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Abstract

We study reward-free reinforcement learning (RL) under general non-linear func-
tion approximation, and establish sample efficiency and hardness results under
various standard structural assumptions. On the positive side, we propose the RFO-
LIVE (Reward-Free OLIVE) algorithm for sample-efficient reward-free exploration
under minimal structural assumptions, which covers the previously studied settings
of linear MDPs (Jin et al., 2020b), linear completeness (Zanette et al., 2020b) and
low-rank MDPs with unknown representation (Modi et al., 2021). Our analyses
indicate that the explorability or reachability assumptions, previously made for
the latter two settings, are not necessary statistically for reward-free exploration.
On the negative side, we provide a statistical hardness result for both reward-free
and reward-aware exploration under linear completeness assumptions when the
underlying features are unknown, showing an exponential separation between
low-rank and linear completeness settings.

1 Introduction

Designing a reward function which faithfully captures the task of interest remains a central practical
hurdle in reinforcement learning (RL) applications. To address this, a series of recent works (Jin et al.,
2020a; Zhang et al., 2020b; Wang et al., 2020a; Zanette et al., 2020b; Qiu et al., 2021) investigate
the problem of reward-free exploration, where the agent initially interacts with its environment
to collect experience (“online phase”), that enables it to perform offline learning of near optimal
policies for any reward function from a potentially pre-specified class (“offline phase”). Reward-free
exploration also provides a basic form of multitask RL, enabling zero-shot generalization, across
diverse rewards, and provides a useful primitive in tasks such as representation learning (Agarwal
et al., 2020; Modi et al., 2021). So far, most of the study of reward-free RL has focused on tabular
and linear function approximation settings, in sharp contrast with the literature on reward-aware RL,

*Equal contribution

36th Conference on Neural Information Processing Systems (NeurIPS 2022).



Setting Reference
1 Linear MDP Wang et al. (2020a)
2 Linear c}?lmpleteness + explorability Zanette et al. (2020b)
3 Comple\tteness\# Q-type B-E dimension Theorem 1
4 ( Completeness +,V-type B-E dimension + small |A| Theorem 3
5 \| Low-rank MDP (¢* € @) + small | A| + reachability Modi et al. (2021)
o [ Linear chpltness (1 €)1 small 4 s vt -avat | e 3 sl

Table 1: Summary of our results and comparisons to most closely related works in reward-free
exploration. Blue arrows represent implication (A — B means B is a consequence of and hence
weaker condition than A), and the red assumptions are what prior works need that are avoided by us.
For linear settings, the true feature ¢* is assumed known unless otherwise specified (e.g., in Rows 5 &
6, ¢* is unknown but belongs to a feature class ). “B-E” stands for (low) Bellman Eluder dimension
(Jin et al., 2021). Row 6 has many assumptions, which make it strong since it is a negative result.
The detailed comparisons of existing sample complexity rates and our corollaries can be found in
Appendix A.

where abstract structural conditions identify when general function approximation can be used in a
provably sample-efficient manner (Jiang et al., 2017; Jin et al., 2021; Du et al., 2021).

In this paper, we seek to bridge this gap and undertake a systematic study of reward-free RL in a
model-free setting with general function approximation. We devise an algorithm, RFOLIVE, which is
non-trivially adapted from its reward-aware counterpart (Jiang et al., 2017), and provide polynomial
sample complexity guarantees under general conditions that significantly relax the assumptions
needed by prior reward-free RL works. Our results produce both algorithmic contributions and
important insights about the tractability of reward-free RL, as we summarize below (see also Table 1).

Algorithmic contribution: beyond linearity A unique challenge in reward-free RL is that the agent
must exhaustively explore the environment during the online phase, since it does not know which
states will be rewarding in the offline phase. A natural idea to tackle this challenge is to deploy a
reward-aware RL “base algorithm” with the 0 reward function, since this algorithm must explore
to certify that there is indeed no reward. Prior works adopt this idea with optimistic value-iteration
(VI) approaches, which use proxy reward functions to drive the agent to new states. However these
optimistic methods rely heavily on linearity assumptions to construct the proxy reward, and it is
difficult to extend them to general function approximation. Instead of using optimistic VI, our basic
building block is the OLIVE? algorithm of Jiang et al. (2017), a constraint-gathering and elimination
algorithm that is a central workhorse for reward-aware RL with general function approximation. In
the online phase of RFOLIVE, we run this algorithm with the O reward function, and we save the set
of constraints gathered (in the form of separate datasets) for use in the offline phase.

Algorithmic contribution: novel offline module Prior works for reward-free RL typically use
regression approaches (Ernst et al., 2005; Chen and Jiang, 2019; Jin et al., 2020b) in the offline phase,
e.g., FQI (Modi et al., 2021; Zanette et al., 2020b), or its optimistic variants (Zhang et al., 2020b;
Wang et al., 2020a). In the offline phase of RFOLIVE, rather than relying on regression, we enforce
the constraints gathered in the online phase, which amounts to eliminating functions that have large
average Bellman errors on state-distributions visited in the online phase. This generic elimination
scheme does not rely on tabular or linear structures and allows us to move beyond these assumptions
to obtain reward-free guarantees in much more general settings.

Implications: positive results The major assumptions that enable our sample complexity guarantees
are Bellman-completeness (Assumption 2) and low Bellman Eluder dimension (Definition 5 and
Definition 7); see Rows 3 and 4 in Table 1. These conditions significantly relax prior assumptions
in the more restricted settings. Furthermore, prior works in the linear completeness and low-rank
MDP settings require explorability/reachability assumptions (Zanette et al., 2020b; Modi et al., 2021),

2We use the Q-type and V-type versions of OLIVE from Jin et al. (2021) as their structural assumption of low
Bellman Eluder dimension subsumes the low Bellman rank assumption in Jiang et al. (2017) (see Proposition 3).



which, roughly speaking, assert that every direction in the state-action feature space can be visited
with sufficient probability. These assumptions are often not needed in reward-aware RL but suspected
to be necessary for model-free reward-free settings. Our results do not depend on such assumptions,
showing that they are not necessary for sample-efficient reward-free exploration either.

Implications: negative results We develop lower bounds, showing that some of the structural
assumptions made here are not easily relaxed further. While the settings of linear completeness with
known features (Row 3), and low-rank MDPs with unknown features (Row 4) are both independently
tractable, we show a hardness result against learning under linear completeness when the features are
unknown, even under a few additional assumptions (Row 6).

Taken together, our results take a significant step in bridging the sizeable gap in our understanding of
reward-aware and reward-free settings and bring the two closer to an equal footing.

Related work In recent years, we have seen a wide range of results for reward-aware RL under
general function approximation (Jiang et al., 2017; Dann et al., 2018; Sun et al., 2019; Wang et al.,
2020c; Jin et al., 2021; Du et al., 2021). These works develop statistically efficient algorithms
using structural assumptions on the function class. Despite their generality, a trivial extension to the
reward-free setting incurs an undesirable linear dependence on the size of the reward class.

There also exists a line of research on reward-free RL in various settings: tabular MDPs (Jin et al.,
2020a; Zhang et al., 2020b; Kaufmann et al., 2021; Ménard et al., 2021; Yin and Wang, 2021; Wu
et al., 2022), MDPs with the linear structure (Wang et al., 2020a; Zhang et al., 2021; Zanette et al.,
2020b; Huang et al., 2021; Wagenmaker et al., 2022), kernel MDPs (Qiu et al., 2021), block/low-rank
MDPs (Misra et al., 2020; Agarwal et al., 2020; Modi et al., 2021), and multi-agent settings (Bai and
Jin, 2020; Liu et al., 2021). Many of these settings can be subsumed by our more general setup.

Our offline module uses average Bellman error constraints, which is related to a line of work in offline
RL (Xie and Jiang, 2020; Jiang and Huang, 2020; Chen and Jiang, 2022; Zanette and Wainwright,
2022). However, there is only one dataset in the standard offline RL setting, and these works form
multiple average Bellman error constraints using an additional helper class for reweighting, and need
to impose additional realizability- or even completeness-type assumptions on such a class. In contrast,
we naturally collect multiple datasets in the online phase, so we do not require a parametric class for
reweighting during offline learning.

2 Preliminaries

Markov Decision Processes (MDPs) We consider a finite-horizon episodic Markov decision
process (MDP) defined as M = (X, A, P, H), where X is the state space, A is the action space,
P = (Py,...,Py_1) with P, : X x A — A(X) is the transition dynamics, and H is the number
of timesteps in each episode. If the number of actions is finite, we denote the cardinality |.4| by
K. In each episode, an agent generates a trajectory 7 = (xg,a0,21,...,TH—1,0H—1,ZH) by
taking a sequence of actions ao, . ..,ag—_1, where xg is a fixed starting state and xp+1 ~ Pp(- |
xp,ap). For simplicity, we will use a;.; to denote a;, ..., a; and use the notation [H] to refer
to {0,1,...,H — 1}. We use the notation 7 to denote a collection of H (deterministic) policy
functions m = (mo, ..., mg_1), where 7, : X — A. For any h € [H] with b’ > h, we use the
notation 7,.;,+ to denote the policies (7, Th41 ..., Tx ). For any policy 7 and reward function®
R = (Ry,...,Ry_1) with R}, : X x A — [0, 1], we define the policy-specific action-value (or
Q-) function as Q% 1, (z,a) = Ex| ;I,;}L R(xns,ap) | xn = x,an, = a] and state-value function
as Vi, (2) = Ex[Q% p(z,an) | on = 2,0 ~ 7. We also use vf; = V7 (7o) to denote the
expected return of policy 7. For any fixed reward function R, there exists a policy 7}, such that
Vg = Vgi(:r) = sup, Vg j,(z) forall z € X and h € [H], where v}, denotes the optimal expected
return under R. We use 7,7 to denote the reward-dependent Bellman operator: Vfj, 41 € R¥*A,
(T.E fni1)(z,a) == Rp(x,a) + E[maxgea fni1(z',a') | ' ~ Pu(- | 2,a)] and similarly define
T2 for the operator with zero reward. The optimal action-value function (under reward R) Q%,
satisfies the Bellman optimality equation Q% ,, = 7, Q% .41, Vh € [H].

3We consider deterministic reward and initial state for simplicity. Our results easily extend to stochastic
versions.



Reward-free RL with function approximation We study reward-free RL with value function
approximation, wherein, the agent is given a function class F = Fy X ... X Fy_1 where Fp, : X X
A = [-(H—h—1), H—h—1],Vh € [H].* Without loss of generality, we assume 0 € F,,Vh € [H]
and fiy = 0,Vf € F. Forany f € F, we use Vy, to denote its induced state-value function, i.e.,
Vin(z) = max, fi(z,a) and 7wy (x) as its greedy policy, i.e., 7, (r) = argmax, f5(z,a). When
these functions take x;, as input and there is no confusion, we may drop the subscript h and use
Vf(l‘h) and Wf(xh).

In reward-free RL, the agent is given access to a reward class R, but the specific reward function
is only selected after the agent finishes interacting with the environment. Specifically, the agent
operates in two phases: an online phase where it explores the given MDP M to collect a dataset of
trajectories D without the reward information, and an offfine phase, where it uses the collected dataset
D to optimize for any revealed reward function R € R.

Our goal is to investigate the statistical efficiency of reward-free RL with general non-linear function
approximation: how many trajectories does the agent need to collect in the online phase such that
in the offline phase, with probability at least 1 — §, for any R € R, it can compute a near-optimal
policy 7 satisfying vj;® > vy, — £? We measure the statistical efficiency in terms of the structural
complexity of function class F, reward class R, horizon H, accuracy ¢ and failure probability 6.

As for expressivity assumptions, we assume the function class F is realizable and complete. Realiz-
ability requires that the optimal function Q% belongs to the reward-appended class F + R, which is
natural in the reward-free setting where the agent uses JF to capture reward-independent information.
Completeness requires that the Bellman backups of and Fj 4 + Ry 1 belong to F, and additionally
that the Bellman backup of Fj, 1 — Fp41 belongs to Fp, — Fp.

Assumption 1 (Realizability of the function class). We assume VR € R, h € [H|, QR.n € Fn+ Ra,
where Fj, + Ry = {fn + Rp : fn € Fr}.

Assumption 2 (Completeness). We assume Vh € [H|, T2 Fn11, T2 (Fri1 + Ruy1) C Fp and
7}L°(]-'h+1 — fh+1) - fh — fh, where ]:h — .Fh = {fh — f}/L : fh, f;b S .Fh}.

Next we define the covering number, which measures the statistical capacities of function classes.
Definition 1 (¢-covering number, e.g., Wainwright (2019)). We use Nz (¢) to denote the -covering
number of a set F = Fo X ... x Fg_y1 under metric o (f, f') = maxpe (g | fn— filloc for f, f € F.
We define it as Nz (&) = min | Feoper| such that Fepver C F and for any f € F, there exists [’ € Feover
that satisfies o (f, f') < €. For the reward class R, N (€) is defined in the same way.

Finally, as our guarantees depend on Bellman Eluder (BE) dimensions—which are structural proper-
ties of the MDP that enable sample-efficient exploration—we will need the following definitions (see
Russo and Van Roy, 2013; Jin et al., 2021) which the later definitions of BE dimensions will build on.

Definition 2 (¢-independence between distributions). Ler F' be a function class defined on some
space X', and v, 1, . . ., i, be probability measures over X'. We say v is e-independent of {1; }1_,
wrt. F if 3f € F suchthat \/y - (E,,[f'])? <& but [E,[f]| > e.

Definition 3 (Distributional Eluder (DE) dimension). Let F' be a function class defined on some
space X', and T be a family of probability measures over X'. The DE dimension dao(F', T’ ¢)
is the length of the longest sequence {p;}?_; C I" s.t. &’ > & where p; is &'-independent of

{pjYizl.Vi=1,...,n.

We also introduce the notation Dz := {Dx p }ne (m]> Where Dz j, denotes the collection of all possible
roll-in distributions at the h-th step generated by 7 for some f € F. Formally, Dr 5, := {d:f Yrer
where d;’ (z,a) = Pr, [xn = @, a), = a] is the state-action occupancy measure.

3 RFOLIVE algorithm and results

In this section, we describe our main algorithm RFOLIVE, a reward-free variant of OLIVE (Jiang
etal., 2017; Jin et al., 2021). The algorithmic template for RFOLIVE is shown in the pseudocode

*Since it is natural to use F to capture the reward-independent component (Assumption 1) in our reward-free
setting, we assume 7, is upper bounded by H — h — 1. We include the negative range to simplify the discussions
for various instantiations. Our main results also hold if we assume F, : X x A — [0, H — h —1].



(Algorithm 1) and it can be instantiated with both Q-type and V-type versions of OLIVE from Jin
etal. (2021).° In the pseudocode, we use [J as a placeholder for the respective Q/V-type definitions.
For clarity, we will describe the Q-type RFOLIVE algorithm and its results in Section 3.1 and then
state the differences for the V-type version and corresponding results in Section 3.2.

Before introducing our algorithm, we define the following average Bellman error:

Definition 4 (Average Bellman error). We denote 7 as the average Bellman error under reward R:
ER(fm ' h) = E[fn(wn, an) — Ru(xn, an) — Vi(he1) | agn—1 ~ map ~ 7).

As shorthand, we use Eg(f, 7, h) = ER(f, 7, h) to represent the Q-type average Bellman error

and EGX(f, 7, h) = ER(f, m, 7, h) to represent the V-type average Bellman error (Jin et al., 2021).
We use E° to represent the average Bellman errors under O reward.

