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A ORGANIZATION OF PAPER

We provide a brief overview of each section. In Section 2, we define the simulated tempering and ST
Teleporting algorithms, along with the main algorithm used in this paper. In Section 3, we present
the main results of our paper.

In Section D, we cast Algorithm 2 as a continuous time process with Markov generator L . We
then show that the Markov generator L satisfies the decomposition assumptions of Theorem E.1 in
Section E.

The analysis in Section E is similar to the work done in Ge et al. (2018c). We show that un-
der basic assumptions the Poincaré constant corresponding to a stationary distribution pi(x) =∑M

j=1 wijpij(x) of the Markov process P can be bounded by a function of Poincaré constants cor-
responding to the component measures and the Poincaré constant of the projected chain capturing
transitions between components (defined in the assumptions of Theorem E.1). Since we’ve shown
in Section D that the continuous time process corresponding to Algorithm 1 satisfies the assump-
tions of Theorem 3.3, the decomposition theorem allows us to proceed after finding a bound on the
Poincaré constant of the projected chain.

One obstacle in our temperature ladder is the cross terms that appear by defining p̃ω →
∑

k ωkεk(x)·∑
k wω,kqω(x ↑ xk). Ideally our algorithm is able to mix well into the aligned components

εk(x)qω(x↑xk) while ignoring the cross terms which will naturally have negligible weight. Under
reasonable assumptions, as we will later show, it makes sense to refer to the portion of the product
where j = k, the aligned components, as the good portion. In Section F, we prove chi-squared diver-
gence bounds for the good portion of the stationary distribution. We show that this can be bounded
by a function which depends on the Poincaré constant corresponding to the good set as well as an
expected value that describes the “flow” into the good set.

Our main algorithm, Algorithm 1, inductively runs Algorithm 3 to estimate the partition functions
at the subsequent level. To estimate the partition functions, Algorithm 3 runs ST teleporting to
the current level and collects N samples. The samples at level l are used to obtain a Monte Carlo
estimate of the partition functions at the next level yielding weights {wl+1, k}Mk=1 and rl+1. With
these weights the algorithm is then ran one more time to level l + 1 obtaining another N samples.
This time the samples are used to get an estimate of the level weights by empirical occupancy and
this occupancy is used to adjust the level weightings {ri}l+1

i=1.

In Section G.3, we show that under the inductive hypothesis, Assumptions G.1, and Assumptions
3.1, weights {rl}Ll=1 and {wl,k}l→[1,L],k→[1,M ] can be chosen to maintain level and component bal-
ance between the partition functions. More precisely, the weights are chosen so that there exists a
constant C1 such that 1

C1
↓ wl,kZl,k

wl,k→Zl,k→
↓ C1 for k, k↑ ↔ [1,M ] and there exists a constant C2 such

that 1
C2

↓ rlZl
rl→Zl→

↓ C2 for l, l↑ ↔ [1, L]. Maintaining this level balance prevents bottlenecks (a mode
having low weight at a level so that) is is hard to obtains samples at subsequent temperatures, and
so allows for bounds on the Poincaré constant of the projected chain; see Lemma G.10.

In Section H, we prove the main results, which follow from the results in Section G.3.

Sections I and I.2 show the general settings in which the assumptions of the main theorem hold.
Assumptions 3.1 focus on the initial distribution and tempering scheme used to run Algorithm 1.
In Section I, we show that Assumptions 3.1 hold in Rd for qi(x) chosen to be Gaussians and in the
general case where the component measure of the target function is specified as pk(x) = e↓fk(x),
where fk(x) is L-smooth. We also show that these assumptions hold on the hypercube, with
analogous assumptions made on qi(x) and pk(x). Assumptions 1.1 focus on the target measure
p(x) =

∑M
k=1 ωkpk(x). In Section I.2, we show families of target measures where Assumptions 1.1

hold.

13
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B BACKGROUND

B.1 NOTATION

We denote the target distribution on ! by

ε(x) → e↓V (x),

and assume it decomposes as a mixture

ε(x) =
M∑

k=1

ωkεk(x)

where εk(x) are normalized component measures with corresponding weights ωk. The set of warm
start points is given by {x1, . . . , xM} ↗ !. The tempering functions are denoted qω(·) and are
unnormalized distributions satisfiying qω ↘ ϑ0, where ϑ0 is the Dirac delta measure, as ϖ ↘ ≃ and
qω = 1 for ϖ = 0. The unnormalized tempered distributions are given by

p̃ω(x) = ε(x)
M∑

k=1

wω,kqω(x↑ xk) (B.1)

where wω,k are learned weights. In Section G.3 we define the following for ease of computation.
The target measure tilted by qω(x↑ xk) on level l is given by

ε̄l,k(x) = ε(x) · ql(x↑ xk)

and the component measure aligned with its correcting tempering function is denoted by

ε̃l,k(x) = εk(x) · ql(x↑ xk).

The partition functions corresponding to these measures are given by Z̄l,k and Zl,k respectively. In
Section G.3, we also make use of the unnormalized joint distribution over the temperature levels this
is defined to be

p̃(x, i) =
l∑

j=1

r(l)j p̃j(x)I{i = j}. (B.2)

Similarly, we define the normalized version to be

p(x, i) =
l∑

j=1

ϱjpj(x)I{i = j}

where ϱj = r(l)j Zj . In the context of Section F, we will occasionally refer to the “good” part of the
distribution and will denote this unnormalized portion by

p̃0(x, i) =
l∑

i=1

r(l)i

M∑

k=1

ωkwi,kεk(x)qi(x↑ xk)I{i = j}.

The marginal over the levels of the good portion is then denoted by

pi0(x) →
M∑

k=1

ωkwi,kεk(x)qi(x↑ xk). (B.3)

We can then express the normalized joint distribution as a mixture of the good and bad portions by

p(x, i) = ω0p0(x, i) + (1↑ ω0)p1(x, i)

where ω0 =
∑

i

∫
! p̃0(x,i)dx∑

i

∫
! p̃(x,i)dx

is the component weight of the good portion.

14
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B.2 MOTIVATING EXAMPLES

To motivate tempering to colder temperatures, corresponding to more peaked distributions, we show
that in high dimensions, flat components of the mixture distribution can cause the teleport process
to have low acceptance probabilities. This leads to poor mixing of the projected chain—mixing
between modes—which in turn leads to long run times. In our algorithm, the projected chain at the
coldest level is the probability flow between component measures after an affine translation which
overlaps the warm start points.

Example B.1. Let ε(x) = 1
2N(0, Id) +

1
2N(µ1,ςId) be the mixture of two Gaussians in Rd and

define the teleport function to be the translation gij(x) = x ↑ µi + µj . Then the probability of
transitioning from µ0 = 0 to µ1 denoted P

(
{0}, {1}

)
is given by

P
(
{0}, {1}

)
= min

{
(1/2ε)

d
2 det(ςI)↓

1
2 exp

(
↑ 1

2ε ||x+ µ1 ↑ µ1||22
)

(1/2ε)
d
2 det(I)↓

1
2 exp

(
↑ 1

2 ||x||
2
2

) , 1

}

= min

{(
1
ε

) d
2 exp

(
↑ 1

2ε ||x||
2
2

)

exp
(
↑ 1

2 ||x||
2
2

) , 1

}

= min

{(
1

ς

) d
2

exp

(
ς ↑ 1

2ς
||x||22

)
, 1

}

It becomes clear that for ς > 1 as d ↘ ≃ and ||x|| → ς we have that P
(
{0}, {1}

)
↘ 0.

The following example shows that in high dimensions a bimodal mixture of Gaussians with different
variances can have exponentially bad weight distortion when power tempering is applied. Power
tempering is one of the most standard tempering methods that takes the target distribution ε(x) →
e↓V (x) and raises it to the inverse temperature ϖ so that at each level εω(x) → ε(x)ω . The same
issue arises when tempering towards a prior, εω(x) → ε(x)ωq(x)1↓ω .

Example B.2. (Roberts et al. (2022)) Given target density ε(x) = 1
2N(x; 0, Id) +

1
2N(x;µ1,ςId)

and assuming the power tempered target can be given by the mixture Woodard et al. (2009a)

ε(x) = W0,ωN(0,
Id
ϖ
) +W1,ωN(µ1,

ςId
ϖ

)

where the weights are given by Wi,ω →
(
1
2

)ω |ςId|
1↑ω
2 . In our case this yields the ratio

W1,ω

W0,ω
= ςd(1↓ω),

which is exponentially bad in the dimension.
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C ALGORITHM DETAILS

Algorithm 2 Vanilla ALPS Main Algorithm
INPUT: Temperature scale ϖ1 > ϖ2 > · · · > ϖl, weights {wi,k} for i ↔ [1, l], k ↔ [1,M ] and
{ri}Li=1, time T and rates φ, ↼.

1: Sample (x, 1) ⇐
∑M

k=1 w1,kε1,k

2: while Tn < T do
3: Set Tn+1 = Tn + ↽n+1 with ↽n+1 ⇐ exp(↼)
4: if i = 1 (base level) then
5: Set T ↑

n+1 = T ↑
n + ↽↑n+1 with ↽↑n+1 ⇐ exp(φ)

6: if T ↑
n+1 < Tn+1 then

7: Run K1 for ↽↑n+1 time (discretized)

8: Choose j, j↑ ↔ [1,M ] and accept transition to (gjj→(x), 1) with pr. min

{
g#
jj→p1(x)

p1(x)
, 1

}

9: else
10: Run K1 for ↽n+1 time (discretized)

11: Transition to (x, 2) with pr. min

{
r2p2(x)
r1p1(x)

, 1

}

12: end if
13: else
14: Run Ki for ↽n+1 time (discretized)

15: Choose i↑ = i± 1 with pr. 1
2 transition to (x, i↑) with pr. min

{
ri→pi→ (x)
ripi(x)

, 1

}
.

16: end if
17: Let T̃ = min

{
Tn+1, T ↑

n+1

}
then set Tn+1 = T̃ and T ↑

n+1 = T̃
18: end while
19: if final state is (l, x), return sample x. Otherwise, re-run the chain.
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Algorithm 3 Reweighting via Partition Function Estimation
1: Part 1: Estimate component weights for level l + 1
2: Run p̂t(x, i) from Algorithm 2 to the l-th level and obtain samples {(xj , ij)}Nj=1 ⇐ p(x, i).
3: for k = 1, . . . ,M do
4: Set

wl+1,k =
1

1
N

∑N
j=1

ϑ̄l+1,k(xj)
p̃(xj ,ij)

I{ij = l}

5: end for
6: Part 2: Estimate weight for level l + 1
7: Run p̂t(x, i) from Algorithm 2 again to the l-th level and obtain samples {(xj , ij)}Nj=1 ⇐ p(x, i).

8: Set
r(l)l+1 =

1

1
N

∑N
i=1

(∑
j ϖjϑj(xj)

)(∑
k wl+1,kql+1(xj↓xk)

)

p̃(xj ,ij)
I{ij = l}

9: Part 3: Re-estimate level weights
10: Run p̂t(x, i) from Algorithm 2 again to the l + 1-th level and obtain samples {(xj , ij)}Nj=1 ⇐

p(x, i)
11: for i = 1, . . . , l + 1 do
12: Set

r(l+1)
i = r(l)i

/
1

N

N∑

j=1

I{ij = i}

13: end for
14: Scale r(l+1)

1 by C2

15: Return {wl+1,k}Mk=1 and {r(l+1)
i }l+1

i=1

D CONTINUOUS TIME PROCESS

D.1 LEAP-POINT PROCESS

We define a continuous version of the leap-point process at the coldest temperature. In this setting,
the process is defined on the mixture distribution

∑M
k=1 wkqk(x) and can freely jump from any

qi to qj . Jumps are made according to the Poisson point process at time intervals Tn ↑ Tn↓1 ⇐
Exponential(↼). This specifies the projected chain as a continuous time process on the state space
given by the modes, where the probability flow between the modes is compared using the pushfor-
ward g#ij . This allows us to express the generator of the process Ltel on ! as the sum of the Markov
processes on the continuous state space and the transitions between the modes.
Definition D.1. For i, j ↔ [n], we define the function gij(x) to be a function that “teleports” x ↔ !
from mode i to mode j and satisfies the following properties:

1. gii is the identity,
gii(x) = x.

2. gij is the inverse of gji,
gij(gji(x)) = x.

3. gij is transitive,
gkj(gik(x)) = gij(x).

Definition D.2. We define the continuous leap-point Markov process Kleap with rate ↼ on ! as
follows:

1. Let Tn be a Poisson point process with rate ↼ so that,

Tn ↑ Tn↓1 ⇐ Exp(↼)
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2. The Markov process with state x ↔ ! evolves according to K on the time interval
[Tn↓1, Tn).

3. At time Tn, with randomly chosen i, j ↔ [1,M ], the Markov process takes a jump to x ⇒↘
gij(x) with probability

1

M
min

{
g#ijq(x)

q(x)
, 1

}
, ⇑j ⇓= i

and stays at x otherwise.
Lemma D.3. Let Kleap be the leap-point Markov process with rate ↼ with stationary distribution
q(x) =

∑M
i=1 wiqi(x) on !. Then the continuous process has the generator Lleap given by,

Lleapf(x) = Lldf(x) +
↼

M

M∑

i=1

M∑

j=1

min

{
g#ijq(x)

q(x)
, 1

}(
f(gij(x))↑ f(x)

)
.

Proof. Let Ptf(x) = EK [f(xt)|x0 = x] be the expected value after running the chain for time t.
Then we decompose the conditional expectation by considering the number of jumps the Poisson
process takes. Here, we let H be the kernel of the jump process and calculate

Ptf(x) = P(Nt = 0) · Ptf(x) +

∫ t

0
PsHPt↓sf(x)P(t1 = ds,Nt = 1) + P(Nt = 2)h

= (1↑ ↼t+O(t2))Ptf(x) +

∫ t

0
PsHPt↓sf(x)(↼ +O(s))ds+O(t2)h

⇀

⇀t
(Ptf)|t=0 = ↑↼f(x) + Lldf(x) + ↼Hf +O(t)

By specifying

Hf(x) = f(x) +
1

M

M∑

i=1

M∑

j=1

min

{
g#ijq(x)

q(x)
, 1

}(
f(gij(x))↑ f(x)

)

we get the desired operator L .

Corollary D.4. The corresponding Dirichlet form for the process Lleap is given by

E (f, f) = ↑⇔f,Lldf↖q +
↼

2M

M∑

i=1

M∑

j=1

∫

!
min

{
g#ijq(x), q(x)

}(
f(gij(x))↑ f(x)

)2

.

Proof. Using reversibility, we compute

E (f, f) = ↑⇔f,Lleapf↖q

= ↑⇔f,Lld↖q +
↼

M

M∑

i=1

M∑

j=1

∫

!
min

{
g#ijq(x)

q(x)
, 1

}(
f(gij(x))↑ f(x)

)
f(x)q(x)dx

= ↑⇔f,Lld↖q +
↼

2M

M∑

i=1

M∑

j=1

∫

!
min

{
g#ijq(x), q(x)

}(
f(gij(x))↑ f(x)

)2

.

D.2 SIMULATED TEMPERING TELEPORT PROCESS

We now decompose the simulated tempering version of the Markov process. In this setting, the
process is defined to have stationary distribution p(x, i) =

∑
j rjpj(x)I{i = j} on ! ↙ [L],

where
∑

i ri = 1 and pj can be expressed as the mixture pj =
∑M

k=1 wkpkj . The Markov pro-
cess moves between temperatures according to the simulated tempering chain, at each temperature
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running Langevin diffusion till the next jump. At the coldest temperature, as in Section D.1, the
Markov process leaps between modes of the distribution corresponding to a Poisson point process.
In Section D.1 we found the generator Lleap at the coldest level. By applying Lleap to the simulated
tempering results in Ge et al. (2018c) we are able to compute the generator LTel for the Simulated
Tempering with Teleporting Sampler.
Definition D.5. We define the continuous Simulated Tempering with Teleporting Markov process

KTel on ! ↙ [L] with jump rate φ (between temperatures) and leap rate ↼ (at coldest temperature
between modes) as follows:

1. Let Tn be a Poisson point process with rate φ so that,

Tn ↑ Tn↓1 ⇐ Exp(φ).

2. If i ⇓= 1, the Markov process with state (x, i) evolves according to Ki on the interval
[Tn↓1, Tn).

At time Tn, the Markov process jumps to (x, i↑) with probability

1

2
min

{
ri→pi→(x)

ripi(x)
, 1

}
, for i↑ = i± 1

and stays at (x, i) otherwise.

3. Let T ↑
n→ be a Poisson point process with rate ↼ so that,

T ↑
n→ ↑ T ↑

n→↓1 ⇐ Exp(↼).

4. If i = 1, Let T̃ = min(Tn, T ↑
n→), the Markov process with state (x, 1) evolves according to

K1 on the interval [T ↑
n→↓1, T̃ ).

If T̃ = T ↑
n→ , the Markov process leaps to (x, 1) ⇒↘ (g#jj→(x), 1) with probability

1

M
min

{
g#jj→p1(x)

p1(x)
, 1

}
, ⇑j↑ ⇓= j

and stays at (x, 1) otherwise.

If T̃ = Tn, the Markov process jumps to (x, 2) with probability

1

2
min

{
r2p2(x)

r1p1(x)
, 1

}

and stays at (x, 1) otherwise.
Lemma D.6. (Lemma 5.1 Ge et al. (2018c)) Let Mi, i ↔ [L] be a sequence of continuous Markov
proceses with state space !, generators Li, and unique stationary distributions pi. Then the con-
tinuous simulated tempering Markov process Mst with rate φ and relative probabilities ri has gen-
erator Lst defined by the following equation, where f = (f1, . . . , fL) ↔

∏L
i=1 D(Li):

(L f)(i, y) = (Lifi)(y) +
φ

2

( ∑

1↔j↔L,j=i±1

min

{
rjpj(x)

ripi(x)
, 1

}
(fj(x)↑ fi(x))

)
.

The corresponding Dirichlet form is given by,

E (f, f) = ↑
L∑

i=1

ri⇔fi,Lifi↖pi+
φ

4

( ∑

1↔i↔L,j=i±1

∫

!
min

{
rjpj(x), ripi(x)

}
(fj(x)↑fi(x))

2

)
dx.
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In Ge et al. (2018c), the authors determine the Dirichlet form of the generator L for the simulated
tempering Markov process. In their setting, Li for all 1 ↓ i ↓ L is the Langevin diffusion generator.
In our setting, the generator for the teleport sampler, Lleap in Lemma D.3, takes the place of the
generator at the coldest temperature L1. We will maintain the notation of Li, 1 ↓ i ↓ L as the
Langevin diffusion generator and replace Lleap with L1 in the previous Lemma.

