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Abstract

Random Reshuffling (RR), also known as Stochastic Gradient Descent (SGD)
without replacement, is a popular and theoretically grounded method for finite-sum
minimization. We propose two new algorithms: Proximal and Federated Random
Reshuffling (ProxRR and FedRR). The first algorithm, ProxRR, solves composite
finite-sum minimization problems in which the objective is the sum of a (potentially
non-smooth) convex regularizer and an average of n smooth objectives. ProxRR
evaluates the proximal operator once per epoch only. When the proximal operator
is expensive to compute, this small difference makes ProxRR up to n times faster
than algorithms that evaluate the proximal operator in every iteration, such as
proximal (stochastic) gradient descent. We give examples of practical optimization
tasks where the proximal operator is difficult to compute and ProxRR has a clear
advantage. One such task is federated or distributed optimization, where the evalu-
ation of the proximal operator corresponds to communication across the network.
We obtain our second algorithm, FedRR, as a special case of ProxRR applied to
federated optimization, and prove it has a smaller communication footprint than
either distributed gradient descent or Local SGD. Our theory covers both constant
and decreasing stepsizes, and allows for importance resampling schemes that can
improve conditioning, which may be of independent interest. Our theory covers
both convex and nonconvex regimes. Finally, we corroborate our results with
experiments on real data sets.

1 Introduction

Modern theory and practice of training supervised machine learning models is based on the paradigm
of regularized empirical risk minimization (ERM) [Shalev-Shwartz and Ben-David, 2014]. While the
ultimate goal of supervised learning is to train models that generalize well to unseen data, in practice
only a finite data set is available during training. Settling for a model merely minimizing the average
loss on this training set—the empirical risk—is insufficient, as this often leads to over-fitting and poor
generalization performance in practice. Due to this reason, empirical risk is virtually always amended
with a suitably chosen regularizer whose role is to encode prior knowledge about the learning task at
hand, thus biasing the training algorithm towards better performing models.

The regularization framework is quite general and perhaps surprisingly it also allows us to consider
methods for federated learning (FL)—a paradigm in which we aim at training model for a number of
clients that do not want to reveal their data [Kone¢ny et al., 2016, McMahan et al., 2017, Kairouz
et al., 2019]. The training in FL usually happens on devices with only a small number of model
updates being shared with a global host. To this end, Federated Averaging algorithm has emerged
that performs Local SGD updates on the clients’ devices and periodically aggregates their average.
Its analysis usually requires special techniques and deliberately constructed sequences hindering the
research in this direction. We shall see, however, that the convergence of our FedRR follows from
merely applying our algorithm for regularized problems to a carefully chosen reformulation.
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Formally, regularized ERM problems are optimization problems of the form

min [P(2) := 3 337, filw) +¥()], (1
where f;: R? — R is the loss of model parameterized by vector 2 € R? on the i-th training data
point, and ¢: R? — R U {+o0o} is a regularizer. Let [n] := {1,2,...,n}. We shall make the
following assumption throughout the paper without explicitly mentioning it:

Assumption 1. The functions f; are L;-smooth, and the regularizer 1) is proper, closed and convex.
Let Ly := maX;e(n] L;.

In some results we will additionally assume that either the individual functions f;, or their average
f = % >, fi, or the regularizer ¢ are p-strongly convex. Whenever we need such additional

assumptions, we will make this explicitly clear. While all these concepts are standard, we review
them briefly in Section A.

Proximal SGD. When the number n of training data points is huge, as is increasingly common
in practice, the most efficient algorithms for solving (1) are stochastic first-order methods, such
as stochastic gradient descent (SGD) [Bordes et al., 2009], in one or another of its many variants
proposed in the last decade [Shang et al., 2018, Pham et al., 2020]. These method almost invariably
rely on alternating stochastic gradient steps with the evaluation of the proximal operator

prox., (x) := argmin, cpe {70(2) + 1z — ]2} .
The simplest of these has the form

2p5 T = prox,, ,(23°P = 1V fi, (239P)), )

where i is an index from {1,2,...,n} chosen uniformly at random, and 7, > 0 is a properly
chosen learning rate. Our understanding of (2) is quite mature; see [Gorbunov et al., 2020] for a
general treatment which considers methods of this form in conjunction with more advanced stochastic
gradient estimators in place of V f;, .

Applications such as training sparse linear models [Tibshirani, 1996], nonnegative matrix factoriza-
tion [Lee and Seung, 1999], image deblurring [Rudin et al., 1992, Bredies et al., 2010], and training
with group selection [Yuan and Lin, 2006] all rely on the use of hand-crafted regularizes. For most of
them, the proximal operator can be evaluated efficiently, and SGD is near or at the top of the list of
efficient training algorithms.

Random reshuffling. A particularly successful variant of SGD is based on the idea of random
shuffling (permutation) of the training data followed by n iterations of the form (2), with the index
iy, following the pre-selected permutation [Bottou, 2012]. This process is repeated several times,
each time using a new freshly sampled random permutation of the data, and the resulting method is
known under the name Random Reshuffling (RR). When the same permutation is used throughout,
the technique is known under the name Shuffle-Once (SO).

One of the main advantages of this approach is rooted in its intrinsic ability to avoid cache misses when
reading the data from memory, which enables a significantly faster implementation. Furthermore,
RR is often observed to converge in fewer iterations than SGD in practice. This can intuitively be
ascribed to the fact that while due to its sampling-with-replacement approach SGD can miss to learn
from some data points in any given epoch, RR will learn from each data point in each epoch.

Understanding the random reshuffling trick, and why it works, has been a non-trivial open problem
for a long time [Bottou, 2009, Recht and Ré, 2012, Giirbiizbalaban et al., 2019, Haochen and Sra,
2019]. Until recent development which lead to a significant simplification of the convergence
analysis technique and proofs [Mishchenko et al., 2020], prior state of the art relied on long and
elaborate proofs requiring sophisticated arguments and tools, such as analysis via the Wasserstein
distance [Nagaraj et al., 2019], and relied on a significant number of strong assumptions about
the objective [Shamir, 2016, Haochen and Sra, 2019]. In alternative recent development, Ahn et al.
[2020] also develop new tools for analyzing the convergence of random reshuffling, in particular using
decreasing stepsizes and for objectives satisfying the Polyak-FLojasiewicz condition, a generalization
of strong convexity [Polyak, 1963, Lojasiewicz, 1963].

The difficulty of analyzing RR has been the main obstacle in the development of even some of the
most seemingly benign extensions of the method. Indeed, while all these are well understood in
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Algorithm 1 Proximal Random Reshuffling (ProxRR) and Shuffle-Once (ProxSO)

Require: Stepsizes y; > 0, initial vector £y € R, number of epochs T’

1: Sample a permutation m = (mou, 71, . .., Tn—1) of [n] (Do step 1 only for ProxSO)
2: for epochst =0,1,...,7 —1do

3: Sample a permutation 7w = (7o, 71, ..., mnh—1) of [n] (Do step 3 only for ProxRR)
4: 20 = x4

5: fori =0,1,...,n—1do

6: z, " = 2f — %V fr, ()

7: Ttp1 = Prox,, . (=1)

combination with its much simpler-to-analyze cousin SGD, fo the best of our knowledge, there exists
no theoretical analysis of proximal, parallel, and importance sampling variants of RR with both
constant and decreasing stepsizes, and in most cases it is not even clear how should such methods be
constructed. Empowered by and building on the recent advances of Mishchenko et al. [2020], in this
paper we address all these challenges.

2 Contributions

In this section we outline the key contributions of our work, and also offer a few intuitive explanations
motivating some of the development.

e New algorithm: ProxRR. Despite rich literature on Proximal SGD [Gorbunov et al., 2020], it is
not obvious how one should extend RR to solve problem (1) when a regularizer 1) is present. Indeed,
the standard practice for SGD is to apply the proximal operator after each stochastic step [Duchi and
Singer, 2009], i.e., in analogy with (2). On the other hand, RR is motivated by the fact that a data
pass better approximates the full gradient step. If we applied the proximal operator after each step of
RR, we would no longer approximate the full gradient after an epoch, as we illustrate next.

Example 1. Letn = 2, ¢(z) = 3|z, fi(z) = (c1,2), f2(x) = (c2, ) with some ¢;, ¢y € RY,

c1 # co. Letzg € RY, y > 0 and define 71 = 29 — YV f1(20), z2 = 21 — YV fa(x1). Then, we
have prox,. ,,(72) = prox,.,(ro — 27V f(xo)). However, if 2, = prox.,(zo — vV fi1(z0)) and
Ty = prox,,(v1 — vV f2(Z1)), then Ty # prox,. (w0 — 29V f(20)).

Motivated by this observation, we propose ProxRR (Algorithm 1), in which the proximal operator is
applied at the end of each epoch of RR, i.e., after each pass through all randomly reshuffled data. A
notable property of Algorithm 1 is that only a single proximal operator evaluation is needed during
each data pass. This is in sharp contrast with the way Proximal SGD works, and offers significant
advantages in regimes where the evaluation of the proximal mapping is expensive (e.g., comparable
to the evaluation of n gradients Vfy, ...,V f,).

e Convergence of ProxRR (for strongly convex functions or regularizer). We establish several
convergence results for ProxRR, of which we highlight two here. Both offer a linear convergence rate
with a fixed stepsize to a neighborhood of the solution. In both we reply on Assumption 1. Firstly, in
the case when in addition, each f; is u-strongly convex, we prove the rate (see Theorem 2)

woo?