Algorithm 1 RFOLIVE (F, ¢, §): Reward-Free OLIVE
Online phase, no reward information.
1: Set Eactys Eelims Nacty; Nelim according to Q-type/V-type and construct Fo,, = F — F.
2: Initialize F° < Fop, (Q-type) or FO < Z,,, where Z,,, is an (£ejim/64)-cover of Fy, (V-type).
3: fort =0,1,...do
4: Choose policy 7* = 7y, where f* = argmax ;¢ z Vi (z0).

5:  Collect nyy trajectories {(x(()i), aéi), . ,x%)_l, a%)_l)}?j‘f by following 7 for all h € [H]
and form estimates E°(f*, wt, wt, h) for each h € [H] via Eq. (1).

it Y7 EO(ft, wt, wt, h) < Heyey then

Set T" = t and exit the loop.

end if ~
9:  Pickany h* € [H] for which EO(ft, 7!, 7t, h!) > eqery-
10:  Set egy = 7t (Q-type) or ey = Unif(A), i.e., draw actions uniformly at random (V-type).
11:  Collect nejjm samples D! = {(ms,), agf,,), ng,,) L) Hi where ag.pe—1 ~ 7' and ape ~ ey
12:  Forall f € F*, compute estimate é%( f,mt, ht) via Eq. (2) (Q-type) or Eq. (4) (V-type).

13:  Update F'*' = {f € F' : |EQ(f, 7", h')| < Eetim}-

@ =RD

14: end for
15: Save the collected tuples {(h*, 7!, D*)} ! for the offline phase.
Offline phase, the reward function R = (Ry, ..., Ry_1) is revealed.

16: Construct Fog(R) = F + R, set It = {7} (Q-type) or I}, = I, == {7 : f € Zon} (e,
the greedy policies induced by Z,,,) (V-type).

17: For each t € [T)], g € Fog(R), and 7 € TI’,, compute estimate £7(g, 7*, 7, h') via Eq. (3)
(Q-type) or Eq. (5) (V-type). )

18: Set Feur(R) = {g € Forr(R) : Vt € [T],Vm € T, |ER(g, 7, 7, h')| < €elim/2}-

19: Return policy 7 = 75, where § = argmaxycr (g Vy(%0)-

3.1 Q-type RFOLIVE

Our algorithm, reward-free OLIVE (RFOLIVE) described in Algorithm 1, takes the function class F,
the accuracy parameter ¢, and the failure probability ¢ as input. As we are in the reward-free setting,
it operates in two phases: an online exploration phase where it collects a dataset without an explicit
reward signal, and an offline phase where it computes a near-optimal policy after the reward function
R is revealed. Below, we describe the two phases and the intuition behind the algorithm design.

Online exploration phase During the online phase, we first set elimination thresholds €,y , €elim
and sample sizes nyey, Melim and construct the following function class F,,, used in the online phase:

‘Fon:-/rff:: {(foif(&afH—lff}—I—l)fhmf}/)efhthe[H]}

>The Q/V-type algorithms differ in whether to use uniform actions during exploration, and the distinction is
needed to handle different settings of interest (see Appendix B as well as Table 1).



The detailed specification of these parameters are deferred to Theorem 1 and Theorem 3. Subsequently,
we simulate Q-type OLIVE with the function class F,, using the zero reward function R = 0 and
the specified parameters. Similar to OLIVE, we initialize 7° = F,,, and maintain a version space
Ft C Fi=1 C F,, of surviving functions after each iteration. In each iteration, we first find the
optimistic function f* € F* (line 4) and set 7* = 4. In line 5, we collect nyey trajectories to

estimate the Q-type average Bellman error c‘fg( ftomt h) = EO(ft, wt, wt, h) under zero reward:

£t 1) = 3 [ (o)) = e ()] (1)

If the low average Bellman error condition in line 6 is satisfied, then we terminate the online phase

and otherwise, we pick a step h* where the estimate £°(f*, 7t, 7, ht) > 40y (line 9). Then we
collect mjiy, trajectories using ag.,: ~ ¢ and set D! as the transition tuples at step h!. Using D¢, we

construct the Q-type average Bellman error estimates f:'g( f,mt ht) forall f € F!in line 12:

907 ) = =3 [ (w42 0f2) vy (521)] o
i=1

Finally, in line 13, we eliminate all the f € F* whose average Bellman error estimate é’g (f, 7t ht) >
Eelim-

The online phase returns tuples {(ht, wt, D) f:])l where T’ is the total number of iterations and each
dataset D? consists of 1y transition tuples.

Offline elimination phase In the offline phase, the reward function R is revealed, and we first con-
struct the reward-appended function class Fog(R) = F+R := {(fo+Ro, ..., fa—1+Ru-1) : fh 6
Fn,Vh € [H]}. Using the class IT,, = {n*} from line 16 and the collected tuples {(h?, xt, D)} L},
we estimate the reward-dependent average Bellman error (Definition 4) for all iterations ¢ € [T of
the online phase:

R 1 Tlelim
5R(g>7rta7rta ht) = Z {ght <x§:t)7a§:)> Ry (I'E:t)vagzt)) Vy ( E;t)+1>:| . 3

Nelim P

RFOLIVE eliminates all g € Fog(R) whose average Bellman error estimates are large (line 18) and
returns the optimistic function ¢ from the surviving set (line 19).

Remark Similar to its counterparts in reward-aware general function approximation setting (Jiang
et al., 2017; Dann et al., 2018; Jin et al., 2021; Du et al., 2021), RFOLIVE is in general not
computationally efficient. We leave addressing computational tractability as a future direction.

3.1.1 Main results for Q-type RFOLIVE

In this part, we present the theoretical guarantee of Q-type RFOLIVE. We start with introducing the
Q-type Bellman Eluder (BE) dimension (Jin et al., 2021).

Definition 5 (Q-type BE dimension). Let (I — 77LR)]-' = {fn — T,E fni1: f € F} be the set of
Bellman differences of F at step h, and T' = {T';,} 11 l 70 where Ty, is a set of distributions over X x A.
The e-BE dimension of F w.r.t. I is defined as dimqbe (F.T,e) := maxpe(p) dae (I =T;F)F, T, ).

We can now state our sample complexity result for Q-type RFOLIVE. To simplify presentation, we
state the result here assuming parametric growth of the covering numbers, that is log(Nz(g)) <
drlog(1/e) and log(NR (¢)) < dr log(1/e).

Theorem 1 (Q-type RFOLIVE, parametric case). Fix 6 € (0,1). Given a reward class R and a
function class F that satisfies Assumption 1 and Assumption 2, with probability at least 1 — ¢, for any
R € R, O-type RFOLIVE (Algorithm 1) outputs a policy 7 that satisfies vg > vg — €. The required
number of episodes is®

O ((H"dr + H°dr) d2,,. log(1/8)/€?)
where dqpe = dimgy,(F — F, Dr_5,c/(4H)).

SThe O() notation suppresses poly-logarithmic factors in its argument.



The more general statement along with the specific values of €,¢ty, Eclim, Nacty, Melim are deferred to
Appendix C.2, where we also present the proof. We remark that we only need the covering number
of R to set these parameters and do not use any other information about the reward class.

We pause to compare Theorem 1 to the reward-aware case. First, our BE dimension involves the
“difference” function class F — JF under zero reward as opposed to the original class with the given
reward, and our completeness assumption is also related to such a “difference” function class. As
we will see, these differences are inconsequential for our examples of interest. Second, our sample
complexity has an additional H* dependence because (a) we consider a different reward normalization
from Jiang et al. (2017); Jin et al. (2021) and (b) we use a smaller threshold in the online phase
to ensure sufficient exploration. Similar gaps in H factors between reward-free and reward-aware
learning also appear in Wagenmaker et al. (2022). We also pay for the complexity of R in a lower
order term, which is standard in reward-free RL (Zhang et al., 2020a; Modi et al., 2021). We believe
that a similar adaptation of GOLF (Jin et al., 2021) for the reward-free setting may provide a sharper
result with improved dependence on H and dqp., analogously to the reward-aware setting.

3.1.2 Q-type RFOLIVE for known representation linear completeness setting

Here, we instantiate the general guarantee of Q-type RFOLIVE to the linear completeness setting.’
Definition 6 (Linear completeness setting (Zanette et al., 2020b)). We call feature ¢'° =
(B, ..., M) with ¢¥ + X x A — R ||¢lc(\)||2 < 1,Vh € [H] a linearly complete feature,
ifforany B > 0,h € [H — 1] and ¥ fn11 € Qni1({0'°}, B) we have: ming, co, ({4'<},8) Il frn —
T fr+1lloe = 0, where Qn({6'°}, B) = {(¢)5, 0n) : [|0n]l2 < BVdic}-

When the linearly complete features (Definition 6) ¢'° are known, we can construct the function class
F({#'}) = Fol{¢'}. H — 1) x ... x Fg_1({¢'°},0), where Fy({¢'°}, Br) = { fa(n, an) =
(D) (@n,an),0n) : 0nll2 < Bav/dic, (#5(+), 0h) € [—Bn, By]} consists of appropriately bounded
linear functions of ¢'°. Here superscript and subscript Ic imply that the notations are related to the
linear completeness setting. It is easy to verify that 7 ({¢!¢}) satisfies the assumptions in Theorem 1.
This gives us the following corollary (see the full statement and the proof in Appendix C.4):

Corollary 2 (Informal). Fix 6 € (0,1). Consider an MDP M that satisfies linear completeness
(Definition 6) with known feature ¢'°, and the linear reward class R = Ri X ... X Ry, where
Ry = {(qﬁlhc,nm il < Ve, (9(),mn) € [0, 1]} With probability at least 1 — 6, for any
R € R, Q-type RFOLIVE (Algorithm 1) with F = F({¢'°}) outputs a policy # that satisfies
v, > vk, — . The required number of samples is O (H3d3 log(1/6)/e?).

The reward normalization above, called explicit regularity in Zanette et al. (2020b), is standard.
Compared to that work, our result implies that explorability is not necessary, which significantly
relaxes the existing assumptions for this setting. Our result can also be easily extended to handle
approximately linearly complete features (i.e., low inherent Bellman error). On the other hand,
our algorithm is not computationally efficient owing to our general function approximation setting.
Although our sample complexity bound appears to be worse in H factors compared with their upper
bound of O (dj. H®log(1/8)/€?), it is indeed incomparable because their bound only holds when
e < O(umin /V/dyc) (Umin is their explorability factor). Thus, there is an implicit dependence on
1/Vmin in their result, which could make the bound arbitrarily worse than ours. More discussions are
deferred to Appendix A and Appendix C.4.

3.2 V-type RFOLIVE

In this section, we describe the instantiation of RFOLIVE with V-type definitions. For V-type
RFOLIVE, we also assume that the action space is finite with size K.

Online exploration phase Instead of using F,,,, we use its (¢¢im/64)-cover Z,, and maintain
a version space F' across iterations.® Since the on-policy version of Q-type and V-type Bellman

"Zanette et al. (2020b) only define linear completeness for B = 1. It can be easily verified that it is equivalent
for any choice of B. More discussion can be found in Appendix C.4.
8Following Jin et al. (2021), we run V-type OLIVE with the discretized class Zo, for the ease of presentation.



errors are the same, the termination check in line 5 and line 6 are unchanged. If the algorithm
does not terminate in line 6, we again identify a deviation step ht such that E(f*, 7t ht) =
EO(ft, b, wt h') > e4y. Instead of using 7 to collect trajectories, we use ag.,:_1 ~ 7 and choose
ap+ uniformly at random to collect the dataset of 7, transition tuples at step ht. Compared to
Q-type RFOLIVE, we estimate 5’8 for all f € F* in line 12 using importance sampling (IS):

Tlelim 1[0/;;) — 7Tf T

g0ty = LSS 0 ) v ()] @

Nelim o1

Finally, in line 13, we eliminate all f € F* whose V-type average Bellman error estimates are large.

Offline elimination phase In the offline phase, we consider the same reward-appended function
class Fog(R) when reward R € R is revealed. For V-type RFOLIVE, in line 16, we define the policy
class IT, = TI,,, which consists of greedy policies with respect to all f € Z,,. Using dataset D¢,
we estimate EF(g, nt, 7', ht) for all g € Fog(R), 7" € Uop,t € [T from its empirical version:

1SR oy = () lon(a}a}) -

éR(ngtvwlaht) = 1/K r\Tp " Qp,

- Ba(ail)s o)) = Vy(aiy)| )
elim i=1

and eliminate invalid functions in line 18. Finally, we return the optimistic policy 7 from the surviving
set. Apart from estimating different average Bellman errors, the noticeable difference between Q-type
and V-type RFOLIVE is that the latter uses IS to correct the uniformly drawn action to some policy
7' € I, to witness the average Bellman error (Jiang et al., 2017).

3.2.1 Main results for V-type RFOLIVE

Here we present the theoretical guarantee of V-type RFOLIVE. Firstly, we introduce the V-type
Bellman Eluder (BE) dimension (Jin et al., 2021).

Definition 7 (V-type BE dimension). Let (I — T,F)Vr C (X — R) be the state-wise Bellman
difference class of F at step h defined as (I — T;F)\Vr :={x — (fo — TR fus1)(z, 7y, () : f €
.7:}. Letl' = {Fh}fz_ol where Iy, is a set of distributions over X. The V-type ¢-BE dimension of F
with respect to T is defined as dim% _(F,T,¢) := maxpe(p) dae (I — T,F)VrE, T e).

We now state the guarantee for V-type RFOLIVE, assuming polynomial covering number growth.

Theorem 3 (V-type RFOLIVE, parametric case). Fix 0 € (0,1). Given a reward class R, a function
class F that satisfies Assumption 1, Assumption 2, with probability at least 1 — 6, for any R € R,
V-type RFOLIVE outputs a policy 7 that satisfies v, > vy — €. The required number of episodes is

O ((H"dr + H°dg) d2,. K log(1/6) /%),
where dype = dim®, (F — F,Dr_z,¢/(8H)).

The detailed proof and the specific values of €,cty, Eelim, Macty, Melim are deferred to Appendix D.2. Our
rate is again loose in H factors when compared with the reward-aware version. Compared with the
Q-type version, here we also incur a dependence on K = |.A|, analogous to the reward-aware case.

3.2.2 V-type RFOLIVE for unknown representation low-rank MDPs

As a special case, we instantiate our V-type RFOLIVE result to low-rank MDPs (Modi et al., 2021):
Definition 8 (Low-rank factorization). A transition operator Py, : X x A — A(X) admits a low-
rank decomposition of dimension dy, if there exists (bl,f X x A = R and ul,f : X = R g,
Vx,m’ € Xa€e A: P | z,a0) = <q§lhr(x,a),u}f(w’)>, and additionally ||¢¥(-)||l2 < 1 and
Vf' e X = [=1,1], we have || [ f'(z)py (z)dz||, < /di,. We say M is low-rank with embedding
dimenszon dyy, if for each h € [H|, the transition operator Py, admits a rank-d), decomposition.

Here superscript and subscript Ir imply that the notations are related to low-rank MDPs. As in Modi
et al. (2021), we consider low-rank MDPs in a representatlon learmng setting, where we are given
realizable feature class ®'" rather than the feature ¢ = ( e (;5 1) directly:



Assumption 3 (Realizability of low-rank feature class). We assume that a finite feature class
O = O x ... x ®% . satisfies qﬁg € o, VYh € [H]. In addition, Vh € [H], ¢, € PV,

l[én()ll2 < 1.

