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ABSTRACT

Stateful policies play an important role in reinforcement learning, such as handling
partially observable environments, enhancing robustness, or imposing an induc-
tive bias directly into the policy structure. The conventional method for training
stateful policies is Backpropagation Through Time (BPTT), which comes with
significant drawbacks, such as slow training due to sequential gradient propaga-
tion and the occurrence of vanishing or exploding gradients. The gradient is often
truncated to address these issues, resulting in a biased policy update. We present
a novel approach for training stateful policies by decomposing the latter into a
stochastic internal state kernel and a stateless policy, jointly optimized by follow-
ing the stateful policy gradient. We introduce different versions of the stateful
policy gradient theorem, enabling us to easily instantiate stateful variants of pop-
ular reinforcement learning and imitation learning algorithms. Furthermore, we
provide a theoretical analysis of our new gradient estimator and compare it with
BPTT. We evaluate our approach on complex continuous control tasks, e.g. hu-
manoid locomotion, and demonstrate that our gradient estimator scales effectively
with task complexity while offering a faster and simpler alternative to BPTT

1 INTRODUCTION

Stateful policies are a fundamental tool for solving complex Reinforcement Learning (RL) problems.
These policies are particularly relevant for RL in a Partially Observable Markov Decision Process
(POMDP), where the history of interactions needs to be processed at each time step. Stateful poli-
cies, such as a Recurrent Neural Network (RNN), compress the history into a latent recurrent rep-
resentation, allowing them to deal with the ambiguity of environment observations. [Ni et al.| (2022)
have shown that RNN policies can be competitive and even outperform specialized algorithms in
many POMDP tasks. Besides POMDPs, stateful policies can be used to incorporate inductive biases
directly into the policy, e.g. a stateful oscillator to learn locomotion Ijspeert et al.|(2007); Bellegarda
& Ijspeert| (2022a), or to solve Meta-RL tasks by observing the history of rewards N1 et al.| (2022).

Existing methods for stateful policy learning mostly rely either on black-box/evolutionary optimiz-
ers or on the BPTT algorithm. While black-box approaches struggle with high-dimensional pa-
rameter spaces, making them less suitable for neural approximators, BPTT has shown considerable
success in this domain Bakker| (2001)); Wierstra et al.| (2010); Meng et al.| (2021). However, BPTT
suffers from significant drawbacks, including the need for sequential gradient propagation through
trajectories, which significantly slows down training time and can lead to vanishing or exploding
gradients. To address these issues, practical implementations often use a truncated history, intro-
ducing a bias into the policy update and limiting memory to the truncation length. Furthermore,
integrating BPTT into standard RL algorithms is not straightforward due to the requirement of han-
dling sequences of varying lengths instead of single states.

In this paper, we propose an alternative solution to compute the gradient of a stateful policy. We
decompose the stateful policy into a stochastic policy state kernel and a conventional stateless pol-
icy, which are jointly optimized by following the Stochastic Stateful Policy Gradient (S2PG). By
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adopting this approach, we can train arbitrary policies with an internal state without BPTT. S2PG
not only provides an unbiased gradient update but also accelerates the training process and avoids
issues like vanishing or exploding gradients. In addition, our approach can be applied to any exist-
ing RL algorithm by modifying a few lines of code. We also show how to extend the S2PG theory
to all modern RL approaches by introducing different versions of the policy gradient theorem for
stateful policies. This facilitates the instantiation of stateful variations of popular RL algorithms
like Soft-Actor Critic (SAC) |Haarnoja et al.| (2018)), Twin Delayed DDPG (TD3) [Fujimoto et al.
(2018)), Proximal Policy Optimization (PPO) |Schulman et al.|(2017), as well as Imitation Learning
(IL) algorithms like Generative Adversarial Imitation Learning (GAIL) Ho & Ermon| (2016) and
Least-Squares Inverse Q-Learning (LS-IQ) |Al-Hafez et al.| (2023)). Our approach is also applicable
to settings where the critic has only access to observations. In such cases, we combine our method
with Monte-Carlo rollouts, as typically done in PPO. In the off-policy scenario, we use a critic with
privileged information |Pinto et al.| (2018)); [Lee et al.| (2020b)); Peng et al.| (2018).

To evaluate our approach, we conduct a theoretical analysis on the variance of S2PG and BPTT,
introducing two new bounds and highlighting the behavior of each estimator in different regimes.
Empirically, we compare the performances in common continuous control tasks within POMDPs
when using RL. To illustrate the potential use of S2PG for inductive biases in policies, we give an
example of a trainable Ordinary Differential Equation (ODE) of an oscillator used in the policy to-
gether with an Feed-Forward Network (FFN) to achieve walking policies under complete blindness.
Finally, We also demonstrate the scalability of our method by introducing two complex locomo-
tion tasks under partial observability and dynamics randomization. Our results indicate that these
challenging tasks can be effectively solved using stateful IL algorithms, and demonstrate that S2PG
offers a simple and efficient alternative to BPTT that scales well with task complexity.

Related Work. RNNs are the most popular type of stateful policy. Among RNNs, gated recur-
rent networks, such as Long-Short Term Memory (LSTM) Hochreiter & Schmidhuber| (1997) or
Gated Recurrent Units (GRU) |(Cho et al.| (2014) networks, are the most prominent ones N1 et al.
(2022); Wierstra et al.| (2010); Meng et al.| (2021); [Heess et al.[(2015); Espeholt et al.| (2018)); Yang
& Nguyen| (2021). |Wierstra et al.| (2010) introduced the recurrent policy gradient using LSTMs
and the GPOMDP Baxter & Bartlett| (2001)) algorithm, where BPTT was used to train the trajectory.
Many subsequent works have adapted BPTT-based training of RNNs to different RL algorithms.
Heess et al.| (2015)) introduced the actor-critic Recurrent Deterministic Policy Gradient (RDPG)
and Recurrent Stochastic Value Gradient (RSVG), which were later updated to the current state-
of-the-art algorithms like Recurrent Twin-Delayed Deep Deterministic Policy Gradient (RTD3) and
Recurrent Soft Actor-Critic (RSAC) [Yang & Nguyen| (2021). Many works utilize separate RNNs
for the actor and the critic in RTD3 and RSAC, as it yields significant performance gains compared
to a shared RNN Ni et al.| (2022); [Meng et al.| (2021); Heess et al.| (2015); [Yang & Nguyen| (2021).
Although LSTMs have a more complex structure, GRUs have demonstrated slightly better perfor-
mance in continuous control tasks [N1 et al.|(2022). Stateful Policies can also be used to encode an
inductive bias into the policy. For instance, a Central Pattern Generator (CPG) is a popular choice
for locomotion tasks |[jspeert (2008); Bellegarda & Ijspeert| (2022b); (Campanaro et al.| (2021). We
conduct experiments with CPGs in Section [E.2| where we also present relevant related work. Us-
ing a similar approach to the one presented in this paper, Zhang et al.|(2016) introduce a stochastic
internal state transition kernel. In this approach, states are considered as a memory that the policy
can read and write. However, they did not extend their approach to the actor-critic case, which is the
main focus of our work. Rakelly et al.| (2019) proposed a Meta-RL approach to learn a distribution
over latent variables that encodes history to extract context variables. Similarily, other approaches
such as DVRL [Igl et al.| (2018)) and SLAC [Lee et al.|(2020a)) force the recurrent state to be a belief
state, exploiting a learned environment model. An alternative to stateful policies, particularly useful
in POMDPs settings, is to use a history of observations. These policies use either fully connected
MLPs, time convolution [Lee et al.| (2020b)), or transformers [Lee et al.| (2023); Radosavovic et al.
(2023). It can be shown that for some class of Markov Decision Processs (MDPs), these archi-
tectures allow learning near-optimal policies Efroni et al.| (2022). The main drawback is that they
require high dimensional input, store many transitions in the buffer, and cannot encode inductive
biases in the latent space. Finally, the setting where privileged information from the simulation is
used is widespread in sim-to-real robot learning [Lee et al.| (2020b); Peng et al.| (2018)). Compared
to so-called teacher-student approaches |Lee et al.| (2020b), which learn a privileged policy and then
train a recurrent policy using behavioral cloning, our approach can learn a recurrent policy online
using privileged information for the critic.
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2 STOCHASTIC STATEFUL PoLICY GRADIENTS

Preliminaries. An MDP is a tuple (S, A, P,r,v,t), where S is the state space, A is the action
space, P : S x A x 8 — R™ is the transition kernel, 7 : S x A — R is the reward function, - is the
discount factor, and ¢ : S — R is the initial state distribution. At each step, the agent observes a
state s € S from the environment, predicts an action a € A using the policy 7 : S x A — R*, and
transitions with probability P(s’|s, a) into the next state s' € S, where it receives the reward (s, a).
We define an occupancy measure p™ (s, z) = >, v Pr{s = s; A z = z;|mg} giving metric on
how frequently the tuple (s, z) is visited, where z; is the internal state of the policy. The POMDP
is tuple (S, A4, O, P,O,r,~,t) extending the MDP by the observation space O and the conditional
probability density O : O x & — R™T, such that for every state s € S, the probability density of
o € Ois O(o|s). A trajectory 7 is a (possibly infinite) sequence of states, actions, and observations
sampled by interacting with the environment under a policy 7. The return of a trajectory is defined
as J(1) = Y 0o ¥'r(se, ar). We define the observed history hy = (s, ... s¢,) as the sequence of
states taken up to the current timestep ¢. In the partially observable case, the history is given by
observations and actions such that h; = (09, ag . .. 0t—1,a;—1, o). In general, an optimal policy for
a POMDP depends on the full observed history hy, i.e. a ~ m(-|h:). However, most of the time, we
can substitute h; with sufficient statistics z; = S(h;), namely the internal state of the policy.

2.1 PoLICY GRADIENT OF STATEFUL POLICIES

Wierstra et al.[(2010) presented the first implementation of the policy gradient for recurrent policies.
This formulation 1s based on the likelihood ratio trick, i.e. the score function estimator. To obtain
this formulation, the authors consider a generic history-dependant policy v(a|h;), obtaining the
following gradient formulation
T-1
VeJ (ve) =E > Vologve(ailhi)J(7)| . (1)
t=0
Note that each Vg log vg(a:|h:) term in equationdepends on the whole history h; at each timestep
t which makes BPTT necessary for stateful policies, such as RNNs. However, BPTT comes with
many issues. Firstly, this method is inherently sequential, limiting the utilization of potential gradi-
ent computations that could be performed in parallel. Secondly, when dealing with long trajectories,
the gradients may suffer from the problems of exploding or vanishing gradients, which can hinder
the learning process. Therefore, histories are often truncated, leading to a biased gradient estimate.

To solve these issues, we consider a different policy structure. Instead of looking at policies with an
internal state, we model our policy as a joint probability distribution over actions and next internal
states, i.e. (a, z’) ~ mg(+|s, z). By considering a stochastic policy state transition, we derive a policy
gradient formulation that does not require the propagation of the policy gradient through time but
only depends on the local information available, i.e. the (extended) state transition.

