A More Preliminaries

For some parameters n, na, . .. we will say that a quantity ¢ < poly(ni,nse,...) if and only if there
exists constants ¢g > 0,¢; > 0,¢2 > 0,... such that ¢ < coni*ng*.... If these constant depend

on another parameter ¢ > 0 which is also a constant, then we will denote this by poly,(ni,ns, ... ).
We will say that an probabilistic event occurs with high probability if and only if it occurs with
probability 1 — (mdB)~*(!) i.e., the failure probability is smaller that any inverse polynomial in the
parameters m, d, B. Finally, we will use sign variables of the form &; € {1, —1}; they will typically
capture an ambiguity in the sign of the parameters of the ith unit.

A.1 Hermite Polynomials

Definition A.1. Let ng) be the total differential operator taken k times with respect to ¢. For

a function g : RY — R, ng)g(t)\tzto € (R4)®k where the o’th element of D,gk)g(t), for @ =

(i1,42, ..., ik), is 72—...72—g(t) with a € [d]* being a multi-index. Note that the above is invariant
i1 i

to permutations, i.e., for any permutation o’ of the indices in «, the o’th element of Dt(k) g(t) is the
same as the ath element.

Definition A.2. Let x € R%, v(z) = exp(— ”"1;2”2 ), the (probabilist’s) k’th d-dimensional Hermite
polynomial Hey(z) € (R?)®* is given by

Hep(z) = (’Y_lx))k - DF)y () (N

A particularly useful fact for 1-dimensional Hermite polynomials is their relation with derivatives of
a standard univariate Gaussian function.

Fact A.3. The k’th order derivative of v(x) can be written in terms of 1-dimensional Hermite
polynomials as

dk

(@) = (<) Hew(w) -(x) = Her(—2) (@) ®)

We will utilize this fact to express the Hermite coefficients of f(z) = a"o(W Tx + b).

A.2 Tensor Decomposition

The tensor product © ® v @ w € R* @ R% @ R of vectors u € R, v € R%,w € R% is a rank-1
tensor. Similarly, we will use u®’ € (R%)®* to denote the tensor product of u with itself £ times.
An order-t tensor T € R* @ R% @ - .- ® R% is represented using a t-way array R% Xd2X*d¢ that
has ¢t modes corresponding to the ¢ different indices. Given two matrices U, V' with k columns each
given by U = (u; : ¢ € [k]) and V = (v; : i € [k]), the Khatri-Rao product M = U © V is a matrix
formed by the ith column being u; ® v;. We will also use U®? = U ® U (and similarly for higher
orders). A claim about preserving the full-column-rank property (and analogously minimum singular
value) under the Khatri-Rao product is included below.

Flattening or Reshaping: Given an order-t tensor T, for t1,t5,t3 > O such thatt; + to +t3 =t
define T = flatten(T, ¢, o, t3) as the order-3 tensor T” € R4 X4 xd" ohtained by flattening and
combining the first ¢£; modes, the next to and last ¢35 modes respectively. When ¢35 = 0, the output is a
matrix in RY™* x4

Tensor decompositions of order 3 and above, unlike matrix decompositions (which are of order
2) are known to be unique under mild conditions. While tensor decompositions are NP-hard in
the worst-case, polynomial time algorithms for tensor decompositions are known under certain
non-degeneracy conditions (see e.g., [ s 1). In particular, Jennrich’s algorithm [ ]
provides polynomial time guarantees for recovering all the rank-1 terms of a decomposition of a
tensor T’ = Zle u; @ v; ® w;, when the {u; : ¢ € [k]} are linearly independent, the {v; : i € [k]}
are linearly independent, and no two of the vectors {w; : i € [k]} are parallel. This algorithm and
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its guarantee can also be made robust to some noise (of an inverse polynomial magnitude), when
measured in Frobenius norm. In this paper, the following claims are especially vital to formulate our
main results.

Claim A.4 (Implication of Lemma A.4 of [ P). Let U € Rh*k vV € R2XE and suppose
the smallest column length min, ¢ ||vil|2 > k. Then the Khatri-Rao product U ® V' has rank k and

satisfies s,(U @ V) > r - s,(U)/V/2E.

A robust guarantee we will use for Jennrich’s algorithm [ ] is given below (see also [ s
] for robust analysis).

Theorem A.5 (Theorem 2.3 of [ 1. Suppose € 4.5 > 0 we are given tensor T=T + FE €

R™*"XP where T has a decomposition T = Zle u; ® v; @ w; satisfying the following conditions:

1. Matrices U = (u; : i € [k]),V = (v; : © € [k]) have condition number (ratio of the
maximum singular value oy to the least singular value oy,) at most k,

2. Foralli # j, the submatrix Wy; jy has s3(Wy; j3) > 6.

poly(e)
poly (s, max{n,m.p},5)

3. Each entry of E is bounded by n 5(¢, K, max{n,m,p}, ) =

Then there exists a polynomial time algorithm that on input T returns a decomposition {(u;, U;, W;) :
i € [k]} s.t. there is a permutation p : [k] — [k] with

Vi€ k], [|u ®0; @ Wi — Upgy @ Vp(s) @ Wpeiy||F < €ase )
B Expressions for the Hermite Coefficients

Lemma 3.5 The k’th Hermite expansion of f(x) = aTo(W Tz 4 b), fr, when k = 0,1, is
2
;& 0=t
Jo= Y a b + = =2 Zal b (10)
i=1

when k > 2, the coefficients are

m 2

_bl
o= 1 e Hea() S22 i
=1

where the expectation is taken over x ~ N(0, 1) and i is a k’th-order tensor.

