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A  ORGANIZATION

The Appendices contain additional technical content and are organized as follows. In Appendix B,
we present additional results for Filterpd for when the underlying distribution only has bounded 2"¢
moment and RGD — Filterpd for logistic regression and generalized linear models. In Appendix C,
we present details to supplement the empirical evidence in Section 3. In Appendix D, we present
supplementary experimental results for mean estimation. In Appendix E, we detail the hyperparam-
eters used for experiments in Section 5.2. Finally, in Appendix F and G we give the proofs for the
propositions in Section 2 and Appendix B.

B SUPPLEMENTARY THEORETICAL RESULTS

B.1 GUARANTEES FOR Filterpd UNDER BOUNDED 2"¢ MOMENT

Theorem 3. Suppose {2;}7_, ~ P, where P has bounded 2" moment and n satisfies the relation

in (3). Then Algorithm 1 when instantiated for T* = [C'log(1/s)] steps returns an estimate 05 such
that, with probability at least 1 — 46, § € (0,0.25):

165 — pll2 <

\/trace (X) log(»/s)

Remarks: In the univariate setting, Theorem 3 shows that Filterpd achieves the optimal sub-
Gaussian deviation bound. In the multivariate setting, our theoretical upper bounds are weaker

than the guarantees of GMOM (Minsker, 2015); they achieve a rate of 4/ %nlog(l/é) (note the
dependence on p).

B.2 OPTIMUM T FOR HEAVY-TAILED LINEAR REGRESSION

In Theorem 2, we stated the rate of convergence of RGD — Filterpd to 8*, which is given by:

. Cho trace (2;) Cho 132 ||2 log(7/s)
t_ p* < tg* _ po 2 2
16" — 6%l < x*]10 92+1H< Tt >+1K<\/T

Note that setting 7' ~ log,, <a_\/tracen(2x)+\/|2“71:)g(l/5)) suggests that upto log-

arithmic factors for sufficiently large number of samples, we get an error rate of

O (a (\/ traci(zw) + \/ HE”HQLOg(l/ ‘”)) where O(-) hides logarithmic factors. In comparison, er-

ror rates in Prasad et al. (2020); Hsu & Sabato (2016) - which have studied this problem as well —
trace(E,) log(1/5)

scale as (5 . Other previous works in statistics (Fan et al., 2017; Sun et al.,

2019) achieve similar rates, but under the additional assumption that the covariates are sub-Gaussian.
Recently, Cherapanamjeri et al. (2020) also studied the problem of heavy-tailed linear regression,
when the covariates are isotropic and have certifiably bounded 8" moments. In this setting, barring
logarithmic factors, they achieve the same rate as us, but at a better worst-case sample complexity
of p”/?, whereas we have p®. However, the proposed estimator in Cherapanamjeri et al. (2020) is
based on a degree 8 sum-of-squares program and is not yet practical and they only focus on the when
>, is identity.

B.3 GUARANTEES FOR RGD — Filterpd FOR GENERALIZED LINEAR MODELS

In this setting, we observe data {(21,y1), . .. (Zn, yn)}, where each (z;,y;) € RP x ). We suppose
that the (x,y) pairs sampled from the true distribution Py~ are linked via a linear model such that
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when conditioned on the covariates x, the response variable has the distribution:

y (z,0%) — o((z,6"))
(o)
Here ¢(0) is a fixed and known scale parameter and ® : R — R is the link function. We focus on

the random design setting where the covariates x € RP, have mean 0, and covariance >,. We use
the negative conditional log-likelihood as our loss function, i.e.

Py (y|r) o< exp (7

L(9; (x,y)) = —y (x,0) + ©((x,0)) (8)

Here we assume that the covariates have bounded 8" moment and that ®’(-) is smooth around 6*.
Specifically, we assume that there exist universal constants Lg 2, Boy such that

E. [19/((2,0)) = @' (2,0 )I*| < Lonll® — 013" + Boar, fork=1,2

We also assume that E,[|®®)((z, 0*>)|k

derivative of ().

| < Mg,y fort € {1,2,4}, where &) (-) is the *-

Theorem 4. Consider the statistical model in (7). Given n pairs of samples, where n satisfies
the condition in (3), then RGD — Filterpd when initialized at 0° with stepsize 1 = 2/(r,+) and

confidence 0 then, it returns iterates {é\t}f:l which with probability at least 1 — 0 satisfy:

~ C, trace Yzll2 log(Y/e/r
Hef _9*||2 < IitHe* _90”2 + ” ||2 g // ) , (9)
1-k n/T

1 1 3, 1 .
where C. = Ca |Bg, , + c(0)?Mg 5, +c(o)i Mg, 1} for some contraction parameter r < 1.

B.4 GUARANTEES FOR RGD — Filterpd FOR LOGISTIC REGRESSION

In this setting, we observe data {(z1,¥1), ... (@n, yn)}, where each (z;,y;) € RP x {0,1}. We
suppose that the (z,y) pairs sampled from the true distribution Py~ are linked via a linear model
such that when conditioned on the covariates x, the response variable has the distribution:

Py (y =1|X =z) = o((z,6")) (10)
where o (z) = 1/(1+exp(—2))). We seek to minimize the negative log-likelihood, given as:

L(0; (2,y)) = —log(o((x,0))) = —y (z,0) + log(1 + exp({z,0))) (11)

The Hessian of the population risk is given by
V2R(0) = E, [o({z,0))(1 — o({(z,0)))zz"] .

Note that as 6 diverges, the minimum eigenvalue of the Hessian approaches 0 and the loss is no
longer strongly convex. To prevent this, we take the parameter space © to be bounded i.e. © = {6 :
0 € RP,||0||2 < B} for some finite B > 0.

Corollary 5. Consider the statistical model in (10). Given n pairs of samples, where n satisfies the
condition in (5), RGD — Filterpd when initialized at 60° with step size 1 = 2/(r,+r.) and confidence

parameter § returns iterates {0'}L_, which with probability at least 1 — § satisfy:

~, 1
1% — 6712 < w1ll6" — 6|2 + <\/”ace \/”E ol ot MT)) (12)

for some contraction parameter k < 1.
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Figure 5: Variation of estimated a-index across different iterations for different models and datasets.
(a) shows the variation of the estimated index for the generator gradient norms of DCGAN when
trained on the CIFAR-10 dataset. (b) shows the variation of the estimated index for the generator
gradient norms of DCGAN when trained on the MNIST dataset. (c) shows the variation of the esti-
mated index for complete gradient norms over iterations for Real-NVP trained on the CIFAR-10
dataset

C SUPPLEMENTARY DETAILS REGARDING THE EMPIRICAL STUDY IN
SECTION 3

First, we present the variation of the estimated a-index computed using the a-index estimator dis-
cussed in Section 3. To compute this a-index, we sample 10000 gradients from the models. There-
fore, the estimated a-index at iteration ¢ is that computed after sampling 10000 gradients at the end
of the t*" iteration. Figure 5 showcases this variation.

