A IMED-UB finite time analysis

We regroup in this section, for completeness, the proofs of the remaining lemmas used in the analysis
of IMED-UB in Section ]

A.1 Proof of Lemma[10]

Proof We start by proving E,, { Ep (e H <e*” /22, The proof that E,, [ Edale) H <ex” /2e2 s
similar.
We write
T-1
E (5)’ =D Narii=a' Nor (0<Na(8), a—Tia(t)>e} (28)
t=1

Considering the stopped stopping times 7,, = inf {¢t >1, N,/ (t)=n} we will rewrite the sum of
indicators and use Lemma [T4]

5;(1/(5)’ <D Lagpimat, Ny (0<Na(), ta—fia()>e} (29

t>1

< ZH{H—léNa,(m—l),ua,—ﬁa,(rn—1)>s}
n>=1

< 1+ Z 1< Na (ra=1), pa—fia(ra—1)2¢} -
n>2

Taking the expectation of Equation (29), it comes

Ey[é’;a,(a)u <1+ P U Al <pa-—c|. (30)
n>1 t>1
Ng(t)2n

From Lemma|[T4] previous Equation (30) implies

IE,,{

5;a,(s)H <1+ > exp(—mKL(pq —elta)) - 31)

n>=1
From Lemma|[T3] previous Equation (3T) implies

1

]Ey[ ga_,a’ (€)H < T;Jexp(—nEQ/Qaf) — m , (32)

2 __ .y :
where o =max {Vx~p(m> (X): p €lug—ce, ua]}. Finally we note that
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X

2

‘We now show that E,, {

Ko )\

o (€) H <1+ct+Cloglog(c.T).

We write

K\ Er )
T—1
= D ays—a's 1<Na (<N (8), Foa (1)<t 108 (N (£)) <N (8) KL (7o (8) | t10—e) +log(Na (1))} (33)
t=1
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Considering the stopped stopping times 7, = inf{t>1, N, (t)=n} we will rewrite the

sum Zte[[l,T—l]] Harir=a’, 1SNG () <N/ (8), Fa(H)<pra—e, log (N (£))<Na (£) KL(7ia (8) 110 —)+log(Na (1))}
and use boundary crossing probabilities for one-dimensional exponential family distributions.

K 0)\Era )]

T-1
< Z Larp1=a’, 1SNL () <Ny (1), fla (8) <pa—e, 108N (£)) <Na (t) KL(fia (8) 1o —)+log(Na (1)}
t=1
T-1T-1
= Z Z H{Tn+1:t+1}]1{1<1\’a(7'n+1*1)<n’ Ba(Tnt1—1)<pa—ce} X
t=1 n=1
H{IOg(”)gNa(Tvﬁrl*l) KL(ﬁa(Tn+171)|Na75)+10g(Na(7n+171))}
T-1
= Z ]I{lgNa(T7L+1_1)<n7 fa(Tnt1)S<pa—e} X
n=1
-1
Tlog(n) < No (71— 1) KL (o (71~ D)t — ) Hog(Na (rs1 1)} D L a=t41)
t=1
T-1
g Z H{lgNa(T7L+l_1)<”7 Fa(Tn+1)<pa—e, log(n)<Na(Tnt1—1) KL(a (Tnt1—1)|pta—€)+Hlog(Na(Tn+1—1))}
n=1
T-1
= Y N (ra g1 1) <, B () o, 108(m) < Nt (74 1-1) KL(Ti (75 1-1) 1<) Hog (N (75 1-1))1(34)
n=2
From Equation (34), we get
ISWOIMO] (35)
T-1
g Z ]I{lgNa (Tn+1_1)<n) KL(ﬁa(7—n+1_1)‘Ma_5)210g(n/Na(Tn+l_1))}'
n=2
Taking the expectation of Equation (33)), it comes
By || K (\Eru )] (36)
T-1
< Y P, U Na(®)KL(fia (t)| o —€) =1og(n/Na(t))
n=2 t>1
Ha(t)<pta—e
1< N, (H)<n
From Theorem T3] previous Equation (36) implies
By [[ Koo (2)\Eror e 37

T-1
C
14+t 4 C. _
T
d
< 1+ ijl + CE/ _ Car
et Ce

€ T V log(cé‘x)
1+t 4 2C.\/log(c.T) . (38)

N
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A.2 Proof of Lemma

Proof ForO0<e<e, = Hyléin |tta — prar|/2, for a #£a*, let us consider a time step t €U, (¢), t > | Al
aF#a’

such that a; ;1 =a.

Since ay1 =aand t¢U,,,, () then t &S . (), thatis i, ., (t) < pa, € or fia(t) < pate
(since a¢y1 =a).

Since a;1=a and t U, (¢) then t ¢ 55;,%“ (), that is

e (t) = pigy (t) > pay — <. (39)
Since a;41=a and t U, (¢) then t ¢ 5%,%“ (€) U M*(e). From Equation (TT), this implies
ar=a*. (40)
By combining Equations (39) and (40), we get
() > plgr —e=p* —¢. 41)

B Generic tools

In this section, Pinsker’s inequality for one-dimensional exponential family distributions is reminded.
Please refer to Lemma 3 from Cappé et al.| [2013]] for more insights. We also state two concentration
results from Maillard [2018]. Relevantly, Theorem [I5]is the main concentration result used in this

paper.
Lemma 13 (Pinsker’s inequality) For ;1 </, it holds that

(W —p)?

I

where o> =max {wa(u’w (X):p"€elp, ,u’]}.

Lemma 14 (Time-uniform concentration) For all arm a € A, for x < i, m =1, we have

Pl | Zat) <2 | <exp(—mKL(x|pa))-
t>1
Ny (t)=m

Theorem 15 (Boundary crossing probabilities) For all arm a € A, for all € >0, for alln>1, we
have

. C.
Pu g Na(t)KL<Ma(t)|Ma_E)210g(n/Na(t)) <W 5

fa(t)<pa—e
IS Nq () <n

where c., C. >0 are explained in\Maillard [2018]].
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