Proof. Note that Hermite polynomials can be written in terms of their generating function [ ]

Hey(w) = D exp(t™e — t]*/2)li=o0 (12)
Hence we can write fk as

5 ) @Hl=0 (13)

fr =E[f(z)Hex(z Zaz/ w-x+bi)~D§k)exp(th—
Tx+b;>0

where du = de is the Gaussian probability measure. Moving dyu into the exponential

term, we get

|l

; - a; T (k)
= w; x +b;) - D exp(—
=Y e ], o ) DY exp

i=1

2
piry U

) dzli—o  (14)

3In fact one can show that a stronger statement that a certain quantity called Kruskal-rank increases, see

[ 1
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m

ai T 0 = — ¢l
= w; x+b;) - Dy exp(—————) dx|= (15)
; (V 27‘(‘)d /7'U:V‘L+IH20( ) t ( 2 ) |t 0
Since (w;" = + b;) exp(fw) is continuous in all z € R? and ¢ € RY, by Leibniz’s integral rule
we can take the differential operator out of the integral, yielding
n i
= pW { di / w] @+ b;) - exp(— I dx (16)
K ; (\/ 27T)d w;r:z-l—bi,ZO( ) ( 2 ) t=0
Denote | 2
1 r—1
I;(t) = / wiTx—f—bi -exp(———) dzx a7
then
fr =DM > aii(t)]i=o (13)
i=1

Now, let y; = wlTx and t,,, = tTw;. To evaluate I;(t) in terms of y;, it suffices to only consider the
projection of ¢ onto wj, t,,, with the remaining parts being integrated out. Hence, we can rewrite
I;(t) as

1 [ R yi — tw, |
Ii(t) = 7/ exp(————)dzx / (yi + b;) - exp(—————)dy; (19)
(VZ,’T)d x/€R4—1 2 yi=—b; 2
1 o |y1 — tw- 2
= — i+ bi) - exp(— L0 ) gy, 20
or /i__bi(y ) - exp( 5y (20)
(tw, +b:)?
exp(——5——)
= tw-+biq)twi+bi + 21
(tw, + bi)D( ) N 2D
where ®(z) is the standard Gaussian c.d.f. of z. We then have
- (k) exp(— Lt b’ )
fo=" a;i- Dy |(tw, +b:)®(ty, + b)) + ———=2— 22
fk;at[(z+)(z+)+ Nz @)
Therefore we have fg and fl as
N exp(-%)7 ;&
= a;|b;®(b;) + _— 27 R = a; P(b;)w; 23
fo ; { (bi) TS } fi ; (bi) (23)

Since we are taking the derivative with respect to ¢, for some function g(t,,, ), by the chain rule we
will have i

0, _ 49 ok

Finally, recall Fact A.3, the derivatives of a Gaussian p.d.f. can be expressed in terms of Hermite
polynomials, hence for k > 2

(bi+tw,;)?

- dF =2 exp(———5") k
fe=>ai —— R T (25)
] dty;, V2
" exp(*g(bﬁtwi - )
=) (1) 2. a;- Hepo(b; + ty,)  ———=2—" - wP*|,, _ 26
i:Zl( ) k—2( ) Wor i Lt =0 (26)
S ()
exp(—*
= —1k-ai~He, bi~72-w®k 27
which proves the lemma. O
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Proposition B.1. Let f( )=a U(WT$ + b) be the model trained using samples generated by the
ground-truth ReLU network f(x) = a'o(W T + b). Then the statistical risk with respect to the (2
loss function can be expressed as follows

-~ 1 T
L(a,b,W) :ZyHTk_fk F
keN

m

5oy + R
here To =S ai(b;d(b;) + S22 g Ty =S G
where Ty ;a( (b:) o and Ty = Za
Vk>2, Ty = ~1)* .G - Hey— bi~M-w®k
22, Tom Y (0" Hewolh) - P

Proof. Let o<1 o denote « being a permutation of o/. Since < is an equivalence relation, we can
partition [d]* into equivalence classes (x is the Kleene star operator) such that for some « € [d]*,
[a] = {a € [d]* | a1 a’}. Let C be a subset of [d]* such that no pair of a, &’ € C'is in the same
equivalence class. We can then directly decompose the statistical risk as

e[ - o] - ]| T Tellelt) - 5 Rl ] o)

acC

where ¢2 = E[He,(z)?]. Note that we omit k here and directly write the Hermite polynomial
obtalned by differentiating with respect to o, , ..., Zq, as Heq(z) € R. The above equation can thus
be further simplified as

o[ (kfutay’, o (ot (e pint] g

’

acC a#a’ « o
a,a’eC
(Ta - .fa)2 Heoz(x)2 (Tor - foz)Z
= E E = E —_— 30)
c2 c2 c2
acC « @ aeC @

since if both a, &’ € C' and o # o/, E[He,, (I)HGO/ (x)] = 0. Next, we rewrite the expression as

Sy Bkl s Bo-ir-Tgln-al e

kEN acC keN " acC
lol=k lo|=k

The last equality is due to the fact that ¢2 = Hle n;!, where n; is the number of times that ¢ occurs
in the multi-index «, and therefore k!/c? is the number of possible permutations of the elements in
a with |a| = k subjecting to 1 occurs ny times, 2 occurs ng times, ..., d occurs ng times. Thus the
proposition follows. O

C Proofs in Section 4
Lemma 4.3 (Separation of Roots) For all k € N,z € R, max{|Hey(z)|, |Hegp+1(2)|} > V/k!/2.

Proof. First, Vk € N, by Turan’s inequality [ ] we have

u He;(z)?

Hej \(z) — Hey(z)Hegy2(x) = k! - Z L
=0

Set £ = \/k!/2 and assume for contradiction that | Hey1 ()|, |Hegr2(x)| < €. The LHS of (32) is

at most £2 + ¢|Hey,(z)|, and the RHS of (32) is at least

il >0 (32)

Hey(x)?

H 2
B (14 a2% + . +A)>k!-(1+ o

x ) (33)
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Therefore, if |Hey ()| = t, combining both sides we get 2 + et > k! + t2. This implies on the one
hand that e¢ > k!/2, and on the other hand that et > t2. However for our choices of ¢ = +/k! /2, no
value of ¢ is feasible. This yields the required contradiction for the first claim.