Lemma 2.1. (Stochastic Stateful Policy Gradient) Let wg(a, 2’|, z) be a parametric policy repre-
senting the joint probability density used to generate the action a and the next internal state z', and
let T be the extended trajectory including the internal states. Then, the S2PG can be written as

T—1

ng(’/‘re):[g ZVglogﬂe(at,ztﬂ\st,zt)(}(?) . 2)

t=0

This lemma is straightforward to derive using the classical derivation of the policy gradient. The
complete proof can be found in Appendix In contrast to the gradient in equation|1} the gradient
in equation E] depends on the information of the current timestep ¢, i.e. a;, z¢+1,5; and z;. We can
deduce the following from Lemma 2.1}

The gradient of a stateful policy can be computed stochastically, by treating the internal state of
policy as a random variable. This modification results in an algorithm that does not require BPTT,
but only access to samples from z.

We allow to trade off speed and accuracy while keeping the gradient estimation unbiased.
While truncating the history to save computation time biases the gradient, estimating the expectation
with a finite amount of samples of z does not. In contrast to BPTT, this formulation supports par-
allel computation of the gradient, allowing to fully exploit the parallelization capabilities of modern
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Figure 1: Stochastic computational graph illustrating, left to right, a comparison of a stateless policy, a stateful

policy trained with BPTT, and a stateful policy incorporating a stochastic internal state transition kernel. Deter-
ministic nodes (squares) allow for the passage of analytic gradients, while stochastic nodes (circles) interrupt
the deterministic paths. The input node to the graph is represented by 6. The blue lines indicate the determin-
istic paths for which analytic gradients are available for a specific action. For a detailed demonstration of how
stochastic node gradients are calculated compared to deterministic ones, refer to FigureE]in Appendix

S EI

automatic differentiation tools and parallel simulation environments. As the batch size for gradient
computation increases, the variance of our gradient estimator decreases, as shown later in Section 3]

We present an alternative perspective by explaining the core principle of Lemma [2.1]in the context
of stochastic computation graphs, as proposed by |Schulman et al.| (2015a). The key idea of Lemma
[2.1)is to shield the deterministic path through internal states using a stochastic node, specifically our
stochastic internal state kernel. Figure [I]illustrates this by comparing analytic gradient paths of the
internal state z across different policies. While S2PG resolves issues with exploding and vanishing
gradients in long sequences, it introduces potential high variance due to the stochastic internal state
kernel. To address this, we propose compensating for the added variance by utilizing state-of-the-art
actor-critic methods while maintaining the same policy structure.

2.2  ACTOR-CRITIC METHODS FOR STATEFUL POLICIES

To define actor-critic methods, we need to extend the definitions of value functions into the stateful
policy setting. Let s be some state of the environment, z some state of the policy, a a given action,
and 2’ the next policy state. We define the state-action value function of our policy 7 (a, 2’|s, z) as

Q" (s,2,a,2") =r(s,a) +vE | E [Q7(s',2,d",2")]| = 7(s,a) + 7 E[V"(s',2)] (€)

with s’ ~ P(:|s,a) and (a’, 2"") ~ 7(-|s’, 2’). Furthermore, we define the state-value function as

Vi(s,2) = E, [Q7 (s,2,a,2)] where (a, 2') ~ 7(-|s, 2) . 4)

Note that these definitions are equivalent to those of the value and action-value functions in a Markov
policy. Indeed, the value function V' (s, z) is the expected discounted return achieved by the policy
« starting from the state s with initial internal state z. Thus, we can write the expected discounted
return of a stateful policy as 7 (7) = [ u(s, 2)V (s, z)dsdz with the initial state distribution ¢(s, 2).

The fundamental theorem of actor-critic algorithms is the Policy Gradient Theorem (PGT) [Sutton
et al.|(1999). This theorem lays the connection between value functions and policy gradients. Many
successful practical approaches are based on this idea and constitute a fundamental part of modern
RL. Using our stochastic internal state kernel and the definitions of value and action-value function
in equation A and[3] we can provide a straightforward derivation of the PGT for stateful policies.

Theorem 2.2. (Stateful Policy Gradient Theorem) Let p™ (s, z) be the occupancy measure and
Q™ (s, z,a,z") be the value function of a parametric policy mg(a, 2'|s, z), then

VoTJe :/ / P70 (s, z)/ / Veome(a, 2 |s,2) Q™ (s, 2, a,2')dz' dadzds,
s/z Alz
is the gradient of the stateful policy.
The proof follows the lines of the original PGT and is given in Appendix [A.3] Differently from

Sutton et al.| (1999), which considers only the discrete action setting, we provide the full derivation
for continuous state and action spaces.
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Theorem 2.2] elucidates the key idea of this work:

We learn a @-function to capture the values of internal state transitions, compensating the
additional variance in the policy gradient estimate induced by our stochastic internal state transition
kernel. This approach enables the efficient training of stateful policies without the need for BPTT,
effectively reducing the computational time required to train stateful policies to that of stateless
policies. Figure [5]in Appendix [B]further illustrates and reinforces this concept.

While the PGT is a fundamental building block of actor-critic methods, some of the more successful
approaches, namely the Trust Region Policy Optimization (TRPO) |Schulman et al.[{(2015b) and the
PPO |Schulman et al.| (2017) algorithm, are based on the Performance Difference Lemma [Kakade
& Langford (2002). We can leverage the simplicity of our policy structure to derive Lemma [A.1]
a modified version of the original Lemma for stateful policies, allowing us to implement recurrent
versions of PPO and TRPO with S2PG. The Lemma and the proof can be found in Appendix [A.4]

2.3 THE DETERMINISTIC LIMIT

The last important piece of policy gradient theory is the definition of the Deterministic Policy Gra-
dient Theorem (DPGT) Silver et al.| (2014). This theorem can be seen as the deterministic limit of
the PGT for some class of probability distributions. DPGT provides the basis for many successful
actor-critic algorithms, such as Deep Deterministic Policy Gradient (DDPG) |Lillicrap et al.| (2016)
and TD3 [Fujimoto et al.|(2018). We can derive the DPGT for our stateful policies:

Theorem 2.3. (Stateful Deterministic Policy Gradient Theorem) Let j1g(s,z) = [11l , g, 1% _ o] T
be a deterministic policy, where 15 . o = j1g(s, 2) represent the action model and i , o = pg(s, z)

represents the internal state transition model. Then, under mild regularity assumptions, the policy
gradient of the stateful deterministic policy under pi®, = ph® (s,2)is

Vo (110) = / P40 (Vout . Va@" (s,2,0,05,.)|

+V9M§,ZVZ/Q“9 (8727U(5L,z72/)|z':u§ Z) dsdz.
S,Z ’

—,a
a_/"s,z

The proof is given in Appendix It is important to notice that, while the deterministic policy
gradient theorem allows computing the gradient of a deterministic policy, it assumes the knowledge
of the Q-function for the deterministic policy 1. However, to compute the ()-function of a given
policy it is necessary to perform exploration. Indeed, to accurately estimate the (-values, actions
different from the deterministic policy needs to be taken. We want to stress that in this scenario, in-
stead of using the standard Q-function formulation, we use our definition of ()-functions for stateful
policies: therefore, we must also explore the internal state transition. This key concept explains why
in our formulation it is not necessary to perform BPTT even in the deterministic policy scenario.

2.4 THE PARTIALLY OBSERVABLE SETTING

Within this section, we introduce the POMDP settings used within this work and adapt the previous
theory accordingly. Therefore, we extend Lemma|2.1|as follows.

Corollary 2.4. The stateful policy gradient in partially observable environments is

T-1
VoJ(me) = E Z Vo logme(at, ze+1|0¢, 2¢ ) J (T)
0t~O(s¢) Lt=0

The proof is given in Appendix [A.2] Corollary [2.4] offers a particularly intriguing perspective: If
we have knowledge of .J(7), it is possible to learn an internal state representation z; that effectively
encapsulates past information without looking back in time. In other words, it enables to learn the
compression of past information without explicitly considering previous time steps. This stands
in stark contrast to BPTT, where all past information is used to learn a belief of the current state.
Similarly to Corollary 2.4] we can extend Theorem 2.7

nggz///p"e(s,z)O(ob)//Vgﬂ'g(a,z'|o,z)Q”"(&z,mz')dads. 5)
sJolJz Alz

It is important to note the distinction between the Q-function, which receives states, and the pol-
icy, which relies on observations only. While it is possible to learn a @)-function on observations
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via bootstrapping, the task of temporal credit assignment in POMDPs is very challenging, often
requiring specialized approaches |Igl et al.[(2018)); Lee et al.| (2020a). This difficulty stems from the
following causality dilemma: On one hand, the policy can learn a condensed representation of the
history assuming accurate (J-value estimates. On the other hand, the Q-function can be learned us-
ing bootstrapping techniques assuming a reliable condensed representation of the history. Because
both, bootstrapping a ()-value function and learning a representation of the history, rely on mean-
ingful representations of the other, doing both at the same time often results in unstable training.
We show in Section [] that it is possible to combine Monte-Carlo estimates with a critic that uses
observations only using PPO to learn in a true POMDP setting. However, we limit ourselves to the
setting with privileged information in the critic, as shown in Equation 3] for approaches that learn a
value function via bootstrapping.

3  VARIANCE ANALYSIS OF THE GRADIENT ESTIMATORS

To theoretically assess our estimator’s variance, we provide the upper bounds of BPTT and S2PG in
the Gaussian policy setting with constant covariance matrix . As done in previous work|Papini et al.
(2022); Zhao et al.| (2011)), we define the variance of a random vector as the trace of its covariance
matrix (see equation equation [I7]in Appendix [A.6€). Furthermore, for both gradient estimators, we
assume that the function approximator for the mean has the following structure

o (se,ze) = fo(se,zt) wo(se,zt) = no(st, ze) (for S2PG) 2441 = ne(se, z¢) (for BPTT). 6)

Hence, fo(st,2¢) constitutes the mean of the Gaussian for both S2PG and BPTT, while 7g(s¢, 2¢)
constitutes the internal transition function for BPTT and the mean of the Gaussian distribution of the
hidden state in S2PG. Figure[6]in Appendix [Dlillustrates the policy structure. Additionally, T consti-
tutes the covariance matrix for the Gaussian distribution of the hidden state in S2PG. Our theoretical
analysis is based on prior work [Papini et al.|(2022)); Zhao et al.|(2011)), which analyzes the variance
of a REINFORCE-style policy gradient estimator for stateless policies and a univariate Gaussian
distribution. We extend the latter to policy gradient estimators using BPTT and S2PG, and broaden
the analysis to the more general multivariate Gaussian case to allow investigation on arbitrarily large
action spaces. In the following, we derive upper bounds for the variance of the policy gradient for
BPTT and S2PG and highlight the behavior of each estimator in different regimes. Therefore, we
exploit the concept of the Frobenius norm of a matrix || A||, and consider the following assumptions

Assumption 3.1. r(s,a,s’) € [-R, R] for R > 0 and Vs;, 2;, a;
Assumption 3.2. || fo(si, 20) ||, < F, || 55me(sis i) < H, || 5= folsi i) || < K Vs, 2

Assumption 3.3. || ;210 (si, 2|, < Z Vsi,

extended from|Zhao et al.|(2011)). Then, the upper bound on the variance of BPTT is given by:

Theorem 3.4. (Variance Upper Bound BPTT) Let vg(ai|h:) be a Gaussian policy of the form
N (ai|pg(he), X) and let T' be the trajectory length. Then, under the assumptions and
the upper bound on the variance of the REINFORCE-style policy gradient estimate using BPTT is

Var [VejBPrr(@)] < RQHZ_IHF(I — ,YT)Q

2 ~ 21-2 7
< N{— ) (TF*+2FHKZ + H K" Z), %)

Apprr

- . _ ) 2
where we define Z = EtT:_Ol f;(l) Z7 and 7 = EtT:_Ol (Zf;é Zt_l_l) for brevity.