T 2 2
E [HI‘T - :(J*HQ} < (1 =)™ |lwo — g;*||2 4 2%

where v; = 7 < 1/L,.. is the stepsize, and o2 , is a shuffling radius constant (for precise definition,
see (4)). In Theorem 1 we bound the shuffling radius in terms of |V f (.. )||*, 7, Lyax and the more
common quantity 02 := + 3" [V fi(x,) — V f(x.)|*. Secondly, if ¢/ is y-strongly convex, and
we choose the stepsize 7; = ¥ < /L., We prove the rate (see Theorem 3)

E [HxT _ x*ﬂ < (1t 2ypn) " g — |+ s

Both mentioned rates show exponential (linear in logarithmic scale) convergence to a neighborhood

whose size is proportional to y?c2, . Since we can choose v to be arbitrarily small or periodically
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decrease it, this implies that the iterates converge to x, in the limit. Moreover, we show in Section 4
that when v = O(#) the error is O( 5 ), which is superior to the O(%) error of SGD.

e Results for SO. All of our results apply to the Shuffle-Once algorithm as well. For simplicity, we
center the discussion around RR, whose current theoretical guarantees in the nonconvex case are
better than that of SO. Nevertheless, the other results are the same for both methods, and ProxRR is
identical to ProxSO in terms of our theory too. A study of the empirical differences between RR and
SO can be found in [Mishchenko et al., 2020].

e Application to Federated Learning. In Section 6 we describe an application of our results to
federated learning [Konec¢ny et al., 2016, McMahan et al., 2017, Kairouz et al., 2019]. In this way we
obtain the FedRR method, which is similar to Local SGD, except the local solver is a single pass
of RR over the local data. Empirically, FedRR can be vastly superior to Local SGD (see Figure 2).
Remarkably, we also show that the rate of FedRR beats the best known lower bound for Local SGD
due to [Woodworth et al., 2020] (we needed to adapt it from the original online to the finite-sum
setting we consider in this paper) for large enough n. See Section F for more details.

e Nonconvex analysis. In the nonconvex regime, and under suitable assumptions, we establish (see
Theorems 5 and 8) an O(»%T) rate up to a neighborhood of size O(+?). For a certain stepsize it yields

1
an O(_z) convergence rate.
Besides the above results, we describe several extensions in the appendix, which we now outline.

o Extension 1: Decreasing stepsizes. The convergence of RR is not always exact and depends on
the parameters of the objective. Similarly, if the shuffling radius o2 ; is positive, and we wish to find
an e-approximate solution, the optimal choice of a fixed stepsize for ProxRR will depend on ¢. This
deficiency can be fixed by using decreasing stepsizes in both vanilla RR [Ahn et al., 2020] and in
SGD [Stich, 2019]. We adopt the same technique to our setting. However, we depart from [Ahn et al.,
2020] by only adjusting the stepsize once per epoch rather than at every iteration, similarly to the
concurrent work of Tran et al. [2020] on RR with momentum. For details, see Section 1.

o Extension 2: Importance resampling for Proximal RR. While importance sampling is a well
established technique for speeding up the convergence of SGD [Zhao and Zhang, 2015, Khaled and
Richtérik, 2020], no importance sampling variant of RR has been proposed nor analyzed. This is not
surprising since the key property of importance sampling in SGD—unbiasedness—does not hold for
RR. Our approach to equip ProxRR with importance sampling is via a reformulation of problem (1)
into a similar problem with a larger number of summands. In particular, for each ¢ € [n] we include
n; copies of the function ni fi, and then take average of all N = ). n; functions constructed this
way. The value of n; depends on the “importance” of f;, described below. We then apply ProxRR
to this reformulation. If f; is L;-smooth for all i € [n] and we let L := = 3" L;, then we choose
n; = [Li/L]. Itis easy to show that N < 2n, and hence our reformulation leads to at most a doubling
of the number of functions forming the finite sum. However, the overall complexity of ProxRR
applied to this reformulation will depend on L instead of max; L; (see Theorem 10), which can lead
to a significant improvement. For details of the construction and our complexity results, see Section J.

3 Preliminaries

In our analysis, we build upon the notions of limit points and shuffling variance introduced by
Mishchenko et al. [2020] for vanilla (i.e., non-proximal) RR. Given a stepsize v > 0 (held constant

during each epoch) and a permutation 7 of {1,2,...,n}, the inner loop iterates of RR/SO converge
to a neighborhood of intermediate limit points 1, 22, ... 2" defined by
wli=2, =y Y Vi (), i=1...,n 3)

The intuition behind this definition is fairly simple: if we performed 7 steps starting at ., we would
end up close to z,. To quantify the closeness, we define the shuffling radius.

Definition 1 (Shuffling radius). Given a stepsize v > 0 and a random permutation 7 of {1,2,...,n}
used in Algorithm 1, define z% = x%(-y, 7) as in (3). Then, the shuffling radius is defined by

02a() = _max [&HE.[Dy, (at,2.)]], @
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where the expectation is taken with respect to the randomness in the permutation 7. If there are
multiple stepsizes 71, Y2, . . . used in Algorithm 1, we take the maximum of all of them as the shuffling
radius, i.e., 02 ; 1= max;>1 02,4 (7).

The shuffling radius is related by a multiplicative factor in the stepsize to the shuffling variance
introduced by Mishchenko et al. [2020]. When the stepsize is held fixed, the difference between the
two notions is minimal. When the stepsize is decreasing, however, the shuffling radius is easier to
work with, since it can be upper bounded by problem constants independent of the stepsizes.

Armed with a special lemma for sampling without replacement, we can upper bound the shuffling
radius using the smoothness constant Ly, size of the vector V f(x,), and the variance af of the
gradient vectors V f1(z4), ..., Vfn(2s).

Theorem 1 (Bounding the shuffling radius). For any stepsize v > 0 and any random permutation 7

of {1,2,...,n} wehave 02 4 < Lmexn(n||Vf(2,)||> + L02), where z, is a solution of Problem (1)
and o2 is the population variance at the optimum
n 2
o2 =33 IV i(e.) = V@)l (5)

All proofs are relegated to the supplementary material. In order to better understand the bound
given by Theorem 1, note that if there is no proximal operator (i.e., ¢ = 0) then V f(z,) = 0 and

2
we get that 02 ; < Lmaxn9. Thig recovers the existing upper bound on the shuffling variance of

Mishchenko et al. [2020] for vanilla RR. On the other hand, if V f(z.) # 0 then we get an additive
term of size proportional to the squared norm of V f(z..).

4 Theory for strongly convex losses fi, ..., f,

Our first theorem establishes a convergence rate for Algorithm 1 applied with a constant stepsize to
Problem (1) when each objective f; is strongly convex. This assumption is commonly satisfied in
machine learning applications where each f; represents a regularized loss on some data points, as in
{5 regularized linear regression and /5 regularized logistic regression.

Theorem 2. Let Assumption 1 be satisfied. Further, assume that each f; is u-strongly convex. If
Algorithm 1 is run with constant stepsize y; = v < 1/Loax, then its iterates satisfy

2 _2
E [lor = 2al’] < (1 =)™ o — || + 20,

We can convert the guarantee of Theorem 2 to a convergence rate by properly tuning the stepsize
and using the upper bound of Theorem 1 on the shuffling radius. In particular, if we choose the

. _ . 1 VER L ) L 2 .
stepsize as 7 = min { T oo } , and let K := Lmax/p and 1o := ||zg — x]||?, then we obtain

E [HxT — T4 ||2} = O (¢) provided that the total number of iterations Krg = nT is at least
Krr = [(k + Yo (Vi ||V f ()] + 0.)] log (222) ©)

Comparison with vanilla RR. If there is no proximal operator, then ||V f(z.)|| = 0 and we recover
the earlier result of Mishchenko et al. [2020] on the convergence of RR without proximal, which is
optimal in € up to logarithmic factors. On the other hand, when the proximal operator is nonzero,
we get an extra term in the complexity proportional to ||V f(x.)||: thus, even when all the functions
are the same (i.e., 0. = 0), we do not recover the linear convergence of Proximal Gradient Descent
[Karimi et al., 2016, Beck, 2017]. This can be easily explained by the fact that Algorithm 1 performs
n gradient steps per one proximal step. Hence, even if f; = - -- = f,,, Algorithm 1 does not reduce
to Proximal Gradient Descent. We note that other algorithms for composite optimization which may
not take a proximal step at every iteration (for example, using stochastic projection steps) also suffer
from the same dependence [Patrascu and Irofti, 2021].

Comparison with proximal SGD. In order to compare (6) against the complexity of Proximal SGD
(Algorithm 2), we recall that Proximal SGD achieves E {Hw K — T« Hz} = O (e) if either f or ¢ is
p-strongly convex and

Ksap = (1 + 25 ) log (22) )
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Algorithm 2 Proximal SGD

Require: Stepsizes v > 0, initial vector 2o € R, number of steps K
1: for steps k =0,1,..., K —1do
2: Sample 4, uniformly at random from [n]
3: Tht1 = Prox,, ,(xk — 1%V fi, (k)

This result is standard [Needell et al., 2016, Gower et al., 2019], with the exception that we do not
know any proof in the literature for the case when 1 is strongly convex. For completeness, we prove
it in Appendix C, but since our proof is a minor modification of that in [Gower et al., 2019], we do
not provide it here.

By comparing Kggp (given by (7)) and Krr (given by (6)), we see that ProxRR has milder
dependence on ¢ than Proximal SGD. In particular, ProxRR converges faster whenever the target
ol
n[|V f(z.)[*+02
better when we consider proximal iteration complexity (# of proximal operator access), in which case
the complexity of ProxRR (6) is reduced by a factor of n (because we take one proximal step every n
iterations), while the proximal iteration complexity of Proximal SGD remains the same as (7). In this

case, ProxRR is better whenever the accuracy ¢ satisfies

e> 02 MV @I +02] o

accuracy ¢ is small enough to satisfy ¢ < L ™ ( ) . Furthermore, ProxRR is much

4
n O s
€S o |:nHVf(m*)H2+J§} '
We can see that if the target accuracy is large enough or small enough, and if the cost of proximal
operators dominates the computation, ProxRR is much quicker to converge than Proximal SGD.

