). Therefore,
<) o+ h ) is independent of h) "o

From a small enough choice of ¢¢ in (@), Lemma [D.T|along with (79) and Lemma[D.3]implies that
for any ¢,

s

Pr [hE)(XD) € [t,t + 6] < 0((e/16)1) /2 + 0 (1/4)), (55)
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where the probability is taken only on the setting of the variables X; on which /(3) depends. Letting
t denote the independent fixation of hé?), h(z) + Cs,0

o2 = Pr {pos (h(o) +hZ) + h$) + e 0) # pos (hso +h) + 05,0)}
< Pr[n) e [t- | e+ [n2)]]]
(using (33) and (32)) < 3/(25”/(?;)'2 L0 ( 1/4)

(using (34)) < 473/2@ +0 (51/4) =0 <51/4) (56)

by our setting of parameters and small enough £¢ in (9). The above along with @) implies the
lemma.

Define:
va H POS g€v v a wa H pos gew w ) (57)

seH seH

where

gs,v(Xv) = hg?g(xv) + h(egi);(xv) + ¢s,0, !}s,w(Xw> h(so (Xuw) + hggz)(xw) +¢s0 (58)

,w

for all s € [¢]. Applying a union bound along with Lemma|C.6| we obtain that for any H, H' C [(]
e [ (X) e ()]~ [ () e (x| <00 59

Observe that {hg‘l} ¢_, depends only on X, ; for 7, (i) € 7,(C=K (v)), and {hgoq)ﬂ }¢_, depends only
on X, ; for my, (i) € 7, (C=K (w)). By @3) m,(C=%(v)) and 7, (C=X (w)) are disjoint. Further,
{h{3)}_, depend only on X, ; such that m,(i) & m,(C=X (v)) U 7 (CEK (w)), and {hShYE_,
depend only on X, ; such that 7, (i) &€ m,(C=%(v)) U m,, (C=% (w)). Thus, we have

1. {n) =t,,}¢_, is fixed independently of {hZ)}e_,, (RO}, {hShYE_,. by sampling
variables corresponding to j € m,(C=% (v)). This fixes J* N 7,(C=%(v)) independent of
JY N7y, (CEE(w)).

2. {hs w = ts.}'_q is fixed independently of {hg?’w}s 1s {h(o) C L {hsh ® ¢_,. by sampling

variables correspondmg to j € my,(C=5 (w)). This fixes J* N ww(C’fK (w)) independent
of J* N7, (C=X(v))

For now we assume the above fixations. Letting .J¥, J* be the restrictions of J¥, J* to [m] \
(W'U(CTSK(U)) U Ww(C-rSK(w)))’

o o () o ()]
Eo jw [ [(H pos(ts,, + h(3 )(XD) + g 0))

seH
( H pos(tsw + hgi}u(X@)) + cs’o)> | Jv, ij
seH’
T [E KH P°S<ts,v+h§?3(X“>>+05’0>> | J ]
seEH
E [( T posttsw + 13, (X)) +Cs,0)> | J”H (60)
seH’

11



since {h(3 (X(l))}‘{_1 are independent of X(?) once J¥ is fixed. As observed earlier in this subsec-

tion {hfg (XM} _, satisfy the regularity conditions in Section m 1{ with parameter 27. With the
setting of the parameters we have, and applying Lemma [D.TT| we obtain that the value of

E l( H pos(ts.w + hgi)u(X(z)) + Cs,O)) | jw]

seH’

is within O(¢£'/4) of a fixed quantity, for all but O(¢2/2) fraction of the choices of J*. Since
the pos function takes values {0, 1} we can decouple the expectation of products into product of
expectations bounding the error as follows.

[ [(H pos(ts., + h(?’)(X(l)) + csﬁo)> | j”]

seEH

E K I1 postts, +h£‘°’3,(X<2>)+cs,o)> | v ]
seH'
lH pos(tsy + hB(XM) + cao) | - Eju | [] pos(tsw + h{%,(XP) + ¢s0)
seH seH’
< o(z&“w%@) =0((551/4) (61)

by our setting of ¢ and small enough choice of &¢ in ([©).

