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Abstract

The framework of feedback graphs is a generalization of sequential decision-
making with bandit or full information feedback. In this work, we study
an extension where the directed feedback graph is stochastic, following
a distribution similar to the classical Erdds-Rényi model. Specifically, in
each round every edge in the graph is either realized or not with a dis-
tinct probability for each edge. We prove nearly optimal regret bounds of
order min{min, \/(c./e)T, min€(55/5)1/3T2/3} (ignoring logarithmic fac-
tors), where a. and 0. are graph-theoretic quantities measured on the
support of the stochastic feedback graph G with edge probabilities thresh-
olded at €. Our result, which holds without any preliminary knowledge
about G, requires the learner to observe only the realized out-neighborhood
of the chosen action. When the learner is allowed to observe the realization
of the entire graph (but only the losses in the out-neighborhood of the
chosen action), we derive a more efficient algorithm featuring a dependence
on weighted versions of the independence and weak domination numbers
that exhibits improved bounds for some special cases.

1 Introduction

In this work we study an online learning framework for decision-making with partial feedback.
In each decision round, the learner chooses an action in a fixed set and is charged a loss.
In our setting, the loss of any action in all decision rounds is preliminarily chosen by an
adversary, but the feedback received by the learner at the end of each round ¢ is stochastic.
More specifically, the loss of each action 4 (including I;, the one selected by the learner at
round t) is independently observed with a certain probability p(Iy, ), where the probabilities
p(i,7) for all pairs i, j are fixed but unknown.

This feedback model can be viewed as a stochastic version of the feedback graph model for
online learning [Mannor and Shamir, 2011], where the feedback received by the learner at
the end of each round is determined by a directed graph defined over the set of actions.
In this model, the learner deterministically observes the losses of all the actions in the
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out-neighborhood of the action selected in that round. In certain applications, however,
deterministic feedback is not realistic. Consider for instance a sensor network for monitoring
the environment, where the learner can decide which sensor to probe in order to maximize
some performance measure. Each probed sensor may also receive readings of other sensors,
but whether a sensor successfully transmits to another sensor depends on a number of
environmental factors, which include the position of the two sensors, but also their internal
state (e.g., battery levels) and the weather conditions. Due to the variability of some of
these factors, the possibility of reading from another sensor can be naturally modeled as a
stochastic event.

Online learning with adversarial losses and stochastic feedback graphs has been studied
before, but under fairly restrictive assumptions on the probabilities p(i,j). Let G be a
stochastic feedback graph, represented by its probability matrix p(i, j) for i, € V where
V is the action set. When p(i, j) = ¢ for all distinct ¢, 57 € V and for some £ > 0, then G
follows the Erdds-Rényi random graph model. Under the assumption that ¢ is known and
p(i,i) = 1 for all 4 € V' (all self-loops occur w.p. 1), Alon et al. [2017] show that the optimal

regret after T rounds is of order /T/e, up to logarithmic factors. This result has been

extended by Kocék et al. [2016a], who prove a regret bound of order /) ,(1/e;) when the
parameter €; of the random graph is unknown and allowed to change over time. However,
their result holds only under rather strong assumptions on the sequence ¢; for t > 1. In
a recent work, Ghari and Shen [2022] show a regret bound of order (a/e)V KT, ignoring
logarithmic factors, when each (unknown) probability p(i,7) in G is either zero or at least
¢ for some known ¢ > 0, and all self-loops (4,7) have probability p(i,7) > €. Here « is the
independence number (computed ignoring edge orientations) of the support graph supp(G);
i.e., the directed graph with adjacency matrix A(3, j) = Iy, j)>0y- Their bound holds under
the assumption that supp(G) is preliminarily known to the learner.

Our analysis does away with a crucial assumption that was key to prove all previous results.
Namely, we do not assume any special property of the matrix G, and we do not require
the learner to have any preliminary knowledge of this matrix. The fact that positive edge
probabilities are not bounded away from zero implies that the learner must choose a threshold
e € (0,1] below which the edges are deemed to be too rare to be exploitable for learning. If
€ is too small, then waiting for rare edges slows down learning. On the other hand, if € is
too large, then the feedback becomes sparse and the regret increases.

To formalize the intuition of rare edges, we introduce the notion of thresholded graph supp(G.)
for any e > 0. This is the directed graph with adjacency matrix A(i, j) = I;p¢,5)><). As the
thresholded graph is a deterministic feedback graph G, we can refer to Alon et al. [2015] for
a characterization of minimax regret Ry based on whether G is not observable (R of order
T), weakly observable (Rz of order 6'/3T2/3), or strongly observable (Ry of order v/aT).!
Here « and § are, respectively, the independence and the weak domination number of G;
see Section 2 for definitions. Let «. and J. respectively denote the independence number
and the weak domination number of supp(G.). As a. and d. both grow when ¢ gets larger,
the ratios a. /e and d./e capture the trade-off involved in choosing e. We define the optimal
values for ¢ as follows:

gy = argmin {% : supp(G:) is strongly observable} , (1)
€€(0,1] €
N 0 .
ey, = argmin ¢ — : supp(G.) is observable p . (2)
€€(0,1] €

We adopt the convention that the minimum of an empty set is infinity and the relative
argmin is set to 0. The arg min are well defined: there are at most K2 values of ¢ for which
the support of G. varies, and the minimum is attained in one of these values. For simplicity,
we let a® = aex and 0* = dgx . Our first result can be informally stated as follows.

Theorem 1 (Informal). Consider the problem of online learning with an unknown stochastic

feedback graph G on T time steps. If supp(G.) is not observable for e = O(K?3/T), then any
learning algorithm suffers regret linear in T. Otherwise, there exists an algorithm whose

L All these rates ignore logarithmic factors.



regret satisfies (ignoring polylog factors in K and T')

a* 6* 1/3
Ry < min{ —T, () T2/3} :
68 €’w

This bound is tight (up to polylog factors).

This result shows that, without any preliminary knowledge of G, we can obtain a bound
that optimally trades off between the strongly observable rate \/(a*/e¥)T, for the best
threshold e for which supp(G.) is strongly observable, and the (weakly) observable rate
(6% /ex)H/3T2/3 for the best threshold e for which supp(G.) is (weakly) observable. Note that

this result improves on Ghari and Shen [2022] bound («./e)v KT, who additionally assume
that supp(G.) and e (a lower bound on the self-loop probabilities) are both preliminarily
available to the learner. On the other hand, the algorithm achieving the bound of Theorem 1
need not receive any information (neither prior nor during the learning process) besides the
stochastic feedback.

We obtain positive results in Theorem 1 via an elaborate reduction to online learning with
deterministic feedback graphs. Our algorithm works in two phases: first, it learns the edge
probabilities in a round-robin procedure, then it commits to a carefully chosen estimate
of the feedback graph and feeds it to an algorithm for online learning with deterministic
feedback graphs. There are two main technical challenges the algorithm faces: on the one
hand, it needs to switch from the first to the second phase at the right time in order to
achieve the optimal regret. On the other hand, in order for the reduction to work, it needs
to simulate the behaviour of a deterministic feedback graph using only feedback from a
stochastic feedback graph (with unknown edge probabilities). We complement the positive
results in Theorem 1 with matching lower bounds that are obtained by a suitable modification
of the hard instances in Alon et al. [2015, 2017] so as to consider stochastic feedback graphs.

Our last result is an algorithm that, at the cost of an additional assumption on the feedback
(i-e., the learner additionally observes the realization of the entire feedback graph at the end
of each round), has regret which is never worse and may be considerably better than the
regret of the algorithm in Theorem 1. While the bounds in Theorem 1 are tight up to log
factors, we show that the factors a*/e¥ and §*/ef, can be improved for specific feedback
graphs. Specifically, we design weighted versions of the independence and weak domination
numbers, where the weights of a given node depend on the probabilities of seeing the loss of
that node. On the technical side, we design a new importance-weighted estimator which uses
a particular version of upper confidence bound estimates of the edge probabilities p(i, ),
rather than the true edge probabilities, which are unknown. We show that the cost of using
this estimator is of the same order as the regret bound achievable had we known p(i, j).
Additionally, the algorithm that obtains these improved bounds is more efficient than the
algorithm of Theorem 1. The improvement in efficiency comes from the following idea: we
start with an optimistic algorithm that assumes that the support of G is strongly observable
and only switches to the assumption that the support of G is (weakly) observable when it
estimates that the regret under this second assumption is smaller. The algorithm learns
which regime is better by keeping track of a bound on the regret of the optimistic algorithm
while simultaneously estimating the regret in the (weakly) observable case, which it can do
efficiently.

Additional related work. The problem of adversarial online learning with feedback
graphs was introduced by Mannor and Shamir [2011], in the special case where all nodes
in the feedback graph have self-loops. The results of Alon et al. [2015] (also based on prior
work by Alon et al. [2013], Kocdk et al. [2014]) have been recently slightly improved by Chen
et al. [2021], with tighter constants in the regret bound. Variants of the adversarial setting
have been studied by Feng and Loh [2018], Arora et al. [2019], Rangi and Franceschetti
[2019] and Van der Hoeven et al. [2021], who study online learning with feedback graphs
and switching costs and online multiclass classification with feedback graphs, respectively.
There is also a considerable amount of work in the stochastic setting [Liu et al., 2018, Cortes
et al., 2019, Li et al., 2020]. Finally, Rouyer et al. [2022] and Ito et al. [2022] independently
designed different best-of-both-worlds learning algorithms achieving nearly optimal (up to
polylogarithmic factors in T') regret bounds in the adversarial and stochastic settings.



Following Mannor and Shamir [2011], we can consider a more general scenario where the
feedback graph is not fixed but changes over time, resulting in a sequence Gy, ...,Gp of
feedback graphs. Cohen et al. [2016] study a setting where the graphs are adversarially
chosen and only the local structure of the feedback graph is observed. They show that, if the
losses are generated by an adversary and all nodes always have a self-loop, one cannot do
better than +/ KT regret, and we might as well simply employ a standard bandit algorithm.
Furthermore, removing the guarantee on the self-loops induces an (7T') regret. In Section 3,
we are in a similar situation, as we also observe only local information about the feedback
graph and the losses are generated by an adversary. However, we show that if the graphs
are stochastically generated with a strongly observable support for some threshold ¢, there
is a \/aT /e regret bound. As a consequence, for € not too small, observing only the local
information about the feedback graphs is in fact sufficient to obtain better results than
in the bandit setting. Similarly, if there are no self-loops in the support but the support
is weakly observable, then our regret bounds are sublinear rather than linear in 7. Alon
et al. [2013, 2017] and Kocék et al. [2014] also consider adversarially generated sequences
G1,Go, ... of deterministic feedback graphs. In the case of directed feedback graphs, Alon
et al. [2013] investigate a model in which G; is revealed to the learner at the beginning of
each round ¢. Alon et al. [2017] and Kocdk et al. [2014] extend this analysis to the case when
G} is strongly observable and made available only at the end of each round ¢. In comparison,
in our setting the graphs (or the local information about the graph) revealed to the learner
(at the end of each round) may not even be observable, let alone strongly observable. Despite
this seemingly challenging setting for previous works, we nevertheless obtain sublinear regret
bounds. Finally, Kocék et al. [2016b] study a feedback model where the losses of other
actions in the out-neighborhood of the action played are observed with an edge-dependent
noise. In their setting, the feedback graphs G; are weighted and revealed at the beginning
of each round. They introduce edge weights s;(i,7) € [0,1] that determine the feedback
according to the following additive noise model: s;(It, )¢:(5) + (1 — s¢ (I3, 5))&(5), where
&1(j) is a zero-mean bounded random variable. Hence, if s;(i,j) = 1, then I; = i allows to
observe the loss of action j without any noise. If s;(i,7) = 0, then only noise is observed.
Note that they assume s;(i,4) = 1 for each 4, implying strong observability. Although similar
in spirit to our feedback model, our results do not directly compare with theirs.

Further work also takes into account a time-varying probability for the revelation of side-
observations [Kocdk et al., 2016a]. While the idea of a general probabilistic feedback graph
has been already considered in the stochastic setting [Li et al., 2020, Cortes et al., 2020], the
recent work by Ghari and Shen [2022] seems to be the first one in the adversarial setting
that generalizes from the Erdds-Rényi model to a more flexible distribution where they allow
“edge-specific” probabilities. We remark, however, that the assumptions of Ghari and Shen
[2022] exclude some important instances of feedback graphs. For example, we cannot hope to
employ their algorithm for efficiently solving the revealing action problem (see for example
[Alon et al., 2015]). In a spirit similar to ours, Resler and Mansour [2019] studied a version
of the problem where the topology of the graph is fixed and known a priori, but the feedback
received by the learner is perturbed when traversing edges.

2 Problem Setting

A feedback graph over a set V = [K] of actions is any directed graph G = (V, E), possibly
with self-loops. For any vertex i € V, we use N2(i) = {j € V : (j,i) € E} to denote the
in-neighborhood of ¢ and N2"(i) = {j € V : (4,j) € E} to denote its out-neighborhood
(we may omit the subscript when the graph is clear from the context). The independence
number «(G) of a feedback graph G is the cardinality of the largest subset S of V such
that, for all distinct i,7 € S, it holds that (¢,7) and (j,4) are not in E. We also use the
following terminology for directed graphs G = (V, E) [Alon et al., 2015]. Any i € V is:
observable if N2'(i) # 0, strongly observable if i € N2 (i) or V' \ {i} C NZ(i), and weakly
observable if it is observable but not strongly. The graph G is: observable if all i € V' are
observable, strongly observable if all ¢ € V' are strongly observable, and weakly observable if
it is observable but not strongly. The weak domination number 6(G) of G is the cardinality
of the smallest subset S of V' such that for all weakly observable i € V '\ S there exists j € S
such that (j,7) € E.



In the online learning problem with a stochastic feedback graph, an oblivious adversary
privately chooses a stochastic feedback graph G and a sequence ¢, {o, ... of loss functions
0.V —[0,1]. At each round t = 1,2,..., the learner selects an action I; € V to play and,
independently, the adversary draws a feedback graph G; from G (denoted by Gy ~ G). The
learner then incurs loss £,(I;) and observes the feedback {(i,,(i)) : i € Ng (I;)}. In some
cases we consider a richer feedback, where at the end of each round ¢ the learner also observes
the realized graph G;. The learner’s performance is measured using the standard notion of
regret,

T
RT = maXE lz ét It - ét ))]
t=1

where I1,..., Iy are the actions played by the learner, and the expectation is computed
over both the sequence G, ..., Gr of feedback graphs drawn i.i.d. from G and the learner’s
internal randomization.

Fix any stochastic feedback graph G = {p(¢,7) : i,j € V}. We sometimes use e to denote a
pair (¢,7), in which case we write p, to denote the probability p(i,j). When G; = (V, E}) is
drawn from G, each pair (i,j) € V x V independently becomes an edge (i.e., (¢,5) € E;) with
probability p(i, j). For any € > 0, we define the thresholded version G. of G represented by
{p'(i,7) 4,5 € V'}, where p'(i,7) = p(i,j)l{p,j)><}- We also define the support feedback
graph of G as the graph supp(G) = (V, E) having F = {(i,7) € V. xV : p(i,7) > 0}. To
keep the notation tidy, we write a(G) instead of a(supp(G)) and similarly for 4.

3 Block Decomposition Approach

In this section, we present an algorithm for online learning with stochastic feedback graphs
via a reduction to online learning with deterministic feedback graphs. Our algorithm
EDGECATCHER (Algorithm 3) has an initial exploration phase followed by a commit phase.
In the exploration phase, the edge probabilities are learned online in a round-robin fashion.
A carefully designed stopping criterion then triggers the commit phase, where we feed the
support of the estimated stochastic feedback graph to an algorithm for online learning with
(deterministic) feedback graphs.