While these estimated indices can be used to judge how heavy the tail of a distribution is as compared
to a normal distribution, there are some drawbacks of the used estimator which have been highlighted
earlier. To validate our the a-index estimation for heavy-tailedness, we also use the kurtosis ratio to
measure heavy-tailedness relative to a normal distribution. Given n samples {X;}?_;, the estimated
kurtosis ratio is given by:

o l¢ R ,
where X = — g X;. For samples from a normal distribution, this tends to 3 as n — co. A quantity
n-

=1
greater than 3 could be indicative of heavy-tailedness.

In Figure 6, we plot the variation of &'/* with iterations. We can observe that the trends more or less
seem to match; the troughs and crests are attained at the same places.

D SYNTHETIC EXPERIMENTS FOR MEAN ESTIMATION

Setup We generate © € R? from an isotropic zero-mean heavy-tailed distribution, namely the mul-
tivariate Pareto distribution. For a Pareto distribution with tail-parameter 3, the k" order moments
exists only if £ < . We fix 8 = 3 in our experiments. In this setup, we experiment with different
n,p and §. For each setting of (n, p, ), cumulative metrics are reported over 2000 trials. We vary n
from 100 to 500, p from 20 to 100 and ¢ from 0.01 to 0.1.

Methods We compare Filterpd with two baselines: sample mean and GMOM (Minsker, 2015).

Metric and Hyperparameter Tuning For any estimator 5,175, we use ¢ (5,175) = Ha — u(P)||2 as
our primary metric. We also measure the quantile error of the estimator, i.e. QQ5(6,,5) = inf{c :

~

Pr(¢(0,,5) > a) < ¢}. This can also be thought of as the length of confidence interval for a
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Figure 6: Variation of estimated kurtosis ratio across different iterations for different models and
datasets. (a) shows the variation of the estimated ratio for the generator gradient norms of DCGAN
when trained on the CIFAR-10 dataset. (b) shows the variation of the estimated ratio for the gener-
ator gradient norms of DCGAN when trained on the MNIST dataset. (c) shows the variation of the
estimated ratio for complete gradient norms over iterations for Rea1—-NVP trained on the CIFAR-10
dataset
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Figure 7: Results for Heavy-Tailed Mean Estimation. Smaller values for Qg(é\n’[s) are better.

—w— Filterpd (Greedy) 0.45| g Filterpd (Greedy)
—e— Filterpd (Random)

—#— Filterpd (Greedy) 0.65

—e— Filterpd (Random) —e— Filterpd (Random)
. 0.60 — T T 0.40

0.400

0.395
= 055

- 3 <035
< 0.390 ‘\Qg 0.50 Lsg
¢ S 0.5 < 0.30
0.385 0.40
0.25
0.35
0.380
L5 1.6 1.7 1.8 1.9 20 21 0.30 0.20
1 100 200 300 400 500 20 40 60 80 100
\1os(5) n 1y
(@) Q5(0n,s) vs. \/1og(*/s) (b) Q5(0n.5) vs. (©) Qs(bn.5) vs. p
for p = 20 and n = 500 forp=20and § = 0.1 forn = 500 and 6 = 0.1

Figure 8: Results for Heavy-Tailed Mean Estimation — comparing the randomized and greedy vari-

~

ants of Filterpd. Smaller values for Q5(6,, ) are better.

confidence level of 1 — §. For GMOM, we follow the recommendation of (Minsker, 2015) and set
the number of blocks % is set to [3.5log(1/5)]. We also set the number of iterations in Filterpd to

[3.51og(1/5)].

Results Figure 7 shows that our filtering estimator clearly outperforms both baselines across several
metrics. Figure 7a show that for any confidence level 1 — ¢, the length of the oracle confidence inter-

~

val (Q5(65,,5)) for our estimator is better than all baselines. We also see better sample dependence
in Figure 7b, and better dimension dependence in Figure 7c.

The version of Filterpd that we implement is the greedy version, wherein we discard the point with
the maximum score, as opposed to sampling the point to discard. We conduct a comparison of both
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versions in Figure 8. Note that the variations in the metric are not significant, and that the greedy
variant performs better (marginally) than the randomized variant.

We also conduct a preliminary comparison to the spectral algorithm in Lei et al. (2020). Due to
many tuning parameters in the fast spectral estimator proposed in Lei et al. (2020), we were unable
to run a comprehensive analysis in sufficient time. However, some initial runs suggested that our
estimator performed better:

| n | /Estimator — | Filterpd [ Spectral (Lei et al., 2020) |

32 1.17 1.56
64 0.81 1.27
128 0.58 0.92

Table 3: Variation of ¢, error Han(; — 0*||2 with n for different algorithms

The setting considered is a 20-dimensional isotropic multivariate Pareto distribution with tail param-
eter 2.2.

E HYPERPARAMETERS USED FOR THE EXPERIMENTS IN SECTION 5.2

E.1 ADDENDUM TO SECTION 5.2.1

For our experiments, we consider the following hyperparameters settings for training:

| Hyperparameter [ Value |
Learning rate 2-1071

« for Streaming — Filterpd 0.75

Latent dimension 128
Discard parameter d for Streaming — Filterpd 5

ADAM (81, f2) (0.5,0.999)

Batch size 64
Number of points discarded in the norm removal baseline 5
Clipping parameter in Clip 10
Number of Buckets in GMOM 5

The code that we provide contains all these as defaults, and the implementation is using PyTorch
1.5.0. Further environment details are specified in the code provided.

For computing the Parzen window based log-likelihood scores, we use the original code authored
by Ian Goodfellow as a part of Goodfellow et al. (2014). For computing the Inception and MODE
scores, we sample 10000 images from the respective models trained on CIFAR10 and MNIST. For
this, we adapt code from Shane Barratt et. al. written to complement the preprint.

We also present a comparison of times taken by the algorithms considered in the table below.

| Algorithm | Time Taken per iteration (s) |
Sample Mean 0.029
Clipping 0.033
Norm Removal 0.926
GMOM 0.942
Streaming — Filterpd 1.609
Filterpd 5.624

Table 4: Time taken per iteration when training a DCGAN on the MNIST dataset.

ttps://arxiv.org/abs/1801.01973
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The reason we see a vast difference between the groups Norm Removal, GMOM,
Streaming — Filterpd, Filterpd and Sample Mean, Clipping is because sample mean and clipping
do not require the computation of element-wise gradients, whereas the algorithms in the other group
do. As specified earlier, we use PyTorch 1.5.0, and this version of PyTorch does not have the func-
tionality to parallelize element-wise gradient computation unlike JAX, a more recent framework.
However, newer versions of PyTorch have this feature available in an experimental phase, and we
will update our codebase when this is available out of this phase. As expected, Filterpd takes the
longest, and this is due to the multiple leading eigenvector computations. As remarked in Section 4,
we see that Streaming — Filterpd is approximately 4 x faster than Filterpd and due to computational
costs, we do not run Filterpd.

E.2 ADDENDUM TO SECTION 5.2.2

We implemented Streaming — Filterpd on top of the RealNVP implementation by Chris Chute?.
The implementation that we have borrowed from has retained the same hyperparameter settings as
the original implementation in Dinh et al. (2016).