Similarly, the upper bound on the variance of S2PG is given by:

Theorem 3.5. (Variance Upper Bound S2PG) Let wg(at, 21418, 2¢) be a Gaussian policy of the
form N (ay, ze11|pne(se, 2t), 2, ) and let T be the trajectory length. Then, under the assumptions
13.1] and the upper bound on the variance of the REINFORCE-style policy gradient estimate
using S2PG is

: L D e e
Var [V@Jszpa(@)] < N(lF—’y)Q (TF +TH" - H271||:) ®)
—_—
AsopG

The proof of both Theorems can be found in Appendix [A.6.1]and[A.6.2] When looking at Theorem
and it can be seen that both bounds consist of a constant factor in front and a sum over
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Memory Tasks

Parametric

Imitation Learning Tasks

Figure 2: Overview of tasks. Top: From left to right, Gym locomotion tasks with randomized masses and
hidden velocities, memory tasks with information hidden outside the observable area, and an ODE tasks where
the policy is blind and the parameters of the ODE and a FEN are learned. Bottom: POMDP Humanoid
walking/running task at 4.5 km/h respectively 9 km/h. The different humanoids should resemble — from left
to right — an adult, a teenager (~12 years), a child (~5 years), and a toddler (~1-2 years). The target speed
is scaled for the smaller humanoid according to size. The type of humanoid is hidden to the policy. A single
policy is able to learn all gaits. On the right, random carry-weight task using the Atlas humanoid. The weight
is randomly sampled between 0.1 kg and 10 kg at the beginning of the episode and is hidden to the policy.

F?, which is a constant defining the upper bound on the gradient of fy(s;, ;). Additionally, both
bounds introduce an additional term, which we consider as A. In fact, the latter is a factor defining
the additional variance added when compared to the variance of the stateless policy gradient. Hence,
for A = 0, both bounds reduce to the bounds found by prior work [Papini et al.| (2022)); Zhao et al.
(2011), when considering the univariate Gaussian case.

To understand the difference in the variance of both policy gradient estimators, we need to compare
Apprr and Agypg. For S2PG, the additional variance is induced by TH 2, which is the squared norm
of the gradient of internal transition kernel 79 (s;, z;) w.r.t. 6, weighted by the ratio of the norms of
the covariance matrices. In contrast, Theorem [3.4]highlights the effect of backpropagating gradients
through a trajectory as Agprr additionally depends on the constants Z and Z. First of all, for H > 1,
K > 1and Z > 1, we can observe that the quadratic term H 2K?2Z7? dominates Agpry. Secondly,
we need to distinguish two cases: as detailed in Lemma [A22] in Appendix [A.6.1] for Z > 1, the
term H2K?Z? grows exponentially with the length of the trajectories T, indicating that exploding
gradients cause exploding variance, while, for Z < 1, the gradients grows linearly with 7. That
is, while the variance of BPTT heavily depends on the architecture used for 74 (s;, 2;), the variance
of S2PG depends much less on the architecture of the internal transition kernel allowing the use of
arbitrary functions for 7y (s;, z;) at the potential cost of higher — yet not exploding — variance. Hence,
S2PG does not rely on specialized architectures that account for exploding gradients such as, GRUs
or LSTMs. We note that, for S2PG, we can define a tighter bound than the one in Theorem under
the assumption of diagonal covariance matrices as shown in Lemmal[A3]in AppendixﬁI

4 EXPERIMENTS

We evaluate our method across four different types of tasks. These tasks include MuJoCo Gym
tasks with partial observability, both with and without a privileged critic, which we consider as
Robust RL experiments, complex IL tasks with a policy under partial observability and a privileged
critic, a memory task, and a task in which we train the parameters of an ODE in a policy. Figure
2] provides an overview. To conduct the evaluation, we compare recurrent versions of three popular
RL algorithms—SAC, TD3, and PPO — that employ S2PG and BPTT. In Appendix [C| we present
the algorithm boxes for all S2PG variants. Furthermore, we compare against stateless versions of
these algorithms, which use a window of the last 5 or 32 observations as the input to the policy. To
show the importance of a policy state, we include basic versions of these algorithms, where only the
observation is given to the policy (vanilla) and where the full state is given to the policy (oracle).
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Figure 3: Top [Results Robust RL]: Comparison of different RL agents on POMDP tasks using our stateful
gradient estimator, BPTT with a truncation length of 5 and 32, the SLAC algorithm and stateless versions of
the algorithms using a window of observation with length 5 and 32. The ”Oracle” approach is a vanilla version
of the algorithm using full-state information. Results show the mean and 95% confidence interval of the nor-
malized return and the training time needed for 1 million steps across all POMDP Gym tasks. Bottom [Results
Imitation Learning]: Comparison of different versions of LS-IQ and GAIL on different imitation learning tasks
under partial observability. Results show the mean and 95% confidence interval of the normalized return.

To compare with specialized algorithms for POMDPs, we compare with SLAC |Lee et al.| (2020a).
SLAC is a model-based approach that learns complex latent variable models that are used for the
critic, while the policy takes a window of observations as input. Agents that utilize our stochastic
policy transition kernel are denoted by the abbreviation “RS”, which stands for Recurrent Stochastic.
We use Gaussian policies — for a and 2z’ —in S2PG for all our experiments. The network architectures
are presented in Appendix D] The initial internal state is always set to 0. When an algorithm has
a replay buffer, we update its internal states when sampling transitions to resemble BPTT. For a
fair comparison, all methods, except SLAC, are implemented in the same framework, MushroomRL
D’Eramo et al|(2021). To properly evaluate the algorithms’ training time, we allocate 4 cores on
our cluster and average the results and the training time over 10 seeds for all experiments.

Robust RL Tasks. The first set of tasks includes the typical MuJoCo Gym locomotion tasks to test
our approach in the RL setting. As done in|Ni et al.[(2022)), we create partial observability by hiding
information, specifically the velocity, from the state space. Furthermore, we randomize the mass of
each link (c.f., Fig. [3). As described in Section[2:4] it is challenging to learn a stochastic policy state
while using bootstrapping. Therefore, we use a privileged critic with a vanilla FFN for bootstrap-
ping approaches. On the top-left of Figure 3] we show the cumulative returns and training times
for a TD3 and a SAC-based agents. The overall results show that our approach has major computa-
tional benefits w.r.t BPTT with long histories at the price of a slight drop in asymptotic performance
for SAC and TD3. We found that our approach performs better on high-dimensional observation
spaces — e.g., Ant and Humanoid — and worse on low-dimensional ones. A more detailed discus-
sion about this is given in Appendix [E:4 While the window approach has computational benefits
compared to BPTT, it did not perform well with increased window length. The full experimental
campaign, learning curves, and more detailed task descriptions are in Appendix [E4] In the second
set of tasks, labeled as ’No Privileged Information’ tasks, we aim to showcase the effectiveness of
our approach without using privileged information, combining the critic with Monte-Carlo rollouts.
Employing the same tasks as in the privileged information setting but without mass randomization,
our algorithm differs from BPTT by not utilizing a recurrent critic. The overall results, presented on
the top-right of Figure[3] consistently demonstrate our method’s superior performance over BPTT.
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While the training time of PPO-BPTT with a truncation length of 5 is similar to our approach,
notable differences emerge with longer truncation lengths. Both BPTT and the window approach
exhibit worse performance with a longer history. Comparisons with specialized methods, such as
SLAC [Lee et al.| (2020a), highlight our method’s better performance and faster training. Further
results, runtimes, and discussions are provided in Appendix

Imitation Learning Tasks. The main results of our paper are presented at the bottom of Figure [3]
Here, we introduce two novel locomotion tasks. The first task is an Atlas locomotion task, where
a carry-weight is randomly sampled, but the weight is hidden from the policy. The second task
is a Humanoid locomotion task under dynamics randomization. The goal is to imitate a certain
kinematic trajectory — either walking or running — without observing the type of the humanoid. To
generate the different humanoids, we randomly sample a scaling factor. Then the links are scaled
linearly, the masses are scaled cubically, the inertias are scaled quintically, and the actuator torques
are scaled cubically w.r.t. the scaling factor. For both tasks, the policies only observe the positions
and the velocities of the joints. Forces are not observed. As can be seen in Figure |3 our approach
can be easily extended to complex IL tasks using GAIL and LS-IQ. We observe that in the IL setting
our approach is able to outperform the BPTT baselines even in terms of samples. All results are
given in Figure[I4]and Figure [15]in Appendix [E.5] where we also further discuss the results.