Corollary D.7. Let all assumptions and notation hold from Lemma D.6, then the Dirichlet form for
the continuous time annealed leap-point Markov process LTel is given by

E (f, f) =
L∑

i=1

riEi(fi, fi) +
↼ · r1
2M

M∑

j=1

M∑

i=1

∫

!
min

{
g#ijp1(x), p1(x)

}(
f1(gij(x))↑ f1(x)

)2

dx

+
φ

4

∑

i↔i↔L,j=i±1

∫

!
min

{
rjpj(x), ripi(x)

}(
fj(x)↑ fi(x)

)2

dx

Proof.

E (f, f) = ↑⇔f1,Lleapf1↖p1 ↑
L∑

i=2

ri⇔fi,Lifi↖pi +
φ

4

( ∑

1↔i↔L,j=i±1

∫

!
min

{
rjpj(x), ripi(x)

}
(fj(x)↑ fi(x))

2

)
dx

by Corollary D.4

= ↑r1⇔f1,L1f1↖p1 +
↼ · r1
2M

M∑

j=1

M∑

i=1

∫

!
min

{
g#ijp1(x), p1(x)

}(
f1(gij(x))↑ f1(x)

)2

dx

↑
L∑

i=2

ri⇔fi,Lifi↖pi +
φ

4

∑

i,j↔L,j=i±1

∫

!
min

{
rjpj(x), ripi(x)

}(
fj(x)↑ fi(x)

)2

dx

= ↑
L∑

i=1

ri⇔fi,Lifi↖pi +
↼ · r1
2M

M∑

j=1

M∑

i=1

∫

!
min

{
g#ijp1(x), p1(x)

}(
f1(gij(x))↑ f1(x)

)2

dx

+
φ

4

∑

i,j↔L,j=i±1

∫

!
min

{
rjpj(x), ripi(x)

}(
fj(x)↑ fi(x)

)2

dx

Lemma D.8. Let KTel be the annealed leap-point Markov process with generator LALPS on
! ↙ [L] and stationary distribution p(x, i) =

∑
j rjpj(x)I{i = j}. We also make the following

assumptions,

1. Each pi(x) = ωiε0,i + (1↑ ωi)ε1,i where each εj,i =
∑

k w
(k)
ji ε(k)

j,i .

2. For each Markov process Mi there exists a decomposition

⇔fi,Lif↖pi ↓
∑

k

wik⇔fi,Likfi↖pik ,

where Lik is the generator of some Markov process Mik with stationary distribution
pik(x).

Then for some weight ω the following decomposition holds

⇔f,LTelf↖p ↓ ω⇔f,LTel,0f↖ϑ0 + (1↑ ω)⇔f,LTel,1f↖ϑ1 ,

where LALPS,k is the continuous time annealed leap-point process with stationary distribution
εk →

∑
i ωiriεki.
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Proof. We consider the following,

⇔f,Ltel↖p =
L∑

i=1

ri⇔fi,Lifi↖pi

︸ ︷ 
A

↑ ↼ · r1
2M

M∑

j=1

M∑

i=1

∫

!
min

{
g#ijp1(x), p1(x)

}(
f1(gij(x))↑ f1(x)

)2

dx

︸ ︷ 
B

↑ φ

4

∑

i↔i↔L,j=i±1

∫

!
min

{
rjpj(x), ripi(x)

}(
fj(x)↑ fi(x)

)2

dx

︸ ︷ 
C

We proceed by finding an upper bound on each part, starting with A.

A =
L∑

i=1

ri⇔fi,Lifi↖pi

By assumption 2 we can decompose the generator Li,

↓
L∑

i=1

ri
(
ωi⇔fi,Li0fi↖ϑ0 + (1↑ ωi)⇔fi,Li1fi↖ϑ1

)
.

To find an upper bound on B it is worth noting by assumption 1 we have that

p1(x) = ω1p1,good + (1↑ ω1)p1,bad.

Which by change of notation we let p1,good = ε1,0 and p1,bad = ε1,1.

↑B = ↑↼ · r1
2M

M∑

j=1

M∑

i=1

∫

!
min

{
g#ijp1(x), p1(x)

}(
f1(gij(x))↑ f1(x)

)2

dx

= ↑↼ · r1
2M

M∑

j=1

M∑

i=1

∫

!
min

{
g#ij (ω1ε1,0 + (1↑ ω1)ε1,1), (ω1ε1,0 + (1↑ ω1)ε1,1)

}(
f1(gij(x))↑ f1(x)

)2

dx

↓ ↑↼ · r1
2M

M∑

j=1

M∑

i=1

∫

!
min

{
ω1g

#
ijε1,0,ω1ε1,0

}(
f1(gij(x))↑ f1(x)

)2

dx

↑ ↼ · r1
2M

M∑

j=1

M∑

i=1

∫

!
min

{
(1↑ ω1)g

#
ijε1,1, (1↑ ω1)ε1,1)

}(
f1(gij(x))↑ f1(x)

)2

dx.

Lastly we have that

↑C = ↑φ

4

∑

i↔i↔L,j=i±1

∫

!
min

{
rjpj(x), ripi(x)

}(
fj(x)↑ fi(x)

)2

dx

= ↑φ

4

∑

i↔i↔L,j=i±1

∫

!
min

{
rj(ωjε0,j + (1↑ ωj)ε1,j), ri(ωiε0,i + (1↑ ωi)ε1,i)

}(
fj(x)↑ fi(x)

)2

dx

↓ ↑φ

4

∑

i↔i↔L,j=i±1

∫

!
min

{
rjωjε0,j , riωiε0,i

}(
fj(x)↑ fi(x)

)2

dx

↑ φ

4

∑

i↔i↔L,j=i±1

∫

!
min

{
rj(1↑ ωj)ε1,j , ri(1↑ ωi)ε1,i)

}(
fj(x)↑ fi(x)

)2

dx.

By our bounds on A, B and C and choosing normalizing constant ω =
∑

i riωi we can express

⇔f,LTelf↖p ↓ ω⇔f,LTel,0f↖ϑ0 + (1↑ ω)⇔f,LTel,1f↖ϑ1 .
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E MARKOV PROCESS DECOMPOSITION

In this section we bound the Poincaré constant corresponding to the continuous time Markov process
defined in Section D. The analysis in this section is similar to that of the analysis found in Ge
et al. (2018c), where the Poincaré constant corresponding to the whole chain is bounded by the
Poincaré constants corresponding to local components and the Poincaré constant corresponding to
the projected chain. This decomposition reduces the mixing time analysis to finding a bound on the
Poincaré constant of the projected.
Theorem E.1. Let KTel be the Markov process in definition D.5 with stationary distribution
p(x, k) =

∑L
i=1 ri

∑M
j=1 wijPij(x)I{k = i}. Let Ki 1 ↓ i ↓ L be the Markov process

on ! with generator Li with stationary distribution Pi(x) =
∑M

j=1 wijPij(x). More specifi-
cally, K1 = Kleap as in definition D.2 with generator L1 = Lleap (Lemma D.3). The function
f = (f1, . . . , fL) ↔ [L] ↙ ! and the Dirichlet form is Ep(f, f) = ⇔f,LALPSf↖P . Assume the
following hold.

1. There exists a decomposition

⇔f,Lif↖Pi ↓
M∑

j=1

⇔f,Lijf↖Pij

where Lij is the generator of some Markov process with Kij with stationary distribution
Pij .

2. Each distribution Pik satisfies a Poincaré inequality

V arPij (f) ↓ CEij(f, f).

3. We define the projected chain as

T̄
(
(i, j), (i↑, j↑)

)
=







! min

{
w1j→ ·g

#
jj→P1j→ (x)

w1j ·P1j(x)
, 1

}
P1j(x)dx, i = i↑ = 1


! min

{
r→iwi→j ·Pi→j(x)

riwij ·Pij(x)
, 1

}
Pij(x)dx, i↑ = i± 1 and j = j↑

0 otherwise

.

(E.1)
Let P̄ ({i, j}) = riwij be the stationary distribution of T̄ . Where T̄ satisfies the Poincaré
inequality

V arP̄ (f̄) ↓ C̄ · EP̄ (f̄ , f̄)

with f̄({i, j}) = EPij (fi). Then KALPS satisfies the Poincaré inequality

V arP (f) ↓ max

{
C(1 + (6M + 12)C̄,

6MC̄

↼
,
12C̄

φ

}
E (f, f)

.

Proof. We begin by considering the following,

VarP (f) =
L∑

i=1

M∑

j=1

riwij

∫

!

(
fi ↑ EP (f)

)2

Pij(dx)

=
L∑

i=1

M∑

j=1

riwij

∫

!

(
fi ↑ EPij (fi) + EPij (fi)↑ EP (f)

)2

Pij(dx)

=
L∑

i=1

M∑

j=1

riwij

∫

!

(
fi ↑ EPij (fi)

)2

Pij(dx) +
L∑

i=1

M∑

j=1

riwij

(
EPij (fi)↑ EP (f)

)2

=
L∑

i=1

M∑

j=1

riwij VarPij (fi) + VarP̄ (ḡ)
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↓ C
L∑

i=1

M∑

j=1

riwijEij(fi, fi) + C̄EP̄ (f̄ , f̄)

↓ C
L∑

i=1

riEi(fi, fi) + C̄EP̄ (f̄ , f̄)

We now decompose the Dirichlet form EP̄ (f̄ , f̄) per Lemma J.1.

EP̄ (f̄ , f̄) =
∑

(i,j)→[L]↗[M ]

∑

(i→,j→)→[L]↗[M ]

(
EPi→j→ (fi→)↑ EPij (fi)

)2

P̄ ({i, j})T̄ ({i, j}, {i↑, j↑})

By applying the definition of T̄

= r1

M∑

j=1

M∑

j→=1

w1j

(
EP1j→ (f1)↑ EP1j (f1)

)2 ∫

!
min

{
w1j→ · g#jj→P1j→(x)

w1j · P1j(x)
, 1

}
P1j(x)dx

︸ ︷ 
A

+
M∑

j=1

∑

1↔i↔L
i→=i±1

riwij

(
EPi→j (fi→)↑ EPij (fi)

)2 ∫

!
min

{
r↑iwi→j · Pi→j(x)

riwij · Pij(x)
, 1

}
Pij(x)dx

︸ ︷ 
B

To simplify the above expressions we let ϑg(1,j),(1,j→) =

! min

{
w1j→ · g#jj→P1j→(x), w1j · P1j(x)

}
dx and let Qg

(1,j),(1,j→)(x) =

1
ϱg
(1,j),(1,j→)

min

{
w1j→ · g#jj→P1j→(x), w1j · P1j(x)

}
be the normalized distribution. Then we

consider the following,

A = r1

M∑

j=1

M∑

j→=1

w1j

(
EP1j→ (f1)↑ EP1j (f1)

)2 ∫

!
min

{
w1j→ · g#jj→P1j→(x)

w1j · P1j(x)
, 1

}
P1j(x)dx

= r1

M∑

j=1

M∑

j→=1

(
EP1j→ (f1)↑ EP1j (f1)

)2 ∫

!
min

{
w1j→ · g#jj→P1j→(x), w1jP1j(x)

}
dx

by a change of measure on the first term,

= r1

M∑

j=1

M∑

j→=1

(∫

!
f1 ∝ gjj→(x)g#jj→P1j→(dx)↑

∫

!
f1(x)P1j(dx)

)2

ϑg(1,j),(1,j→)

= 3r1

M∑

j=1

M∑

j→=1

(∫

!
f1 ∝ gjj→(x)

(
Qg

(1,j),(1,j→)(dx)↑ g#jj→P1j→(dx)
))2

+

(∫

!

(
f1 ∝ gjj→(x)↑ f1(x)

)
Qg

(1,j),(1,j→)(dx)

)2

+

(∫

!
f1(x)

(
P1j(dx)↑Qg

(1,j),(1,j→)(dx)
))2

ϑg(1,j),(1,j→)

By Lemma J.2

↓ 3r1

M∑

j=1

M∑

j→=1


Varg#

jj→P1j→
(f1 ∝ gjj→)ω2(Qg

(1,j),(1,j→)||g
#
jj→P1j→) + VarP1j (f1)ω2(Qg

(1,j),(1,j→)||P1j)

+

∫

!

(
f1 ∝ gjj→(x)↑ f1(x)

)2

Qg
(1,j),(1,j→)(dx)


ϑg(1,j),(1,j→)
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By applying the definition of Qg
(1,j),(1,j→),

↓ 3r1

M∑

j=1

M∑

j→=1


Varg#

jj→P1j→
(f1 ∝ gjj→)ω2(Qg

(1,j),(1,j→)||g
#
jj→P1j→) + VarP1j (f1)ω2(Qg

(1,j),(1,j→)||P1j)


ϑg(1,j),(1,j→)

+ 3r1

M∑

j=1

M∑

j→=1

∫

!

(
f1 ∝ gjj→(x)↑ f1(x)

)2

min

{
w1j→ · g#jj→P1j→(x), w1j · P1j(x)

}
dx

By Lemma G3 Ge et al. (2018c)

↓ 3r1

M∑

j=1

M∑

j→=1


w1j→ Varg#

jj→P1j→
(f1 ∝ gjj→) + w1j VarP1j (f1)



+ 3r1

M∑

j=1

M∑

j→=1

∫

!

(
f1 ∝ gjj→(x)↑ f1(x)

)2

min

{
w1j→ · g#jj→P1j→(x), w1j · P1j(x)

}
dx

= 3r1

M∑

j=1

M∑

j→=1


w1j→ VarP1j→ (f1) + w1j VarP1j (f1)



+ 3r1

M∑

j=1

M∑

j→=1

∫

!

(
f1 ∝ gjj→(x)↑ f1(x)

)2

min

{
w1j→ · g#jj→P1j→(x), w1j · P1j(x)

}
dx

↓ 6r1M · CE1(f1, f1) + 3r1

M∑

j=1

M∑

j→=1

∫

!

(
f1 ∝ gjj→(x)↑ f1(x)

)2

min

{
w1j→ · g#jj→P1j→(x), w1j · P1j(x)

}
dx

↓ 6r1M · CE1(f1, f1) + 3r1

M∑

j=1

M∑

j→=1

∫

!

(
f1 ∝ gjj→(x)↑ f1(x)

)2

min

{
P1 ∝ gjj→(x), P1(x)

}
dx

The bound for (B) should mimic the bound for (B) in Theorem 6.3 of Ge et al. (2018c). The proof is

included for sake of completeness. Denote by ϑ(i,j),(i→,j→) =

! min

{
r→iwi→j→

riwij
· Pi→j→(x), Pij(x)

}
dx

and Q(i,j),(i→,j→)(x) = 1
ϱ(i,j),(i→,j→)

min

{
r→iwi→j→

riwij
· Pi→j→(x), Pij(x)

}
be the normalized distribution.

Then by applying Lemma 6.4 in Ge et al. (2018c) yields,

B =
M∑

j=1

∑

1↔i↔L
i→=i±1

riwij

(
EPi→j (fi→)↑ EPij (fi)

)2 ∫

!
min

{
r↑iwi→j · Pi→j(x)

riwij · Pij(x)
, 1

}
Pij(x)dx

↓ 3
M∑

j=1

∑

1↔i↔L
i→=i±1


VarPij (fi)⇁

2(Q(i,j),(i→,j)||Pij) + VarPi→j (fi→)⇁
2(Q(i,j),(i→,j)||Pi→j)

+

∫

!
(fi ↑ fi→)

2Q(i,j),(i→,j)(dx)


· riwijϑ(i,j),(i→,j).

By Lemma G3 Ge et al. (2018c)

, ↓ 3
M∑

j=1

∑

1↔i↔L
i→=i±1

VarPij (fi)
riwijϑ(i,j),(i→,j)

ϑ(i,j),(i→,j)
+VarPi→j (fi→)

riwijϑ(i,j),(i→,j)
ϑ(i→,j),(i,j)

+ 3

∫

!
(fi ↑ fi→)

2 min

{
ri→wi→j · Pi→j(x), riwijPij(x)

}
dx

↓ 3
M∑

j=1

∑

1↔i↔L
i→=i±1

riwij VarPij (fi) + ri→wi→j VarPi→j (fi→) + 3
∑

1↔i↔L
i→=i±1

∫

!
(fi ↑ fi→)

2 min

{
ri→

M∑

j=1

wi→j · Pi→j(x), ri

M∑

j=1

wijPij(x)

}
dx
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↓ 12C
M∑

j=1

∑

1↔i↔L
i→=i±1

riEi(fi, fi) + 3
∑

1↔i↔L
i→=i±1

∫

!
(fi ↑ fi→)

2 min

{
ri→Pi→(x), riPi(x)

}
dx

Combining terms A and B with the bound on the intra-mode variance we have that,

V arP (f) ↓ C
L∑

i=1

riEi(fi, fi)

+ C̄


6r1M · CE1(f1, f1) + 3r1

M∑

j=1

M∑

j→=1

∫

!

(
f1 ∝ gjj→(x)↑ f1(x)

)2

min

{
P1 ∝ gjj→(x), P1(x)

}
dx

+ 12C
L∑

i=1

riEi(fi, fi) + 3
∑

1↔i↔L
i→=i±1

riwij

(
EPi→j (fi→)↑ EPij (fi)

)2 ∫

!
min

{
r↑iPi→(x), riPi(x)

}
dx



Grouping like terms and comparing to the Dirichlet form in Corollary D.7

↓ C(1 + C̄(6M + 12))
L∑

i=1

riEi(fi, fi)

+
6C̄M

↼

↼ · r1
2M

M∑

j=1

M∑

j→=1

∫

!
min

{
P1 ∝ gjj→(x), P1(x)

}(
f1 ∝ gjj→(x)↑ f1(x)

)2

dx

+
12C̄

φ

φ

4

∑

1↔i↔L
i→=i±1

riwij

(
fi→(x)↑ fi(x)

)2 ∫

!
min

{
r↑iPi→(x), riPi(x)

}
dx



By applying the dirichlet form in Corollary D.7

↓ max

{
C(1 + (6M + 12)C̄,

6MC̄

↼
,
12C̄

φ

}
E (f, f)

F LOCAL CONVERGENCE FOR A MARKOV PROCESS

In this section we show that for a Markov chain Pt, with stationary mixture distribution ε =∑
k wkεk, the weight adjusted distribution pT,0 = pT

ϑ0
ϑ /


! pT

ϑ0
ϑ converges to the component

ε0 in chi-squared divergence, where pT = ν0Pt for some initial probability measure ν0. This
can be applied to the mixture measure p̃ω(x) → ε(x) ·

∑M
k=1 wω,kqω(x ↑ xk), on the extended

state space ! ↙ [L]. Since on the target level ϖL = 0, there is no bad component, the divergence
⇁2(pT,good||pgood) provides us with a good indication of how close we are at the target level. The
following Lemma provides us with an upper bound on ⇁2(pT,good||pgood) in terms of the Poincaré
constant on pgood.