3.1 Estimating the Edge Probabilities

As a first step we design a routine, ROUNDROBIN (Algorithm 1), that sequentially estimates
the stochastic feedback graph until a certain stopping criterion is met. The stopping criterion
depends on a nonnegative function ® that takes in input a stochastic feedback graph G
together with a time horizon. Let ¥ < T//K be the index of the last iteration of the outer
for loop in Algorithm 1. We want to make sure that, for all 7 < 7, the stochastic feedback
graphs G, are valid estimates of the underlying G up to a O(e,) precision. To formalize this
notion of approximation, we introduce the following definition.

Definition 1 (e-good approximation). A stochastic feedback graph G= {pe : €€ V2} isan
e-good approzimation of G = {p. : e € V2} for some € € (0,1], if the following holds:

1. All the edges e € supp(G) with p. > 2¢ belong to supp(_C';);

2. For all edges e € supp(G) with p. > /2 it holds that |p. — pe| < pe/2;

3. No edge e € V? with p. < /2 belongs to Supp(é).

We can now state the following theorem; we defer the proof in Appendix B. The proof follows
from an application of the multiplicative Chernoff bound on edge probabilities.

Theorem 2. If ROUNDROBIN (Algorithm 1) is run on the stochastic feedback graph G,

then, with probability at least 1 — 1/T, the estimate G, is an er-good approximation of G
stmultaneously for all T < 7, where 7 < T/K is the index of the last iteration of the outer
for loop in Algorithm 1.



Algorithm 1: ROUNDROBIN

Environment: stochastic feedback graph G, sequence of losses /1, la, ..., lp;
Input: time horizon T, stopping function ®, actions V = {1,2,...,K};
ne + 0, for all e € V?;
for each 7 =1,2,...,|T/K] do
for each i =1,2,... K do
Play action i and observe Ng"(i) from G; ~ G; // t is the time step

ne < ne + 1 for all e € NG*(3);
PT < ne/7 for all edges e € VZ;
gr < 60In(KT)/T;
Gy (V.{e € V2 : pT > £.}) with weights p; // estimated feedback graph
if (G,,T) < 7K then
output QT, Er;
output éT, Er;

3.2 Block Decomposition: Reduction to Deterministic Feedback Graph

As a second step, we present BLOCKREDUCTION (Algorithm 2) which reduces the problem
of online learning with stochastic feedback graph to the corresponding problem with deter-
ministic feedback graph. Surprisingly enough, in order for this reduction to work, we do not
need the exact edge probabilities: an e-good approximation is sufficient for this purpose.

The intuition behind BLOCKREDUCTION is simple: given that each edge e in supp(G.)
appears in G with probability p. > € at each time step ¢, if we wait for @((1/6) ln(T)) time
steps it will appear at least once with high probability. Applying a union bound over all
edges, we can argue that considering A = ©((1/¢) In(KT)) realizations of the stochastic
feedback graph, then all the edges in supp(G.) are realized at least once with high probability.

Imagine now to play a certain action a consistently during a block B, of A time steps. We
want to reconstruct the average loss suffered by a’ in B :

erlay= Y U ®

teB,

-
(a,a’

times that the loss of @’ is observed by the learner; i.e., the number of times that (a,a’) is
realized in the A time steps. With this notation, we can define the natural estimator é,(a’):

Iia.a)er,
er(a) = Y tola) LG (4)

teB, (a,a’)

and we want to do it for all a’ in the out-neighborhood of a. Let A ) be the number of

Conditioning on the event £, . that the edge (a,a’) in G is observed at least once in block
B, we show in Lemma 2 in Appendix B that é.(a’) is an unbiased estimator of ¢, (a’).

Therefore, we can construct unbiased estimators of the average of the losses on the blocks as
if the stochastic feedback graph were deterministic. This allows us to reduce the original
problem to that of online learning with deterministic feedback graph on the meta-instance
given by the blocks. The details of BLOCKREDUCTION are reported in Algorithm 2, while
the theoretical properties are summarized in the next result, whose proof can be found in
Appendix B.

Theorem 3. Consider the problem of online learning with stochastic feedback graph G,
and let G be an e-good approximation of G. Let A be an algorithm for online learning with
arbitrary deterministic feedback graph G with regret bound Rﬁ(G) over any sequence of
N losses in [0,1]. Then, the regret of BLOCKREDUCTION (Algorithm 2) run with input

(T,e/2,G,.A) is at most ARﬁ(supp(gA)) + A, where N = |T/A| and A = [ In(KT)].



Algorithm 2: BLOCKREDUCTION
Environment: stochastic feedback graph G, sequence of losses /1, la, ..., lp;

Input: time horizon T, threshold ¢, estimate G of G, learning algorithm A;
A« [2In(KT)], N + [T/A], G < supp(G);
Initialize A with time horizon N and graph G;
B« {(r—1)A+1,...,7A}, forall T =1,...,N;
for each round 7=1,2,...,N do
Draw action a, from the probability distribution over actions output by A;
for each round t € B, do
Play action a, and observe the revealed feedback; // Gy ~G
For all ’ € Ng"(a-), compute ¢;(a’) as in (4), and feed them to A;
Play arbitrarily the remaining 7"— AN rounds;

For online learning with deterministic feedback graphs we use the variants of Exp3.G
contained in Alon et al. [2015]. Together with Theorem 3, this gives the following corollary;
the details of the proof are in Appendix B.

Corollary 1. Consider the problem of online learning with stochastic feedback graph G, and
let G be an e-good approximation of G for e > 1/T and with support G.

. Ifé is strongly observable with independence number «, then the regret of BLOCKRE-
DUCTION run with parameter €/2 using EXp3.G for strongly observable graphs as base

algorithm A satisfies: Rp < 4Cs+/ (a/s)T(ln(KT))g/Q, where Cs > 0 is a constant in the
regret bound of A.

. If@ is (weakly) observable with weak domination number 8, then the regret of BLOCKRE-
DUCTION run with parameter €/2 using Exp3.G for weakly observable graphs as base

algorithm A satisfies: Ry < 4C,,(5/¢)'/? (ln(KT))Q/STg/S, where Cy, > 0 is a constant
in the regret bound of A.

Note that we can explicitly compute valid constants Cy = 12 + 2v/2 and C,, = 8 directly
from the bounds in Alon et al. [2015].

3.3 Explore then Commit to a Graph

We are now ready to combine the two routines we presented, ROUNDROBIN and BLOCKRE-
DUCTION, in our final learning algorithm, EDGECATCHER. EDGECATCHER has two phases:
in the first phase, ROUNDROBIN is used to quickly obtain an e-good approximation G of the
underlying feedback graph G, for a suitable . In the second phase, the algorithm commits
to Q and feeds it to BLOCKREDUCTION. The crucial point is when to commit to a certain
(estimated) stochastic feedback graph. If we commit too early, we might not observe a denser
support graph, which implies missing out on a richer feedback. If we wait for too long, then
the exploration phase ends up dominating the regret. To balance this trade-off, we use the
stopping function ®. This function takes as input a probabilistic feedback graph together
with a time horizon and outputs the regret bound that BLOCKREDUCTION would guarantee
on this pair. It is defined as

o 3/2 o* 2 1/3
®(G,T) = min {403\/;(111(KT)) , 4C,, <€*(IH(KT)) ) Tz/s} 5)

for the specific choice of EXP3.G as the learning algorithm A adopted by BLOCKREDUCTION.
Note that the dependence of ® on the feedback graph G is contained in the topological
parameters o and §* and the corresponding thresholds ¥ and €, defined in Equations (1)
and (2); see Appendix A for more details on their computation. If we apply ® to a
stochastic feedback graph that is observable w.p. zero, its value is conventionally set to
infinity. Observe that, otherwise, the min is achieved for a specific €* and a specific G* = G.-.
In Appendix B, we provide a sequence of lemmas (Lemmas 3 and 4 in particular) showing



Algorithm 3: EDGECATCHER

Environment: stochastic feedback graph G, sequence of losses /1, la, ..., lp;
Input: time horizon T and actions V ={1,2,..., K};
Let ® defined as in Equation (5);
Run ROUNDROBIN(T, ®, V) and obtain G and &;
Compute £* and &%, for graph G as in Equations (1) and (2);
Let €* be the best threshold as in Equation (5);
if &* = ¢% then Let A be Exp3.G for strongly observable feedback graph;
else Let A be ExpP3.G for weakly observable feedback graph;
Let 7" =T — #K be the remaining time steps; // 7 as in ROUNDROBIN

Run BLOCKREDUCTION(T", £*/2, Ger, A);

that, if ROUNDROBIN outputs an e-good approximation of the graph, then the regret is
bounded by a multiple of the stopping criterion evaluated at G. Combined with Theorem 2,
which tells us that ROUNDROBIN does in fact output an e-good approximation of the graph
with high probability, this proves our main result for this section.

Theorem 4. Consider the problem of online learning with stochastic feedback graph G on
T time steps. If supp(Ge(k,1)) is observable for e(K,T) = CK*(In(KT))*/T for a given
constant C' > 0, then there exists an algorithm whose regret Ry satisfies (ignoring polylog

factors in K and T) Ry < min{ (a*/ex)T, (6*/51’;)1/3T2/3} .

4 Lower Bounds

In this section, we provide lower bounds that match the regret bound guaranteed by
EDGECATCHER, shown in Theorem 4, up to polylogarithmic factors in K and T. These
lower bounds are valid even if the learner is allowed to observe the realization of the entire
feedback graph at every time step, and knows a priori the “correct” threshold € to work with.
Theorem 5 summarizes the lower bounds whose proofs can be found in Appendix C.

Theorem 5 (Informal). Let A be a possibly randomized algorithm for the online learning
problem with stochastic feedback graphs. Consider any directed graph G = (V, E) with |V | > 2
and any € € (0,1]. There exists a stochastic feedback graph G with supp(G) = G and, for a
sufficiently large time horizon T, there is a sequence £y, ...,¢r of loss functions on which
the expected regret of A with respect to the stochastic generation of G1,...,Gr ~ G 1is

o Q(\/(a(Ge)/e)T) if G is strongly observable;

o Q((8(G.)/e)Y/3T2/3) if G is weakly observable;
o QT) if G is not observable.

The lower bound in the non-observable case is the same as Alon et al. [2015, Theorem 6]
with a deterministic feedback graph. The remaining lower bounds are nontrivial adaptations
of the corresponding bounds for the deterministic case by Alon et al. [2015, 2017]. The
main technical hurdle is due to the stochastic nature of the feedback graph, which needs
to be taken into account in the proofs. The rationale behind the constructions used for
proving the lower bounds is as follows: since each edge is realized only with probability €, any
algorithm requires 1/e rounds in expectation in order to observe the loss of an action in the
out-neighborhood of the played action, whereas one round would suffice with a deterministic
feedback graph. Note that Theorem 5 implies that, if supp(G.(x 7)) is not observable for
e(K,T) as in Theorem 4, then there is no hope to achieve sublinear regret, as the lower
bounds for both strongly and weakly observable supports are linear in T for all ¢ < e(K,T).

5 Refined Graph-Theoretic Parameters

Although the results from Section 3 are worst-case optimal up to log factors, we may find that
the factors /a(G.)/e and (5(G5)/5)1/3 for strongly and weakly observable supp(G.) = G,



respectively, may be improved upon in certain cases. In particular, we show that, under
additional assumptions on the feedback that we receive, we can obtain better regret bounds.
To understand our results, we need some initial definitions. The weighted independence
number for a graph H = (V, E) and positive vertex weights w(z) for i € V is defined as

aw(H,w) = max Ziesw(z’) ,

SET(H)

where Z(H) denotes the family of independent sets in H. We consider two different weight
assignments computed in terms of any stochastic feedback graph G with edge probabilities

p(i,j) and supp(G) = G. They are defined as wg (i) = (minjeNg(i) p(j,i))_1 and w (i) =
(minj,E Now (i) p(i, g ))71. Then, the two corresponding weighted independence numbers are
oy (G) = aw(G,wg) and oy} (G) = aw(G, wg). The parameter of interest for the results in
this section is aw(G) = ay, (G) + o (G). For more details on the weighted independence

number see Appendix E. We also use the following definitions of weighted weak domination
number §,, for a graph H and positive vertex weights w, and self-observability parameter o:

Su(Hyw) = min > w) 7D =2 enmnPED T
where D(H) denotes the family of weakly dominating sets in H. In this section, we focus
on the weighted weak domination number d,,(G) = ow(G, wé{' ). To gain some intuition on
the graph-theoretic parameters introduced above, consider the graph with only self-loops,
also used in Example 1 below. If all p(i,7) = ¢, the learner needs to pull a single arm 1/e
times for one observation in expectation, and K/e times to see the losses of all arms once.
However, when the edge probabilities are different we need to pull arms for 21}{:1 1/p(i,1)
times. The weighted independence number, weighted weak domination and self-observability
generalize this intuition and tell us how many observations the learner needs to see all losses
at least once in expectation. We now state the main result of this section.

Theorem 6 (Informal). There exists an algorithm with per-round running time of O(K*)
and whose regret is bounded (ignoring logarithmic factors) by

min{T, min{ aw(Ge)T : supp(Ge) is strongly observable}7
€

Inein{(éw(ge))l/3 T2/3 +\/o(G-)T : supp(G.) is observable}} ,

The regret bound in Theorem 6 follows from Theorem 11 in Appendix D. The running time
bound is determined by approximating 6, for all K2 possible thresholds. In each of the
thresholded graphs, we can compute a (In(K) + 1)-approximation for the weighted weak
domination number in O(K?) time by reduction to set cover [Vazirani, 2001]. Doing so only

introduces an extra factor of order (In(K))*/3 in the regret bound.
An important property of the bound in Theorem 6 is that it is never worse than the bounds

obtained before. The following example shows that the regret bound in Theorem 6 can also
be better than previously obtained regret bounds.

Example 1 (Faulty bandits). Consider a stochastic feedback graph G for the K-armed
bandit setting: p(i,i) =¢; € (0,1] for all i € V and p(i,j) = 0 for all 4 # j. In this case, the
regret of EDGECATCHER is O( KT/(min; g;)). On the other hand, Theorem 6 provides
the bound O( Ty ,(1/2)), as aw(G) =23, 1/e;. In the special case when &; = € (0, 1]
for some i € V' while €; = 1 for all j # i, the regret of EDGECATCHER is O(\/KT/¢), while
Theorem 6 guarantees a O(y/(K + 1/¢)T) regret bound. O

To derive these tighter bounds, we exploit the additional assumption that the realized
feedback graph G is observed at the end of each round. This allows us to simultaneously
estimate the feedback graph and control the regret, rather than performing these two tasks
sequentially as in Section 3. In particular, we use this extra information to construct a novel



importance-weighted estimator for the loss, which for ¢t > 1 is defined to be

(1)
Py(i)

where P,(i) = ZjeNm (i) Tt (J)Pe(J, @) is the estimated probability of observing the loss of

l(i) =

]I{ieNo“t(It)}ﬂ{zGNo“t(If)} ; (6)

arm ¢ at round t, 7rt( ) is the distribution we sample I; from, and G, is the support of
the estimated graph G;. Note that we ignore losses that we receive due to missing edges
in G;. We show that we pay an additive term in the regret for wrongly estimating an
edge, which is why it is important to control which edges are in G,. Ideally, we would use
Pi(i) = ZjeNg (i) Tt (J)p(J, ) rather than P,(i), as this is the true probability of observing
the loss of arm ti in round ¢t. However, since we do not have access to p(j,4), we use instead
an upper confidence estimate of p(j, ) for rounds t > 2 given by

55 (77
PG, 1) = pe (G, 1) + \/M In(3K717%) + —— (3K>1?) ,

where §,(j,i) = 725 3023 I1(j.iyer.)- We denote by GUCP the stochastic graph with edge
probabilities (7, 7). Note that the support of GPCP is a complete graph because py(j,7) > 0
for all (j,7) € V x V. These estimators for the edge probabilities are sufficiently good for

our purposes whenever event [ occurs, which we define as the event that, for all ¢ > 2,

—
1) (0.0 < 20D isreer) + S owGRAT), W) eV

An important property of ?; can be found in Lemma 1 below. It tells us that we may treat
¢, as if event KC is always realized, i.e., P;(j,4) is always an upper bound estimator on p(j, ).
The proof of Lemma 1 is implied by Lemma 6 in Appendix D.