Memory Task. To show that our approach can encode longer his- 10
tory, we present two memory tasks. The first task is to move a point
mass to a randomly sampled goal from a randomly sampled initial
state. The task is shown in Figure 2] While the goal is shown to the
policy at the beginning of the trajectory, it is hidden when the point /
mass moves away from the initial state. As can be seen in Figure f
[l our approach can outperform BPTT even for longer horizons. In
the second task, the positions of two doors in a maze are shown to
the policy when close to the initial state and are hidden once going SAC-BPTT-5

further away. Figure[§] provides an example and the results. As can 2’:2'_?{2?;35)

be seen, our approach outperforms BPTT on short horizons while

being slightly weaker on longer ones in the second task. We expect ~ Figure 4: Point mass results.
that the reason for the drop in performance is caused by the additional variance of our method in
combination with the additional absorbing states in the environment. The additional variance in our
policy leads to increased exploration, which increases the chances of touching the wall and reaching
an absorbing state. Nonetheless, our approach has a significantly shorter training time, analogously
to the results in Figure 3] All results and a more detailed discussion are given in Appendix
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ODE Task. Until now, all experiments were based on RNNs as stateful policies. As mentioned be-
fore, our gradient estimator could be used to train the parameters of a policy containing an arbitrary
ODE. Such a policy is shown in Figure[2| This setting is particularly interesting to encode inductive
biases directly into policy. To provide a proof of concept, we successfully train a completely blind
policy on the Gym HalfCheetah and Ant tasks, where we used the ODE of a CPG to encode an
oscillation directly into the policy; a bias that is very popular in locomotion research. The ODE is
simulated using the Euler method. More results and discussions are provided in Appendix [E.2]

5 CONCLUSIONS

This work introduced S2PG, an alternative approach for estimating the gradient of stateful policies
without using BPTT by exploiting stochastic transition kernels. S2PG is easy to implement and
computationally efficient. We provide a complete foundation theory of this novel estimator, allowing
its implementation in state-of-the-art deep RL methods, and conduct a theoretical analysis on the
variance of S2PG and BPTT. While this method still cannot replace BPTT in every setting, in the
most challenging scenarios and in the IL settings, S2PG can considerably improve the performance
and learning speed. Unfortunately, while S2PG can replace BPTT in the computation of the policy
gradient, it is still not able to properly learn a value function and an internal policy state at the same
time in the partially observable setting. While we show that our approach works well when the
critic is estimated with Monte-Carlo rollouts, we limit ourselves to the setting where the critic has
privileged information for bootstrapping methods. We plan to investigate solutions to this issue in the
future. Finally, we will investigate how our approach scales using massively parallel environments.
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A PROOFS OF THEOREMS

Within this section, we refer to the following regularity conditions on the MDP taken from form
Silver et al.|(2014):

Regularity Conditions A.1. — i(s, z), P(s'|s,a), Vo P(s'|s,a), me(a, ?'|s, z), Vemg(a,2'|s, z),
(s, z), Veue(s,z), r(s,a), Var(s,a), t(s) are continuous in all parameters and variables
s,a,z,0.

Regularity Conditions A.2. — There exists a b and L such thatsup, ¢(s) < b, supy , p(s'[s,a) <
b, sup, ¢ 7(s,a) < b,supy , [|Vap(s'|s,a)|| < L, and sup, ,[|Var(s,a)|| < L.

A.1 STATEFUL POLICY GRADIENT WITH THE SCORE FUNCTION
Proof. Let
T—1
'](7_—) = Z rytr(sh at)7
t=0

be the discounted return of a trajectory T = (sg, 20, a1, . . . ST—1, 27-1, @71, ST, 2T). Differently
from the standard policy gradient, we define the trajectory as a path of both the environment and the
policy state. The probability of a given trajectory can be written as
T-1
p(7|6) = (s0, 20) H P(siy1lse, ar)mo(at, zey1|se, zt).
t=0

The continuity of ¢(sg, z0), P(St+1|S¢,at), mo(at, ze41|5¢t, 2t), Veme(at, ze+1|5t, 2¢) implies that
p(7|0) and Vgp(7|0) are continue as well. Hence, we can apply the Leibniz rule to exchange
the order of integration and derivative, allowing us to follow the same steps as the classical policy
gradient

Vo (ms) = Ve / p(716) (7)d7 = / Vop(7(0)J(7)dr.

Applying the likelihood ratio trick, we obtain

Vo (ro) = | p(716)Vo logp(7]6) ()i = E (Vo log p(r[6)(7)] ©)
To obtain the REINFORCE-style estimator, we note that
T-1 T-1
log p(7|0) = log t(so, z0) + Z log P(St+1]|st, ae) + Z log g (at, ze+1]¢, 2¢) -
t=0 =0

The gradient Vgp(7|0) only depends on the policy and not the initial state distribution or the state
transitions. Therefore, we can write the stateful policy gradient as

T-1
VoJ (7o) :]}T": ZV@ log mg (at, ze41|se, 2¢) J(T) | (10
t=0
concluding the proof. O

A.2 STATEFUL POLICY GRADIENT IN PARTIALLY OBSERVABLE ENVIRONMENTS

Proof. The derivation follows exactly the one for the fully observable scenario, with the difference
that we need to deal with the observations instead of states. The probability of observing a trajec-
tory 7 in a POMDP is
T-1
p(716) = t(s0,20)0(00|0) [ [ O(oss1]s641)P (5041150, ar)mwa(as, 2er1lot, ).
t=0

Computing the term Vg log p(7|@) and replacing it into equation [0 we obtain

T—1
VoJ (o) =E | Velogme(ar, zet1lor, 2)J(7) | ,
t=0
using the same simplification as done in equation concluding the proof. [

13
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A.3 STATEFUL POLICY GRADIENT THEOREM

Proof. We can write the objective function as follows

Jo= E_ [Vig(s0,20)] = E [Q™ (s0, 20, a0, z1)] -
(s0,20)~t ((50720))~L,
ag,z1)~7g

We can now compute the gradient as

VeoeJe = Ve E [Q7° (50, 20, a0, 21)]
(s0,20)~¢,
(ag,z1)~mg

:Vg////L(so,zo)ﬂg(ao,zl|so,ZO)Q“"(SO,zo,ao,zl)daodzldsodzo.
stzlalz

The regularity conditions imply that Q™ (s, z’,a,2) and VgQ™ (s, 7z, a,z) are continuous
functions of 6, s, a, and z. Further, the compactness of S, A and Z implies that for any 6,
IVeQ7 (3,2, a,2)| and | Vomg(a, 2’|s, z)|| are bounded functions of s, a and z. These conditions
are required to exchange integration and derivatives, as well as the order of integration throughout
the this proof. Hence, the gradient can be written as

VeJeZ////Va[L(S(),Zo)ﬂe(amZl|807Zo)Qwe(807Zoﬂlo,al)}daodzldsodzo
slzlalz

:////L(SO’ZO)V"“’(“O’21|SO:ZO)QM(50,20,ao,z1)
SJzZJAJZ

+ (0, 20)me (a0, 21|50, 20) Ve Q™® (S0, 20, a0, 21)daodz1dsodzo.

We now focus on the gradient of the Q-function w.r.t. the policy parameters. Using the following
relationship

Q™ (st, 2t, at, 2e41) = 7(8¢, ar) +7/ P(st+1]st,a) V7™ (141, 2e41)dSe 41
S

We can write
VoQ™ (st, 21, a1, 2t41) = Vo {T(Stvat) +7/ P(st41]st,a)V™ (st41, 2641)dst41
S
= 7/ P(3t+1|3t:at)vevﬁ9 (5t+1,2t+1)d8t+1.
S

Similarly, we can compute the gradient of the value function as

VoV (st,2t) :/.A/Z (Veﬂe(az,zt+1|st,zt)Q""(st,zt,at,th)
+’Y/S7Te(at7 Zt+1|5t7 Zt)P(5t+1|5t,at)v9V7re (St+1, Zt+1)) d8t+1datd2‘t+1~
We now focus again on Vg Jg. Using the linearity of integrals, we write
VeoJe :/S/z /A /Z (80, 20)Veme(ao, 21|50, 20)Q™® (s0, 20, ao, 21 )daodz1dsodzo

+////L(so,zo)Wg(ao,21\30,ZO)VQQ“"(SO,zo,ao,zl)daodzldsodzo.
slzlalz

14
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Now, using the expressions for Vg V'™ and Vg™, we can expand the second term of the previous
sum for one step (limited to one step to highlight the structure)

////L(so,zo)ﬂe(ao,zo|so,zo)VgQ”"(so,zo7a0,zl)daodz1dsodzo
slzlalz
:’Y/////L(so,zo)ﬂg(ao,zo|so)P(sl|so,ao)VQVm’(sl,zl)ds1daodz1dsodzo
slzlalz/s
:’Y/////L(So,Zo)We(CLo,Z1|80,ZO)P(S1|80,GO)~
slzlalzls
'[//Veﬂe(a1732|317Zl)Qﬂe(SLZhahZQ)
AJZ

+’Y/7T9(a1722‘81,Zl)P(SQ‘Sl,CLl)vevﬂ-e(SQ,ZQ)dSQdaleQ dsidaodz1dsodzo.
s

By splitting the integrals again and rearranging the terms, we obtain

////L(So,Zo)ﬂe(ao,21|So,Zo)VeQﬂe(So,Zo7ao,zl)daod21d50dzo=
slzlalz

’y/////L(807Zo)ﬂ‘g(ao,21|So,Zo)P(51|So,ao)da0d21d80d20~
stJzlalzls

. [//Vgﬂg(a1,22|sl,zl)Qﬂe(sl,zhal,22)da1dzz d51
AJZ

+72////////L(SovZO)WG(am21|807ZO)P(51|807GO)We(ala22|81721)P(52|817a1)'
SJZJAJZIJSJAIJZIS

. Vevﬂ'e (827 22)dSQdClengsldaodZ1d80dZQ.

To proceed and simplify the notation, we introduce the notion of t-step transition density Tr;°, i.e.

the density function of transitioning to a given state and policy state in ¢ steps under the stochastic
policy mg. In particular, we can write

Tr(® (s0, 20) = ¢(s0, 20),

Tr;rg(slazl):///L(So,Zo)ﬂe(ao,21\80,ZO)P(S1\so,ao)dsodzodao,
Atz /s

t—1
Try® (s¢, 2¢) = / (80, 20) H wo(ak, 2k+1|Sk, 2k ) P(Sk+1|Sk, ar)dspdziday.
StxZtx At k=0

Now we can put everything together, expanding the term containing VoV ™ an infinite amount of
times

ngez//Trge(so7zo)/ / Veme(ao, 21|50, 20) Q™ (s0, 20, ao, z1)daodz1dsodzo
sz Az
+’Y//Tr¥9(81721)//Veﬂe(ah22\81,Zl)Qﬁe(Sh21701722)da1d2’2d81d21
sz Az
+’)/2//TI‘72TG(82,Z2)/ / Veﬂ'e(ag,23|82,ZQ)Qﬂ-G(SQ,22,a2,23)da2d23d82d22
sz Atz

+73//Tr§6(8372’3)/ / Veome(as, z4|s3, 23) Q™0 (83, 23, as, z4)dazdzadszdzs
stz Alz

:ZWt//TF:G(St,Zt)'
t=0 s/z

‘//vgﬂ'e(at,Zt+1|$t,Zt)Qwe(St,Zt,at7Zt+1)dCLtdZt+1dStdZt.
Az
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Exchanging the integral and the series we obtain

VeJe =/ nytTrf"(st,zt)
stz

t=0

//Vgng(at,zt+1|st,zt)Q"9(st,zt,at,zt+1)datd2t+1dstdzt.
AJZ

Now, with the definition of the occupancy metric

pTO(s,2) = > _A'Trye(s, 2),
t=0
and by relabelling s, 2, at, 2;+1 into s, z, a and 2’ we obtain

nggz//pﬂ"(s,z)/ / Veome(a,z'|s,2) Q™ (s, 2, a, 2" )da dz'ds dz.
sz Az

A.4 STATEFUL PERFORMANCE DIFFERENCE LEMMA

This lemma is particularly useful because it allows using the advantage function A9 computed for
an arbitrary policy ¢ to evaluate the performance of our parametric policy mg. As ¢ is an arbitrary
policy not depending on 8, the left-hand side of the Performance difference lemma can be used as a
surrogate loss. This lemma allows to easily derive S2PG version of PPO and TRPO.