Lemma F.1. Suppose that for a Markov generator L , with stationary distribution ε =
∑ς

k=0 ωkεk,
⇔f,L f↖ϑ ↓

∑
k ωk ⇔f,Lkf↖ϑ0

for all f , where L0 has stationary measure ε0 and Poincaré
constant C. Let pT be the distribution of Xt where t ⇐ Unif(0, T ), K0 = ⇁2(p0′ε), and
pT,0 = pT

ϑ0
ϑ /


! pT

ϑ0
ϑ . Then

Varϑ0

(
p̄T
ε

)
↓ K0C

ω0T

or equivalently,

⇁2(pT,0′ε0) ↓
K0C

ω0


EpT

(
ϑ0
ϑ

)2
T
.
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Proof. We have that

d

dt
⇁2(pt′ε) = ↑

pt
ε
,L

pt
ε


,

so

K0 = ⇁2(p0′ε) ∞
∫ T

0

ps
ε
,L

ps
ε


ds

∞
∫ T

0

ς∑

k=0

ωk

ps
ε
,Lk

ps
ε


ds

∞ 1

C

∫ T

0

ς∑

k=0

ωk Varϑk

ps
ε


ds

∞ ω0

C

∫ T

0
Varϑ0

ps
ε


ds

∞ ω0T

C
Es↘Unif(0,T ) Varϑ0

ps
ε



∞ ω0T

C
Varϑ0

(
pT
ε

)
. (F.1)

Now

Varϑ0

(
pT
ε

)
= Varϑ0

(
pT

ϑ0
ϑ

ε0

)
=


EpT

ε0

ε

2
Varϑ0

(
pT,0

ε0

)
=


EpT

ε0

ε

2
⇁2(pT,0′ε0).

(F.2)

Lemma F.2. Consider an ergodic Markov process on ! with stationary distribution ε. Suppose
ε = ω0ε0 + (1↑ ω0)ε1 for measures ε0, ε1. For any measure ν0 on !,

Ex0↘φ0,t↘Unif(0,T )


ω0

dε0

dε
(xt)


∞ ω0

2
 dφ0
dϑ0


L↓

Ex0↘φ0,t↘Unif(0,T )


ω0

dε0

dε
(xt)


∞ ω0

12(⇁2(ν0′ε0) + 1)
.

For example, if ε0 = ε|A, then ω0 = ε(A) and

Ex0↘φ0,t↘Unif(0,T )


ω0

dε0

dε
(xt)


= Px0↘φ0,t↘Unif(0,T )(xt ↔ A).

Proof. For a trajectory x : R≃0 ↘ ! of the Markov process, define

Fx(t) =

∫ t

0
ω0

dε0

dε
(xs) ds

(which we can interpret as the proportion of time it is in the component ε0). Note that this is a
continuous, differentiable, non-decreasing function. We will write F↓1(r) to mean minF↓1({r}).
Define the random variables

Tr : = F↓1
x (r) = min

{
u :

∫ u

0
ω0

dε0

dε
(xs) ds ∞ r

}

Tt,r : = F↓1
x (Fx(t) + r)↑ t = min

{
u :

∫ t+u

t
ω0

dε0

dε
(xs) ds ∞ r

}
.
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Then

Ex0↘φ0,t↘Unif(0,T )


ω0

dε0

dε
(xt)


=

1

T

∫ T

0
Ex0↘φ0ω0

dε0

dε
(xt) dt

=
1

T

∫ T

0
Px0↘φ0

∫ T

0
ω0

dε0

dε
(xt) ∞ r


dr

=
1

T

∫ T

0
Px0↘φ0(Tr ↓ T ) dr

=
1

T

∫ T

0
(1↑ Px0↘φ0(Tr > T )) dr

∞ 1

T

∫ T

0

(
1↑ Ex0↘φ0Tr

T

)
∈ 0 dr

where the last inequality follows from Markov’s inequality. We now calculate Ex0↘ϑ0Tr by a
counting-in-two-ways argument; then we will use a change-of-measure inequality. Note that for
x0 ⇐ ε, xt also has distribution ε, so

Ex0↘ϑ0Tr =

∫

!
E[Tr|x0 = x]dε0(x)

=

∫

!
E[Tr|x0 = x]

dε0

dε
(x) dε(x)

=
1

T

∫

!

∫ T

0
E

Tt,r

dε0

dε
(xt)|x0 = x


dr dε(x) (F.3)

↓ 1

T
E
∫ T

0
((F↓1

x (Fx(t) + r) ∈ T )↑ t)
dε0

dε
(xt) dt+

1

ω0T

∫ T

0
E[Tt,r Tt,r≃T↓t] dt

=
1

ω0T
E
∫ T

0
((F↓1

x (Fx(t) + r) ∈ T )↑ t)F ↑
x(t) dt+

1

ω0T

∫ T

0
E[Tt,r Tr≃t] dt.

where (F.3) uses the fact that for any t, the distribution of xt is still ε. Because ETt,r < ≃,
g(t) := E[Tt,r Tr≃t] ↘ 0 by the Dominated Convergence Theorem. Now if g(t) is bounded and
limt⇐⇒ g(t) = 0, then limT⇐⇒

1
T

 T
0 g(t) dt = 0, so the second term converges to 0 as T ↘ ≃.

We focus on the first term. Change of variable gives
∫ T

0
((F↓1

x (Fx(t) + r) ∈ T )↑ t)F ↑
x(t) dt =

∫ Fx(T )

0
(F↓1

x (y + r) ∈ T )↑ F↓1
x (y) dy

=

∫ Fx(T )

0

∫ F↑1
x (y+r)⇑T

F↑1
x (y)

dz dy.

This is the measure of{
(y, z) : 0 ↓ y ↓ Fx(T ), F

↓1
x (y) ↓ z ↓ F↓1

x (y + r) ∈ T
}

∋ {(y, z) : y ↓ Fx(z) ↓ y + r, z ↓ T}
= {(y, z) : Fx(z)↑ r ↓ y ↓ Fx(z), 0 ↓ z ↓ T}

which evidently has measure Tr. Hence taking T ↘ ≃,

Ex0↘ϑ0Tr ↓ 1

ω0T
· Tr =

r

ω0
.

Let K⇒ =
 dφ0
dϑ0


⇒

and K2
2 = ⇁2(ν0′ε0) + 1. For the first bound,

Ex0↘φ0Tr ↓ K⇒Ex0↘ϑ0Tr ↓ K⇒r

ω0

=△ Ex0↘φ0,t↘Unif(0,T )


ω0

dε0

dε
(xt)


∞ 1

T

∫ T

0

(
1↑ Ex0↘φ0Tr

T

)
∈ 0 dr

∞ 1

T

∫ T

0

(
1↑ K⇒r

ω0T

)
∈ 0 dr =

ω0

2K⇒
.
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For the second bound, let

G =

{
x :

dν0
dε0

(x) ↓ K2
2

ε

}

and note by Markov’s inequality that
Px0↘φ0(Tr > T ) ↓ P (Gc) + Px0↘P0(Tr > T ▽ x0 ↔ G)

↓ ε+
K2

2

ε

Ex0↘ϑ0Tr

T

↓ ε+
K2

2

ε

r

ω0T

= 2K2

√
r

ω0T
taking ε = K2

√
r

ω0T
.

Then

Ex0↘φ0,t↘Unif(0,T )


ω0

dε0

dε
(xt)


=

1

T

∫ T

0
(1↑ Px0↘φ0(Tr > T )) dr

↓ 1

T

∫ T

0

(
1↑ 2K2

√
r

ω0T

)
∈ 0 dr =

ω0T

12K2
2

.

Lemma F.3. On the state space !↙ [L] we define the measures

ε(x, i) :=
L∑

j=1

ϱjεj(x)I{j = i}

ε0(x, i) :=
L∑

j=1

ϱj
0ε

j
0(x)I{j = i}

where εi(x) is a p.m. on ! with component p.m. εi
0(x). Consider running the Markov chain P on

!↙[L] with stationary measure ε(x, i) from initial measure ν0(x, i). Let pT (x, i) be the distribution
of Xt where t ⇐ Unif(0, T ) and X0 ⇐ ν0(x, i). Then

∫

!

(pT (x, L)
ϑL
0 (x)

↼LϑL(x)

/
! pT (x, i)

ϑL
0 (x)

↼LϑL(x)dx

εL
0 (x)

↑1

)2

εL
0 (x)dx ↓

⇁2
(
ν0(x, i)||ε(x, i)

)
· CPI

(
ε0(x, i)

)

ω0ϱL
0 ·

(
! pT (x, L)

ϑL
0 (x)

↼LϑL(x)dx

)2

· T
,

where ω0 is the component weight of ε0(x, i) in ε(x, i) = ω0ε0(x, i) + (1↑ ω0)ε1(x, i).

Proof. We consider the following,

Varϑ0(x,i)

(
pT (x, i)

ε0(x, i)

ε(x, i)

/
ε0(x, i)

)
=

L∑

i=1

∫

!

(pT (x, i)
ϑ0(x,i)
ϑ(x,i)

ε0(x, i)
↑ Eϑ0(x,i)


pT (x, i)

ε0(x, i)

ε(x, i)

/
ε0(x, i)

)2

ε0(x, i)dx

=
L∑

i=1

∫

!

(pT (x, i)
ϑ0(x,i)
ϑ(x,i)

ε0(x, i)
↑ Eϑ0(x,i)


pT (x, i)

ε(x, i)

)2

ε0(x, i)dx

=
L∑

i=1

ϱi
0

∫

!

(pT (x, i)
ϑ0(x,i)
ϑ(x,i)

ε0(x, i)
↑
∫

!

ε0(x, i)

ϱi
0

pT (x, i)

ε(x, i)
+

∫

!

ε0(x, i)

ϱi
0

pT (x, i)

ε(x, i)
↑ Eϑ0(x,i)


pT (x, i)

ε(x, i)

)2

εi
0(x)dx

∞ ϱL
0

∫

!

(pT (x, L)
ϑL
0 (x)

↼LϑL(x)

εL
0 (x)

↑
∫

!
εL
0 (x)

pT (x, L)

ϱLεL(x)

)2

εL
0 (x)dx

= ϱL
0

∫

!

(pT (x, L)
ϑL
0 (x)

↼LϑL(x)

/
! pT (x, L)

ϑL
0 (x)

↼LϑL(x)dx

εL
0 (x)

↑ 1

)2

εL
0 (x)dx ·

(∫

!
pT (x, L)

εL
0 (x)

ϱLεL(x)
dx

)2

28



1512
1513
1514
1515
1516
1517
1518
1519
1520
1521
1522
1523
1524
1525
1526
1527
1528
1529
1530
1531
1532
1533
1534
1535
1536
1537
1538
1539
1540
1541
1542
1543
1544
1545
1546
1547
1548
1549
1550
1551
1552
1553
1554
1555
1556
1557
1558
1559
1560
1561
1562
1563
1564
1565

Under review as a conference paper at ICLR 2026

Note that pT (x, L) is the non-normalized component of the p.m. at the L-th level. However, this is
homogeneous in the numerator of the previous expression therefore we have that this equals

= ϱL
0

∫

!

(pT (x, L)
ϑL
0 (x)

↼LϑL(x)

/
! pT (x, L)

ϑL
0 (x)

↼LϑL(x)dx

εL
0 (x)

↑ 1

)2

εL
0 (x)dx ·

(∫

!
pT (x, L)

εL
0 (x)

ϱLεL(x)
dx

)2

,

To finish the proof, we apply Lemma F.1 which says

Varϑ0(x,i)

(
pT (x, i)

ε0(x, i)

ε(x, i)

/
ε0(x, i)

)
↓

⇁2
(
ν0(x, i)||ε(x, i)

)
· CPI

(
ε0(x, i)

)

ω0 · T
.

Therefore we have that

∫

!

(pT (x, L)
ϑL
0 (x)

↼LϑL(x)

/
! pT (x, L)

ϑL
0 (x)

↼LϑL(x)dx

εL
0 (x)

↑1

)2

εL
0 (x)dx ↓

⇁2
(
ν0(x, i)||ε(x, i)

)
· CPI

(
ε0(x, i)

)

ω0ϱL
0 ·

(
! pT (x, L)

ϑL
0 (x)

↼LϑL(x)dx

)2

· T
.

Lemma F.4. Let X̃t = (X, i) ↔ ! ↙ [L] and Ỹ = (Y, i) ↔ ! ↙ [L] with X̃t drawn

from the density pT (x, i)
ϑ0(x,i)
ϑ(x,i)

/
Z, where pT is the distribution of Xt with t ⇐ Unif(0, T ),

Z =
∑L

i=1


! pT (x, i)

ϑ0(x,i)
ϑ(x,i) dx, and Ỹ ⇐ ε0(x, i). On the state space ! ↙ [L] we define the

measures

ε(x, i) :=
L∑

j=1

ϱjεj(x)I{j = i}

ε0(x, i) :=
L∑

j=1

ϱj
0ε

j
0(x)I{j = i}

and the relation ε(x, i) = ω0ε0(x, i) + (1↑ ω0)ε1(x, i). Then
∫

!
pT (x, L)

εL
0 (x)

ϱLεL(x)
dx ∞ 1

2
 φ0
ϑ0


⇒

↑
(
⇁2

(
ν0(x, i)||ε(x, i)

)
· CPI

(
ε0(x, i)

)

ω0(ϱL
0 )

2 · T

) 1
2

.

Proof. By Lemma F.1, for ▷ = K0C

ϖ0[EpT (
ε0
ε )]2T

, we have that

⇁2

(
pT (x, i)

ε0(x, i)

ε(x, i)

/
Z

∣∣∣∣

∣∣∣∣ ε0(x, i)

)
↓ ▷.

The data processing inequality for random variables with f(x) = I(x = L) yields for any random
variables X̃, Ỹ that

⇁2

(
X̃t

∣∣∣∣

∣∣∣∣ Ỹ
)

∞ ⇁2

(
I{X̃t = L}

∣∣∣∣

∣∣∣∣ I{Ỹ = L}
)

=△ ⇁2

(
pT (x, i)

ε0(x, i)

ε(x, i)

/
Z

∣∣∣∣

∣∣∣∣ ε0(x, i)

)
∞ ⇁2

(
Bernoulli





! pT (x, L)

↼L
0 ϑL

0 (x)
↼LϑL(x)dx

∑
i


! pT (x, i)

ϑ0(x,i)
ϑ(x,i) dx




∣∣∣∣

∣∣∣∣ Bernoulli(ϱ
L
0 )

)

The chi-squared divergence of two Bernoulli random variables is lower bounded by

∞
∣∣∣∣


! pT (x, L)

↼L
0 ϑL

0 (x)
↼LϑL(x)dx

∑
i


! pT (x, i)

ϑ0(x,i)
ϑ(x,i) dx

↑ ϱL
0

∣∣∣∣
2

.

This yields a lower bound of
∫

!
pT (x, L)

ϱL
0 ε

L
0 (x)

ϱLεL(x)
dx ∞

(
ϱL
0 ↑ ▷

1
2

)∑

i

∫

!
pT (x, i)

ε0(x, i)

ε(x, i)
dx
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Applying Lemma F.1 yields

∞ ϱL
0

∫

!
pT (x, i)

ε0(x, i)

ε(x, i)
dx↑

(
⇁2

(
ν0(x, i)||ε(x, i)

)
· CPI

(
ε0(x, i)

)

ω0 · T

) 1
2

which by Lemma F.2 is

∞ ϱL
0

2|| φ0
ϑ0
||⇒

↑
(
⇁2

(
ν0(x, i)||ε(x, i)

)
· CPI

(
ε0(x, i)

)

ω0 · T

) 1
2

This yields
∫

!
pT (x, L)

εL
0 (x)

ϱLεL(x)
dx ∞ 1

2|| φ0
ϑ0
||⇒

↑
(
⇁2

(
ν0(x, i)||ε(x, i)

)
· CPI

(
ε0(x, i)

)

ω0(ϱL
0 )

2 · T

) 1
2

.

G ESTIMATING PARTITION FUNCTIONS

In this section we show how to approximate the weights wi,k and ri. Partition function approxima-
tion is standard for stimulated tempering on non-normalized distributions. One approach is to run
the ST algorithm to the lth level and then acquire a Monte Carlo estimate of the partition function
at the next level, see Ge et al. (2018c). However, in our setting, we also require an estimate of
Zi,k =


! ωkεk(x)qi(x ↑ xk)dx. Without access to the component functions εk(x) of the target

measure ε(x) =
∑

k ωkεk(x), it is not possible to directly estimate Zi,k via Monte Carlo. Fortu-
nately, we only require an estimate up to polynomial factors, so we can use the assumption that after
tilting towards the warm start point, a significant chunk of the mass of ε(x)qi(x↑ xk) comes from
εk(x)qi(x↑xk) (Definition 1.1(2)). Hence, it will suffice to estimate Z̄i,k =


! ε(x)qi(x↑xk)dx.

To obtain an estimate of Zi,k, we define

ε̄l,k(x) = p(x) · ql(x↑ xk),

where p(x) =
∑

k ωkpk(x) is the target function. Since we assume oracle access to the target p(x)
up to normalization and ql(x) is chosen, we can freely evaluate ε̄l,k(x). Next we define p̂t(x, i) =
ν0P t

ST,tel to be the distribution of a sample at the i-th level after running the ALPS process for
time t from an initial distribution ν0. This Markov process converges to the joint distribution of
pi(x) = p(x) ·

∑M
k=1 wi,kqi(x ↑ xk) over the levels i ↔ [1, l]. Below we state the inductive

hypothesis which assumes component and level balance (def. 2.3) is maintained through level l.
Assumption G.1. (Inductive Hypothesis) Let Zl =


! p̃l(x)dx and Zl,k =


! ωkεk(x)ql(x ↑

xk)dx, and U be a given parameter. We make the following assumptions at the l-th level:

H1(l) (Component balance)

wi,kZi,k

wi,k→Zi,k→
↔

1

C1
, C1


for all k, k↑ ↔ [1,M ] and i ↔ [1, l],

where C1 = poly( U
ctilt

).

H2(l) (Level balance)

r(l)j Zj

r(l)j→ Zj→
↔

1

C2
, C2


for all j, j↑ ↔ [1, l],

where C2 = poly( U
c2tilt

).

The following lemma follows directly from the inductive hypothesis.
Lemma G.2. Let Assumptions 1.1 and G.1 hold and let Z̄i,k =


! ε(x)qi(x↑ xk)dx. Then

wi,kZ̄i,k

wi,k→Z̄i,k→
↔

ctilt
C1

,
C1

ctilt


for all k, k↑ ↔ [1,M ] and i ↔ [1, l].