Randomizing over the fixation of variables corresponding to j € m,(C=X (v)) U 7, (C=¥ (w)) and
using the disjointedness of 7,(C=%(v)) and 7,,(C=% (w)) allows us to extend the independently

sampled Jv and J* above to independently sampled J¥ and J" in the product of expectations in the
LHS of (6I). Combining this with bound in (6I) and with (60) yields,

€ [Fon (XV) funr (X)) = En [ o (XV) [ En [ (X)]
< 0 (651/4) . (62)

Using the definitions in (57), the above combined with (39), Lemma [C.6|along with a union bound
for the product of expectations above (similar to (59)) completes the proof of Lemma [C.5] O

C.4 Critical Index Truncation

In this subsection we consider the distribution given by D x (F1g ' over {X;p4 | i € [M],be€
{0,1}, ¢ € [Q]}, with {S;}72 ;| being the partition of [A]. For a given linear form / with coefficients

{cing | i€ [M],be{0,1},q € [Q]}, let h be a linear form whose coefficient vector € is given by:
&= {0262 if i € Cr(h) \ CEX(h) )
c; otherwise.

Note that C;(h) = C=K(

h) = CzK
Lemma C.8. If ‘C<K h)NS; ’ < 1 for each j € [m] then except with probability exp(—Ke/64)
over the choice of J, J.,b := ( i )ie[M]>

(h). We have the following lemma.

Pr[h(X) >t | J,J.,b] — Pr [E(X) >t J JE,bH gexp(—K52/64)+0(1/\/g?). (64)

Proof. If |C(h)| < K then ¢ = c and the lemma is clearly true. So we may assume that |C(h)| >
K and in particular, C=%(h) = K. Firstly, observe that

) -hXl < > el (65)

ieC-(W\C=X(h)

12



Note that by Prop. [B.7] letting o be the ordering used in Sec. [B.]]

> leilln < V2Q Y lleowll2

i€Cr(R\C=" (h) K<r<ir(c)

/ ||CO'(K/4 H2 ( / 3K/4+z

i >0

IN

IN

\/ ¥I|CU(K/4)||2 (2'(V1 —T)?’K/4))- (66)

The above, with our choice of K w.r.t to 7 and small enough ¢ in (ED yields,

min{||c||2 | i € C=E/4(h)} > VK > llcilly (67)

i€, (M\CEX (h)

For each i € C’<K/4(h) define Z; € {0,1} as the indicator of the event that {i € S, s.t. j €
> (1/2)||c:||3}. By the condition of the lemma, each i € C’—K/4(h) belongs to S;
for a d1st1nct J. Thus {Z; | 1€ C5 <K/ %(h)} are independent random variables. Independently for
each suchis.t. i € S;,j € J w.p. 1/2. With a further probability of €, j € J.; and b; satisfies
llcip: 13 > (1/2)|/c;||3 independently w.p. at least 1/2. Thus, Pr[Z; = 1] > £/4. Applying the
Chernoff-Hoeffding (Thm. [B.3)) bound we obtain that

Ke TKe\®
€C<K/4( h)
In particular, (using (9) and small enough choice of () except for probability
exp(—Ke?/64) (69)
over the choice of J, J., b
Ke
Z; > —
> Lz (70)
i€CE /()

Fixing such a choice of J, J., b, and letting K’ := ZieCTSKM(h) Z;, by the definition of Z;s and by
@7
min{|cip, |2 | i € CE5/4(h), 2 =1} > VK’ > lleills (71)
i€C (W\C=X (h)
Note that each {X; 5, | 7 € C'—K/4( h), Z; = 1} are iid distributed as ”LALQ (uniformly over {0, 1}%),
and independently from all other variables which whose contribution to i can be independently fixed
such that it equals 8+t for some 6. Thus, applylng the Lemmato {cip; | 7 € C<K/4( h), Z; =1}

yields that over the random choice of {X s, <K/ 4(h)7 Z; =1},

Pr [1{h(X) > t} £ 1{A(X) > t}]
< Pr S e X)) 0 < [n(X) ~ h(X)|
ieCEE/Y by | ;=1
(using 63)) < Pr Z (Cipys Xip;) +0| < Z leilla
LlieCc=5/*(n)| z;=1 i€C (R\CEX (h)
[ <K/4p
. min{|c; 5,2 | € Cr 2 =1
(using @)) < Pr Z <ci,bi7Xi,bi> +0| < {‘ || ‘ \/ﬁ ( ) }
Lliecs™/*(n) | zi=1
< 0 (1/\/K’) <0 (1/\/5K) : (72)

The above, along with (63) and collecting the error probabilities from the above and in (69), @)
completes the proof.
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D Invariance for the regular parts of the linear forms

The results of this section are used in the proof of Lemma applied to hg?’q), and hf’?,, (s € [£]) - for
a good triple (u, v, w) — whose coefficients are shown to be 27-regular (Lemma [C.7).

D.1 Invariance for single regular LTF

We abstract out the properties of hf’% (resp. h?&,) implied by the 27-regularity as mentioned above
and the Top-K Top-reg bijective condition (Defn. [C.2)) with the same setting of parameters given in
@) as follows.

