ss2 A Derivation of Result 2.1

s63 In this Appendix, we detail the derivation of the tight ODE description (10) of the SGD training
se4 dynamics (4), as provided in Result 2.1. We sequentially examine the dynamics for the skip connection
s65 b and the weight matrix w.

s66 A.l SGD dynamics of the skip connection

567 We first derive a closed-form expression for the evolution of the skip connection strength b (3) over
ses the SGD iterations. We recall that the latter read

by = b = =B [=2(1 = b3 G|+ 200 o -+O(VA)] (16)

sea keeping only leading order terms. Note that ll=}'l|1* /a (resp. ll={ II”/d) asymptotically concentrate to A
570 (resp. 1) in the limit d — oo. Therefore, the increment db = b, 1 — b,, self-averages as

d
andb=E: [Bi(1 =)A= bof] . (17

571 A2 SGD dynamics of the weight matrix

s72 A.2.1 SGD update

573 We now turn to deriving a similar tight asymptotic characterization for the evolution of the weight
574 matrix w (3) under the SGD dynamics. Let us first write explicitly the SGD updates (4). Developing
575 the derivative, and dropping the time index p for readability, for 1 < v < r; 1 <14 < d, the SGD
s76 update of the weight matrix reads

21 — 2
dwiy = — Un ZEt [a(wf/ + vvpt)a(wf; + v(;pt)} wis + —nEt [((1 — bﬁt)m% — boz,galc?)a(wfY + vvpt)}

P vd
_277715: ( O+ﬂ I)T (t+ ) w(;rw’Y /(t+ )
\/E t awx; tL; o(Ws VsPt d g OJ,Y U~ Pt
5=1
2
+ 7%1& [(at:c? + Bex)((1 — bﬂt)/\lf — bat/\g)o’(wf/ + vyp)] — g/\wm (18)
577 We introduced the shorthands
wlx! wlad
1 _ 0 _ _ 0 1
)\"/ = \’Y/g s A'Y = ;y/a s w,ty = OétA,Y + Bt}\,\/. (19)

s A.2.2 Expected increment

579 In the likeness of the settings studied by e.g. [57, 58, 52], we expect the dynamics to asymptotically
se0 self-average. Let us accordingly evaluate the expectation E[dw;.] over the running data sample :c}jo.
581 This can be compactly rewritten as

E[dwiy] = BB [Edw;], (20)

ss2  with the expectation [E. bearing over the manifold coordinate ¢ ~ 7 (8). Conditional on the manifold
583 coordinate c, the expectation E bears over the Gaussian random variable associated to the c—indexed
ss4  cluster in (8), distributed as NV (u(c), 2(c)). We remind the reader that the covariances {3(c)}.
s85 are assumed jointly diagonalizable. Without loss of generality, we place ourselves in the basis in
sss  which they are directly diagonal, and denote in the following by of the i—th eigenvalue of ¥(c). The
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587

expected increment then reads

c 2 - c 2 ¢
Ec[dw,ij] S Z]E [a(wfy + vypy)o(wh + vspe) | wis + —n(l —b6)E [x}a(wfy + vypt)]

d 3= vd

t,c 1,t,c
Al B

iy

2 .
- —nbat E° [m?a(wfr + vypt)]

Vd

B?’:rt‘c
2n - U’&Tw'y c[..0 t 1ot
_ ﬁat Z — E [xia(w(; + vspt)o (w7 —+ v,ypt)]
6=1 0,t,c
Civs

2n - (w;w,y) 1_¢ # oot
- — E —— | E® |z;0(ws + vspt)o’ (w5, + v
\/Zl pa d [ ( 8 5pt) ( v ’th)]

chte

inS
2n e[, 031 1, t 20 oy et 040 r( it
+ ﬁat(l = 0B) B[z A o' (w5, + vypt)] —ﬁatb]E [27A50" (w5, + vypy)]

01,t,c 00,t,c
D, D,

2n

2
+ —=08:(1 —bBy) ]Ec[x%)\ia/(wf{ + vypy)] ——Zlatﬁthc[az%)\gal(wi + vypt)] ——

Vd Vd

11,t,¢ 10,t,c
D,, D,,

sss  The various coefficients A€, B¢, CHe DY can be evaluated leveraging the fact that the data com-

589 ponents x}’o are weakly correlated with the local fields w, A%, i.e. have ©4(1/vd) covariance. Using
the expansions for weakly correlated Gaussian variables reported e.g. in [53] (Appendix B.1), we