30



1620
1621
1622
1623
1624
1625
1626
1627
1628
1629
1630
1631
1632
1633
1634
1635
1636
1637
1638
1639
1640
1641
1642
1643
1644
1645
1646
1647
1648
1649
1650
1651
1652
1653
1654
1655
1656
1657
1658
1659
1660
1661
1662
1663
1664
1665
1666
1667
1668
1669
1670
1671
1672
1673

Under review as a conference paper at ICLR 2026

The following two lemmas make clear how the inductive hypothesis is used to bound the weight
component of modes at varying levels. Lemma G.3 shows that in the context of Algorithm 3, re-
weighting the level weight r(l)1 at the initial level yields weights which still satisfies the inductive
hypothesis H2(l) but with a different constant. By placing more mass on the first level, the level
re-weighting allows for a good portion of our target distribution to be aligned with our initialization.
Therefore, in this section, the level weights {r(l)i }li=1 will be replaced with {r̂(l)i }li=1 in the following
section. This will allow us to consider the practical scaling where the initial level is up-weighted.
Note that this pushes the work of the inductive hypothesis H2(l) onto the following lemma.

Lemma G.3. Let H2(l) hold and let r̂(l)1 = l · C2r
(l)
1 and r̂(l)j = r(l)j for all j = 2, . . . , l. Then

1

l · C2
2

↓
r̂(l)j Zj

r̂(l)k Zk

↓ l · C2
2

for all k, j ↔ [1, l].

Proof. The conclusion is clear for j, k ⇓= 1, which remain unscaled, by the inductive hypothesis
1
C2

↓ r̂(l)j Zj

r̂(l)k Zk
↓ C2.

It suffices to show
r̂(l)j Zj

r̂(l)1 Z1
↔


1
l·C2

2
, l · C2

2


; then the same bound follows for the reciprocal. By H2(l)

applied to r(l)j ,

r̂(l)j Zj

r̂(l)1 Z1

=
1

l · C2

r(l)j Zj

r(l)1 Z1

↔


1

l · C2
· 1

C2
,

1

l · C2
· C2


↗


1

l · C2
2

, l · C2
2


,

as needed.

Note that H1(l) says that components at the same level are approximately balanced, while H2(l) says
that different levels as a whole are approximately balanced. Putting these together, we obtain that
components at different levels are also approximately balanced.

Lemma G.4 (Balancing between all components at all levels). Given Assumptions 1.1 and Assump-
tions G.1, we have

r̂(l)i wi,kZi,k

r̂(l)i→ wi→,k→Zi→,k→

↔

1

C
,C


for all i, i↑ ↔ [1, l] and k, k↑ ↔ [1,M ],

where

C =
lC2

2C
2
1

ctilt
.

Proof. We start by using the tilting assumption and Lemma G.3,

1

lC2
2

↓ r̂(l)i Zi

r̂(l)i→ Zi→
↓

1
ctilt

r̂(l)i

∑
j wi,jZi,j

r̂(l)i→
∑

j wi→,jZi→,j

=

1
ctilt

r̂(l)i wi,kZi,k
∑

j
wi,jZi,j

wi,kZi,k

r̂(l)i→ wi→,k→Zi→,k→
∑

j
wi→,jZi→,j
wi→,k→Zi→,k→
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By inductive assumption H1(l),

↓
1

ctilt
r̂(l)i wi,kZi,kM · C1

r̂(l)i→ wi→,k→Zi→,k→M · 1
C1

=
C2

1

ctilt

r̂(l)i wi,kZi,k

r̂(l)i→ wi→,k→Zi→,k→

=△ ctilt
C2 · C2

1

↓ r̂(l)i wi,kZi,k

r̂(l)i→ wi→,k→Zi→,k→

.

Since the above lower bound holds for all i, i↑ ↔ [1, l] and k, k↑ ↔ [1,M ] the reciprocal holds as an
upper bound.

Proof Overview: In the context of Algorithm 3:

1. We show that H1(l + 1) by showing the following,

1

N

N∑

j=1

ε̄l+1,k(xj)

p̃(xj , ij)
I{ij = l} ̸︸︷

(A)

Ep̂t


ε̄l+1,k

p̃(x, i)
I{i = l}


7︸︷
(B)

Ep


ε̄l+1,k

p̃(x, i)
I{i = l}


7︸︷
(C)

Ep


ε̃l+1,k

p̃(x, i)
I{i = l}


=

Zl+1,k

Z
.

where in the (B) and (C) steps we show that the two terms are within a constant factor.

(a) In Lemma G.5, we prove (A) using Chebyshev’s inequality.
(b) In Lemma G.6, we prove (B) by utilizing the work in Section F, which shows conver-

gence of the Markov process to the “good” part of the stationary distribution.
(c) In Lemma G.7, we show (C) by using the tilting coefficient ctilt to compare ε̄l,k and

ε̃l,k.

2. We obtain an estimate for the partition function of p̃l+1(x) =(∑
j ωjεj(x)

)(∑
k wl+1,kql+1(x↑ xk)

)
by again showing that

1

N

N∑

j=1

p̃l+1(xj)

p̃(xj , ij)
I{ij = l} ̸︸︷

(A)

Ep̂t


p̃l+1(x)

p̃(x, i)
I{i = l}


7︸︷

(B’)

Ep


p̃l+1(x)

p̃(x, i)
I{i = l}


=

Zl+1

Z
.

(a) In Lemma G.5, we prove (A) as an application of Chebyshev’s inequality.
(b) In Lemma G.8, we prove (B’) in a similar fashion to Lemma G.6 for (B).

3. We then show H2(l + 1) by level rebalance.

We split the work of this section into three subsections. The first, Subsection G.1, finds bounds
between the ratios of the expectations terms from the proof overview. These bounds contain several
constants which depend on the spectral gap and the mixing time of the projected chain. In Subsection
G.2, we give an upper bound on the spectral and analyze the mixing time of the projected chain.
Lastly, Subsection G.3 combines the results from the previous two subsections to show that running
Algorithm 3 mains the level balance in the inductive hypothesis.

G.1 BOUNDING THE APPROXIMATIONS

Lemma G.5 (A: Chebyshev). Given i.i.d. samples xi ⇐ ε for 1 ↓ i ↓ N with
Eε


f2


Eε


f
2 ↓ R, then

with probability ∞ 1↑ ϑ,

1↑ ▷ ↓
1
N

∑N
i=1 f(xi)

Eϑ[f ]
↓ 1 + ▷

where ▷ =
√

R
N ·ϱ .
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Proof. This is a simple application of Chebyshev’s inequality,

P
∣∣∣∣∣

1
N

∑N
i=1 f(xi)

Eϑ[f ]
↑ 1

∣∣∣∣∣ > ▷


= P

∣∣∣∣∣
1

N

N∑

i=1

f(xi)↑ Eϑ[f ]

∣∣∣∣∣ > ▷ · Eϑ[f ]


↓ Eϑ[f2]

n▷2Eϑ[f ]2
↓ R

n▷2
.

Letting ▷ =
√

R
N ·ϱ yields the desired result.

In the following Lemma G.6 we are able to show that Ep̂t


ϑ̄l+1,k

p̃(x,i) I{i = l}

7 Ep


ϑ̄l+1,k

p̃(x,i) I{i = l}


.

This is a consequence of our results in Section F that show p̂t converges to the good part of p(x).
Lemma G.6 (B). Given Assumptions 1.1 and Assumptions 3.1

ctilt

(
1

2|| φ0(x,i)
p0(x,i)

||⇒
↑
(
1 + ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2
)
·”

)
↓

Ep̂T


ϑ̄l+1,k(x)
p̃(x,i) I{i = l}



Ep


ϑ̄l+1,k(x)
p̃(x,i) I{i = l}

 ↓

ν0(x, i)

p(x, i)


L↓

,

where ” =

(
↽2
(
φ0(x,i)||p(x,i)

)
·CPI

(
p0(x,i)

)

ϖ0(↼L
0 )2·T

) 1
2

.

Proof. Upper bound. Note that for any f ∞ 0 and p ∀ q that Epf
Eqf

=
Eq

dp
dq f

Eqf
↓

dp
dq


L↓

. Applying
this here and then using contraction gives

Ep̂T


ϑ̄l+1,k(x)
p̃(x,i) I{i = l}



Ep


ϑ̄l+1,k(x)
p̃(x,i) I{i = l}

 =


p̂T (x, i)

p(x, i)


L↓

↓

ν0(x, i)

p(x, i)


L↓

.

Lower bound. For the lower bound, we first compare the denominator to just the integral of the kth
component, i.e. Zl,k, using the tilting assumption. Noting that p̃(x, i)I{i = l} = rlp̃l(x) and
denoting p̂l,T (x) = p̂T (x, l). Also note that in order to apply the lemmas in Section F we define
ε0(x, i) = ϱl

0εl,k(x)I{i = l}+
∑l↓1

j=1 w
j
0pj(x)I{j = i}. Then we obtain the lower bound

Ep̂T


ϑ̄l+1,k(x)
p̃(x,i) I{i = l}



Ep


ϑ̄l+1,k(x)
p̃(x,i) I{i = l}

 =


! p̂l,T (x)

ϑ̄l+1,k(x)
rlp̃l(x)

dx

! ϱlpl(x)

ϑ̄l+1,k(x)
rlp̃l(x)

dx
=


! p̂l,T (x)

ϑ̄l+1,k(x)
rlp̃l(x)

1
Zl

dx


! ϱlpl(x)

ϑ̄l+1,k(x)
rlp̃l(x)

1
Zl

dx

replacing r(l)l are constants, so canceling terms yields

=


! p̂l,T (x)

ϑ̄l+1,k(x)
pl(x)

dx

! ϱlε̄l+1,k(x)

.

Next we apply the definition of ε̄l+1,k and ε(x) =
∑

k ωkεk(x)

=


! p̂l,T (x)


ϑ(x)·ql+1(x↓xk)

↼lpl(x)


dx


! ε(x) · ql+1(x↑ xk)dx

∞


! p̂l,T (x)


ϖkϑk(x)·ql+1(x↓xk)

↼lpl(x)


dx


! ε(x) · ql+1(x↑ xk)dx

by tilting, Assumption 1.1(2)

∞ ctilt


! p̂l,T (x)


ϖkϑk(x)·ql+1(x↓xk)

↼lpl(x)


dx


! ωkεk · ql+1(x↑ xk)dx

= ctilt

∫

!
p̂l,T (x)


ωkεk(x) · ql+1(x↑ xk)

/
Zl+1,k

ϱlpl(x)


dx

= ctiltEϑl,k


p̂l,T
εl,k

εl+1,k

ϱlpl


= ctilt · Eϑl,k


εl+1,k

εl,k
·
p̂l,T

ϑl,k

↼lpl

εl,k


,
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where we write it in this way so we can use the closeness of εl+1,k to εl,k and the convergence of

p̂l,T to the good part εl,k of p on the lth level. Let ” =

(
↽2
(
φ0(x,i)||p(x,i)

)
·CPI

(
p0(x,i)

)

ϖ0(↼l
0)

2·T

) 1
2

. We first

bound the expectation when p̂l,T
ϑl,T

↼lpl
is normalized to a probability distribution:

∣∣∣∣Eϑl,k


εl+1,k

εl,k
·
p̂l,T

ϑl,k

pl

/
! p̂l,T

ϑl,k

pl
dx

εl,k


↑ 1

∣∣∣∣

↓ Eϑl,k

∣∣∣∣

(
εl+1,k

εl,k
↑ 1

)
·
( p̂l,T

ϑl,k

pl

/
! p̂l,T

ϑl,k

pl
dx

εl,k
↑ 1

)∣∣∣∣

by Cauchy-Schwarz,

↓ ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2

· ⇁2

(
p̂l,T

ϑl,k

pl
! p̂l,T

ϑl,k

pl
dx

∣∣∣∣ εl,k

) 1
2

by Lemma F.3,

↓ ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2

· ”
! ν0PT (x, i) ϑl,k

↼lpl(x)
dx

Multiplying by

! p̂l,T

ϑl,k

↼lpl
dx, we have that

Eϑl,k


εl+1,k

εl,k
·
p̂l,T

ϑl,k

↼lpl

εl,k


∞

∫

!
p̂l,T

εl,k

ϱlpl
dx↑ ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2

·”.

It remains to lower-bound this first term, which is the fraction of mass that is considered to “be-
long” to the kth component after running for time T , compared to the fraction for the stationary
distribution. This is lower-bounded by Lemma F.4,

Eϑl,k


εl+1,k

εl,k
·
p̂l,T

ϑl,k

↼lpl

εl,k


∞ 1

2
 φ0(x,i)
p0(x,i)


⇒

↑”↑ ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2

·”.

Lemma G.7. (C) Given assumptions 1.1 then

1 ↓
Ep(x,i)


ϑ̄l+1,k

p̃(x,i) I{i = l}


Ep(x,i)


ϑ̃l+1,k

p̃(x,i) I{i = l}
 ↓ 1

c0
.

Proof. By assumptions 1.1,

Ep


ϑ̄l+1,k

p̃(x,i) I{i = l}


Ep


ϑ̃l+1,k

p̃(x,i) I{i = l}
 =


! p(x)ql+1(x↑ xk)dx

Ep


ϑ̃l+1,k

p(x,i) I{i = l}
 ↓ 1

c0
.

and we also have,

Ep


ϑ̄l+1,k

p̃(x,i) I{i = l}


Ep


ϑ̃l+1,k

p̃(x,i) I{i = l}
 =


!

∑
k ωkpk(x)ql+1(x↑ xk)dx

! ωkpk(x)ql+1(x↑ xk)dx
∞ 1.
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In the following Lemma G.8 we show that Ep̂t


p̃l+1(x)
p̃(x,i) I{i = l}


7 Ep


p̃l+1(x)
p̃(x,i) I{i = l}


. Con-

ceptually and proof-wise this is the same as Lemma G.6. The only difference is that now we are
showing the closeness in the importance estimate holds for the entire next level p̃l+1(x) with the
learned weights wl+1,k.
Lemma G.8. (B’) Given Assumptions 1.1 and Assumptions 3.1. Then

ctilt ·
(

1

2|| φ0(x,i)
p0(x,i)

||⇒
↑
(
1 + ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2
)
·”C1

)
↓

Ep̂T


p̃l+1(x)
p̃(x,i) I{i = l}



Ep


p̃l+1(x)
p̃(x,i) I{i = l}

 ↓

ν0(x, i)

p(x, i)


L↓

,

where ”C1 =

(
C2

1 ·↽
2
(
φ0(x,i)||ϑ(x,i)

)
·CPI

(
ϑ0(x,i)

)

ϖ0(↼L
0 )2·T

) 1
2

.

Proof. We show that by normalizing p̃,

Ep̂T


p̃l+1(x)
p̃(x,i)



Ep


p̃l+1(x)
p̃(x,i)

 =

∑
i


!

p̂T (x,i)
p(x,i) p(x, i)

p̃l+1(x)
p̃(x,i) I{i = l}dx

Ep


p̃l+1(x)
p̃(x,i) I{i = l}



↓

 p̂T (x,i)
p(x,i)


L↓

∑
i


! | p̃l+1(x)

p̃(x,i) |p(x, i)I{i = l}dx

Ep


p̃l+1(x)
p̃(x,i) I{i = l}



=


p̂T (x, i)

p(x, i)


L↓

By contraction,

↓

ν0(x, i)

p(x, i)


L↓

Denote p̂l,T (x) = p̂T (x, l). Then we obtain the lower bound

Ep̂T


p̃l+1(x)
p̃(x,i) I{i = l}



Epl


p̃l+1(x)
p̃(x,i) I{i = l}

 =

Ep̂T (x,l)


p̃l+1(x)
↼lpl(x)




! p̃l+1(x)dx

∞
Ep̂l,T

∑
k wl+1,kϖkϑk(x)·ql(x↓xk)

↼lpl(x)




! p̃l+1(x)dx

by tilting assumptions 1.1

∞ ctilt

Ep̂l,T

∑
k wl+1,kϖkϑk(x)·ql(x↓xk)

↼lpl(x)




!

∑
k wl+1,kωkεk(x) · ql(x↑ xk)dx

= Ep̂l,T

 1
Zl+1,0

∑
k wl+1,kωkεk(x) · ql(x↑ xk)

ϱlpl(x)



Let pi,0(x) = 1
Zl+1,0

∑
k wi,kωkεk(x) · qi(x↑ xk), where Zl+1,0 =

∑
k wl+1,kZl+1,k

= ctilt · Epl,0


pl+1,0

pl,0
·
p̂l,T

pl,0

↼lpl

pl,0


.

Let ”C1 =

(
C2

1 ·↽
2
(
φ0(x,i)||ϑ(x,i)

)
·CPI

(
ϑ0(x,i)

)

ϖ0(↼L
0 )2·T

) 1
2

then we can show

Epl,0


pl+1,0

pl,0
·
p̂l,T

pl,0

↼lpl

pl,0


∞ 1

2|| φ0(x,i)
p0(x,i)

||⇒
↑

(
1 + ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2
)
·”C1 .
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Consider the following

∣∣∣∣Epl,0


pl+1,0

pl,0
·
p̂l,T

pl,0

↼lpl

/
! p̂l,T

pl,0

↼lpl
dx

pl,0


↑ 1

∣∣∣∣

↓ Epl,0

∣∣∣∣

(
pl+1,0

pl,0
↑ 1

)
·
( p̂l,T

pl,0

pl

/
! p̂l,T

pl,0

pl
dx

pl,0
↑ 1

)∣∣∣∣.

By Cauchy-Shwarz,

↓ ⇁2

(
pl+1,0

∣∣∣∣ pl,0
) 1

2

· ⇁2

(
p̂l,T

pl,0

pl
! p̂l,T

pl,0

pl
dx

∣∣∣∣ pl,0
) 1

2

.

Since pi,0(x) =
∑

k
wi,kZi,k∑
j wi,jZi,j

εi,k(x) the ratio r in the context of Lemma J.4 is given by

r =

wl+1,kZl+1,k∑
j wl+1,jZl+1,j

wl,kZl,k∑
j wl,jZl,j

. Using the inductive hypothesis (H1) this can be upper bounded by r ↓ C2
1 .

Therefore by Lemma F.3 and Lemma J.4,

↓ C1⇁
2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2

·
(
⇁2

(
ν0(x, i)||p(x, i)

)
· CPI

(
p0(x, i)

)

ω0ϱl
0 · T

) 1
2

.

Together this yields,

Epl,0


pl+1,0

pl,0
·
p̂l,T

pl,0

↼lpl

pl,0



∞
∫

!
p̂l,T

pl,0
ϱlpl

dx↑ C1⇁
2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2

·
(
⇁2

(
ν0(x, i)||p(x, i)

)
· CPI

(
p0(x, i)

)

ω0ϱl
0 · T

) 1
2

.