Let h := Zf\il Zbe{o 1} qu[Q] Cib,qXi,b,q be a homogeneous linear form. For a parameter 7, we
say that h is (7, d®)-nice if:

leill3 < 27el3 vieM],  (3)
€S | lleilly > (r/(4*))lel3}] < 1 vielm. (4

For a parameter ¢ to be decided later, consider the distribution Dx over {X;;, | i € [M],b €
{0,1},¢q € [Q]} as given in Figure[I] Let us denote by Dx [h] the distribution of h(X) over
X < Dx, and by Dx[h|J] when X < Dx given J For a given j € [m] let us define the random

variable h(9) := Ziesj Zbe{o.l} qu[Q] Cip.qXib,q Letus consider the expectation and variance
of h\9) conditioned on the event £; = {j € J} in Fig. denoted by

B; =Ep, {h(j) | 84, V, = Varp, [h@ | gj} (75)

Since each j is included in J independently w.p. 1/2, it is easy to see that £/; and V; are independent

of the choice of .J. Further, given J, {hU) | j € [m]} are independent random variables. Thus, we
have the following quantities:

m

EY) =Ep [n| J] = Z]lg (76)
VD = Varp [ | J] =) 1¢,V; (77)
j=1
Further, over the choice of J let
- E? E? FE?
Vj = Vary [1¢,E;] = 7ﬂ - TJ = TJ (78)
so that from (76)) and the independence of {&;}7 | with E;[€;] = 1/2 we have
1 m m B
[EU} ZE], E, { Jﬂ =35> Vi and Var [EU)] =3V a9
j=1 j=1

We wish to prove the following lemma.

Lemma D.1. With the choice of parameters and small enough <o in Q), for a (1,d®)-nice h, except
with probability O (\/2) over the choice of J in Figure[l|the following holds:

Pr(g > t]— Pr [h(X) >t | J]’ <0 (51/4) , (80)
where G ~ N (EJ [E(J)] ,Ej [V(‘])] ) In particular, applying Gaussian anti-concentration (3)),
—-1/2
() 1/4
PrinX)efte+a) | <o (6 [V]) T o (), @81)

foranyt € Rand > 0.
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D.2 Proof of Lemma

The main idea of the proof is to use (7,d®)-niceness of h to argue that w.h.p over choice of .J,
D x [h|J] is close to a fixed Gaussian distribution G.

We first explicitly calculate E;, V; and f/j foragiven j € J.

Ifj ¢ Jo then E; = Eiesj > obeqoay Pribi = 0[(1/Q) 22221 Cibg =
Py " 1 Cib.ags otherwise there 1S an additiona term [0)

(1/2Q) Yies, Yheqo.1y gt Cida herwi h i dditional f

Zz‘esj Zbe{(),l} Prlb; = 1-1bJ(1/2) ZqQ:1 Cibg = (1/4) Ziesj Zbe{(),l} 22221 Cib,q- Therefore,

B = (1-9) (jQ)Z > f

i€S5; b€{0,1} g=1

te (2162)2 3 iﬁ@z S ine

1€S5; b€{0,1} ¢=1 1€S5; be{0,1} ¢=1
€ 1

= (4 + 2@) A, (82)

where A; = Zie& 2 be{0,1} Zqul Cib,q- For V; we use apply the law of total variance on (73)
over the random variable 1 ;¢ ..y as follows

v, = Var[h? | gj]

Var [E [hm | ]l{jer}] | gj} +E [Var [h(j) | ll{jng}} | ej] &)
We note the both the terms on the RHS are non-negative. For the first term observe that given j € J,

j & J. w.p. (1 —¢) in which case the expectation of A7) is (1/2Q)A; while j € J. w.p. € in which
case there is an additional term of (1/4)A ;. The overall expectation is just E;. Thus,

Var [E[n9) | 1gjeny] | €]

e R )
20 4720 4729

_5 € 1\?2

o (i*:) ]A?

2 -2
(using (78), (82)) f6—<€+1)1-(5+1) 4.V (85)

A2 (84)

J

v

1 2Q 1 2Q

The choice of @ and ¢ in (9) guarantees ¢ < 1/8 and ) > 2/e. This, along with Equations (83) and
(83) imply the following lemma.

Lemma D.2. V; > (1/(32¢))V}.

Next we concentrate on the second term on the RHS of (83).