590
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591 reach

AL = 155(7,6) (22)
1 Brwiyof
BLt’C —_ I;_’C f + Ay I;-,QCJ , _ MCIé,C (23)
S (7)m Vi o (1557, 7) = BeMSIZC (7))
1 opw;
BOJ,C _ = Sty Jte , — B, METtC 24
vy \/g Q’ty"?/ ( o’w(/y ’7) Bt yto (’Y)) ( )
1 -0y o ¢ t t t
chle = i 5 (7:0,7) = BeMSIS (7, 0)) (g5 wiy — Q25wis)
= a el - @ | Mo 1, 0)) (e = 0%
+ (1557, 6,6) = B ME T, (7, 6)) (L5 wis — Qi’(?wm)}
5 C cC C
+ —Q'Zi agwin (175, (7,7, 7) — BEMSILE (v,7)) (25)
¥y
Ci® = 1 (7, O)us + B;i) Cls° (26)
oLte 1 Q5 Wiy te tc
== . L (4 7:7) = Bl 33200 (1,7) (27
T VAQeQY - BRQe)2 [ M O
00,t,c 1 Wiy t,c t 2
p T = — c 1 01(77’7)<Q ,C_a Q ) (28)
! Vd QWQ% - O‘%(QV’Y)z (A%)2 i e

: 1 Qyy Brojwi
10,t,c __  c7t,c L yy Pty Wiy t,c _ t,c _ c t,c
Dry = MiIAOU'(%V) + Nz Q»Wﬂfﬁ — a%(Q»W)Q _Ikoa’w(%%’V) atI(AO)Qo’ (v:7) MvﬁtIA%/ (7:7)

(29)

pllite _ eIt (1,7) + 1 Wiy 05
TN VA Qs 0 - 52(Q5,)7 |

(IEES\Cl)QO./ (77 7) - Mslivlco./ (77 ry))(Q'tyﬁ - ﬁtz ’Cy'y)‘| :

(30)
s92  We introduced the summary statistics

T T
e WA o - WS an

\/g b) d b
wTw t,c 2 2 e ck T
Q= qd Q"¢ =a; Q + B Q°, T :M(C) N(k) (32)
593 One also needs to introduce the further statistics
T
FE
G=—% P°=ET (o), (33)

Vd'’
se4 where we remind that the columns of E € R constitue an orthonormal basis of the

595 R—dimensional subspace £ in which we aim to characterize the generated density. Finally, we
s96 also used the shorthands:

ILE(%,8) = By, s [0 (w5 + vype)or(ws + vspy)), sis ~ N (BME, 5, 95 5))

(34)
I°(v) = B, [o(wy +03p1)], wy ~ N (B M5, Q55) (35)
I;"LS (’Yv 5) = Eww,wa [U(w’y + 'U’th)wts]’ Wry, Ws ~ N (ﬁtM(C’Y#;)’ QEL‘/Cﬁ))

(36)
1 (1:8,€) = By s . [0 (5 + 0300)0 (w5 + vsp)wes  wy,ws,we ~ N (ﬂtM(C%&g)a Qflf,(;,g))

(37
I(t;/cg (’Y: 5) = ]Eww Ws [O'/(W’y + U»th)O'(w(s + Uépt)], Wy, Ws ~~ N (/BtM(C%(S)a ing)) >

(38)
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609

and

10, (7,6,€) = Bl ws e Ao’ (ws + vspe)we,
M¢ 5 BQS, (5
Alvw s We NN ( ’CY ) s C’Y’Y ’Yé( ,€) 39
e ( BMis ) \B@S60)T Qi &
I(t,"\cl)%/(%‘s) = B, w5 [(AL)?0" (ws + vepe)],
Me c B.Q° s
Ay W ~ Yoo a ol v 40
s~ (g ) (it "ot*)) @
I;},CU,W('V, d,€) = EA%,wa,we [)\20'/(0.)5 + vspr)wel,
0 Q atQy (5,6)
Ay wswe ~ N e, " Y 41
e <(ﬁtM(6,e)) (O‘t(Qw&e))T Qo @b
T30y (7:6) = Bu s [(A))?0 (w5 + 0spr)],
0 Q ;1 Q5
XD, ws ~ ¢ iy v 42
s (ig) - (aislo ")) @
(43)

A.2.3 Update equation for the summary statistics

The training dynamics of the DAE weights w are thus governed by set of finite-dimensional summary
statistics. To close the equations and reach a self-contained characterization, we now turn to deriving
the induced dynamics of the summary statistics. To that end, following e.g. [28], it proves convenient
to first introduce a new set of summary statistics densities. For any p : R® — R —denoting a
joint sequence of eigenvalues {o(c)}—, let us assume the existence of the densities m,p : R* x
F(R® R) = R,q,g9 : xF(R*,R) — Rand 6 : (R*)? x F(R® R) — R so that the summary
statistics M€, Q, Q°, T, G, P(BI) can be decomposed as

Me = / dom* (o), (44)
Q° = /dgq(g)gc, (45)
o~ | deato), (46)
ek — / dot™* (o), 47)
G= / dog(0), (48)
Pe = / dop(o), (49)

The following subsections focus on deriving the updates of the summary statistic densities
m(-),q(-),0(-), g(-) inherited from the SGD dynamics of the weight matrix w Z1).