Let ”C1 =

(
C2

1 ·↽
2
(
φ0(x,i)||p(x,i)

)
·CPI

(
p0(x,i)

)

ϖ0(↼L
0 )2·T

) 1
2

and ” =

(
↽2
(
φ0(x,i)||p(x,i)

)
·CPI

(
p0(x,i)

)

ϖ0(↼L
0 )2·T

) 1
2

then by Lemma F.4,

∞ 1

2|| φ0
ϑ0
||⇒

↑”↑ ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2

·”C1

∞ 1

2|| φ0
ϑ0
||⇒

↑
(
1 + ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2
)
·”C1 .

Lemma G.9. Let Assumptions 1.1 hold. Then

Ep̂T (x,i)

( ϑ̄l+1,k

p̃(x,l)

)2
I{i = l}



Ep̂T (x,i)

 ϑ̄l+1,k

p̃(x,i) I{i = l}
2 ↓

 φ0(x,i)
p(x,i)


L↓

C2
B

MC1

ctiltϱl

(
⇁2

(
ε̄l+1,k

/
Z̄l+1,k || ε̄l,k

/
Z̄l,k

)
↑ 1

)

with CB = ctilt

(
1

2|| ϑ0(x,i)
p0(x,i) ||↓

↑
(
1 + ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2
)
·”

)
and

Ep̂T (x,i)

( p̃l+1(x)
p̃(x,l)

)2
I{i = l}



Ep̂T (x,i)

 p̃l+1(x)
p̃(x,i) I{i = l}

2 ↓

 φ0(x,i)
p(x,i)


L↓

C2
B→

C2
1

c2tiltϱ
l

(
⇁2(ε̄l+1,k

/
Z̄l+1,k || ε̄l,k

/
Z̄l,k)↑ 1

)

with CB→ = ctilt ·
(

1

2|| ϑ0(x,i)
p0(x,i) ||↓

↑
(
1 + ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2
)
·”C1

)
.
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Proof. For any function f ,

Ep̂T


f(x, i)I{i = l}


=

∑

i

∫

!

p̂T (x, i)

p(x, i)
p(x, i)f(x, i)I{i = l}dx

↓

p̂T (x, i)

p(x, i)


L↓

Ep


f(x, i)I{i = l}


↓


ν0(x, i)

p(x, i)


L↓

Ep


f(x, i)I{i = l}


.

By Lemma G.6,

Ep̂T

 ε̄l+1,k

p̃(x, l)
I{i = l}

2 ∞ C2
B · Ep

 ε̄l+1,k(x)

p̃(x, l)
I{i = l}

2
..

Therefore,

Ep̂T (x,i)

( ϑ̄l+1,k

p̃(x,l)

)2
I{i = l}



Ep̂T (x,i)

 ϑ̄l+1,k

p̃(x,i) I{i = l}
2 ↓

 φ0(x,i)
p(x,i)


L↓

C2
B

·
Ep

( ϑ̄l+1,k

p̃(x,l)

)2
I{i = l}



Ep

 ϑ̄l+1,k

p̃(x,i) I{i = l}
2 .

Further simplification yields

Ep

( ϑ̄l+1,k

p̃(x,l)

)2
I{i = l}



Ep

 ϑ̄l+1,k

p̃(x,i) I{i = l}
2 =


! ϱlpl(x)

(
ϑ̄l+1,k

rlp̃l(x)

)2

dx

(
! ϱlpl(x)

ϑ̄l+1,k

rlp̃l(x)
dx

)2 =
1

ϱl

∫

!

(
εl+1,k

/
Z̄l+1,k

)2

pl(x)
dx.

Since pl(x) =
1
Zl

∑
k ε(x)wl,kql(x↑ xk), by Lemma J.4 and Corollary G.2

1

ϱl

∫

!

(
εl+1,k

/
Z̄l+1,k

)2

pl(x)
dx =

1

ϱl

(
⇁2(ε̄l+1,k

/
Z̄l+1,k || pl)↑ 1

)

↓ 1

ϱl
·
∑

k→ wl,k→Z̄l,k→

wl,kZ̄l,k

(
⇁2

(
ε̄l+1,k

/
Z̄l+1,k || ε̄l,k

/
Z̄l,k

)
↑ 1

)

↓ MC1

ctiltϱl

(
⇁2

(
ε̄l+1,k

/
Z̄l+1,k || ε̄l,k

/
Z̄l,k

)
↑ 1

)
.

Similarly, by Lemma G.8,

Ep̂T

 p̃l+1(x)

p̃(x, l)
I{i = l}

2 ∞ C2
B→ · Ep

 p̃l+1(x)

p̃(x, l)
I{i = l}

2

where CB→ = ctilt ·
(

1

2|| ϑ0(x,i)
p0(x,i) ||↓

↑
(
1 + ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2
)
·”C1

)
.

Therefore,

Ep̂T (x,i)

( p̃l+1(x)
p̃(x,l)

)2
I{i = l}



Ep̂T (x,i)

 p̃l+1(x)
p̃(x,i) I{i = l}

2 ↓

 φ0(x,i)
p(x,i)


L↓

C2
B→

·
Ep

( p̃l+1(x)
p̃(x,l)

)2
I{i = l}



Ep

 p̃l+1(x)
p̃(x,i) I{i = l}

2 .

Further simplification yields

Ep

( p̃l+1(x)
p̃(x,l)

)2
I{i = l}



Ep

 p̃l+1(x)
p̃(x,i) I{i = l}

2 =


! ϱlpl(x)

(
p̃l+1(x)
rlp̃l(x)

)2

dx

(
! ϱlpl(x)

p̃l+1(x)
rlp̃l(x)

dx

)2 =

↼l

r2l


!

pl+1(x)
2

pl(x)
dx

(↼l)2

r2l

(
! pl(x)

pl+1(x)
pl(x)

dx

)2 =
1

ϱl

∫

!

pl+1(x)2

pl(x)
dx.

Since pl(x) =
1
Zl

∑
k ε(x)wl,kql(x↑ xk), by Lemma J.4 and Corollary G.2,

1

ϱl

∫

!

pl+1(x)2

pl(x)
dx ↓

wl+1,kZ̄l+1,k∑
k→ wl+1,k→ Z̄l+1,k→

wl,kZ̄l,k∑
k→ wl,k→ Z̄l,k→

· 1

ϱl

(
⇁2(ε̄l+1,k

/
Z̄l+1,k || ε̄l,k

/
Z̄l,k)↑ 1

)

↓ C2
1

c2tiltϱ
l

(
⇁2(ε̄l+1,k

/
Z̄l+1,k || ε̄l,k

/
Z̄l,k)↑ 1

)
.
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G.2 MIXING TIME BOUNDS

Lemma G.10. Given Assumptions 3.1, let ε̃0(x, i) =
∑l

j=1 r̂
(l)
j

∑M
k=1 wjkZjk

ϖkϑk(x)qj(x↓xk)
Zjk

I{i =
j}. In the setting of Theorem E.1, we let ε̄0 be the projected chain so that ε̄0

(
(i, j)

)
→ r̂(l)i wi,jZi,j .

Then

CPI

(
ε0(x, i)

)
= O(

CMr · l2

↼ · φ )

where r =
maxi<i→↔l ϑ̄0

(
(i→,j)

)

min

(
ϑ̄0

(
(i,j)

)
,ϑ̄0

(
(i↓1,j)

)) and C = maxij Cij . When applying the inductive hypothe-

sis

CPI

(
ε0(x, i)

)
= O(

C3
1C2CM · l3

ctilt↼ · φ ).

Proof. First we note that by theorem E.1 we have that

CPI(ε0(x, i)) ↓ max

{
C(1 + (6M + 12)C̄),

6MC̄

↼
,
12C̄

φ

}
.

We are free to choose the constants ↼ and φ and C is the maximum of the local Poincaré constants.
Therefore it is left to bound C̄, the Poincaré constant of the projected chain.

We show this using the canonical path method, Lemma J.7. Given the projected chain of the ST
process there are two types of distinct edges. First consider the edge e =

(
(1, j), (1, k)

)
, we have

that

l(e) =
1

ε̄0

(
(i, j)

)
P
(
(1, j), (1, k)

)
∑

e→”x,y

ε̄0(x)ε̄0(y)|↼x⇐y|.

Given the definiton of P
(
(1, j), (1, k)

)
and our lower bounds in Lemma J.5 and Assumptions 3.1,

↓ O(1)

min

(
ε̄0

(
(1, j)

)
, ε̄0

(
(1, k)

))
∑

e→”x,y

ε̄0(x)ε̄0(y)|↼x⇐y|.

Moreover, the longest path in our projected chain is from x = (l, k) to y = (l, j) and is of length
2l ↑ 1 therefore

↓ (2l ↑ 1)O(1)

min

(
ε̄0

(
(1, j)

)
, ε̄0

(
(1, k)

))
·

∑

e→”x,y

ε̄0(x)ε̄0(y)

↓ (2l ↑ 1)O(1)

min

(
ε̄0

(
(1, j)

)
, ε̄0

(
(1, k)

))
l∑

i=1

ε̄0

(
(i, j)

) l∑

i→=1

ε̄0

(
(i↑, k)

)

↓
maxi ε̄0

(
(i, j)

)

min

(
ε̄0

(
(1, j)

)
, ε̄0

(
(1, k)

)) l(2l ↑ 1)O(1).

Now consider the second type of edge e =
(
(i, j), (i↑ 1, j)

)
, we have that

l(e) =
1

ε̄0

(
(i, j)

)
P
(
(i, j), (i↑ 1, j)

)
∑

e→”x,y

ε̄0(x)ε̄0(y)|↼x⇐y|.

Given the definiton of P
(
(1, j), (1, k)

)
and our lower bounds in Lemma J.5 and Assumptions 3.1,

↓ O(1)

min

(
ε̄0

(
(i, j)

)
, ε̄0

(
(i↑ 1, j)

))
∑

e→”x,y

ε̄0(x)ε̄0(y)|↼x⇐y|.
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Moreover, the longest path in our projected chain is from x = (l, k) to y = (l, j) and is of length
2l ↑ 1 therefore

↓ (2l ↑ 1)O(1)

min

(
ε̄0

(
(i, j)

)
, ε̄0

(
(i↑ 1, j)

))
·

∑

e→”x,y

ε̄0(x)ε̄0(y)

↓ (2l ↑ 1)O(1)

min

(
ε̄0

(
(i, j)

)
, ε̄0

(
(i↑ 1, j)

))
l∑

i→=i+1

ε̄0

(
(i↑, j)

)( i↓1∑

i→=1

ε̄0

(
(i↑, j)

)
+

l∑

i→=1

ε̄0

(
(i↑, k)

))

↓
maxi<i→↔l ε̄0

(
(i↑, j)

)

min

(
ε̄0

(
(i, j)

)
, ε̄0

(
(i↑ 1, j)

)) l(2l ↑ 1)O(1).

In the case of induction, by letting ε̄0

(
(i, j)

)
→ r̂(l)i wi,jZi,j and applying Lemma G.4 we have that

maxi<i→↔l ε̄0

(
(i↑, j)

)

min

(
ε̄0

(
(i, j)

)
, ε̄0

(
(i↑ 1, j)

)) ↓ lC3
1C2

ctilt
.

Lemma G.11. Given assumptions 1.1, 3.1, G.1 and ” =

(
↽2
(
φ0(x,i)||p(x,i)

)
·CPI

(
p0(x,i)

)

ϖ0(↼L
0 )2·T

) 1
2

then

choosing

T = !
(
poly(l,M,C1, C2, C,

1

ctilt
,
1

φ
,
1

↼
,
1

ϑT
)
)

yields ” ↓ ϑT .

Proof. We have that,

⇁2
(
ν0(x, i)||p(x, i)

) 1
2 ↓ ||ν0(x, i)

p(x, i)
||⇒ ↑ 1 ↓ ||ν0(x, i)

p0(x, i)
||⇒.

By Assumptions 3.1

||ν0(x, i)
p(x, i)

||⇒ ↓ U.

By Lemma G.10 with p̃0(x, i) = r̂(l)l wl,kε̃l,k(x)I{i = l}+
∑l↓1

j=1 r̂
(l)
j p̃j0(x)I{j = i} we have that,

CPI(p0(x, i)) = O(
C2

1C2CM · l2

ctilt↼ · φ ).

For p̃0(x, i) = r̂(l)l wl,kε̃l,k(x)I{i = l} +
∑l↓1

j=1 r̂
(l)
j p̃j0(x)I{j = i} and p̃(x, i) =

∑l
j=1 r̂

(l)
j pj(x)I{j = i} with ω0 defined so that p(x, i) = ω0p0(x, i) + (1 ↑ ω0)p1(x, i) we have

that

ω0 =

∑l
i=1


! p̃0(x, i)dx

∑l
i=1


! p̃(x, i)dx

∞
r̂(l)l Zl0 +

∑l↓1
i=1 r̂

(l)
i Zi0dx

∑l
i=1 r̂

(l)
i Zidx

∞ ctilt
r̂(l)l Zl +

∑l↓1
i=1 r̂

(l)
i Zidx

∑l
i=1 r̂

(l)
i Zidx

= ctilt.
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Lastly, for p̃0(x, i) = r̂(l)l wl,kε̃l,k(x)I{i = l} +
∑l↓1

j=1 r̂
(l)
j p̃j0(x)I{j = i} making use of Lemma

G.4 and Lemma G.3 we have that

ϱl
0 =

r̂(l)l wl,k


! ε̃l,k(x)dx

∑l
i=1 r̂

(l)
i

∑M
k=1 wi,k


! ε̃i,k(x)dx

=
r̂(l)l wl,kZl,k

∑l
i=1 r̂

(l)
i

∑M
k=1 wi,kZi,k

∞ 1
∑l

i=1

∑M
k=1

r̂(l)i wi,kZi,k

r̂(l)l wl,k→Zl,k→

∞ ctilt
l ·Ml · C3

1C2
.

Putting all of the bounds together we have that

” =

(
⇁2

(
ν0(x, i)||p(x, i)

)
· CPI

(
p0(x, i)

)

ω0(ϱL
0 )

2 · T

) 1
2

↓
(
O(C

3
1C2CM ·l3
ctilt⇀·⇁ ) · l2 ·M2 · C4

1C
2
2

c3tilt · T

)
.

Therefore choosing

T = !

(
l6M3CC7

1C
3
2

ϑT · ↼ · φ · c6tilt

)

with an appropriate constant yields ” ↓ ϑT .

G.3 PROOF OF INDUCTION STEP

In this subsection it is shown how estimating weights by Algorithm 3 maintains modal and level bal-
ance. Its important to note that Algorithm 3 has three separate Monte Carlo estimates, it’ll be shown
how each one is used to maintain level balance. First, Algorithm 3 estimates the modal weights at
the next temperature level, the analysis of this component corresponds to Theorem G.13. Then, after
estimating the modal weights, the level weight is estimated, which corresponds to Theorem G.15.
Lastly, the algorithm is re-ran and samples are collected to re-adjust level weights, this corresponds
to the analysis in Theorem G.17.

We show in the following lemma that the constant R from Lemma G.5 is bounded.

Lemma G.12. Let Assumptions 1.1 and Assumptions 3.1 hold. Then for f = ϑ̄l,k(x)
p̃(x,l) and f =

p̃l+1(x)
p̃(x,l) ,

Ep̂T


f2



Ep̂T


f
2 ↓ R,

with R = poly(l,M,C1, C2,
1

ctilt
, U).

Proof. By Lemma G.9,

Ep̂T (x,i)

( ϑ̄l+1,k

p̃(x,l)

)2
I{i = l}



Ep̂T (x,i)

 ϑ̄l+1,k

p̃(x,i) I{i = l}
2 ↓

 φ0(x,i)
p(x,i)


L↓

C2
B

MC1

ctiltϱl

(
⇁2

(
ε̄l+1,k

/
Z̄l+1,k || ε̄l,k

/
Z̄l,k

)
↑ 1

)

with CB = ctilt

(
1

2|| ϑ0(x,i)
p0(x,i) ||↓

↑
(
1 + ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2
)
·”

)
and

Ep̂T (x,i)

( p̃l+1(x)
p̃(x,l)

)2
I{i = l}



Ep̂T (x,i)

 p̃l+1(x)
p̃(x,i) I{i = l}

2 ↓

 φ0(x,i)
p(x,i)


L↓

C2
B→

C2
1

c2tiltϱ
l

(
⇁2(ε̄l+1,k

/
Z̄l+1,k || ε̄l,k

/
Z̄l,k)↑ 1

)

with CB→ = ctilt ·
(

1

2|| ϑ0(x,i)
p0(x,i) ||↓

↑
(
1 + ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2
)
·”C1

)
.
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As made explicit in Lemma G.11, with T = !
(
poly(l,M,C1, C2, C,

1
ctilt

, 1
⇁ ,

1
⇀ ,

1
ϱT

)
)

the CB and

CB→ terms can be lower bounded by ctilt
|| ϑ0(x,i)

p0(x,i) ||↓
. Moreover, using that || φ0(x,i)

p(x,i) ||⇒ ↓ || φ0(x,i)
p0(x,i)

||⇒
yields the final upper bound.

Since ϱl =
r̂(l)l Zl∑
k r̂(l)k Zk

,

1

ϱl
=

∑
k r̂

(l)
k Zk

r̂(l)l Zl

=
r̂(l)1 Z1 +

∑l
k=2 r̂

(l)
k Zk

r̂(l)l Zl

=
l · C2r

(l)
1 Z1 +

∑l
k=2 r

(l)
k Zk

r(l)l Zl

↓ 2 · l · C2
2 .

Using
 φ0(x,i)

p(x,i)


L↓

↓ U and ⇁2
(
ε̄l+1,k

/
Z̄l+1,k || ε̄l,k

/
Z̄l,k

)
= O(1) by Assumptions 3.1 then

combining the bounds yields
 φ0(x,i)

p(x,i)


L↓

C2
B

MC1

ctiltϱl

(
⇁2

(
ε̄l+1,k

/
Z̄l+1,k || ε̄l,k

/
Z̄l,k

)
↑ 1

)
↓ 2lMC1C2

2U
3

c3tilt
·O(1)

 φ0(x,i)
p(x,i)


L↓

C2
B→

C2
1

c2tiltϱ
l

(
⇁2(ε̄l+1,k

/
Z̄l+1,k || ε̄l,k

/
Z̄l,k)↑ 1

)
↓ 2lC2

1C
2
2U

3

c3tilt
·O(1).