Lemma 1 (Informal). Let ) denote the basis vector with ey (i) = lg;—y) as i-th entry for
each i € [K]. The loss estimate {; defined in (6) satisfies

Lemma 1 shows that we only suffer O( SELTE, ;tgl)) additional regret compared

to when we know p(j,7). Lemma 1 also shows that /; behaves nicely in the sense that,
- = 4(4) .. .
conditioned on K, we have £;(i) < %H{ieNg;;t(It)}n{ieNg:“(lt)}~ This is a crucial property to

bound the regret of our algorithm. We show that, with a modified version of Exp3.G [Alon
et al., 2015], the second sum on the right-hand side of (7) is bounded by a term of order

Et 9 Zz 1 ;’t () , meaning that the regret is also bounded similarly. Our final step is to

prove that the above term is bounded in terms of the minimum of the weighted independence
number and the weighted weak domination number plus self-observability.
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A On the Computation of the Optimal Probability Thresholds

The tasks of finding the independence number and (weak) domination number in a graph
are notoriously NP-hard problems. In particular, while for the domination number, by a
reduction to set cover, a simple greedy approach yields a logarithmic (in the number K of
nodes) approximation [Vazirani, 2001], for the independence number it is known that even
computing a K!~¢-approximation is hard, for any e > 0 [Hastad, 1999, Zuckerman, 2007].

Our algorithm OpTIMISTICTHENCOMMITGRAPH solves these computational aspects directly,
whereas the hardness of finding o* and §* may limit the applicability of EDGECATCHER in
instances with a large and complex action space. In fact, the computation of the stopping
function ® involves finding the best thresholds e* and ¢, defined in Equations (1) and (2),
and therefore repeatedly solving NP-hard problems. In what follows, we present some
observations that clarify to which extent (and at which cost) EDGECATCHER can still be
implemented efficiently.

First, it is important to note that our algorithm is robust with respect to approximate
knowledge of the topological parameters: the definition of ® can be tweaked as to consider
the approximation factor at the cost of having the same factor showing up in the regret
bound (with the same order as the approximated graph parameter). This partly solves the
problem for weakly observable graphs (as the (In(KX) + 1)-approximation only gives and
extra polylog(K) in the regret) and for the classes of graphs where it is possible to efficiently
compute good approximations of the independence number, e.g., planar graphs [Baker, 1994]
or bounded-degree graphs [Halldérsson and Radhakrishnan, 1997].

Another approach consists in considering the fractional solutions of the independence and
domination number linear programs. While for the former we obtain an approximation given
by the integrality gap, for the latter we can show a tight dependence on the fractional weak
domination number (thus improving the regret bound), as in Chen et al. [2021].

Furthermore, note that it is always possible to ignore the o and § terms in the definition
of ®; it is not hard to see that such an approach yields a regret bound (ignoring polylog
terms) of the type min{+/(K/e1)T, (K/e2)/3T?/3}, where €1, respectively 3, is the largest
e such that supp(G.) is strongly, respectively weakly, observable. Although suboptimal, this
drastic approach gives a regret bound with an optimal dependence on the T" and € terms (as
e¥ <e and €, < e9).

Finally, we conclude by discussing how it is possible to drastically reduce the number of
times that EDGECATCHER calls the routine to compute « and d, at the cost of losing a
small multiplicative factor in the regret. Crucially, we do not need to check the stopping
condition involving ® in every single round: it suffices to do so for a logarithmic number of
times. Assume, in fact, to check the stopping condition in ROUNDROBIN only when 7 is a
power of 2, i.e., 7 = 2° for some integer b. This single check covers all rounds 7/ such that
7/2=20"1 <7/ < 2" = 7. On the stochastic graph estimate G, we can compute a._/e, and
d_/er, which are also 2-approximations for the best respective ratios on any thresholded
graph corresponding to rounds of ROUNDROBIN between 7/2 and 7 (note that such an
approach would also improve the dependency of ¢, and A on T in Theorems 2 and 3, and
thus in the regret bound, from In(7") down to In(In(7")) due to an improved union bound).

B Missing Results from Section 3

B.1 Proof of Theorem 2

Theorem 2. If ROUNDROBIN (Algorithm 1) is run on the stochastic feedback graph G,

then, with probability at least 1 — 1/T, the estimate G, is an e, -good approzimation of G
simultaneously for all T < 7, where 7 < T/K is the index of the last iteration of the outer
for loop in Algorithm 1.

Proof of Theorem 2. For all edges e and time steps 7 < 7, we define the following two
events: the event & = {p7 > e,} that e belongs to the support of G,, and the event

13



FI = {Ipl — pe| < pe/2} that p7 is well estimated. For all 7 < 7, we also define large

and small edges in E according to their probabilities: Ef = {e € V? : p, > 2¢,} and
Er={ee€V?:p. <e./2}.

First, we look at the complementary event of £ for any 7 < 7 and ¢ € EF. We have:

1
AKT? ~

Note that in the first and second to last inequalities we used the fact that p. > 2¢., in the
last inequality the definition of e, and the fact that K > 2, while in the second inequality
we applied the Chernoff lower bound (multiplicative version, see Mitzenmacher and Upfal
[2005, part 2 of Theorem 4.5]) on the estimator p7.

T

P(E) =Pl <er) SPL < pe/2) =P (B —pe < —pe/2) <o §7 o™i <

If we call € the event corresponding to part 1 of Definition 1, we have the following:

+
PE) =P () () & 21—2ZP@;«T)N—ZL@}LZP%, (8)

7<% ceEF T<F ecEF T<F

where we used that |Ef| < K? for all 7 < # < T/K with probability 1.

Next, we study the complementary event of F. for e & E~. For such e and any 7 < 7, we
can directly use the two-sided Chernoff bound (multiplicative version, as in Mitzenmacher
and Upfal [2005, Corollary 4.6]) on the estimator pZ:

. . 1 O
P<F3)P(|pepe|>2pe>§2e 12 P §2e 24 SW .

Note that we used the definition of €, and the facts that 2p. > ¢, and K,T > 2. Now, if we
call F the event corresponding to part 2 of Definition 1, we can proceed via union bounding
as in Equation (8) and get

. 1
PF)=P|() () F >1- o (9)
TS"A'QQE;

As a third step, we get back to the £ events, but we consider e € E. For 7 < 7 and
e € EZ we have:

AT AT 1 AT
]P)(g;—> :P(pe 287‘) SP(]?@ — De Z 257'> :P(pe — DPe pre)»

where we used p. < €;/2 and named = = £,/(2p.) > 1. At this point we can use the
Chernoff upper bound (multiplicative version, see Mitzenmacher and Upfal [2005, part 1 of
Theorem 4.4] with 6 = z) and obtain:

T

1
4KT? °

e TPe
T T
< eT3e — 76T K
)1+x) <e e <

P(ETY<P(pT — > [ | —
(&) <P(pe pe_xpe)_((Hx

The third inequality follows from 2z/(2 + z) < In(1 + z) which holds for all positive x:

elIJ

W _ exf(ler) In(1+z) < efzv2/(2+:v) < 671/3’ Vo >1 .

If we now call C the event described in part 3 of Definition 1, we get, using the bound on
P (£7) and a union bound as in Equations (8) and (9):

PEe)=P(() () & zp%. (10)

T<T ecES

The theorem then follows by a union bound on the complementary events of £, F and C. [
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B.2 Proof of Theorem 3

In order to prove the regret bound achieved by BLOCKREDUCTION, we need to show that it
is able to compute unbiased estimators for the average loss of observed actions within each
time block. This property is guaranteed as long as the learner plays consistently a same
action within each time block, and conditioned on the event that each action in the support
out-neighborhood of the chosen action is observed at least once in the respective time block
(depending on the realizations of the feedback graph).

Lemma 2. Let G = supp(G) and ¢, and é, defined as in Equations (3) and (4). For each
block By, if the learner plays consistently action a, then for each o’ € N2"*(a) the estimators
¢r(a') are unbiased under £, o

E [af(a/) ] =c,(d)), Va' € N2(a) .

Proof. Recall that £7, /) is the event that the edge (a,a’) in G is observed at least once in
block B.. Substituting the definition (4) of the estimator, we can write

} Z t(a [ {(Zz)EEt} E(Ta,af)]

teB, (a,a’)

Now we just need to prove that the expectation in the right-hand side is equal to 1/A:

A
; L(aa)eB) | o - .
g(a,aw] = Z E { " oy = 7| B (Ao =7 | Eluar)

Z%P(aa € F;

r=1
1 . B 1
= ;P (A(W) =r 5(%&,)) -5

Note that in the third equality we used the fact that, conditioned on A(Ta ay =T > 0, the r
time steps when (a, a’) € F; are distributed uniformly at random in the A time steps. [

]E{(

It(a,a)eE,)

Alaa)

E

A(a a ) ) (Az—a7a/) =T

We can now prove the regret bound of BLOCKREDUCTION in Theorem 3, which we restate
below. Its regret depends on the performance of the algorithm A used on the meta-instance
derived from the blocks reduction.

Theorem 3. Consider the problem of online learning with stochastic feedback graph G,

and let G be an e-good approximation of G. Let A be an algorithm for online learning with
arbitrary deterministic feedback graph G with regret bound Rﬁ(G) over any sequence of
N losses in [0,1]. Then, the regret of BLOCKREDUCTION (Algorithm 2) run with input

(T,e/2,G, A) is at most ARﬁ(supp(gA)) + A, where N = |T/A| and A = [% In(KT)].

Proof of Theorem 3. Consider the partition of the T" time steps into N blocks By, ..., By of
equal size A and let £ be the clean event, corresponding to all edges e in the graph supp(g) =
G = (V, E) being realized at least once in each block. Formally, € = (2, Necp £, where
ET are defined as in the proof of Lemma 2. By Definition 1 (part 3), all the edges e € E

have a probability p. in G that is at least €/2. Thus, it is immediate to verify that
1
K272
holds for any edge e € E using our choice of A. We show by union bound that the probability
any of these edges never realizes in some block is

Pl UE SZZP(EZ)S%,

7<N e€E 7<N e€E

A
PE)=1-(1-p)* 21— (1-3) 21— 21—
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where we used that there are at most K? directed edges (including self-loops) in G and we
substituted the chosen values of N and A.

We can then bound the overall regret R as follows:

T
Rr <E lz 4(Iy)

t=1

]—mmZa )+T-P(&)+ (T —AN) . (11)

Note that the final term is an upper bound to the regret in the final time steps of the
algorithm. We just showed that P (5) is smaller than 1/T. This, together with the fact that
T — AN is at most A — 1, gives the additive A we have in the final statement.

We now focus on the remaining term, which corresponds to the regret conditioned on &. It
is equal to

E lz (1)
=1

a (I
>y e

T
5] — miant(k) =A. (E
k t=1 T7=1t€B, T7=1t€B,

N N
=A- (E > el g] —mkianT(k)> , (12)

where, we recall it, ¢, (i) is the average loss of action 7 in block B,. Indeed, our algorithm
chooses the same action I; = I, for all time steps t € B,, and the decision is based on
algorithm A.

s k)
“mpy 3 )

Consider now the loss estimates ¢1, ..., ¢y that we provide to algorithm A. These estimates
are such that E [¢,(7) | €] = ¢, (i) by Lemma 2. Note that conditioning on £ instead that on
the single £7 does not affect the fact that the estimators are unbiased: this is due to the fact
that the edge realizations are independent from the losses and the strategy of the learner.

Therefore, letting k* be the action minimizing ¢q (k) + -+ + ep(k) over k=1,..., K,

N N N N
E Y eI 5] —mkianT(k):E S o) = ek
T=1 T=1 T=1 T=1

where Rﬁ(é) is the regret bound of algorithm A given losses ¢, ..., ¢y and feedback graph
G = supp(G). Finally, substituting Equations (12) and (13) into Equation (11) yields the
desired bound. O

<Ry(G), (13)

B.3 Proof of Corollary 1

Corollary 1. Consider the problem of online learning with stochastic feedback graph G, and
let G be an e-good approzimation of G for e > 1/T and with support G.

. IfG is strongly observable with independence number «, then the regret of BLOCKRE-
DUCTION run with parameter £/2 using Exp3.G for strongly observable graphs as base

algorithm A satisfies: Rp < 4CS\/(a/5)T(ln(KT))3/2, where Cs > 0 is a constant in the
regret bound of A.

o IfGis (weakly) observable with weak domination number §, then the regret of BLOCKRE-
DUCTION run with parameter €/2 using Exp3.G for weakly observable graphs as base
algorithm A satisfies: Ry < 4C,,(6/e)'/? (ln(KT))Q/?’T2/37 where Cy, > 0 is a constant
in the regret bound of A.

Proof of Corollary 1. The statement follows from Theorem 3, the assumption on e (which
lets us safely handle the additive A term), and the fact that Exp3.G achieves regret

R4 < CsV/aN In(KN) on strongly observable graphs, and regret Ry < C,, (6 In K)'/3N?/3
on (weakly) observable graphs. O
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B.4 Proof of Theorem 4

To prove Theorem 4 we first need two preliminary lemmata. In Lemma 3 we present
some generic properties of the stopping function ®(G,T), while in Lemma 4 we prove that
®(G, T—7K) is indeed the regret obtained in BLOCKREDUCTION after the stopping condition
in ROUNDROBIN is triggered.

Lemma 3. Let G be a stochastic feedback graph such that ®(G,T) # oo, and let £* be
the threshold where the arg min in the definition of ®(G,T) is attained. Consider a run of
the algorithm EDGECATCHER where ROUNDROBIN does not fail while using the stopping
function ® defined in Equation (5). We have the following:

(i) ®(Gr,T) <28(G,,T), for all 7,7 such that T < 7/ <7,
(ii) ®(G,,T) < V28(G,T) for all T such that 120In(KT)/e* < 7 < 7 (if such T exists),

where T < |T/K | is the index of the last iteration of the outer for loop in Algorithm 1.

Proof. We consider a run of EDGECATCHER where ROUNDROBIN does not fail. This means
that all the G, are e,-good approximation of G, for all 7 < 7. Focus on the first part of

the statement. All edges in supp(gT) are contained in supp(_C’;T/) since ROUNDROBIN does
not fail. This implies that the observability regime only improves as 7 increases. We have

two cases: if the best threshold for G, (say it corresponds to some edge probability in G-
without loss of generality) induces a thresholded stochastic feedback graph with strongly

observable support G = (V, F) and independence number «, we have that G, is strongly
observable too; moreover, all the edges e € E are such that |[p. — p7| < p./2 by Definition 1

(part 2); the same holds for 7': |p, — ﬁgl\ < pe/2. Consider graph G with edge probabilities

ﬁgl, respectively p. and p] and let €1, respectively €2 and €3, be their smallest probability
(restricting on the edges of G). We have that:

min] {a((g:)E) : supp((QT/)E) strongly observable} < & < 2g < 4g

e€(0,1 €1 £9 £3
=4 min {a((QT)g) : supp((_C’;T)s) strongly observable} ,
€€(0,1] €

where the first inequality follows from suboptimality of graph G with threshold &; for G,
the second and the third inequality by the conditions on p,, ﬁ: and p7, and the last equality
by definition of G and «. If we now substitute this inequality in the definition of ®, we obtain
that 28(G,,T) > ®(G,,T). We can reason in the same exact way considering the (weakly)
observable case and obtain V/4®(G,,T) > ®(G,/,T). Putting the two results together we
conclude the proof of point ().