S Theory for strongly convex regularizer v

In Theorem 2, we assume that each f; is u-strongly convex. This is motivated by the common practice
of using ¢ regularization in machine learning. However, applying ¢ regularization in every step
of Algorithm 1 can be expensive when the data are sparse and the iterates x} are dense, because it
requires accessing each coordinate of ¢ which can be much more expensive than computing sparse
gradients V f;(x%). Alternatively, we may instead choose to put the /5 regularization inside 1) and
only ask that ¢/ be strongly convex—this way, we can save a lot of time as we need to access each
coordinate of the dense iterates % only once per epoch rather than every iteration. Theorem 3 gives a
convergence guarantee in this setting.

Theorem 3. Let Assumption 1 hold and f1, ..., f,, be convex. Further, assume that v is p-strongly
convex. If Algorithm 1 is run with constant stepsize y; = v < 1/Lumax, Where Lyax = max; L;, then
its iterates satisfy

E [ller — 27| < (14 2yun) ™7 o — .| + L0
Using Theorem 3 and choosing the stepsize as

’y:min{ 1 \/@}, &)

Lmax’ Orad

we get E {H:vT -z, ||2} = O (¢) provided that the total number of iterations satisfies

K > (k+ 252 4 n) log (20) ©)

This can be converted to a bound similar to (6) by using Theorem 1, in which case the only difference
between the two cases is an extra n log (%) term when only the regularizer 1) is p-strongly convex.
Since for small enough accuracies the 1/,/e term dominates, this difference is minimal.

6 FedRR: application of ProxRR to federated learning

Let us consider now the problem of minimizing the average of N = Z%zl N,,, functions that are
stored on M devices, which have N, ..., N, samples correspondingly,

min @) + R@),  F@) = 5 Xnabn@),  Ful@) = 2% fms(0). - (10)
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Algorithm 3 Federated Random Reshuffling (FedRR)

Require: Stepsize v > 0, initial vector zo = =3 € R<, number of epochs T’

1: for epochst =0,1,...,7 — 1do

2 for m =1, ..., M locally in parallel do

3 x?,m = Tt

4: Sample permutation o m, T1,m, - - - s TN, —1,m 0f {1,2, ..., Nim }
5: fori =0,1,...,Ny —1do

6: x;:ti = w;,m - ’vaﬂ'i,'m, (xg,m)

7 Te o, = x,ﬁ\'g

8 Te+1 = ﬁ 27]\7{:1 Tm

For example, f,,;(x) can be the loss associated with a single sample (X,,;, ¥m;), Where pairs
(X mjs» Ym j) follow a distribution D,,, that is specific to device m. An important instance of such for-
mulation is federated learning, where M devices train a shared model by communicating periodically
with a server. We normalize the objective in (10) by NV as this is the total number of functions after
we expand each F,, into a sum. We denote the solution of (10) by ..

Extending the space. To rewrite the problem as an instance of (1), we are going to consider a bigger
product space, which is sometimes used in distributed optimization [Bianchi et al., 2015]. Let us

define n := max{Ny, ..., N,,} and introduce ¢, the consensus constraint, defined via
0, Ty = =Ty
T1y...,Tpp) = . .
Yol ou) {4—00, otherwise

By introducing dummy variables z1, .. ., zs and adding the constraint 1 = - - - = x 7, we arrive at
the intermediate problem
. M
min %Zm:l Fm(gjm:) + (R+¢C)(:C17-'~7IZM)7

Z1,...,¢p ERP

where R + )¢ is defined, with a slight abuse of notation, as (R + ¥¢)(x1,...,xn) = R(xq) if
x1 =+ =xp, and (R+ Ye) (21, ..., 20 ) = +0oo otherwise.

Since we have replaced R with a more complicated regularizer R + ¢, we need to understand how
to compute the proximal operator of the latter. We show (Lemma 7 in the supplementary) that the
proximal operator of (R + t¢¢) is merely the projection onto {(z1,...,zp) | 21 = -+ = T}
followed by the proximal operator of R with a smaller stepsize.

Reformulation. To have n functions in every F,,,, we write F},, as a sum with extra n — N,,, zero
. . N
functions, fy,j(z) = 0 forany j > Ny, so that Fy(zm) = 30— fmj(Tm) = 2257 fmj(Tm) +

>N, +1 0. We can now stick the vectors together into @ = (1, ..., xy) € R and multiply
the objective by %[ which gives the following reformulation:
in LS f
Jhin o X filw) + 9 (@), (11)

where 1(z) := ¥ (R + ¢¢) and "
fi@) = fiwr, . wan) ==Y fni(@m)-

In other words, function f;(x) includes i-th data sampl&<ftom each device and contains at most
one loss from every device, while F,(z) combines all data losses on device m. Note that the

solution of (11)is x, := (z],...,2)]) " and the gradient of the extended function f;(x) is given
by Vfi(x) = (Vfui(x1) T, , Vfui(wrar) ") T, Therefore, a stochastic gradient step that uses

V fi(x) corresponds to updating all local models with the gradient of ¢-th data sample, without any
communication.

Algorithm 1 for this specific problem can be written in terms of xy,...,xys, which results in
Algorithm 3. Note that since f,,,;(z;) depends only on x;, computing its gradient does not require
communication. Only once the local epochs are finished, the vectors are averaged as the result of
projecting onto the set {(z1,...,znp) |21 = = xp}-

Reformulation properties. To analyze FedRR, the only thing that we need to do is understand the
properties of the reformulation (11) and then apply Theorem 2 or Theorem 3. The following lemma
gives us the smoothness and strong convexity properties of (11).
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Lemma 1. Let function f,,; be L;-smooth and p-strongly convex for every m. Then, f; from
reformulation (11) is L;-smooth and p-strongly convex.

The previous lemma shows that the conditioning of the reformulation is k = L’/“j”‘ just as we
would expect. Moreover, it implies that the requirement on the stepsize remains exactly the same:
7y < 1/Linax. What remains unknown is the value of o2 ;, which plays a key role in the convergence
bounds for ProxRR and ProxSO. To find an upper bound on o2 ., let us define

rad>®
2
Tow = 5 g |V (22) = 5=V ()|,

which is the variance of local gradients on device m. This quantity characterizes the convergence rate
of local SGD [Yuan et al., 2020], so we should expect it to appear in our bounds too. The next lemma
explains how to use it to upper bound o2, ;.

Lemma 2. The shuffling radius o2 ; of th%/[ reformulation (11) is upper bounded by
2 < Lmax : ( v—Fm * 2 ﬁ 2 )
Orad > 171221 || (LC )H + 40m,*

2 as

m,*x

The lemma shows that the upper bound on o2, ; depends on the sum of local variances Z;Vf:l o

well as on the local gradient norms Zf\yle |V F..(24)]|?. Both of these sums appear in the existing
literature on convergence of Local GD/SGD [Khaled et al., 2019, Woodworth et al., 2020, Yuan et al.,
2020]. We are now ready to present formal convergence results. For simplicity, we will consider
heterogeneous and homogeneous cases separately and assume that Ny = - - - = Ny, = n. To further
illustrate generality of our results, we will present the heterogeneous assuming strong convexity R
and the homogeneous under strong convexity of functions f;,;.

Heterogeneous data. In the case when the data are heterogeneous, we provide the first local RR
method. We can apply either Theorem 2 or Theorem 3, but for brevity, we give only the corollary
obtained from Theorem 3.

Theorem 4. Assume that functions f,,; are convex and L;-smooth for each m and i. If R is
p-strongly convex and v < 1/L,..., then we have for the iterates produced by Algorithm 3
2 -T 2 2Limax \~M
E [l = o] < (4 29m0) " oo = @ ? + L S0 (IVF(@)I? + 2702, )-

For nonconvex analysis, we consider R = 0 and require the following standard assumption.

Assumption 2 (Bounded variance and dissimilarity). There exist constants o, > 0 such that for
any z € R? and

A Vi = V@) <o and 30 RV ER (@) - V@) < ¢

Note that above 1VF,,(z) = N%HVFm(:E) is the gradient of a local dataset and VF(z) =
LS M, VE () is the full gradient on all data.

Theorem 5 (Nonconvex convergence). Let Assumptions 1 and 2 be satisfied, and R = 0 (no prox).
Then, the communication complexity to achieve E [HVF (z7) ||2} <e?is

Tz(’)((a%—&—L—i—s%) (F(mo)—F*)).

ned
Notice that by replicating the data locally on each device and thereby increasing the value of n
without changing the objective, we can improve the second term in the communication complexity.
In particular, if the data are not too dissimilar (¢ > () and ¢ is small ( E% > E%), the second term in

the complexity dominates, and it helps to have more local steps. However, if the data are less similar,
the nodes have to communicate more frequently to get more information about other objectives.

Homogeneous data. For simplicity, in the homogeneous (i.e., i.i.d.) data case we provide guarantees
without the proximal operator. Since then we have Fy(z) = --- = Fy(z), for any m it holds
VF,(zs) =0,and thus 02, , = + Z;Lzl |V finj(z:)||%. The full variance is then given by

M M
Zm:l O-En,* = %Zm:l ?:1 vamz(x*)”2 = %Uf = MUE»

where 02 := L 37" S™M_ 177, i (2.,)]|? is the variance of the gradients over all data.
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Figure 1: Experimental results for problem (12). The first two plots show with average and confidence intervals
estimated on 20 random seeds and clearly demonstrate that one can save a lot of proximal operator computations
with our method. The right plot shows the best/worst convergence of ProxSO over 20,000 sampled permutations.