Theorem G.13. H1(l + 1) There is C1 = poly


U
ctilt


and R = poly(l,M,C1, C2,

1
ctilt

, U)

such that the following holds: Suppose that H1(l) holds with C1. Then Algorithm 3, running the
continuous process for time T time and obtaining N samples, with

T = !
(
poly(l,M, C̃, U,

1

ctilt
,
1

φ
,
1

↼
,
1

ϑT
)
)

N = !
(R
ϑ

)
,

returns weights such that with probability 1↑ ϑ, H1(l + 1) holds with the same C1. The key choice
in Algorithm 3 is the weighting

wl,k =
1

1
N

∑N
j=1

ϑ̄l+1,k(xj)
p̃(xj ,ij)

I{ij = l}
.

Proof. We have with probability 1↑ ϑ that letting cA = 1↑
√

R
Nϱ , cB = ctilt

(
1

2|| ϑ0(x,i)
p0(x,i) ||↓

↑
(
1+

⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2
)
·”

)
, CA = 1 +

√
R
Nϱ , CB =

 φ0(x,i)
p(x,i)


L↓

and cC = 1
ctilt

,

1
N

∑N
j=1

ϑ̄l+1,k(xj)
p̃(xj ,ij)

I{ij = l}
Zl+1,k

Z

=
1
N

∑N
j=1

ϑ̄l+1,k(xj)
p̃(xj ,ij)

I{ij = l}

Ep̂t


ϑ̄l+1,k

p̃(x,i) I{i = l}
 ·

Ep̂t


ϑ̄l+1,k

p̃(x,i) I{i = l}


Ep


ϑ̄l+1,k

p̃(x,i) I{i = l}
 ·

Ep


ϑ̄l+1,k

p̃(x,i) I{i = l}


Zl+1,k/Z

↔ [cAcB , CACBCC ]

by applying Lemma G.5, Lemma G.6 and Lemma G.7 to the three terms respectively.

Choosing N = !
(
R
ϱ

)
reduces

√
R
Nϱ to a constant. Lemma G.12 provides a bound for R. Let

” =

(
↽2
(
φ0(x,i)||p(x,i)

)
·CPI

(
p0(x,i)

)

ϖ0(↼L
0 )2·T

) 1
2

then by taking the ratio of the two Monte Carlo estimates

yields that we can take

41



2214
2215
2216
2217
2218
2219
2220
2221
2222
2223
2224
2225
2226
2227
2228
2229
2230
2231
2232
2233
2234
2235
2236
2237
2238
2239
2240
2241
2242
2243
2244
2245
2246
2247
2248
2249
2250
2251
2252
2253
2254
2255
2256
2257
2258
2259
2260
2261
2262
2263
2264
2265
2266
2267

Under review as a conference paper at ICLR 2026

C = max

{
CACB ,

1

cAcB , cC

}
↓

 φ0(x,i)
ϑ(x,i)


L↓

· 1
ctilt

ctilt

(
1

2|| ϑ0ε0
||↓

↑
(
1 + ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2
)
·”

) .

The rest follows from Assumptions 3.1 and Lemma G.11 which yield

⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2

= O(1) and ” = O(ϑ),

respectively. This yields

C ↓

 φ0(x,i)
ϑ(x,i)


L↓

· 1
ctilt

ctilt

(
1

2|| ϑ0ε0
||↓

↑
(
1 +O(1)

)
· ϑ
)

By choosing T so that ϑ is negligible

=
2(1 + ϑ)

c2tilt(1↑ ϑ)


ν0(x, i)

ε(x, i)


2

L↓

Which by Assumptions G.1,

C ↓ 4

c2tilt
U2 = poly(

U

ctilt
).

In order to simplify the proof of H2(l+1) we offload some of the work to the following lemma (G.14).
This Lemma combines the bounds from the previous lemmas, Lemma G.5 and Lemma G.8, to find

an upper and lower bound on r̂(l)k Zk

r̂(l)l+1Zl+1
. Then the theorem that follows, Theorem G.15, details the

run time T and number of samples N required to guarantee r̂(l)k Zk

r̂(l)l+1Zl+1
↔ [ 1

C2
, C2]. Its important to

note that Theorem G.15 only guarantees the exist of one k ↔ [1, l] that maintains level balance.
Lemma G.14. Given Assumptions 1.1 and Assumptions 3.1. Let ”C1 =
(

C2
1 ·↽

2
(
φ0(x,i)||ϑ(x,i)

)
·CPI

(
ϑ0(x,i)

)

ϖ0(↼L
0 )2·T

) 1
2

and choose r̂(l)l+1 → 1
1
N

∑N
i=j

p̃l+1(xj)

p̃(xj,ij)
I{ij=l}

, with N = !(Rϱ )

then with probability 1↑ ϑ

ctilt
l2C2

2

(1↑ϑ)

(
1

2|| φ0(x,i)
p0(x,i)

||⇒
↑
(
1+⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2
)
·”C1

)
↓

r̂(l)k Zk

r̂(l)l+1Zl+1

↓ (1+ϑ)·

ν0(x, i)

p(x, i)


L↓

for all k ↔ [1, l].

Proof. By Lemma G.5, with R as in Lemma G.12, and Lemma G.8 we have that

1
N

∑N
i=j

p̃l+1(xj)
p̃(xj ,ij)

I{ij = l}

Zl+1

/
Z

=
1
N

∑N
i=j

p̃l+1(xj)
p̃(xj ,ij)

I{ij = l}

Ep̂t


p̃l+1(x)
p̃(x,i) I{i = l}

 ·
Ep̂t


p̃l+1(x)
p̃(x,i) I{i = l}



Ep


p̃l+1(x)
p̃(x,i) I{i = l}



↓ (1 + ϑ) ·

ν0(x, i)

p(x, i)


L↓

= U.

Similarly, we have that

1
N

∑N
i=j

p̃l+1(xj)
p̃(xj ,ij)

I{ij = l}

Zl+1

/
Z

=
1
N

∑N
i=j

p̃l+1(xj)
p̃(xj ,ij)

I{ij = l}

Ep̂t


p̃l+1(x)
p̃(x,i) I{i = l}

 ·
Ep̂t


p̃l+1(x)
p̃(x,i) I{i = l}



Ep


p̃l+1(x)
p̃(x,i) I{i = l}



∞ ctilt(1↑ ϑ)

(
1

2|| φ0(x,i)
p0(x,i)

||⇒
↑
(
1 + ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2
)
·”C1

)
= L.
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Lastly, given that Zl+1

Z = Zl+1∑l
i=1 r̂(l)i Zi

, we consider

1
N

∑N
i=j

p̃l+1(xj)
p̃(xj ,ij)

I{ij = l}

Zl+1

/
Z

=

∑l
i=1 r̂

(l)
i Zi

1
1
N

∑N
i=j

p̃l+1(xj)

p̃(xj,ij)
I{ij=l}

Zl+1
↔ [L,U ].

=△
r̂(l)k Zk
1

1
N

∑N
i=j

p̃l+1(xj)

p̃(xj,ij)
I{ij=l}

Zl+1
↓ U for all k ↔ [1, l].

By the pigeonhole principle there exists k ↔ [1, l] such that

L

l
↓

r̂(l)k Zk
1

1
N

∑N
i=j

p̃l+1(xj)

p̃(xj,ij)
I{ij=l}

Zl+1
.

Lemma G.3 yields for all k ↔ [1, l]

L

l2C2
2

↓
r̂(l)k Zk
1

1
N

∑N
i=j

p̃l+1(xj)

p̃(xj,ij)
I{ij=l}

Zl+1
.

Theorem G.15. There is C = l2C2
2 · O( U

ctilt
) and R = poly(l,M,C1, C2,

1
ctilt

, U) such that the
following holds: Suppose that H1(l) holds with C1 and H2(l) holds with C2. By running Algorithm
3, the continuous time process for time T and obtaining N samples with

T = !
(
poly(l,M, C̃, C1, C2,

1

ctilt
,
1

φ
,
1

↼
,
1

ϑT
)
)

N = !
(R
ϑ

)
.

Then there exists k ↔ [1, l] s.t. with probability 1↑ ϑ

1

C
↓

r̂(l)k Zk

r̂(l)l+1Zl+1

↓ C.

The choice in Algorithm 3 is the weighting

r̂(l)l+1 =
1

1
N

∑N
i=j

p̃l+1(xj)
p̃(xj ,ij)

I{ij = l}
.

Proof. By Lemma G.14 this reduces to finding the maximum between the upper bounds on
1

ctilt
l2C2

2
(1↑ ϑ)

(
1

2|| ϑ0(x,i)
p0(x,i) ||↓

↑
(
1 + ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2
)
·”C1

)

and
(1 + ϑ) ·


ν0(x, i)

p(x, i)


L↓

.

The first term can be bounded as follows
1

ctilt
l2C2

2
(1↑ ϑ)

(
1

2|| ϑ0(x,i)
p0(x,i) ||↓

↑
(
1 + ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2
)
·”C1

)

↓ l2C2
2

ctilt(1↑ ϑ)

(
1

2|| ϑ0(x,i)
p0(x,i) ||↓

↑
(
1 + ⇁2

(
εl+1,k

∣∣∣∣ εl,k

) 1
2
)
·”C1

) .
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Where ”C1 is ” with an additional C2
1 term in the numerator. However, as shown in Lemma G.11

the time is already polynomial in C1 therefore the run time remains unchanged. This puts us in the
same settings as Theorem G.13. Taking the bound in Theorem G.13 as greedy upper bound we get
the same constant C = O( U

ctilt
) with an additional l · C2 scaling factor.

Theorem G.15 shows that there exists k ↔ [1, l] such that we have good level balance for r̂(l)k Zk

r̂(l)l+1Zl+1
.

However, in order to guarantee that the projected chain mixes well we require that the ratio r̂(l)k Zk

r̂(l)j Zj

be within a constant for all j, k ↔ [1, l + 1]. In order to prevent the constant from becoming expo-
nentially bad with respect to the number of levels, after estimating the level weight r(l)l , we re-run
the chain and keep count of the number of samples at each level and adjust accordingly. The follow-
ing Lemma G.16 shows that the level approximation acquired by sampling is close to the true level
weights. This Lemma is then used to prove the bound for H2(l+1) in Theorem G.15.

Lemma G.16. Let Assumptions 1.1 and Assumptions 3.1 hold. Then

ωctilt

2
 φ0(x,i)
pgood(x,i)


L↓

↑ ω” ↓
Ep̂T (x,i)


I{l1 = i}



Ep(x,i)


I{l1 = i}

 ↓

ν0(x, i)

p(x, i)


L↓

with ” =

(
↽2
(
φ0(x,i)||p(x,i)

)
·CPI

(
p(x,i)

)

ϖ·T

) 1
2

.

Proof. An upperbound is given by,

Ep̂T (x,i)


I{l1 = i}



Ep(x,i)


I{l1 = i}

 =

∑
i


!

p̂T (x,i)
p(x,i) p(x, i)I{l1 = i}

Ep(x,i)


I{l1 = i}



↓

 p̂l,T (x,i)
pl(x,i)


L↓

∑
i


! I{l1 = i}p(x, i)dx

Ep(x,i)


I{l1 = i}



=


p̂l,T (x, i)

p(x, i)


L↓

By contraction,

↓

ν0(x, i)

p(x, i)


L↓

To find a lower bound first note that

Ep̂T (x,i)


I{l1 = i}



Ep(x,i)


I{l1 = i}

 =

∑
i


!

(
ωp̂T (x, i)pgood(x,i)

p(x,i) +
(
p̂T (x, i)↑ ωp̂T (x, i)pgood(x,i)

p(x,i)

))
I{l1 = i}dx

Ep(x,i)


I{l1 = i}



since ωpgood(x, i) + (1↑ ω)pbad(x, i) = p(x, i)

∞ ω

∑
i


! p̂T (x, i)pgood(x,i)

p(x,i) I{l1 = i}dx

Ep(x,i)


I{l1 = i}


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let pgood(x, i) be the good part of distribution on the extended state space. Then consider,

∣∣∣∣
∑

i

∫

!

( p̂T (x, i)pgood(x,i)
p(x,i)

/
Z

pgood(x, i)
↑ 1

)
I{l1 = i}pgood(x, i)dx

∣∣∣∣

↓
∑

i

∫

!

∣∣∣∣
p̂T (x, i)pgood(x,i)

p(x,i)

/
Z

pgood(x, i)
↑ 1

∣∣∣∣I{l1 = i}pgood(x, i)dx

↓ ⇁2

( p̂T (x, i)pgood(x,i)
p(x,i)

∑
i


! p̂T (x, i)pgood(x,i)

p(x,i) dx

∣∣∣∣ pgood(x, i)
) 1

2

.

=△
∑

i

∫

!

p̂T (x, i)pgood(x,i)
p(x,i)

∑
i


! p̂T (x, i)pgood(x,i)

p(x,i) dx
I{l1 = i}dx ∞

Epgood(x,i)


I{l1 = i}


↑ ⇁2

( p̂T (x, i)pgood(x,i)
p(x,i)

∑
i


! p̂T (x, i)pgood(x,i)

p(x,i) dx

∣∣∣∣ pgood(x, i)
) 1

2

.

Combining the two lower bounds we have that,

Ep̂T (x,i)


I{l1 = i}



Ep(x,i)


I{l1 = i}

 ∞
ωZ

(
Epgood(x,i)


I{l1 = i}


↑ ⇁2

(
p̂T (x,i)

pgood(x,i)

p(x,i)
∑

i

∫
! p̂T (x,i)

pgood(x,i)

p(x,i) dx

∣∣∣∣ pgood(x, i)
) 1

2
)

Ep(x,i)


I{l1 = i}



By Lemma F.2 and using assumptions 1.1 we get,

∞ ω

2
 φ0(x,i)
pgood(x,i)


L↓

(
ctilt ↑ ⇁2

( p̂T (x, i)pgood(x,i)
p(x,i)

∑
i


! p̂T (x, i)pgood(x,i)

p(x,i) dx

∣∣∣∣ pgood(x, i)
) 1

2
)
.

Lastly by Lemma F.1 with ” =

(
↽2
(
φ0(x,i)||p(x,i)

)
·CPI

(
p(x,i)

)

ϖ·T

) 1
2

,

∞ ωctilt

2
 φ0(x,i)
pgood(x,i)


L↓

↑ ω”

Theorem G.17. H2(l + 1) There is C2 = poly


U
ctilt


and R = poly(l,M,C1, C2,

1
ctilt

, U) such
that the following holds: Suppose that H1(l) and H2(l) holds with C2. Then Algorithm 3, running
the continuous process for time T time and obtaining N samples, with

T = !
(
poly(l,M, C̃, C1, C2, U,

1

ctilt
,
1

φ
,
1

↼
,
1

ϑT
)
)

N = !
(R
ϑ

)
,

returns weights such that with probability 1↑ ϑ, H2(l + 1) holds with the same C2. The key choice
of weights here are

r(l+1)
i = r̂(l)i

/
1

N

N∑

j=1

I{ij = i}.

45



2430
2431
2432
2433
2434
2435
2436
2437
2438
2439
2440
2441
2442
2443
2444
2445
2446
2447
2448
2449
2450
2451
2452
2453
2454
2455
2456
2457
2458
2459
2460
2461
2462
2463
2464
2465
2466
2467
2468
2469
2470
2471
2472
2473
2474
2475
2476
2477
2478
2479
2480
2481
2482
2483

Under review as a conference paper at ICLR 2026

Proof. Applying the definition of r(l)i the quotient can be rewritten as

! r(l+1)

l1
p̃l1(x)dx

! r(l+1)
l2

p̃l2(x)dx
=


! r(l)l1

p̃l1(x)dx
! r(l)l2

p̃l2(x)dx
·

1
N

∑N
j=1 I{ij = l2}

1
N

∑N
j=1 I{ij = l1}

=

Ep(x,i)


I{l1 = i}



Ep(x,i)


I{l2 = i}

 ·
1
N

∑N
j=1 I{ij = l2}

1
N

∑N
j=1 I{ij = l1}

=

1
N

∑N
j=1 I{ij=l2}

Ep̂T (x,i)


I{i=l2}

 ·
Ep̂T (x,i)


I{i=l2}



Ep(x,i)


I{i=l2}



1
N

∑N
j=1 I{ij=l1}

Ep̂T (x,i)


I{i=l1}

 ·
Ep̂T (x,i)


I{i=l1}



Ep(x,i)


I{i=l1}



.

Therefore it is sufficient to upper and lower bound
1
N

∑N
j=1 I{ij=l1}

Ep̂T (x,i)


I{i=l1}

 ·
Ep̂T (x,i)


I{i=l1}



Ep(x,i)


I{i=l1}

 for all 1 ↓

l1 ↓ l which we get directly from Lemma G.5, with R as in Lemma G.12, and Lemma G.16. This
yields

C =
1 + ϑ

1↑ ϑ
·

1
ϖ

 φ0(x,i)
p(x,i)


L↓

ctilt
2
∥∥∥ ϑ0(x,i)

pgood(x,i)

∥∥∥
L↓

↑”

where ω is the weight of the good component of joint distribution p(x, i) = ωpgood(x, i) + (1 ↑
ω)pbad(x, i). First we note that by Theorem G.15 we have

1

C ↑ ↓
r̂(l)k

r̂(l)l+1

Zk

Zl+1
↓ C ↑

where C ↑ = l2 ·C2
2 ·O( U

ctilt
). By the inductive hypothesis, we know that 1

C2
↓ r̂iZi

r̂jZj
↓ C2 for i, j ↔

[1, l]. Together, this implies that 1
C̃2

↓ r̂iZi
r̂jZj

↓ C̃2 for i, j ↔ [1, l + 1] with C̃2 = l2 · C3
2 · O( U

ctilt
).

Now, replacing C2 with C̃2 in the context of Lemma G.4 and then applied to Lemma G.10 yields

CPI(pgood(x, i)) = O


C2

1 C̃2CMl2

ctilt↼φ


= O

(
UC2

1C
3
2CM · l4

c2tilt↼ · φ

)
.

Applying this to Lemma G.11 still yields a polynomial mixing time to bound ”. Therefore choosing
appropriately T = !

(
poly(l,M,C1, C2,

1
ctilt

, 1
⇁ ,

1
⇀ )
)
, we have that ” ↓ ϑ. Since

 φ0(x,i)
p(x,i)


L↓

↓
 φ0(x,i)
pgood(x,i)


L↓

we get

C ↓ 2

ctilt · ω


ν0(x, i)

pgood(x, i)


2

L↓
·O(1).

By Assumptions 3.1,

C ↓ 1

ctilt · ω
·O(U2).