Similar to the linear completeness setting (Section 3.1.2), we construct F(®') = Fo(®'", H — 1)x
- XFr-1(®",0), where Fp(®", By) = {fu(zn,an) = (¢n(xn,an),0n) = ¢n € O [10n2 <

By/dyy, (On(:),0n) € [-By, Bp]}. In Proposition 4, we show that the V-type Bellman Eluder

dimension of F(®') — F(®') in this case is O (dy,) which leads to the following corollary:

Corollary 4 (Informal, parametric case). Fix § € (0,1). Consider a low-rank MDP M of embedding
dimension dy, with a realizable feature class ® (Assumption 3) and a reward class R. With
probability at least 1 — 6, for any R € R, V-type RFOLIVE (Algorithm 1) with F(®"™) outputs a
policy 7 that satisfies vg > vy — € . The required number of episodes is

O ((H8d3 log(|1®"|) + HPdldR) K log(1/8) /<) .

We defer the full statement and detailed proof of the corollary to Appendix D.3. In the low-rank
MDP setting, Modi et al. (2021) propose a more computationally viable algorithm, but additionally
require a reachability assumption. Our result shows that reachability is not necessary for statistically
efficiency, which opens an interesting avenue for designing an algorithm that is both computationally
and statistically efficient without reachability. Moreover, our result significantly improves upon their
sample complexity bound. The detailed comparisons are deferred to Appendix A and Appendix D.3.
Notice that here K shows up in our bound. As another corollary, in the linear MDP (Definition 8
plus ¢'" is known), Q-type RFOLIVE yields a K independent bound. The details can be found in
Appendix C.5.

3.3 Intuition and proof sketch for RFOLIVE

We first provide the intuition. Since the online phase of RFOLIVE is equivalent to running OLIVE with
0 reward function, any policy 7 attains zero value (i.e., VOTT{) (xg) = 0,Vf € Fon). By the policy loss
decomposition lemma (Jiang et al., 2017), the value error for the greedy policy, Vi (zo) — Vofé (o),
is small when the algorithm stops (line 6). Therefore, all f € F,, which predict large values Vy(zg)
must have been eliminated before OLIVE terminates. This implies that, in the online phase, we gather
a diverse set of constraints (roll-in distributions 7?) that can witness the average Bellman error of
functions in Foy. In this sense, our algorithm focuses on function space elimination and does not
try to reach all latent states or directions (Modi et al., 2021; Zanette et al., 2020b), which is the key
conceptual difference that enables us to avoid reachability and explorability assumptions.

On the technical side, note that the way we use OLIVE in the offline setting is novel to our knowledge
and is crucial to getting a good sample complexity under our assumptions, as opposed to more
standard FQI style approaches. Because we have to coordinate between the online and offline phases,
the analysis bears significant novelty beyond the original analysis of OLIVE (and its reward-aware
follow-up works), and this is one of our key contributions. The most crucial part is to show that any
bad g € Foi(R) whose average Bellman error is large under the true reward R will be eliminated

in the offline phase. To prove this, we construct f € Fo,, that has the same average Bellman error
as g and predicts a large positive value Vf(xo), which implies that it will be eliminated during the

online phase. Finally, by our construction, the constraint used to eliminate f directly witnesses the
average Bellman error of g, thus ruling out g in the offline phase. We discuss it in more detail in
Appendix C.3.

4 Hardness result for unknown representation linear completeness setting

In Section 3.1.2, we showed that Q-type RFOLIVE requires polynomial sample for reward-free RL in
the known feature linear completeness setting. For low-rank MDPs, when given a realizable feature
class, we showed V-type RFOLIVE is statistically efficient in Section 3.2.2. A natural next step is to
relax the low-rank assumption on the MDP and show a sample efficiency result for the more general
linear completeness and unknown feature case. However, below we state a hardness result which
shows that a polynomial dependence on the feature class (’<I>1C ’) or an exponential dependence on H
is unavoidable. We first introduce the realizability of a linearly complete feature class.



Assumption 4 (Realizability of the linearly complete feature class). We assume that there exists a
finite candidate feature class Ple = @})C X e X <I>113_1, such that Vh € [H], we have gbf € @}LC. In

addition, Vh € [H], ¢, € ®¥,V(x,a) € X x A, we have ||¢n(-)||l2 < 1.

Now we state of hardness result for learning in the linear completeness setting with a realizable
feature class (Assumption 4). A complete proof and more discussions are provided in Appendix E.

Theorem 5. There exists a family of MDPs M, a reward class R and a feature set ®'°, such that
VM € M, the (M, ®'°) pair satisfies Assumption 4, yet it is information-theoretically impossible
for an algorithm to obtain a poly (dic, H,log(|®'|),log(|R|), 1/, log(1/8)) sample complexity for
reward-free exploration with the given reward class R.

The hardness result in Theorem 5 is also applicable to easier settings: (i) learning with a generative
model (or using a local access protocol, Hao et al. (2022)), (ii) reward-free learning with explorability
(Zanette et al., 2020b) and reachability (Modi et al., 2021) assumptions and (iii) reward-aware learning
as R is a known singleton class. Thus, the result highlights an exponential separation between the
low-rank MDP and linear completeness assumptions by showing that linearly complete true feature
¢'° € ®'° is not sufficient for polynomial sample efficiency and additional assumptions are required
to account for the unknown representation.

5 Conclusion and discussion

In this paper, we investigated the statistical efficiency of reward-free RL under general function
approximation. The proposed algorithm, RFOLIVE, is the first algorithm to address reward-free
exploration under general function approximation. Contrary to prior works which either try to
reach all states or all directions in the feature space, RFOLIVE follows a value function elimination
template and ensures that the collected exploration data can be used to identify and eliminate non-
optimal value functions for downstream planning. This significantly sets us apart from the existing
reward-free exploration works. Our positive results significantly relax the existing assumptions in
the reward-free exploration framework. Our negative result shows the first sharp separation between
low-rank MDP and the linear completeness settings with unknown representations. In addition, we
provide an algorithm-specific counterexample in Appendix F that shows RFOLIVE can fail when the
completeness assumption is violated. As realizability alone is sufficient for reward-aware RL (Jiang
etal., 2017; Jin et al., 2021; Du et al., 2021), our results also elicit the further question:

Are realizability-type assumptions sufficient for statistically efficient reward-free RL?

We conjecture that the answer is no, and we believe that the hardness between reward-aware and
reward-free RL has a deep connection to the sharp separation between realizability and completeness
(Chen and Jiang, 2019; Wang et al., 2020b, 2021; Xie and Jiang, 2021; Weisz et al., 2021a,b, 2022;
Foster et al., 2021).
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A Comparisons of sample complexity rates

In this section, we provide comparisons of sample complexity rates. Some more specific and detailed
discussions can be found in Appendix C.4, Appendix C.5, and Appendix D.3 respectively. In Table 2,
we transfer all bounds in related works into our notations and compare them with ours.

Setting Sample complexity

A2 HP log(1/9)
82

Linear MDP (Wagenmaker et al., 2022)

d3. H log(1/9)
52

Linear MDP (Corollary 6)

di, H? log(1/5)
E2

Linear completeness + explorability (Zanette et al., 2020b)

62
di H K log (19" || R|/6)
min{e2nmin, N5,
4 H3K log (|9 |R|/5)
52

Linear completeness (Corollary 2)

Low-rank MDP + small |A| + reachability (Modi et al., 2021)

Low-rank MDP + small |.A| (Corollary 4)

2, (H" dr+H®dr ) log(1/9)
52

Completeness + Q-type BE dimension (Theorem 1)

d?, K(H"dr+H®dg)log(1/)
{__-2

Completeness + V-type BE dimension + small |.A| (Theorem 3)

Table 2: Comparisons between our results and most closely related works in reward-free exploration.
Red assumptions are what prior works need that are avoided by us. For simplicity, we only show the
orders and hide polylog terms (i.e., using O(-) notation). 1,y is the reachability factor in Modi et al.
(2021).

In linear MDPs, our bound (Corollary 6) is di.H> worse compared with the most recent work
(Wagenmaker et al., 2022), but our result is also independent of K. It should be noted that both these
bounds are sub-optimal in H dependence when compared to the lower bound of 2 (d2 H?/ €2> shown
in Wagenmaker et al. (2022). In the reward-aware setting, GOLF has a sharper rate than the subroutine
OLIVE under the completeness type assumption (Jin et al., 2021). Since in RFOLIVE we only
collect data when running a single (zero) reward OLIVE during the online phase and completeness
(Assumption 2) is satisfied in our paper, we believe that there also exists a reward-free version of
GOLF (by running GOLF with zero reward function in the online phase and performing function
elimination in the offline phase) that can potentially improve an H dj, factor.

As for the linear completeness setting, our rate (Corollary 2) appears to be H? worse than Zanette et al.
(2020b). However, we want to remark that they need to assume ¢ to be “asymptotically small” (more
specifically, e < O~(1/min /V/dic), where v,y is their explorability factor). Thus there is an implicit
dependence on 1 /vy, in their sample complexity bound. Since such a factor can be arbitrarily large
while H is always bounded in a finite horizon problem, our bound could be much better than theirs.
Again, there could be an H d). tighter bound for the reward-free version of GOLF, which implies that
the optimal dj. dependence in the linear completeness setting could also be improved.

In low-rank MDPs, it is easy to see that our result (Corollary 4) significantly improves upon the rate
of Modi et al. (2021) in dj, and K factors, while slightly worse in the H factor. In addition, they
require the reachability assumption (7,i, is their reachability factor), which means that their bound
can be arbitrary worse than ours. Similar dependence on reachability factor 1/m;, also exists in the
sample complexity bounds of the more restricted block MDPs (Du et al., 2019; Misra et al., 2020) as
they assume the reachability assumption.

Finally, regarding lower bounds, we do not necessarily need a direct one in our general function
approximation setting (or even the more restricted linear completeness setting/low-rank MDPs) to
compare with. The lower bound for reward-free exploration in linear MDPs (Wagenmaker et al.,
2022) is applicable to each of these and shows the necessary dependence on the respective complexity
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measures. Coming up with a method which incorporates general function approximation while
incurring better sample complexity rates on these special instances is a challenging and interesting
avenue for future work.

B Discussions on Q-type and V-type

In this paper we study both Q-type and V-type, and they are not specific to the reward-free explo-
ration. Different versions (Q-type and V-type) already exist in the reward-aware general function
approximation RL (e.g., Jiang et al. (2017); Jin et al. (2021); Du et al. (2021)). They capture different
scenarios of interest and so far, it seems difficult to unify them even in the reward-aware setting.
Therefore, to give a comprehensive treatment of general function approximation, we consider both
together. The algorithms and analyses for the two types are not very different, with only moderate
differences.

Since we consider the BE dimension and it subsumes Bellman rank (Jin et al., 2021), we first provide
a detailed comparison between Q-type and V-type Bellman rank. As discussed in Agarwal and
Zhang (2022), V-type permits representation learning and other non-linear scenarios that are not
easily captured in Q-type. For instance, any contextual bandit problem is admissible under the V-type
assumption (the V-type Bellman rank is 1), while Q-type does not capture all finite action, non-linear
contextual bandit problems with a realizable reward. We refer the reader to the detailed lower bound
on the Q-type Bellman rank in the contextual bandit setting in Appendix B of Agarwal and Zhang
(2022). In contrast, Q-type has a more linear like structure, but it also includes problems whose
V-type Bellman rank is large (e.g., linear completeness setting in Zanette et al. (2020a)). Further,
V-type RFOLIVE (or V-type OLIVE) requires one uniform action in exploration and therefore has an
additional K factor (the cardinality of action space) in the sample complexity bound.

Then we discuss the BE dimension. It can be shown that the Q-type BE dimension could also be
exponentially larger than the V-type BE dimension. In Agarwal and Zhang (2022), the authors show
that the Q-type Bellman rank for a contextual bandit instance can be made arbitrarily higher whereas
the V-type Bellman rank is always 1 for a CB setting. Here, we show that the same instance can
be shown to have high Bellman Eluder dimension as well. The construction considers a context
distribution which is uniformon 1, ..., N, where we have N unique contexts. We have two actions
{a1,a2}. We also have |F| = N + 1 with the following structure:

f(x,a1) = fya(z,a1) =0
f*(z,a2) = fyi1(z,a2) = 0.5.

Fori < N + 1, we have f;(z,a) = f*(x,a) when x # i, and f;(x,a1) = 1, fi(z,a2) = 0.5
implying that the function f; makes incorrect prediction on context ¢ for action a;. Now, the bound
on V-type BE dimension can be obtained by using the Bellman rank to BE dimension conversion
result in Proposition 21 from Jin et al. (2021) or Proposition 3 in our paper. Since, the V-type
Bellman rank is 1, the BE dimension is bounded as dim® _(F,Dz,1/(2N)) < O (log(N)). We
now show that the Q-type BE dimension is 2(/N). Consider the sequence of policies 7y, ..., 7n.

For any ¢ € {1,..., N} and sequence 7y, ...,m;—1, (Q-type) Bellman residuals incurred by the
. 2
function f; is: \/22;11 (% Zj\;l Eon, [fi(J,a) — f*(j,a)]) = 0. The same residual on the

distribution induced by 7; can be written as ‘Z;\Ll A Eqr, [fi(j,a) — f*(j,a)]| = 1/N. Hence, T;
is 1/(2N)-independent of {1, ..., m;_1} (recall Definition 2). Thus, for e = 1/(2N), the sequence
1, ...,y can be used to show that the DE dimension (Definition 3) and the Q-type BE dimension

for this instance is O(N ). Hence, the Q-type BE dimension is exponentially larger than the V-type
BE dimension for this instance.

C Q-type RFOLIVE results

In this section, we present the results related to Q-type RFOLIVE. In Appendix C.1, we introduce
the theoretical guarantee of Q-type OLIVE (Jiang et al., 2017; Jin et al., 2021) for completeness. In
Appendix C.2, we show the detailed proof of the sample complexity bound of Q-type RFOLIVE
(Theorem 1). In Appendix C.4, we discuss the instantiation of Q-type RFOLIVE to the known
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representation linear completeness setting. In Appendix C.5, we provide another instantiation of
Q-type RFOLIVE to the linear MDP with known feature.

C.1 Q-type OLIVE

We first introduce the following assumption that will be useful for the OLIVE results (Proposition 1
and Proposition 2). Notice that this realizability assumption is for the single reward-aware OLIVE,
where the function class captures reward-appended optimal value functions. Thus it is different from
our reward-free realizability assumption (Assumption 1).

Assumption 5 (e-approximate realizability of the single-reward function class). For the reward
Sfunction R, optimal Q-function Q%, and the value function class F, there exists Q% € F so that

maxpe(m) |Qkp — Qi pllo < e

Then we state the sample complexity result of Q-type OLIVE (Algorithm 2 in Jin et al. (2021)). In
this paper, we consider the uniformly bounded reward setting (0 < r, < 1,Vh € [H]) instead of
bounded total reward setting (Vh € [H],ry > 0 and ZhH;OI rp, < 1) in Jiang and Agarwal (2018);
Jiang et al. (2017); Jin et al. (2021). Therefore we need to pay an additional H2 dependency in ncy
and neji, because the range of value function is H times larger than the original ones, which induces
an additional H? factor in the concentration inequalities.