A.24 Overlap m* (")

The expected increment for m* (o) can also be decomposed as

E[dm* (0)] = E.E. [E°dm}“(0)] , (50)
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610  with

S Eldmi (o), }jzfc 5ym*(0)s + (1 — BB TE(1)0° (o)

(1 - bﬁt)ﬂt@c ( ) —bafmk

t,c
QW“/

(0)y (IE5 (v, ) = B MSIL ()

_Z Ozt +ﬁth Qwé

Qt cQtC (Qt C) [(I; Law(’y’(s v) =Bt WI;/CG('Y’&))(Qfs’écmk(Q)W*ny’écmk(g)f?)

o7y
(125 (1:,6.6)— ﬂtMgfj,»i,(v,é))m;’sm’“(g)aQi’gm%)w)}
Q,(0F + Bo)mH (o),
0
ai (1= bB)Q5,m" (o)
t t)yy Q)
'cy’ny}j; - BtQ( E;"/)2
B aZbm* (o),
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L (617) = Bel ()20 (%7)]
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Q. bBa0.m* (0) [ 1.c ¢
- QJJQ%%_ta?(QW;Q L5 s (1 1:7) = @l 30y (0:7) = M5BeLNE 0 (7,7)
— A" (o), (51)

611 A.2.5 Overlap g(-)

612 The expected SGD for g(p) can be derived along nearly identical lines. By the same token, for
613 1 <1 < R, the decomposition

Edgi(0)] = E:E. [E°dg;*(0)] (52)
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614 holds with

;f? E*[dg"<( Zf“ 0)s + (1= bB)IL*(7)pS (o)
(1 - b/Bt)ﬂthgi( )’Y — ba?Qi(@)v (I(tfﬁ(

+ t,c
Qyy
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c ,c c AMo'w A)20 ’
’y'yQ?Y’Y - ﬂg( 'y'y)z )
) _
a;bgi(0)~ t,c t 2
- c I a’(’}/a’y)(Q et Q )
Q’WQ% —a7(Q4,)? L (0? m e
+ Be(1 = BB, (v, 7)ps (o)

B(l_bﬁ)ci ) i ,C (',C c c
— ayfBbIzoq (7, 7)p5 (0 )

Q'y’ybﬁtatggcgi(g)’y t,c
- c I3 o'w YY) — I 2 Mcﬁ Y
Q'WQtv’v - a?(QW) ool ) TN 0= oo (0:7)
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(I:;Co'w(’)/a,)/a’}/) ﬁt ’YI:;CJ ﬁtzg’ﬂsltc 77 ( )

615 yielding the increment of g(-) under the SGD dynamics.

st6 A.2.6 Overlap q(-)

617 We now turn to the summary statistic q(o) (31)). First note that

[dQ ZE |:U) E, [Ecdwt C] 1+ E, [Ecdwt C]w + Et y [Egdwt C(d ?/’C)T]

K2

=EE C[ECdQEf) (0)] + Er v Ec[E°dQfy (o). (54)

618 We have separated the linear term and the quadratic term. It follows that the density statistic ¢(-) can
619 be similarly decomposed as

E[dg(0)] = BiE[E°dqy(0)] + Ev v Ec[E°dqly) (o). (55)
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620 In the following, we sequentially examine the linear and quadratic terms. The expected increment for
621 the linear term dqé’lc) (+) can be read from (ZI)) as
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622 We now turn to the quadratic term dqz’;; (+). Keeping only leading order terms,
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623

We introduced the integrals
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A.3 Update for v

Finally, we can ascertain the asymptotic evolution of the time encoding weights v. In the considered
limit, the update dv again concentrates. As above, let us decompose the expected increment as

E[dv,] = EE[E°dve], (69)

with

2 (& C (&
Bedvy = ==L 17 Qusll (1:0) = (L= bBLLE, (1,7) + bau i, (v,7) + doy | (70)
4
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A.4 Continuous time limit

Equations (31),(33),(56) and (57) provide the update equations for the summary statistic densities
m(-),g(-), q(-) under SGD steps (4), which take the form

d

%dm(g) = Fm(g,m(g), Q(g)7Ma Q7 Qa b)a

d

%dg = Fg(g7m(Q)a Q(Q)a Ma Q) Q7 b)a

d

%dq:Fq(Qam(Q)7q(Q)aMaQ7 va)a (71)

where the update functions F}, 4 , denote the right hand sides of (5T)),(53).(56) and (57), and we have
omitted the time step indices to ease the notations. From (@4), these updates translate directly at the
level of the summary statistics M, @), Q, G into

d
%dMC = FM (M, Q7 Q, b; U)Ca F]V[(')C = /Frn(ga m(@)a Q(Q)a ')Cdga
d
%dG = FG(M, Q7 Qa b,?}), FG() = /Fg(g, m(g), Q(Q)? )dga
d
%dQc = FQ(Ma Qa Q? b7 U)C7 FQ()C = / QCFq(Qa m(@)7 q(Q)7 )an
d
10 = FolM,Q. Q.0,0), Fa() = [ Fu(em(o)a(o), e
(72)
We remind that from (7)), the skip connection strength similarly obeys
d
2, =Fo(d) (73)

where the update function F}, corresponds to the right hand side of equation (I7). Similarly, from
(70), the time encoding weights obey