When j € J\ J, then it is easy to see that independently for each ¢ € .S; due to the random choice of
b;, exactly one of the 2() variables Uyc (0,1} Uqul {Xipq}issetto 1 and the rest to 0, with equal
probability 1/(2@Q) over all such choices. Thus, in this case, by independence over i the variance of
hU) is the sum over i € S; of the variance of T'; := 2 be{0,1} 25:1 Ci b,¢Xi b,q» Which for each 4

can be calculated to be )
oo ) llealy — ({01222
2Q 2112 2Q 9

where 1,0 is the all 1s vector of dimension 2¢). Thus,

Var [0 | jea\ L] = 3 [(;Q) el - <<2;Q>” | (86)

€S
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For the case when j € J., again the distributions of X; (¢ € ;) are independent, so the variance
of h{9) is the sum over i € S; of the variance of I';. For a given ¢ € S, j € J. we compute this
variance by the law of total variance over conditioning on the choice of b; as follows:

Eli [ieSjjedebi=b=1—a] = Ex  5,l(ciaXia)l+Ex,  q,l{cisXip)]
(cias1q) | (cip:1Q)
— El I 87
Q + 5 (87)

and therefore,

Var[E[T; | bi] | i€ S;,j € J.]

2 2
1D (<Ci"gl@>+<cigl@>) —(21Q+i) +(ei12g)”. (88)

b=1-a€c{0,1}

N[ —

Similarly,

Var[Fi | 1€ Sj,j € J.,b;=b= 1—a}
= VarXiYQNEQ [<Ci’a, Xi,a>] + VarXinNﬁQ [<Ci,ba Xi,b>]

(WY e ({1} el
= () lewali = ({2l )y fousls )

and therefore,
. . 1 1 )
E[Var [l | bi] | i€ Sj,5€Je] = 2Q leill3 — 202 Z (cip,1)".  (90)
be{0,1}
Combining (88) and (90) and using the law of total variance we obtain,

Var[l'; | i € 5,5 € J]
= Var[E[l; | ] | i€ Sj,jed]+E[Var[ly | b] | i€ 8,5 € J]

(1 1 (Ciarlo)  (Cip1o)\”
- (srmg)ietieg| X (fgieefegid)

b=1—a€{0,1}

- <1> > (Cialg)® - (1 " 1>2 (€, 12)*
2Q° be{0,1} N 20 4 7

1,1 11 1 i 12g)* 1 1
= ( ZQ) e 1”2 (4 — é — QQ) % — (4 — Q) (Ciar10){(Cin, 1)

1 1 1 i 1 ?
(5+35) It + (55 - 1) CerarTa) = fean ) - (1522 ) . on

Therefore,
Var [h(j) | j € Jg]

¥ K ) lel? + (116 - 41Q> (ciarTa) — (cinr 1))

i€S;
<Ci’12Q> ?
(559) ] e
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Combining (86) and (92) and using the fact that given Pr[j € J. | j € J] = ¢, we obtain,
E {Var |:h(‘7) | ]1{jeJE}:| | 8]:|

S [(8 . 21Q> i+ (16 - 4Q) ({cia 1) — (i, 10))?

€S
<Ci712Q> 2
‘( 20 )] &)

> 2|51t + (55 - 1) oo~ feun 1) 04)

€S,
where the final inequality follows from (c;, 129) < ||c;|l1 < v/2Q]|¢;||2. Using (94) in conjunction
with (83) along with the setting of @ > 4 in (9) directly yields the following lemma.

Lemma D.3. V; > (¢/8) Ziesj llci||3. In particular, jeim Vi 2 (e/8)]c]|3.

Next, we upper bound ij in the following lemma.

LemmaDd4. 3. . V7 < 27c[3.

Proof. Tt can be seen from () that Q@ > 4,¢ < 1/4 and 7 < 1/(20Q?). From this, (i) (84) implies

2
an upper bound of (1/2)A% < (1/2) (Ziesj ||cz||1> on first term on the RHS of (83)), and (ii) (93)
upper bounds the second term on the RHS of (83) by

1 9 1
73 (il + (eias 1) + Kean 1))?) < 5 D (leall? + lleal)
iESj iESj
2
1 , 1
= 52 lelf <5 (X lelh | ©9)
i€S; i€S;

where the first inequality follows from ||c;||2 < ||lc;||1, and |(¢; 0, 10)| + [{Cip, Lo)| < |ICiall1 +
leiplls = lleills.