Lemma A.1. (Performance Difference Lemma for Stateful Policies) For any stateful policy w
and q in an arbitrary MDP, the difference of performance of the two policies in terms of expected
discounted return can be computed as

t=0

J(m)—=J(q) = ?NE%’P [Z ’YtAq(Sn Zt, at, Zt+1):|

Proof. Starting from the lemma

oo
Z’YtAq(stv Zty ity Zt+1):| 3

t=0
we can rewrite the advantage as

Al(st, zt,ae,2e41) = E b [r(se,ae) + YVI(st41, 2e41) — VI(st, 20)] -
Sstp1n

We can then manipulate the right-hand side as follows

JEL Z’YtAq(StaZmat,Zurl)] =_E_ [ Y (r(s05 @) + AV (8041, 2041) — Vq(SmZt))]
=0 ™~

t=0

+ B Z’Yt+1Vq(st+1,zt+1) - Z’ytvq(st,zt)}
T, =0 =
=J(m) + ?NE,P ;7tvq(5tv zt) — ; 7V (st, Zt):|
=J(m) + ( ]E) [Vi(s)]
:*7(71-) - J(q)7
concluding the proof. O
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A.5 STATEFUL DETERMINISTIC POLICY GRADIENT THEOREM

Proof. The proof proceeds in a very similar fashion as the one for the standard DPGT. We start by
computing the gradient of a value function at an arbitrary state s and an arbitrary policy state z

VoV (s,2) =VaQ" (s, 2, i3 (s, 2), 1 (s, 2))
=V (r<s,us<s,z>> + [ AP 55, )V (s',uz<s,z>>ds/)
=Veug(s; 2)Var (s, a)|a=pug(s,») +Ve/SYP(SI|5:M3(5aZ))V#Q(Slwz(saz))dsl
=Vor(s,2)Var(s oo + [ 7 (P15 (5, 2) VoV (< (5. 2)
+ Vo (s, 2)VaP(s'|5,0)lamg o)V (5: 1155, 2) ) ds’

=Voug(s,2)Va (T(s,a) +/S’yP(s/|s,a)V“"(s',uZ(s,z))ds’)

a=pg(s,2)

+ Voug(s, z) (/ ’yP(s'|s,a)|a:ug(syz)VZ/V”9(s/,z/)ds')
s

2= (s,2)

ds’ (11)

2=pg(s,2) ¥5

+/SfyP(s/\s,,u$(s,z)) VeV*e(s' 2
Now, we can observe that
V. Q" (s,2,a,2") = V. (r(s,a) —l—/s'yP(s/|s7a)V“" (s',z')ds')
= /SfyP(s'\s,a)szV“" (s',2")ds". (12)
Substituting equation [I2]into equation[T1]yields

Vevue(&z) ZVGHZ(SaZ)va QHB (s,z,a, /LZ(&Z)”(J:HS(S,Z)
+ VGMGZ)(SWZ) VZ/QMQ(S,Z,IJ%(S,Z),Z/”

z'=pg(s,z)
b [P (s, 2) oV ()] S (13)
s 2'=pp(s,z)
To simplify the notation we write
G"%(s,2) =Veug(s,z2)Va Q"0 (s, Z7G7M§(sz))|a:ug(s,z)

+ Veﬂz(sa Z) VZ/QHG (87 2, Ng(sv Z)? Z/)’

2'=pg(s,z) °
Therefore, equation[I3]can be written compactly as

VeVH#(s,2) = G"®(s,2) + / YP(s'|s, ug (s, 2)) VeVHo (s, 2") ds’. (14)
s

z'=pg(s,z)
Using equation T4} we can write the gradient of the objective function as
VoJ (1) =V /s /2 (80, 20) V"8 (0, 20)dsodzo
:/ / (80, 20)G*® (80, 20)dsodzo
SJZ

+//L(so,zo)/wP(sl\so,,uZ(so,zo)) V.gV”e(sl,zl)|21:#§(50,20)dsldsodzo. (15)
stz s

Before continuing the proof, we need to notice that the variables s’ and z’ are conditionally indepen-
dent if the previous states s and z are given. Furthermore, it is important to notice that, even if the
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policy state z is a deterministic function of the previous state and previous policy state, the variable
z is still a random variable if we consider its value after more than two steps of the environment,
as its value depends on a set of random variables, namely the states encountered during the path.
Using these two assumptions, we extract the joint occupancy measure of s and z. Unfortunately, to
proceed with the proof we need to abuse the notation (as commonly done in engineering) and use
the Dirac’s delta distribution ().

Due to conditional independence, we can write the joint transition probability under the deterministic
policy pg as

Pro(s',2]s,z) = P (s']s, 2)8"° (', 2) = P(s'|s, ne (s, 2))8(2" — (s, 2)),

with Pre(s'|s, z) = P(s'|s, ug(s,z)) and 0% (2'|s, z) = (2" — p§(s, 2)).
Now we can write

Pro(s'|s,2) = / Pro (s 2 |s, 2)d = / PHo(s'|s, 2)0" (2']s, 2)d2’.
z z

We introduce, as done for the PGT, the t-steps transition density Tr}® under the deterministic policy
He

Trg® (80, 20) = ¢(50, 20),

Trfe(s1,z1):// (80, 20) P"® (51|50, 20)8"® (21|50, 20)dsodzo,
s/z

t—1

Try® (s¢, z¢) = / (0, 20) H P (sp41|Sk, 2)0"0 (Zk41| Sk, 21 ) dskdzy.

Stxzt k=0

Using the previously introduced notation, we can expand equation I3} by recursion, infinitely many
times

//L(so,zo) (G”9(30,20)+L(so,20)//WP“"(sl,z1|so,zo)V9V”9(s1,zl)dsldzl) dsodzo
sz s/z
://Trg"(so,zo)G“B(so,zo)dsodzo+////'yL(so,zo)P“e(sl,zﬂso,zo)
slz slzlts/z
'(G“9(81,Z1)+//’VP”9(82,Zz|81,zl)VgV”"(Sg,Zg)ngdzg) ds1dz
sz

://Trg"(so,zo)G“B(so,zo)dsodzo+//W’I‘r‘f"(sl,zl)G“e(sl,zl)dsldzl
slz stz

+/ 72L(so,zo)P”e(sl7zl\so7z0)P“9 (82,2281, 21)Va V"0 (82, 22)dsadzads1dz1dsodzo

S3x 23

:Z/ / ’ytTrtue(st,zt)G“e(st,zt)dstdzt‘ (16)
t=0757/2

Now, we notice that the occupancy measure is defined as

P (s, z) = Z’YtTriLe (8¢, 2t) -

t=0

Therefore, by exchanging the order of series and integration we obtain:
Vo (uo) = [ [ 34Tt (5,2)G (5. 2)dsds
§J2 =0

= [ [ 0775.2) (Tanbs. 2090 @ (522001552
SJZ

Vo (5,2) VarQ (s, 2 113(5, 2, )|y oy )

which concludes the proof. O
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A.6  VARIANCE ANALYSIS OF POLICY GRADIENT ESTIMATES

In the following section, we define the variance of a random vector A = (Ay,..., A;) as inPapini
et al.[|(2022);Zhao et al.|(2011)
Var[A] = tr (E [(A - E[A])(A - E[4])"]) (17)
!
=Y E[(4n —E[4n])’] (18)
m=1

Using this definition, we can compute the variance of the policy gradient estimators for stateful
policies using BPTT and S2PG.

A.6.1 BACKPROPAGATION THROUGH TIME

Proof. We consider a policy of the following form

v(alhe, ©) = N (ai|po(he), ¥) = exp (-%(at — po(he)) "2 (ar — Me(ht))> , (19

1
v/ 2md|5|

where © = {0, X}. For a fixed covariance Y, a REINFORCE-style gradient estimator for this policy
depends on the following gradient

T—1 T—1

F(r) =" Vologm(ailhi,©) =Y Vopo(he) Ve, 10g N (as|mi, ) lm, = (h)
=0 =0
T—1

= Voo (ht) (Eil(at = 1m1)) lmy=pag (he) -

t

Il
<)

Given the total discounted return of a trajectory

T-1

G(r) = Z 7t71T(8t7 at, St41)

t=0

the variance of the empirical gradient approximator is given by

Var [V (0)] = %Var G(r) (7)), (20)

where N is the number of trajectories used for the empirical gradient estimator. Therefore, we can
just focus on Var [G(7) f(7)]. Using equation[L8] we can define an upper bound on Var [G( ) f(7)]

l

Var [G )] < Z sz

2
( St,at78t+1)>
Vou

T
( g(ht)( a ( mt)) mt=N6(ht)>

. ( Voue(ht) (271(% - mt)) mt:HB(ht)> :

H I
M |

o
[=}

3
-

Let & = X Ya; — my) where a; ~ N(my,X), then &(m;) are random variables drawn

from a Gaussian distribution N(0,X~1). Hence, we define p(&) = N(0,X7!) and treat
& as an independent random variable sampled from p(&;). For compactness of notation,

we define £ = [50,...,§T]T, where p(§) = Hthop(gt). In a similar way we define
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(7€) = t(s0) HtT:O P(s¢4+1]8¢, &t ). Using this notation, we can write

Var [G(7) f(7)] S/gp(f)p(ﬂf) ( 3 fYtilT(St,at,StJrl ) (Z Voo (he) & > <Z Voo (ht) >

201 _ A T\2 T-1 T
’ t=0 t'=1
R2(1 — AT)? T—1
(1—~)2 <75 Zf Ve/le(ht) Vg,ug(ht)g] Q1)
t

=0
[ Z & Vouo(he)' VeﬂQUlt/)&]) .
t=0,t#t!

Now, we take a look at the last term. Without loss of generality, we will assume ¢’ > t. As &
is a random variable drawn from a Gaussian distribution with zero mean, and as hy and h; are
independent from &/, we can write

T-1
E Z & Vopo(he) " Vopo(he ey
e Lt/ =0,t#t!

T—1

Z E |:£;I—V6,U/9(ht)—r Veug(ht/)gt,]
t,t/=0,t£t! e

T—1

Z E [ftTVe)ue(ht)TVgp,g(ht/)] E [&]
A VLS &y

0.

where in the last line we used the fact that E¢,, [£;/] = 0. The same result holds for ¢ > ¢/, following
a similar derivation.