F PROOF FOR THEOREM 1

We restate the theorem for brevity:

Theorem 1. Suppose {z;}_, ~ P, where P has bounded 4t moment and n satisfies

2 p race
nzCrEEl ) e

= ) gt -

Then, Filterpd when instantiated for T* = [C'log(1/s)] steps returns an estimate 85 which satisfies
with probability at least 1 — 45, § € (0,0.25):

165 — pll2 S OPTy 55
Proof Sketch. The proof follows the steps highlighted below:

e We first show that given an arbitrary collection of points S, and information about the size
of an unknown subset G° C S, then Filterpd approximates the mean of the points in G°
efficiently with high probability. This is formally stated in Lemma 1.

o We then show that given n samples {x;}?_; from a distribution P with bounded moments,
there exists a good subset of points. This good subset satisfies the following properties:

1. The size of the set is sufficiently large.
2. The mean of the points in this set concentrates strongly around the mean of P
3. The covariance of the points is well-behaved.

We define this good subset via a good point selector O : RP — {0, 1} as defined below:
O(z) = {|lz — p(P)|2 < R}
and the good subset is the set of points G° o {z; : O(z;) = 1}. We formally state the
assertions in Lemma 2.
e For a specific setting of R in Lemma 2, we obtain the statement of Theorem 1.

Lemma 1. Let S be any arbitrary collection of points, and let G° C S be an unknown sub-
set of size ngo such that 8"="<° + 36 logS/‘s) < 4. Then, when Algorithm 1 is run for T* =

*https://github.com/chrischute/real-nvp
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[3 (n — ngo) + 181og(1/s)] steps on S, it returns an estimate 85 such that with probability at least

1-—
~ 1 n—n log(1/s /2
- = X ai], smaly (e 4 22
ngo =t 2 n

n
where Yo is the covariance of the unknown subset of points.

y

Lemma 2. Let P be any distribution with mean p and covariance % and bounded 2k-moments for
k € {1,2}. Furthermore, define:

n -1 n n -1 n
fin = (Z 0(%—)) (Z w(wz—)) 59 = (Z Om-)) (Z(xi - ﬁn>®20<xz—>>
i=1 i=1 =1 i=1
as the sample mean and covariance of points in the good subset respectively.

trace

2%k
Forany ¢ € (0,0.5) such that ( 7 (E)> + logS/g) < ¢ with probability at least 1 — 30,

n—nge _ o log(1/s) n (y/trace (X))2*

n - n R2k
Rlog(1/o) AN
. og(1/s . race
7 = plls S OPTas s+ 5 4 5] (>
n R
a v, [log(p/s)  RZlog(v/s)
1212 € 1212 + RIZIS® +
n n
We present the proofs of Lemmas 1 and 2 in Sections F.1 and F.2 respectively. O

Complete Proof. Using Chebyshev’s inequality, we have that,

B[z — p||2F
Pr(lz —pl2 > R) £ ——57——

2k
Now, to see that E[||z — u||3¥] < C (\/trace ) . The case for k = 1 is clear. We now show

it for k = 2. Let ¥ = QAQT and {qi}¥_, be the eigenvectors of ¥ and let \; = = ql'Y%q; be the
associated eigenvalue. Then,

(@ =)= = (a (@ Z vZ, (14)
2
where v; = ¢l (z — p). Now, ||z — pl|5 = <Z Vf) = > v +23,,;vivi. Now, since we

assume bounded fourth moments, we get that, E[ 4] < C(q'2q;)? = C)2, Using Cauchy-Schwarz
inequality, we get that E[2v?] < \/E[v}],/E = C\; ;. Hence, we have that,

E[||z — pl/3] Z/\2+22)\ A, | = Cutrace (£)?

i#]
Consequently, we have:

E[l|2 — pl3] trace (%)

R a
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Hence, for k = 1, 2, we have that,

2k
Pr(|z — ull2 > R) < M

R2k
: = 2k
This leads to the fact that for z; ~ P, Pr(O(z;) = 1) > 1 — «, where o = RoE . Using
Bernstein’s inequality, we know that with probability at least 1 — §:
log(1 _ log(1
neo > n (1 _ ool /5)) L oo o og(1/s) (15)
n n n
From Lemma 1, we have with probability at least 1 — 4:
~ n—ng  log(i/s)\ "
1Bs = Bl 5 o (e L)) 16)
n n
From Lemma 2, we bound ||S¢ol|5* as:
log(?/s log(P/s
[Senlls < CulSll + CorIS]Y | ) | palosCl) (172
ngo ngo
1/- 1 1 log(p/s log(p/s
Saolly* < CrlISI* + cﬂﬁznzﬂ U # s/0) (17
ngo ngo
Plugging the above bound and (15) in (16), with R = (lm we get,
og
( og(2/)) s o8 (/%)
1 1 1 1 n~0 n
IS0 15* < CalISIl* + Cotrace ()7 ||y S + y/trace (T) ~—r (18)
(log(1/6)> <1og(1/6))
T1 T2
Some algebra shows that when n > Cr?(X) 1?5;((11;/;)), Ty, T> < O(||2]|2), which gives:
~ ,\ 1 log(1/s
185 — il 11722 (19)
Again invoking Lemma 2, we get with probability at 1 — 4:
- log(1/s) ) 7"
|e(P) — finll2 S OPT,, 5.5 + +/trace (X) p (20)
Ts
Under our assumption, T3 < ||E||;/ : W. By an application of the triangle inequality and
union bound, we obtain the statement of the theorem. O
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F.1 PROOF FOR LEMMA 1

Proof. Our proof is split into two keys Lemmas. Firstly, in Lemma 3, we show that the with prob-
ability at least 1 — 0, when the algorithm terminates after 7 = [181og(1/s) 4+ 3(n — ngo)], then
the covariance of the remaining samples is well-behaved. Finally, in Lemma 4 we show that under

our assumptions that 8“—5% 4 36 logg/ 2 < 1. when the algorithm stops after T} steps, the sample

~

mean of points, ¢ o7 is close to the mean of G. In particular, we show that

~ ~ n—n log(1/5)\ /2 1
s~ g o < (822 4 368 ) W s e

which recovers the statement of the Lemma.

Lemma 3. When Algorithm 1 is instantiated on S° for Ty = [181log(1/s) + 3(n — ngo)] steps,
then with probability 1 — ¢,

[Esr=ll2 < Cal[Eaoll2

Proof. At each step of Algorithm 1, we remove one sample based on the probability distribution of
the scores. Let [ = 1,2,...,n be the steps of the algorithm. Note that the steps of the Algorithm
are dependent, hence to obtain a high probability statement, we will have to use martingale style
analysis. The martingale analysis in the proof mostly follows from (Xu et al., 2013; Liu et al., 2020).

Let F! be the filtration generated by the sets of events until step . At step [, let S' be the set of
samples, G! be the subset of G stil in S, i.e. {z; € S' N G°}. Let B! = S!\G' be the remaining
samples. Note that |S!| =n; =n —[,and S', G', B! € F.