Lastly, as shown in Lemma G.11, ω ∞ ctilt; therefore

C ↓ O

(
U2

c2tilt

)
.
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H PROOF OF MAIN THEOREM

Proof. We will conclude the main theorem by applying Lemma F.3 to

ε(x, i) →
L∑

l=1

(
rlε(x) ·

M∑

k=1

wl,kql(x↑ xk)

)
I{i = l},

with L being the target level so that qL(x↑ xk) = 1. Rewrite ε(x, i) as

ε(x, i) = ϱLε(x)I{i = L}+
L↓1∑

l=1

ϱlεl(x)I{i = l}.

To get an ▷ bound on TV-distance we note that by Cauchy-Schwarz,

TV (p̂T (x),ε(x)) ↓ ⇁2
(
p̂T (x) || ε(x)

) 1
2 =

(∫

!

(
p̂T (x, L)

/ 
! p̂T (x, L)dx

ε(x)
↑ 1

)2

ε(x)dx

) 1
2

.

Lemma F.3 with εL
0 = εL = ε(x) yields

(∫

!

(
p̂T (x, L)

/ 
! p̂T (x, L)dx

ε(x)
↑ 1

)2

ε(x)dx

) 1
2

↓ ”

!

p̂T (x,L)
↼L dx

. (H.1)

where

” : =

(
⇁2

(
ν0(x, i)||ε(x, i)

)
· CPI

(
ε0(x, i)

)

ω0ϱL
0 · T

) 1
2

.

It remains to show that (H.1) is ↓ ▷. We first bound

!

p̂T (x,L)
↼L dx. By Lemma F.4, with ε0 = ε,

∫

!

p̂T (x, L)

ϱL
dx ∞ 1

2
 φ0
ϑ0


⇒

↑ ”

(ϱL
0 )

1
2

.

By Assumptions 3.1,

⇁2
(
ν0(x, i)||ε(x, i)

)
↓


ν0(x, i)

ε(x, i)
↑ 1


L↓

↑ 1 ↓

ν0(x, i)

ε0(x, i)


L↓

↓ U.

Then by Lemma G.10,

CPI

(
ε0(x, i)

)
= poly

(
C1, C2, C̃,M, l,

1

ctilt
,
1

↼
,
1

φ

)
.

Next we bound ω0 and ϱL
0 by using Assumption 1.1(2),

ω0 =

∑L
i=1 r̂

(L)
i Zi,0

∑L
i=1 r̂

(L)
i Zi

∞
ctilt

∑L
i=1 r̂

(L)
i Zi

∑L
i=1 r̂

(L)
i Zi

= ctilt

ϱL
0 =

r̂(L)
L wL,k


! ε̃L,k(x)dx

∑L
i=1 r̂

(L)
i

∑M
k=1 wi,k


! ε̃i,k(x)dx

=
r̂(L)
L wL,kZL,k

∑L
i=1 r̂

(L)
i

∑M
k=1 wi,kZi,k

∞ 1
∑L

i=1

∑M
k=1

r̂(L)
i wi,kZi,k

r̂(L)
L wL,k→ZL,k→

∞ ctilt
L2 ·M · C3

1C2
,

where in the last step we use Lemma G.4. Therefore choosing T = !( 1
ε2 ·

poly(U,C1, C2, C̃,M,L, 1
ctilt

, 1
⇀ ,

1
⇁ )) yields #

(↼L
0 )

1
2
↓ 1

4U ,

!

p̂T (x,L)
↼L dx ∞ 1

4U , and #∫
!

p̂T (x,L)

ϖL dx
↓
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ε. Noting that Theorem G.13 and Theorem G.17 yield C1 = poly( U
ctilt

) and C2 = poly( U
ctilt

),
we have that T = !( 1

ε2 poly(U, C̃,M,L, 1
ctilt

, 1
⇀ ,

1
⇁ )) is sufficient. Moreover, the number of

samples required at each level to run Algorithm 3 to ensure failure probability at most ϱ
L for

each level (and hence total failure probability at most ϑ) is given in Theorem G.13 and Theo-
rem G.17 as N = !

(
RL
ϱ

)
. R = poly(l,M,C1, C2,

1
ctilt

, U) is given in Lemma G.12 and with
C1 = poly( U

ctilt
) and C2 = poly( U

ctilt
) this reduces to R = poly(L,M, 1

Ctilt
, U). Therefore,

N = !(poly(L,M,U, 1
ctilt

, 1
ϱ ))

I GENERAL SETTING

I.1 TEMPERING ON Rd

In this subsection, we place reasonable assumptions on the tempering function ql(x) in Rd and show
that Assumptions 3.1 hold. More specifically, we determine lower bounds on the probability flow
between two modes of the projected chain. Lower bounding the probability flow between modes
will provide us with a lower bound on the spectral gap, in turn, enabling us to upper bound the
Poincaré constant C̄ of the projected chain from section E. The following assumptions will be made
for this subsection.
Assumption I.1. Let p̃i(x) =

∑M
k=1 ωkpk(x)

∑M
j=1 wi,jqi(x↑ xj).

1. The tempering function qi is defined as

qi(x) = e↓ωi
||x||2

2 .

2. We let the push forward measure q#jj→ be defined as the translation

q#jj→(x) = x↑ xj + xj→ .

3. The function ωkpk(x) = e↓fk(x) where fk(x) is L-smooth.

The following Lemma will allow us to find a suitable lower bound on the probability flows between
modes by bounding the ⇁2-divergence between mixture components.
Lemma I.2. Let pωi,good be the probability distribution defined as in (B.3). Let the distribution

pij =
ϖjpj(x)e

↑ωi
||x↑xj ||

2

2

Zj(ωi)
satisfy a Poincaré inequality with constant Cij and ||xj ↑ Epij (x)|| ↓ ϑ

for some constant ϑ ∞ 0. Lastly, let ”ϖ = ϖi ↑ ϖi→ and ”ϖ ↔ [0, 1
2CLS

]. Then

⇁2(pi→j ||pij) ↓
1∃

1↑ 2CLS”ϖ
· exp

(
2(dCLS + ϑ2)”ϖ

1↑ 2CLS”ϖ

)
↑ 1.

In particular, for ”ϖ = O( 1
CLSd+ϱ2 ) this is O(1).

Proof. We have

⇁2(
ωjpj(x)qωi→ (x↑ xj)

Zi→j
||ωjpj(x)qωi(x↑ xj)

Zij
) =

∫

!

(
e↓ωi→

||x↑xj ||
2

2 Zij

e↓ωi
||x||2

2 Zi→j

)2

ωjpj(x)e
↓ωi

||x↑xj ||
2

2
/
Zijdx↑ 1

=
( Zi,j

Zi→,j

)2
∫

!
e(ωi↓ωi→ )||x↓xj ||2 ωjpj(x)e↓ωi||x↓xj ||2

Zij
dx↑ 1

Further note that with ϖi→ < ϖi and e↓ω||x↓xj ||2/2 ↓ 1, it follows that

Zi,j =

∫

!
ωjpj(x)e

↓ωi||x↓xj ||2/2dx ↓
∫

!
ωjpj(x)e

↓ωi→ ||x↓xj ||2/2dx = Zi→,j .
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Therefore, with pij =
ϖjpj(x)e

↑ωi||x↑xj ||
2

Zij
,

( Zi,j

Zi→,j

)2
∫

!
e(ωi↓ωi→ )||x↓xj ||2 ωjpj(x)e↓ωi||x↓xj ||2

Zij
dx↑ 1 ↓

∫

!
e#ω||x↓xj ||2 ωjpj(x)e↓ωi||x↓xj ||2

Zij
dx↑ 1

= Epij


e#ω||x↓xj ||2


.

Applying Lemma J.6 yields

Epij


e#ω||x↓xj ||2


↓ 1∃

1↑ 2CLS”ϖ
· exp

(
”ϖ

1↑ 2CLS”ϖ
Epij


||x↑ xj ||

2
)

↓ 1∃
1↑ 2CLS”ϖ

· exp
(

”ϖ

1↑ 2CLS”ϖ
Epij


||x↑ Epij (x)||+ ||Epij (x)↑ xj ||

2
)

↓ 1∃
1↑ 2CLS”ϖ

· exp


2”ϖ

1↑ 2CLS”ϖ
(

d∑

k=1

Varpij (xk) + ϑ2)



Lastly, applying the LSI inequality,

↓ 1∃
1↑ 2CLS”ϖ

· exp
(
2(dCLS + ϑ2)”ϖ

1↑ 2CLS”ϖ

)
.

Lemma I.3. Let pωi,good be the probability distribution defined as in (B.3). For all 1 ↓ j ↓ M let
ωjpj(x) = e↓fj(x) for some L-smooth function fj(x) and let ||xj ↑ x⇓

j || ↓ D for some constant
D ∞ 0. Then

⇁2(
ωj→q

#
jj→pj→(x)q1(x↑ xj→)

Z1j→
||ωjpj(x)q1(x↑ xj)

Z1j
) ↓

(
ϖ1 + L

ϖ1 ↑ 3L

)d

e5
L2D2

ω1↑3L ↑ 1.

In particular, for ϖ1 = !(L2D2d), this is O(1).

Proof. Consider the following,

⇁2


ωj→q

#
jj→pj→(x)q1(x↑ xj→)

Z1j→
||ωjpj(x)q1(x↑ xj)

Z1j



=

∫

!

(
ωj→q

#
jj→pj→(x)q1(x↑ xj→)

Z1j→

/
ωjpj(x)q1(x↑ xj)

Z1j
↑ 1

)2ωjpj(x)q1(x↑ xj)

Z1j
dx

=

∫

!

(
ωj→pj→(x↑ xj + xj→)q1(x↑ xj)

Z1j→

/
ωjpj(x)q1(x↑ xj)

Z1j
↑ 1

)2ωjpj(x)q1(x↑ xj)

Z1j
dx

=
Z1j

Z2
1j→

∫

!

ω2
j→pj→(x↑ xj + xj→)2

ωjpj(x)
e↓ωi

||x↑xj ||
2

2 dx↑ 1

We continue by finding an upper bound on

Z1j

Z2
1j→

∫

!

ω2
j→pj→(x↑ xj + xj→)2

ωjpj(x)
e↓ωi

||x↑xj ||
2

2 dx =
Z1j

Z2
1j→

∫

!

e↓2fj→ (x↓xj+xj→ )

e↓fj(x)
e↓ωi

||x↑xj ||
2

2 dx

By letting ajpj(x) = e↓fj(x) for some L-smooth fj(x),

↓ Z1j

Z2
1j→

e↓2fj→ (xj→ )

e↓fj(xj)

∫

!
e(2→fj→ (xj→ )↓→fj(xj))

T (x↓xj)e
3
2L||x↓xj ||2e↓ω1

||x↑xj ||
2

2 dx

Letting v = 2→fj→(xj→)↑→fj(xj),

=
Z1j

Z2
1j→

e↓2fj→ (xj→ )

e↓fj(xj)

∫

!
e↓

1
2 (3L↓ω1)(x↓xj+ 1

3L↑ω1
v)T (x↓xj+ 1

3L↑ω1
v)+ 1/2

3L↑ω1
vT vdx

=
Z1j

Z2
1j→

e↓2fj→ (xj→ )

e↓fj(xj)
e

1/2
ω1↑3L vT v(

2ε

ϖ1 ↑ 3L
)

d
2
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We can bound vT v = ||2→fj→(xj→)↑→fj(xj)||2 ↓ (2L||xj→ ↑ x⇓
j→ ||+ L||xj ↑ x⇓

j ||)2 ↓ 9L2D2

↓ Z1j

Z2
1j→

e↓2fj→ (xj→ )

e↓fj(xj)
e

9L2D2

2(ω1↑3L)
( 2ε

ϖ1 ↑ 3L

) d
2

Now we can bound the following,

Z1j =

∫

!
e↓ωi

||x↑xj ||
2

2 e↓fj(x)dx

↓
∫

!
e↓fj(xj)+→fj(xj)

T (x↓xj)+L
2 ||x↓xj ||2e↓ωi

||x↑xj ||
2

2 dx

= e↓fj(xj)e
1

2(ωi↑L)→fj(xj)
T→fj(xj)

∫

!
e↓

ω1↑L
2 ||x↓xj↓ 1

ω1↑L→fj(xj)||2dx

↓ e↓fj(xj)e
L2D2

2(ωi↑L)
( 2ε

ϖ1 ↑ L

) d
2

Z1j→ =

∫

!
e↓ωi

||x↑xj→ ||
2

2 e
↑fj→ (x)

dx

∞
∫

!
e↓fj→ (xj→ )↓→fj→ (xj→ )

T (xj→↓x)↓L
2 ||x↓xj→ ||2

= e↓fj→ (xj→ )e
1

2(ω1+L)→fj→ (xj→ )
T→fj→ (xj→ )

∫

!
e↓

ω1+L
2 ||x↓xj→+

1
ω1+L→fj→ (xj→ )||2dx

=
( 2ε

ϖ1 + L

) d
2 e↓fj→ (xj→ )e

→fj→ (xj→ )
T →fj→ (xj→ )

2(ω1+L) .

Therefore we have that,

Z1j

Z2
1j→

e↓2fj→ (xj→ )

e↓fj(xj)
e

9L2D2

2(ω1↑3L)
( 2ε

ϖ1 ↑ 3L

) d
2 ↓

(
2ϑ

ω1↓L

) d
2 e↓fj(xj)e

L2D2

2(ω1↑L)

(
2ϑ

ω1+L

)d
e↓2fj→ (xj→ )e2

→fj→ (xj→ )
T →fj→ (xj→ )

2(ω1+L)

e↓2fj→ (xj→ )

e↓fj(xj)
e

9L2D2

2(ω1↑3L)
( 2ε

ϖ1 ↑ 3L

) d
2

=
( 2ε

ϖ1 ↑ L

) d
2 e

L2D2

2(ω1↑L)
(ϖ1 + L

2ε

)d
e↓2

→fj→ (xj→ )
T →fj→ (xj→ )

2(ω1+L) e
9L2D2

2(ω1↑3L)
( 2ε

ϖ1 ↑ 3L

) d
2

for L > 0, ϖ1↑L > ϖ1↑3L and since →fj→ (xj→ )
T→fj→ (xj→ )

2(ω1+L) > 0, we have e↓2
→fj→ (xj→ )

T →fj→ (xj→ )
2(ω1+L) < 1

and hence,

↓
(

ϖ1 + L

ϖ1 ↑ 3L

)d

e5
L2D2

ω1↑3L .

We will show that the base case of H1(1) and H2(1) hold under Assumptions I.1. To do this we
will reuse our previous analysis from this section. In Lemma I.3, we were able to show that if
ωjpj(x) = e↓fj(x), with L-smooth fj(x) for all j, then

Z1j ↓
( 2ε

ϖ1 ↑ L

) d
2 e↓fj(xj)e

L2D2

2(ωi↑L)

and

Z1j ∞
( 2ε

ϖ1 + L

) d
2 e↓fj(xj).

We first show that by choosing ϖ1 large enough the partition functions Z1k can be well approx-
imated. With good enough approximates of Z1k, we then show that we can estimate Z1 up to a
constant factor.
Lemma I.4. Let Assumptions 1.1 hold and assume that p(xk) > ωkpk(xk) > ctiltp(xk) (this is the
limit as ϖ ↘ ≃ of the tilting assumption in Assumptions 1.1). If ϖ1 = !(L

2D2d
ε ) with appropriate

constants, then
ctilt(1↑ ▷) · p(xk) ↓ Z1k ↓ (1 + ▷) · p(xk).
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Proof. By our previous bounds on Z1k and Assumptions 1.1, we choose ϖ1 such that

1↑ ▷ ↓
( ϖ1

ϖ1 + L

) d
2 ¬△ ϖ1 ∞ L

(
1

1↓ε )
2
d ↑ 1

.

Noting that


1
1↓ε

 2
d
= 1 +#

(
ε
d

)
gives that it suffices for ϖ1 = !

(
Ld
ε

)
. In similar fashion, for the

upper bound, we choose ϖ1 such that

1 + ▷1 ∞
( ϖ1

ϖ1 ↑ L

) d
2 ¬△ ϖ1 ∞ L

( 1
1+ε )

d
2 + 1

.

A similar analysis to the lower bound yields that this is satisfied when ϖ1 = !(Ld
ε1
). We also impose

1 + ▷2 ∞ e
L2D2

2(ω1↑L) ¬△ ϖ1 =
L2D2

2 ln(1 + ▷2)
+ L,

for which it suffices that ϖ1 = !( L2D2

ln(1+ε2)
). By letting 1 + ▷ = (1 + ▷1)(1 + ▷2) and ▷1 = ▷2, we

require that ϖ1 = !


L2D2+Ld
ε


.

Corollary I.5. H1(1) Taking w1,k → 1
p(xk)

and choosing ϖ1 = !(L
2D2d
ε ) yields

ctilt(1↑ ▷)

1 + ▷
↓ w1k→Z1k→

w1kZ1k
↓ 1 + ▷

ctilt(1↑ ▷)
,

i.e.
1

C1
↓ w1k→Z1k→

w1kZ1k
↓ C1,

where C1 = O( 1
ctilt

).

Lemma I.6. Let p̃0(x, i) =
∑l

j=1 r̂
(l)
j p̃j0(x)I{i = j}, with p̃j0(x) =

∑M
k=1 wj,kωkεk(x)qj(x ↑

xk). Here, r̂(l)1 = C2r
(l)
1 and r̂(l)j = r(l)j for j = 2, . . . , l. Moreover, we define the normalized

p0(x, i) =
∑l

j=1 ϱ
j
0pj0(x)I{i = j} with pj0(x) =

1
Zj0

p̃j0(x). Lastly, by choosing

ν0(x, i) =
1

Ẑ1

M∑

k=1

ctiltε(xk)w1,k

(
5L+ ϖ1

2ε

) d
2

exp

(
↑
(5L+ ϖ1

2

)
||x↑ xk||2

)
I{i = 1},

we have that 
ν0(x, i)

p0(x, i)


⇒

↓ 1 + ▷

c2tilt

(
L+ ϖ1 + L2D2

ϖ1

) d
2

·O(1).

Moreover, choosing ϖ1 = !(L2D2d),

ν0(x, i)

p0(x, i)


⇒

= O

(
1

c2tilt

)
.

Proof. Let ν0(x, i) = 1
Ẑ1

∑M
k=1 ŵ1,k q̂1,k(x)I{i = k} for some q̂1,k—to be defined later. Then we

can consider

ν0(x, i)

p0(x, i)


⇒

=



1
Ẑ1

∑M
k=1 ŵ1,k q̂1,k(x)

ϱ1
0/Z10

∑M
k=1 w1,kωkεk(x)qj(x↑ xk)


⇒

=
1

Ẑ1

Z10

ϱ1
0



∑M
k=1 ŵ1,k q̂1,k(x)∑M

k=1 w1,kωkεk(x)qj(x↑ xk)


⇒

.