Combining the two upper bounds on the terms on the RHS of (83)), we have
2 2

Vi< D lleilli ] Q)| D] lleillz (96)

= i€S;
Let S; 3 7% := argmaxes, |/c;||2. Then, and (74) imply that

les- 13 < 27llel3,  and i3 < (r/(4d%))llel3, Vi€ S;\{i*} ©7)

4
Recall that |S;| < d, and consider the expansion of (Zze s ||cZH2) into terms of the form

HC“||2||C,‘2||2||Ci3||2HCi4H2 for (i17i2,7;37i4) c Sj X S]‘ X Sj X Sj. There is one term ||CZ*||£2l <
472%||c;- |13]lcl|3 (using @7)) corresponding to i3 = iy = i3 = iy = *. Any other term has
at least one of i1,19,i3 or ¢4 distinct from ¢* and — using the definition of ¢* and the condi-

tions in (97) — can be bounded by |c;-[|3(7/(4d®))|[clla < (72/(4d®))||ci-||3]|c||3. The total
number of terms is d*, and summing all of them up we obtain that (Zle s; ||cl||2) is at most

72(4 + 1/(4d*))|lci- |13]lcl|? < 572||ci-||3]lc/|3. Using the choice of 7 < 1/(20Q?), (96) then
yields,

sllellz = Y- VP <2rfel3 D e
jetm] jeim]

VP < 27|c;

5 < 27lef3.
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We are now ready to show that V() is concentrated around its mean (1/2) Z;”:l V; (by (T9)).

Lemma D.5.

m m 1/4
Pr ‘VULEJ [V(")”: V<JL(1/2);VJ- >71/4;1V]-T2EJ {VU)]

< 2-exp(—1/7Y4). (98)
Proof. First, observe that the setting in (9) implies 7 < (¢/4)%. From Lemmawe obtain that the
LHS of (98) is at most,

271/2(c/8)* | cll3
Pr HV(‘]) —Ey [v@’)} \ > 71/4(5/8)||c||2] < 2exp [ - 2T /o) NIClz
! ’ Y Vy
971/2 2|14
o (2Pl
27]|cfl3
< 2exp(—1/7'%) 99)

using our bound on 7 where the first inequality uses the Chernoff-Hoeffding inequality (Theorem
[B-3) and the second inequality uses Lemma[D.4]

Using the above we have the following lemma showing that E(/) is also highly concentrated around
its mean (1/2) 37", E; (by (9)).
Lemma D.6. Except with probability 2exp(—1/7/%) + \/z over the choice of J,

m
‘EU)—EJ [EU)” = BV — (1/2) Y E;| < 164V VO,

=1
Proof. Using Pr; {V(‘]) < (1/4) 37, Vj} < 2exp(—1/7'/%) obtained from Lemma we have,

P EY —(1/2) ) Ej| > 1664V V()
Jj=1

< 2exp(—1/74) + PL’]r ‘E(‘]) —E; {E(“’)” > 8el/t | Z V; (using (79))
jelm]

< 2exp(—1/7%) + Pr ‘E(‘]) —Es [E(‘])H >e V% [N V;| (using Lemma[D2)
L JE[m]

< 2exp(—1/7Y4) + /2 (using (79) and @) (100)
L]

We now show that w.h.p. over the choice of J, the distribution of h(X) is close to a Gaussian
distribution with mean E(’) and variance V().

Lemma D.7. For a small enough choice of o in (), except with probability 2exp(—1/7'/*) over
the choice of J, for allt € R:

[Pr[p(X) > ¢ | J] = Pr[§ > 4] < O (V7(Q/2)F),

where G ~ N (E(J), V(‘])).
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Proof. For j € [m], let p; := Ep [|h(j) - F; |3 \ Sj] It is easy to see that the maximum vaue
of |h(j) — Ej| is at most 2 Zies,- llcillr < v8Q Ziesj |lcil|2. Using the definition of ¢* as in the
proof of Lemma [D.4] and following a similar set of arguments, we upper bound the expansion of

3
(Ziesj ||cl||2) with the sum of one term ||c;«||3 < v/27|c;-||3]|c||2 and at most d® other terms

each of value at most ||c;«||3(7/(4d®))]||c||2. This sum therefore is at most 2+/7||c;
this and Lemma|D.3]we obtain the following,

py < 64V/Qllei Bllelle < 2° (V@r/e) lelaV; < 22 (V(@/2)*) V;

2|Ic||2. Using

(101)

From Lemmawe obtain that Pr; {V(J) <(1/4) 37, V]} < 2exp(—1/7/%), and except for
this probability over the choice of .J by (T01),

ps <22 (V7(Q/2)F) V;VV ), (102)

for each j € [m]. Using the above along with (73)), and applying the Berry-Esseen theorem (Theorem
we obtain the error in (2)) to be,

0y ma ) =0 (VA@rY).

completing the proof. O

From Theorem[B.6] we have,

v (N (D, V) N () [EV)] By [VI])
- 3 |V(J) —E, [V(J)” N ’E(J) —Ey [E(J)H
= %% VD '
Lemma implies that the first term on the RHS above is at most 371/4/(2 — 71/4) < 471/4
except w.p. 2exp(—1/7'/%) over the choice of .J. On the other hand, Lemma|D.6|upper bounds the
second term on the RHS of by 8¢!/4 except w.p. 2exp(—1/7'/4) + /¢ over the choice of .J.