Let 7; be some score for each point. Define £! be an event variable at step [ which is True if

1 1
ZTizi(fy_l)ZTj = ZTiZ;ZTj

i€Gl jeB! i€GL jeS!

for say v = 3. Intuitively, this means the event is true when the sum of the scores of the good points
is larger compared to the bad points. Now, when &' is false, we sample a point j according 7; and
remove it. Some algebra shows, that when &' is false, then with constant probability of 2/3, we
throw a point from B'.

2T .
i€B! Y-
> —— =2/3
R T

jest

Pr(sample removed at Step [ € B'|F!) =

Essentially, our argument shows that whenever &' is false, then we are more likely to throw a point
from the bad set. This means, that in the next iteration the fraction of bad points will reduce. To

argue more formally, let T’ def min{/ : ' is true} be the first time that £ is True. Then, our goal is
to show that 7" is small.

To show this, based on T, define Y, as

Vi BT+ (T - 1), if 1> T
B+ L i< T

Now, we show that {Y, 7!} is a supermartingale, i.e. E[Y"!|F=1] < Y!~!1. To see this, we split it
into three cases:
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e Case 1. [ < T. This means that £ is false.

Y -yl = B - B 4+ T, 22)
i

Now, |B!| = JBl_1| if no bad point is thrown, and | B!| = |B'~!| — 1 if the point thrown is
bad. Since, £~ is false, hence, we have that,

~1,.
E[Y! — Y= FI71 = —1(Pr(sample removed at Step I — 1 € B'™1)) + 77(30
where (i) is true because &' is false.

e Case 2. | = T, This follows by construction, because at | = 7', V! = Y=L,

e Case 3. [ > T, This also follows by construction.

So, we have that V!, 7! is a supermartingale. Now, we need to bound the steps 75 such that the
probability that the algorithm doesn’t stop in 75 steps is less than 6, i.e.

Pr (ﬁ <€l)c> <4

=1

Note, that,
Pr (ﬂ (5l)c> =Pr (T > T5) @ Pr (YT5 > T5> (23)
- Y
=1
where (i) follows because, if T' > Ts = Y715 = |BTs| + 1= 1T > 1 LT5. Now,
15 o 7 — 1 T, o1
Pr(y? > Ts) =Pr (YT —y0 > Ts — Yo
0 0

Now, defining D! = Y! — V!~ andlet Z! = D! — E[D!|D', D?,..., D'~']. Then,

Ts Ts Ts
YO=3"D'=>"Z'+> E[D'D' D?...,D"]
=1 1=1 1=1
Since, we know that {Y!, F'} is a supermartingale, hence the difference process is such that
E[D'D',D?,...,D"' <0
This implies that
= —1 —1
yh —y0< Zzl — Pr <YT“ G YO) <Pr <Z Zt> 1L —T5— Y0>
Y Y
=1 =1

Since, |Dl| < 1, and Z' < 2 are bounded, hence we can use the Azuma-Hoeffding inequality to
bound the above probability. In particular,

2
=1 _
(5 -%)
8T

(e

T5 —Y0> <exp|—
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(5275-%0)°

Now, we want a Ty such that, exp <— ST,

) < 4. Solving the quadratic, we need a T such
that,

-1\’ —1

<7> T2 — (8 1og(1/5) + 2Y°7> Ts+ Y2 >0
v Y

Some algebra shows that T = {8 log(1/6) 1)2 +2Y0 2 1—‘

we know that with probability at least 1 — 6, there exists at least one good eventin 1 to T iterations.

Note than Y? = npo = n — neo.

satisfies the above equation. Hence,

While we have established that there is at least one good event in 1 to T iterations, suppose m €
[1,T5-] is the first index such that £™ is true. Next, we establish a series of deterministic results.

e When £™ is True, then || Xgm

9 < 16||XGm ||2 (See Claim 3).

e Coupling this with Claim 2, which shows that || Zgm [|2 < 2||Zgo
32| Xgo 2.

2, we get that ||Xgm ||o <

e Hence, we have that with probability 1 — §, there exists a point in time m € [1,7Tj] such
that,
[Esmllz < 32[[Eeol2

e Now, observe that ST~ C S™, i.e. the final returned set of points is a subset of the points
at m. Claim 4 shows that the covariance at ST~ is such that ||Sgr« || < 2= [Sgm |2 <
Cl”ESm, HQ.

Chaining the above arguments shows that || Y-

9 < CO||Zgo]l2- O

Next, we state and prove Lemma 4. Recall that £ is defined to be an event variable at step [ which

is True if
Z“f ZJ ZﬂZ*ZTﬁ

i€GL jGBl i€GL ]ESl
where S' is set of samples at step [, and G! = {z; € S' N G} is the subset of samples from G°
which are still in S!. Also, recall that for Algorithm 1, the sampling weights 7; at any step ¢ are

~ N2 ~ ~
defined as 7; = (UT(.Ti -0 Sz)) , where v is the top unit-norm eigenvector of X g: and fg: is the

sample mean of S'. Then, in Lemma 3 we showed that with probability 1 — 6,

HESTg

2 < Col|Xgoll2-

Lemmad. Let ¢ = % Then, under the assumption that 8¢ + 36% < i, we have that for
m =Ty

I 1/5
100 — s 2 < 10v2 (8¢+360g(/5)> ISl

Proof. Using Lemma 6, we get that,

TV (P, Ps)
TV (P, P)

||9G0 - 057" 2 S

1
(ISolly* + 1S5

1/2)
2 )

where P is the equal weight discrete distribution with support on S™, and P is the equal weight
discrete distribution with support on G°. Lemma 3 already controls tell us that for m = Tj,
[[Zsm]l2 < Co||Ego]|2. We show next that

1
TV(Py, P5) < 86 + 36 Og;/‘s)7

which finishes the proof of the Lemma.
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To bound the TV distance between P, and P,, we use triangle inequality. Let Ps; be the equal
weight discrete distribution with support on G™. Let 7 € [1,m] < Ts be the number of ”good”
points thrown out in m < Tj steps. For v = 3, we have that,

Ts = 18log(1/s) 4+ 3npo

TV (P, Py) <TV (P, Ps;) +TV(Ps, Ps) 24)
S ngm —ngm + ngo —ngm (25)
ngm nGO
—Ts — (n — _
_n s —(n—npgo—1) n T 26)
n—"Ts n —npgo
—T;
_ ngo + 7 5 " T @7)
n—"Ts n —npgo
T:
< B 0 (28)
n—Ts n—npgo
18 log(1/s) 3
¢ —, " +30 (29)

:171810g(1/6)73¢+ 1,¢

where ¢ = “2%. Now under the assumption that 3¢ + %(1/5) < 1, the first term is less than 2¢.
L]

O

F.1.1 AUXILLARY RESULTS FOR PROOF OF LEMMA 1

Lemma 5. Let S be a collection of n points. And let G be a subset of S containing ng points.
~ 2 ~ ~
Define t; = (UT (z; — 95)) where v is the top unit-norm eigenvector of Xg and Og is the sample

mean of S. Let A = ||Zg||2. If A > dejHZG

o, then

n
Z Ti<% Z’Tj,
j=1

i:x; €G

2
where ¢ = <"1 _1> < ng,y.