Continuing from equation 21} let Z; = Voug(h:) " Vouo(hs) . Noticing that Z; is a square positive
semi-definite matrix, we can write

= % Tz: E EE (67 Vona(h) Veue(ht)&H
- 1%2((%77;)2 jz_:olrﬂj:& [tr (V"M(ht)T vwe(ht)ZA)}

Ba- 7y T E [[otto(n) [, [ Voot =71
< BOTE Sk [waomoll- 57

where ||| is the Frobenius norm. When p(h¢) is implemented as a recursive function yu(hy) =
fo(st, ze41) where 2,11 = 1g(s¢, 2¢) the gradient is given by

t

(9 0 0
Vouo(he) = o5 fo(st, zt) <260n9 8i2i) Hazjne(sj’zj)> 5z, Jo (st 2) (22)

j=i+1
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Using this gradient and using the Assumptions [3.2] and [3.3] we bound the norm of the gradient of

1o (hy) as follows
t—1 a
o> .
t
<F+ <ZH I Z>
=0 J=i+1
t—1 )
=F+H (ZZ“1> K.

=0

t

1

Fj=it1

0
872/79(31', 25)

0 0
[Voro(he)| < H%fe(suzt) %770(81‘722‘)

F

Hence, the final bound is given by

A

S]] < P (5 )

t=
_ RYET( )
- N(@-92

(TF? +2FHKZ + H*K*Z?) |
where we define Z = Y1 ' S Th Zt-i-1 and Z = (Zt L gtmis 1) for brevity, con-

cluding the proof. O

We can further analyze the properties of the BPTT estimator with the following lemma:

Lemma A.2. For Z < 1 the two constants Z and Z grow linearly with T', while for Z > 1 the two
constants grow exponentially with T'.

Proof. The series expressing Z can be written as

Tl i 2 T-1 /-1 2 11 1 72
CEE B £

t=0 k=0 t=0
—1 T—1
T Z% 2 Zt
- a=zp ( DMWY
T - Z2T 1-27
= + -2
1-2)2" 1-22 1-Z

T 1 1-22T —21-2Z1(1 + 2)
‘ufzv+ufzv< T-2)(1+2) )
T, 1-z"0+2z2") -2 - 251+ 2)

(1—2)2 (1-2)3(1+2)
_ T +(172T)(ZT72271)
(1-2)? (1-2)*(1+2)
T (ZzT 1) (2T -2z —1)

-2t Zoa+2) @3)
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From equationwe see that Z is composed of two terms, where the first is O(7T') while the second
one is O(Z2T"). The series expressing Z can be written as

T—1t—1 T—1t—1 T—1 1_ Zt
Z — thifl _ Zk
> T7
t=0 =0 t=0 k=0 t=0
T—1 T
1 . T ZT —1
-t (- L AL 24
12( 2 > -z 1=2)p @4

From equatlongwe see that Z is composed of two terms, where the first is O(T) while the second
one is O(Z™). These observations conclude the proof. O

A.6.2 STOCHASTIC STATEFUL POLICIES

Proof. For stochastic stateful policies, we consider similar policies of the form

(as, zig1|se, 26, ©) = N (9o (s¢, 2e41),T) (25)

_ \/ﬁ exp (—%(at — Do(st,20)) T (ar — ﬁg(st,zt))> ,

where © = {6,T}, where 9 is the mean vector containing the means corresponding to an action
. T . . .
and a hidden state such that ¥y (s, z¢) = [ug(st, 2) 7, JTHED zt)T} ,and I is a covariance matrix
. . . . . D)
containing the covariances corresponding to an action and a hidden state such that I' = [0 3} .

Then, we can write the gradient with respect to a trajectory as follows

|
-

T T-1

f(®) =" Vologn(as, ze41|5¢, 2,0 Z Vo (1og7r(at|st7 2¢,0) + log m(2ze41|5¢, 2t @))

t=0

T
LS

Z VONG Sty 2t) Vi, IOgN(mt: )‘mt:HS(Stazt)

-
Il

0
VGMZ(Sh 2t) Vi, 10g N (bt, 1) by =3 (s1,20)

54

Voug(se,2e) (57 (@t — M) lmy—pp (s1,70)
—0

+ Vo (st 2e) (Y71 (2e1 = be)) [by=s (s020) »

eb

where we have used the fact that a; and 2,4 are independent for decomposing the gradient into a
part corresponding to the mean of the Gaussian used for sampling action and a part corresponding
to the mean of the Gaussian used to sample the next hidden state.

Let & = Y~ (2,41 — b) where z;1 ~ N(b;, T), then & (b;) are random variables drawn from a
Gaussian distribution A/(0, Y~1). Hence, we define p(¢;) = N (0, T~!) and treat &; as an indepen-
dent random variable sampled from p(&;). Then we can use equation |18 again to define an upper
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bound on the variance such that

(7_')] S[ﬁp(?)p(ﬁ)p(f) (Z ’Ytlr(St,at7St+1)>

t=0

Var [G(f)f

T—1 _ T
. (Z Vous(st,zt) & + Voug (s, Zt)&)

t=0

T—1
. (Z Voug(se, zt) & + Voug(se, Zt)ét)

t=0
201 -1 T
<R((11_7’Y)2 [Z Z (Veue st,2t) & + V0M9(8t72t)§t)T

- (Vonb(svr,2) & + Voui (s, 20w )

R*(1—
_(177

i: (Veue (st,2¢) & + Ve,ue(snzt)ﬁt)—r
-0

. (Veug(% z) & + Vg (se, Zt)gt):|

T-1
~N\ T
: ‘IEE [ > (VGMZ(SmZt)& + Vgué(st,zt)&)

t,t/=0,t#t’

: (VQMS(St/zzt/)gt’ +V9Mg(5t/7zt/)£t/):| .

Again, the last term can be dropped due to

t,t/=0,t£t!

-1 NT -
}?5_ Z (VGUZ(Sh zt) & + Vopg (st Zt)ft) (VGUZ(StM zv) &+ Voug(se, Zt')ét')

T-1

[(wzm, 2 &+ Vorilse20)in)  (Vous(su, ) & + Vori(s, zt/>£t/)}

~\N T
{(Veug(su zt) & 4 Voug(st, Zt)ft) ]

> (,E [VGMZ(St,Zt)T ftT] +3‘:§. [Veﬂg(st,zt)TgtT})

T,
t,t/=0,t#£t!

=0 =0

- (E5 [Vori(s0,20) 60| + E [veuz(st,,zt,)gt,]) 0.

=0 -0

Noticing that Voul(se, z¢) " Veud(se, z:) and Vepui(se, z) " Veui(se, 2) are square positive
semi-definite matrices, allows us to write
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201 _ AT)2 T-1 B B
& ((11_ ,7)2) ,]%g (Veug (st,2t) & + Vopg(st, Zt)ft)T (Veug(&, z¢) & + Voiio(st, zt)gt):|
88 | i=o
201 _ AT\2 T=1 B B
—EA S S B, {(vgumh @) &+ Vori(se 706 (Voud (st 20) & + Vofio(se zo&ﬂ
t=0 7%
_ R(1-9")?
(1=9)?
T-1 T AT ~
; E [(Vﬂﬂg(stazt)ﬁt) (Veug(smzt)&)] + TIEg {(Veug(smzt)ft) (Veug(st,zt)&)}
+7",IE,§~ [(Veﬂg(styzt)ft)T (Vaﬂg(stazt)ét)} +%E,é {(Veﬂg(stvzt)ét)T (Veug(st,Zt)&)])
=0 =0
_ R2(1 _ ,VT)Q

020" (8 [ (Vom0 Va2 7))

o (Tt "o 207)])

- % (gm (90550207 127 ,] +E [IIVora (st )7 - HT_1I|FD :

To align with the notation from the previous proof, we define u§(s¢,2:) = fo(st, 2) and
15 (st, 2¢) = ne(st, z) and get

R2(1 _,yT 2 T-1 B B
o (S B Iwedaten 0l 5741,] + & [ avoten 0171,
R*(1-~T)? (X _ _
<EO (e )
t=0
such that the final bound on the variance of the S2PG is given by

) R0 -0 (52 L e,
Var [VQJSZPG(G)] S N(l—"}/)Q (;F + H”- HZ_IH )7

F

N

concluding the proof. O
Lemma A.3. Given a policy, similarily to equation m(ag, ze41|8t, 2, (:)) = N(g(s4,2041),T)
withT = Fj 3] and limiting the covariance matrices Y and Y to be diagonal, then the bound

from Theorem[3.3] can be replaced by a tighter bound

5 R*tr(27H(1 =TT [ 2tr(Yh)
< —— .
Var [Verzpc(e)} < N(—~)? (Fd + Hj tr(E*1)>
Proof. Indeed, when B is diagonal it is easy to show that
tr(AB) = diag(A) " diag(B). (26)

Let diag(X) = o = [00,...,0)q] ", and diag(Y) = v = [vg,...,v},]". Using equation [26| we
can write

-
tr (VGHZ(Sty 2) " Vopug (st, zt) 271) = diag (Veﬂg(&n 2t) " Voug (s, Zt)) diag (%77)

.
tr (Vg,ug(st, 2) " Voug (s, zt)Tfl) = diag (Vg,ug(st, 2) " Voug (s, zt)> diag (Tfl) .
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Let X4 be the i-th row of the matrix X. We observe that

Vo (1 (51, 20)°0) T Vopug (se, z)") ]

Vo (g (s, 20) 1) TV opg (se, 2,) 01171
[V os (s, 2) 113

diag (Vgug(st, z) " Vous (st Zt))

IVopg (se, ze) 11113

The same observation can be done by exchanging ug with 15, Notice that the resulting vector is
a vector of the norms of the gradient of the mean functions w.r.t. a specific action (or internal state
component).

If we assume the existence of two positive constants Fyy and Hy such that ||Voud (s, z)||2 < F2
and ||Vgu (s, 2:) |3 < H3, Vi, 54, 2; then we can write

tr (Vgug(st,zi)TVgpS(st,zt) Z_l) <F?. (1T diag(E_l))

1 _
=F; Y —=Fjtu(2)
=0 71
tr (VOMZ(St,Zt)TVGWz)(St,Zt)T_I) < H; : <1T diag (T_l))
la|—1
1 _
=Hj Y — =Hiu(1™). 27)
i=0 '

Using equation [27]the bound of the variance of the single gradient estimator is

[E——"

Var [G(T—)f(%)] S% (TZIIE, [tr (Vgpg(st, zt)TVf;ug(st, 2t) Eil)

+ IE, [tr (Vgug(st, zt)TVQ,ug(st, zt)Tfl)]>

2 T-1

2 p—
R 1 ’Y Z Fd tr +Hdtr(T 1))
t=

)2
:M (Fite(27) + Hitr(Y ™).

Therefore, the gradient of the S2PG estimator in the diagonal Gaussian setting is

Vor [ doms(@)] < 1G0T (v 4 )

concluding the proof. O

Notice that, when the action is a scalar, we get

R2(1 _ ’}/T)2T

Var [ngszm(e)] < N(1 —~)202

(F7+ Hitr(Y "o?),
matching closely both the previous results of [Papini et al.| (2022)— with the addition of the term

depending on the internal state variance —and the special scalar action case of the generic bound
derived with a full covariance matrix.
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B QUALITATIVE COMPARISON OF THE GRADIENT ESTIMATORS

In this section, we analyze the difference between the stochastic gradient estimator for stateful poli-
cies and the BPTT approach in greater detail.