Proposition 1 (Sample complexity of Q-type OLIVE, modification of Theorem 18 in Jin et al. (2021)).
Under Assumption 5 with exact realizability (zero approximation error), if we set

€ B € _ H% _ H*dgbe log(Nr (Eeiim/64) )
Eacv = y Eelim = y Nacry = 5 and TNelim = b)
2H 8H \/dgbe € €

where dgpe = dimfbe(f, Dr,e/(4H)) and v = ¢y log(Hdqpe/0€), then with probability at least
1 — 9, Q-type OLIVE (Algorithm 2 in Jin et al. (2021)) with F will output an e-optimal policy (under
a single reward function R) using at most O(Hdgbe(Ncty + Neiim)) episodes. Here ¢y is a large
enough constant.

This sample complexity result directly follows from Jin et al. (2021) with minor adaptation of the
parameters. We refer the reader to Jin et al. (2021) for the detailed proof.

C.2  Proof of Q-type RFOLIVE under general function approximation

In this part, we first provide the general statement of Theorem 1 and then show the detailed proof. We
also provide a detailed discussion on the different and novel part in our proof compared with Jiang
et al. (2017); Jin et al. (2021).

Theorem (Full version of Theorem 1). Fix § € (0,1). Given a reward class R and a function class
F that satisfies Assumption 1 and Assumption 2, with probability at least 1 — 6, for any R € R,
QO-type RFOLIVE (Algorithm 1) with F outputs a policy 7 that satisfies v}; > vg — €. The required
number of episodes is

o ( (H"log (NF (¢/512H\/dqpe) ) + H® log (Nr (e/512H?\/dgbe))) dgbcL>

2

In RFOLIVE, we set

& & o _H%
Eactv = 2H27£ellm - 8H2\/manactv — 62 )
and
n _ (H6 log(N}-(eelim/64)) + H* log(./\/'R(selim/64))) dquL
elim — )
3
(H6 log (/\/‘; (6/512H2\/dqbe>> + Hlog (NR (5/512H21/dqbe))) dgbet

9

e2

where dgpe = dimgbe(}' — F,Dr_r,e/(4H)), ¢ = colog(Hdype/d€), and cs is a large enough
constant.
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Proof. From the online phase of Q-type RFOLIVE (Algorithm 1), we can see that this phase is
equivalent to running Q-type OLIVE (Algorithm 2 in Jin et al. (2021)) with the input function
class F — F, the specified parameters €ucy, Eelims Melims Macty and under the reward function R = 0.
In Proposition 1, we know that realizability (Assumption 5) holds because 0 € F — F = Fq.
Then the sample complexity is immediately from our specified values of €51y, Eelim, Nacty, Nelim and
Proposition 1 as we only collect samples in the online phase. Notice that the log-covering number
log (Nz,, () =log (Nr_x(-)) < 2log (N=(-)) and such a constant 2 is absorbed by large enough
co. Therefore, it remains to show that the algorithm can indeed output an c-optimal policy with
probability 1 — § in the offline phase. We will show the following three claims hold with probability
atleast 1 — 4.

Claim 1 Forany g € For(R), if 3h € [H], s.t. |E§(g, 7y, h)| > ¢/ H, then it will be eliminated in
the offline phase.

Claim 2 Q% € Fog(R) and Q% will not be eliminated in the offline phase.

Claim 3 At the end of the offline phase, picking the optimistic function from the survived value
functions gives us e-optimal policy.

Before showing these three claims, we first state properties from the online phase of Q-type RFOLIVE
and the concentration results in the offline phase.

Properties from the online phase of Q-type RFOLIVE From the equivalence between the online
phase of Q-type RFOLIVE (Algorithm 1) and Q-type OLIVE (Algorithm 2 in Jin et al. (2021)) with
reward 0, we know that with probability at least 1 —§/4, the online phase terminates within dqpeH +1
iterations. In addition, with probability at least 1 — ¢/4, the following properties (Eq. (6) and Eq. (7))
hold for the first dqne H + 1 iterations:

(1) When the online phase exits at iteration 7" in line 7 (i.e., the elimination procedure is not activated
in RFOLIVE), for any f € F7, it predicts no more than ¢/ H value:

H-1
Vi(wo) < Vyr(wo) = Vir(wo) = Vo (o) = Y EG(T 77 h) < 2Hewy = /H.  (6)

h=0
The first equality is due to any policy evaluation has value 0 under the reward function 0. The second
equality is due to the policy loss decomposition in Jiang et al. (2017). The second inequality is

adapted from the “concentration in the activation procedure” part of the proof for Theorem 18 in Jin
etal. (2021).

(i) For T' < dybeH + 1, the concentration argument holds for any f € F,, and ¢t € [T]:
g(%(fvﬂ'taht) 75(%(fa7rtaht) < 5elim/8- (7)

This is from the “concentration in the elimination procedure” step of the proof for Theorem 18 in Jin
et al. (2021) and we adapt it with our parameters.

Concentration results in the offline phase In RFOLIVE we use & R(g,mt,m,ht) and m € TLg in
line 18. Since we are in the Q-type version, we have Il = {wt}. In addition, from Definition 4,
we know that % (g, 7", n*, h) = EF(g, 7", h'). Therefore, in line 18, it is equivalent to eliminating
according to gg(g, wt, ht). Throughout this proof, we will use Sg(g, 7t k') and gg(g,wt, ht)
notations for simplicity. Now we show the concentration results in the offline phase.

Let R be an (£ejim/64)-cover of R. For every R € R, let R® = argmin g, iz maxpe (] IRy, —
R} ||s. Firstly, consider any fixed R € R and let Z(R) be an (Eejim/64)-cover of For(R)
with cardinality Nz, . (g)(€elim/64) = Nr(ceim/64). For every g € Fog(R), let g¢ =
argming ¢ z(g) MaxXpe(a) |9n — g lloo-
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Applying Hoeffding’s inequality to all (¢,¢’) € [T] x Z(R) and taking a union bound, we have that
with probability at least 1 — 6 /(2NR (€clim/64)), the following holds for all (¢, ¢’) € [T] x Z(R)

10g(4TNR (Eehm/64)N]: (5elim/64)/6)

2Nelim

é’g(g/yﬁt’ ht) — 55(9/7 Wt’ ht)‘ < 4H\/ < Eelim/&
The second inequality is due to e = €/ (8H2, /dqbe) , L= colog(Hdgpe/d€), and

(H® 1og(NF (€elim/64)) + H* 10g(NR (€elim/64)) ) dgpet
-2

Thelim = ’

with cs in ¢ being chosen large enough.

Therefore for any g € Foi(R), we get

80,7 ") — (g, 1)

< |E8 (gt 0 = ER(o" w11 |+ [EG (g ' ) — E8 (" " 1)
+ |5 (g 7t nt) — EG (g, 7t hY)|

< 28elim/64 + Eelim/8 + 2<“——<>,1im/64

= Sgelim/16-

Union bounding over R € R, with probability at least 1 — /2, forallt € [T], R€ R, g € For(R),
we have

ég(ga 7Tta ht) - 55(9, 7Tt7 ht)‘ S 3gelim/16~
Therefore, with probability at least 1 — §/2, forallt € [T], R € R, g € Forr(R), we have
8 g ' bt — €8 (g7 1)

8 (g, 7' 1) — ES (g, 7", ')

+ |E5 (g 1) = 5 (g 1)

+ ‘fgc(gmﬂht) - Sg(gmt,ht)‘
§ €elim/64 + 3Eelim/16 + 5elim/64
< Eelim/4~ (8)

All statements in our subsequent proof are under the event that all the different high-probability
events (the online phase terminates within dq,H + 1 iterations, and Eq. (6), Eq. (7), Eq. (8) hold for
the first dqpe H + 1 iterations) discussed above hold with a total failure probability of J.

Proof of Claim 1  Consider any g € Foi(R) such that 3k € [H], |E§ (g, 74, h)| > €/H. Recall the
definition of Fog (R), we know that g can be written as g = (go, ..., 9m-1) = (fo+Ro, ..., fr—1+
Ry_1), frn € Fp. We will discuss the positive average Bellman error and the negative average
Bellman error cases separately.

Case (i) of Claim 1 £5(g, 74, h) = E[gn(xn, an) — Ru(xn, an) — Vg(xny1) | ao:n ~ ] > e/H.
Since g, = fn, + Ry, we know that

e/H <Egn(zn,an) — Ru(zn,an) — Vg(zni1) | ao:n ~ 7y

= ]E[fh(xmah) Vy(zhe1) | ao:n ~ my]
Elfn(xh,an) — (T gne1)(@h, an) | agn ~ 74 (Definition of 7,0)
E[fu(zh, an) | ao:n ~ my). (fn = In = T2gn+1)

Here we construct a function f that has the same value as f;, — 7;? gh+1 at level h, uses zero reward
Bellman backup for any level before h, and assigns zero value after level h. More formally, it is
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defined as
(773fh’+1)(50h’»ah'):E[mgX Swr(@pgr,a) | zpap] 0<h <h-1

I (‘rh’aah’): fh(xh,ah) - (ﬁoghﬂ)(mh,ah) K =nh
0 h+1<h <H-1.

From the definition of Q-type average Bellman error and the construction, we know that for any policy
7 we can translate the Q-type reward-dependent average Bellman error for a function g € Fog(R) to

the zero reward Q-type average Bellman error of a function f € Fon as the following
Eg(g,ﬂ,h) = Elgn(xh, an) — Rp(xh, an) — Vy(@ht1) | aoh—1 ~ m, ap ~ 7]
= E[fn(zn, an) = (Ty gn+1)(@n, an) | agn ~ 7]
=E[fn(zn an) — 0 — fas1(Ths1, ant1) | @on ~ 7, ans1 ~ ud
= £5(f,m, ), )
where in the third equality we notice that f,1 = 0.

We can verify that f =( fo, R fH,l) € Fon. First let us consider level A’ = h. From completeness
(Assumption 2), we know that 7,2 gn+1 = T,2(fa+1 + Rr+1) € Fn. Therefore, we have frn=fn—
’7;? gni1 € Fn — Fn. Then we consider level 0 < b’ < h — 1. By the definition, we use zero reward
Bellman backup. From completeness and fh € Fn — Fp, we have fh_l = 7710f~h € Fno1— Fn_1.
By performing this inductive process backward, we have fur € Fr — Fpr for any0 < h' < h-—1.
For level h +1 < h’ < H — 1, we immediately get fh/ = 0 € Fj» — Fp. Therefore, we can see

f="(fo,..., fr—1) € Fon from the definition of F,,.

From the construction of f (zero reward Bellman backup for level 0 < h' < h — 1), we have
Vi(xo) = E(fn(zn, an) | a0 ~ Ly
> E[fu(zn,an) | ao:n ~ 7
= Elgn(xh, an) — Ru(xh, an) — Vy(@ht1) | ao.n ~ g
>¢e/H,
where T 7 is the greedy policy of f and in fact it is the optimal policy when treating fh as the reward

at level h and there are no intermediate rewards. From the first property of the online phase (Eq. (6)),
we know that all the survived value functions at the end of the online phase predict no more than ¢/ H.

Therefore f will be eliminated. We assume it is eliminated at iteration ¢ by policy 7t in level hl.

From the Bellman backup construction of f , we know that f can only be eliminated at level h. This
can be seen from the following argument: By the construction of f, we have 58( f,m, k') =0 for
any wand h' € [H],h’ # h. Applying the second property of the online phase (Eq. (7)), we have

f(%(f,wt,ht) ,gg(f’ﬂt’ht)‘ < 3&elim/4, which gives us ’z‘fg(f,wt,ht) < 3elim/4 if At # h.

Since the elimination threshold is set to €ejim, f will not be eliminated at level ht # h.

This implies that at some iteration ¢ in the online phase, we will collect some 7 that eliminates

f at level h, i.e., it satisfies ‘é’g(f, mt, ht)‘ > gaim and At = h. Applying the second property
of the online phase (Eq. (7)), we have ‘g’g(f, mt ht) — Sg(f, 7t ht)| < eelim/8. This tells us

€8(f, 1)

> Teelim/8. Then from Eq. (9) we have

€8 (9,7 1| = [€§(F, ' 1) > Teuim/3.

Finally, the concentration argument of the offline phase (Eq. (8)) implies that
’ég(g,ﬁt,ht)ffg(g,ﬂt,ht)’ < &eim/4. Hence, we get ‘fg(g,ﬂt,ht)’ > Eeim/2. This

means that we will eliminate such g by 7! in the offline phase.
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Case (il) of Claim 1 gg(g7ﬁg,h) = E[gh(ach,ah) — Rh(xh,ah) — %($h+1) | ag.n ~ 7Tg] <
—e/H.

Same as before, we have 55‘(9, mgoh) = E[fu(xn, an) — (TPgn+1)(@n, an) | ag.n ~ mg) < —/H.
Now we let fh be the negated version of the one in case (i), and define f as

(Ti G +1) (Thr, ane) ZE[mgxﬁh'H(l”hurha) | zpyap] 0<H <h-—1
i (xh’a ah’) = (’Eloghﬂ)(:rh, ah) — fh(xh, ah) K =nh
0 h+1<h' <H-1.

Following the same steps as in case (i) we can verify that f € F,,, and that V];(:co) > ¢/H. From
here the argument is identical to case (i).

Proof of Claim 2 (i) From the assumption, we know that realizability condition Q}, = (Q}}’O, cee
QR.g_1) € For(R) holds. (ii) For the second argument, we note that Eg(Q}}, m, h) = 0 for any
mand h € [H] by the definition of the average Bellman error. From the concentration argument in
the offline phase (Eq. (8)), we have ég(Q}‘%, w ht)| < |EE(QF, 7', hY)| + etim/4 = Eetim/4. As a
result, Q% will not be eliminated.

Proof of Claim3  From Claim 1, we know that in the offline phase for any g € Fog(R), if 3h € [H],
s.t. |<€’(§(g7 mg, h)| > e/H, then it will be eliminated. Therefore from the policy loss decomposition
in Jiang et al. (2017), for all survived g € Fyu (R ) R) in the offline phase, we have

V9($0) RO xO Z gQ 977797

Since Q% is not eliminated, similar as Jiang et al. (2017), Jin et al. (2021), we have
Vi (o) > Vy(xo) — e > Vi o(20) — e

Notice that Claim 3 directly implies that RFOLIVE returns an e-near optimal policy. This completes
the proof. O

C.3 Technical novelty over reward-aware OLIVE

The key step of the analyses of reward-aware OLIVE (Jiang et al., 2017; Jin et al., 2021) is to show that
any bad function whose average Bellman error is large under the given reward function is eliminated
(recall that they only have the online phase and the reward is always revealed). This is ensured by the
online exploration process. However, the difficulty in our reward-free RL setting is that such a reward
function is only revealed in the offline phase, where we no longer actively explore. To overcome this
difficulty, we use completely new and novel proof techniques here: For each bad function g € Fog(R)
with a large average Bellman error under the true reward R, we construct a surrogate function f in
the online phase Our construction guarantees that f has the same large average Bellman error as
g, but the error is instead under the zero reward which we use during exploration (Eq. 9)). Then
we show that all these constructed f belong to the “difference” function class F,, and f will be
eliminated in the online phase since we use J,, and zero reward there. The collected data tuples
(gathered constraints) that eliminate f will be used in the offline phase and they guarantee eliminating
its corresponding bad function g. Notice that in the design/definition of f, we need to guarantee that
it has a large average Bellman error at the same timestep as g does so that it can correctly witness the
average Bellman error of g, which we ensure via a Bellman backup construction.

In summary, both the construction of the surrogate function f and the translation of average Bellman
error from bad function g € Fog(R) to f € Fo, are novel to the best of our knowledge. They reflect
crucial difference between reward-aware and reward-free RL. And at the same time, no reward-aware
RL works have used such mechanisms before.