9 4o = F,(M,Q, Qb,v), (74)
2n

where F, corresponds to the right-hand side of (70). Now remark that in the asymptotic limit d — oo,
the coefficient ¢/2y tends to zero. Introducing the time variable ¢ = 27#/4, so that di} = 2n/d, the
discrete processes and are thus asymptotically described by the limiting ODEs

% = Fy(M,Q,Q,b,v),

% = Fo(M,Q, Q,b,v),

% = Fo(M,Q,Q,b,v),

% — Fy(b),

%ZHW@@@W )

Finally, the ODE for b, governing the dynamics of the skip connection strength b over the SGD
optimization dynamics, can be solved in closed-form as

AEt [5t] _ (AR, 182 2 _ 2 2
b(¥) = 1— ( t[ﬁt]‘HEt[at])ﬁ b (A]Etwt]‘HEt[O‘t])ﬁ 76
V) e U J e B

where by designates the value of b at initialization. This completes the derivation of Result 2.1. [J
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Figure 5: Evolution of the summary statistics (31I)) M (left), Q (middle) and skip connection strength
b (right), characterizing the dynamics of the AE parameters (3) under SGD dynamics (4). Parameters
o = tanh,r = 2,A = 0,7 = 0.2,G = {1/2} were used, and the target density p was taken to
be a Gaussian mixture with three isotropic clusters (see also Fig.[7]in the main text). The weight
vectors were initialized along the centroids of the target density, with norm 0.1, while the initial skip
connection strength is by = 0. Dashed lines: theoretical characterization of Result 2.1. Continuous
lines: numerical experiments in d = 1000, for a single run.
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Figure 6: Evolution of the summary statistics (31)) Q) (left), b (middle) and skip connection strength M
(right), characterizing the dynamics of the AE parameters (3) under SGD dynamics (4). Parameters
o = tanh,r = 2, A = 0.784,7 = 0.2,G = {1/2} were used; weights were initialized with random
independent Gaussian components and by = 0. Dotted continuous lines : numerical experiments for
a target density p given by the set of MNIST sevens. Continuous lines: numerical experiments for
a unimodal Gaussian target distribution with covariance matching that of the set of MNIST sevens.
Dashed lines: theoretical predictions of Result 2.1 for the latter Gaussian target density.

A.5 Numerical validation

We plot the theoretical predictions of Result 2.1 for the evolution of the summary statistics
M,Q, Q,G,b (3I) under the SGD dynamics (4) in Fig.[5 for a Gaussian mixture target density
p with three isotropic modes, learnt by an AE with » = 2 hidden units and tanh activation, using
learning rate 1 = 0.2 and weight decay A = 0. The centroids of the clusters were taken as +e;, es
for two orthonormal vectors e1, €3, and the columns of the weight matrix w were initialized with a
warm start as 0.1 X ej o. Finally, for simplicity, the expectation [, in (4) was chosen to bear over a
delta distribution around G = {1/2}, instead of the full integral over [0, 1]. Including more points in
the grid G was not found to significantly alter the qualitative aspect of the generated density. Fig.[3]
reveals an overall good agreement between the theoretical predictions of Result 2.1 (dashed lines) and
numerical experiments (solid lines), obtained by simulating the model in large but finite dimension
d = 1000.

Fig.[6] similarly contrasts numerical experiments for a target distribution corresponding to MNIST
images of sevens (dotted lines), a Gaussian target density with matching covariance (solid lines), and
the theoretical predictions of Result 2.1 for the latter. All experimental details are specified in the
caption. Although the agreement between the three curves is overall good, discrepancies appear, in
particular due to the rather low dimensionality d = 784.
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661 A.6 Extensions

es2  We briefly describe, for completeness, how the analysis can be generalized to characterize the
663 learning of more complex DAE architectures. Namely, we discuss how the derivation can be adapted
664 to accommodate (a) untied weights and (b) time encodings.

665 Untying the weights — The analysis reported in the present appendix can be extended to untied
666 DAE architectures of the form

.
fouw(@) =bxx+ %0’ (%) , 77

667 trained with online SGD

2
bt = by == =5 (B[4 = fo, (et + Bea)]) (78)
2 A
Upg1 — Uy = — NV, Ey ||Jc‘f — fopupw, () + th‘f)H — 1t (79)
2 A
Vpr1 — Uy = — NV, E, ||Jc‘f — fopupw, (uzl + th‘f)H =1 e (80)

ese Such an extension, however, comes at the price of more cumbersome expressions, as the summary
669  statistics needs to be introduced for the two sets of weights u, v, in addition to cross-statistics
670  of the form u" £(c)v/d and " v/a. We refer the interested reader to Appendix B of [52] where such a
671 derivation is detailed, in a closely related setting. Experimentally, in the probed settings, we did not
672 observe a significant effect of (un)tying the weights on the qualitative phenomenology discussed in
673 the main text.