n—ng

Proof. Let gg be the sample mean of points in G.

nG i:x; €EG LMEG
1 N N2
=o' | — Z (i — 0c)(z;i — 0c)" | v+ (UT(GG - 95))
na i:x; €G
<oTSqv + || — 52
2
T 1
<v Sgut | == | (IBsll2+[Zcl2)
n—nmg -
P
< Zalla (14 1) + [ Zsl2
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Now, if | Zg]l2 > —F%—||Z¢||2, then we have that
nG

==
1 n
— i < ——|[|8sl2
na iz €G ney
n n R
=—>) (v'(z; —09))?

ngvy =1
1 n

— Z T < = T;
ix; €EG v j=1

O

Claim 1. Suppose P, is the equal weight discrete distribution with support on S™, and Py is the
equal weight discrete distribution with support on G°. Then, when ¢ = "%O is such that 3¢ +

18 log(1/s) 1
n <3

1 1
TV(Py, Py) < 8¢ + 36%

Proof. To bound the TV distance between P, and P, we use triangle inequality. Let P; be the
equal weight discrete distribution with support on G™. Let 7 € [T] be the number of ”good” points
thrown out in 75 steps. For v = 3, we have that,

Ts = 18log(1/s) 4+ 3npo

TV (P, Py) <TV (P, P3) + TV (P53, Py)
ngm — nNgm + ngo — ngm

<

nsm ngo
~n—Ts—(n—npgo—1) T
N n—Ts n — npgo
_npo+7—T; T
N n—Ts n — npgo

npo T5
“n—"T;s +n—nBo
¢ 18105;1(1/5) _,_3(25

T B g5 1-4

n

where ¢ = “E%. Now under the assumption that 3¢ + %(1/5) < %, the first term is less than

2. O

Lemma 6 (Kothari et al. (2018)). Given a collection of points S of size n. Let Py and Ps be discrete
empirical distributions on n. Then, we have that,

TV (P, Ps)

<
2= JTV(PL )

where ¥ p, is the covariance matrix when x; ~ P1, and X p, is the empirical covariance matrix of
when x; ~ Py

|Eeinm[2i] = Bainrifin (el + ISR GO

Proof. Consider a joint distribution (also called coupling) w*(z,2") over S x S such that its in-
dividual marginal distributions are equal to P; and P»; i.e. w(z) = P; and w(z’) = P, and
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w(z # 2') = TV (Py, P2). Then, we have that

H]EJCiNPH ['r’t] - EwiNPz[wi] 2 = Sup | <U7E’w* [Z - Z/D |

veSr—1

= sup E,«[|(v,z—2")]
veSr—1

= up Euel(z# 7)o,z — )|
veSr—1

< (Bu-[(1(z # 2)°)7* sup Eue[((v, 2 — 2))%)7

veSr—1

< TV (P, P2)1/2 ( sup (]Ew* {(<1}, z—Ez,op, [l‘l] +Ezop, [JZJ
veSr—1

—Eginp, [Ti] + Eginpy [2i] — Z/>2)} 1/2)>
<V P (sw Bur (05 - Bunn o))

veSr—1

t |Ears [ = Evor, [a:i]nz)

1/ 2]/
+TV(Py, )" sup (Ew* (0.2 = Eapop )] )
veSr—1

TV(Pl, PQ) ( 1/2 1/2
< Sp i+ I12n77)
S VBB 1Zp 7~ + [1Zp, [l
O
Claim 2. Under the assumption that 4¢ + 18% < % we have that,
[Eamll2 < 2[[Egoll2
Proof. We first show that [|Sgm[|a < 79 [[Sgo 2.

1 ~ ~

Yoo = z; — O0g0)(z; — 0co)T (31)
@@= iezG:O( Go)( o)

1 ~ ~

= — (l‘i — 9@0)(l‘i — ego)T (H {1‘1 S Gm} + I {LL‘Z‘ Q Gm}) (32)
ngo o

1 ~ ~

= — > (i —0go) (@i — Ogo)" (I{z; € G™}) (33)
nae 1€GO
1 ~ ~
+— > (@i — Ogo)(wi — Ogo)” (I1{z: ¢ G™}) (34)
nae €GO
Th
= (Sam + @om — 860) @am — B60)" ) + T (35)
GO

Now for v being the top eigenvector of Xom, we get that,
ngm nagm

¢ v Semu + ¢

ngo ngo

(UT(agm - 5(;0))2 + ol =vTS g0

>0 >0

Hence, we get that,
ngago
[Zamlz < ——[Zgoll2,
ngm
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Now,

naGo n —npgo < n —npgo n — npgo 1—9¢

- )

ngm n—ngo—T  n—ngo—Ts n—18log(l/s) —4npo 1 _ 18l8(/s) —4¢

where ¢ = “£° O

Claim 3. Under the assumption that ¢ = —£= is such that 3¢ + M < % and 2¢ < 0.12,

then when E™ is True, we have that,

1S5 2 < 162

Proof. Suppose P; is the equal weight discrete distribution with support on S™ and let Ps be the
equal weight discrete distribution with support on G". When £ is True, we know by contrapositive

2
fL 5 that | Sgm ||z < —ranlm— || Sgm [|2, wh _(/TVeer) T
of Lemma 5 that || Zgm || < T |XGm |2, where 9, v Erwy

_ nspy —ngm ngm __ 1 .
Note that for TV (P, P3) = e Hence, ncsm'v = SOV For v = 3, the term
% can be rewritten solely as a function of the TV (P, P3). In particular, it can be written
ngmy m
as

(1 (25)") (00 1209)

J@) = 1 — 2(05) — 3 — 3z(1.5)
_ ngm—ngm _ (n=Ts)=(n—ngo—7) _ ngo+7-Ts ngo __
Now TV(Pl’PP’) - snsmc - n—Ts “ - Bn Ts < n BT(; - 1— 18105(1/5) 3¢
Hence, under our assumptions, TV (P, P3s) < 0.12. Some algebra shows that under fx) is
monotonically increasing for z < 0.12, and in particular, f(0.12) < 16. Hence, we get that
HZS’"”Q < 16||2Gm||2. O

Claim 4. Let Sy be any collection of points of size ny. Let Sy C S1 be a subset of size no < nj.
Then, we have that

ni
X5, ]2 < allEslllz

Proof. Let 552 be the mean of points in S5. Similarly, let 551 be mean of points in 5.

SR TR R e o

1651
_— Z = 0s,) (@i — 0s,)" (1{zs € S} + 1{z: ¢ S1}) ©7

ZESl
=— Z —0s,)(w; — 0s,)" (I{z; € S}) (38)

265'1

1 —~ ~
o > (@i — 0s,) (s — 0s,)" (I{z; & S2}) (39)
€51
T1
= @ (252 + (552 - 551)(552 - é\51)T> + Tl (40)
ni

Now for v being the top eigenvector of >g,, we get that,

n2 ns
— TS g0+ 2

vT (0s, — 0s,))2 + v  Tyw = vTSg,v

>0 >0
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F.2 PROOF OF LEMMA 2

Proof. We controlled the size of G in the proof of Theorem 1.