We also provide a counterexample in Appendix G that shows other variant of OLIVE could fail even
under realizability, completeness, and low Bellman Eluder dimension, where we know RFOLIVE has
polynomial sample complexities.
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C.4 Q-type RFOLIVE for known representation linear completeness setting

We first discuss why stating a specific B is equivalent to stating any B > 0 in Definition 6. Assuming
the statement hold for B, we will show that it holds for any B’ > 0. The reason is the following.

Consider any Q) = (¢}, 1,0},,1) € Qny1({¢'°}, B'), where |16}, ]| < B'V/dic. For Qpq1 =
<¢f+1,9’h+1‘|§,ﬁ> € Qni1({9'°}, B), there exists 0, that satisfies (¢i,05,) = T,2Qp11 and
h

+1”2

161]]2 < B+v/dic. Then we know that %( i€,60h) = T,2Q), 1. Now we can choose 0], =

%Hh, and therefore we have 7,0Q}, ., = (¢),0},) and ||0 [|2 < [|0] ., |l2 < B'V/dy satisfies

the norm constraint, i.e., (¢i, 0}) € Qn({#'°}, B).

Next, we show the formal corollary statement and the detailed proof of the theoretical result of Q-type
RFOLIVE when instantiated to linear completeness setting.

Corollary (Full version of Corollary 2). Fix 6 € (0,1). Consider an MDP M that satisfies
linear completeness (Definition 6) with the known feature ¢'°, and the linear reward class R =
Ri X ... X Ry, where Ry, = {(q&%f,nh) Nnlle < Ve, ( }f’(-),nh> € [0, 1}} With probability at
least 1 — 6, for any R € R, Q-type RFOLIVE (Algorithm 1) with F = F({¢'°}) outputs a policy 7
that satisfies v, > vy — €. The required number of episodes is

. (HSdi 050119
O —2 .
g
In RFOLIVE, we set
£ £ HS, Hd2.:3
Eactv = 1o Celim = S5 —> Nacy = ——5 s Telim = ’
M oH2 T T g Ja T ez £2

where . = c3log(Hd)./d¢) and cs is a large enough constant.

We remark that although the O (M) sample complexity rate of Zanette et al. (2020b)

looks better than us, they need to assume € < O(Vmin /v/dic), where vy is their explorability factor.
Thus there is an implicit dependence on 1/vy,;, in their sample complexity bound and their results
are incomparable to us. More related discussions can be found in Appendix A.

Proof. We first verify that F({¢'°}) satisfies the assumptions in Theorem 1. Here we have that

F{¢'}) = Fo({#*}, H — 1) x ... x Fy_1({¢'°},0), where

Frn({¢'}, Bn) = { fu(zn, an) = (8 (xn, an), 00 ) : |0nll2 < Brv/dic, (61 (-), 01) € [~Bn, By}

We first verify the realizability assumption (Assumption 1). For the last level, we have
Qru-1=Ro-1+0¢€ Fr-1({¢'},0) + Ry_1 = Fu_1 + Ru_1.

In addition, Q% y_y = Ru-1 = (' mm_1), where |[ng_1|l2 < Vdic and (¢'S_ (1), nm—1) €
[0, 1]. Then for level H — 2, we have

Qrp—2TH—2,an-2) = Ry _2(xg—2,an—2)+ IE[(Ilnax Qrpu—1(TH-1,01-1) | TH-2,08H 2]
H-1

= Ry—o(Tr_2,am—2) + (0 _o(Tr_2,am—2),05_,),

where ||0%_oll2 < Vdic and ('S ,(-),0% ,) € [0,1]. Here we apply the property of linear
completeness (Definition 6). Therefore, we can set 0, _, = 0 _, and get Qp iy o = Ry—2 +

(¢ o, 0% o) € Fu_2({¢'°},1) + Ry_». Continuing this induction process backward, we get
Q. € Fn+ R, Vh € [H], thus Q € F + R.

For completeness assumption (Assumption 2), again from the property of linear completeness, for
any h € [H], fn+1 € Fht1, Rht1 € Ri41, we have that

(T (frs1 + Rng1))(@n, an) = E max (341 (Tnr1, ang1), Onsr + mnsr ) | @nsan
apt1

= <¢;7,C(mha ah)a 6f+R,h> )
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where |07 rnl, < (H —h — 1)V/dic and (¢}(-),051rn) € [-(H —h —1),H — h — 1]. Thus
(¢}, 07+ r,n) € Fn, which implies that for any fi41 € Fni1, Rng1 € Rig1 we have T2 (fr1 +
Rp41) € Fp. Similarly, we can show 7,2 fr11 € F.

Moreover, for any fny1, f;1 € Fry1, We can assume that f5,; = <¢f+1,9h+1> and f; | =
( };:Jrlv O, 11)> where [|0h 41|z, |60}, 41 [l < (H—h—2)+/d\c and { }1C+1(')a On+1), <¢}LC+1(')7‘9;1+1> €
[-(H — h —2),H — h — 2]. Therefore, we have f,11(-) — f,(-) € [-2(H — h —2),2(H —
h — 2)]. From linear completeness (Definition 6), we know that there exists 6} that satisfy
(@), 0h) = Ty (<¢lhc+179h+1 _9;L+1>) and [|0/]l2 < 2(H — h — 2)V/dic with (¢(-),0}) €
[-2(H—-h—-2),2(H—h—2)]. Now, choosing 0, = 6;//2 and §;, = —6)//2, we know
that (¢, 0n) — (015,6,) = T2 (frs1 — fryq1) and (@S, 04), (@), 0},) € Fp. Hence we have
T (fre1 = fri1) € Fu — F.

Therefore, from the above discussions, we get that completeness holds.

Invoking Theorem 1, the covering number argument (Lemma 8), and the bound on Bellman Eluder
dimension (Proposition 6), we know that the output policy is e-optimal and the sample complexity is

5 ((H7 log (N7 (£/512HV/dict) ) + HP log (N (¢/512H%\/d\c1))) d%’cﬁ)

2

5 <H8d§c 10g(1/5)> ' -

2

As a final remark, Zanette et al. (2020b) assume R is unknown but linear in ng]C. In this case, we can
instead construct Foi(R) = Fo({¢'°}, H) x ... x Fuy_1({¢'°}, 1), where the norm bound and the
value range bound in F, ({#'°}, H — h) are larger than that in F,({¢'°}, H — h — 1), thus capturing
the reward-appended functions. One can easily follow the proof of Theorem 1 and get the sample
complexity result when using this new F,g(R) in the offline phase of RFOLIVE. This variant has
the same sample complexity as Corollary 2.

C.5 Q-type RFOLIVE for known representation linear MDPs

In this part, we instantiate the general theoretical guarantee of Q-type RFOLIVE (Theorem 1) to the
linear MDP setting, where the transition dynamics satisfy the low-rank decomposition (Definition 8)
and ¢' is known. We construct the function class F({¢""}) as F({¢""}) = Fo({¢"}, H — 1) x
oo X Fr—1({#"},0), where

Fu({6"}. Br) = { fa(zn, an) = (i (zh,an),01) : |0n]l2 < Bo/di, (65 (-), 0n) € [—Bn, Ba]}.
In the following, we state the sample complexity result.

Corollary 6 (Q-type RFOLIVE for linear MDPs). Fix § € (0, 1). Consider an MDP M that admits
a low-rank factorization in Definition 8 and the feature ¢ is known, and we are given a reward
Sfunction class R. With probability at least 1 — 0, for any reward function R € R, running Q-type
version of RFOLIVE (Algorithm 1) with F = F({¢™}) outputs a policy # that satisfies v;"é > vh—e.
The required number of episodes is

5 ((HSdf; + H5d2 log(N (¢/512H2/dyyr))) log(1 /5)) |

2

In RFOLIVE, we set

e e HY%
acty — 2H27 elim — 8H2m, actv — 62 )
and
o — (Hd2 + H*dy, 10g(NR (e0iim /64)))i3  (Hd2 + H*dy, log(N (/512H%\/dyy0)))i
elim = = ,

g2 g2

where . = ¢4 log(Hdy, /d¢) and cy is a large enough constant.
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Remark If we consider the entire linear reward class R = Rg X ... X Ryg_1, where R, =
L mn) < Ik llz < Vi, (93, mn) € (X x A — [0,1])}, then invoking Corollary 6 and applying
the similar covering argument of Lemma 8 on the entire linear reward function class R yields the
sample complexity

5 (Hd 1og<1/5>>
g2 '
Recently, Wagenmaker et al. (2022) improved the sharpest rate in the reward-free linear MDPs

~ 5 (dy dy/?H 10g7/%(1/5
to O [ d=H (dh;10g(1/5)) + 4 Osg (1/é)

. Although the focus of our work is not to obtain

the optimal rate, the sample complexity bound of RFOLIVE is also independent of K and not
much worse than the current state of the art. In the reward-aware setting, GOLF has a sharper
rate than the subroutine OLIVE under the completeness type assumption (Jin et al., 2021). Since
in RFOLIVE we only collect data when running a single (zero) reward OLIVE during the online
phase and completeness (Assumption 2) is satisfied in our paper, we believe that there also exists a
reward-free version of GOLF (by running GOLF with zero reward function in the online phase and
performing function elimination in the offline phase) that can potentially improve an Hdqy. factor
compared with RFOLIVE, thus matching the optimal dj, dependence in linear MDPs.

Proof. Similar as the proof of Corollary 4, we can verify that Assumption 1 and Assumption 2 hold.
Invoking Theorem 1 and noticing that the covering number argument (Lemma 8) and the bound on
Q-type Bellman Eluder dimension (Proposition 5) completes the proof. O

D V-type RFOLIVE results

In this section, we present the results related to V-type RFOLIVE. In Appendix D.1, we provide
the theoretical guarantee of V-type OLIVE (Jiang et al., 2017; Jin et al., 2021) for completeness. In
Appendix D.2, we show the detailed proof of the sample complexity bound of V-type RFOLIVE
(Theorem 3). In Appendix D.3, we discuss the instantiation of V-type RFOLIVE to low-rank MDPs.

D.1 V-type OLIVE

First, we state the sample complexity of V-type OLIVE. Similar as Q-type OLIVE, since we consider
the uniformly bounded reward setting (0 < r, < 1) instead of bounded total reward setting
(Vh € [H],r, > 0 and Zf;ol rn, < 1), we need to pay an additional H? dependency in n,e, and
Telim-

Proposition 2 (Sample complexity of V-type OLIVE, modification of Theorem 23 in Jin et al. (2021)).
Assume ( m = Ee1im/8) single-reward approximate realizability holds for F in Assumption 5
and F is finite. If we set

€ € H*% J H4dype K log(|F|)e
€actv = S5y Celim = T 77 > Tacty = —5» AN Nelim =
YTAH M T 16H e Y €2 ! €2
where dype = dim’ | (F,Dr,e/8H) and v = c5log(Hdyne K /d€), then with probability at least

1 — 6, V-type OLIVE (Algorithm 4 in Jin et al. (2021)) with F will output an e-optimal policy (under
a single reward R) using at most O(dyveH (Naery + Netim)) episodes. Here cs is a large enough
constant.

D.2  Proof of V-type RFOLIVE under general function approximation

In this part, we first provide the general statement of Theorem 3 and then show the detailed proof.

Theorem (Full version of Theorem 3). Fix 6 € (0,1). Given a reward class R and a function class
F that satisfies Assumption 1 and Assumption 2, with probability at least 1 — 6, for any R € R,
V-type RFOLIVE (Algorithm 1) with F outputs a policy 7 that satisfies v}; > vy — €. The required
number of episodes is

o < (H" log (N7 (/2048 H?\/dyne) ) + HP log (N (/2048 H?v/d1e))) dibem> |

e2
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In RFOLIVE, we set

& o . _H%
Eacv = 8H27 Eelim = 32H2\/Cm’ Nacrv = 52 )
and
n . (HG log (N]-'(felim/64)) + H* log (NR (aelim/64)))dvbeK//
elim — 2
9
(H®log (NF (£/2048H?\/dybe) ) + H* log (N (£/2048H?\/dype))) dybe Kt

g2 ’

where dype = dim®, (F — F,Dr_r,¢/(8H)), t = cglog(Hdyne K /d¢) and cg is a large enough

constant.

Proof. This proof follows the similar structure as the proof of Theorem 1. The major difference is
now we consider a discretized function class Z,,, in the online phase and consider a class of policy
II,, in the offline elimination.

When we construct Z,,, (an (gjim/64)-cover of Foy,), w.l.o.g, we can assume 0 € Z,,,, therefore
the approximate realizability (Assumption 5) holds. From the online phase of V-type RFOLIVE
(Algorithm 1), we can see that this phase is equivalent to running V-type RFOLIVE (Algorithm 4 in
Jin et al. (2021)) with the input function class Z,,, the specified parameters €acy, Eclims Melims Mactv»
and under the reward function R = 0. Then the sample complexity is immediately from our specified
values of €acty, Eelims Nactvs Nelim and Proposition 2 as we only collect samples in the online phase.
Notice that we have the bound log (| Zon|) < 2log (Nr(ceiim/64)) and such a constant 2 is absorbed
by large enough cg. Therefore, it remains to show that the algorithm can indeed output an e-optimal
policy with probability 1 — § in the offline phase. We will show the following three claims hold with
probability at least 1 — .

Claim 1 Forany g € Fog(R), if 3h € [H], s.t. |EF (g, 7y, h)| > ¢/ H, then it will be eliminated in
the offline phase.

Claim2 Q} € For(R) and QF, will not be eliminated in the offline phase.

Claim 3 At the end of the offline phase, picking the optimistic function from the survived value
functions gives us e-optimal policy.

Before showing these three claims, we first state show properties from the online phase of V-type
RFOLIVE and the concentration results in the offline phase.

Properties from the online phase of V-type RFOLIVE From the equivalence between the online
phase of V-type RFOLIVE (Algorithm 1) and V-type OLIVE (Algorithm 4 in Jin et al. (2021))
with reward 0, we know that with probability at least 1 — d/4, the online phase terminates within
dybeH + 1 iterations. In addition, with probability at least 1 — §/4, the following properties (Eq. (10)
and Eq. (11)) hold for the first dy,oH + 1 iterations:

(i) When the online phase exists at iteration 7" in line 7 (i.e., the elimination procedure is not activated
in RFOLIVE), for any f € F7, it predicts no more than ¢/(2H) value:
H-1
Vi(z0) < Vyr(zo) = Vyr(wo) = Vo (o) = > EF(fT. 77, h) < 2Hewy < e/(2H). (10)
h=0
The first equality is due to any policy evaluation has value O under under the reward function 0. The
second equality is due to the policy loss decomposition in Jiang et al. (2017). The second inequality
is adapted from the “concentration in the activation procedure” part of the proof for Theorem 23 in
Jin et al. (2021).

(i) For T < dypeH + 1, the concentration argument holds for any f € Z,,, and ¢t € [T
EQ(f,mt, ht) — EQ(f, 7t hY)| < cetim/8. (11)

This is from the “concentration in the elimination procedure” step of the proof for Theorem 23 in Jin
et al. (2021) and we adapt it with our parameters.
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Concentration results in the offline phase Let R be an (€elim/64)-cover of R. Forevery R € R,
let R® = argmin p, .z maxye g || Rh — R}, ||oo- First consider any fixed 7’ € Ilo, and R € R. Let
Z(R) be an (¢iim/64)-cover of Fog(R) with cardinality Nz, (g)(€clim/64) = N7 (€ctim/64). For
every g € Fo(R), let ¢ = argming ¢ z gy maxpe(u) [|gn — g, llco- Then we consider any fixed
(t,g') € [T] x Z(R) and calculate the upper bound of the second moment for g

o =

) e i) e )

Let y(zpt, apt,Tht, Thtp1) = ghe (@ ( Elt)»agzt)) — r,(ft) - Vy (mst)ﬂ) C [-2H,2H], then we have

E [(Kl [agft) = s (xsf))} y(l'hfaahtaThtvxht+1))2 | zpe ~ 7t ape ~ unif(A)}

<4 K%E (1 [af) = o (of2)] Lone ~ 7 ane ~ wnif(4)| = 4H2K.