O

Claim 4.4 Let (1,0 > L and T € RExd2xd"3 pove g decomposition T = 221 aiw?él ®
w®? @ wP", with {w®* : i € [m]} being linearly independent. Consider matrix M =
Sfatten(T, £1,05 + £3,0) € R <A™ and let v = rank(M). Then Jennrich’s algorithm ap-
plied with rank v runs in poly, ., ,,.(m,d) time recovers (w.p. 1) the rank-1 terms corresponding
to {i € [m] : |a;] > 0}. Moreover for each i with |o;| > 0, we have w; = & w; for some
& e {+1,-1}

Proof. LetQ = {i € [m] : |a;| > 0}. Firstly r = rank(M) = |Q)|, since M has a decomposition

M =" ai(wf™) (wf) " = Midiag(ag) M,
i€Q
where M, M, diag(cg) all have full column rank |()|. Secondly, from assumption (ii) of Theo-
rem 4.2 and Claim A.4 applied with ¢1, £ > ¢, we have that {w{® . i € [m]} are linearly independent
for every £/ > (. Hence the the factor matrices U = (w®" :i € Q)and V = (w® : i € Q) also

3 K3
have full column rank. Similarly from (iii) no two vectors in {aiw?gs : ¢ € Q} are parallel. Hence,

they satisfy the conditions of Jennrich’s algorithm. Since there is no error in the tensor, Jennrich’s

algorithm (Theorem A.5) succeeds with probability 1 (see [ 1). Finally since each rank-1 term is
recovered exactly when o; # 0, the vector in R obtained from the term will correspond to either w;
or —w; as required. O

Lemma 4.5 Suppose k € N,k > 2. Suppose for some unknowns 3,z € R with 8 # 0, we are
given values of v; = (—1)?§?fHe;(2) Vj € {k,k+ 1,k + 2,k + 3} for some § € {+1,—1}. Then
z, B are uniquely determined by

Ya+1 T 9 Vg1 Ya
Forq:= argmax |y|, &z =102 g (e T4 (34)
je{k+1,k+2} ! Yq Hey(£2)
Proof. We use the following fact about Hermite polynomials:
He,11(2) = zHe,(2) —r- He,r—1(2). (35)

From Lemma 4.3, we know that max{|Hey1(2)|, | Hert+2(2)|} > 0 and hence y, # 0. Substituting
in the recurrence (35) with r = ¢,

y = Hegq1(2) +q- Heq—1(2) _ BHeq1(2) +q- fHeq-1(2) _ _€<'Vq+1 +aq qul)
Hey(z) BHeq(z) Yq ’

where we used the fact that the Hermite polynomials are odd functions for odd g and even polynomials
for even ¢. The (3 value is also recovered since v, = (—1)78(£%He,(2)) = (—1)95 - Hey(€2).

O

Claim 4.6 Given {w; = §w; : i € [m]} where &; € {+1,1} Vi € [m], Step 5 of Alg. 1 recovers
{(ai, &by, §w;) =i € [m]}.

Proof. We first prove for £ > 2. For each of the j € {¢,¢+1,¢+ 2, ¢+ 2}, we have from Lemma 3.5
and the Hermite polynomials He; being odd functions for odd j and even functions for even j,

R . H-,bix—b$2 ) ) He,_ ibiX—b$2~,
fr=2 (1 i %p< />_w§j:;(_1)j_ai_ ej-a(8 J%p( 2 e



Moreover the vectors {fzj wZ@ Tiie [m]} are linearly independent by assumption (and from Claim A.4
for j > /). Hence the linear system for each j has a unique solution

(-1
V2m
Lemma 4.5 applied with § = —i=a;e” b2/2 and ~;_o = (—1)7 He;_o(£;b;) (note 3 # 0) proves that

Alg. 2 recovers a;, &;b;.

Ve <j</{+3,Vie[m], wehave (;(i) =a; - exp(—b7/2) He;_2(&:b;).

For{ =1,wenote Vz € R, Heg(z) =1, and Hey(z) = z. From Lemma 3.5, we see that one set of
solutions to the linear system is
exp( b7 /2) exp(—0?/2)

V2T ’ V2T '

Moreover the vectors {&;w; : i € [m]} are linearly independent. Hence, (3, (3 are the unique
solutions to the system. Hence Algorithm 2 recovers a;, &;b; as claimed.

Vi€ [m], G(i) = and (3(i) = —a;&b;

Fact 4.7 (Lemma A.4 of [ 1) For two matrices U,V with m columns, krank(U © V) =
min(krank(U) + krank(V') — 1,m).

Proof. LetU = WT (with ith column w;). Note that since no two columns are parallel, krank(U) >
2. By applying the above fact on matrix M = U®™ with ith column w®m we get that krank(M) =
m, as required. Hence, Theorem 4.2 can be applied to recover for all i € [m], all the unknown ay,
and up to ambiguities in signs given by (unknown) &; € {1, —1} the b; and w; as well (we recover
&ibi, Siwy).

For the second half of the claim, let & € {1,—1} Vi € [m] be any combination of signs. Consider
the solution a} = a;, w; = &w;, b, = &b;, and let g(x) represent the corresponding ReLU function
given by these parameters Note that the Hermite polynomial He;(£2) = ' Hey(z) forall € € {£1}
and z € R . Hence, the Hermite coefficients of order at least 2 are equal for f and g i.e., for all ¢t > 2

o —b7/2 m o—b2/2

gt = Z(fl)ta,; Hey_o(&ibi) - eﬁ (&wy)®t = Z(*l)tai Hey_o(b;) - Nors “w

:’w

Condition 2 also implies that zeroth and first Hermite coefficients of f, g are also equal. All the
Hermite coefficients are hence equal (and the functions are squared-integrable w.r.t. the Gaussian
measure for bounded a;). Thus the two functions f and g being identical follows since Hermite
polynomials form a complete orthogonal system. O

Claim 4.8 Suppose w1, ..., w,, are linearly dependent. Then there exists a1, ..., an, (not all 0)
and signs &1,&a, . .., &m € {£1} with not all +1 such that the ReLU networks f and g defined as

= i aio(w; x), g(z) = zm: aio(&w, x) satisfy f(z) = g(z) Vo € RY.

=1

Proof. Since {w; : i € [m]} are linearly dependent, there exists (§; : ¢ € [m]) which are not all 0
such that >, B;w; = 0. Define a; = f3; foreach i € [m], andlet§; = —1if 8; # 0and & = 1
otherwise. Let f(z) = Y.7", a;o(w;' z) and g(z) = > 1", a;o(&w, o).