674 A.7 Example : linear model, Gaussian mixture

675 The previous analysis provides a tight characterization of the training dynamics of the non-linear
676 DAE (3) under the SGD dynamics (4). For completeness and intuition, we conclude the present
677 appendix by expounding a special simple case where the limiting ODEs of Result 2.1 admit a compact,
678 closed-form expression, and consider the linear case o(z) = z,r = 1,p; = 0, when learning a
679 target binary Gaussian mixture with isotropic clusters p = 12N (u, 1) + /2N (—p, I4). We assume

e80 the squared norm ||y||? asymptotically concentrates and denote by p its limiting value. Finally, we

68t consider the limit of vanishing learning rate 7 — 0. In this limit, the quadractic term qf’;), which is of

es2 order ©(n?), can be neglected. The limiting ODEs simplify in this case to

%M = —E; [B2M* + Q(B7 + o) + Q (af + B (1 + p)) — 2 ((1 = bB)Be(p + 1) — afb) + A] M
%Q — B, |20 (B2M2 + Q(B2 + a?)) — 2 (1 — bB)A(M? + Q) — a2bQ) +AQ|.  (81)

683 The evolution of the skip connection b, on the other hand, remains unchanged from (76). Let us now
es4 seek a solution of (BI)) at convergence, in the limit ©} — oo. It can be straightforwardly verified that,
]Et[ﬂt]zEt[aj]p _ A
E.[B7+a?] 2
M = pQ, Q= —
(87 (1 + p) + of]
ess is a solution of (8I)) at convergence. Note that the identity M = pQ, together with the definitions
686 M = w'p/vd, Q = w'w/a, implies that w lies entirely in span(sx). In other words, the weights w of
687 the DAE recover perfectly the direction p along which the data distribution p exhibits non-trivial
688  structure.
689

(82)

690 Turning to the generative process, we aim at describing the generated density p in the one-dimensional
et subspace & = span(u), in which the original distribution p exhibits non-trivial structure. The SDE
692 (12) describing the evolution of the projection of a sample in this subspace is for the considered
693 setting linear, and can be solved in closed form as

ftds(A‘sx’JrFSQ)
7, = Zyed . Zo~N(0,Q). (83)
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In the orthogonal subspace span(u)*, the law of a sample is still given by an isotropic Gaussian, as
described by equation (13) in Result 2.2. Therefore, the law of a sample X, remains Gaussian at all
times, with the variance in span(u) increasing over sampling time to adapt to — and approximate—
the structure of the target distribution p in this subspace. This simple linear case sheds light on the
workings of the DAE-parametrized diffusion models. Over training, the weights identify and learn
the relevant structural features of the target distribution. Subsequently, the learned weights drive the
generative process to reproduce the target structure in the identified subspace, while approximating
the density in the orthogonal space by an isotropic Gaussian.

B Derivation of Result 2.2

In this section, we derive the tight characterization of Result 2.2 for the learnt generative transport
process (7).

B.1 Generative SDE

We remind the generative SDE, leveraged to generate samples from p(t) starting from Xo ~ A (0, 1,):

dX . & I & €
Tt = <5t — =B+ €t;> Jor e o, (Xe) + (t - tg) Xt + V2e:dWy, (84)
t oy o QO
with W, a Wiener process and ¢, the diffusion schedule. Introducing the shorthands
. Ie% 15
o= B~ —Bi+eg (85)
Qi Qy
& €
A7 =0T+ — — =, (86)
(673 Qy
the generative SDE can be written more compactly as
dXt W wTXt
— =AT X +T1— T - V2e dWy. 87
i t 5t T+ t\/ga(\/g“?t” + V2 dWy (87)

Importantly, note that the non-linear term o (+) acts on the projection of X in the space W, spanned
by the columns of the trained weights matrix w,. Furthermore, its image also resides in WW,. In
contrast, the dynamics in the orthogonal space W is simply linear. This motivates one to examine
in succession the variable Z; = w] X;/v/d and the projection Y; = Hf;vf X, of X; in Wj‘

B.2 Dynamics in W,
Let us first ascertain the evolution of Z;, which tracks the evolution of a sample X, in the weight
space W;. It follows directly from (87) that Z; obeys the r—dimensional SDE
d 1
0= 02+ T1Qr0 (Zy + peor) +v/26.QdB,, (88)

with B, a r—dimensional Wiener process, and Q. the summary statistic sharply characterized in
Result 2.1. This recovers equation (12) of Result 2.2.

B.3 Dynamics in W3

In W, the transport induced by the SDE is simply linear:
dYy
dt

with H; here a (d — r)—dimensional Wiener process. This SDE admits a compact closed-form

solution

= A;fr}/t + vV 2€tht7 (89)

[ dsar Fasar [ - fanar
Y, =e0 Yo + eo /e 0 V2e,dW s. (90)

0
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722 By Itd isometry, Y; is Gaussian with law

2 [ dsAT —2 [ dhA]
Vi~ N | Ops,e ® 1+2/e 0 Meds | T, | 91)
0
723 which recovers equation (13). This completes the derivation of Result 2.2. O