Controlling the mean of G°. Recall from our assumption that

log(1/s 1

ot oyioel/) 1
n 2

hence we have that |G°| = ngo > n/2. Let 6o = Ji, be the mean of the points in G°.

1. Controlling || — E[é\go] |l2 . This is a deterministic statement and essentially quantifies the
amount the mean can shift, when the random variable is conditioned on an event. We show
this in Claim 5 which was shown in (Steinhardt, 2018; Lai et al., 2016).

Claim 5. [General Mean shift,(Steinhardt, 2018; Lai et al., 2016)] Suppose that a distri-
bution P has mean p and covariance Y. and bounded 2k moments. Then, for any event A
which occurs with probability at least 1 — € > 1,

i — Elz]Alll2 < 2[5y = (41)

Now using this Claim 5 with A being the event that O(z) = 1, we get that

i — Elfgo][l2 < 2|2 *al~1/@R (42)

2. Controlling |\§Go — E[é\go]HQ. This term measures how quickly the samples within G°

converge to their true mean. To show this we use vector version of Bernstein’s inequality.

Let 2; ef T — E[@AGo] be the centered random variables. Then, we have that

Izill2 < 16* = Efgo]ll2 + |z — 0%
< 2”2”;/2&171/(%) +R
<2R
Similarly,
Elllzll3] = E[llz — Efz]A]|l3]x € A]
_ Efllz — Efz|A][31{z € A}]
P(A)

< 2E[||z — E[z|A]|l3]

< 2E[||x — E[2][|3] + 2[16* — Elz|Alll3

< 2trace (X) + 4[| 2|02~/ )

< 4trace (X2)

Now, we first state the vector version of Bernstein’s inequality.

Lemma 7 ((Foucart & Rauhut, 2013, Corollary 8.45)). Let Y1, ..., Yy be independent copies of a
random vectorY € CP satisfying EY = 0. Assume ||Y |2 < K for some K > 0. Let,

M
Z =) Yil2,E[Z%] = ME[|Y[3],0° = sup E[(v,Y)’]
=1

lofla<1

Then fort > 0,

t2/2
Pr(Z>VEZ24t) <exp| — 43
( - ) - p( MU2—|—2K\/]EZ2—|—tK/3> ()
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We use the above lemma, with Y; = = %. Hence, we have that
G

ngo ~ ~
Z =Y Yilla = ||0ge — E[fgo]||2- Hence, we have the following,
k=1

° E[Z2] < n4trace(2) _ 4trace(2).

n2 n

e 02 < 4‘232. To see this, for any v € SP~1,

E[(0Y)") = Bl (7 — pa)lr € A]

where (14 is the conditional mean, and A is the event that x s.t. ||x — pll2 < R. We know
that P(A) > 1/2. Hence, we get that,

1 E[(v"(z — pa))*I{z € A}]

E[(0"Y)"] = — P(A)
< %E[(UT(QZ’ — pa))’]
= 2 (BT @ — )]+~ pall)
= 0% < 2 (Il + Z]120)
< Azl

Hence, we get that, with probability at least 1 — 4,

1/2
1y |1 1 1 > 1 1
[0 — Efde ||2<01W TANIH "g”‘*)+ch/2<\/“ace( )> \/ el
ngo ngo Na
+ CyR————

& log(1/s)
ngo

Now, we use that vVab < a + bV a,b > 0. Hence, we get that with probability at least 1 — ¢
~ ~ trace (X 1 log(1/s log(1/s
60 — Ecolllz < Csy | 2 1 oy e, B | o8LSY)
ngo ngago ngao

Using the bound on ||E[fgo] — | from (42), we get that,

1860 — pll2 < |E[8go] — pll2 + 100 — Efgo]|l2

o\ 1-1/(2k)
1/5 t b
<T+Cs Rlog( /5) 2”2”/ ( race( ))
log s 1/5 trace (X)) !
=T1 +C3R——— (/) +2||Z||/ << Rzk(A))

trace(X)
( - )Zk +

Under our assumption that IOgS/ %) < ¢, we know that ngo > n/2. Hence, we get

get that 7 j OPT7L72,5.
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Controlling the covariance of points in G°.  Let G° = {x;|O(x;) = 1} be the empirical
collection of points chosen by the oracle. Let ngo = |GY|. Then, we study and bound the operator
norm of Y o. Recall that all oracles have the form I {||z; — p|l2 < R}, i.e., Vz; s.t. O(x;) = 1, we
have that ||z; — pll2 < R.

Let Yo be the empirical covariance matrix. Then,

TLGO
1

Ygo = > (i - Oo)(wi — 0co),

i=1

where §Go is the empirical mean of the points in G°. Recentering it around the true mean 6* of P,
we get that,

nGO
1

Ygo = Z(l’z —0")(z; — 49*)T — (5@ _ 9*)(5@) . 9*)T

i=1

ngGo
Hence, we have that [|Xgo|ls < || — Z(xz —0*)(x; — 0*)T ||2. To control, || A2, we use trian-
n
i=1

A
gle inequality,
4]z < | A = E[A]ll + |[E[A]]2 (44)
————— ——
Ty Ty

1. Controlling T». Note that E[A] = E[(z — §*)(z — 0*)T|x € G].

T — 0z — *\T T 0
E[A]:]E[( 6)(13(9622,0};{ )] (45)

Let Pr(x € GY) > 1 — . Hence, for any v € SP~1,

E[(v"(x = 61)°I{z € G°}] _ |IZ]

T _
v ElA = Pz € GY) T l-a

Under the assumption that o < % we get that,

[E[A]ll2 < 2[X]2

2. Controlling 7. Note that 7% can be controlled using a concentration of measure argument,
and in particular exploits concentration of covariance for bounded random vectors.

Lemma 8 ((Vershynin, 2010, Theorem 5.44)). Let {y;}_, samples such that y; € RP and
llyill2 < /m and E[yyT] = 3. Then, with probability at least 1 — 6,

1 & 1 m m
I D s = o < max (1 0BGy 2 oetr) ™ )
i=1

’VLG[)
1

= ”TGO D (@i =0 (@i = 6)" —E[A]] (46)

=1
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We use Lemma 8 with y; = x; — 6*. Note that /m = R. This means that with probability
1-4,

N ]
Ty < C1R||Z))Y* Oi(p/é) 4 g2 loe®/?)
GO

ngao

Hence, we get that under the assumption that @ + /& % < %, we recover statement of the

result. O

G PROOF OF THEOREM 3

We restate the theorem for brevity:

Theorem 2. Suppose {z;}' | ~ P, where P has bounded 274 moment and n satisfies the relation

in (3). Then Algorithm 1 when instantiated for T* = [C'log(1/s)] steps returns an estimate 05 such
that, with probability at least 1 — 45, § € (0,0.25):

\/trace (X) log(»/s)

165 — pll2 <

Proof. The proof follows a similar approach to the proof of Theorem 1, except we set a different
radius parameter R.