From Lemma 3.5, it is easy to verify that all the even Hermite coefficients are equal, and the odd

Hermite coefficients for £ > 3 are all O since b; = 0. Moreover the ¢ = 1 order Hermite coefficients
are equal since

i ;Wi — i aigiwz Z az 1 - 57, W; Z 2Bzwz =0.
i=1 i=1

All the Hermite coefficients of f and g are equal (and the functions are also squared-integrable w.r.t.
the Gaussian measure when the a; are bounded). As the Hermite polynomials form a complete
orthogonal basis, the two ReLU network functions f(x) and g(x) are also equal. This concludes the
proof. O
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D Robust Analysis for general /

The main algorithm in the robust setting is Algorithm 4 described below, which approximately
recovers the parameters for the activation units (up to signs) that do not have large positive bias. The
guarantees are given in the following Theorem D.1.

Theorem D.1. Suppose ¢ € N be a constant, and € > 0. If we are given N i.i.d. samples as described
above from a ReLU network f(z) = ao(W T + b) that is B-bounded Then there are constants
c=cll) >0, >0, signs §& € {£1} Vi € [m] and a permutation 7 : [m] — [m] such that
Algorithm 4 given N > poly,(m, d, 1/e,1/8,(W®*), B) runs in poly,(N, m, d) time and with high
probability outputs {a;,b;, w; : i € [m']} such that for all i € [m] with |b;| < c\/log(1/(c - mdB))

we have that |[w; — §x (i)W ll2 + |ai — Gr(y| + i — &) br(p)| < &

In fact, the analysis just assumes that || T;, — fx || # are upper bounded up to an amount that is inverse
polynomial in the different parameters (this could also include other sources of error) to approximate
the 2-layer ReLU network that approximates f up to desired inverse polynomial error €.

Algorithm 4: for order ¢: recover {a;}, and (up to signs) {b;,w;} given estimates
{To, e ,T25+2}.

Input: Estimates T, . .., Ty for fo, fl, ey f2[+2;
Parameters: 19,71, 72,13 > 0.;
1. Let order-3 tensors 7" = flatten(T2¢41,¢,¢,1) € R xd"xd gnd Jet
T" = flatten(Tayio, £, £, 2) € Re xd"xd”,
2. Set k' = max, <, s,(flatten(T5¢41, ¢, £ + 1,0)) > n1. Run Jennrich’s algorithm on 7" to
recover rank-1 terms {a/u®* © u®* @ u; | i € [K']}, where Vi € [K], u; € S%! and o € R.
3. Set k" = max, <, s, (flatten(To¢42, ¢, £ +2,0)) > n;. Run Jennrich’s algorithm on 7" to
recover rank-1 terms {o/v?* @ v® @ v®? | i € [k"]}, where Vi € [k"], v; € S* ! and
1
o € R.
4. Remove all the rank-1 terms in steps 2 and 3 with Frobenius norm < 72 i.e., & or o < na.

Also remove all duplicates from {uy, ua, ..., ur } U {v1,v2,..., v~} even up to signs i.e.,
remove iteratively from the above set vectors v if either of +v, —v are within 73 in ¢ distance
of the other vectors in the set, to get wy, Wa, . . ., Wy,.

5. Run the subroutine RECOVERSCALARS (¢, {w; : i € [m/]}, To, Tot1, Tota, Teis) (ie., Alg. 2)
to get {a;,b; : i € [m']}.

Result: Output {w;, a;,b; : 1 < i < m'}.

The following algorithm (Algorithm 5) shows how to find a depth-2 ReLLU network that fits the
data i.e., achieves arbitrarily small Lo error. The algorithm uses Algorithm 4 as a black-box to first
approximately recover the unknown parameters of the activation units (with not very large bias) up to
signs, and then setup an appropriate linear regression problem to find a network that fits the data.

The error parameters 7g,11,72,m3 can be set with appropriate polynomial dependencies on
e,d'm, B, sy, (WQZ ) to obtain the recovery guarantees in Theorem D.1 and Theorem 3.2.

In this section, we prove Algorithm 4 and its algorithmic guarantee in Theorem D.1 (and Theorems 3.1
and 3.2).

We break down the proof into multiple parts.

D.1 Estimating the Hermite coefficients

First, we derive concentration bounds on &, which will be followed by error bounds of the recovered

parameters ’d,g, W in terms of &k. To obtain the desired concentration bound, we first introduce an
auxiliary claim we will make use of in the following analysis.

Claim D.2. For ai,as,...,a, € R and p € N,

n2p Zie[n] |a;|?P

e @il < nPPmaxiep ail? <
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Algorithm 5: Outputs a function g(x) that approximates the target network f(z) in mean squared
error.

Input: N i.i.d. samples of the form (z;, y;);

Parameters: ¢, 19, 11,172,173 > 0.;

1. Construct estimates Ty, . . . , Tp42 for fo, fl, ey fgg+2 using the first % samples.

2. Let S = {(w;, a;, BZ)} be the output of Algorithm 4 on inputs 7Ty, . . ., To¢12 when run with
parameters 79, 11, 72,13 > 0.

3. For each (x;,y;) and i € [N/2 + 1, N] construct the feature mapping
d(x;) = (Z(x;), Z'(x;)) as described in the proof of Lemma D.12.

4. Set 7 = 20m(8]S| + d)B log(mdBw| ) and find, via projected gradient descent, a vector 3

such that

A A ~ 2

LoP) = 541811 /BISTEm(1-B) F D 15
Here L. () is defined as
g N
LB =+ Do (wi— BT o)) 1(lé:)l < 7).

Result: The function g(z) = 37 ¢(x).

Proof. By triangle inequality,

| Z a;| < Z ja:] < nmax|a;| < n D lail = | Z ai” < nzpmaXIa 7 < Z s |*?

1€[n]

O

Equipped with the essential claim, we are now ready to prove Lemma D.3.