We move our attention to the second part of the lemma. Because of Theorem 2 together with
the lower bound on 7, it holds that G, is an &* /2-good approximation of G. This implies
that all the edges in supp(G.-) are contained in the support of G, and that they are well
approximated, as in parts 1 and 2 of Definition 1. We have two cases, according to the
topology of the support corresponding to the threshold ¢* which guarantees the optimal
regret for G. First, consider the case that £* corresponds to a strongly observable structure
in supp(Ge~) with independence number o*; we have that

min {OWT)E) : supp((GT)E) strongly observable} < 2%
£€(0,1] 15 e*

=2 min {a(gE) : supp(G.) strongly observable} ,
£€(0,1] €

where in the first inequality we used the suboptimality of threshold £* /2 for G, and the fact
that the independence number of a((G,).~) is at most o* (and the strong observability is
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maintained). Then, we have that

¢(g77T) < 405@(IH(KT))3/2 - \/iq)(g’T) ’

where the inequality follows naturally from the (possible) suboptimality of the choice of the
strongly observable regime and the threshold £*/2 for G.. We can argue similarly for the
case in which the optimal €* corresponds to the weakly observable regime in G. In this case,
for the same arguments as per the strongly observable regime, we have that

*

min] {(S((iT)E) : supp((G5)2) observable} < 2(;—*

e€(0,1

=2 min {5(%) : supp(G:) observable} .
€€(0,1] £

Finally, similarly to the strongly observable case, it holds that

*

1/
(G, T) < 4C, (Qi*(m(KT))Q) 3T2/3 = V28(G,T) < V22(G,T) .

This concludes the proof. O

Lemma 4. Consider a run of EDGECATCHER (Algorithm 3). Assume that the invocation
of ROUNDROBIN returns a stochastic feedback graph G that is an £-good approzimation of G

satisfying @(é, T —7K) < 7K, where 7 is the index of the last iteration of the outer for loop
in Algorithm 1. Then, the regret experienced by the invocation of BLOCKREDUCTION is at
most (G, T — 7K).

Proof. Denote with RBF the worst-case regret experienced by BLOCKREDUCTION in the
final T = T — #K time steps, under the assumption on G in the statement, and let £* be the
best threshold as in Algorithm 3. We have two cases, according to é* referring to strongly or
(weakly) observable graphs. If é* = &%, then, by the part of Corollary 1 relative to strongly
observable graphs, we have that

RBF <40 | =1 (In(KT))Y? = 9(Gee, T')
€S

If &* = &%, then we can apply the part of Corollary 1 relative to (weakly) observable graphs
and obtain that

S*

RP} < 4C, (A*

1/3 R
(ln(KT’))2> (T2 = (e, T') .
O

At this point, we have all the essential ingredients to prove the regret bound of EDGECATCHER
as stated in Theorem 4. We rewrite the statement of Theorem 4 for convenience.

Theorem 4. Consider the problem of online learning with stochastic feedback graph G on
T time steps. If supp(G-(k,1)) is observable for e(K,T) = CK3(In(KT))?/T for a given
constant C' > 0, then there exists an algorithm whose regret Ry satisfies (ignoring polylog

factors in K and T') Ry < min {\/(a*/sg‘)T, (5*/5;)1/3T2/3} .

Proof of Theorem 4. We condition the analysis on the clean event £ that ROUNDROBIN
does not fail. Let & be the largest € such that supp(G.) is observable, and 7 be the smallest

(random) integer such that supp(G:) is observable for G; in ROUNDROBIN. We have some
immediate bound on these quantities. First, & > ¢(K,T), by the assumption on supp(G. (7))

being observable. Second, 7 < 122 In(KT); this is due to the fact that, after 7 = [122 In(KT)]
time steps, the estimated graph G, is an €/2-good approximation of G and thus contains all
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the edges in supp(Gz) by Definition 1 (part 1) with ¢ = £/2, and because of the conditioning
on £. All in all, we can summarize these observations by noticing that
T > 120ln(KT) ln(IN(T)
2K (K, T)
where the first inequality is true as long as (K, T) > 240K In(KT)/T. Using point (i) of
Lemma 3 and the inequality we just showed, we observe that

> 120 >T

)

2 KT2

1 (KT)2)1/3 <8C (2 1 (KT)2)1/3< r

. =\ Tow, ) " =9
as long as e(K,T) > 2-163C3 K(In(KT))?/T. Note that in the previous chain of inequalities
we considered the (possibly suboptimal) choice of the (weakly) observable structure of the
graph with threshold & and upper bound on ¢ given by K. The inequality we just showed
implies that the stopping criterion in ROUNDROBIN is triggered and thus we can apply
Lemma 4.

Now, let 7* be the smallest 7 such that ®(G,T) = ®(G.~,T) < 7K, being £* the optimal
threshold for G. In this second step, we want to show that 7 is not too far away from 7* for
the interesting values of 7*; namely, that 7 < 47* as long as ®(G,T) is not Q(7T).

. , KT
B(G| 1 ). T) < 20(G;,T) < 8Cy, (2

First, consider the case that ®(G,T) refers to the strongly observable regime in ®(G.«,T).
By minimality of 7%, we have the following;:

7K > ®(G.T) = 4Cy | =T (In(KT))*? > %T*K . (14)
€

We now set the constant appearing in the definition of ¢(K,T) from the statement to be
C =2-163C3. With this choice, the previously stated requirements for (K, T) are satisfied,
while at the same time it holds that ®(G,T) < C2T(In(KT))?/(15K); this is immediate
to verify by arguing that ®(G,T') is at most the regret incurred by using the (possibly
suboptimal, weakly) observable structure of G truncated at e(K,T). Then, from the second
inequality of (14), it follows that 7* < 2C2T(In(KT))?/(15K2). We can rewrite the first
inequality of (14) as follows:

T(In(KT))" > 120ET)

T*

o
£ >16C? ———
- S (KT*)?
Consider now to what happens at the 7 = [120In(K7T')/e*] < 47* iteration of ROUNDROBIN.
The estimated graph Gz in that iteration is an £*/2-good approximation of G, thus it contains

all the edges of G, with the probabilities correctly estimated up to a constant multiplicative
factor, as detailed in Definition 1 (part 2). Thus,

B(Gyr, T) < 20(G=, T) < 2V28(G,T) < 477K,

which implies that the stopping time 7 is attained before 47*. Note that the first inequality
is due to point (i) of Lemma 3, whereas the second inequality follows from point (i) of
Lemma 3.

Similarly, we consider the case that ®(G,T) refers to the weakly observable regime in
®(G.+,T). By minimality of 7%, we have the following:

*

5 ) 1/3
K > ®(G,T) = 4C,, ( (In(KT)) ) T2/3 >

— K. 15
. r (15)

N |

By the choice of (K, T), we have that ®(G,T) < T'v/2C3 In(KT)/(15K). Then, from the
second inequality of (15), it follows that 7* < T'\/8C3 In(KT)/(15K3). Consider now the
first inequality, we can rewrite it to obtain:

o* 2 In(KT)

——(TIn(KT))" > 12

(K )3 (TIn(KT))" > 120

We can now use the same argument as in the strongly observable case and conclude that
7 <Ar*.

~

e* > 64C3

T* '
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At this point, we are ready to show that our algorithm EDGECATCHER exhibits the desired
regret bounds. We are conditioning on the good event &; this happens with probability at
least 1 — %, so we just analyze this case, as the complementary of £ yields at most an extra
additive 1, in expectation, to the regret bound.

Recall that Rp is the worst-case regret; thus,
Ry <#K 4+ ®(G, T —+K) < 27K < 87K < 16®(G,T) ,

where in the first inequality we used the decomposition in regret before and after the
commitment and the bound on Lemma 4 (which is applicable given the conditioning on &
and thus all the G, are £,-good approximations of G), in the second one the definition of 7,
in the third one the fact that 7 < 47*, and in the last the definition of 7* as minimal 7 such
that ®(G,T) < 7K. O

C Proofs of Lower Bounds

The main idea in the lower bounds is that the adversary sets all edge probabilities equal
to € € (0,1] in order to define a stochastic feedback graph G with a specific support G
that satisfies adequate properties. This requires the attribution of additional power to the
adversary because we allow it to choose the edge probabilities; nevertheless, this is fine from
a worst-case perspective because it corresponds to choosing a particularly difficult instance
among those that have certain characteristics. Doing so makes the edge between each
(ordered) pair of nodes either realize independently at each round ¢ with probability equal to
g, or never realize. Moreover, there exists a vertex that is at least marginally better than
the other ones with respect to the expected loss. The learner only obtains information about
the loss of the optimal node whenever it plays a node that is adjacent to it in G = supp(G)
and the edge between the played node and the optimal node is realized. Since that edge is
realized only with probability e, it is significantly harder for the the learner to detect the
optimal node, which allows the adversary to increase the size of the gaps between the optimal
node and the suboptimal ones. More specifically, while in the deterministic setting playing
once action a is enough to observe the loss incurred by a neighbouring action a’, the learner
will now need 1/e time steps, in expectation, to observe the loss of o’ if the edge (a,a’) only
realizes with probability €. Further notice that, in the setting considered within the proofs
of our lower bounds, the learner may even know the true distribution G and observe the
realization of the entire feedback graph G; at the end of each round t.

We start with a lower bound for the strongly observable case considering stochastic feedback
graphs G with «(G) > 1. The following result can be recovered by adapting the proof of
Alon et al. [2017, Theorem 5] that holds for any graph of interest (directed or undirected).

Theorem 7. Pick any directed or undirected graph G = (V, E) with o(G) > 1 and any
e € (0,1]. There exists a stochastic feedback graph G with supp(G) = G and such that, for all
T > 0.0064a(G.)3 /e and for any possibly randomized algorithm A, there exists a sequence
£y,..., 01 of loss functions on which the expected regret of A with respect to the stochastic

generation of G1,...,Gr ~ G is at least 0.017+/ (G )T /<.

Proof. The structure of this proof follows the same rationale of the lower bound by Alon et al.
[2017, Theorem 5] with additional considerations due to the stochasticity of the feedback
graph. To prove the lower bound we will use Yao’s minimax principle [Yao, 1977], which
shows that it is sufficient to provide a probabilistic strategy for the adversary on which the
expected regret of any deterministic algorithm is lower bounded.

We can assume that G has all self-loops. If G is missing some self-loops, we may add them
for the sake of the lower bound: this only makes the problem easier for the learner. Also
note that the addition of self-loops does not change the independence number of G. Now let
G be such that p(i,j) € {0,e} and p(i,j) = ¢ if and only if (i,5) € E, for all i, € V. Note
that a(G) = a(G) and G = G.. We also remark that the following lower bound for such a G
will be a lower bound for the instance having a stochastic feedback graph obtained from the
starting graph, without the addition of self-loops, by setting the realization probability of all
its edges to e. Without loss of generality, we order the nodes depending on an (arbitrary)
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independent set of G of size a(G) so that 1,2,...,a(G) are the nodes belonging to said
independent set, and o(G) + 1,...,|V] correspond to all the other nodes in G.

We will use the following distribution of losses. We sample Z from some (later defined)
distribution @ over the independent set chosen above. Conditioned on Z = i, the loss ¢;(j)
is sampled from an independent Bernoulli distribution with mean % if j # i and j < a(G), it
is sampled from an independent Bernoulli with mean % — pif j = for some S € [0, i], and
it is set to 1 otherwise.

We denote by T; the number of times node ¢ was chosen by the algorithm after T rounds
and denote by Tyaq = Zi>a(G) T; the number of times the algorithm chooses an action not
in the independent set. We use E;[-] = E[-|Z = i] and P;(-) = P(-| Z =) to denote the
expectation and probability over (G1,%1),...,(Gr,¢r) conditioned on Z = i, respectively.
We denote by ¢;(I;) the loss of algorithm A playing I; in round ¢. We emphasize that the
complete loss sequence and the (partial) loss sequence observed by the learner may differ
depending not only on the actions of the learner but also on the realization of the edges
in the feedback graph. This last observation will be used to lower bound the regret of the
learner also in terms of ¢, the probability of an edge realization.

We set Q(i) = a(ic if 7 is in the independent set and Q(¢) = 0 otherwise. Following Alon
et al. [2017, Equation (8)] we have, for any deterministic algorithm A, that

max E

d 1
z_: (0e(I) — Le(K )1 >ﬁ( MZ Ez[ﬂ]) : (16)

i<a(G)

We now consider an auxiliary distribution Pg, also over (Gy,¢1),...,(Gr,¢r), which is
equivalent to the distribution P; that we specified above, but with g = 0 for all nodes. We
denote by Eg the corresponding expectation. We also denote by \; the feedback set at time
t, composed by the realization G; of the feedback graph together with the set of losses
observed by the learner in round ¢, and by A* = (\1,...,\;) the tuple of all feedback sets
up to and including round ¢. Since the algorithm is deterministic, its action I; in round ¢
is fully determined by A\‘~!. Therefore, E;[T; | \T] = Eo[T; | AT]. When A~ is understood
from the context, let P;; = P;(-| A’"!) be the conditional probability measure of feedback
sets \; at time t. We have that

E;[T}] ZIP’ AE[T; | AT] — ZIP’O TYEo[T; | AT)
:ZR(AT (T | AT — Z]P’o ATYE [T | AT]
AT

<T > (R(AT)—IPO(AT» :

AT Pi()\T)>IP’0(>\T)

By using Pinsker’s inequality and the chain rule for the relative entropy, we can further
observe that

> (Pi(AT) = Po(AT)) < \/$Dxu(Po || Py)
AT :]P’,;(AT)>]P0()\T)

T

1
“Al2 Z Z Po(A*=1) Dkr(Poyt || Pie)

t=1 )\t—1

which, combined with the previous inequality, allows us to affirm that

E[T3] — Eo[Ti] < % ; ; Po (A1) Dgr, (Poy || Piye) - (17)

At this point, observe that supp(G) = G = (V, E). Fix any A'~! and consider Dkr,(Po+ || Pi )
where, we recall, Po ¢(Ar) = Po(A [ A1) and P; (A) = P;(Ae | A1), Recall that A\*~! fully
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determines the node I; picked by the algorithm in round ¢. If (Iy,i) ¢ E, then Py, and

P, ; have the same distribution and the relative entropy term is 0. If (I;,7) € E, then the
loss of node i in \; follows a Bernoulli distribution with mean % under Py and follows a
Bernoulli distribution with mean % — S under P;. Denote by & the event that edge (I¢,14) is
realized in G;. Note that Py(&;) = P;(&;) = e. Using the log-sum inequality and the fact
that the relative entropy between the two aforementioned Bernoulli distributions is given by

%ln(ﬁ), we can see that

D1, (Po¢ || Pit) = Dk, (EPO,t(' |&) + (1 —e)Pou(- | &) || ePie (-] &) + (1 — €)Pyu(- |?)>

= Dict.(Po (-1 €) + (1= )Pou(- | &) || ePis(- | &) + (1= £)Pos(-| &)
<eDkL (P(),t(' [E€) |l Pi,t(' | gt)) + (1 —¢)DkL (P(],t(' |5t) I PO t |5t )
= eDxr, (Po,t(' [ €) | Py (- | 5t))
- _g In (1 —48°) < 81n(4/3)3%
(18)