By Chebyshev’s and Bernstein’s inequality, we have with probability at least 1 — §:

log(1
Ings| = n(1 - "B, )
Hence, we have that,
n—ngo _ log(1/s) 48)

n n

Let 71, and X o be the empirical mean and covariance of the points in G©.

From Lemma 1, we know that with probability at least 1 — 9,

1/2
~ s (n—n log(1/s
185 = e S 12 ("0 4 B )

Using Lemma 2, we bound ||Sgol|5>.

5 [log(P/s log(?p/s
12012 < CulISlle + CoRIIS]Y? [ 08 | o108 /o)
ngo ngo

1 log(#/s)\ /* log(v/s
IS < el + oy (KEUD) Ty [0 (50)
ngo ngo
trace(X)

Plugging R = we get,

n

(1og<1/6> ) 2>

o /2 Va sy /a (1 S Jrace (T) 1
IS9I8° < CLBI + Catrace (2 21" (B0 ™y Viraee ), ) -y

log(1/s) [108(1/5) n
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Plugging (48) and (51) into (49), we get that,

~ 1, [log(1/s trace (X2) log(?/s
s = il < Iy L) . firace (B)log(e))

n

Using Lemma 2, and plugging R = Virace®) e get that with probability at least 1 — 6,

<1og<1/6> ) 72>

t ) log(»/s
lu(P) - un|2<omm+\/race< )log(r/)

Combining the above equation and 52, we recover the corollary statement.

H PROOF OF THEOREMS FOR HEAVY-TAILED LINEAR REGRESSION AND

GENERALIZED LINEAR MODELS

H.1 CoMMON PROOF TEMPLATE FOR THEOREMS 2 AND 4

(52)

(53)

We follow the template provided by Prasad et al. (2020) to prove the corollaries appearing in this

section.

o In particular, given a distribution z ~ P, and a loss function E((), z), we look at the distribu-
tion of the gradients V.L(6", z) for any 6", and in particular calculate the trace and operator
norm of the covariance of gradients X(L£(6?, z)). We show that for linear regression and

GLMs, they are of the form:

trace (B(L(0, 2))) < A||0" — 0*|3+ B

IS(L(0",2)]l2 < Cl16* — 6%||5 + D

(54)

(55)

e From Theorem 1, we know that given n samples the output of Filterpd satisfies the guar-

antee that with probability at least 1 — 4,

|IE[VL(6, 2)] — Filterpd({VL(0", 2:)} 1) |2

< \/ brace (MU wz 2Dl logC1)

or equivalently from (54) and (55),

|E[VL(6",2)] — Filterpd({VL(6", 2

() e (55

e The last step is to use the following result from Prasad et al. (2020) on the stability of

gradient descent with inexact gradients.

Lemma 9 (Prasad et al. (2020)). For a given sample-size n and confidence parameter
6 € (0,1), suppose we have a gradient estimator g(0; {V L(0, z;) }I'_,, d) such that for any

fixed 0 € O, the estimator satisfies the following inequality:

lg(0: {V L0, z) }i=1,0) — E[VLE", 2)]]l2 < e(n, 8)[|0 — 07[|2 + B(n, 9).
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H.2

Then Algorithm 2 initialized at 6° with step-size n = 2/ (¢ + ), returns iterates {6 }1_,
such that with probability at least 1 — §

o . 1 .
16" = 6"]l> < w"[16° = 61> + T—B(7, ), (57)
where i = nJT,6 = §/T, k = (/1 — % + na(f,8) < 1is a contraction and

0* = argmingcg E[L(0, 2)| is the minimizer of the population loss.
Using the above we get that

S o t1g0 _ g B Dlog(T/9)
16— 0> 5 w10 02+\/WT)+\/ 0L, 68)

as long as «(7, 6) < 4.
Hence, all that remains is to calculate (A, B, C, D) for linear regression and GLMs.

PROOF OF THEOREM 2

In this section we simply focus on deriving upper bounds for the gradient distribution for Linear
Regression. This result can also be found in Prasad et al. (2020), but we provide it for the sake of
completeness. Recall that for linear regression we have that, £(6, (z,y)) = 3(y — 276)>.

Lemma 10 (Prasad et al. (2020)). Consider the model in (4). Suppose the covariates x € RP have
bounded 8t"-moments and the noise w has bounded 4*" moments. The following statements hold

true:

E[VL(9)] = XA
trace (Cov(VL(0))) < Cutrace (2) S|z [|A3 + otrace (),
— ——
A B
ICov(VL(O)]2 < A3 CLlIZ]5 + 0 [IZ]2
—_—— —\—
c D

E [[(vc(e) — E[VL(9))) ] 4} < Cy(Var[VL(0)T0))?

where A = 0 — 0* and E[zzT] = X.

From the above lemma, we recover the values of (A, B, C, D) for linear regression which we simply
plug into (58) to recover the statement of the corollary.

Proof. We start by deriving the results for E[V£(6)].

£0) = 5y~ 2"0)* = (7 (8) — w)?
VL) = 22T A — 2w
E[VZ(0)] = ZA.

Next, we bound the operator norm of the covariance of the gradients V.£(6) at any point 6. Recall
the definition of covariance below:

Cov(VL()) = E[VLO)VLO)T] —E[VLOE[VLO)"

For any unit vector z € SP~!, we have that,

2T Cov(VL(9))z = 2TEIVLO)VLO) )2z — (BE[VL(H)) 2)?
< EIVLOIWVLO)T)z
= sup 27 Cov(VL(H))z < sup 2 E[VLO)VLO)T)z
zeSr—1 zeSpP—1
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Hence, we have that

Amax(Cov(VL(9))) < sup 2TE[VL(O)VL(B) ]z

zeSr—1
= sup 2 E[(zzTA - zw)(zzT A - zw)']z
zeSr—1
= sup 2’ (Efzz" AATz2"] + 0°E[z2"]) 2
zeSr—1
< sup 2" (E[zz" AATz2"]) 2z + o?(|Z)2
zeSr—1
<o?Slz + Al sup  E[(z"x)*(y"2)%)
y,z€S8P~1
< oSl + A3 sup \/E[T2) 4 /E[(Tx)]
y,zeSp—1

< o?[[Z2 + IAI3CUIZ]3

where the second last step follows from Cauchy-Schwarz and the last step follows from our assump-
tion of bounded 4" moment - the constant Cy is from the definition of bounded 4*"* moment. Now
to bound the trace of the covariance matrix,

Cov(VL(9))
trace (Cov(VL(0)))

E[(zz” — £)A — zw) (zz” — )A — xw)T]
E[|(zz" — £)A — zw)]3]

= E[||(za” — D)A[3] + E[||z[|3w?]