724 B.4 Discretized sampling

725 As a final remark, let us note that the derivation presented in the present Appendix can be carried
726 out in completely unchanged fashion starting from any discretization of the generative SDE (1). Let
727 to=0,t1,....,t7 € (0,1) and consider the Euler-Mayurama discretization of the stochastic process
728 fork € [0,T — 1]:

. « Oy, €
Xir1 — X =1 — tr) [(5tk - aftkﬁtk + € ff;) Forwn 0, (X)) + (t’” - t;ﬂ Xk

tr tr atk atk
2¢s, (tet1 — tr)ék, (92)

729 starting from Xy, ~ N(0,1;). In 02), & ~ N(0,1;) independently for each step k. Then the
730 following version of Result 2.2 holds:

73t Result B.1. (Discrete dynamics) Consider a discretization t1, ...,tr € (0,1) and the discretized
732 sampling process (Xy)pe1,r] ©2). Denote Yy, = Hf;vT Xy and Zy, = w] Xy /Vd, for a process Xy,
733 satisfying the generative process (92) from an initialization Xo ~ N (0,14). Then Z; follows the
734 low-dimensional stochastic process

Ziy1 — Zk = (thy1 — tr) [AtTk Zi + T4, Qr0 (Zi + pe,vr) | 4+ /26, (tes1 — t1) QY *C,  (93)

735 from an initial condition Zo ~ N(0, Q.), with (x, ~ N(0,1,.) and E[(x(;"] = 6L, On the other
736 hand, Yy, is independently Gaussian-distributed as

k—1

Y. ~ N (01/\;74_7 |:H (1+(tj+17tj)AZj)2+ki2 2y, (tjr1—tj) kﬁl (1+(tj+1tj)Afj>2+2€tk1(tktkl):| H#V,) .
j=0 j=0 1=j41

: (94)

737 C  Derivation of Corollary 2.3

738 Result 2.2 already provides a tight asymptotic characterization of the law of a sample X; in terms
739 of its projection Z; (12) in the weights space VW, (characterized by a r—dimensional ODE) and
740 its Gaussian component Y; (13) in the orthogonal space W:. A weakness of this characterization,
741 however, lies in that it relies on a training-time dependent space V., with respect to which the
742 characterization is formulated. Intuitively, this space rotates and changes as the model is further
743 trained, making the result rather unwieldy. To palliate this shortcoming, one would rather select
744 a fixed, T—independent, reference subspace £ of finite dimension R = ©4(1), and transfer the
745 characterization of Result 2.2 to this fixed subspace. Formally, this means ascertaining the law of the
746 projection of X in &, from that of its projections in WW,, W, This constitutes the objective of the
747 present Appendix.

748 Let us fix an orthonormal basis {e; } le of &, stacked vertically in the matrix £ € R, We remind

749 that we aim at characterizing the law of ETX,. To that end, for any 1 < 5 < R, start from the
750 decomposition

ef Xo = (M, e5) " (T, Xy) + €] Ty, V3, (95)
751 where we decomposed X; into its projections in W, , W:t. Note that, from Result 2.2 the two terms

752 of this decomposition are independent. In the following, we sequentially ascertain the distribution of
753 each of the terms in the decomposition (93).
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C.1 Law of (HWT €j)T(HWT Xt)

To compute (I, e;) " (ITyy. X;), we first aim to decompose €, X; in a basis of W... Let us consider
the eigendecomposition of the summary statistic Q, = w.] w-/d (characterized in Result 2.3) as

Q, =U.S.U . (96)

This means that B, = 1/va(S;})"/?U w] forms a set of r orthonormal vectors (or a set of orthonor-
mal vectors plus zero vectors if Q, is rank deficient), which we will use as a basis. We denoted ij
the Moore-Penrose pseudo-inverse of S;. The components of the reference vectors E € R¥* (with
columns {e;}) and X, in this basis are then given by

1 . :

B.E = —=(5]) PUTwl E=(SH)'PUTG] 97)
1 . :

B.X; = ﬁ(sj) PuTw! X, = (SH)2U] Z,, (98)

where Z; is characterized in Result 2.2. Then, very simply, the decomposition of X; in the reference
basis F restricted to W, reads

(Iyy, €;) " (I, X;) = ¢ B] B, Xy = G, Q} Z, (99)
C.2 Lawof ETH#VTYt

In distribution, ETHWTY} inherits the Gaussianity of Y3, as established in Result 2.2. It has mean
zero and covariance

t t
2f dsA7 2 [dsA7
e o E'ly, E=e ! E"(I; — B! B;)E
f’d A
2 SAT
=e 0 Iz — G,OfG]]. (100)

C3 Lawof ET X,

One is now in a position to ascertain the law of £ X,. Putting the above results together, in
distribution:

2fd AT
E'X, L2G.0 7, + N | Og,e Lo I, -G.9fGI] |, (101)

which recovers Corollary 2.3. O

D Additional experiments

D.1 Additional details on the numerical experiments

In this Appendix, we provide further specifications on the numerical experiments illustrated in Fig.[7}
3 and Fig. 4.