With this inequality, we may upper bound the sum in the right-hand side of (17) by
considering, for each ¢, only the tuples A\'~! for which i € N2"*(I;) holds. Indeed, the KL
divergence for any other possible A'=1 is equal to 0 because the edge (I,4) never reahzes (it
is not in the support of G, hence p(I;,7) = 0). As a consequence,

T T

Z Z Po(A'™ 1) Dkr(Po || Pse) < Z NE'(1,))81n(4/3) B
s =t (19)
n(4/3)B%Eo[[{t : i € N&*(1,)}]

81n(4/3
81n(4/3) %R0 [T + Thad] -

IN

We may claim that Eo[Thaa] < 0.044/= ( T because otherwise the expected regret under
Py would have been at least

. _
I;la‘;(Eo Zﬁt Ii) — (k) | =Eo Tbad+ Z T =5
€ t=1 L ]<0¢(G
=Eo 2Tbad +5 (ded + 0y )
L Ji<a(G)
(1
=E -2Tbad:|
G
> 0.02¢/ 29y |

3

Combining Equations (17) and (19), and using that E¢[Tpaq] < 0.04

E;[Ti] — Bo[T}) < 2T8, | e In(4/3)Eq | T} + 0.04
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This implies that the regret can be further lower bounded, continuing from (16), by

a(G) (@)

1 1 a(G
glT- @ ; Eo[T}] — ) ; 2T, |e1n(4/3)Eq | T; + 0.04 %T
> B Tf%G)ZEO[T,;]f2Tﬂ eln(4/3)E ZT+OO4 (G)
1 T a(G)
>BT [1- G 28, | en(4/3) (CY(G) +0.04 ET) ,

where the first inequality is Jensen’s inequality for concave functions and the second inequality
is due to the fact that Ef:((l;) Eo[T;] < T by definition of T;. Since we assumed that

T > 0.0064(G)3 /e, we have that 0.04/ “(G)T <3 and thus

( )

1 3 T

> T (; ~ 26,5 In(a/3) (2)> ,

max [E lZ(ét(It) — L (k))

keV
€ t=1

where in the second inequality we used the assumption that a(G) > 2. By setting 8 =

1 a(G)
33\ 21In(4/3)eT

T
1 / [a(G)
E — > | —
maXE [t_l (el) = bl )] o 3 33 2111 4/3 2 0.017

Given that this lower bound leaves the case a(G) = 1 uncovered, we provide an additional

lower bound that considers any feedback graph. This new bound is tight up to logarithmic

factors, for instance, in all cases where a(G) is constant.

Theorem 8. Pick any directed or undirected graph G = (V, E) with |V| = K > 2 and any
€ (0,1]. There exists a stochastic feedback graph G with supp(G) = G and such that, for all

T > 1/(2¢) and for any possibly randomized algorithm A, there exists a sequence {1, ..., b1
of loss functions on which the expected regret of A with respect to the stochastic generation

of Gy,...,Gr ~ G is at least 3%\/2’1”/5.

€ (0, 1], we may complete the proof as

Proof. Following a similar rationale as in the proof of Theorem 7, we can consider G to be
the complete graph (with all self-loops) because the problem for it is easier than that with
any other graph. In fact, adding edges never makes the problem harder to solve. Moreover,
we can define G by setting all edge probabilities to e so that G. = G and supp(G) = G. We
remark that the lower bound with such a G is also a lower bound for the instance obtained
by considering the initial (possibly non-complete) graph and assigning realization probability
¢ to all its edges. Applying Yao’s minimax principle allows us to reduce our current aim
to proving a lower bound for the expected regret of any deterministic algorithm against a
randomized adversary.

We can then construct the sequence of loss functions by defining their distribution. Let
v € V be an arbitrary vertex, say, v = 1. Pick Z € {—1, 41} uniformly at random and define
B = 1(2eT)~1/2 € [0, 1]. Then, let the loss at any time ¢ be independently ¢;(i) ~ Bern (1) for
i # 1 while £,(1) ~ Bern (3 — 8Z). Define P1(-) =P (-| Z = +1) and Po(-) =P (-| Z = —1),
as well as Ey[-] = E[-|Z = +41] and Ey[-] = E[-| Z = —1]. We also define Py(-) and Ey[],
obtained in an analogous manner as the previous ones by setting 5 = 0.
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At this point, let 77 be the number of times ¢ that the algorithm selects vertex I; = 1 after
T rounds. Following a similar computation as in Equations (17) and (19), we first denote by
P;+ =P;(-|A'"!) the conditional probability over feedback sets );, and notice that

1 T

Eo[T1] —Eo[T1] < T | 5> D Po(M~1) Dxcr (Poye || Pre)

t=1 \t—1

\/sﬂTln(lJr - 4525)

< 2B8TV2T . (20)
Conditioning on Z = 41, the algorithm incurs an expected instantaneous regret equal to
B whenever it picks any vertex i # 1. Otherwise, conditioning on Z = —1, the algorithm

incurs the same expected instantaneous regret each time it selects vertex 1. The expected
regret thus becomes

T
| D (6 (1) ~ bl )] > LEAB(T ~ T0)] + 5 Ea[8Ti]
B B
2 ET - §(E1 [T1] — Ep[T1])

1 1 1 /2T
> BT = — V2T | ==-pT = —/ —
= (2 pvae ) P TA R
where the third inequality follows by Equation (20), and we also use our choice of 3. O

We can additionally prove further lower bounds for the weakly observable case. Here we
also adapt the proof for the lower bound in the case of a deterministic feedback graph by
having each edge realize only with probability € € (0, 1] at each time step. We make the
same considerations as in the previous lower bound for strongly observable graphs. In this
case, however, we refer to Alon et al. [2015, Theorem 7]. As in the case of deterministic
feedback graph, we need the following combinatorial lemma.

Lemma 5 (Alon et al. [2015, Lemma 8]). Let G = (V, E) be a directed graph over |[V| =n
vertices, and let W C V be a set of vertices whose minimal dominating set is of size k. Then,
there exists an independent set U C W of size |U| > &k/Inn, such that any vertez of G
dominates at most Inn vertices of U.

We can then prove the desired lower bound which states what follows.

Theorem 9. Pick any directed or undirected, weakly observable graph G = (V, E) with
V| =K and §(G) > 1001In K, and any € € (0,1]. There exists a stochastic feedback graph G
with supp(G) = G and such that, for all T > 2K /(eIn K) and for any possibly randomized

algorithm A, there exists a sequence 1, ..., of loss functions on which the expected regret of
A with respect to the stochastic generation of Gi,...,Gr ~ G is at least 5 (561519251)()1/3T2/3.

Proof. The proof follows the steps of the lower bound from Alon et al. [2015, Theorem 7].
As in the previous lower bounds, we use Yao’s minimax principle to infer that it suffices to
design a probabilistic adversarial strategy that leads to a sufficiently large lower bound for
the expected regret of any deterministic algorithm.

We consider any weakly observable G = (V, E) having |V| = K vertices and §(G) > 1001n K.
Since the adversary may choose edge probabilities, it can pick them all equal to € so that
G = G. and supp(G) = G. By Lemma 5 we know that G contains an independent set U of
size [U| =m > 0(G)/(501n K) such that any v € V' dominates no more than In K vertices of
U. We will denote actions in U as “good” actions, whereas all the others will be denoted as
“bad” actions. Given our assumption on §(G), we observe that m > 2. A further observation
we can make is that N2 (i) C V' \ U for all i € U because U is independent, meaning that
we need to pick a bad action in order to be able to observe the loss of any good action.
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As similarly done in the proof of Theorem 7, we sample Z from our “target” set U uniformly at

random. This choice induces a dlstrlbutlon of the losses ¢;(i) for all ¢ and all ¢ independently.
To be precise, given = m1/3(32€T1nK) /3 € [0, 4], the loss is £,(i) ~ Bern(3 — B) if
i = Z, while it is ¢,(i) ~ Bern() if i € U, i # Z. The loss is deterministically set to £;(i) = 1

for any other vertex i € V'\ U’

Taking up the same notation introduced in the proof of Theorem 7, we denote by T; the
number of times action ¢ is played by the deterministic algorithm after 7' rounds, while
Thad = ZieV\U T;. In particular, I; is the action chosen by the algorithm at time t. We

also use P;(-) =P (-|Z =4) and E;[] = E[- | Z = 4] with a similar definition, including the
auxiliary distribution Py and the corresponding expectation Eq obtained by setting 8 = 0.
Moreover, for each good action i we introduce X; =, H{I,,eNiG“(i)} to denote the number
of times the algorithm picks a bad action from NZ(4).

Notice that we can restrict our reasoning to algorithms that have Th.q < BT (otherwise

reducing to this case by only introducing a factor 3 in the regret bound), as similarly argued
in the proof of Alon et al. [2015, Theorem 7]. This implies that

ZXZ» <Thaaln K < BTIn K (21)
icU
since each j € V' \ U dominates at most In K vertices of U.

Recalling Equation (17), we are interested in bounding

E;[T}] — Eo[T;] < T %Z > Po(X=1) D (Pot || Pit) (22)
t=1 )\t—1

where Pj; = P;(-|A'"!) is the conditional probability over feedback sets A;. The KL
divergence in the above sum is Dkr,(Po. || P;:) < 8In(4/3)3%, where we use a similar
reasoning as in Equation (18). As a consequence,

” T
Z Z IPO()\t—l)DKL(PQt | Pi) < Z]PO(It € N&(i))81n(4/3)3%e
t=1 xt—1 t=1

< AB%R[|{t : I € N2 ()} ]

= 4B2€E0[X1} )

which together with Equation (22) allows us to show that

Let us now consider the expected regret for the deterministic algorithm at hand. We know
that it must be at least

Iglea‘}E [ZT:(@(Q) — Uy (k ] > —ZE = BT — —ZE

t=1 €U €U

because the algorithm incurs at least S regret each time it picks an action different from Z.
By Equations (21) and (23), and using the concavity of the square root, the summation on
the right-hand side is such that

—ZE ] < BT ZIEO ]+ IEO
ieU zeU
[233 T
<T pe n
m

1 1
lry o< (24)

m 4

M1

ieU

=~
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where the equality follows by our choice of 3, whereas the last inequality holds because
m > 2. Hence, the expected regret is

. 1/3
I6; 1 m 1/3 2/3 1 5(G) 2/3
— > T =—(—— > — | —= .
;(&(It) ét(k))l 2,7 4(3281111() zsolowerw) T

max E
keV

O

An additional theorem is required in order to cover the case 6(G) < 100In K. In the same
way as in Alon et al. [2015], we follow a simple reasoning with generic weakly observable
graphs. The following lower bound holds for weakly observable graphs of any size and is
tight up to logarithmic factors for instances having 6(G) < 1001n K.

Theorem 10. Pick any directed or undirected, weakly observable graph G = (V, E) with
|[V| > 2 and any € € (0,1]. There exists a stochastic feedback graph G with supp(G) = G and

such that, for all T > 2v/2/c and for any possibly randomized algorithm A, there exists a

sequence Uy, ..., br of loss functions on which the expected regret of A with respect to the
stochastic generation of G1,...,Gp ~ G is at least §6*1/3T2/3,

Proof. The proof follows a similar structure as that of Alon et al. [2015, Theorem 11]. We
consider the same instance constituted by a graph G = (V, E) having |V| > 3 vertices, since
it is the minimum number of vertices in order for G to be weakly observable. In fact, any
graph with exactly 2 vertices is either unobservable or strongly observable. By definition,
there exists a vertex in this graph with no self-loop and with at least one incoming edge
missing from any of the remaining vertices. Without loss of generality, let v = 1 be such a
vertex and let 2 ¢ N2 (v) be one of the vertices without an edge towards v. We may consider
the case where all edge probabilities are set to ¢ (implying that G = G. and supp(G) = G),
given that we essentially assume the adversary can select them.

We can apply Yao’s minimax principle, as usual, to reduce this problem to that of lower
bounding the expected regret for any deterministic algorithm against a randomized adversary.

Hence, we need to design a distribution for the loss functions /1, ..., ¢r provided to the
algorithm. Let 8 = ﬁ(sT)’l/5 € [0,1] and pick Z € {—1,+1} uniformly at random.

For all ¢, we choose the losses such that ¢,(1) ~ Bern(1/2 — 5Z), £,(2) ~ Bern(1/2), and
l1(4) = 1 for all j # 1 independently. Similarly to the construction in the proof of Theorem 9,
we have “good” actions {1, 2} incurring at most 3 expected instantaneous regret, while all
remaining actions are “bad” since they incur at least 1/2 instantaneous regret in expectation.

We reuse the same definitions for T; and X; as in the proof of Theorem 9 for any fixed
deterministic algorithm. On the other hand, we let P1(-) = P(-|Z = +1) and Pa(:) =
P(-|Z = —1). We analogously define E1['| =E[- | Z = +1] and Eo[-] = E[- | Z = —1]. Finally,
we introduce Py(-) and Ey[-] obtained as the previous ones by setting Z = 0.

Following the same rationale that led to Equation (23), we can show that
Ez[Tz] — ]Eo[TZ] S ﬂT\/ QEEZ[Xl]
for i € {1,2}. This implies, via similar steps as in Equation (24), that

Finally, if E [X;] > é B~2e71, the algorithm’s expected regret becomes

T
1 1 1
E (L) — b(k)| = =E[X1] > =B 21 = V3123
mnax LZ_;( (L) — b( ))] Z 5 [X1] 646 £ 3¢
where the last equality holds by our choice of 3. Otherwise, when E [X1] < 3587271, the
right-hand side of Equation (25) is bounded by %T and thus the regret must be

max E Z(ét(lt) — Et(k))] > %]El[ﬁ(T —-T)] + lEg[ﬁ(T —Ty)] > gT = Q5*1/3T2/3 .
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D Be Optimistic If You Can, Commit If You Must

In this section, we describe Algorithm 4 and the analysis we use to obtain the results of
Section 5. First of all, we briefly state the rationale for the design of this new algorithm. The
main idea is similar in spirit to that of EDGECATCHER: Algorithm 4 constantly updates the
estimates for the edge probabilities of the underlying G and computes the best regret regime
it can achieve. However, EDGECATCHER has to wait until it can determine the best regret

Algorithm 4: OpTIMISTICTHENCOMMITGRAPH (OTCG)

Environment: stochastic feedback graph G, sequence of losses ¢1,¥s, ..., {1;
Input: time horizon T and actions V ={1,2,...,K};
Initialize: sample I; uniformly at random, receive G1;
fort=2,...,T do
if Equation (26) has never been true then // optimistic phase

Set ﬁt(jv ) = = 1 Zs I]I{(Jv €Es} 5

Set p¢(4,1) = pe(4,1) + \/2’" 20 1n(3K2T2) + - In(3K*T?) ;
Set G/OP = {0e(7.1) -7 € V;

Compute 6; and £ as in Equation (33) ;

Set Gy = {p+(4, i, iyze0y 11,0 € V} and Gy = supp(Gy), ;
Compute p™™ = min; minjeNip (i) Pe (4, 9);

. 1/2
Set v; = min { (mlnse[g n tpm”“) / , %},
—1/2

Set -1 = (16/(minyepq(pR™)?) + 4t/ (minge, p20) + £050:(G0)) s
Set 14 to be the uniform distribution over V;
Set q¢(i) o< exp (nt 1 ZS 2&( ))

Set my(i) = (1 — y)que(d) + et (i);
if Equation (26) is true for any t' — 1 < t then // commit phase

Set t* to the first round ¢’ — 1 in which Equation (26) is true;
Set G = {p(j,4) : 4,j € V} as the stochastic graph with
. . 1 t*
p7:0) = 5 s Ler.y;
Set G = {p(J, 1)l 15(j,i)>e,n} : 1, € V} with g4+ as in Equation (36);
Set QAEE,U = {p(j, i)H{ﬁ(j,i)Zeg,a} ti,j € V} with 5 , as in Equation (37);
Set p¢(j, 1) = 71 Lami LiGier.) 5
Set pr(j. 1) = (. 1) + /29 mBE2T2) + 22 m(BK>T) ;
Set GFOB = {pi(ji) :i.j € V}
Set Gy = GP°B and G, = supp(gt)
Set 7 = mm{( Su(Ges ) In(KT)) P11/, %};

Set 1) = wn(m (27 (8(Ge; )/ + a@sgg))_l;
Set 1y according to (38)'

Set q1(i) oc exp (1 47, B0 )

Set m¢(4) = (1 — 7)au () + 79 (3);

Sample I; ~ my;
Receive Gy and {(i,4;(i)) : i € Ng"(I})};
Compute /(i) as in (6);

regime before actually tackling the learning task. On the contrary, Algorithm 4 begins by
optimistically assuming that the best thresholded graph has a strongly observable support
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while simultaneously updating the edge probability estimates; this is made possible given
the additional assumption on receiving the realized graph Gy = (V, E;) ~ G together with
the observed losses at the end of each round ¢. At any point in time, as soon as Algorithm 4
finds that it can achieve a better regret regime by switching to the weakly observable one
(by computing the optimal threshold on the current estimate for G), it commits to weak
observability. We can prove that this strategy is able to achieve the best possible regret over
all thresholded feedback graphs, analogously to EDGECATCHER, but with a dependency on
the improved graph-theoretic parameters introduced in Section 5.