Applying Bernstein’s inequality and noticing the variance of the random variable is upper bounded
by the second moment, with probability at least 1 — we have

)
2T N7 (€elim /64) N (€elim /64) [TLon |

’ (¢, xt ' W) — ER(g 7wt 7' ht)

4H?K log 4TN]:(Eellm/64)NR(€ellm/64) |Hon|/5)
Tlelim
L AHEK og(AT N7 (£etim/64)NR (Eetim/64) | TTon| /6)
3Nelim

Eelim

8
The second inequality follows from eejim = &/ (32H?\/dybe), t = cg log(Hdyne K /d¢), and
(H6 log (N]:(661im/64)) + H* log (NR (gelim/64)))dvbeK L
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with ¢¢ in ¢ being chosen large enough. Here we also notice that |Il,,,| = | Zo,| and log (| Zon|) =
10g (me, (gelim/64)) < 2 log (Nf(gehm/64)).
Union bounding over (¢, ¢') € [T] x Z(R), with probability at least 1 —
that for any fixed 7’ € I, R € Rand all ¢’ € Z(R),t € [T]

<

Nelim =

Y S
SN (eam 76D T We have

ER(g 7wt ' bty — ER (g mt 7w )

< Eenm/&

Uniog bounding over 7’ € Il,,, R € R, we have that with probability at least 1 — ¢/2, for all
ReR, 7" € Uon,g € For(R),t € [T],

ER (g,ﬂ't,ﬂ',ht) — &R (g,ﬂ't,ﬂ",ht) < Eelim/8.

Therefore, with probability at least 1 — §/2, forall R € R, 7w’ € Loy, g € For(R),t € [T], we have
‘SR (97 7Tta 7T,7 ht) - ER (ga 7Tt7 71-/7 hf) ‘

< ’gR (g,ﬁt,wl,ht) — & (g,ﬂt,wl,ht)‘ + ’ch (g,ﬂt,ﬁl,ht) — e (g,’fft,’ﬂ'/,ht)

+ ‘ERC (g, 7" 7' bty — ER (g, 7", 7' ht)
< Eelim/64 + Eelim/g + 5elim/64
< Eelim/4- (12)

All statements in our subsequent proof are under the event that all the different high-probability
events (the online phase terminates within d,pH + 1 iterations, and Eq. (10), Eq. (11), Eq. (12) hold
for the first d,1,o H + 1 iterations) discussed above hold with a total failure probability of 4.
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Proof of Claim 1  We consider any g € Fog(R) that satisfies 3h € [H], such that |EF (g, 7y, h)| >
¢/H. Recall the definition of Fog(R), we know that g can be written as ¢ = (go,...,gm—1) =
(fo+Roy.--s fH—1+Ru—1) = (fo+ Ro, .-, fr—1+ Rr—1).We will discuss the positive average
Bellman error and the negative average Bellman error case separately.
Case (i) of Claim 1 £F(g, 7y, h) = E[gn(xn, an) — Rn(zh,an) — Vy(wpit) | agn ~ w4 >/ H.
Since EF (g, g, h) = 55 (g,mg, h), similar as the proof of Theorem 1, we know that
e/H < E[fn(xn,an) | apn ~ 7). (fn = fn— Tgn11)

Same as in the proof of Theorem 1, here we construct a function f as

(T2 forr1) (2ns ap) =E[max fr 1 (@ni1,0) | @, an] 0<h <h—1
Fu@n s an) =9 fi(an, an) = (T2gn11) (zn, an) h'=h

0 h+1<h <H-1.

From the definition of V-type average Bellman error and the construction, we know that for any

policy 7 we can translate the zero reward V-type average Bellman error of a function f € Fon with
roll-in policy 7 to the average Bellman error under R for a function g € Fog(R) with roll-in policy
To:h—1 O Tf (Definition 4) as the following

EV(f,m h)

=E | fu(zn,an) — 0 — Vi(@ni1) | aoin—1 ~ m an ~ Wf}
=E | fu(zn,an) | aon-1 ~ m ap ~ Wf}

=E | fu(@n,an) — (T2 9n+1)(@h, an) | agn—1 ~ 7, ap ~ Wf}

=E |gn(@n, an) — Ru(zn, an) = Vg(@ht1) | agin—1 ~ 7, an ~ W'f}
= E%(g,m,mj, h) (13)
where the second equality is due to fh+1 =0.

As the construction of f and the assumptions of F are the same as that in Q-type RFOLIVE and we
use the same Fo,, = F — F in both places, following the same proof of Theorem 1 directly gives us

that f = (fo, ..., fr—1) € Fon and Vj(20) > &/H.

Since in the online phase we use Z,,,, which is an (g¢jim/64)-cover of F,,,, we know that there exists
f¢ € Zon such that maxy, eay || far — [/ [loo < Eetim/64 < &/(2H ). Notice that since Vh+1 < A’ <

H—1wehave 0 € Z}, and f}; = 0, thus w.l.o.g., we can assume that fﬁ, =0,Vh+1<h <H-1.
From the definition of f¢ and fo (o, m§(z0)) = Vi(xo) > €/H, we have
Vie(@o) = fo (w0, T (20)) = f5 (w0, 7 f(20)) = folzo, mf(w0)) —€/(2H) > €/(2H).

From the first property of the online phase (Eq. (10)), we know that all the survived value functions
at the end of the online phase predict no more than £/(2H). Therefore f¢ will be eliminated. We

assume it is eliminated at iteration ¢ by policy 7% in level ht.
For any policy w and k' € [H]|, h' # h, we have
&9 (fe,mn)
=E[fiy (znr,an) =0 = fir 1 (@nsns an) | aomr—1 ~ 7 anssn ~ g
> E[fo (xn, an) = fros1(@ns1, ang1) | Gonr—1 ~ T, @prrr ~ T 7| — 2€clim/ 64

> E[fi (zn,an) = frs1(@ng1, aps1) | Qo1 ~ Tap ~ T ey A1 ~ T ] — 2eelim /64
= — Eelim/32-
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The first inequality is from the definition of f¢. The second inequality is due to 7 is the greedy
policy of f . The last equality is due to the construction of f .

Similarly, on the other end, we also have

&9 (fe,mn)
=E[f5 (zh,an) — 0 — ffry (Tht1, ang1) | Qo1 ~ T, @i ~ T e
<E[ff (@n,an) = fior (@ng1, ang1) | @oon—1 ~ 7y ap ~ Tje, gy ~ ]
< Efu (zn,an) = far1 (@hs1, anri1) | o1 ~ 0, aps ~ T oy /41 ~ T f] + 2€elim /64
= Eelim/32.

Therefore, for any policy 7 and b’ € [H], h' # h we get
€9 (F,m )| < cuim/32. (14)

From the Bellman backup construction of f¢, we know that f¢ can only be eliminated at level h.
This can be seen from the following argument: Applying the concentration result of the online phase

(Eq. (11)), we have |EQ(f¢, 7, ht) — EQ(fC, 7, h?)| < 3ceim/4. Further notice that Eq. (14), we
have \é{),( fé mt ht)| < 3celim/4 + Eelim /32 if ht # h. Since the elimination threshold is set to Eejim,
f¢ will not be eliminated at level ht # h.

This implies that at some iteration ¢ in the online phase, we will collect some 7t that eliminates f ¢ at
level h, i.e., it satisfies [EQ (f¢, 7w, h')| > €qim and b = h. Applying concentration argument for the
online phase (Eq. (11)), we have |EQ(f¢, 7t, ht) — EQ(f¢, 7!, h')| < 3cetim/16. Therefore,

1E9(f¢, b, hY)| > 13eeiim/16. (15)

From the definition of the average Bellman error and f , f ¢, we have the following equations

EV(fe, ' hY) [ fir(@n, an) =0 = fi i (Thrrs anta) | aon—1 ~ 7' apgr ~ ch}

E
E{%(ﬂcmah) | agn—r ~ 7' an ~ |, (fei1 =0
and
ER(g,nt, ', nY)
=E [gn(zn,an) — Ru(zn, an) — Vo(@ns1) | agn—1 ~ 7', an ~ 7'
= E [ fa(@nsan) | avm-1 ~ 7' an ~ ] (Eq. (13))

>E [ fC(hy an) | agn—1 ~ mt,ap ~ W’} — 2¢ciim/64,

where 7’ € TI., = I1,,. Because 7 e is the greedy policy of fc and fc € Zon, we know that in the
offline phase 7’ = 7 je € II,, will be chosen for elimination. Then we get

ER (g,wt,ﬂfc,ht)
>E {fﬁ(ﬂfh,ah) | ag:p—1 ~ 7 ap ~ e | — 2celim/64

=E {fﬁ(l“h,ah) — 0 — ff i1 (Thi1, ans1) | @on—1 ~ 7 annpr ~ ch} — 2€1im /64

= g\ol(fca 7Tt7 ht) - Eelim/32;

where the first equality is due to f,‘; 1 =0.
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Similarly we have
ER (g,ﬂt,ﬂ'fc,ht>
<E {fﬁ(%’ah) | ag:n—1 ~ 7 ap ~ e | + 2€elim/64

=E {fﬁ(fﬂh,ah) -0-— fﬁ+1($h+1, Aht1) | @Goche1 ~ T appyr ~ ch] + 2€c1im /64
= E9(fC, 7" 1Y) + cetim/32.
Further, using the concentration argument for the offline phase (Eq. (12)), we get
ER (g,?rt,ﬁfc,ht) — &R (g,wt,w];c,ht)‘ < Eelim/4-
Hence, if £9(f¢, t, ht) > 0, we get E9(f°, 7¢, ht) > 13&c1im/16 from Eq. (15), which yields
éR (ga ﬂ-ta 7Tf'07 ht) > ER (g: 7Tt7 7rfca ht) - 5elim/4
> g{)}(fc, 7Tt7 ht) - Eelim/32 - 5elim/4
2 13Eelim/16 - Eelim/32 - Eelim/4 > Eelim/z-

Otherwise, we are in the case £9(f¢, 7, h*) < 0 and we have £9(f¢, 7, ht) < —13cjim/16 from
Eq. (15). This yields

gR (97 ﬂ-t7 7Tf€7 ht) < ER (ga Trta ﬂ-fw ht) + Eelim/4
< EY(fC, 7t hY) + Eetim /32 + Eelim /4
< — 13¢etim/16 + €elim /32 + Eelim /4 < —Eelim/2-

Thus we always have ‘é R (g, wt o ht) ‘ > Eelim/2, Which implies that we eliminate such g by

: ) . .
To:pt—1 © T e pe i the offline phase.

Case (il) of Claim 1 5\1/%(97’/Tg,h) = E[gh(xh,ah) — Rh(xh,ah) — ‘/g(xh+1) | apg.p ~~ 7Tg] S
—e/H.
Same as before, we have EX (g, my, h) = E[fn(zh, an) — (T2 gn+1)(Th, an) | ag:n ~ my) < —e/H.
Now we let f, be the negated version of the one in case (i), and define f as

(T G +1) (e, ap) =B[max g 11 (w41, 0) | 2psaw] 0 <h <h—1

Fu @y an) = (TR g ) (@n, an) — fu(zn, an) W =h

0 h+1<h <H-1.
Following the same steps as in case (i) we can verify f € Fon, construct fc € Z,n with Vfc (xo) >
e/(2H ), and show that g is eliminated by 7 ;,. , © 7 fc ;. in the offline phase for some ¢, i".

Proof of Claim 2 (i) From the assumption, we know that realizability condition Q}, = (Qﬁ,m ce
Q%.r—1) € Forr(R) holds. (ii) For the second argument, we note that £(Q%, 7, 7', h) = 0 for any T,
h € [H], n’ € II%, by the definition of the average Bellman error. From the concentration argument
in the offline phase (Eq. (12)), we have |ER (Qh, 7,7 B | < |ER(Qp, 7wt ', hY) | + ectim/4 =
Eelim/4. As a result, Q7, will not be eliminated.

Proof of Claim 3 From Claim 1, we know that in the offline phase, for any ¢ € Fox(R), if
Jh € [H], s.t. |Ef(g, 7y, k)| > /H, then it will be eliminated. Therefore from the policy loss
decomposition in Jiang et al. (2017), for all survived g € Fy,,(R) in the offline phase, we have

H—-1
Vy(mo) = Vit(zo) = Y EF(g,mg,h) <e.
h=0

Since ()% is not eliminated, similar as Jiang et al. (2017), we have
Vi (o) > Vy(xo) — e > Vi o(20) — &

In sum, we can see the three claims hold with probability at least 1 — 4. Since Claim 3 directly
implies that RFOLIVE returns an e-near optimal policy, we complete the proof. O
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D.3 V-type RFOLIVE for unknown representation low-rank MDPs

Here we provide the details of instantiating V-type RFOLIVE to low-rank MDPs (Agarwal et al.,
2020; Modi et al., 2021; Uehara et al., 2021). Firstly we remark that they assume the normalization
in Definition 8 holds for f’' : X — [0, 1] instead of f' : X — [—1, 1]. We use the different version
for ease of presentation and our results also hold under their normalization. In addition, both versions
are implied by the definition in Jin et al. (2020b).

Now we show the complete corollary statement.

Corollary (Full version of Corollary 4). Fix 6 € (0,1). Consider a low-rank MDP M of embedding
dimension dy, with a realizable feature class ®' (Assumption 3) and a reward function class R. With
probability at least 1 — 6, for any R € R, V-type RFEOLIVE (Algorithm 1) with F(®') outputs a
policy T that satisfies v% > vy — € . The required number of episodes is

5 ( (H3d} log(|®™|) + HPd2 log(N (/2048 H?\/dy,1))) Klog(l/é)) .

£2
In RFOLIVE, we
Co_f e o _H%
acty — 8H27 elim — 32H2m7 actv — €2
and
(H7d12r log(|®"|) + H*dy, log(NR(sel,-m/Gél))) K3
)
(H7d12r 10g(|<I>1r|) + H4d1r log(NR(€/2O48H2\/d1rL))) K3
c2

Nelim =

where . = c7log(HdK /de) and c7 is large enough constant.
Before the formal proof, we provide some discussions and comparisons. Firstly, when R is finite, the

~ 845 1o Ir 542 1o o
bound becomes O ((H i 1og(1 2" )+ di 10g((RD) K198(1/9) ) (v sared with Modi et al. (2021),
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our result significantly improves upon their O (HgdllrlKMslf)g(lq)hl/ ) 4 H7d1&rK051§ sﬂjlrum/ 9

and does not require the reachability assumption (1, is their reachability factor). On the other hand,

their algorithm is more computationally viable and achieves the optimal deployment complexity

(Huang et al., 2021). With the additional access to and the realizability assumption of the right

feature candidate class Y' in low-rank MDPs, another related work Agarwal et al. (2020) provide a

H*d] K° 1og1((Jq>1“||T1f|/5) is
€

) rate

computationally efficient reward-free exploration guarantee but their rate
also much worse than ours.