Lemma D.3. For any n > 0, if T}, is estimated from N > cpd*m?B*poly(log(mdB/n))/n*

samples, then for some constant c, > 0 that depends only on k, we have with probability at least
— (mdB)~ log(md)_

Tk — fillr <. (36)

Proof Consider p € N, and a sum Sy = Zjvzle of independent zero-mean r.v.s with

~ Z; LE[Y. 2”} < Agp, and % Z; 1 E[Y}] < A,. Then by Rosenthal’s inequality (and Markov’s
inequality)

[(XN:YJ) } < oplog(p)+2p+p? -max{N Ay, (N Ay)P} (37)
i=1
And, P [| ! in’ > 3] < sl maX{N2;42f - (;‘; )b e
j=1

Consider a fixed a € [d]* (an index of the tensor corresponding to the kth Hermite coefficient);
|a| = k. Given samples {(z7), f(z()) : j € [N]}, the random variables of interest are Z;, Y; are

m
= Z aio(w] 9 4 b)) Heo(29)), and Y; = Z; — E[Z;].
=1

We will apply the above concentration inequality with the random variables Y. We need bounds for
E[Y7] and IE[YJ-QP]. For convenience let Z := Y_""  a;0(w; x 4+ b;)He,(z), and Y = Z — E[Z].
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Note that by applying Claim D.2, we can bound these quantities as
E[Y?] = E[(Z — E[Z])??] < 2°P(E[Z?"] + E[Z]?F), where

m ox _p2 k
(B{Z)l = | Y asHers(b1) p(ﬂiﬂ/?) Lwia)| < mBVA,

E[Z2P] = [(Zaa w; x—l—b))szea(x)Zp},

On the other hand, from Hélder’s inequality, we have (>_;, |¢;|2;])?P < (||CHZ* )2p/a” . z||§z where
g* is the dual norm of 2p i.e., 2p/q* = 2p — 1. Hence, again combined with Claim D.2, we have

m m

w1220 < B (300t )7 (St e 00 Healw)] < (% B ST [T 4 00 Hea (0]

i=1 i=1

3

< (22Pm?*P~ 1 B?P) ZE[ w; )% + b?p)Hea(x)Qp}
i=1
(2mB 2pi< [ z)?P Hey ()2 ] + B*E [Hea(m)2pD

We note that w,' z is a standard Gaussian since |w; |2 = 1.

Now, let He,,(x) involve different indices of « up to k1, ko, . . ., kq times. Note that Zte[d] k <
|| = k. Using properties of Hermite polynomials, we can bound E[He, (7)?] as

E[Heo(2)??] =E {( Z kg H xy ) }

Piepq ke<k teld)
d+ k" d+ R\
S( ; ) zmaf<kcifwkdE[H$fpkt} S( ; ) (2pk — 1)!1(k1)?P
teld] Vt= teld]

< ((d J k) 1) 2ok = €2 - (2phy

by setting Cy = - k! and repetitively applying Claim D.2. A similar argument also holds for
E[(w, )%’ He,(z)?"] by Cauchy—Schwarz inequality

dgk:)

2p
E[(w; 2)* Hey ()] \/IE [(w, 2)%] E[Hea( \/E [(w, z)4] (d:l_k) (k)P (4pk)P*

< (v (") ’“’)2p<4pk>pk = (@42 - O - ok

since w,” x follows a standard Gaussian distribution. Hence we have

E[2%7] < G (2mB) (2pk)™ (2*2p)” + B)m

Ay, = E[Y?P] < 2% ((2mB01)2p(2pk)pk((2k+2p)p + B*)m + (me/H)QP)

— Ay, < (Cy(pk)*/*mB?)%

where Cy = 8C?*. Note that p = 1 also gives the required bounds for E[Y2].
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Now, setting p := % (log(1/n) + log(mdB)), and applying Rosenthal’s inequality (37) with N =

%mQB‘lpoly(log(mdB/n)), we have for an appropriate constant ¢/ (k) > 0

1 & . A Ay \P
1 +2p+ 2p 2
n»HNzlyjjw} < oplog(p) 20+ 'ma"{mp—lnzp*(w) !
=

(ComB?)?P (pk)Pk  /(CymB2Ek*/2)2\»
{ N2p—1p2p ’( Nn? ) }

< 9P log(p)+2p+P | oy

)

<( 1 )log(md3)+log(1/n)
~ \mdB

as required. Finally by setting 7 = 7’//d* and a union bound over all entries, we get that w.h.p.,
Ty — fellr < 7', as required.

O
D.2 Recovering the parameters under errors
Suppose € > 0 is the desired recovery error. The m hidden units are split into groups
G=1i b 1 1 dP =112 G 39
—{’LE[m]||i|<Cg Og(W)},an ={1,2,...,m}\G. (39

where ¢, is an appropriate constant that depends only on the constant £ > 0. Note that under the
assumption that s, (W®¢) > 1/poly(m, d, B) in Theorem D.1, this reduces to

G = {z e [m] | |bi] < c}x/log(l/amdB)}.

We aim to recover all of the parameters of the units corresponding to G. For the terms in P, we will
learn a linear function that approximates the total contribution from all the terms in P.

D.2.1 Recovery of weight vectors w; for the terms in G

We first state the following important lemma showing that Jennrich’s algorithm run with an appropriate
choice of rank k will recover each large term up to a sign ambiguity.

Lemma D.4. Suppose co € (0, i) and U1,y > (03 > 0 be constants for some fixed

m

{, and T = flatten(fg1+gz+g3,51,62,23) have decomposition T = Y 7" Ai(u; ® v; ®
z;) with \; € R and unit vectors u; = w?el € Rdll,vi = w?& S Rdzz,zi =
wPh € RY. There exists m = poly(ea, s, (W) /poly(m,d, B) > 0 and ¢, =
max{2es, 1/poly(1/ea, 1/8, (W), dat+ B)} such that if

|T — T||p < 5} = min {poly(s% $m (W) /poly(m,d, B, 1/m), %} (40)

then Jennrich’s algorithm runs with rank k' = argmax, ., sy(flatten(T , 01,65 + (3,0)) > 1
and w.h.p. outputs® {\;, W;};c ) such that there exists a permutation @ : [m] — [m] and signs
& € {1, -1} Vi € [m)] satisfying:
(i) Vi € [m], |\i — Aoy < €3, and (41)
(i1) Vi € [m], s.t. |\i| > €1, we have ||w®" — gfr(i)@?(ti)‘b < e, Vte|[2. (42)
Before we proceed to the proof of this lemma, we first state and prove a couple of simple claims. We

use the following simple claim about the assumptions of the theorem implying lower bounds on the
least singular value of the submatrices given by two columns of 1.

SNote that one can also choose to pad the output with zeros to output m sets of parameters instead of &’ if
required.
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Claim D.5. Suppose the matrix M; € Rde2formed by columns u®7 and v®7 for u,v € ST,
Suppose s3(My) > K, then so(My) > k/v/2L.

Proof. Suppose v = au + /1 — a2u' for some u € S¢~! that is perpendicular to u. It is easy to
see that

<’U®Z, u®e> =al.