Consequently, there are two regimes of Algorithm 4. In the first regime, the algorithm
works under the assumption that supp(G) is strongly observable; in the second regime, the
algorithm works under the assumption that supp(G) is observable. The switch happens in
round t* + 1, where t* is the first round ¢ — 1 in which

Wi > Nq, (26)

is true. The term W; is an upper bound on the regret after the first ¢ rounds, and is given by

U, = Inin{t7 2+ 11(In(3K2T?))? max 6,(G,)

s€[2,1]
+ (12In(K) + 4y/2In(3K272)) tm[asz]& gb)}, (27)
s€|2,t

where G, minimizes 6;, which is defined in Equation (33). The term 6;(G;) is an upper bound
the second-order term in the regret bound of Exponential Weights. Crucially, the same
term L‘)t(_C';t) does not require us to compute a weighted independence number at each round:
we can explicitly compute it in O(K?) time. Furthermore, in Lemma 11 we show that,
conditioning on the event K, the term at(g}) is upper bounded by the minimum thresholded
weighted independence number of G, which in turn is useful when bounding the regret. We
recall that the event I, introduced in Section 5, corresponds to the event that

i
1) 0.0 < 220D wareer) + S wGRAT), Vi) eV v

for all ¢ > 2 simultaneously.

Similarly, A; is an upper bound on the regret of Algorithm 4 if it were to switch regime in
round ¢ and is given by

A = mgn{41T2/3 (nBE2T2)du((G0).)) Yy 41\/1n(3K2T2)o((Qt)E)T} . (28)

where G, = {9:(4, )5,y >60m(kxT) /e 0§ € V}. In other words, Algorithm 4 changes
regime whenever it thinks that the regret of a (weakly) observable graph is smaller than the
regret of a strongly observable graph. In the following, we prove that W; and A; are indeed
upper bounds on the regret, but first we state Lemma 6, which is a central result in this
section. More precisely, it provides an upper bound for the cost of not using the exact edge
probabilities p(j,¢) but instead using upper confidence bound estimates p;(j, 7). Note that
the bound scales with 7 () = > JENE (i) m¢(j). For G having a strongly observable support,
t

this is an important property of the bound since we require that 7:(7) < 1 — () for vertices
1 without a self-loop in supp(G.) to ensure that we can bound the regret in terms of the
weighted independence number.

Lemma 6. Define m(i) = > ¢y iy me(j). For any distribution u over [K] and t* < T,
Gy

with estimator (6) we have that

X 272 i) (i
E Y3 (ml) —u(z’))ztm] <24 3E [Gln(fff )y e | /c]

t=1 i=1

t* K
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Proof. For t > 1, by the empirical Bernstein bound [Audibert et al., 2007, Theorem 1], with
probability at least 1-— K2T2 we have that

t—1 -
1 - a7 In(3K27T2) 3 -
-1 ;H{(ayz‘)eEs} —p(,1)| <4\ [27— + 7 mBKTY)

< \/21;15(]717/) In(3K272) + tilln(3K2T2) ) (29)

where we used the fact that

t—1 t—1

1 1 .
7= (H{m DeE,) 7211{(] DR, }> < 701 L weny SR
s=1

s'=1

Thus, by the union bound over K2 edges and t* rounds, we have that equation (29) holds for
all edges and time steps ¢ > 2 with probability at least 1 — 4. This means that P (K) > 1— &
by definition of .

By using the tower rule and the fact that ¢;(i) € [0,1], we can see that

[Zz ) — (i) >]

sz NG K| + (1 - DO (i) — u(i))e(i) | K
t=1 =1 t=11i=1
t* K
T+E Z (1 i)):(i) | K
. Kt 1i=1
<24+E | D (mli) —u(@)b) | K (30)
t=2 i=1

Let X; = H{ieNg;ut(It)}m{ieNQut(It)} be the indicator of the event that ¢ belongs to both
t Gy VT

NEy*(I¢) and Ng'(I;), and let &(i) = Bi(i) — P.(i) = ZjeNiC_;‘ () () (Be (4, 8) — p(4, 7). We

continue by applying Lemma 13 on the expectation in the right-hand side of (30), obtaining
that

K
|32 om0 - w0l ¢
X ) X ) ) N Xele(7)
=E (1) — E (1) —u(i))& (i) ————— | K
Z( g + ZZ( (@) —u)&l) 5 5o ]
K
Zﬂt )):(3) ZZm ) (i) el ‘K :
t=2 i=1 t=2 i=1 ()t(l)

where the inequality is due to the fact that the loss is nonnegative and the fact that
& (i) > 0 because p(j,7) — p(j,4) > 0 is true, given K. We already know that p.(j,i) >
Pt(j, 1) by definition of p;(j,7). As long as K holds, we also know that p;(j,7) — p(j,4) <

\/% In(3K2T?) + 25 In(3K2T?) is true. Then, we can use all the above observations
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to demonstrate that the term & () satisfies

G = Y mG) B, 1) —p,)

JeNg. (1)
. 2p4(4,7) 3 22
< Z | 7 (J) <\/t—1 In(3K2772) + mln(i&K %)
JeNg (i)
+ > ™) (Be(G8) - (i)
jeNg‘t(i)
<2 Z fn—t(j) \/%t(‘]’z) 111(3K2T2) + i ln(3K2T2) (31)
- N (i) t—1 t—1
jeNg. (i

By the Cauchy-Schwarz inequality, it holds that

R ONEEDS \/mj)\/mu)awdmu) S e
)

]eNGt(z) JENGt(Z JENGt(Z)

with a; > 0 for all j € Nln (i), where we recall that (i) = Z]eNm (i) Tt(J). We can use this

property to further bound &i(i) in (31) as

a<2 Y m) lenwmwwgmw%)

L= t—1 t—1
JGNgt(Z)

Py (i) In(3K 2T In(3K272

SQ\/Qﬁt(Z‘)t(Z)tn(?’l)+7—Tt(i)6nf’1) )

At this point, we can use the inequality for & (i) to show that

t—1

(32)

t—1

t=2

-

6In(3K2T?)

E
SR o

where in the second inequality we used the fact that Zt(i) < 1 and that E;_1[X;] = P:(4),
while the final inequality is Jensen’s inequality for concave functions.
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By combining the above, we may complete the proof:

8 [S 3 im0

t=1 i=1

61n(3K2T2) <~ (i) 74 (4)
t—1

D.1 Initial Regime of oTcG

To understand the initial regime of oTCG (Algorithm 4), consider the following. Since
the support of G'B is the complete graph, there always exists a threshold e for which

supp(( UCB) ) is strongly observable. For ease of notation, given any stochastic feedback
graph G with edge probabilities p(j, ), we introduce

P(i,9)= > m(i)pGi)
jeN;Epp(g)(i)

Denote by S the family of strongly observable graphs over vertices V' = [K]; we can then
define ¢ as

5? = arg min A AtUCB)E)
e:supp((GY°B).)es
. 2 2my (4) )
e:supp((GPCP).)eS mmzmmaeN;ﬁpp((gUCB))<>Pt(N) -~ 2 o Pl (GPCP)e)

supp((QUCB) )

(33)

A crucial property of G, (that is, C;tUCB thresholded at £?) is that, if p;(j,4) > p(4,4) for all
edges (j,1), by Lemma 11 we have that

min 9t((g}UCB)E):O< min aw(g€)> :

e :supp((GYOB).)eS e:supp(Ge)€S
which is a property we will use when computing the final regret bound of Algorithm 4.
It also ensures that we can bound the cost of not knowing p(j,i¢) in Lemma 6 by
Min_ . 00 (GUOBY yes 0:((GP“B).), which is also important in computing the final regret
: UCB),

bound of Algorithm 4. We thus upper bound the regret of the initial regime of oTCG in
terms of 8, in what follows.

Lemma 7. For any distribution u over [K], after t* < T rounds Algorithm 4 guarantees

*

B[S (m(0) - (@)l

t=1 i=1

+ (121n(K) + 4x/21n(3K2T2))E

K

<2+ 11(In(3K?T?))’E [ max, 0:(Gr) ‘ ’C}
te|2,t*

t* 0,(G
max ¢ (Gt)

Proof. We start with an application of Lemma 6:

sz el ]<2+ZE

61n 3K2T2) 7Tt(’L)7_Tt(Z)
Ty ]
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where, we recall it, 7;(i) = deNm (i) Tt(j). Now, for ¢ without a self-loop in G, we have

that 7(i) <1 — m(4). Now, conditioning on K, we may follow the reasoning surrounding
Equation (35) to find that

i=1 t(Z
We now use Y L <In(T) +1, 1, 77 < 2VT, and the above inequality to obtain that
t* K t*
. 61In(3K2T2 4
E |30 3 (m) —uli)()| <2+ Y F [()exgt) ] zc]
t—1

=1 i=1 =2

t K

mBKT?) [

+E 24/2 )| K

2 ) +(9) ;; ) (i)

<2+ 6(In(3K>T?))*E [ max 6,(Gy) ‘ IC} +E 4\/2111(3K2T2)t* max _6,(G;)

te(2,t*]

t* K
+E DD (md) — uli)) (i)

t=2 i=1
By applying Lemma 8, we can complete the proof:

ZZ (i i) (i )1 <2+ 6(In(3K>T?))’E [ max 0,(Gy) ‘ IC}

te(2,t*]

+E 4\/21n(3K2T2)t* max 0;(Gy)

te(2,t*]

+E + max Gt(gt) ’C

+E

max —-—
te[2,t*] pm‘“

<2+ 11(In(3K?T?))*E { max, 0:(G:) ‘ /C]
te|2,tr

+ (121n(K) + 4\/21n(3K2T2))E

where we used that —=m o < 0,(Gy) for all t € [2,t*]. O

")

In the proof of Lemma 7 we make use of the following auxiliary result, which bounds the
regret of 7y given K.

Lemma 8. For any distribution u over [K], after t* < T rounds Algorithm 4 guarantees

+*

K
[Zzwt NG (i) | K| <E [TIn(K), | Y 0:(G) + max 6,(Gy) | K
te(2,t*]
t=2 i=1 t=2
+E | max 41?55) +5In(K),/ max fnin
te[2,t*] Py te[2,t*] Py

Proof. We want to apply Lemma 12, which bounds the regret of Exponential Weights. Recall
that Algorithm 4 defines
pi™ =min  min  py(j,1)

eV Nin
Je supp(G¢ )(
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as the minimum (positive) edge probability in G,. Observe that for any node ¢ without a
self-loop in supp(G;) we have that

=" 0(.i) ((1 —Ye)qe (i) + %)

i
>y ((1 = 7)qe (i) + %)
i
= (1 - m(d))p"™ (34)
. Y\ _min
= (1- =Wl - %) p}
ﬁ min

Using (34) and the definitions of 7;_1 and ~;, together with the fact that ¢;() € [0, 1], we
can see that

1 2
14 Sz Sh-1——mm =1,
1104 (i) t— X0 t P

mm

where the last inequality is due to the fact that n;_; < Q%pt Given event I, since for

any node 4 without a self-loop in bupp(gt) we have that 7;_1/;(i) < 1, we may apply Lemma
12with S, =S={i:i¢ N‘“ (1)} to obtain that

pp(Gt)
E lz > (qu(i) — u(i)lu(i) | K
t=2 i=1
<B4 ne (Z )1 - g @A+ Y qt@)a(zﬁ) K
t=2 1€S; ISt
We now bound
. 2 | : , Py (i) (4)*
E A 1_t2£t7/ K| =E (1 l—tl ~ K
L;Stq (4)(1 — q¢(2)) e (2) JGZS;Q (1) (1 — aqu( ))Pt(i)(Pt(i)+§t(i)) ‘ ]

<E ZCIt 1—qtz))

g
1651 )
g |y @l 1—qtz>)M
2; P.(i,G:)
<p |y 2t

Lics, Pt

2

min
t

|

|-
For i ¢ Sy, since my(i) > 1¢,(i) and P,(i) — P,(i) > 0 given K, we have that

Qt i) <E Z 27Tt(l) Kl
1€S Z iZS, Pt(la gt)

which combined with the preceding inequality means that, given K, we have that

¢ (i)(1 — q:(4) q:(17) 2 27, (3) 5
+ ~ < + — =0,(G;) . 35
ZSI ( 25 S ;P( & /() (35)

iZS,

E {Z a: (D)0 () | K
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Therefore, we have that

t* K
E YD (a:(i) —ul@)f(i)

K
t=2 i=1
Qt )) Qt(i)
<E Nt—1 + —
zgs: gt) Zgzsjt P,(i,G)
mK &
<E ln +Z77t 10:( gt)
M t=2

Now, using a slightly modified version of [Gaillard et al., 2014, Lemma 14] (replacing |a;| < 1
by |a;] < max; |a;|) we can see that

t* t* t—1
Znt 1075 gt S Z 1+Zes(é5)
t=2 t=2 5s=2

t*
<3 Zet(gt)-i- max at(Gt) .

te(2,t*]

As a final step in this proof, we want to consider the distribution 7 the algorithm actually

samples actions from instead of ¢;. We can bound Zt 2t < 24 /maxe(o 4] t* and

1 4 "
< — o T T Zat gt
t=2

Ui minge2 ¢+ P minge (2 ¢+] Py

Thus, combining the above we find that

*

E >3 (mli) — u(®)ili)

P te(2,t*]
4In(K t*
+ E 1’rlrgin ) + 511’1(K) ma, min IC‘| :
te[2,t*] Py te(2,t*] Py

D.2 Regret After Round t*

With Lemma 7 at hand, we can control the regret in the first ¢* rounds. However, we
also need to control the regret in the remaining rounds, which we show how to do here.
Recall that G is the graphA wit}} edge probabilities p(j,i) = ti* Zzzl Ii(jiyee,)- At the end
of round t* we have that G = G,,, is an g4+-good approximation of G with high probability,
where

In(KT
e = 60In(KT) ) (36)
t*
We set
€50 = arg min (6w(Ge) In(BK2T?))1/31%/3 1 \/U(QE)T1H(3K2T2) (37)

e :supp(G.) observable
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and define the corresponding stochastic graph by g}g =100, DpGi>e; y 1 J €V We

denote its support by G* = supp(gag a). We also require any estimated minimum weight
weakly dominating set in round ¢, given by

7

D} = argmin . ! —
DeD(Gr) Ly Minjeneu (i) Pt (i 7)

where D(@*) corresponds to the family of weakly dominating sets in G*. We define
-1
s for i € D
wt(z) . (mlnjeNé* (2) pt(%])) or Z i (38)
0 for i & Dy

to be the exploration distribution in round ¢. Note that this distribution is non-uniform
over the weakly dominating set D}. This is because we want to ensure that the loss of each
node is observed roughly equally often. If we were to sample uniformly at random, then
this would not be possible because the probability that an edge realizes is not necessarily
identical for all edges; however, note that the distribution is in fact uniform if the estimated
edge probabilities are uniform.