—— Local SGD 40 — SGD

e O . Scaffold Scaffold
10 —— FedRR 20 —»— FedRR
— LlocalSGD | =10
Scaffold L102

—+— FedRR

=

lz—z.||

102

1
0 200 400 600 800 1000 0 10000 20000 30000 40000 0 10000 20000 30000 40000
Communication rounds Communication rounds Communication rounds

Figure 2: FedRR vs Local-SGD and Scaffold: i.i.d. data (left) and heterogeneous data (middle and right). We
set A1 = 0 and estimate the averages and standard deviations by running 10 random seeds for each method.

Theorem 6. Let R(x) = 0 (no prox) and the data be i.i.d., that is V F,,(z.) = 0 for any m, where
., is the solution of (10). Let 02 := % 37" S IV i) |2 Tf each f,; is Liax-smooth
and p-strongly convex, then the iterates of Algorithm 3 satisfy
2 nT 2 ®LinaxNo?
E [lor — 2.l?] < (1= yp)" " lwo — @|* + 25577
The most important part of this result is that the last term in Theorem 6 has a factor of M in the
denominator, meaning that the convergence bound improves with the number of devices involved.

7 Experiments'

ProxRR vs SGD. In Figure 1, we look at the logistic regression loss with the elastic net regularization,

¥ Sia fi(@) + Mzl + 3 e, (12)
where each f; : R? — R is defined as f;(z) := —(b; log (h(a] z)) + (1 — b;) log (1 — h(a] z))),
and where (a;,b;) € R? x {0,1}, i = 1,..., N are the data samples, h: t — 1/(1 + e~?) is the
sigmoid function, and A1, Ao > 0 are parameters. We set minibatch sizes to 32 for all methods and
use theoretical stepsizes, without any tuning. We denote the heuristic version of RR that performs
proximal operator step after each iteration as ‘RR (iteration prox)’. From the experiments, we can see
that all methods behave more or less the same way. However, the algorithm that we propose needs
only a small fraction of proximal operator evaluations, which gives it a huge advantage whenever the
operator takes more time to compute than stochastic gradients.

FedRR vs Local SGD and Scaffold. We also compare the performance of FedRR, Local SGD and
Scaffold Karimireddy et al. [2020] on homogeneous (i.e., i.i.d.) and heterogeneous data. Since Local
SGD and Scaffold require smaller stepsizes to converge, they are significantly slower in the i.i.d.
regime, as can be seen in Figure 2. FedRR, however, does not need small initial stepsize and very
quickly converges to a noisy neighborhood of the solution. We obtain heterogeneous regime by
sorting data with respect to the labels and mixing the sorted dataset with the unsorted one. In this
scenario, we also use the same small stepsize for every method to address the data heterogeneity.
Clearly, Scaffold is the best in terms of functional values because it does variance reduction with
respect to the data. Extending FedRR in the same way might be useful too, but this goes beyond the
scope of our paper and we leave it for future work. We also note that in terms of distances from the
optimum, FedRR still performs much better than Local SGD and Scaffold.

'Our code is provided in the supplementary. More experimental details are in the appendix.
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Part I
Proofs

A Basic notions and preliminaries

We say that an extended real-valued function ¢: R? — R U {400} is proper if its domain, dom ¢ :=
{z : ¢(z) < 400}, is nonempty. We say that it is convex (resp. closed) if its epigraph, epi ¢ :=
{(z,t) e R? x R : ¢(x) < t},is aconvex (resp. closed) set. Equivalently, ¢ is convex if dom ¢ is
a convex set and ¢(az + (1 — @)y) < ag(x) + (1 — a)p(y) forall z,y € dom ¢ and « € (0,1).
Finally, ¢ is p-strongly convex if ¢(z) — 5 ||| is convex, and L-smooth if L |#]|* — p(a) is convex.

One useful fact that we will need is that for any vectors a1, .. .,ay € R? we have

m M 2 m M
Sl = 2| Y a4 3 flam — 12 D
m=1 =1

m=1 m=1
The identity above is sometimes called bias-variance decomposition.

2
13)

To prove the upper bound in Theorem 1, we rely on a lemma due to Mishchenko et al. [2020] that
bounds the variance when sampling without replacement.

Lemma 3 (Lemma 1 in [Mishchenko et al., 2020]). Let X1,...,X,, € R? be fixed vectors, let

X = 137" | X; be their mean, and let 02 = 15" | X; — )_(HQ be their variance. Fix any
i € [n] and let X, ..., X,,_, be sampled uniformly without replacement from { X7, ..., X, } and
X, = % Z;;E X, be their average. Then, the sample average and variance are given by
Y I % \ w12 _ n—i 2
E[%] =X, E[|%-X|"] = =ho (14)

Finally, we define [n] := {1,2,...,n}.

A.1 Bregman divergence

These notions have a more useful characterization in the case of real valued and continuously
differentiable functions ¢: R? — R. The Bregman divergence of such ¢ is defined by Dy (z,y) :=
o(x) — d(y) — (Vo(y), z — y) . A continuously differentiable function ¢ is called p-strongly convex
if
Gl —yl® < Do(a,y),  VayeR

It is convex if this holds with ¢ = 0. Moreover, a continuously differentiable function ¢ is called
L-smooth if

~%llz —yl* < Do(w,y) < e —yl*,  Va,y R (15)

Note that the first inequality is redundant for convex ¢ because convexity implies 0 < Dy(z, y).

A.2 Properties of the proximal operator

Before we proceed to the proofs of convergence, we should state some basic and well-known
properties of the regularized objectives. The following lemma explains why the solution of (1) is a
fixed point of the proximal-gradient step for any stepsize.

Lemma 4. Let Assumption 1 be satisfied.? Then point z, is a minimizer of P(z) = f(x) + ¢(z) if
and only if for any v,b > 0 we have

Ty = PIOX (T4 — YOV f(24)).

Proof. This follows by writing the first-order optimality conditions for problem (1), see [Parikh and
Boyd, 2014, p.32] for a full proof. |

2We only need the part about 1.
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The lemma above only shows that proximal-gradient step does not hurt if we are at the solution. In
addition, we will rely on the following a bit stronger result which postulates that the proximal operator
is a contraction (resp. strong contraction) if the regularizer v is convex (resp. strongly convex).

Lemma 5. Let Assumption 1 be satisfied.? If v is p-strongly convex with ;z > 0, then for any v > 0
we have

I” <

HpI‘OX,an(I’) - prox’ynd;( ) || - y||27 (16)

14 2yun
for all z,y € R%.

Proof. Letu := prox,,,,(r) and v := prox.,,,,(y). By definition, v = argmin,, {1)(w) + 27% |lw —
x||?}. By first-order optimality, we have 0 € 9% (u) + %n(u —x) or simply z —u € yndy(u). Using
a similar argument for v, we get x — u — (y — v) € yn(9Y(u) — OY(v)). Thus, by strong convexity
of ¥, we get
&=~ (y - v)u—v) = anfju— vl

Hence,

lz = yl* = llu—v+ (@ —u—(y— )
= llu vl +2(z —u—(y —v),u—v) +llz —u—(y - )|
> lu—vl* +2(z —u—(y—v),u—v)

> (14 2ypm)|lu — |, u

B Proof of Theorem 1 (Bounding the shuffling radius)

Tt — Ty

Proof. By the L;-smoothness of f; and the definition of 2, we can replace the Bregman divergence
LII] X L
| < P2 ot - o)

in (4) with the bound
2
2
Z V fr,; (24) ]

'Y anxZ [H Zv‘fﬂj .’E*

=f2?iﬁmﬁwy a7

where X, = 337770 X0 with X; = Vfj(x.) for j = 1,2,...,n. Since X = Vf(x.), b
applying Lemma 3 we get

E [Df”i (l'i,l‘*)] (g) E |:L2ﬂn

3 7" Limax Lmax

O Vi@ + et (18)

i)

It remains to combine (17) and (18), use the bounds 72 < n? and i(n—1i) < "(" ) , which holds for
all i € {0,1,...,n — 1}, and divide both sides of the resulting inequality by 7 |

E (|1 %°] = I1X)* +E [| X - X||"]

C Proof of Convergence of Proximal SGD

Theorem 7 (Proximal SGD). Let Assumption 1 hold. Further, suppose that either f := % S fi
is p-strongly convex or that 1/) is p-strongly convex. If Algorithm 2 is run with a constant stepsize
Yk =y > O satisfying v < 57-—, then the final iterate after K steps satisfies

2 2v02
Ehux—un]su—vm o — . + 22

3We only need the part about 1.

17



597 Proof. We will prove the case when 1) is p-strongly convex. The other result follows as a straightfor-
s98 ward special case of [Gorbunov et al., 2020, Theorem 4.1]. We start by analyzing one step of SGD
s99 with stepsize v = 7y and using Lemma 4

leksr — 2412 = pro, (ex — ¥V fe(ax)) — prox, (. — 7V f(.)||”
1 2
g e~ Vel — =V S )] (19)
600 We may write the squared norm term in (19) as
lz =V fe(ar) = (@ =4V (@) = low —@ll* = 29 (21 — @2, Vfelar) = V()
+ 721V fe(wr) = V(@)

<

(20)

so1  We denote by Ey, [-] expectation conditional on xj. Note that the gradient estimate is condition-
so2 ally unbiased, i.e., that By, [V fe(zx)] = £ 31" | Vfi(zx) = Vf(zi). Hence, taking conditional
603 expectation in (20) and using unbiasedness we have

Ex [llo =2V felon) = (@ = V@I = llan = 2l = 27 (@ = 22, V(1) = V(22)
+ 7B ||V fe(ax) — VF(a)|?] -
(21)
604 By the convexity of f we have
(T — 2, V(1) = Vf(24)) > Dy (28, ).

s0s Furthermore, we may estimate the third term in (21) by first using the fact that ||z + y||* < 2||z||* +
s0s  2||y||* for any two vectors z, y € R¢

Ex IV felow) = VF@)IP] < 2B [V fe(wn) = Ve() ] + 2B [V fe(@s) = Vi (@)

= 2B, |V fe(n) = Ve(w)|IP] + 202
607 We now use that by the L ,,,-smoothness of f; we have that

IV filzr) — VFi(@))]? < 2Lmax - Dy, (zk, 2.).
608 Hence

B IV fe(on) = Ve I] = = S IV o) - VhiGe) |

n

2Lmax > [filwr) = filws) = (Vfi(w.),ap — 2.)]