Combining this with Lemma|D.7|yields that except with probability 6exp(—1/7'/4) 4- /z over the
choice of J, forall t € R:

Pr{a(X) >t | J] - Pr [N (EJ {EU)] JEy [V(J)D > t] ’
< 0 ( T(Q/E)?’) ) (71/8) ) (51/4) (104)

which implies Lemma [D.T|using our choice of parameters and small enough ¢ in (9).

(103)

D.3 Invariance of product of regular LTFs

We will use the setup of Sec. and instead of one linear form, we consider ¢ linear forms h, . .., h*
as: hg 1= Zf\il Zbe{o,l} qu[Q] Cs.i.b.qXib.g» (5 € [£]) which are all (7, d®)-nice as defined in
and (74). Without loss of generality we shall assume that the sum of squares of coefficients for each
of hs (s € [€])is1ie.,

lesll3 =1, Vs €[] (105)
As in previous section hgj ) will denote the contribution to hs from the variables corresponding to

S; (j € [m]). Also, Es ;, Vs j, Eg‘]) and VS(‘]) shall denote the quantities defined in (73), (76),
corresponding to h (s € [£]). Along with this, we will reuse some of the derivations in the previous
subsection for a single linear form h.

Let us define the following random (given a fixed X) versions of the above linear forms, with
independent Gaussian noise added to them.

:Z Z Z Z Cszb,q ibg T Csj , Vse [f], (106)

j=1 \4€S; be{0,1} ¢€[Q]
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where (; ; are independent mean-zero Gaussian random variables given by

2
€ 2
Gog ~ N | 0,6z D Nlewsil (107)
i€S;
Note that the above along with (I03) implies that (, := Z;”Zl (s 8§ = 1,...,4, are iid

N(0, (¢2/64)) Gaussians. Let ¢ denote the choices of (s ; (s € [¢],j € [m] The following lemma is
derived from a union bound application of Lemma[D.1]

Lemma D.8. Forany ty, ...t with except with probability O({+/<) over the choice of J in Dx
(Fig.[T)

4 14
Pr [/\<hs<X>>ts>|J] DP;{C[/\ (he(X) > 1) 1| | <O (1) (108)

s=1 s=1

Proof. We first observe that all (s (s € []) will, by Chebyshev’s inequality, have magnitude at

most 3/4 /8 except with probability £1/e. Further, using union bound over Lemma except with
probability O(¢+/) over the choice of .J, (§1)) holds for each h,. Now, from and Lemma D3]

Ey [ S(J)} is at least (¢/16). Thus, taking ¢ in to be the (high probability) upper bound of

£3/4 /8 on the magnitude of ( for each h,, we obtain the error on the RHS of (81)) to be O(c'/*) for
each s € [¢]. A further union bound completes the proof. O

D.4 Concentration of covariance

Fix for this subsection fix s, € [¢] (not necessarily distinct). We will show a high probability bound
on the concentration on Cov(hg, h,|J).

For a given J, the variables corresponding to .S; are independent of any S;/, j° # j. Further the
{s,; | variables are independent. Thus, we have

) = Cov(hg by | ) = 3 Cov (th’> +Cof B 4Gy | J)

j=1
= ) Cov (hgﬂ’%hw | J) =3 01, (109)
j=1 j=1
where A ‘
C; == Cov (hgw,hg;) | ej) (110)
Note that by linearity of expectation,
E, {cw} =1/23 ¢ 111)

=1

Using the fact that 2 Cov(A, B) = Var(A + B) — Var(A) — Var(B) we have,
m 1 m ‘ ' 2
> < Y Var (th> +RY) | ej) (112)
Jj=1 Jj=1

Using the same arguments used in the proof of Lemma[D.4] we can obtain analogous to (96) the
following:

<

4
1
c: < 1(262)2 > (llesillz + llerill2)
iGS]‘
4 4
< 2:2Q°7 || D llesillz |+ { D el (113)
i€S; i€S;
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where the second inequality follows Holder’s inequality (in particular (a + b)* < 8(a* + b*). The
rest of the arguments from the proof of Lemma[D.4) lead to,

m
> C3 <ar(llesllz + ller]l3) < 87 (114)
j=1
Applying the Chernoff-Hoeffding bound (Thm. along the lines in Lemma [D.5] we obtain the
following,

yJon - o] -

cY) —(1/2) icj
=1

< 2-exp(—87Y2/87) < 2-exp(—1//7). (115)
Note that the above also gives a slightly different, as compared to Lemma|[D.5] bound for s = 7 with
C(J) = ‘/S(J) and Cj = ‘/s,j~

> 271/41

Next we apply the multi-dimensional version of Berry Esseen theorem on hs (s € [4]) together.