For two unit vectors u, v, the least singular value of the matrix given by them as columns is

min |lzu +yolls = min /22 + 42 + 2zy(u,v) = min /1 + 2zy(u,v) = /1 — |[(u,v)
z,y€R z,y€R z,y€R
z24y?=1 2 4y?=1 22 4y?=1

= sy([uv]) =vVI—a=/1-(1-r2)VE>

Hence, k2 =1 — ot

\/>
O

We use the following simple claim shows that if we obtain a rank-1 term which is close, then the
corresponding vectors are also close.

Claim D.6. For any ¢ > 0,/ € N with £ > 2, suppose o, > 0, and u,v € S* ! satisfy
lau®t — Bu®||r < &, for some & € [0,/2). Then there exists ¢ € {+1,—1} such that for any
te{l,2,..., — &% p < V2e/a. Also |a — B < 3e.

We remark that if ¢ is odd, we can additionally conclude that £ = +1, but this is not used in the
arguments, so we skip its proof.

Proof. Suppose A; = u®*, B; = v® and Ay = u®'~t, By = v®é*t Note that they all have unit
norm. Let = min{||A; — Bi||p, [|A1 + Bi||r}. Then A; = /1 —n?/2B; + BL for some

Bi with unit norm orthogonal to B;. We have

2
O B = ad; @ Ay —ﬁB1®BQ 204\/1— LBy ®A2+a'%3f®142 — B ® By
2,2
Hence €2 = |lau®’ — pv®||% > 2 HBl ® As||% > Tn (since By L BY).

Hence n? < 2¢2/a?. For even t, it is easy to see that ||u®! — v®!||p < [|[u®® + v®||r; hence
|[u®t — v®|| < \/2¢/a. For odd t, it could be either [|[u®* — v®¢||r = 75 or |[u®t — v®!||F = n;
moreover the sign (in front of v®?) is coordinated across the different ¢ since ||u® —v®?||% + ||u®t —
v®!||%, = 2. Hence for an appropriate sign £ € {+1,1} we have |[u®" — 0@ ||p = .

Finally, to give an upper bound on |oc — f3|, we use the conclusion from the above bound with ¢ = 1,
to argue that for some v~ € S¢~! that is orthogonal to v

522Ha(\/1—— v—l—f )®Z—,BU®ZHi

2

s fﬂ‘ +a2(1-(1- 1)),

:’0‘(17 2 2

Since n? € (0, 1), we can use a simple linear approximation to claim that tn? /4 < |1—(1—7%/2)!| <
tn? for any ¢t > 0. Hence, we get that

2> (ja - 8] - laltn®)? + o2 (er2).
Hence |o — ] < e + |a|Vn, and |a|Viy < 2e.

Hence the claim follows.

We now proceed to the proof of Lemma D.4.
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Proof of Lemma D.4. The proof proceeds by first identifying a tensor 7" which we show satisfies
all the conditions for Jennrich’s robust algorithmic guarantee (Theorem A.5) with rank &', which
corresponds to the k’-th largest | \;|. Note that the recovery error in the rank-1 terms may be larger
than some of the &’ terms of T' (for example if there is not much separation between the &’ largest
and (k' + 1)th largest of the {|\;|}). Therefore, we argue that if |\;| is sufficiently large, it will be
recovered up to small error.

We start with some notation. Suppose suyin = 5, (W ). Let M = ﬂatten(f, 01,05 + ¢3,0) and
M = flatten(T, {1, b5 +¥3,0). Set U = WOV = WO YV = diag(\)Z = diag(A\) W%, Recall
that k' := argmax, ., s,-(M) > n;. Note that M = Udiag(A\)(V @ Y)T, where A = (A1,..., Am).
We remark that by Claim A.4

Sm (WQK) Smin

Sm(U) =z (Qm)élfe = (Qm)él’

.. Smin Smin
and similarly s,, (V) > - sm(VoZ)> W.

(43)
We first argue that there are at least &’ values of |\;| that are non-negligible. Since ||T — T'||p <

1y < 11 /2, we have from Weyl’s inequality that sy (M) > 1;/2. Let S C [m] denote the indices
corresponding to the largest &’ values of |\;| (this is for analysis). The rank-1 terms restricted to S

will constitute the “ground-truth” decomposition 7. We first observe that

. m
Ai| > 22, and 44
migInd> 5o, an @
om ) tlatLs
Vi e [m] st |\| > %, we have ¢ € S. (45)
Stin

To see why (44) holds, note that

%1 < s (M) = sp (Udiag(/\)(V ® Y)T) < s (diag(\)) - s1(U) - 51(V © Y) < m- min [\,

where we used the fact that all the columns of U and V' ® Z are unit vectors. To show (45), suppose
we assume for contradiction that |\;| > 2(2m)“+¢2+tay, /52 . buti ¢ S. Let S’ = S U {i}. Then

min?

we can see that at least &’ + 1 singular values of M are greater than 7, since by Weyl’s inequality,

St41 (M) 2 s (M) =0} = sy (Udiag() (V- W) T )}

Smin Smin
> . ’ 1 . > . L.
> sm(U) - sir+1(diag(N)) - s (VO W) > (2m)& Al (2m)t>

> 2 — 1y > .

Hence (44) and (45) are both true.

We now argue that we satisfy the requirements of Theorem A.5 (the robust guarantee). Let Ug, Vg
and Yy denote the restriction of the factor matrices U, V, Y to the columns corresponding to S. Then
by Claim A.4

oY .
and sy (U) > s, (U) > SV Smin

SnL(WQZ) Smin
Sk-/(U) > Sm(U) > - (2m)‘2_z B (2m)€2.

— (2m)a—t T (2m)h’

Moreover for any two columns 4, j € .S, we have that the restriction of Z to these two columns Y7; ;3
satisfies

1 * Smin

s2(Yiijy) = min{ |\, [N} - sa(Wia 5y) > Vi m

Moreover the maximum singular values of the factor matrices U, V' are all upper bounded by +/m.