In the sequel, we present the detailed proof for the corollary.

Proof. We first verify that F satisfies the assumptions in Theorem 3. Here we have that F =
F(®") = Fo(®", H — 1) x ... x Fg_1(®"™,0), where

Fn(®", By) = {fh(xh,ah) = (@) (@n,an), On) ¢ 10nll2 < Brv/die, (S55(), 00) € [—Bh,Bh]}~

Applying the property of linear MDPs (Lemma 9) gives us that

Qr.n(Th,an) = Rp(wh,an) +E max QR.nt1(The1,ant1) | T, ah]
11
= Rh($h,ah) + <¢}f(xhv a’h)a 0;>7

where [|0; |2 < (H — (h+1))v/dy, and (¢¥(-),05) € [0, H — (h + 1)]. Therefore, for any h € [H],
we have Q% j, € Fin(®", H —h — 1)+ Ry = Fj, + Ry. This implies that for any R € R, we get
Q% € F + R, thus, realizability (Assumption 1) holds.

30



Again, applying Lemma 9, for any h € [H|, fp41 € Fri1, Rht1 € Rpt1, we have that

(T2 (fra1 + Rny1))(@n, an) = E H;ax(fh+1(~’vh,+17 ant1) + Rut1(Thy1, ang1)) | zh, an
ap41

= <¢l}f(xh7 ah)? 9;+R,h> )

where (0%, ll2 < (H — h — 1)v/dy; and ($}:(-),0% ) € [-(H —h —1),H — h — 1]. Thus
<¢}f7¢9;‘c+R,,L> € Fy. This implies that for any f,+1 € Fri1, Rpy1 € Rit1, we have T2 (fri1 +
Rp11) € Fp. Similarly, we can show T2 fr11 € F.

Moreover, for any fj, 1, f;, .1 € Fry1, we have that || fry1 — fr 1 |leo < 2(H — h — 2). Therefore,
there exists 0%_, , such that TR (fher — fr) = <¢}f,9}'§7f,)h> CXxA—[-20H-h-
2),2(H — h—2)]) and [|07_; ,[l2 < 2(H — h — 2)\/dy,. Then choosing 0, = 05_,, ;,/2, 0}, =
0% /2 and o = (O,64). 1 = (81,64 gives us both f(-), f(-) € [~(H — h —2), (H
h—2)]C[-(H—-h—-1),H—h—1]and ||0y|2, |0}, |l2 < (H — h — 1)y/dy,. Therefore, we have
that fy, — f; € Fin — Fi.

The above discussions imply that completeness (Assumption 2) holds.

Invoking Theorem 3 and further noticing the covering number argument (Lemma 8) and the bound

on V-type Bellman Eluder dimension (Proposition 4), we know that the output policy is -optimal
and the sample complexity is

5 < (H™ log(NF(e/2048 H?\/dy 1))t + H® log(Ng (€ /2048 H2\/di,1))) dﬁKﬁ)

2

_5 ( (H3d} 1og(|®"|) + HOd? log(Nr (c/2048 H+/dy,1))) K log(1 /5))
g2 '

E Hardness result for unknown representation linear completeness setting

In this section, we provide the detailed construction and proof for the hardness result and more
discussions.

Theorem (Restatement of Theorem 5). There exists a family of MDPs M, a reward class R and a
feature set ®'°, such that VM € M, the (M, ®'°) pair satisfies Assumption 4 (i.e., ®'¢ is realizable
linear complete feature class for any M € M), yet it is information-theoretically impossible for
an algorithm to obtain a poly (dic, H,log(|®"|),1og(|R|), 1/e,log(1/8)) sample complexity for
reward-free exploration with the given reward class R.

Proof. We present an exponential tree MDP as a hard instance, similar to the lower bound instances
in Modi et al. (2020), and design “one-hot” realizable feature inspired by the construction in Zanette
et al. (2020a) which they used to show that a low-IBE (Inherent Bellman Error) setting does not
imply a low-rank/linear MDP.

Family of hard instances We consider a class of deterministic finite state MDPs M with a singleton
reward class. In our construction, for simplicity, the MDPs have a layered structure where the set of
states an agent can encounter at any two timesteps h and h’ (h # h’) are disjoint. Hence, we denote
the respective state spaces for each timestep h as A}, and we always have x;, € X}. In this layered
MDP, for each timestep h € [H], we only define the corresponding feature ¢, rewards at each X},
and transition functions from &}, to X,1. To convert it to the non-layered MDPs, at each timestep
h € [H], we only need to let the features ¢ and reward functions be 0 at the states outside X}, and let
transitions have 0 probability when transiting from states in &}, to states outside X}, 1 and define the
transition functions from some states outside A}, arbitrarily.

Consider a complete binary tree of depth H — 2 (we count the first layer zy as depth 0). The
vertices at each level h from the state space X}, and the two outgoing edges represent the available
actions at each state. The reward class is a singleton class { R}, where all states get zero reward
other than Ry (2", NULL) = 1. The starting state of the MDP is the root node x( and the
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dynamics are deterministic at all levels: each action {left, right} transits to the corresponding child
node. Of all the 222 nodes at level H — 2, on one node Z3_o. ONe action aj;_, transits to zt
with probability 1 whereas the other action and all actions for other nodes transit to =~ (i.e., only
Py_1(z™ | 23 _5,a% ) = 1). As we have 27~ many choices for (z%_,,a%_,), we have
|M| = 27 =1, We provide an illustration for H = 4 in Figure 1.

Figure 1: A hard instance for H = 4 with two actions: left (solid arrow) and right (dashed arrow).
The complete binary tree portion ranges from timestep 0 to 2, and ", 2~ belong to timestep 3. On
timestep h = 2, only (23, a}) = (23, left) transits to the good state 2T, and all other state-action
pairs transit to bad state 2. Rewards for all state-action pairs are 0 other than R3(z",NULL) = 1.

Constructing the feature class We now construct a feature class ®'° such that for any MDP
M € M, ®'° satisfies Assumption 4 (i.e., the linearly complete feature under M belongs to ®'°). We
define the feature class in the following way: for each timestep h € [H — 1], we define ®}° = {¢}, :

i€ [2MY], ¢ [j,al = 1[i =2+ j+a],Vj € [2"],a € {0,1}}, where ¢}, [, a] denotes the value of
feature ¢! on the j-th state (mf;) and action ¢ at level h. Finally, the two nodes at timestep H — 1 have
a feature value of ¢ 1 (z ", NULL) = 1 for the rewarding node and ¢ 1 (z~, NULL) = 0 for the
non-rewarding node. Since we define a feature class of size |©}f| = 2h*1 for each level h € [H — 1],

the total size of the product class is [@!°| = II;/" > |®lc| = 2(H-DH/2,

Verifying Assumption 4 Notice that from our construction of M, there is a one-on-one corre-
spondence between one of 27 =1 state-action pair (z%;_,,a%;_,) and one of 2/~ MDP M € M.

Therefore, for i-th such state-action pair (i € [2771]) at level H — 2, we use M’ to denote its
corresponding MDP. Now consider any MDP M* € M. For any level h € [H — 1], let i}, denote
the state-action pair (among 2"*!-many state-action pairs at depth h) which lies along the path
from the root to the rewarding node z. To verify the realizability condition, we show that the

feature ¢'©* = ( e O ¢}§’_’§,¢H_1> € ®'° satisfies the linear completeness structure

(Definition 6). Firstly, note that by definition H%’l (zh,an)|, < Lforall h € [H], zp, an. Now, we
verify that the requirements in Definition 6 are satisfied.

For any h € [H — 1] and pair (xp, ap) with gb}f’i(xh, ap) = 0, all subsequent states 11 reachable

from x;, and any action a also have gbfjl (Th41,a) = 0: zero-feature intermediate state-action pairs
only transit to zero feature value states at the next timestep. Therefore, the backup condition is
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satisfied by default:
(0 onsan),0) = (T (@111, 0ns1) ) (e an) =00 =0,

On the other hand, for any h € [H — 1] and pair (zp,a;) with (blhc’i(a:h,ah) = 1, we have

¢;LC::1($}L+1’ a) = 1 for one action along the path to z* and (b;fj:l(a:hﬂ, a’) = 0 for the other.
For any 05,1 € R (notice that dj. = 1 in our construction), we have

(7;10 <¢1hcf179h+1>) (zh,an) = {0h+1 Oher 20

0 Onh+1 <O.
Thus, for both cases, we can set 0, = 641 or 0 to satisfy the linear completeness condition
(6 (xh, an), ) — (7?(@;_’&1, 9;,,+1>) (n,an) = 0. Hence, the chosen feature mapping ¢'¢!
satisfies the linear completeness structure in Definition 6.

Lower bound for exploration Learning in this family of MDPs M is provably hard as the feature
and reward classes do not reveal any information about the pair (x§;_,, aj;_,) and the agent has to

try each of the 27 ~! paths (Krishnamurthy et al., 2016). Hence, any learning agent has to sample
Q(2%) trajectories to find the optimal policy in any given instance M € M. The stated lower bound
statement follows from the fact that dj. = 1, A = 2, 1 /¢ is constant and the sample complexity is
Q(2") which scales with |®'¢| = 2(H=DH/2 and | x| = 21 4 1. O

Discussions The family M of hard instances highlights a fundamental distinction between the
low-rank and linear completeness settings when underlying true representations are unknown. Our
result further highlights that assuming reachability (Modi et al., 2021) and/or explorability (Zanette
et al., 2020b) does not alleviate the fundamental hardness. Reachability is satisfied as for each MDP
in M, each node at every level can be reached with probability 1 by taking the correct actions which
lie along the path from the root node. Similarly, for explorability, we need to verify that for any
6 € R, the constant max, ming|—1 |Ex[(¢n (2, ar),0)]| is large for all h € [H] (notice that 6 is
one dimension so ||0]|2 = |6]). Again, it is easy to see that for both values of § € {—1, 1}, the policy
corresponding to the path from root node zq to 2+ maximizes this constant for all steps with a value
of 1.

Moreover, our constructed family of hard instances is quite general as it is applicable to the settings
of online reward-specific exploration and learning with a generative model. In order to verify this
for the former setting, note that our reward class is a singleton reward { R} and exposing this reward
(reward class) to the agent still does not disclose any information about the pair (z};_o,a};_5) to
the agent. Hence, the required number of trajectories to identify this pair is again (2). Similarly,
for a generative model, the problem of identifying the pair (x7%,_,, a};_,) is inherently a best-arm
identification problem among the 27 ~! possibilities. Thus, the existing lower bounds for best-arm
identification (Krishnamurthy et al., 2016) directly lead to a sample complexity bound of Q(2%). In
addition, we can see from the construction that our hardness result also shows that a polynomial in | X|
dependence is unavoidable in this case. We also remark that the stated hardness result can be easily
tweaked to show a 1/¢? dependence for identifying an e-optimal policy by moving from deterministic
transitions at timestep H — 1 to stochastic transition probabilities: Py_1(z* | 2,_,, a};_,) = 2 +¢,
Py_1(z™ | @}_g.ay_o) = 2 —e,and Py_q (a2t | zg_o,ag_2) = Py_1(2™ | zp—2,ap—2) =
$if o # @} _, orag_y # aj;_,. The realizable feature ¢'* will be a two-dimensional
representation after this modification, where we change previous one dimension values 0 and 1 to
two dimension (0, 0) and (1, —1) respectively.

The hardness result highlights the insufficiency of realizability of a linearly complete feature (Assump-
tion 4) in the representation learning setting and indicates that realizability of stronger completeness
style features may be necessary for provably efficient reward-free RL.

F Algorithm-specific counterexample of RFOLIVE

In this section, we show an algorithm-specific counterexample of RFOLIVE (Algorithm 1) that
satisfies realizability (Assumption 1) and has a low Bellman Eluder dimension, while only violates
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completeness (Assumption 2). Together with the positive results (Theorem 1 and Theorem 3), we
conjecture that realizability-type assumptions are not sufficient for statistically efficient reward-free
RL. As we know that OLIVE (Jiang et al., 2017; Jin et al., 2021) only requires realizability and
low Bellman Eluder dimension for reward-aware RL and RFOLIVE is its natural extension to the
reward-free setting, we believe that the hardness between reward-aware and reward-free RL has a
deep connection to the sharp separation between realizability and completeness (Chen and Jiang,
2019; Wang et al., 2020b, 2021; Xie and Jiang, 2021; Weisz et al., 2021a,b, 2022; Foster et al., 2021).

Theorem 7. There exists an MDP M, a function class F, a reward class R, where Assumption 1
holds and the function class F — F has a low Bellman Eluder dimension (dqp. defined in Theorem 1).
However, with probability 0.25, (Q-type) RFOLIVE with infinite amount of data cannot output a
0.1-optimal policy for some R € R.

Proof. We first discuss the counterexample shown in Figure 2 and Table 3 at a high level. In our
construction, with probability 0.25, the agent will only explore and collect data at some specific place
because it is sufficient to eliminate all candidate functions predicting large positive values at xy. Then
in the offline phase, the agent cannot eliminate some bad function because of lack of support in the
collected data. Then performing function elimination in the offline phase fails. We provide more

details in the sequel.

left right

Figure 2: Algorithm-specific counterexample of RFOLIVE without completeness assumption (As-
sumption 2).

(xo,left) | (xo,right) | (za,NULL) | (zp,NULL)

R, 0 0 1 0

R, 0 0 0.2 0.1

Q. 1 0 1 0

Q% 0.2 0.1 0.2 0.1

fr, 1 0 0 0

IR, 0.2 0.1 0 0

Jbad 0.21 0.3 0.01 0.1

Jr, + B1 = QF, 1 0 1 0
fry, + Ro = Qf, 0.2 0.1 0.2 0.1
fr, + R 1 0 0.2 0.1
Jbad + R2 0.21 0.3 0.21 0.1

Table 3: Algorithm-specific counterexample for RFOLIVE without completeness assumption (As-
sumption 2).

Construction In Figure 2, taking action left and action right in state x( transits to x4 and x g
respectively. We denote the null action at x 4, xp and the null state at level H = 2 as NULL and
rNnuLL respectively. In this example, the length of horizon is H = 2. We construct F = Fy X Fq,
where Fo = {0, fr, .0, fR,05 fbad,0} and F1 = {0, fpad,1}- In addition, we construct R = Ry X R1,
where Ry = {0} and R; = {Ri1,1, R21}. Recall that the second subscript of f € Fp, F1 and
R € R, is the index for the timestep. The details are shown in Table 3. Notice that here we use the
layered MDP for simplicity. To convert it to a non-layered MDP, we only need to set corresponding
values in the transition function, reward function, and f € F to be 0.
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Verifying realizability and low Bellman Eluder dimension One can immediately see that re-
alizability (Assumption 1) is satisfied. For example, we have QEhl =frRai+Ri1=0+Ri;,
which implies that Q% | € F1 + Ri. Similarly, we can verify that Q%, ; € F1 +R1,Q%, o €
Fo+ Ro, Q*RQ,O € Fo+ Ro.

In addition, 7 — F has a low Bellman Eluder dimension. It is because the Bellman Eluder dimension
can be upper bounded by the Bellman rank (Proposition 3) and the Bellman rank can be upper
bounded by the number of states (Jiang et al., 2017). Therefore, the Bellman Eluder dimension is just
a small bounded finite number. Later we will show that with even infinite amount data RFOLIVE
fails, which implies that we cannot get a polynomial sample complexity bound in this case.