Generative process— In all the figures, the sampling was carried out by discretizing the interval
(0,1) in N steps t, = 1/~ for k € [0, N, and running the discretized SDE (92)) in experiments, and
the associated theoretical characterization of Results and 2.3 for the theoretical predictions, up to
a stopping time 0 < ¢y < 1. In Fig.[], N = 100, t; = 0.95; in Fig.8} N = 100,¢; = 0.98 and in
Figs.3,?? and 4, N = 50,t; = 0.98. Note that all choices for N,y are up to the experimentalist,
and captured by the theoretical characterizations. Generically, one needs to opt for £y < 1 due to the
DAE-parametrized SDE (7) being ill-defined at ¢ = 1, since ar; = 0. This is an artifact of the neural
network parametrization; the ground-truth SDE (1) is on the hand well-defined even at ¢ = 1.
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Figure 7: Evolution of the projected density Il¢p, generated by a DAE (3) with » = 4 hidden units
and 0 = ReLU activation, trained on a trimodal Gaussian mixture, with 7 = 0.2, A = 1.5,¢; =
0.1,,pt =0, =1—1t,8; =t,G = {0.7}, from a warm start. The generative SDE (7) was run up
to t = 0.98, and the subspace £ is spanned by the centroids of the target density. Different panels
correspond to different training times 7. Blue contours: contour levels of the theoretical prediction of
Corollary 2.3 for the density II¢ 6. Colormap: numerical experiments in large but finite dimension
d = 1000. Green contours: contour levels of the target density p. Over training time, the four
branches of the generated density rotate to align with the clusters of the target density, with two
branches merging in the process.

Discretization of the manifold density 7— In the generic case where 7(+) (8) is not discrete, the
ODE updates (10) still involve an integral over dr(c), with ¢ spanning R”. For instance, in the setting
of Fig. 4, at generation g = 2, x = r = 2 and 7(c) = Hw(l)ﬁ(l)(c). The latter is however still
characterized in terms of a SDE (12), and not in closed-form. As a first step, we thus generated 4000
samples from 7, using the theoretical characterization of Result 2.2, and approximated the density
using the scipy [71] implementation of Gaussian kernel density estimation (KDE), in order to access
a smooth estimation of 7. The bandwidth was elected to be 1.5 times that determined using the
Silverman method [63]. To perform the integral with measure dr(c), we discretized 7 over a 10 x 10
grid, restricting the support to [—1.5,1.5] x [—2.5,2.5] where almost all of its mass was found to
lie. The relative weights of the 10 x 10 = 100 discretized points were then evaluated from the KDE
estimation, and overall normalization was finally enforced to ensure the relative weights sum to
1. Finally, this discretization was used in evaluating the theoretical characterization of Result 2.1,
replacing the integrals over 7 by finite sums over the 100 points of the discretization. All results have
been observed to be rather robust with respect to the choice of discretization, range, and bandwidth.

Preprocessing of the MNIST images— Finally, we detail the procedure used to evaluate the
covariance of MNIST sevens used in Fig.3. The total MNIST training set was used, retaining
only sevens. The data was vectorized (flattened), centered, and normalized by 300. The empirical
covariance was finally evaluated over the entire dataset, and used to generate the Gaussian target
density considered in Fig. 3.

Evaluation of the Hellinger distance— To estimate the Hellinger distance between p and p (see
Fig.2 (right)), we first sample 5000 points from the trained diffusion model, project them in the
considered subspace £, and approximate the density using the scipy implementation of Gaussian
KDE. In the case of Fig. 2 (right), we used £ = span(u), and used a 1000-points grid discretization
of the interval [—10, 10] for the purpose of the KDE. The Hellinger distance between p and the (KDE
of) p is then numerically estimated as

H(Iep, Tep) = /g az [V (@) - V)| (102)

By the same token, the theoretical prediction of the Hellinger distance is obtained by sampling 5000
samples from the theoretical expression for p, as described in Result 2.3, and repeating the same
KDE procedure.

D.2 Additional example

For completeness, we conclude this Appendix by illustrating the theoretical results 2.1 2.3 on an
additional example, namely a trimodal Gaussian mixture density with isotropic clusters.

We consider a generative model parametrized by a DAE (3) with » = 4 hidden units and ReLU
activation. Fig.[7]illustrates, for different training times 7, the generated density /. projected in the
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Figure 8: Density II¢p, generated by a DAE (3) with » = 2 hidden units and ¢ = tanh activation,
trained on a trimodal Gaussian mixture, withn = 0.2, A = 1.5, = 0.1,p; = 0,4, =1 — ¢, 5 =
t,G = {1/2}, 7 = 2.8. The generative SDE (7) was run up to t = 0.98, and the subspace & is spanned
by the centroids of the target density. Blue contours: contour levels of the theoretical prediction of
Corollary 2.3 for the density II¢p.. Colormap: numerical experiments in large but finite dimension
d = 1000. Green contours: contour levels of the target density p.