S n
1=1
- 2Lmax [f(xk) - f(SC*) - <vf(1'*)axk - LC*>]
= 2Lmax Dy (k, T4). (22)

609 Combining equations (21)—(22) we obtain

Ex [llox =2V felan) = (@ =7V F@))IP) < lan = 2l = 2 (1 = 2yLinas) Dy (s .) + 2920
610 Since v < 2L1 by assumption we have that 1 — 2yL,,,x > 0. Since Dy(zg, ) > 0 by the

611 convexity of f we arrive at
Ex [llzn = 79 fe(a) = (@2 = AV @] < llow = 2.]* + 29202,

612 Taking unconditional expectation and combining (41) with the last equation we have

1 2
s = 21] < 75 (B [lon o] + 2022
1 2 2202
:71}3[35 — T }—i— *
14 2vu I | 14 2vp
1 2
S T VB
S T5o ok — zi||”| + 29705
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To simplify this further, we use that for any z < % we have that

1+2x < 1 — x and that yu <

I 1
Y <3 hence

E [lox1 = 2] < (1= v E [lla — 2.]] + 2%

Recursing the above inequality for K steps yields

K—-1
E [lox — o] < (0= 2o — 2. +29% (Z 1= p) )
k=0
K
<@ =y)" w0 — z))* + 29%0 (Z 1—yp) >
k=0

K 2 | 2y02
=1 =) llwo — 2™ + —.

Furthermore, by choosing the stepsize v as ¥ = min { 2L1 = } we get that E [HxK — Ty Hz} =
O (e) provided that the number of iterations is at least

2 2
Ksap > (n "’;) log (m) :
e €

which we previously stated in (7).

D Proofs of Theorem 2 and Theorem 3 (Main convergence results)

D.1 A key lemma for shuffling-based methods

The intermediate limit points z° are extremely important for showing tight convergence guarantees
for Random Reshuffling even without proximal operator. The following lemma illustrates that by
giving a simple recursion, whose derivation follows [Mishchenko et al., 2020, Proof of Theorem 1].
The proof is included for completeness.

Lemma 6 (Theorem 1 in [Mishchenko et al., 2020]). Suppose that each f; is L;-smooth and A-
strongly convex (where A = 0 means each f; is just convex). Then the inner iterates generated by
Algorithm 1 satisfy

[szﬂ iﬂ”ﬂ <(1—-~y\E {Hm; — xiHQ} — 27 (1 = yLmax) E [Df,ri (zh,2.)] + 2702,

(23)
where xi isasin (3),:=0,1,...,n — 1, and x, is any minimizer of P.
Proof. By definition of ! and 2*!, we have
i i 2 i il i i i
{Hx i >,:HH } =E {th - x*H } - 2’7E vam(xt) - vfm(x*)vxt - $*>] (24)

i 2
+ 9 [V e ) = V () [|°]
Note that the third term in (24) can be bounded as

|V frs (@) = V fro ()| < 2L - Dy (), ). (25)

We may rewrite the second term in (24) using the three-point identity [Chen and Teboulle, 1993,
Lemma 3.1] as

(Vfri (@) = Vi (2), 21 — 23) = Dy, (2%,2;) + Dy, (21, 24) = Dy, (2},2).  (26)
Combining (24), (25), and (26) we obtain

[||asz+1 i+1’|2} <E [Hxi - xi’ﬂ —2y-E [Dy,, (z%,2})] +2v-E [Dy,. (@, 2.)]
— 27 (1 = YLmax) E [Dy, (1, 2.)] -

27
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Using A-strong convexity of f., we derive
Ay 9 o
Sllet = ai” < Dy, @l a).

Furthermore, by the definition of shuffling radius (Definition 1), we have
E Dy, (sh.2.)] < _max

Using (28) and (29) in (27) yields (23).
D.2 Proof of Theorem 2

Proof. Starting with Lemma 6 with A = p, we have

— o] < (1 =) E |2}

B [lof = 1I] < 0= 2" B [l = a2l] + 2070

E (o - 2.[°] + 202
where we used the fact that 29 — ¥

Ty = prOX'ynw <(E* -7 Z vfﬂ'1 (l‘*)

Moreover, by Lemma 5 we obtain that

2 n
lze41 = 2™ = [|prox, ., («7)
Using this in (30) yields

‘We now unroll this recursion again for 7" steps

n—1 T—1
2 nT 2 rLz
E [l — 2] < (0= )" E [0 — 2] + 29%02 [ 3 (1 = 9y’ (}j 1— ) )
=0

nT—1

k
> (=)
k=0

It remains to plug this bound into (31).

(28)

L E[Dy,, (@l 2] =120k (29)

il2 7
* } — 2y (1 _'VLmaX)E [wa,i (xtvx*)] + 2’7 rad'

Since Dy_ (2%, z.) is a Bregman divergence of a convex function, it is nonnegative. Combining this
with the fact that the stepsize satisfies ¥ < /L.y, we have

— et ’] < (1= E [Jlaf - 2] + 2902

Unrolling this recursion for n steps, we get

n—1

> (=)
7=0

ilfw . G0
7=0

= x; — x,. Since x, minimizes P, we have by Lemma 4 that

) — pros (a7
- pI‘OX,an(.TZZ)H < ||xt - an

E [loes = 2.l’] < (1= 30" E [lor - 2] + 2702 Z (1)’
J=0

=0
(3D
)"
_ 1
T
[ ]
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D.3 Proof of Theorem 3

Proof. Starting with Lemma 6 with A = 0, we have
E [Joi™ = 2] < E [lof - 2)*] = 27 (1= YLwar) E [Dy, (21 2.)] + 2020,
Since ¥ < /L. and Dy_(z%, x.) is nonnegative we may simplify this to
E [Jloitt - <] <E [Joi - o] + 297
Unrolling this recursion over an epoch we have
E [||$? — :Ef||2] <E [Hx? — xSHQ} + 29302 yn = {th A } + 29302 4n.  (32)

Since z, minimizes P, we have by Lemma 4 that

n—1

Ty = PIOX. (z* — Z V fr; (1:*)> = Prox.,,,, (7).

i=0

Hence, 241 — Tx = Prox,,,,, (zy) — prox,,, (=} ). We may now use Lemma S to get

(1+ 290 E [llzesr = 2] < E [lla - 22)?]
Combining this with (32), we obtain

3.2
2’}/ Orad™

1 2
E e = al] < g [llee = wl] + T

14 2yun

‘We may unroll this recursion again, this time for 7" steps, and then use that Z (1 + 2ypun)” I <
Zj:l (1+2yun)™ = 1/(2yun):

2 -7 2] | 29%0%an [ —j
E [||xT — .| } <(1+2vyun) TE [||gg0 —a } + L Trd (NP (1 4 2y4m)

1+ 2yun =
T .
=(1+2wn)_TE[leo—x*H } + 27000 (Z 1+ 2yun) j)
j=1
1

< (1t 27pm) "B o = 2] + 2% 0an
_ 20’2
= (14 2vyun) TE [Hmo—x*H?} —&—%. |

E Proofs for federated learning

E.1 Lemma for the extended proximal operator

Lemma 7. Let )¢ be the consensus constraint and R be a closed convex proximable function.
Suppose that 21, s, . .., 2 are all in R%. Then,

PrOXy(Ryye) (X155 Tar) = prox.x z(7),
where T = 4, Z%:l T
Proof. We have,
pros ; () u
prox,y(R+wc)(a:1,...,xM): - with x—MZ
pros;, p(@) e

21



663 This is a simple consequence of the definition of the proximal operator. Indeed, the result of
664 PrOX,(p..) Must have blocks equal to some vector z such that

M
. 1 2
- = argmin {va #5 le—el }

M
argmin {’yR(x) + 1 Z (lze —Z|* 4+ 2(x — T, — 2m)) + [|T — xm||2)}

z m=1

[\

. 1 _ _
= argmin {fyR(ac) + §M||a: - x||2} = proxy p(T).
x

665 |

666 E.2 Proof of Lemma 1

667 Proof. Given some vectors x,y € R let us use their block representation © = (z , . .. ,xL)T,
e¢ y=(y/,...,ys;) . Since we use the Euclidean norm, we have
M
IV fi(z) = Vfi(y)|* = Z IV fni(@m) =V foni () 1P < D~ Ll = yl* = Lil|2 — ylI*.
m=1

669 We can obtain a lower bound by doing the same derivation and applying strong convexity instead of
670 smoothness:

M M
DIV milem) = Vi) 2 = 12 D Nlzm =yl = 1Pllz — y1?.

m=1
671 Thus, we have p||lx — y|| < [V fi(xz) = Vfi(y)|| <
672 and L;-smoothness of f;. u

673 E.3 Proof of Lemma 2

674 Proof. By Theorem 1 we have
Lmax n
0t < 222V (@) |2 + Fo?).

675 Due to the separable structure of f, we have for the variance term

n

no? =Y |Vfi(x.) — V() ZZ
i=1

i=1 m=1

2
vfmi :L'* - - (.’E*)

676 The expression inside the summation is not exactly the variance due to the different normalization: %

677 instead of L Nevertheless, we can expand the norm and try to get the actual variance:

n 2 2

S [Pt~ 2omae|| = ([Tt~ | + (i~ DY 1)
+ 2§<mei(l‘*) - NimVFm(x*)a (Nim - 7)VF (z )>
= Nt N (5 - D IVEl?