In BPTT, the gradient needs to be propagated back to the initial state. This requires the algorithm to
store the history of execution up to the current timestep, if we want to compute an unbiased estimate
of the policy gradient. The common approach in the literature is to truncate the gradient propagation
for a fixed history length. This approach is particularly well-suited if the recurrent policy does not
require to remember long-term information.

Instead, our approach incorporates the learning of the policy state transitions into the value function,
compensating for the increased variance of the policy gradient estimate (coming from the stochas-
ticity of the policy state kernel) and allowing for the parallelization of the gradient computation.
As shown in Figure [5] the stochastic gradient for stateful policies only uses local information at
timestep ¢ to perform the update, while the BPTT uses the full history until the starting state sg.
The choice between the two estimators is non-trivial: a high dimensionality of the policy state may
cause the Q-function estimation problem challenging. However, in practical scenarios, tasks can be
solved with a relatively low-dimensional policy state vector. In contrast, a long trajectory implies
multiple applications of the chain rule, that may consequently produce exploding or vanishing gra-
dients, causing issues during the learning. This problem is not present when using stochastic stateful
policies.

Vovg ((lm |ht) Q(SL, GL) Eth [Veﬂe(at, 2t+1 ‘Sty Zt) Q(St-, 2ty Aty 2t 41 )]

Figure 5: Comparison of the gradient at the state s; and action a; in BPTT —left — and our stochastic gradient
estimator — right— using the PGT. The red and green colors represents the value of future state, where green
means high )-value and red means low )-value.
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C ALGORITHM PSEUDOCODE

In the following, we present the pseudocode for SAC-RS, TD3-RS and PPO-RS algorithms. The
algorithms are a straightforward modification of the vanilla SAC, TD3, and PPO approaches to sup-
port the internal policy state. In all cases, the algorithm receives in input a dataset of interaction (in
our experiments one single step for SAC-RS and TD3-RS, while for PPO-RS is a batch of experi-
ence composed of multiple trajectories) coming from the current policy rollouts on the environment.
In the pseudocode below we denote the parameter of the policy as 6, the target policy parameters
as 0. Furthermore, we name the parameters of the i-th value function as 1; and the corresponding
target network ;. In the following, we use the square bracket notation to denote the component of
a vector. In this context, we refer to the vector of states, actions, and internal states inside the dataset
(seen as an ordered list).

Algorithm 1 TD3-RS

1: function UPDATETD3(D)

2: M .ADD(D) > Add the dataset of transitions D to the replay memory M
3 if SIZE(M) > Spin then > Wait until the replay memory has Sy, transitions
4: Sample a minibatch B from M

5: G < COMPUTETARGET(B)
6.
7
8

Q, -FIT(B, §), for each i € {0,1}
if it mod D = 0 then > Perform the policy update every D iterations
Compute the loss

Lo(B) =~ 3" Quo (s 2,15 (5), 15(5))

seB
9: 0 < OPTIMIZE(Lg(B), 0)
10: end if 3
11: 0710+ (1—-7)0
12: Y T + (1= 7)1
13: itit+1 > Update the iteration counter
14: end if
15: return 6
16: end function
17: function COMPUTETARGET([3)
18: for (s,z,a,r,2/,s") € Bdo
19: if s’ is absorbing then
20: Unext(8',2") < 0
21: else
22: a', 2" < pg(s',2')
23: Sample €%, ¢* ~ N (0, 0.)
24: Gglp < CLIP(e%, —d., d€)
25: €p < CLIP(€7, —0e, 0€)
26: Gemt — @' + €
27: Zemt — 2"+ €
28: Gelp <—CLIP(Gsmt, min, Gmax)
29: Zclp <CLIP(Zsmt; Zmin, Zmax)
30: Unext (8, 2") + min; Qd,i(s’, 2, Gelps Zelp)
31: end if
32: qA(szvavz/) — T+’7vnext(5/72/)
33: end for
34: return ¢

35: end function
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Algorithm 2 SAC-RS

1: function UPDATESAC(D)

2: M .ADD(D)

3 if SIZE(M) > Spin then

4 Sample a minibatch B from M
5: G < COMPUTESOFTTARGET(B)
6.
7
8

if SIZE(M) > Syarm then > Perform the policy update after Sy, samples
Sample a’, 2" ~ w(-|s,2) V(s,2) € B
Compute the policy loss

Lo(B) = a®logmg(d'|s, z) + o log w5 (2'|s, z) — % Z min Qu, (s, z,a’, 2')

seEB
9: 6 + OPTIMIZE(Lg(B), 0)
10: Compute the a® and o losses with target entropies H® and H*
Loa(B) = —% Z a“ (log mg (als, z) + H®)
(s,z,a)EB
Lo=(B) = —% Z o (logmg(2']s, z) + H*)
(s,z,2")EB
11: a® <= OPTIMIZE(Lyq (B), a)
12: a® < OPTIMIZE(L,=(B), a)
13: end if
14: G < COMPUTESOFTTARGET(B)
15: Qq -FIT(B, §)
16: Yi < 1+ (1= 7);
17: end if
18: return 6
19: end function
20: function COMPUTESOFTTARGET(B3)
21: for (s,z,7,d',2',s') € Bdo
22: if s’ is absorbing then
23: Unext(s',2") < 0
24: else
25: Sample a’, 2" ~ 7o (+|s')
26: hoonus < —a®logmg(ad’|s’,2") — a* logmg(2"'|s', ')
27: Unext(3/7 ZI) < min; Qi[h (8/7 2 a, Z”) + Pbonus
28: end if
29: q(s,z,a,2") < 1+ Yopext (s', 2)
30: end for
31: return ¢

32: end function
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Algorithm 3 PPO-RS

1: function UPDATEPPO(O, D)

2:

A A

8:
9:
10:
11:
12:

13

14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:

V', A <~ COMPUTEGAE(V,;, D)
Vi FIT(D, V') > Update the value function
for i <~ 0to N do
Split the dataset D in K minibatches {By |k € [0, K — 1]}
for k < 0to K do
compute the surrogate loss on the minibatch

Lo(B) = L Z min (MA(s,z,a, 2,

N (s,2,a,2’)EB q<a7 Z’|5, Z)
clip <M 1—¢ 1+5) A(s, z,a z'))
q(a,2'|s,z)’ ’ T
6 « OPTIMIZE(Lg(By),0)
end for
end for
return 0

end function

: function COMPUTEGAE(V,, D)

for k < 0...len(D) do
v[k] + Vi (s[k], 2[k])
Unext[k] — Vw(sl[k], Zl[kD
end for
for key <— 0...len(D) do
k<« len(D) — key — 1
if s'[k] is last then
if s'[k] is absorbing then
A(slk], z[k], a[k], 2'[k]) <= r[k] — v[k]
else
A(s[k], z[k], alk], 2'[k]) < r[k] + YUnext[k] — v[K]
end if
else
0+ A(slk + 1], z[k + 1], a[k + 1], 2’ [k + 1])
A(s[k], z[k], alk], 2’ [k]) <= T[] + Ynext[k] — v[k] + YAS
end if
end for
return v, A

32: end function
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D NETWORK STRUCTURES

In this section, we describe the structure of the networks used in this paper. Figure [6] presents all
networks used for the policies and the critics in the RL setting. For the BPTT, the policy networks
were used, yet the red paths were dropped. Also, the critics did not use the hidden states as inputs.
For the IL setting, the networks from SAC are used for LS-IQ, and the networks from PPO are
used for GAIL. For the recurrent networks, we generally use GRUs even though any other recurrent
network, such as LSTMs, can also be used.

TD3 and PPO Policy SAC Policy

fo
Output >
}m Layer a
Ze41

TD3 and SAC Critic
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Figure 6: Network architectures used for the policies and critics in PPO-RS, TD3-RS, SAC-RS, PPO-BPTT,
TD3-BPTT, and SAC-BPTT. For the BPTT variants, the red paths do not exist. For the S2PG approach, the
internal state is sampled from the noisy distribution. These architectures of the policies were originally used in

2022).
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E ADDITIONAL EXPERIMENTS

E.1 MEMORY TASK

These tasks are about moving a point mass in a 2D environment. They are shown in Figure [7] and
[] For the first task, a random initial state and a goal are sampled at the beginning of each episode.
The agent reads the desired goal information while it is close to the starting position. Once the
agent is sufficiently far from the starting position, the information about the goal position is zeroed-
out. The task consists of learning a policy that remembers the target goal even after leaving the
starting area. As the distance to the goal involves multiple steps, long-term memory capabilities are
required. Similarly, the second task hides the position of two randomly sampled doors in a maze
once the agent leaves the observable area. Once the agents touches the black wall, an absorbing
state is reached, and the environment is reset. We test our approach in the privileged information
setting using SAC. We compare our approach with SAC-BPTT with a truncation length of 5 and 10.
For the first task, our approach — SAC-RS — outperforms BPTT, while it performs slightly weaker
compared to BPTT with a truncation length of 10 on the second task. We expect that the reason
for the drop in performance is caused by the additional variance of our method in combination with
the additional absorbing states in the environment. The additional variance in our policy leads to
increased exploration, which increases the chances of touching the wall and reaching an absorbing
state. Nonetheless, our approach has a significantly shorter training time, analogously to the results
shown in Figure 3] for both tasks.

E.2 STATEFUL POLICIES AS INDUCTIVE BIASES

Adding inductive biases into the policy is a common way to impose prior knowledge into the policy
Tjspeert et al] (2007); Bellegarda & Tjspeert| (2022a)); [Al-Hafez & Steil| (2021)); [Ciu et al| (2021).
To show that stateful policies are of general interest in RL — not only for POMDPs — we show in
this section that they can be used to elegantly impose an arbitrary inductive bias directly into the
policy. In contrast to commonly used biases, our approach allows learning the parameters of the
inductive bias as well. We conduct experiments with a policy that includes oscillators -— coupled
Central Pattern Generators (CPG) — to impose an oscillation into the policy. The latter is common
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Figure 9: Experiments in which a set of coupled central pattern generators are used as a policy. The left side
shows the cumulative reward on HalfCheetah and Ant. The right side shows the structure of the policy. Note
that the policy does not use the environment state making it blind.

for locomotion tasks |[Miki et al.| (2022). We model the oscillators as a set of ordinary differential
equations and simulate the latter using the explicit Euler integrator. Figure [0 presents the results.
Using our algorithm, we are able to train the parameters of the CPGs and an the additional network to
learn simple locomotion skills on HalfCheetah and Ant. These policies solely rely on their internal
state and do not use the environment state making them blind. With this simple experiment, we
want to show that we can impose arbitrary dynamics on the policy and train the latter using our
approach. Note that plain oscillators do not constitute a very good inductive bias. More sophisticated
dynamical models that also take the environment state into account are needed to achieve better
results.