Figure 9: Evolution of the projected density II¢p. generated by a DAE (3) with » = 2 hidden units
and ¢ = tanh activation, trained on a trimodal Gaussian mixture, with n = 0.5, A = 0.1,¢, =
0.0,,p; = cos(mt),ap =1 —t, 6, =t,G = {0.2,0.4,0.6, 0.8}, from a random initialization. For
two unit vectors e, eo, the target density is the mixture p = 12N (—3ez, I4) + /6N (3e1, 1) +
L3N (—3e1, I). The generative SDE (7) was run up to ¢ = 0.9, and the subspace & is spanned by
e1, eo. Different panels correspond to different training times 7. Blue contours: contour levels of the
theoretical prediction of Corollary 2.3 for the density II¢ 5. Colormap: numerical experiments in
large but finite dimension d = 1000.

space &£ spanned by the cluster centroids of the target density. A comparison between the theoretical
predictions (blue contour levels) and numerical experiments in large but finite dimension d = 1000
(orange colormap) reveals a good agreement. Interestingly, the modes of the generated density g
rotate over training time to align with the modes of the target density p, with two modes merging
in the process. The resulting density p, at large training time 7 exhibits a similar geometry to the
target density p, without however perfectly reproducing it — a sign of the architectural bias due to the
limited expressivity of the model (3), which cannot perfectly generate the target distribution.

Perhaps unsurprisingly, this bias furthermore strongly depends on the architecture of the DAE. Fig.[§]
represents the density generated by a DAE with » = 2 hidden units and tanh activation, for the
same target density p, with all parameters otherwise unchanged, revealing a very different geometry
compared to the ReLU network. In particular, the model fails to generate a trimodal density, with
four modes emerging instead. This instance of architectural bias can be easily rationalized. Observe
indeed that from equation (12) of Result (2.2), for odd activations such as o = tanh, the transport
process is equivariant with respect to the transformation X — —X. In other words, the generated
density p, then necessarily exhibits a symmetry with respect to inversions around the origin —thus
forbidding the existence of an odd number of modes. This provides a particularly simple yet telling
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Figure 10: Evolution of the summary statistics M, Q. and of the skip connection strength b and
time encoding weights v, as a function of the training time 7, for 0 = tanh,r = 1,0, =1 —t, 5, =
t,G = {0.2,0.4,0.6,0.8}. The target density the same bimodal Gaussian mixture as Fig. 2. Solid
lines: numerical experiments in dimension d = 1000. Dashed: theoretical characterization (10)
of Result 2.1. Right: no time encoding p; = 0. Left: with a time encoding p; = cos(nt). The
introduction of a time encoding leaves the training dynamics sensibly unchanged.
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Figure 11: Evolution of the projected density Il¢p, generated by a DAE (3) with » = 1 hidden
unit and o = tanh activation, trained on a bimodal Gaussian mixture, withn = 0.2, A = 1.5, ¢; =
0, =1—1t,8; =¢,G =1{0.2,04,0.6,0.8}. The generative SDE (7) was run up to ¢t = 0.9, and
the subspace £ is a plane containing the centroid of the target density. Different panels correspond to
different training times 7. Blue contours: contour levels of the theoretical prediction of Corollary
2.3 for the density II¢p.. Colormap: numerical experiments in large but finite dimension d = 1000.
Green contours: contour levels of the target density p. Top: no time encoding p; = 0. Bottom: with
a time encoding p; = cos(wt).

example of how the choice of architecture can strongly constrain the geometry of the generated
densities.

Class imbalance — The above example concerns a balanced Gaussian mixture, with all three
clusters sharing equal relative probability 1/3. One may naturally wonder whether the model can
also adapt to class imbalance. Fig.[J]is set for the same target density as Fig.[8] with the difference
that clusters now have probabilities 1/2,1/3,1/6. While the generated density still presents a spurious
mode (see discussion above), it correctly reproduces the clusters, and correctly gives higher mass to
the most probable clusters.

D.3 The effect of time encoding

We conclude this appendix by discussing the effect of including the time encoding p; through its
associated set of weights v in the DAE model (3). For the binary target mixture described in the main
text (see Fig. 2), we plot in Fig. 2.1 the evolution of the summary statistics M, Q of Result 2.1 over
training time, alongside that of the skip connection strength b and encoding weights v. The two plots
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Figure 12: In the same setting as Fig.[IT] Hellinger distance between the target and generated
densities, projected in the space spanned by the centroid, as a function of the training time 7. Red:
model with a time encoding p; = cos(nt). Blue: without time encoding p; = 0.

correspond to a model with no time encoding (i.e. p; = 0) and a model endowed with a sinusoidal
time encoding p; = cos(wt). As can be observed, the introduction of the time encoding has a very
small effect, and the curves are left sensibly unchanged. The generated densities, illustrated in Fig.[IT]
are also strongly similar. A more quantitative viewpoint is displayed in Fig.[T2] which shows how the
introduction of a time encoding yields a slightly lower, but overall very similar, Hellinger distance
between target and generated densities at large training times. These observations temptingly suggest
that, in all probed settings, for this simple model, the inclusion of a time encoding has an overall
small effect on the qualitative behaviour of the considered model.
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