24



Finally, suppose T's = >, g Ajtt; ® v; ® z;, then the error between the input tensor and T's

IT = Tsllp < IT =Tl + 17 = Tslle < o+ || D diws @ 01 @ 2
i¢S

F

— ﬂtt( Atts ® v; @ 23, 0, E,O)H
771+Haen% U @V @ 24, L1, by + €3 »

< 77/1 + \/%51 (ﬂatten( Z Aty @ v; Q zi, b1, 0o + L3, O))
i¢s
<+ Vmip < (Vim i

Now applying Theorem A.5 with 45 = €3, and setting 7} such that 1} = min {77,4.5 (EA,g, =

f1+e )
2.k = VmEm)ITE ettty 5 %ﬁ)/(\/ﬁ—i— 1), 771/2}, we have that the rank-1 terms can

Smin

be recovered up to accuracy €3 (up to renaming the indices i € [m)):

Vi e S, ||)\,‘U¢®U¢®Z¢—X,'ai@fﬁi@zi“p SE% (46)
2
From Claim D.6 ,Vi € S, ||w; — w2 < %, “47)

for appropriate signs &; € {41, —1}. We remark that the choice of 7] is consistent with both Theorem
A.5 and this lemma, since in our case £ < poly,(m)/smin and 1/6 < poly,(m,1/n1)/Smin. If
Smin > 0 becomes too small, we will directly set 7] as 1 /2 instead.

Note that from (46) and triangle inequality, we already have for ¢ € S
X — | = i @5 @ 2| — [Nl @ T @ Zl| 1| < [ Aits @ 03 ® 2 — Ay @ T @ i || < €3

(For terms not in S, the output A; = 0 and |A;| < 71/(2m), hence it is still satisfied). For any i € [m]
s.t., |\;| > €1, we have from (45) that ¢ € S; hence

2
) _ €
Foralli s.t. |\;| > &1, |w; —&wil2 < ;2 < &2,

1

as long as |e1| > /2. A similar proof also holds for [|[w" — ¢!w"||F by using Claim A.4 with
general £ > 1 in (47). This completes the proof.

O

A direct application of Lemma D.4 establishes the following claim, showing that we can recover all
the weight vectors w; for each term 7 € G up to a sign ambiguity.

(014
% > 0 such that if the estimates

| T = frlle < b forallk € {0,1,...,20 + 2}, then steps 1-4 of Algorithm 4 finds a set {w; : i €
[m/]} such that there exists a one-to-one map w : [m'] — [m] satisfying (i) every i € G has a pre-
image in 7 (i.e., every term in G is recovered), and for appropriate signs {&; € {1,—1} : i € [m/]},

Lemma D.7. Forany g5 > 0, there exists an )y =

Vie [m'],vt € 20, [|€a07" — wilylr < e (48)

(i

In particular Vi € [m'], we have ||{;w; — w2 < €2

The stronger guarantee for all ¢ € [2¢] will be useful in bounding the recovery error of the a;, b; in
later steps.

Proof of Lemma D.7. The proof uses the robust guarantees of Jennrich’s algorithm in Lemma D.4
along with the crucial property of separation of roots in Lemma 4.3.

Set &} == e1/+/k!/2 and g1 = poly(ea, m, d, 5, (W®)) be given by Lemma D.4. Similarly 7} is
specified by the requirement of Lemma D.4. Set also 72 = 4¢;.
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Consider a wl output by the algorithm in step 4; and suppose w.l.o.g. it was output in step 2. Then we

have that |X;| > 7. Further, |A; — ;| < €2 < 15/4. Hence, for every term i € [m’] that is output
after step 4, we have |\;| > n2/2 > ;.

We first argue that every term in G is one of the m’ terms output by the algorithm in step 4. Consider
the decompositions of the two tensors obtained from the Hermite coefficients of f i.e.,

m

. 1
faerr =) (a;) - Hepg1(bi) - Nir exp(—07/2) - wH = Z)‘ 24 @ w;
i=1
(49)
. s 1
fovro = Zai - Hegy(b;) - W exp(—b?/2) - ®2€+2 Z Ai( W) ® w;m. (50)
i=1 @

Note that from Lemma 4.3 we have that for every = € R, at least one of |Hegyyo(z)], (x)] is

at least 1/k!/2. Moveover since ¢ € G for our choice of ¢ in (39), we have that e b 2\ 21 > €.
Hence for each i € G, we have that max{|\;|, |\;|} > e1.

Finally, we now prove that when |\;| > £1, the corresponding w; is recovered up to error £2. From
Lemma D.4, if w; is the vector output by one of the decompositions for w;, we have for all ¢ € [2(]
that ||wP" — &P || p < e for some sign & € {1,—1} as required. Moreover since 7y = £ /2
and the error in each rank-1 term is at most € 4.5 < 71/2, we have that none of these terms are
removed as duplicates of other terms. On the other hand, since 73 := 2¢2, we have that duplicates are
correctly removed. Hence we have that for every i € [m/], |[w" — £lw$||F < e for appropriate
signs &; € {£1}.

O

D.2.2 Recovering error for the parameters a;, b; for terms i € G.

The following lemmas now proves the recovery for each 7 € G, the a; (no sign ambiguity) and the b;
up to the same sign ambiguity as in w; (and in fact, this holds for all the terms output in steps 1-5 of
Algorithm 4).

Before we start the proof of the main lemmas, we first show a key property of Hermite polynomials
we will utilize later.

Claim D.8. Vz € R, |Hey(z)| exp(—22/2) < Vk!

Proof. We utilize Cramér’s inequality for Hermite functions that for all z € R, [y ()| < 7 1/4,
where 1, (x) is the k’th Hermite function given by

[n(@)] = (2°k!V/m) /% exp(—a® /2) | Hy ()]
with Hy, () denoting the k’th physicist’s Hermite polynomial’. Now, substituting = with x/+/2 yields

m(%ﬂ = (K/m) "2 exp(—a2?/4)|Hey ()| < w4

= exp(—2?/2)|Hep(z)| < \/Hexp(—x2/4) < Vk!

With this claim, we are now ready to proceed.
Lemma D.9. For e > 0 in the definition of G in (39), there exists 0y, = poly(Esm (W) o o g

o poly,(m,d,B)
eh = % > 0 such that for some &; € {£1} Vi € [m/]

if |Tw — fullr < V<2042, and |@0% - w®||p < e}, Vie [m'], V0 <t <{+3.
then steps 5-6 of the algorithm finds (51‘,};1‘ ;1 € [m]) such that
|Eiz-—ai| Se’:‘, and |gl—§tbl‘ <e. (51)

COY 4 exp(—a?)