T o2trace(X)

T1 = E[|(z2” — 2)A|3] = ATE[(zz” ~ £)*|A

= ATE[(2"z)z2” + 2% — a2 — z2TX]A

= ATE[(zTz)z2T]|A — ATS2A

< ATE[(zT z)zzT]A

< [|AIZE[(z"2) (2T u)?], where u = ||AA| csrt
2

< |AIBE[(="2)*]  E[(aTw)"] V2
——
<VCil|Z]l2

Q
h

P
z = Z (Tq;) q;, where {qi}¥_, are eigenvectors of
i—1 H/—’

E[(z”z)(x ZI/ Zl/
Zl/ —|—221/

i<j

E[v]] = E[(«"¢:)"] < C4E[(2"¢:)?]* = C4A}
Jv3] < \EE]] = Cadid;

E[(z”z)(zTx)] < C4 Z A 4 QZ Aidj | = Catrace (£)?

1<j

trace (Cov(VL(0))) < o”trace (X) + Catrace () ||| A13
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We finally show that the gradients have bounded 4 moment under the conditions specified in the
statement of the theorem. We start from the LHS:

E[[(V£(6) — VL) v]"] <E[[|(VL(6) - EIVLE)) o]]']
=K ‘((mxT - Y)A - wx)Tvﬂ
=E _|(ATx)(ach) —(2A)Ty - vax|4}
8 |E|(AT2)@Tv)|' +E[(3A) 0| | +E|w(Tv)|"
—_———

A B C

IA
oo

The last step follows from two applications of the following inequality:

C, inequality If X and Y are random variables such that E|X|" < oo and E|Y|* < oo where
r > 1 then:

E|X +Y|" <2 Y (E|X|" +E|Y]").

Now to control each term:

e Control of A. Using Cauchy-Schwarz and the fact that Cy is bounded for x, where Cf is
the constant appearing the definition of bounded 8** moment, we get:

A < \JE[|AT ]3]\ /EllaTol*] (59)
S A5G (123 (60)

e Control of B. Using the fact that |[SATv| < ||Z][o] ATv| < ||2]]2]| A2, we get:

B < lIA31513

e Control of C'. Since w and x are independent, and have bounded moments, we can bound

C as:
C < C4l3|3

Therefore the E [[(vc‘(e) — E[VL(0])T0] 4} <c+|IDIA1AlL.

For the RHS:
Var(VL(0) v)? = (v Cov(VL(0))v)? < ||Cov(VL(D))||?

We saw that the | Cov(VL(0)) |2 < c+]||2[13]| A3, so both the LHS and RHS scale with ||S]|3[|Al]3,
and this completes the proof. O

H.3 PROOF OF THEOREM 4

In this section we simply focus on deriving upper bounds for the gradient distribution for GLMs.
This result can also be found in Prasad et al. (2020), but we provide it for the sake of completeness.
Recall that for generalized linear models we have that,

L(O; (2,y)) = —y (z,0) + ©((x,0)). (61)

34



Under review as a conference paper at ICLR 2021

Lemma 11 (Prasad et al. (2020)). Consider the model in (7). Under the pre-conditions of the
theorem, the following statements hold true:

trace (Cov(VL(0)) < \/Catrace (X) /Lo | All3

A
+ +/Cytrace (X) ( Bg 4+ c(0)\/3Msp 22 + \/0(0)3Mq>’4,1>
B
ICov(VLB)]l2 < varvCalSla (vEwa) 1AI3
C
+ VeV Ca|I 22 < Boa+c(0)y/3Ma 22 + 1/ C(J)3M<1>,4,1)
D

E [[(vc(a) — E[VL(©O)]) ] 4} < Cy(Var[VL(0) )2

for some universal constant c¢; > 0.

From the above lemma, we recover the values of (A, B,C, D) for GLMs which we simply plug
into (58) to recover the statement of the corollary.

H.3.1 PROOF OF LEMMA 11

Proof. The gradient V£(#) and it’s expectation can be written as:

VLO) =~y -z +u((z,0) z
E[VL(9)] = Elz (u(z"0) — u(z"6%))]
where u(t) = ®’(t).

IEVL©)]z = sup y"E[VL(O)]

yesSp—1
< :;131 E[(yz) (u(zTH) — u(xTQ*))]
< sup \/EWT0)?) Blw(eT0) -~ u(aTo)))

< G181/ La 2| A3 + Ba

where the last line follows from our assumption of smoothness.

Now, to bound the maximum eigenvalue of the Cov(VL(6)),

Amax(Cov(VL(9))) < sup 2TE[VLO)VL(B)T ]z

zeSr—1
= =T (B[ (670 -)]) -
< o B[ (" (670 ~0)) <
< swp BT B 60 - 1))
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To bound E [(u(fo)) - y) 4] , we make use of the C, inequality stated earlier.

E {(u(xTﬁ) — y)ﬂ <8 (E [(u(xTO) - u(xTQ*))4] +E [(u(mTG*) - y)4D
< ¢1 (Loa|All3 + Boa + c(0)* Mo 41 + 3¢(0)* Mo 2.2)

where the last line follows from our assumption that Py« (y|x) is in the exponential family, hence,
the cumulants are higher order derivatives of the log-normalization function.

ICov(VE©®))2 < varv/Tall =l (\/LMHAH% o + (o) 3M¢,2,2+\/c<a>3M¢,4,1)

Now, to control the trace. We have that,

g
=
<
D
=
Il
=
<
D
=
<
D
=
S
|
=
<
D
=
=
<
D
=
s

u@ ) —y)?] o (u(@') -y’ eR
< V/Eltrace (z27))\/E[(u(a70) — )"
< y/Cytrace (2) (\/ L<1>74||A||§ -+ B¢.14 + C(CT) 3M¢7272 + C(U)3M<I>,471)

= /Cytrace () /Lo 4| All3
+ /Cjytrace (X) < Bo s+ c(o)y/3Ma 22 + 6(0)3M<p,4,1)

I
&=
=
~
&
Q
¢}
—
—
8
8
!
S~—"

Finally, we show that the fourth moment of the gradient distribution is bounded. We have:

E [[(vc’(e) - E[VE(H})TU]4] <E [[\(vc’(e) - E[VZ(@)})TUH‘*}

<8

E[[VL(O) o[ +E[IE[V»’3(9)]TU4]]

A B

To control each term:

e Control of A.
E[[VL() vl] = El@v)* (u("0) — y)"]
< VEl@T0)®)/El(u(zT0) — y)¥
< VCs|BI3\/El(u(=T6) - u(T8%))®) + E[(u(zT6%) — y)?]

8
<V OSIIEH%\J Losl|AIS + Bos+ Y gixMaik

k=2

8
< VC|El53vLaslAll3 + /Bas + Z gt Mot i
\ t,k—=2
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where the last step follows from the fact that the 8th central moment can be written as a
polynomial involving the lower cumulants, which in turn are the derivatives of the log-
normalization function.

e Control of B.
E[E[VL(O)] o|*] < |E[VLO)[3 < C1lIZ1I5 (L3 2llAll5 + B3 2)

By assumption Ly 1, Ba i, Mo + 1 are all bounded for k,¢ < 8, which implies that there
exist constants c¢1, co > 0 such that

E[[(VL() - EIVLE) 0]"] < el SIZIAIL + 2

Previously, we say that || CovV.L(0)||2 < ¢3||||2]|Al|3 + ca, for some universal constants
cs, s > 0, hence the gradient V£(6) has bounded fourth moments.

O
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