D.5 Applying multi-dimensional Berry-Esseen

From (IT3), the analysis in Lemma [D.6|(the last three inequalities in (I00)), and from Lemma [D.5]
along with the choice of parameters and small enough ¢q in (9), we obtain using union bound over all
pairs s,7 € [{], and all s € [¢] that except with probability O(¢2,/2) over the choice of .J,

‘cov(/}s,m | J)—E, [Cov(ﬁs,ﬁr | J)” < o1/t (116)

is satisfied for all pairs s, € [{] (including s = r) and

\Egﬂ ~E; [E@” <ge/t [3 v, 117)
jelm]

VD —(1/2)Y V| < 7Y VL, (118)
=1 i=1

are satisfied for all s € [¢]. For the remainder of this subsection we shall fix such a choice of .J. All
expectations of the form E are after fixing J, while E ; are expectations over choices of J in D x

and,

Consider independent random vectors {Z; € R’ | j € [m]} where Z;, = hY )(X) Let Z :=
Z}n:l Z;. Further, let {Z; € R’ | j € [m]} independent random vectors such that Z; s =

Zj o+ Coj = h$(X) + (o ;. By the definition of /, we have

2= "2, = ((X) + G (X)) = (X)L R(X) L (19)
j=1

First let X, 3 be the the covariance matrices of Z,Z respectively. Since {¢ Yo, are iid
N(0, (¢2/64)) (ref. (T07)) and independent of Z, we have that,

. 2

S-—3x4 2—41. (120)
As a pre-requisite to applying the multi-dimensional Berry-Esseen theorem the we need to upper
bound 77" | E [||Zj - E[ZJ]HQ} We first observe that

5 ¢ ) 3/2
sz - E[Zj]H2 (Z ‘Zj,s — E[Z;§] )
s=1

e 2\ 23
(By Holder’s Ineq.) < | ¢'/3 <Z ‘Zj,s — E[Z; 4] )
s=1

(121)

I
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So we need to only bound E { Z; s —E[Z; ]

3
} , for which we consider the following two cases.

Case 1: j € J. In this case,

3

|Zis —E1Zisl] < (25 — ELZ3ll +1G3])°

IN

3 1/3\ 3
(By Holder’s Ineq.) < (22/3 (|Zj7s—E[Zj7S]| +|gj,s|3) )

IN

4+ (1250 — ELZ;) P + 161l (122)

Note that |Z; , — E[Z;.]| = |hY) — E,

Lemma[D.7]

. Thus, from the first inequality of (I0I) in the proof of

E (1250 — E1Z)1°] < 64 (VQ7/2) llesllz S lles,ll3 (123)

i€S;

For the remaining term |(; 5| using the known upper bound of 20 on the third moment of N (0, o%)
we obtain:

3/2
3 g2 2 £ 2
Eflgsl°] <2 o1 > llesills <4| & > llesills | Vllesllz (124)
€S €S
using (74) along the lines of previous analyses.
Case 2: j ¢ J. In this case Zj’s = (j,s- Thus we have,
5 k 3 e 2
E\|Zis —ElZisl| | =EllGsI <4 | 5 > llesalls | vrliesllz (125)

i€S;

Combining the above and with our setting parameters in (9) we have our desired bound as:

m 4 m
STE[1Z €z < 2 (VIQiE) S {leslla D0 D llewll
j=1 s=1 j=14€S;
4 M
= 2 (VIQUE) Y (ncszz |cs,i||§>
s=1 i=1

£
= 20 (VFQE) Y llesalles 3
s=1
= 2 (Vi) (126

where we use the normalization ||c;||2 = 1 (s € [¢]). From (120) we get that the minimum eigenvalue
of X is at least £2 /64. Thus, the maximum eigenvalue of 3 ~'/2 is at most 8 /<. This implies,

2 E {Hgl/? (2; - E2;]) Hj 2 E {((8/5) 12 - E[Zj}Hz)g]

(8) e[z - ez
by @) < 22 (\V7QU/ET) = ¢ (127)

Using the above and applying the multi-dimensional Berry-Esseen theorem (Theorem [B.2)) we obtain
that for any convex set A in RY,

IN

‘Pr [z e A} —Pr [i‘ e A] ] <0 (51/45) (128)
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where € is as in (I27) and X € R is distributed as N (E[Z], 2’)

In the above, the parameters of N <E[Z], 2) depend on the specific choice of J. Next we shall

replace it with a distribution independent of J using the concentration of the means and covariances
that we assumed while fixing .J in this subsection.