2 2
<noy, . + [[VEL (2"
678 Moreover, the gradient term has the same block structure, so

M n 2 M
Zsz z.)| = Z Zmei(x*) = IVEa(z)]*.
i m=1

679 Plugging the last two bounds back inside the upper bound on o2 ;, we deduce the lemma’s statement.
680 |

n?|V f(@.)]* =
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E.4 Proof of Theorem 4

Proof. Since we assume that Ny = --- = Nj; = n, we have % = n and the strong convexity

constant of ¢ = %(R + 9¢) is equal to % - 47 = i By applying Theorem 3 we obtain
720_?ad
I
Since xr = PTOX.y N (R4 (z7_,), we have 1 € C, i.e., all of its blocks are equal to each other

— (] T
and we have xp = (zp,...,zp)

E |7 - @.*] = Mllzz - @]

The same is true for &g, so we need to divide both sides of the upper bound on ||z — . ||* by M.
Doing so together with applying Lemma 2 yields

E [lor — @] < (1+2ym) " llzo — . |* +

. Since we use the Euclidean norm, it also implies

9 T ) 72021
E [lor — 2] < (14 2vam) ™" flog — 2. * + 1724
Mp
~2L M n
< (14 29pm) ™7 g — 2 |* + ‘“‘“Z(WF 2P + 7%

m=1

M
- N
=(1+2 T |y — || 4 Lo (VFm*272)
(1+ 29pm) ™" flzg — @ + X My > (I )|+ o Oma

m=1

E.5 Proof of Theorem 6

Proof. According to Lemma 1, each f; is u-strongly convex and L,,x-smooth, so we obtain the
result by trivially applying Theorem 2 and upper bounding o2, the same way as in the proof
of Theorem 4. [ |

F FedRR beats distributed GD and Local SGD

F.1 Heterogeneous Data

In this section we compare between FedRR and several known baseline algorithms for Federated
Learning. In particular, we consider the following algorithms:

1. Distributed gradient descent (DGD)
2. Local SGD (with M nodes and n local steps per node)

To be clear, the problem we are considering is

FTII
min f(z) MZ (z)

where each objective f,, can be written as

1 n
= ﬁ ; fmz(x)

We further assume that each objective is L-smooth and convex, and that R is p-strongly convex. This
implies that f is L-smooth and p-strongly convex. Note that this is a special case of (10) where we
keep N1 = No = ... = n for simplicity.

Corollary 1. Let ¢ = (2 + 202, where (¢ = L3V |VE,(2)° and 02 =

i fozl |VF(x,) — VE,(z.)||>. Then the communication complexity required by FedRR to
reach an e-accurate solution is

T:Q<<H+C\/E> log (TO)> (33)
n  un\y e €

23
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Proof. This is a straightforward consequence of Theorem 4. ]

F.1.1 Distributed gradient descent

When we compute n gradients on each node per communication round, we are essentially running
distributed gradient descent (DGD). In order to reach an e-accurate solution, DGD requires the

following number of iterations
T=0Q (nlog (T—())) .
€

Comparing against the result of Corollary 1, we see that FedRR is better whenever the accuracy e

satisfies
1 /¢ N o2 c? -
— =24+ =)= €.
uL \n? n un2L

Note that this guarantee grows more rigorous with increasing levels of heterogeneity— this has been
observed for other local methods as well, such as Local SGD [Woodworth et al., 2020].

F.1.2 Local SGD

The best current lower bound for Local SGD is given by [Woodworth et al., 2020] in the stochastic
case. By stochastic case, we mean that the problem considered is

min Eep [fe(2)]-

This is a more general problem than the finite-sum minimization problem (1) and is usually strictly
harder to solve (i.e., requires more iterations to achieve an e-accurate solution). We are not aware of
any analysis of Local SGD specifically for the finite-sum problem, and thus we specialize the result
of Woodworth et al. [2020] anyway. For Local SGD on p-strongly convex and L smooth functions,
and with n steps of local steps per node, the lower bound they give after 7' communication rounds is

. wl L¢? o? . Lo?
min (A exp (—L) N ILL2T2 + HMnT + min A, m 5 (34)

where o2 is a uniform bound on the variance (i.e., E[||V f¢(z) — f(2)]?] < o2 forall z € R?), (% is
defined as in Corollary 1, and A is an upper bound on f(z() — f.. We note that this lower bound is
not actually met by any of the existing analysis for Local SGD. Even ignoring the dependence on
o (which may not be tight because this is the stochastic case), the first term (i.e., the “optimization

\ZTC: when 7' is small. This is clearly worse than

term”) in (34) scales with x when 7" is large and
(33) for large n.

G Nonconvex analysis

We shall now present our theory for the nonconvex case. To quantify convergence, we define the
proximal-gradient mapping, which was also used in the prior literature to show convergence of
Proximal SGD.

Definition 2. Given a stepsize v > 0, a convex function v and arbitrary f, we define the proximal-
gradient mapping as

G, (z) = [z = prox,ya = VI (@)

Similarly to Theorem 1, the analysis shows that a gradient term appears in the variance bound.
However, in contrast to the convex settings of Theorem 1, there might not exist an optimum to which
the iterates would converge and we cannot use ||V f(z,)||? in the variance bound. For this reason, we
resort to the following assumption that bounds full gradients in terms of proximal-gradient mapping
and an extra constant.
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Assumption 3. There exists a constant ¢ > 0 such that the full gradient of f is uniformly bounded
by the proximal-gradient mapping and ¢

IVF@)I? < (1Gyn (@)l + ¢2
for any € dom(+) and vy > 0.

We note that this assumption is trivially satisfied with ¢ = 0 if ¢» = 0 because in that case,
G, (z) = V f(z). Therefore, when there is no proximal term, it is not an extra assumptions compared
to the analysis of Mishchenko et al. [2020]. We will also rely on the following measure of gradient
variance, which we need for the same reason that there might be no optimum x, to measure the
variance the way we did for Theorem 1.

An important property of Assumption 3 is that it is equivalent to the bounded dissimilarity assumption
that was previously used for the nonconvex analysis of Local SGD. We formalize this in the following
proposition.

Proposition 1. Consider federated learning reformulation (11). If ¢ = ¢, i.e., R = 0, then
Assumption 3 with constant ZQ := M(? is equivalent to (-bounded dissimilarity (Assumption 2):

2

< ¢

M 1 M

VI
- 37 2 VFie)

m=1

Proof. First, observe that if € dom(z), then = has all blocks equal to some z € R, & =

(x7,...,2")T. Therefore, for the objective in reformulation (11) and & € dom(¢)), we have
n n M n
1 1
V@) =~ Vi@ =-> > Vinx)= Z >V fmi(x)
i=1 i=1 m=1 =1i=1
1 M %VFl(J?l) 1VF1( )
m=1 %VFjw(:L'M) EVFM((E)

With the help of bias-variance decomposition, the left-hand side of Assumption 3 can be written as

M
3%
IVF()]* = Z IV F (2)I?

2 M 2

M
1 1
¢ 235 [9r - £y vre)
m=1 =1

Let us now work out the proximal-gradient mapping. According to Lemma 7, the proximal operator
of 1 is simply the averaging of all blocks, while the full gradient is given in (35), which give when

(13)

combined o
W Lome1 (& = YV ()
Prox. ., (z — ynV f(z)) = : : (36)
1 ot (@ = 7V ()
Therefore,
1Gn(@)]|* = (@ =V f (@) |12

1 M
i > VE,(x)

m=1

2
36 1 M 1 M M
= o 2|7 g o @ VE@)|| = (37
=1 m=1

Having the expressions for both sides, we can write

2

M
IVF@)IP = G (@)]? + Y

m=1

1 M
z) = > VE()
=1

From this expression and the fact Z£1 VF(z) = VF(z), it is easy to see the equivalence. W

25



764
765
766

767

769
770
771

772

773

774

775
776

777
778

779

780
781

782

To analyze ProxRR, we also need to measure variance differently from how it was done the strongly
convex case because we cannot rely on convergence of iterates to x .. To this end, we introduce the
following assumption, which is quite standard in the literature on SGD.

Assumption 4. There exists a constant ¢ > 0 such that = >°" | |V f;(z) — V f(z)||? < o2 for any
x € R,
This assumption is more restrictive than the one from Mishchenko et al. [2020] and, in fact, we

could relax it a little by introducing extra terms in the right-hand side. Nevertheless, for the sake of
simplicity and readability, we prefer the stronger version as presented above.

G.1 A key lemma

For notational convenience, we define

1
gt = fyn(xt —zp) = Zme z),
which is equivalent to z}' = z; — Yng;.