Lemma 9. Suppose that G is an e -good approximation of G. For any distribution u
over [K], Algorithm 4 guarantees

E[ S 3 (ml) —u(@)i(i)

t=t*+1i=1

< 160w (Ge; ) IMBE?T?) + 5(80(Ge; ) InBK>T*)VAT? 1 44 Jo (G )T In(K) .

K

Proof. Consider the set S ={i : i & Ng‘* (i)} of nodes without a self-loop in G*. Observe
that for any node ¢ € S, given K, we have that for some node k € D} with ¢ > t*,

Py(i) =Y 55, 1) (1 = v)ae(i) + e (4))
J#i
> vpi(k, i)Y (k)
> Y
- > keD; (minjeNg‘f(k) ﬁt(k’j))_l

Observe that E [p(4,1) | K] > p(j,i) > 1p(j,i) for all edges (j,4) in G* by definition of
e¢«-good approximation. This implies that

N ¥
Pi(i) > 72%(9230) (39)

holds for any node i € S, conditioning on K. We apply Lemma 12 with S; = ) to obtain

T K ) K T K )
E Z Z(Qt(i)—u(i»ft(i) Kl <E|—+ ant(i)Et(i)Q K
t=tr+1 i=1 N t=tr 41 =1
T K ‘
<g|DE Yo qf@ |IC] ,
N MV 410

where we used the fact that P,(i) — P(i) > 0, given K. Recalling Equation (39) and using
the fact that m (i) > 2¢,(i), we can see that
4(5\,\, ge*
<E M Kl
Y

() ‘,C . Zz};rt(@'))

— K
Py(i) i€S

i€S
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Considering the sum over i € S, we have

Qt <E 227“(1')
z€5’ | igs Pi(i)
<E ZAQ.. K| <E Zfl K| <40(G.: )
S pulis) 2 5(i.1) b

Thus, we have that

E l 3 40
i D)
which means that we can use n = \/h;f:,{() ((5W(QAE(;YU)/7 + U(C;Egya))_l to obtain

T K
[Z > (i) = u(@)éi(i) E[ 33 (@) — u(i) (i)

t=t*+1 i=1 t=t*+1i=1

- uE 76»0)%(% Vx|, (40)

K| +~T

1 K 6w(gAa* ) ~
< nT +4nT (7“ +0(Ge; ) | +1T

J (aw@;) , )
=4,|TIn(K) %ﬂr(gsgﬁ) +4T .

Now, observe that T < 83, (G. s )1 (3K2T2) whenever the algorithm’s parameter v =
min{ (& ( ga ) In(3K*T?) )1/3 1/ b=

Z Z(m(i) — (i)l (4)

t=t*+1 i=1

5w(gag ) A
<4,|TIn(K) % +0(Ge; ) | +1T

< 160w(G; ) In(BK>T?) + 5(6w(Gz; ) IBK>T)PT%2 4 4, Jo (G, )T In(K),

which completes the proof. O

1
. . As a consequence,

K

For the following lemma, we will use a simplifying assumption on 7T: we will assume that T
is such that

2+ (376(Gex ) +120(Ge: ) MBKT?)? +126,(Ge: ) (K1) T3

3,

A 1/3 =
<28 (5W(g€3 ) ln(3K2T2)) T2/ + 29, /n(3K2T)o(Ge; )T . (41)
Lemma 10. Suppose that (41) holds and that G is an e -good approzimation of G. For
any distribution u over [ |, Algorithm 4 guarantees
£ 3 3w
t=t*+1 i=1

R 1/3 =
<41 <1n(3 K2T2)5W(gsg_g)) T3 4 41\/1n(3K2T2)0(gsg_U)T :
We also have that
T K
S S ) —u(i))ﬁt(w] <
t=t*+1 i=1

min {82 (In(3K2T2)8,,(G.)) "> T%/3 + 824/In(BK2T?)0(G)T : supp(.) observable}.

£>2ex
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Proof. Following the proof of Lemma 6, we can see that

S S w0 Et()]<2+ZE
t=t*+1 i=1

t=t*+1

=1

6 In( K2T2 Z
tZ

T K

E| D > (mli) = u(i))

t=t*+1 i=1
Now, usmg the same reasoning that led to Equation (40), we have that

Z Zwt N (i ] <924+ Z E[l?ln (3K?T?) (5\,\,(95310) . >‘}C1

t=t*+1 i=1 t=t*+1 t-1 v

n(3K272) Qsé .
t—1 o(G;.)
t=t* +1

K
Z Z(Wt(l) — (i)l (i) | K
t=tr +1 =1
2212 <6W(Q€§a) 5 )
SQ—FE 1211’1(3KT ) f’ﬁ‘U(gggya) K

e
+E [8,|TIn(3K2T?) f‘—&-a(gggﬂ) K

> 3 (i) ity

t=t*+1 i=1

where we used that Y7, % <2VT and 3/, 725 < 1+ In(7) < In(3K>T?) for K, T > 2
Following the final steps in the proof of Lemma 9, we can show that

[ \l <6W(gAE: ) 5 >
E |8,|TIn(3K2T?) f"ﬂw(gsg,a)

< 3260(0e; ) BECT?) + 872/ (5,(G-; ) In(3K>T?) ) +8\/Ta . ) In(3K2T?) .
Hence, by applying Lemma 9, we obtain that

T K ~
S S ) — )i zc]

t=t*+1 i=1
< 1604 (Ger ) In(BK?T?) + 5T%/3(6,(Ger ) In(3KT?))Y/3 + 44 /T (. ) In(K) .

Finally, by definition of v we notice that

K

)

K

A

5W(gs* ) A N 5/3
121n(3K2T2)2% < 2464(Ge; ) IBK’T?)? +12T"%6,(G.; )** (In(BK>T?))™" .
Thus, combining the above we obtain

5| 3 Sl - i)

t=t*+1 i=1
<24 376,(Ge; ) IBK3T?)? +127/35,(G-; )*® (n(3K>T2))™?
1/3 -
+137%° (8u(G; ) In(3K3T?)) +12y/To(G-; ) In(3K2T?)

+120(G.: ) In(3K°T?)?
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Since we assumed that (41) holds, we can show that

Yo D (m(i) —ul@)ei)

t=t*+1 i=1

E

A 1/3 ~
< 4173 (5W(g€g )1n(3K2T2)) +41,/To(G; ) In(3K>T?) |

o 5,0

which is the first result in the statement. For the second result, recall that 53,0 is the

minimizer of the above bound by its definition in (37). Since G is an e+-good approximation
of G, we conclude that

E[ S S m) —u<i>>et<i>] .

t=t*+1 i=1

min {82T2/3 (111(3K2T2)5W(gs))1/3 + 82y/In(3K272)0(G.)T : supp(G.) observable} .

£>2e4*

D.3 Regret After T Rounds

We now have all the intermediate results we need to prove the overall regret bound of
Algorithm 4.

Theorem 11. Suppose that (41) holds. Then, for any distribution u over [K|, Algorithm 4
satisfies

T K
E lz > (i) - u(z‘))et@] < min{T :
t=1 i=1

6+ 2 min {198aw(gs)(ln(2K3T2))3

e :supp(Ge) strongly observable

+ (12 In(K) + 4/2 1n(3K2T2)) /18t (G-) ln(2K3T2)} :

4+ 164In(3K2T?) min ((5W(g€))1/3T2/3 + a(gs)T)} .

e :supp(G:) observable

Proof. Let us recall that in Equations (27) and (28) we define

Wy = min{t*, 2+ 11(In(3K37?))? max 6,(Gy)

te(2,t*]

+ (121n(K)+4\/m) t* max 9t(ét)}

te[2,t%]

and

A 1/3 Y
Ape =41 (1n(3K2T2)5w(gaga)) T%/% 4 41\/1n(3K *T?)o(Ge; )T -

Denote by £ the event that Get = {p:e(4, )5, G.iy>60 (k) 4y ¢ G55 € V}is a e-good
approximation of G with e; = 60In(KT)/t for all t < T. By Lemma 14, we have that &
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occurs with probability at least 1 — % and thus, for any t* € [1,T], we have that

GRRIE

t=1 i=1

<1+ E[Uu + A | K, E]
where the last inequality is due to Lemmas 7 and 10. We now consider two cases depending
on whether Algorithm 4 commits to the weakly observable regret regime at any time step

or it never does so. In the first case, say Equation (26) never holds for any t € [2,T]. We
consequently have that

T K
E lZ D (meli) — (i) i)

t=1 i=1

S 1+lE[HllIl{\I/t*,At*} | ]C,g] .

We first try to upper bound the conditional expectation of A;«. By definition of e-good
approximation of G, we have

€€]0,1]

E[A | K, €] = E[ min {41 (1n(3K2T2)5W((g}*)E))1/3 T2/3

—|—41\/ln(3K2T2)0((gAt*)€)T - supp((Ger )e) observable} K,

e€[2e4x,1]

ng[ min {41 (ln(3K2T2)5W((_C';t*)E))1/ S/

+ 41\/ln(3K2T2)0((Qt*)E)T : supp(Ge) observable} ‘IC,&'} .

To cover the remaining thresholds in [0, 2¢4+ ), we define e} = max Q as the largest threshold ¢
that minimizes

. 1/3

Q = argmin{ 41 (1n(3K2T2)5W((gt*)5)) T%/3

€€l0,1]

+ 41\/ln(3K2T2)a((QAt*)E)T : supp(Ge) observable} .

If €} < 2e4», meaning that €} as well as the other thresholds in @ do not belong to the
: 120 In(KT .

already covered interval [2e4+, 1], then t* < % = 120In(KT)tex with toy = 1/e].

Thus, we must have that

#* < 1201n(KT) ((5W(95;))” 2L+ ,/o—(ggz)tgz)

< 11%(1)111]{120 In(KT) ((5w(g8))1/3T2/3 + J(QE)T) : supp(Ge) observable} ,
ec|0,
where the first inequality is due to the fact that dw(Gex) > tey or o(Gex) > tey or both are

true because either p(i,i) = €} for some 7 such that i € Néﬁpp(gg* (@) or one of the minimum

outgoing edge probabilities for a vertex in some minimum weight weakly dominating set is
equal to €}.
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On the other hand, we also need to upper bound the conditional expectation of ¥;+. By
Lemma 11 and recalling the definition of o, from Section 5, we have that

E [ max 0;(Gy) /c} SIE{ min 18, (Ge) In(2K3T?) IC} .
te(2,t*] e :supp(G.) strongly observable
and thus
2+E {11(ln(3K2T2))2 I?an]at(ét) ic,g]
te[2,t*
+E (12ln K) +4y/21n( 3K2T2) t max 0,(G) | K, €
te(2,t*]
<2+ i 1980, 2K°T?
- e:supp(Ge) sggnngly observable{ o (gg)( ( ))

(121n ) + 44/2In(3K2T2) )\/18t*aw(gs)1n(2K3T2)} .

Since 120In(KT) < 82In(3K2T?), we can combine the above to obtain

T

K
E >0 (mli) - u(i))ﬁt(i)] < min{T

t=1 i=1

3+ min{ 198av,, (G- ) (In(2K3T?))3+

(12 In(K) + 4+/2 1n(3K2T2)) V18t (Go ) In(2K3T2) : supp(Ge) strongly observable} ,

1+ min{82 In(3K2T?) ((5W(g€))1/3 T3 4 O'(QE)T) : supp(Ge) observable}} .

In the second case, t* is the first round in which (26) holds. Therefore, we must have
T K
8 [3 3t -

t=1 =1

) (i )] <14 2E [P | K, €]

-1 K T K

<1+E ZZ(M ) (i) +1+E Z Z(m( —u(%))l(4) 81
t=1 i=1 t=t"+1 i=1

SE[Wp_y + A | K, E] +2

<E[Ap—1 + A K E]+2

which combined give us

T K
E ZZ(m(i)u(i))&(i)] <1+ E[min{Ap g+ Ap + 1,20} | K, €]
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Following the proof of the bound in the case where (26) never holds for any t € [2,T], we
can see that

T

K
SO (mli) - u(i))ﬁt(i)] < min{T :

t=1 i=1

E

e :supp(G.) strongly observable

6+ 2 min {198aw(gg)(ln(2K3T2))3

+ (121n(K) +44/2 1n(3K2T2)) V18t () 1n(2K3T2)} :

4+ 1641n(3K*T?)

min
e:supp(G:) observable

(Gutgon 2722 4 o—<g5>T)} :

which completes the proof. O

D.4 Auxiliary Lemmas for oTcG

In this section, we prove some results that are useful in the above regret analysis of oTCG
(Algorithm 4). Recall that S is the family of strongly observable graphs over vertices V = [K].

Lemma 11. Suppose that there exists a threshold € such that supp(Ge) € S. Then, we have
that

E | max min 0,((GY°®).) | K

t€[2,t*] e : supp((GUCB).)eS € :supp(G:)€S

SE[ min 18aw(g5)ln(2K3T2)‘lC]

Proof. Let us recall the definition of 6;:

gt(( "t c )6) 2 § L(Z)
min; min ;¢ yin i) Py i (G '
’ ]ENsupp«G}JCB)g)(Z) (G:1) iEN;:pp((gUCB)E)(i)
t

By definition of the weighted independence number (see Appendix E for further details), we
have that

2 N
- - — < 2au(( PCB)E) :
E— mijN:}pp((G?CBm(i) P 7)
By Lemma 17, we have that
> Y T < 16au((GPP)) (2T |

(1) Pt(i? (gAPCB)E)

Nsi-zpp«g”}JCB)s)
where we used that v, (i) > 2 and py(j,4) > 7.
Given K, we have that p.(j,7) > p(j,¢) and thus it holds that

g

< E| max min 18, ((GPCB) ) In(2K3T?
< [te[mEzmpp(@%e‘s (GY°P).) In(2K*T?)