Related Work. [Shi et al.|(2022) train CPGs using a black-box optimizer instead of BPTT, while
simultaneously learning an RL policy for residual control. |(Chol et al.|(2019)) optimize a CPG policy
using RL without BPTT by exposing the internal state to the environment but do not provide a
theoretical derivation of the resulting policy gradient. |Campanaro et al.| (2021)) train a CPG policy
using PPO without BPTT. However, the authors neglect the influence of the internal state on the
value function.

E.3 COMPARISON ON STANDARD POMDP BENCHMARKS

In the following, we evaluate the two gradient estimators in standard MuJoCo POMDP benchmarks,
in the on-policy setting. These tasks are taken from [Ni et al| (2022) and hide the velocity. All
experiments use the PPO algorithm as a learning method. Figure presents the results. Our
approach outperforms BPTT in all benchmarks in terms of the number of used samples and time.
Unfortunately, using on-policy approaches on these benchmarks, we do not achieve satisfactory
performances in all environments (e.g. Hopper and Walker). This is probably due to the increased
difficulty of exploring with partial observation, rather than an issue in gradient estimation. Indeed,
in the other tasks, where more information is available, or the exploration is less problematic —
e.g., the failure state is more difficult to reach — we outperform the baseline. It should be noted
that the performance gain in terms of computation time is not massive: this is due to the reduced
number of gradient computations in the on-policy scenario, which is performed in batch after many
environment steps. Table[I| presents the training time needed to run 1 million environment steps for
all versions of PPO. Accordingly, table [2]illustrates the training time factors for each PPO version
in comparison to the vanilla variant.
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Figure 10: Comparison of PPO with the proposed stochastic policy state kernel and PPO with BPTT on fully
partially observable MuJoCo Gym Tasks. The number behind the BPTT implementations indicates the trunca-
tion length. Abscissa shows the cumulative reward. Ordinate shows the number of training steps (x10%).
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Figure 11: Example images of the Mujoco Gym randomized mass environment used within this work. The
upper row shows three randomly sampled Ant environments, while the lower row show three Humanoid envi-
ronments.

E.4 COMPARISON ON ROBUSTNESS BENCHMARKS WITH PRIVILEGE INFORMATION

In this section, we evaluate the performance of S2PG against BPTT on the POMDP setting with
additional randomized masses. For the latter, masses of each link in a model are randomly sampled
in a +30% range. Figure[l1]shows examples of randomly sampled Ant and Humanoid environments.
Here, we consider the scenario where the critic has privileged information (knowledge of velocities
and mass distributions), while the policy uses only partial observability.

Figure [12] presents the reward plots. Figure [3] also presents the average runtime of each approach
used for these tasks. The experiment run for a maximum of two million steps and four days
of computation. The results do not show an approach clearly outperforming the others in all
tasks. S2PG based approaches seem to work more robustly in high-dimensional tasks, such as
AntPOMDP-v3 and HumanoidPOMDP-v3. Curiously, the BPTT version of TD3 is not able to
learn in the AntPOMDP-v3 task. In general, S2PG seems to struggle in the HalfCheetahPOMDP-
v3, HopperPOMDP-v3 and in WalkerPOMDP-v3 tasks. To better compare the performance of
all approaches on the low-dimensional tasks — Hopper, Walker and HalfCheetah — and the high-
dimensional tasks — Humanoid and Ant —, we presents the averaged performance plots in Figure
[I3] As can be seen, our approach performs significantly better on the high-dimensional tasks while
being worse on the low-dimensional ones. We believe that the reason for the worse performance of
BPTT on high-dimensional tasks could be the potential risk of exploding gradients, which in turn
cause exploding variance (c.f., Section [3). In contrast, we believe that the worse performance of
our method on low-dimensional tasks can be traced back to the increased amount of variance in the
policy in conjunction with the presence of absorbing states in the case of Hopper and Walker, similar
to the memory tasks. Table[I] presents the training time needed to run 1 million environment steps
for all versions of SAC and TD3. Accordingly, table [2]illustrates the training time factors for each
version in comparison to the vanilla variant.
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Figure 12: SAC and TD3 results on the MuJoCo Gym Tasks with partially observable policies and privileged
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behind the BPTT implementations indicates the truncation length. Abscissa shows the cumulative reward.
Ordinate shows the training time in hours.
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Figure 13: Results show the mean and 95% confidence interval of the normalized return and the training time
needed for 1 million steps across high-dimensional — TOP row; Ant and Humanoid — and low-dimensional
— BOTTOM row; Hopper, Walker and HalfCheetah — POMDP Gym tasks. Comparison of different RL agents
on POMDP tasks using our stateful gradient estimator, BPTT with a truncation length of 5 and 32, the SLAC
algorithm and stateless versions of the algorithms using a window of observation with length 5 and 32. The
”Oracle” approach is a vanilla version of the algorithm using full-state information.
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Table 1: Runtime comparison of different algorithms on all reinforcement learning tasks. For SAC and TD3,
privileged information for the critic is used, and the tasks include randomization of the masses and occlusion of
the velocities, while for PPO no privileged information is used and only occlusion of the velocities is used for
the tasks. The window, vanilla, and oracle approaches are grayed out as they do not constitute stateful policies.
The bold values indicate the lowest training time across all stateful algorithms. All values are computed by
taking the mean over 10 seeds and computing the 95% confidence interval.

Time in hours needed for 1 million environment steps [lower is better]

BPTT Window .
Env. 5 32 5 32 Vanilla Oracle RS (Ours)
Stateful Policy yes yes no no no no yes
Ant 78+0.067 304 +1.018 4.8+0.120 10.6+0548 2.8+0.047 2.5+0.092 6.2+ 0.256
Hopper 6.8 +0.168 22340406 3.5+0.036 45+0089 23+0.026 22+0.070 59+0.017
SAC HalfCheetah 6.9+0.291 27.14+£0.361 3.7+0.054 5140106 23+0.071 24+0.010 6.0=+0.041
Humanoid 10.1 £0.285 329+ 1317 65+0.118 141 +0478 3440049 33+0.079 17.9+0.027
Walker2d 6.8 +0202 22740696 3.7+0.051 4.6+0.104 24+0.034 23+0.067 6.0=+0.026
Ant 30+0019 6.6+0.119 23+0017 38+0.127 1.5+0.018 1.5+0.010 3.0+0.124
Hopper 2.6 + 0.058 4.5+ 0.176 1.9 +£0.054 2.1 +0.030 1340025 1.3+0018 2.8+0.093
TD3 HalfCheetah 2.6 +0.010 5.84+0.089 2.0-+0.086 2.4+ 0.070 1.3 40022 1.2+0.042 2.7+0.100
Humanoid 3.6 +£0.042 8.1+£0.325 2740047 52-+0.165 1.8 +0.030 1.84+0.022 3.6 +0.053
Walker2d 2.4 + 0.006 5.1 £0.242 1.9+0.018 2.2+ 0.062 1340024 1.3+0012 29+0.052
Ant 28+0.001 33+£0.001 0.7+0.088 1.6+0.079 04+0.005 0.6-+0.007 2.140.036
Hopper 2.5 +£0.001 3.1 £0.001 0.54+0.004 05+0.006 0340006 04+0.004 1.8+0.061
PPO HalfCheetah 2.5+ 0.001 3.1+£0.001 05+0.003 0.6+0003 04+0012 04+0001 2.240.044
Humanoid 2.9 +0.001 3.54+0.001 3.5-+0.001 3.5 4+ 0.001 0.54+0.052 0.7+0.009 2.1+£0.033
Walker2d 2.5 +0.001 3.1+£0.001 05+0.004 05+0008 03+0.022 04+0003 1.8=+0.041

Table 2: Runtime comparison of different algorithms on all reinforcement learning tasks. For SAC and TD3,
privileged information for the critic is used, and the tasks include randomization of the masses and occlusion of
the velocities, while for PPO no privileged information is used and only occlusion of the velocities is used for
the tasks. The window, vanilla, and oracle approaches are grayed out as they do not constitute stateful policies.
The factors are computed for 1 million environment steps. The bold values indicate the lowest factor across all
stateful algorithms. All values are computed by taking the mean over 10 seeds.

Factor of time increase compared to Vanilla version [lower is better]

BPTT Window .
Env. 5 32 5 32 Vanilla RS (Ours)
Stateful Policy  yes yes no no no yes
Ant 2.804 10935 1.730 3.822  1.000 2.241
Hopper 2935  9.599 1.497 1.956 1.000 2.531
SAC HalfCheetah 3.022 11.859 1.614 2213 1.000 2.610
Humanoid 2936 9.580 1.887 4.106  1.000 2.290
Walker2d 2.878 9.597 1.578 1.948  1.000 2.526
Ant 2.024 4535 1546 2.620  1.000 2.056
Hopper 2.012 3.476 1.489 1.643 1.000 2.146
TD3  HalfCheetah 2.069 4.606 1.555 1.864  1.000 2.120
Humanoid 2.037 4555 1512 2896  1.000 2.024
Walker2d 1913 4.024 1527 1.724  1.000 2.245
Ant 7.845 9457 2.120 4.637  1.000 5.815
Hopper 9.128 11.194 1.706 1.825 1.000 6.602
PPO  HalfCheetah 6.888 8.454 1331 1.536  1.000 6.023
Humanoid 6.018 7.183 7.183 7.183  1.000 4.264
Walker2d 8.735 10.698 1.666 1.829 1.000 6.048
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Figure 14: GAIL results on all IL tasks with partially observable policies and privileged critics. The number
behind the BPTT implementations indicates the truncation length. Abscissa shows the cumulative reward.
Ordinate shows the number of training steps (x10%).
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Figure 15: LS-IQ results on all IL tasks with partially observable policies and privileged critics. The number
behind the BPTT implementations indicates the truncation length. Abscissa shows the cumulative reward.
Ordinate shows the number of training steps (x 10%).

E.5 IMITATION LEARNING EXPERIMENTS

In this section, we present further results of the IL tasks from the main paper. As can be seen in
Figure [T4] and [T5] our results show that the S2PG version of GAIL and LS-IQ — GAIL-RS and
LSIQ-RS — are competitive with the BPTT variants, even when the truncation length is increased.
In the HumanoidPOMDP-Walk task, GAIL-RS is even able to outperform by a large margin the
BPTT variant. As stressed in the paper, the advantage of using S2PG over BPTT is the reduced
computation time. As LS-IQ runs SAC in the inner RL loop, and GAIL runs PPO, the runtimes
of these algorithms are very similar to their RL counterparts. For the Atlas experiments, it can
be seen that the vanilla policy in GAIL is already performing well, despite being outperformed by
our method. This shows that this task does not require much memory. In contrast, the humanoid
tasks require much more memory, as can be seen by the poor results of the vanilla approaches.
Interestingly, we found the GAIL-BPTT variants are often very difficult to train on these tasks,
which is the reason why they often result in unstable learning.
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