Lemma 8. Let functions f1, ..., f, be Lyax-smooth, Assumptions 3 and 4 be satisfied and v <
Then,

2Lmaxn

By IIVf(fvt)*gtllz} V2 L (G (20)I* + ¢*) + 7° Lisaxno (38)

Proof. We start with the observation that gradient Lipschitzness reduces the left-hand side to a
difference of iterates:
2

n—1
IV 5Gee) = ol = ||+ 3 [V, ) = V ()]
1=0
n—1
< - Z | fro (@2) = V i, (D) ]|
S - ZLmax ’xt - x;HQ

Define V; := Z?;Ol |zt — 2¢||. Clearly, it is sufficient to bound [E [V4] to finish the proof. Also note
that for any intermediate iterate 2 within epoch ¢ we do not use proximal step, so the following
identity holds:

k—1

wf = =) Vin(a}).

i=0
This identity only includes gradients, so to bound the deviation of =¥ from z; we apply Jensen’s
inequality and gradient Lipschitzness

2
E; [|l2f — 2:]*] = v°E (}
_ 2 2
S 2’72]Et xt vf'm (xt)) + 272]Et (xt)
:0
k—1 . ) k-1 2
< 29%h Y B [V (2h) = V@) [*] +29%Ee | | V()
i=0 i=0
k—1 ‘ k—1 2
< 272L12nakaEt [zt = ze)1?] + 29°Es Z Vi (21)
i=0 1=0
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Now we are going to use the fact that for any ¢ in RR we have E, [V f,. (x;)] = V f(z;). Note that
this property does not hold if z; is not independent of 7;, which is why the result does not hold for

SO. Let us also define o7 := 1 2?21 |V fi(ze) — Vf(z¢)||*. By Lemma 3 we have

2 2

k—

@ | = RIS + 1 || Y o) - D)
=0
D29 fa P+ H g2

Plugging this back and using Assumption 4, we derive

k-1
) . 9 kE(n—k
E, {fo | ] < Q’YQLIQnakaEt {th — z| ] +29%K2||V f () ||* + 272%(;2
=0
k(n—k
< 292L2 W KE [Vi] + 20283V f () ||” + 272%”2'

Let us use the obtained bound on a single iterate distance E; {fo — x4 HQ} to upper bound EE [V;]:

n—1
Vil =Y Ee oy — mel?]
=0

1 1
< VP Lian(n — DE; [Vi] + gvz(n — Dn(2n = D[V f(z)|” + gvzn(n +1)o”

This inequality has E; [V;] in both sides, so we can rearrange it and use the assumption 7y <
which results in

Lmdxn ’

Et [‘/t] S g( 2L12ndx (n - 1))Et [V;f]

< 372(71 —1)n(2n — 1)||Vf(xt)||2 + 37271(” +1)0?

<tV f (o)) + 7700,

To conclude the proof, apply Assumption 3 to z; € dom(t)) and plug-in the bound on E, [V;] into
the bound on E, [||V f(z:) — g:]%]. ]

G.2 Main theorem

Theorem 8 (Convergence result in the nonconvex case). Let Assumptions 3 and 4 hold and choose
any v < =7——. Then,

4(P(zo) — Pi)

’)/nT + 2’72Lmaxn2g2 + 272[’1211@)(

@%_113 [1Gn () I7] <

t=0

Proof. Let us introduce
wy 1= ProX. ., (z¢ — ynV f(zy)).
The idea of our proof is to first obtain a descent recursion for P(w;) and then bound P(z;41) — P(wy).
By convexity of 1, we have for any g € v (w;)
(we) < P(xe) + (g, we — ).

Furthermore, the definition of w; implies by first-order optimality that z; — ynV f(xy) — w; €
yndp(w;), so we can plug it into the bound above to get

Y(we) < (xe) + Vin@% =V f(2r) — wi, wi — T4)

— () — (Vf (@), wn — 2) — %Hm .
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got At the same time, by L,.-smoothness of f we have

Flw0) < F(@0)+ (), = ) + L2 oy — |7

go2 Adding the two recursion together yields

P(wy) = f(zr) + $(wr) < Pae) + (Lm“ _ Wln) g — 4],

2
sos  Now we shall upper bound P(x:1). Using the convexity of ¢ for 2} — x11 € YnOY(zy1), we
go4 derive

1 1
Y(wi1) < P(wy) + ,Tn@? — Tpg1, Tep1 — wi) = P(we) — (ge, Tey1 — W) + %@t — Tpy1, Teg1 — Wy)
1
= P(wy) — (e, Tey1 — wy) + %7 (th - ’th2 — [z — $t+1||2 — w1 — wt||2) .

8os  Next, we apply Lyax-smoothness of f two times, to upper bound D ;(x;41, x;) and to lower bound
8o Dy(wy,xy):

f@egr) < fo) +(Vf(xe), w1 — 24) + Lr;ax lzer — zt||27

and () < flw) + ()70 = w) + 2~ w2

go7 Therefore,

Fl@eg) < flwe) +(Vf(xe), e — wyp) + Lr;ax (HIt-H - ItHQ + [Jws — xt“z) .

sos  Combining the inequalities for ¢)(x+41) and f (1), we obtain

Lmax 1
P(ziy1) < P(we) +(V (@) — 9o, p41 — we) + < 5 2) o1 — ||
yn
LmaX 1 ].
(B Y o = wl? = Sl — wel
gos By Young’s inequality and Lemma 8 we have
E: (Vf(xe) — g6, 2pg1 — wy)]
n 2, 2 2
<E N V() - = |wesn —
< B | DA =l + e~ wilP]
38 ’YSernaan ’YBLrQnaxn?) ’YBL%naxn2 2
< 5 ¢+ > 1Gyn (20)|1* + #02 + %Et [lzer1 — wel?].
st If we plug this back, the term [|z411 — w;||* will cancel out, giving us for y < ;——
By [P(@¢41)]
372 3 372 3 372 2
Y Lmaxn 2 Y Lmaxn 2 Y Lmax” 2 Lmax 1 2
<P . B
< Plun) + Doy Tl g 2+ Tl o2 (B LY gy
L 1
max E . 2
+< B 27n) ¢ [ zen — %]
372 3 372 3 3r2 2
Y Lmaxn 2 v Lmaxn 2 Y Lmaxn 2 Lmax 1 2
<P . — — w2
< Plw) + =95 = C 4 5 l9m@)IP + =50+ | =~ o ) e =

g1t Using the recursion for P(w;) and our choice 7 < ﬁ, we finally obtain, after plugging-in
sz [z — wel|* = v*nGn (),
Ei [P(z¢41)]

S S ——mex | +—+

73 2 aXnS /7/3 12118.}(77)2 2 fyn 2 ax max 1 max
o+
2 2 2vn 2

1 2.2 2
)Rl

3L2 n3 3L2 Tl2 Lm « 1
S P(.’I)t) + V" Lmax <-2 4 Y Lmax 0_2 + ( a: +Lmax _ > 72n2||g’yn($t)‘|2

2 2 10 2yn
372 3 372 2
7 Linax™ 7 Linax™ 1
< P(zy) + 2a ¢+ 2a o’ — 47n72n2||ngz($t)||2-
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Recursing this to P(z() and using P, < P(xr), we get the Theorem’s claim. [ |

Obtaining a complexity. To make the upper bound equal O(£2), it is sufficient to ensure that every
term is equal O(g?). Therefore, we can impose the following conditions:

P(iL’()) — P*

r)/nT > 3 and ’YQ (Lmaxn2c2 + Lr2n'1x ) < 62

€
To satisfy these conditions, we can choose 7y as

. 1 €
R { 5Lmaxn, Lmax\/ﬁ(f + v Lmaxng} .

Then, denoting §y := P(x() — P., we obtain complexity in terms of full number of stochastic
gradients n7" equal to

’I’LT — O (50Lmaxn + maxfa oV maxn<> )

€2 g3 g3
G.3 Proof of Theorem 5

The federated learning reformulation (11) has different constant scaling than the finite-sum federated
learning problem (10), and the only constant that does not change at all is L, .. For the initial error

8 of the reformulation we have
- N
6o = —0g = Mg,
n

where §p 1= 2%21 Fo(wo) — ming + ZM F,,(z) and we use only consider the simplified
case Ny =--- = Ny =nso % M . For the variance, we have
M
—2 2 1 2 2
52 = supE [||V fi(z) — Vf(@)|*) =sup > E vami(mm) — =V E ()| | = Mo™.
xr €T m=1
As we derived in (37), the proximal-gradient mapping norm is equal to
1 & ’
E Gy ()11 Z VEn(@)| =M |5 3 VFa@)| = MIVF@)?,
m=1

so to have ||VF(z7)||> < €2, we need E [[|G,n(zr)||?] < &% := Me?. In addition, notice that by
Proposition 1 the constant from Assumption 3 is { = v/ M.

Thus, Theorem 8 implies, if we ignore L., that we need
50 505 SOZ do o0 50<
T=0 =02
( f?3+’3 52+\/ﬁz—:3+53

communication rounds to achieve miny—o,....7—1 E [[|[VF (z7)[]?] = O(?).

H Further experimental details

Implementation details. For each i, we have L; = 1||a;||. For the ¢1-regularized problem, we set
X2 = 3-107° - L and tune \; to obtain a solution with about 25% zero coordinates, which gives
A1 =5-107°. We use stepsizes decreasing as O(+) for all methods. We use the ‘w8a’ dataset* for
the experiment with ¢; regularization.

Proximal operator calculation. It is well-known (see, for instance, [Parikh and Boyd, 2014]) that
the proximal operator for 1(z) = A ||z(|1 + 22 ||z||? is given by

PO, (1) = TP, 1, (),

1
1+79X

“The datasets were downloaded from LibSVM https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html
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where the j-th coordinate of prox. ., () is

pro ., (o) = {5 BB = 2

Federated experiments. The experiments for the comparison of FedRR, Local SGD and Scaffold
use no ¢; regularization and Ay = 10 5. L. To make comparlson fair, all methods use n local steps.
For FedRR, the initial stepsize was Z in the i.i.d. regime and L— in the heterogeneous regime. As
per Theorem 3 in [Khaled et al., 2020], the stepsizes for Local SGD must satisfy v, = O(1/(LH)),
where H is the number of local steps, a similar result holds for Scaffold Karimireddy et al. [2020].
The parallelization of local runs is done using the Ray package®. We use the ‘w8a’ dataset for the
i.i.d. experiment. For the heterogeneous experiment, we sort ‘a9a’ dataset with respect to the target
labels b € {0, 1} and then mix it with the original order in proportion 2:1. For all methods, the local
workers used minibatch size 16. Exact implementation can be found in our code.

Shttps://ray.io/
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Part 11
Extensions

Here we discuss two extensions of our theory that significantly matter in practice: using decreasing
stepsizes and applying importance resampling.