To bound A1+···+AM
B1+···+BM

=
B1

A1
B1

+···+BM
AM
BM

B1+···+BM
it’s sufficfient to bound Ak

Bk
for all k. Therefore, by using

that ωkεk(x) = e↓fk(x) where fk(x) is L-smooth and qj(x↑ xk) is a Gaussian centered at xk with
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variance ϖ1, we consider


ŵ1,k q̂1,k(x)

w1,kωkεk(x)qj(x↑ xk)


⇒

↓



ŵ1,k q̂1,k(x)

w1,kωkεk(xk)

(
ω1

2ϑ

) d
2

exp

↑(x↑ xk)T→fk(xk)↑ L

2 ||x↑ xk||2 ↑ ω1

2 ||x↑ xk||2



⇒

=
ŵ1,k

w1,kωkεk(xk)

(
ω1

2ϑ

) d
2

q̂1,k(x) exp
(
(x↑ xk)

T→fk(xk) +
L

2
||x↑ xk||2 +

ϖ1

2
||x↑ xk||2

)
⇒

Now letting q̂1,k =
(

ϖ
2ϑ

) d
2 exp

(
↑ϖ

2 ||x↑ xk||2
)
,

=
ŵ1,k

(
ϖ
2ϑ

) d
2

w1,kωkεk(xk)


ω1

2ϑ

 d
2

exp
(
(x↑ xk)

T→fk(xk) +
L

2
||x↑ xk||2 +

ϖ1

2
||x↑ xk||2 ↑

ω

2
||x↑ xk||2

)
⇒

=

ŵ1,k

(
ϖ
2ϑ

) d
2

w1,kωkεk(xk)

(
ω1

2ϑ

) d
2

exp

L+ ϖ1 ↑ ω

2

x↑ xk +
→fk(xk)

L+ ϖ ↑ ω


2

↑ →fk(xk)T→fk(xk)

2(L+ ϖ1 ↑ ω)


⇒

Choose ω = ϖ1 + L+ L2D2 > ϖ1 + L; then

↓
ŵ1,k

(
L+ω1+LD2

2ϑ

) d
2

w1,kωkεk(xk)

(
ω1

2ϑ

) d
2

exp

↑LD2

2

x↑ xk +
→fk(xk)

L+ ϖ ↑ ω


2

+
→fk(xk)T→fk(xk)

2LD2


⇒

↓
ŵ1,k

(
L+ω1+LD2

2ϑ

) d
2

w1,kωkεk(xk)

(
ω1

2ϑ

) d
2

1 · exp

L2 ′xk ↑ x⇓

k′
2

2LD2


⇒

↓ ŵ1,k

w1,kωkεk(xk)

(
L+ ϖ1 + LD2

ϖ1

) d
2
1 · exp

(
L2D2

2L2D2

)
⇒

Lastly, by the assumption that ωkεk(xk) ∞ ctiltε(xk) we have

↓ ŵ1,k

w1,kctiltε(xk)

(
L+ ϖ1 + LD2

ϖ1

) d
2

·O(1)

Therefore we have a bound given by

ν0(x, i)

p0(x, i)


⇒

↓ 1

Ẑ1

Z10

ϱ1
0

ŵ1,k

w1,kctiltε(xk)

(
L+ ϖ1 + L2D2

ϖ1

) d
2

·O(1).

Lastly by choosing ŵ1,k = ctiltε(xk)w1,k, the same estimate we use for the component measure
weights, we get

=
1

Ẑ1

Z10

ϱ1
0

(
L+ ϖ1 + L2D2

ϖ1

) d
2

·O(1).

This yields a bound of

ν0(x, i)

p0(x, i)


⇒

↓ Z10

Ẑ1

1

ϱ1
0

(
L+ ϖ1 + L2D2

ϖ1

) d
2

·O(1).

52



2808
2809
2810
2811
2812
2813
2814
2815
2816
2817
2818
2819
2820
2821
2822
2823
2824
2825
2826
2827
2828
2829
2830
2831
2832
2833
2834
2835
2836
2837
2838
2839
2840
2841
2842
2843
2844
2845
2846
2847
2848
2849
2850
2851
2852
2853
2854
2855
2856
2857
2858
2859
2860
2861

Under review as a conference paper at ICLR 2026

Since, by definition of ν0(x, i), Ẑ1 = ctilt
∑M

k=1 w1,kε(xk) we get that

ν0(x, i)

p0(x, i)


⇒

↓
∑M

k=1 wkZ1k

ctilt
∑M

k=1 w1,kε(xk)

1

ϱ1
0

(
L+ ϖ1 + L2D2

ϖ1

) d
2

·O(1)

=

∑M
k=1 wk

Z1k
ϑ(xk)

ε(xk)

ctilt
∑M

k=1 w1,kε(xk)

1

ϱ1
0

(
L+ ϖ1 + L2D2

ϖ1

) d
2

·O(1).

By Lemma I.4

↓ 1 + ▷

ctilt

1

ϱ1
0

(
L+ ϖ1 + L2D2

ϖ1

) d
2

·O(1).

Lastly, we have that ϱ1
0 = r̂(l)1 Z10∑l

i=1 r̂(l)i Zi0
; therefore

1

ϱ1
0

=

∑l
i=1 r̂

(l)
i Zi0

r̂(l)1 Z10

↓ 1

ctilt

∑l
i=1 r̂

(l)
i Zi

r̂(l)1 Z1

=
1

ctilt

l · C2r
(l)
1 Z1 +

∑l
i=2 r

(l)
i Zi

l · C2r
(l)
1 Z1

↓ 2

ctilt
.

Lemma I.7. Let Assumptions I.1 and 1.1 hold. Let maxj ||Eµl,j,k [x] ↑ xk|| ↓ ϑc with µl,j,k =

ϖjϑj(x)e
↑ωl||x↑xk||2

2

Zl,j,k
and define C⇓

LS = maxi,j C
(ij)
LS . Then

⇁2
( ε̄l+1,k

Z̄l+1,k
|| ε̄l,k

Z̄l,k

)
↓ 1√

1↑ 2C⇓
LS”ϖ

· exp

”ϖ

(
C⇓

LSd+ ϑ2c
)

1↑ 2C⇓
LS”ϖ


.

In particular, if ”ϖ = O( 1
CLSd+ϱ2c

) this is O(1).

Proof. By Lemma G.9 it’s left to upper bound ⇁2
( ϑ̄l+1,k

Z̄l+1,k
|| ϑ̄l,k

Z̄l,k

)
. Let ”ϖ = ϖl ↑ ϖl+1, simplifica-

tion of the ⇁2 term yields,

⇁2
( ε̄l+1,k

Z̄l+1,k
|| ε̄l,k

Z̄l,k

)
=

Z̄2
l,k

Z̄2
l+1,k

∫

!
e#ω||x↓xk||2 ε(x)e

↓ωl
||x↑xk||2

2

Z̄l,k
dx

Z̄2
l,k

Z̄2
l+1,k

↓ 1 since ϖl+1 < ϖl therefore

↓
∑

j

Zl,j,k

Z̄l,k

∫

!
e#ω||x↓xk||2 ωjεj(x)e

↑ωl||x↑xk||2
2

Zl,j,k
dx.

Let µl,j,k(x) =
ϖjϑj(x)e

↑ωl||x↑xk||2
2

Zl,j,k
then by Lemma J.6 with ”ϖ ↔ [0, 1

2C↗
LS

]

↓
∑

j

Zl,j,k

Z̄l,k

1√
1↑ 2C⇓

LS”ϖ
· exp

(
”ϖ

1↑ 2C⇓
LS”ϖ

Eµl,j,k


||x↑ xk||

2
)
.

Lastly, by the triangle inequality and applying LSI with maxj ||Eµl,j,k [x]↑ xk|| ↓ ϑc

↓ 1√
1↑ 2C⇓

LS”ϖ
· exp


”ϖ

(
C⇓

LSd+ ϑ2c
)

1↑ 2C⇓
LS”ϖ


.

Finally, we prove Proposition 3.2 as corollary of the previous Lemmas.

Proof. (Proposition 3.2) Lemma I.2 with choice of ”ϖ = O( 1
CLSd+r2 ) yields ⇁2 (εl+1,k||εl,k) =

O(1). Lemma I.3 with choice of ϖ1 = !(L2D2d) yields ⇁2 (ε1,k||ε1,j) = O(1). Lemma with
choice of ”ϖ = O( 1

CLSd+r2 yields ⇁2( ϑ̄l+1,k

Zl+1,k
′ ϑ̄l,k

Zl,k
) = O(1).
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Corollary I.5 guarantees level balance from definition 2.3 on level 1. Lastly, Lemma I.6 with an
appropriate choice of ν0(x, i) yields U = O( 1

c2tilt
)

Since the warmest level is ϖL = 0 and the coldest is ϖ1 = !(L2D2d) with choice of ”ϖ =
O( 1

CLSd+r2 ) this yields ω1↓ωL

#ω = !(L2D2d2CLSr2) levels. Therefore with respect to dimension-
ality we require !(d2) levels.

I.2 MIXTURE OF GAUSSIANS

In Section I.1 we showed that given exponential tempering functions, Assumptions 3.1 hold. This
shows that the theory work in Section G.3 holds in a general setting. It is left to show that for a
family of target functions, Assumptions 1.1 hold. In this subsection we will show that for a mixture
of Gaussians with different variances, Assumptions 1.1 hold, which, in conjunction with Section I.1,
gives a broad setting for Theorem 3.3 to be applied. For simplicity we consider the case of spherical
Gaussians.

Proposition I.8. Assume the setting of Section I.1 outlined in Assumptions I.1. Additionally, assume
that the mixture components of the target measure

∑
k ωkεk(x) =

∑
k ωk

(
ak
ϑ

) d
2 e↓ak⇔x↓µk⇔2

. We
make the following technical assumptions that quantify distance between modes let ”i =

ωl

1+
ωl
ai

and

dik = ′µi ↑ xk′ then we require d2kk ↓ d2jk, d
2max{#k,#j} log


#j

#k


↓ d2jk ↑ d2kk and #k

#j
↓ d2

jk

d2
kk
.

Then Assumptions 1.1 hold with constants

c0 = min
k

ωk

C(ω)
P =

1

mink ak + ω
2

.

Proof. We will show that each of the three parts of Assumptions 1.1 hold.

1. Holds by definition.

2. At the target level ϖL = 0 the inequality

! ωkεk(x)dx ∞ c0

∑
j


! ωjεj(x)dx is equiva-

lent to ωk ∞ c0 =△ c0 = mink ωk. To show this for any ϖl we want to find the maximum
c0 that satisfies 

! ωkεk(x)ql(x↑ xk)dx∑
j


! ωjεj(x)ql(x↑ xk)dx

∞ c0.

We show this by finding an upper bound on the quotient


! ωjεj(x)ql(x↑ xk)dx
! ωkεk(x)ql(x↑ xk)dx

=
ωj

(aj

ϑ

) d
2

! e↓aj ||x↓µj ||2↓ωl||x↓xk||2dx

ωk

(
ak
ϑ

) d
2

! e↓ak||x↓µk||2↓ωl||x↓xk||2dx

=
ωj

(aj

ϑ

) d
2
(

ϑ
aj+ω

) d
2 exp


⇔ajµj+ωxk⇔2

aj+ωl
↑ aj ||µj ||2 ↑ ϖl′xk′2



ωk

(
ak
ϑ

) d
2
(

ϑ
ak+ω

) d
2 exp


⇔akµk+ωxk⇔2

ak+ωl
↑ ak||µk||2 ↑ ϖl′xk′2

 .

Rewriting the exponential terms exp


⇔aiµi+ωxi⇔2

ai+ωl
↑ ai ′µi′2 ↑ ϖl′xi′2


=

exp


↓aiωl

ai+ωl
||µi ↑ xi||2


yields,

=
ωj

ωk

(
1 + ωl

ak

1 + ωl

aj

) d
2

exp

(
akϖl

ak + ϖl
′µk ↑ xk′2 ↑

ajϖl

aj + ϖl
′µj ↑ xk′2

)
.
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To simplify the above expression let ”i = ωl

1+
ωl
ai

and dik = ′µi ↑ xk′. The above is at

most ϖj

ϖk
iff

d

2
log

(
”j

”k

)
+”kd

2
kk ↑”jd

2
jk ↓ 0. (I.1)

Consider 3 cases.

Case 1 (equal variance): Assume ak = aj . In this case ”k = ”j and (I.1) is satisfied when
dkk ↓ djk.

Case 2: ak ↓ aj which is equivalent to ”k ↓ ”j . In this case,

d

2
log

(
”j

”k

)
+”kd

2
kk ↑”jd

2
jk ↓ d

2
log

(
”j

”k

)
+max{”k,”j}(d2kk ↑ d2jk)

which is at most 0 when
d

2max{”k,”j}
log

(
”j

”k

)
↓ d2jk ↑ d2kk.

Case 3: aj ↓ ak which is equivalent to ”j ↓ ”k. In this case,

d

2
log

(
”j

”k

)
+”kd

2
kk ↑”jd

2
jk ↓ ”kd

2
kk ↑”jd

2
jk,

which is at most 0 when
”k

”j
↓

d2jk
d2kk

.

In all three cases we have that

ωj

ωk

(
1 + ωl

ak

1 + ωl

aj

) d
2

exp

(
akϖl

ak + ϖl
′µk ↑ xk′2 ↑

ajϖl

aj + ϖl
′µj ↑ xk′2

)
↓ ωj

ωk
.

Since this holds for all j, k we have that

! ωkεk(x)ql(x↑ xk)dx∑
j


! ωjεj(x)ql(x↑ xk)dx

∞ 1∑
j

ϖj

ϖk

= ωk.

Therefore since this must hold for all k we have that ctilt = mink ωk.

3. Let Vj = ↑ log εj . We have →2Vj(x) ∅
(
aj+

ω
2

)
I . Since Vj(x) is ω-strongly convex with

ω = aj +
ω
2 , then ωjεj(x)e↓ωl||x↓xk||2 satisfies an Poincaré inequality (and log-Sobolev

inequality) with C(ω)
P = 1

aj+
ω
2

.

J APPENDIX

Lemma J.1. ((Levin et al., 2017, Lemma 13.6)) For a reversible transition matrix P with stationary
distribution ε, the associated Dirichlet form is

E (f, f) =
1

2

∑

x,y→!

(
f(x)↑ f(y)

)2

ε(x)P (x, y).

Lemma J.2. (HCR inequality Lehmann (1983)) Let P,Q be measures with P ∀ Q and f a
measurable function. Then

(
EQ(f)↑ EP (f)

)2

↓ VarP (f)ω2(Q||P ).
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Lemma J.3. ((Lee & Santana-Gijzen, 2024, Lemma 20)) If the Markov semigroup Pt is reversible
with stationary distribution ε, then

d2

dt2
Varϑ(Ptf) ∞ 0.

Hence, ↑ d
dt Varϑ(Ptf) = ↑2 ⇔Ptf,LPtf↖ is strictly decreasing.

Proof. We compute

d2

dt2
Varϑ(Ptf) =

d

dt

(
d

dt
Varϑ(Ptf)

)

=
d

dt
2 ⇔Ptf,LPtf↖

= 2(⇔LPtf,LPtf↖+
〈
Ptf,L

2Ptf
〉
)

Since L is self-adjoint,
= 4 ⇔LPtf,LPtf↖
= 4′LPtf′2L2(ϑ) ∞ 0.

Lemma J.4. Let P =
∑M

k=1 wkPk and Q =
∑M

k=1 w
↑
kQk be distributions where wk, w↑

k ∞ 0 and
Pk, Qk are distributions. Suppose wk

w→
k
↓ r for all k. Then

⇁2(P ||Q) ↓ r ·
∑

k

wk⇁
2(Pk||Qk).

Proof. Consider

⇁2(P ||Q) =

∫

!

(
P (x)↑Q(x)

)2

Q(x)
dx

=

∫

!

(∑
k wkPk(x)↑

∑
k w

↑
kQk(x)

)2
∑

k w
↑
kQk(x)

dx

Cauchy-Schwarz yields
(∑

k
wkPk(x)↓w→

kQk(x)∃
w→

kQk(x)

√
w↑

kQk(x)
)2 ↓

∑
k

(
wkPk(x)↓w→

kQk(x)
)2

w→
kQk(x)

∑
k w

↑
kQk(x); therefore

↓
∫

!

∑

k

(
wkPk(x)↑ w↑

kQk(x)
)2

w↑
kQk(x)

dx

=

∫

!

∑

k

w2
kPk(x)2

w↑
kQk(x)

dx↑ 2

∫

!

∑

k

wkw↑
kPk(x)Qk(x)

w↑
kQk(x)

dx+

∫

!

∑

k

w↑
k
2Qk(x)2

w↑
kQk(x)

dx

=

∫

!

∑

k

w2
kPk(x)2

w↑
kQk(x)

dx↑ 2

∫

!

∑

k

wkPk(x)dx+

∫

!

∑

k

w↑
kQk(x)dx

=
∑

k

w2
k

w↑
k

∫

!

Pk(x)2

Qk(x)
dx↑ 1

=
∑

k

w2
k

w↑
k

⇁2(Pk||Qk) ↓ r
∑

k

wk⇁
2(Pk||Qk).

Lemma J.5. Ge et al. (2018c) Let p, q be probability distribution functions. Then
∫

!
min{p(x), q(x)}dx ∞ 1↑

√
⇁2(q||p).
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Proof. We have that
(∫

!
q ↑min{p, q}dx

)2

↓
∫

!

(q ↑min{p, q})2

q
dx ↓ ⇁2(q||p).

Therefore ∫

!
min{p, q}dx ∞ 1↑

√
⇁2(q||p).

Lemma J.6. (Bakry et al. (2014); Bobkov & Tetali (2006)) Suppose that µ satisfies a log-Sobolev
inequality with constant CLS . Let f be a 1-Lipschitz function. Then

1. (Sub-exponential concentration) For any t ↔ R,

Eµe
tf ↓ etEµf+

CLSt2

2 .

This holds in both the continuous Bakry et al. (2014) and discrete Bobkov & Tetali (2006)
setting.

2. (Sub-gaussian concentration) For any t ↔ [0, 1
CLS

),

Eµe
tf2

2 ↓ 1∃
1↑ CLSt

exp

(
t

2(1↑ CLSt)
(Eµf)

2

)
.

Lemma J.7 (Method of Canonical Paths (Corollary 13.21, Levin et al. (2017)). Let P be a reversible
and irreducible transition matrix with stationary distribution ε. Define Q(x, y) = ε(x)P (x, y) and
suppose $xy is a choice of E-path for each x and y, and let

B = max
e→E

1

Q(e)

∑

x,y,e→”xy

ε(x)ε(y)|$xy|.

The the spectral gap satisfies ↼ ∞ B↓1.

K LLM USAGE

LLMs used for light editing and coding aid.
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