Violation of completeness We can easily see that for f1,q1 € F1 and Ry € Ry, its Bellman
backup T (fvad,1 + Re2.1) ¢ Fo. This means that completeness (Assumption 2) does not hold.

RFOLIVE fails in the counterexample We first consider running (Q-type) RFOLIVE on this
counterexample during the online phase. In the following, we will assume the more favorable
case where the agent can collect infinitely many number of samples in line 5 and line 11 (i.e., no
statistical/estimation error for the average Bellman error in the empirical version).

The agent will pick the most optimistic function for exploration. In the first iteration, such an
optimistic function at level O will be equal to fr, o — 0. Therefore, starting from x¢, the agent will
choose the action left. With at least probability 0.5, it will pick level O to eliminate and collect
data (i.e., collecting data at (zq, left) in line 11). The reason is that for line 9, the large average
Bellman error always exists at (g, left) while the Bellman error could be large at (¢, NULL). By
adversarial tie-breaking, there is at least 0.5 probability that (z¢, left) is chosen.

Now consider the case that the agent pick (xg, left) to collect data in line 11. We can see that only
function 0, foad — fr,, fR, — fbaa € F —F will survive while all other functions violate the collected
constraint. Here we notice that for any f € F — F we have Vy(z4) = 0 or Vy(xz4) = £0.01.
So the survived function f € F — F belongs to one of the following cases: (i) f(zg,left) = 0
and Vy(xza) = 0, (i) f(zo,left) = 0.01 and Vy(z4) = 0.01, or (iii) f(xo,left) = —0.01 and
Vi(xa) = —0.01. At the second iteration, RFOLIVE will choose foaa — fr, (i.e., case (ii)) and
action right. Due to adversarial tie-breaking, we have that with probability 0.5, the agent collects
data at (x g, NULL) and eliminates fy,q — fr,. In this case, for the third iteration, the agent chooses
function 0 and then terminates in line 6 since the average Bellman error is 0.

For the offline phase, let us consider the reward function Ro and the elimination on Fog(R2) = F +
R5. Recall that in the online phase, we only collect data on (xg, left, x 4) and (z g, NULL, zNuLL)-
It is easy to see that we will eliminate fr, + Ro from this constraint. However, we cannot eliminate
either fr, + R2 or fhada + R2 because they all have zero average Bellman error under these two
constraints. Then by optimistic selection criteria, the agent will pick fnaqa + R2. This induces a
sub-optimal policy (right) with accuracy € = 0.1.

Therefore, with probability at least 0.25, (Q-type) RFOLIVE fails to output a 0.1 optimal policy for
some reward R € R in this counterexample. O

G Discussions on other variants of OLIVE

In this section, we briefly discuss that some other variant of OLIVE in the reward-free setting could
easily fail under Assumption 1, Assumption 2, and low Bellman Eluder dimension (where we know
that RFOLIVE works).

One adaptation of OLIVE to the reward free case is to perform exploration on the joint function
class space and we call it JOINTOLIVE. More specifically, we maintain a version space F* + R! C
F 4+ R during the online phase. In each online iteration, we pick the most optimistic function

oo = [+ R' = argmax;, pe 7\ »e V4 r(w0) and explore according to w* = 7. . Here for fZ,
we decompose it as the sum of f* € F? and R' € R?. Then we roll out policy 7’ and estimate
the average Bellman error. For the termination condition, like OLIVE, we check whether f{ has a
small average Bellman error under reward R’. If the algorithm is not terminated, we pick a level
for elimination and collect the constraint. At the end of each online iteration, we shrink the version
space of F* and R? according to the average Bellman error. For the offline phase, we use collected
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constraints to perform elimination like RFOLIVE and then output the greedy policy of the optimistic
survived function. We will show that this variant could get stuck in the following counterexample
even in the case that we are allowed to collect infinite amount of samples to build estimates (i.e., no
statistical/estimation error).

Construction We consider the MDP in Figure 2 and reward function class R = Ry X Ry,
where Ry = {0} and Ry = {R11,R21}. The function class F = Fy x F; is constructed as
Fo =10, fr, 0 fRs.0, foad,0} and F1 = {0}. Compared with the counterexample in Theorem 7,
the difference is that fi,.q is changed and now we only have a single function 0 in F;. The details as
shown in Table 4. As discussed in the proof of Theorem 7, we can convert the layered MDP here to a
non-layered one.

(xo,left) | (xo,right) | (za,NULL) | (zp,NULL)

R, 0 0 1 0

Ry 0 0 0.2 0.1

Q. 1 0 1 0

Q. 0.2 0.1 0.2 0.1

fr, 1 0 0 0

IR, 0.2 0.1 0 0

Joad 0.2 0.3 0 0

fr, + R1 = Qf, 1 0 1 0
fry, + Ro = Qf, 0.2 0.1 0.2 0.1
fr, + R 1 0 0.2 0.1
fbaa + Ra 0.2 0.3 0.2 0.1

Table 4: Algorithm-specific counterexample for JOINTOLIVE under all assumptions.

Verifying realizability, completeness, and low Bellman Eluder dimension Realizability and low
Bellman Eluder dimension can be verified in the same way as the counterexample for RFOLIVE
in Theorem 7. For completeness (Assumption 2), one can easily verify that by noticing we have
F1 = {0} now.

JOINTOLIVE fails in the counterexample In JOINTOLIVE, the agent will pick the optimistic
function in the joint function space to explore during the online phase. At the first iteration, there are
two candidates fr, + 1 and fr, + Ra. By adversarial tie-breaking, the agent will choose fr, + R;
with probability 0.5 and choose action left. Then the agent will terminate immediately because the
average Bellman error is O for fr, + R; everywhere under reward R .

For the offline phase, we similarly consider reward Ry. It is easy to see that fr, + Ro will be
eliminated while both fr, + Ro and fraa + R2 will survive. Then by optimistic selection, the agent
will choose the greedy policy of fraq + Ro. This induces a sub-optimal policy (right) with accuracy
e=0.1.

Therefore, with probability 0.5, JOINTOLIVE fails in this counterexample.

H Auxiliary results

In this section, we provide auxiliary results for the paper. We show covering number arguments in
Appendix H.1 and some bounds on Bellman Eluder dimensions in Appendix H.2.

H.1 Covering number

In this part, we present the covering number argument for the linear function class used in the paper.

Lemma 8 (Size of e-cover for linear function class). We have three claims here
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1. Consider F({¢'°}) = Fo({¢"}, H — 1) x ... x Fy_1({¢'°},0), where Fy,({¢"}, By,) =
{fn(@n,an) = (&) (xn,an),0n) : |0nll2 < Bav/dic, (615(+), 0n) € [—Bn, Bn]}. Then we

2 dlc
haveN;({¢1c})(5) S (%) .

2. Consider F({¢"}) = Fo({o"}, H — 1) x ... x Fy_1({¢"},0), where Fp,({¢"}, By) =
{fh(l’haah) = <¢g($h7ah)79h> : 10nll2 < Bav/dir, (93(), 0n) € [th,Bh}}. Then we

dir
have N}-({¢1r})(€) S (%) l .

3. Consider F(®") = Fo(®",H — 1) x ... x Fy_1(®",0), where Fy(®",By) =
{fu(@n,an) = (on(zn,an),0n) : dn € O, |0nll2 < Buv/dir, (n(-),0n) € [~Bn, Bil}.

dir
Then we have Nz (g (e) < | 0" (%) "

Proof. This is a standard result. For the first one, we can construct a cover over {0y, : |02 <
(H — h — 1)y/d,.} in the 2-norm at scale £/ H for each level h € [H]. Then this cover immediately
implies a cover over the function F({¢!°}). The covering number directly follows the covering
number of the 2-norm ball. The second follows the same steps. For the third result, we additionally
union over ¢ € ®'T. O

H.2 Bounds on the Bellman Eluder dimension

In this part, we show that Q-type and V-type Bellman Eluder dimensions for the instantiated linear
MDP, low-rank MDP, and linear completeness with known feature settings are indeed small. We
will use the following relation between Bellman rank and Bellman Eluder dimension from Jin et al.
(2021):

Proposition 3 (Bellman rank C Bellman Eluder dimension, Proposition 11 and 21 in Jin et al.
(2021)). If an MDP with function class F has Q-type (or V-type) Bellman rank dy,, with normalization
parameter (, then the respective Bellman Eluder dimension dimffbe (F,Dx,e) (ordim® (F, Dr,e))

is bounded by O (1 + dff log (1 + g))

Linear/low-rank MDPs Before stating the result for low-rank MDPs, we recall the following
well-known property for the class:

Lemma 9 (Jin et al. (2020b); Modi et al. (2021)). Consider a low-rank MDP M (Definition 8) with
embedding dimension d;. For any function f : X — [—c, c|, we have:

E[f(zhs1) | Tn, an] = (O} (xh, an), 0})
where 0} € R and we have 1032 < evdi. A similar linear representation is true for

Eomrpr [f(Xht1,a) | h,ap]) where f: X x A — [—c,c] and a policy w1 : X — A.

Proof. For state-value function f, we have

E[f(zht1) | on,an] = /f(l"h+1)Ph(1?h+1 | 2h,an)d(zhyr)
::]ff(xh+1><¢g<xh,ah>,u2<xh+l>>d<xh+1>

=<ﬁmm%»/ﬂmﬂmmmﬂmwﬂn>

= <¢lhr(xh7 ah)v 9;> )
where 05 == [ f(@ns1)pF (2hg1)d(zh1) is a function of f. Additionally, we obtain 0% ]l2 < eV
from Definition 8.

For Q-value function f, we similarly have
Ea’\/ﬂ'h+1 [f(xh-‘rla Cl) I J?h,ah] = <¢g(xhaah)76;> ’
where 07 = [ f(zni1, ans)m(@ns1 | Tp) ) (Thin)d(znia)d(ans) and (|07 ]2 < ev/die. O
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Now, we can state the following bound on the V-type Bellman Eluder dimension for low-rank MDPs:

Proposition 4 (Low-rank MDP). Consider a low-rank MDP M of embedding dimension dy, with
a realizable feature class ® (Assumption 3). Define the corresponding linear function class
F(O) = Fo(®", H — 1) x ... x Fy_1(®",0) using

Fn(®",Bp)= {fh(whyah) (n(zn, an),0n):0n € BF|10nll2 < Bn/d, <¢h(')70h>€[_Bhth]}-
Then, for the difference class Fon = F(®7) — F(®") we have

H r
dimye(Fon, D7,,,€) < O (1 + dyy log (1 n \?ﬁ)) .

Proof. We start by showing that the V-type Bellman rank for function class F, in the low-rank
case is small. To that end, consider the Bellman error defined for any roll-in policy 7 and function
f € Fon:

EQ(f,m, h) = E[fun(zn,an) — frr1(Tnit,ans1) | @on—1 ~ 7, appyr ~ 7]
=E [fa(zn,an) — (o} (Tn, an),05.4) | ag:h—1 ~ m,an ~ my]

where we used Lemma 9 for low-rank MDPs to write E [f441(Zh41,Ght1) | Th, an, apyr ~ my) as
(o) (zh, an), 0;7h>. Here, fr41 € [-2(H —h—2),2(H—h—2)]and f, € [-2(H—h—1),2(H —

h —1)] implying that fj, — <¢>Z(zh, ap), 932’h> € [-4(H — h—1),4(H — h — 1)]. Therefore, using
Lemma 9 again, we have:
EV(f.m,h) =E [fa(xn,an) — (o5 (Th, an), 05 .4) | ag:h—1 ~ m,ap ~ mg]
=E {<¢gf1(3€h71,ah71)79(f)> | Zh—1,an—1,00:n—1 ~ W}
= (v(m,8())

(F)ll2 <4(H—h—=1)V/dy, and (v(7))(xp—1,an-1) = ¢}, (zh—1,an1) | ao:n—1 ~ 7.
Hence, the V-type Bellman rank for this function class is bounded by d}, with normalization parameter
4(H — h — 1)4/d,,. Finally using Proposition 3, we get the desired bound on the Bellman Eluder
dimension. O

For linear MDPs, where the feature ¢! is the known feature case, we show that its Q-type Bellman
Eluder dimension is also small:

Proposition 5 (Linear MDP). Consider a low-rank MDP M (Definition 8) with embedding dimension
dir and ¢ is known. Define the corresponding linear class F({¢""}) = Fo({¢""}, H — 1) x

Fr-1({¢""},0) using
Ful6"} Bu) = { fulan an) = (0l (@n,an).00) : [00]l2 < Bun/di, (& € [~Bn, Bil}
Then, for the difference class Fon, = F({#"}) — F({¢™}) we have

H\/dr
dlmqbe(}'omeon,e) 0] (1 + dy; log ( ! )) .
€

and

HA/d);
dimebe(]-'on,D}-on,s) <0 <1 + dj; log (1 + E ! )> .

Proof. The V-type Bellman Eluder dimension bound (Proposition 4) implies the same upper bound
for dlmvbe(]-'on7 Dr..,¢€), where F, is defined using the singleton feature class {qﬁlr}. For Q-type
Bellman Eluder dimension, we again start with the Q-type Bellman rank. For any f € F,,, we have:

EQ(f.m,h) =E[fa(zn,an) — for1(@ns1, ans1) | aon ~ 7, ans1 ~ 7y]
=E [<¢g(l‘ha a/h)a 9h - 91 > <¢h Lhs a‘h 9;'7h,> | ag:p ~ 7le
= (E [¢lhr(l‘h’ah) | agen ~ 7|, 0n — 05, — 07 1,) .
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Using the same magnitude calculations for 67 ,, we have [|0), — 0}, — 0% ,|l2 < 4(H — h — 1)V/dy,.
Therefore, we again have the Q-type Bellman rank bounded by dj, with normalization parameter
4(H — h — 1)y/d,,. Using Proposition 3, we get the same bound on the Q-type Bellman Eluder
dimension. O

Linear completeness setting For the linear completeness setting in the known feature case, we
show that its Q-type Bellman Eluder dimension is small.

Proposition 6 (Linear completeness setting). Consider an MDP M that satisfies linear completeness
(Definition 6) with feature ¢'°. Define the corresponding linear class F({¢'°}) = Fo({¢'}, H —

1) x ... x Fg_1({¢'°},0) using
]:h({¢lc}aBh):{fh(xhvah):<¢lhc($hvah)79h>3||9hH2 < By /dic, (5(-). 0n) € [—BmBh]}-
Then, for the difference class Fon = F({¢'°}) — F({¢'°}) we have:
=)
. .

dimQye (Fon, D,,.€) < O (1 + di log (1 +

Proof. Consider the Q-type Bellman rank, for any f € F,,, we have:
Eg(f, m, h)

= E [fu(®n,an) = fat1(Tht1; ant1) | aoin ~ T any1 ~ myl

=E [(¢)(znan), 0h — 0,) — (D541 (Ths1, ans1), Onr — O 1) | Goin ~ 7, apgr ~ ]

=E [(¢) (zn,an), 0n — 01,) — (5 (zn, an), 07 ) | aoin ~ ]

= (E [} (xn, an) | agn ~ 7] ,0n — 6, — 05.)
where the penultimate step follows from Definition 6 with the |05, — 8}, [|2, (|07 5|12, [|0n+1—0}, 41 ]2 <
2(H — h — 1)y/dy.. Thus, we have ||6s, — 67,2 < 4(H — h — 1)\/dj. implying a Q-type Bellman

rank bound of dj. with normalization parameter 4(H — h — 1)+/d).. Using Proposition 3, we get the
stated bound on the Q-type Bellman Eluder dimension for linear completeness setting. O
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