I Extension: Decreasing stepsizes

Using the theoretical stepsize (8) requires knowing the desired accuracy ¢ ahead of time as well
as estimating o,,q. It also results in extra polylogarithmic factors in the iteration complexity (9), a
phenomenon observed and fixed by using decreasing stepsizes in both vanilla RR [Ahn et al., 2020]
and in SGD [Stich, 2019].

We show that we can adopt the same technique to our setting. However, we depart from the stepsize
scheme of Ahn et al. [2020] by only varying the stepsize once per epoch rather than every iteration.
This is closer to the common practical heuristic of decreasing the stepsize once every epoch or once
every few epochs [Sun, 2020, Tran et al., 2020]. The stepsize scheme we use is inspired by the
schemes of [Stich, 2019, Khaled and Richtarik, 2020]: in particular, we fix T' > 0, let ¢t = [7/2],
and choose the stepsizes v; > 0 by

-~ if T < fmex or t < to, 39)
=0 i Lipax
m lfT>mandt>t0,

where s := 7Ly« /(4pn). Hence, we fix the stepsize used in the first 7'/2 iterations and then start
decreasing it every epoch afterwards. Using this stepsize schedule, we can obtain the following
convergence guarantee when each f; is smooth and convex and the regularizer v is p-strongly convex.

Theorem 9. Suppose that each f; is Ly,,-smooth and convex, and that the regularizer v is p-strongly
convex. Fix T' > 0. Then choosing stepsizes ; according to (39) we have that v; < /L., for all ¢
and the final iterate generated by Algorithm 1 satisfies

2
E [lor o] = O (exp (~5257) ro + = )

where # 1= Lmax/p, 1o := |9 — x.||? and O(-) hides absolute (non-problem-specific) constants.

This guarantee holds for any number of epochs 7' > 0. We believe a similar guarantee can be obtained
in the case each f; is strongly-convex and the regularizer ¢ is just convex, but we did not include it as
it adds little to the overall message.

In the rest of the section we provide a proof of Theorem 9.

I.1 A recursion Lemma

We first state and prove the following algorithm-independent lemma. This lemma plays a key role in
the proof of Theorem 9 and is heavily inspired by the stepsize schemes of Stich [2019] and Khaled
and Richtdrik [2020] and their proofs.

Lemma 9. Suppose that there exist constants a, b, ¢ > 0 such that for all v, < % we have
(14 yian) rep1 < e +pc. (40)
Fix T > 0. Let to = [Z£]. Then choosing stepsizes v > 0 by

%, iftgtoorTS%,
Yt = 7 . b
Py e ift >tpand T > >,
where s = %. Then
< nT 1421¢
r exp | — —.
=P (bfa+n)) ° " a3n3T?
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Proof. f T < Z" then we have v, = v = 1 for all ¢. Hence recursing we have,
3 2

_ c - c
7 < (1+~an) Trg+ LS = (1 + ~an) Tro + L5,
yan an

Note that < exp(—%) for all z, hence

yanT ~2c
an

< — -
rTexp( 1+ ~van To +

Substituting for v yields

< nT n c
rp <exp|— T .
T =P b/a+n O b2an

Note that by assumption we have 7 < =L, hence
s <e ot 49c¢
- b / a+n T2a3n3"
If T > >, then we have for the first phase when ¢ < ¢, with stepsize v, = that

nty c nT
Tio = X <‘b/a T n) "0 ran =P (‘2<b/a T n>> "
Then for t > tg we have
73c

adnd (s +t—t)°

(I +~yan)ripr <rg + 'yfc =7+

Multiplying both sides by (s + t — o) yields

3¢
(s+t— t0)3 (I+~yan)ripr < (s+t— t0)3 7 + 5.3

(41)

(42)

(43)

Note that because ¢ and ¢ are integers and ¢ > ¢, we have thatt —ty > 1 and therefore s+t —1ty > 1.

We may use this to lower bound the multiplicative factor in the left hand side of (43) as

3 3 7
t—1t 1 = t—1t 14—
(s + 0)" (L+yan) = (s+ 0) ( +s+t—to>

= (s+t—1to)> +T(s+1t—tg)”

>(s+t—tg) +3(s+t—t0)  +3(s+t—tg)+1
= (s+t+1—1ty)°.
Using (44) in (43) we obtain

(

= (s+t—tg) +3(s+t—to) +3(s+t—tg)  + (s+1t—to)
(
(

3
3 3 T°c
(S+t+1—t0) Tt4+1 S (S—Ft—to) Tt+W
Letw; = (s+1¢— to)s. Then we can rewrite the last inequality as
< e
Wip1Tep1 — WeTt < ——=.
171 S s
Summing up and telescoping from ¢ = ¢y to T yields
3¢
wrry < Wi Tty + W (T - to) .

Note that wy, = s® and wy = (s + T — t)°. Hence,

< s3 n 3¢ T —tg

rr s T -

(s+T—t0)3 o a3n3(s+T—t0)25+T—t0
s3 3¢

< =Tty T .
(s+T —to)* o 3ps (s+T —to)?
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Since we have s + T —tg > T — to > T/2, it holds
< 8s3 4-73¢
T = gt T 33T
The bound in (42) can be rewritten as

53 53

£ 8 (T, s
73"t = 73 P 2(b/a+n)) " bB2anT?

We now rewrite the last inequality, use that 7' > 2s and further use the fact that s = %:
53 - ( s )3 nT N s2c ( s )
—T —)exp|————— |T0t+ 55— =
T3 = \T P 2(b/a+n)) " b2anT? \T
—— ~——

<1/8 <1/2
< lexp (_TLT) To + L
-8 2(b/a+n) 2b2anT?

1 nT 7c
—8P (_2 (b/a+ n)) rot 8ain3T?

Plugging in the estimate of (46) into (45) we obtain

o < e _ nT o+ 7%c 4-T3c
=P\ Ty (b/a+mn) a®n3T? * a3n3T?
. nT 1421c
=exp | — .
P\ 73 (bfa+n)) " a3ndT?

Taking the maximum of (41) and (47) we see that for any 7' > 0 we have

o < o nT' 1421c
xp  — .
=P\ (bJa+n)) ° " a3n3T?

1.2 Proof of Theorem 9
Proof. Start with Lemma 6 with A = 0, L = Ly, and v = 7,
E [t - o |*] <E[ll2f - 2]°] = 27 (1 = vLnae) E [Py, (3}, 2.)] + 2930
Since ¥ < /L. and Dy (2%, x.) is nonnegative we may simplify this to
E [[loi = o] < B [|lof - 2 ]"] + 20802
Unrolling this recursion for n steps we get
E [lof - 221?] <E [[l2? - 22| + 2n7iola.
By Lemma 5 and a similar reasoning to Theorem 3 we have
(1429 E [lfersn - @] < E [llee = 2. *] + 24002

We may then use Lemma 9 to obtain that

nT , 35602
E [ — 2. 2} < S — . rad
H‘rT T || > €Xp 2(Lmax/,u+n) ||$() €z H + 'ugngTQ

nT 9 afa
-0 (exp (_Ii + 2n> o = 2[l"+ ,u3n2(”}2> .
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J Extension: Importance resampling

Suppose that each f; is L;-smooth. Then the iteration complexities of both SGD and RR depend
on Lmax/u, where L,y is the maximum smoothness constant among the smoothness constants
Li,Ly,...,L,. The maximum smoothness constant can be arbitrarily worse than the average
smoothness constant L = % >, L;. This situation is in contrast to the complexity of gradient
descent which depends on the smoothness constant Ly of f = % >, fi, for which we have
Ly < L. This is a problem commonly encountered with stochastic optimization methods and
may cause significantly degraded performance in practical optimization tasks in comparison with
deterministic methods [Tang et al., 2020].

Importance sampling is a common technique to improve the convergence of SGD (Algorithm 2):
we sample function (Z/L;) f; with probability p; proportional to L;, where L := % >oi L;. In that
case, the SGD update is still unbiased since

L " L
E; [Lifi] = ;pififi = f.

Moreover, the smoothness of function (Z/L;) f; is L for any i, so the guarantees would depend on
L instead of max;—; ..., L;. Importance sampling successfully improves the iteration complexity
of SGD to depend on L [Needell et al., 2016], and has been investigated in a wide variety of
settings [Gower et al., 2020, Gorbunov et al., 2020].

Importance sampling is a neat technique but it relies heavily on the fact that we use unbiased sampling.
How can we obtain a similar result if inside any permutation the sampling is biased? The answer
requires us to think again as to what happens when we replace f; with (L/z;) f;. To make sure the
problem remains the same, it is sufficient to have (L/L;) f; inside a permutation exactly Li/L times.
And since Li/T is not necessarily integer, we should use n; = [Li/L] and solve

min = Z(*fi(x) +ot %fi(x)) + (), (48)

i=1 i

where .
N:=ni+--+n,= ’7_1—‘ + .-+

n; times
Ln
L L

Clearly, this problem is equivalent to the original formulation in 1. At the same time, we have
improved all smoothness constants to L. It might seem that that the new problem has more functions,
but it turns out that the new number of functions satisfies N < 2n, so any related costs, such as
longer loops or storing duplicates of the data, are negligible, as the next theorem shows.

Theorem 10. For every 4, assume that each f; is convex and L;-smooth, and let 1) be p-strongly
convex. Then, the number of functions NV in (48) satisfies N < 2n, and Algorithm 1 applied to
problem (48) has the same complexity as (9) but proportional to L rather than L.

Proof. We show that N < 2n as the rest of the theorem’s claim trivially follows from Theorem 3.
Firstly, note that for any number a € R we have [a] < a + 1. Therefore,

N=§[%W§2(%+l>:n+§[£:2n. ]
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