E| max min 0,((GUCB
|:t€[2’t*]s:supp((gPCB)a)ES t(( ¢ )5)

d
gE[ min 18w (G:) In(2K>T?) ’/c] .

e:supp(Ge)ES
O]

The following result is a variant of the bound in Alon et al. [2015, Lemma 4] with a decreasing
learning rate.
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Lemma 12. Let q1,...,qr be the probability vectors defined by q;(i) o< exp(—mni—1 2371 ())
for a sequence of loss functions {1, ..., by such that £;(i) > 0 for allt and i. Let ng =mn >

..>nr. For each t, let S; be a subset of [K] such that n._1£:(1) <1 for all i € S;. Then,
for any distribution u it holds that

T K
ZZ(%(Z)_ ZQt )1 —qs (i +ZQt )24 (4)

t=1 =1 1€St iZSy

Proof. The proof follows from a minor adaptation of the proof of Alon et al. [2015, Lemma
4]. We start from Van der Hoeven et al. [2018, Lemma 1]:

T K
(th (0)0:(i +ln<2qt i) exp(—np—14s(i ))

t=1 \i=1 -1 =1

Now, smceft()>0wemayuseexp( )<1+z+z2forx<1andIn(l—z)<—z for all
x<1t0 show that

L]n (th ) exp(—n— 1£t())>

-1 =

IA

——1In <1 — ZQt ) (Me—144(4) 77t21£t(i)2)>

Nt—1

AN

_ZQt — i1 (i)?) -

Combined with equation (42), this gives us
T K
Z Z(‘Jt (i) —
t=1i=1 t=1i=1

We define /; = > ics, ()€ (i). Since £,(i) > 0 we have that 7,1 (¢ (i) — l;) > —1 by

construction. Since adding the same #; to each £;(7) on the r.h.s. of equation (42) does not
influence the regret we have

T K
ZZ(%(Z) -

t=1 i=1 t=1 i=1

(4)€: (i

BYALE

To complete the proof we follow the proof of Alon et al. [2015, Lemma 4], which gives us

T K
DO (anli) — u@)) (i Zml S a1 — a6+ @)

t=1 i=1 1€St iZSt
O

Lemma 13. Let & (1) = > ;e nm () ™ () (Pe(d, 1) — p(j,4)). In any round t, we have that
Gt

K A
Z(m(i) = u(i))l:(4)
B ) « Liiengee(1,)yn{ienem (1)} e (4)
_ Z(Trf(l) B U(Z))ft(l) + Z(Trt(z) — u(Z))&(z) {ien, + (I;}(ZEP]Z;; (I+)}

Proof. Let X; = ]I{,L'eNgut(If)}m{ieNc:ut(If)} and denote by
t ot Gy VT

(i) = Pt(l) - P(i) = Z 7 (1) (De (4, 1) — p(4,9)) -

JENG (D)
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We have that
~ o thgt(l) o tht(l)

“O="50 =R +aw
_ Xl (i) (P (i) +£t‘(i)) (i) — th.t(i) ‘
Py (i) (P (i) + &(7)) Py(i) (P (i) + &(7)
_ Xuli(i) Xl (i)
7o BROE6 + 6w
- Xl (i)
G(i) — & (d )Pt( )P (i) .
Therefore, for any distribution u we have that
K K K X0 (i
D () = w@VEti) = Y () = w0 + D () ~ i)
i=1 i=1 i=1 t\2) e\
which completes the proof. O

Lemma 14. Let G., = {p:(j,)[ip,(j.i)>e,) 1 4.4 € V} and e, = 60In(KT)/t for all t € [2,T).
Then, with probability at least 1 —1/T, g}t is an e¢-good approzimation of G for allt € [2,T).

Proof. Let E;" = {(i,j) € V2 : p(i,j) > 2¢;} and E; = {(i,j) € V2 : p(i, ) < €¢/2} be the
two sets of edges as defined in the proof of Theorem 2. We let Sfi’j) = {p(i,7) > &4} and
]-'(ti,j) ={Ip:(i,5) — p(i,5)| < p(i,5)/2}, for all (i,5) € V2 and all t € [2,T], be the events as
similarly denoted in that same proof. We consequently define the events £, F, and C as

T T T
_ t _ t _ =t
E=) () €y F=(1 N Foy. =01 N Euy -
t=1(i,j)eE} t=1(i,5)¢E, t=1(i,j)eE,
The following steps hold for all K > 2 and all T' > 2.
We begin by observing that P (p;(i,7) < ;) < exp(—te;/4) < 1/(4K?T?) for all t € [2,T]

and all (4,j) € Et+ , by a simple adaptation of the same argument in the proof of Theorem 2.
Then,

+
B, 1

P(E)>1- - —
©) = AR T AT

which follows from the fact that |E;f| < K2 for all ¢ € [2,T]. We can similarly argue that
P (|pe(i,5) — p(i,5)| > p(i,7)/2) < 2exp(—te;/24) < 1/(2K?T?) for all t € [2,T] and all
(i,7) ¢ E; ; this implies that P (F) > 1—1/(2T). Finally, we observe that P (p:(i,7) > &) <
exp(—te;/6) < 1/(4K?T?) for all t € [2,T] and all (i,j) € E; , hence P(C) > 1 — 1/(4T).
The statement follows by union bound over the complements of £, F, and C. O

E Weighted Independence Number

To improve the regret bounds in the case of strongly observable support, we need to
introduce another graph-theoretic quantity: the weighted independence number o, (G,w),
where w € Rf is a vector of positive weights assigned to the vertices of our strongly observable
graph G = (V, E) with V = [K]. Let w(U) = }_,.; w; denote the weight of a subset of
vertices U C V. The weighted independence number is defined as

o (G w) = Srengé)w(S) ;

that is, the weight of a maximum weight independent set. This set is chosen among all sets
in the family Z(G) of independent sets of G. It can be equivalently defined by the following
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integer linear program:

st. xi+az; <1 V(i,j) € E,i#j
T, € {0,1} VieV

We plan to define w according to our needs in what follows.

E.1 Undirected Graph

Let G be a stochastic feedback graph with edge probabilities p(¢, j) and such that its support
supp(G) = G = (V, E) is undirected and strongly observable. Moreover, let N (i) be the
neighborhood in G of any vertex i € V (excluding i) and let C(i) = N(i) U {i} be the
extended neighborhood of 4 including vertex 1 itself.

We can use the edge probabilities from G to define a weight for each vertex i as

-1
1
wg (i) = w; = <C(z)| Z p(]ﬂ)) :
jec(@)
This vertex weight is equal to the inverse of the arithmetic mean of the incident edge
probabilities (including its self-loop). Note that the two probabilities p(i, ) and p(j,4) in
the two directions of any undirected edge (7,j) € F need not be equal.

This definition allows us to upper bound the second-order term in the regret for vertices
with self-loop (as similarly done in the analysis of Exp3.G [Alon et al., 2015]) in terms of
the weighted independence number since we can reduce it to bounding

=2 e

We thus require a weighted version of Turdn’s theorem, which is formulated in the lemma
below. This result has already been proved [Sakai et al., 2003], but we nevertheless provide
a proof for completeness.

ey ZJEC(Z) p(J,1)

Lemma 15. Let G = (V, E) be an undirected graph with positive vertex weights w;. Then,

Z < ayw(G,w) .

ZEV

Proof. Consider the following algorithm: as long as the graph is not empty, repeatedly choose
a vertex j that minimizes |C'(j)|/w; among all remaining vertices and remove it from the
graph along with its neighborhood. Let i1, ...,is be the sequence of s vertices picked by this
algorithm, which form an independent set by construction. Additionally, let Gy, ..., Gsy1 be
the sequence of graphs generated by this iterative procedure, where G; = G is the starting
graph and G4 is the empty graph. We also let C,.(i) denote the extended neighborhood
over G, of any i € V(G,). Define

Q)= |C“Ei)| VH CG |
i€V (H)

as the quantity we are trying to bound for G and consider it over the graphs in the sequence
generated by the procedure. It is strictly decreasing until reaching Q(Gs11) = 0. In
particular, at any step of the procedure it decreases by

Wi Wi |G (i)
Q(GT) - Q(Gr-i-l) = Z 7] S Z ‘T = " Wy, S Wy,
JECH(ir) @)l JEC(ir) € (i)l

where the first inequality is due to the optimality of |C(i,)|/w;, at step r. We can use this
inequality to bound Q(G) by
S

Q(G) = (Q(Gy) — Q(Gri1) th < max w(S) = aw(G,w) .

o SEL(G)
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E.2 Directed Graph

Compared to the result in the previous section, we are more generally interested in directed
graphs. We consider the case of directed, strongly observable support supp(G) = G = (V, E)
with V = [K] and (i,7) € F for all i € V. In the directed case, we distinguish the in-
neighborhood N(i) over G of a vertex i € V from its out- nelghborhood N°Ut(3). We use
the convention that vertices with self-loops are not included in their neighborhoods, while
all vertices are always included in their extended in-neighborhood C"(i) = N™(i) U {i}
and out-neighborhood C°"(i) = N °“t( ) U {i}, respectively. We make this distinction to
comply as much as possible with previous works providing analogous results [Alon et al.,
2017], where the neighborhoods N(i) and N°%(i) did not include i even in the presence of
the self-loop (i,7) € E.

The weighted independence number is defined in the same way as per undirected graphs,
ignoring the direction of edges for the independence condition. Here we define in two slightly
different manners the vertex weights: let

N A )

jec(i

be the inverse of the arithmetic mean of the incoming edge probabilities for 4, and

out __ ,out __ 1 .. -
Wg (7') =w; <|Cout( )l Z )p(’t,j)) (44)

J jeCout (Z

the analogous over outgoing edges. These two different assignments of vertex weights induce
two weighted independence numbers (G, w™) and oy, (G, w°""), respectively.

Then, we prove a lemma similar to [Alon et al., 2017, Lemma 13] in the weighted case. Note,
however, that in this case the lemma is tightly related to the specific definitions of vertex
weights we are adopting.

Lemma 16. Let G = (V, E) be a directed graph with edge probabilities p(i, j) € [0, 1], and
positive vertex weight vectors w™ and w°" as in Equations (43) and (44), respectively. Then,

> G |Cm 3(n (G ™) + (G, w®™) In(K + 1) |

i€V

Proof. We prove the statement by induction as in the proof of Alon et al. [2017, Lemma 13].
Consider the following algorithm: as long as the graph is not empty, repeatedly choose the
vertex j that maximizes |C™® (j)\/w;“ among all remaining vertices and remove it from the
graph along with its incident edges. Let i1, ...,ix be the vertices in the order the algorithm
picks them. Additionally, let G1,...,Gk+1 be the sequence of graphs generated by this
iterative procedure, where G; = G is the original graph and G is the empty graph. We
also let Cin(7) denote the extended in-neighborhood over G, of any i € V(G,.). Similarly to
the proof of Lemma 15, define
QE) = Y VH C G
S IO

as the quantity we want to bound for GG, where the size of the in-neighborhood is always
computed with respect to the starting graph G.

Define a new instance of the problem with graph G’ = (V, E’) as the undirected version of
G, where the edge probabilities are defined as p’(i,7) = 2p(i, ) + 3p(j, i) for all i,j € V
such that either (i,j) € E or (j,i) € E. This new graph has C(i) = C™"(i) U C°U*(i). As a

consequence, we can derive new vertex weights w] = (m Y icoei ' U i) ' This instance

is such that
Y- ol PP Go=Y 3 =0 )

i€V Wi i€V jeC(i i€V jeCin(4) i€V g
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Furthermore, notice that the newly defined vertex weights satisfy
; in(; out (;
PSRN () I (i I < U
Zjec(i)p (J» 1) ngc(i)p (4, 17) Zjec(i)p (J, 1)
in(,; out (
o ACM@ et
Zjecin‘ p(Jj, i) Zjecm(i)p(%])
= 2(wi™ + w§") . (46)

Consider now the first vertex i, chosen by the procedure we introduced before. The value it
maximizes is lower bounded by

MO 1 5~ 10 )

iev.  w™ T K = win
1 C(i .
=% Z | u(/)‘ by Equation (45)
eV v
K . .
> by Jensen’s inequality
2icv 00T
K/2
> / ot by Equation (46)
Siev et + Tiev
K/2

T aw(G w) 4+ oy (G, wont) y Lemma 15 over (47)

We can use this fact to show an upper bound for the sum Q(G) as

ll’l

Z |C’1n Cm Zl Z |Oln

eV

(QW(G7 wm) + aw(G, wout))
- K
As a last step, recursively repeat the same reasoning on Q(Gz) and iterate it until reaching
Gk to conclude that

+Q(G2) . by Equation (47)

K .
w Gm m w Gra out in
Q) <2y G OO U g6 + (G ) In(K 4 1)
r=1

O

We finally have all the tools required for demonstrating the next lemma. It essentially
corresponds to Alon et al. [2015, Lemma 5] with the addition of edge probabilities. The
main difference is that we show an upper bound in terms of two distinct independence
numbers. They are both computed over the graph G with vertex weights defined in terms
of the worst-case edge probabilities. To be specific, we have a first weight assignment w™
to vertices such that wg (i) = w; = (minjecin ) p(J, i))_l is the reciprocal of the minimum
incoming edge probability for vertex i. The second assignment w™, instead, assigns weight
wg(z) =w = (minjecmut(i) gr)(i,j))f1 equal to the inverse of the minimum outgoing edge
probability for 3.

Lemma 17. Let G = (V, E) be a directed graph with |V| = K > 2 and edge probabilities
p(i,7), and such that (i,3) € E for alli € V. Let z; € Ry be a positive weight assigned to
each i € V. Assume that ZieV zi <1 and that z; > B for alli € V, given some constant

B € (0,%]. Then,
z;

S 2 jecm ) 2P0 0)

< 6(aw(G,w™) + aw(G,w™))In (2;,{02) ;

where p = minjev 3 e cmy P, 1) > 0.
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Proof. The structure of this proof is similar to that of Alon et al. [2015, Lemma 5]. Define
a discretization of z1,...,zx such that (m; — 1)/M < z; < m;/M for positive integers

mi,...,mg and M = { ﬂp-‘ The discretized values are such that, for all i € V,

ST omp(i) =M Y zp(hi zﬁ—ﬂ > op(ii) = 2K > 2C()|, (48)

JEC(4) JECR (i) JECR (i)

where the first inequality holds because z; < m;/M, the second follows by definition of M
and by the assumption on z;, whereas the third is due to the definition of p. Then, the sum
of interest becomes

Z mi .
.. .. simce z; S mz/M
eV 2 jecm) #P(01) ; M3 5oy #ip(3:9)
m; )
= - — since Mz; > m; — 1
i€V > jecin() Mip(Jyi) — [C™ (1)) 7 g
=2 - by Equation (48).  (49)

ey ngcin(i) m;p(j, i)

Now build a new directed graph G’ = (V’, E’) derived (as in the proof of Alon et al. [2015,
Lemma 5]) from graph G by replacing each node i € V with a clique K; of size m; and all its
edges having probability p(i,4). Additionally add an edge from any i’ € K; to any j’ € K
having edge probability p(4,7) if and only if (i,5) € E. As a consequence, the right-hand

side of Equation (49) is equal to
1
2 -/~ -
eV’ ZJ'GC};“,(i) p(7,0)

Observe that the independent sets in G are preserved in G’: any independent set S = {i:i €
V'Y € Z(G') in G’ has a corresponding one {7 : ¢’ € 5,7’ € K;} in G with same cardinality
and weight, assuming that the weight of i/ € K; in G’ is equal to the weight of i € V
according to the weight assignment in G. We can reduce this latter sum to the same form as
in Lemma 16 by assigning vertex weights

wi = Y Jp(jw‘)) : w;’/‘“:< > Jp(lky‘)) ,
(je()i“(i) ZkGC‘“(i) Mk jeCout(s) Zkecwt(i) mg

to each vertex ¢/ € K, foralli e V. Indeed, the previous sum becomes

=2

i€V’ ZJEC"‘ @P i€V’ ‘Clél’
< 3(aW(G',wi“) + aw(Gw)) In(JV’|+1) by Lemma 16
< 3(aw(G ™) + an(Gw™)) In([V'[ +1)

where the last inequality follows from the fact that wi? < w; and w3 < w;" for all i € V/
and all 7' € K;.

We conclude the proof by observing that this newly constructed graph also has

1 2K?
1+|V’|:1+Zmi<1+Z(Mzi+l)<K—|—M+1<2K<1 )
i€V i€V Br B
vertices, where the final inequality holds because 8p < K/2 by definition, and we used the
fact that K > 2. ]
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