D.5.1 Making the joint distribution independent of .J

Consider a matrix X the (s, r)th entry being E; [Cov(ﬁs, h. | J)|. tis easy to see that X' =
E; [¥] and therefore X’ is a symmetric positive semidefinite matrix. Now, define

=34+ °r (129)
64

Clearly, X is positive-definite. Further, from (T20) and our assumption on the choice of .J in (T16),
2
T
F

Since the minimum eigenvalue of X is at least (¢2/64), the sum of squares of eigenvalues of
-1 (f - 2) is (using (T30)) at most
0 (64> 13— 3% < (1286371/4/<2).
2 F
Thus, applying Thm. we have the following lemma.
Lemma D.9. For any convex subset A C R,

Pr[YeA] - Pr[Y e 4 ‘ < (3/2)1/(1280371/4 /e2) < (1663/2 /)18, (131)

where Y is as in (128) and Y is distributed as N (E[Z], f)
While the covariance matrix X is independent of the choice of .J, the expectation vector E[Z] still is.
We use (I17) and (I18) to eliminate this dependence as follows.

Lemma D.10. Let p € R be such that its sth entry is E ; {Eg‘”] Let X be as in Lemma and
let X be distributed as N (,u, f) Then, for any t1, ..., ty,

¢ ¢

A (s> ts)] ~Pr | \(T, > ts)]

s=1

s=1

Pr < Ol (132)

Proof. First observe that since Y and Y have identical covariance matrices, we can take
Y =7+ p—E[Z] (133)
Next, since (, ; are mean zero (s € [{],j € [m]), we have
. T
E(Z] = E[Z] = (Em|J), ... Elne )" = (B, B
For any s € [¢] from (I17) we have that,

s —EE‘”‘ <8t [NV i=ra,,
j€[m]

while sth diagonal entry of X' i.e., Var[Y|J] is, by (129) and (TT8)
1
By [Var(ha] | J] > 5 > Vij =B

j€[m]
Combining the above and applying the Gaussian anticoncentration (3)), we get that for any ¢,
Pr []]-'I‘s>tS 7£ ]]'Ts>t5] S Pr [Te € [ts - OLSats + as]]

< au/V/B < OEM (134)

Taking a union bound over all s € [¢] yields the lemma. O
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D.5.2 Main Lemma

Combining Lemma|[D.8] the analysis in Sec. [D.5|culminating in (I28), along with Lemmas[D.9]and
and the setting of our parameters and choice of small enough & in (9), we obtain the following
main result of this section

Lemma D.11. Let Y be distributed as N (u, f) (as in Lemma which is independent of any of
the choices of Dx. Then, except with probability O(£*\/€) over the choice of J, for any t1, ...t

14

- pr l/\(hs(X) >t) | J

s=1

Pr < O(te'/*) (135)

4
N\ (Te>t)

E Generalization Error for Minimizing Unsatisfied Bags of size 2

The work of [8] showed a generalization error bound for the proportion function f which maps a
vector y of r binary labels in a bag to R. The sufficient property of f used is that f is 1-Lipschitz
w.r.t. the infinity norm of y.

To apply their analysis for bounding the generalization error when minimizing the unsatisfied bags of
size at most 2 we first observe there are three proportions possible: 0, 0.5 and 1. These are the bag
labels given by the feature-vector classifier. Let us assume all bags are of size 2 by replicating the
feature vectors in the bags of size 1.

Now consider f which maps (i) the 0-bags to 0, and (ii) the 0.5-bags and 1-bags to 1. Clearly, f
is 1-Lipshitz w.r.t. to the infinity norm. Applying the results of [8]] we get the generalization error
bound when classifying between 0-bags and the {0.5, 1}-bags. Further, by flipping the labels of the
feature-vectors we obtain the same generalization error bound when classifying between the 1-bags
and the {0.5,0}-bags since the negation of a classifier has the same VC-dimension. Additionally
we have the constraint that the proportions of the 0-bags, 0.5-bags and 1-bags sum to 1. Combining
these arguments we obtain the same (up to a factor of 3) generalization error bound for minimizing
the number of unsatisfied bags of size at most 2 by a feature-vector level classifier.
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