"The physicist’s Hermite polynomials are defined as Hy,(z) = p(=a?) * dak OXP
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Note that in Lemma D.7 we showed that G is contained in the m’ terms output in steps 1-4 (and

hence step 5 as well).

The above uses the following two lemmas which gives a robust version of Lemma 4.5 when there are
. . 2 . .

errors in the estimates. We remark that 8 = ae™% /2 in the notation of Lemma 4.5.

Lemma D.10 (Robust version of Lemma 4.5 for k > 2). Suppose k € N,k > 2, B > 1, and
o, z € R be unknown parameters. There exists a constant ¢y, = c(k) > 1 such that for any € (0, 1)
satisfying (i) |o| € [, B] and |z| < B, and (ii) |2| < 2\/log(c /e /4(1 + B)3)) , if we are given
values Yg, Vi+1, Yk+2, Vi+3 S-1. for some & € {£1},

(_l)j —2%/2 / et .
i —q-~——¢ */°He; <ée=———- Vjel{kk+1,k+2k+ 3}
Vi o \/ﬂ € 6](52’) S¢€ 2(1+B)2 J { + + + }
then the estimates z, & obtained as:
~ CYg— - VP
PR L= Tk R RN q:= argmax |y], and a = (=1)'"—F—"— ™
Yq je{k+1,k+2} e~z Hey(Z)
satisfy |E— §z| < ;'j'l <e, and ’& — a’ <e. (52)

Proof. Set &' == £4/(2(1 + B)?), and let 8 := ae~*/2/\/2x. Under our assumptions |3| >
cr(e")V/4(1 4 B)2. We use the following fact about Hermite polynomials:

He,1(z) = zHe,(2) —r- Hep—1(2). (53)

For convenience, for a scalar quantity v we denote by v = a + ¢ iff [v — a| < e. Recall that
q = argmax;c 41 k12 [75|- Since B1/k!/2 > 4¢’ by the conditions, we have that [,| > BVE!/2.
Setting = ¢ in (53) and dividing by He,(z) we get using its odd or even function property
depending on parity of ¢,

CHegy1(2) +qHeq1(2) _ BHeqq1(€2) +q- BHeq1(82)

§2=¢

Hey(2) BHeq(£2)
g ) +alvg-1£e) g+ a1 | (k4 3)e
Yqte Yl 2) (1)

. _ 2/ !
Vet + 4 1~<1i ey, (k+3)e

Yq Vel /™ (1 £ )

—Z1+£Ve) £ Ve,  since BVE!/2 > 2(k + 3)Ve

Let g(z) = e‘zz/gHeq(z)/\/ 2. Hermite polynomials satisfy He;(x) = gHe,1(x). Hence

, .2 e~ /2He (2)
2)=e*/ eq_1(2) — zHe,(2)) /V2m = ————at1\%)
9'(2) *(qHeg-1(2) = zHey(2)) /V2 Tox :

by applying (53). Also, by Claim D.8, max,: |¢’(z")| < max, 6_2/2/2|Heq+1(z’)|/\/27r < (g+1).
Hence,

9() —9(€2)| < max _ |¢'(2)][Z — &2 < 4(q + DL+ B)VE

z'€[z,z]Uz’ €[z,2]
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Plugging these error bounds into «, and using He,(£z) = {9Heq(x) we have

722/2

S _ af? - e He,(z) £ ¢
B el 4 jg(3) - gl
ag(z) £¢€ W 8(q+ 1)!(1+ B)Ve' 2¢’
PR TECA e e
(¢+ 1)1+ B)Ve 2¢

< (& 1/4 <
Ck(1+B)2(5’>1/4 Ck(1+B)25/1/4 = (5) S 6,

Hence |a — af < 8|al x

because of our choice of ¢, = 16(k + 3)!.
O

The simpler variant of the above lemma (Lemma D.10) for £ = 1 which is used in the full-rank
setting, follows a very similar analysis and is stated below.

Lemma D.11 (Robust version of Lemma 4.5 for k = 1). Suppose B > 1, and «, z € R be unknowns.
There exists a constant ¢ > 1 such that for any € € (0, %) satisfying (i) |o| € [%, B] and |z| < B,

and (ii) |z| < 21/log(c/e/A(1 4 B)3)), if we are given values o, 1 s.t. for some € € {+1},

C_ (—71)]'_22/2]_]‘ <’_L vie 0.1
v a.me e;(€z) _5_2(1+B)2 7€ {0,1},

then the estimates Z, & obtained as:

~ 71 ~ V27
Z=——, and « —
Yo ef%

elz|
B+1

satisfy ‘Z—§z|§ <e, and |&—o¢|§5. (54)

Note that Heg(z) = 1 and He;(z) = z to see the similarities between Lemma D.10 and Lemma D.11

Proof. Set & = &4/(2(1 + B)?), and let 8 := ae~*/2/y/2x. Under our assumptions |3| >
c¢(e")1/*(1 + B)?. For convenience we denote for a scalar v, v = a + ¢ iff [v — a| < e.

Since 3 > 4¢’ by the conditions, we have that |yo| > 3. Recall that Heg(z) = 1 and He; (z) = z.
Hence,

Hei(2) _ BHei(€2)

g=¢ =
Heo(z)  BHeo(z)
+ ¢ + ¢ 2¢’ '
:_(71 5/):_ T El :_l-(lzlz E):tgi,
Yo e oAEZ) ol/ yo(1+ 57)

=Z(1+Ve) £ Ve, since 3 > 8V/e'.

To argue about |a — al, let g(z) = e*zg/z/\/Qw. Its derivative ¢’(z) satisfies by Claim D.8,
max. |¢/(2')| < max.. |2'|e=*"/2/y/2% < 1. Hence,

9(Z) —9(€2)| < | max _ |g'(2)][Z —€2| < 4(1+ B)VE

2/ €[z,2]Uz’ €[Z,2]
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Plugging these error bounds into o we have

a = Yo _ Q- em + &/
9B el 1 14(3) - g(e)]
- oglz) £ :a(lj: 8(1“‘3)\/57) 2¢’
9(2) A1+ BV MERATE
9(2) = g > % > c(1+ B)2(e") /4

/ /
(1+B)\/; 2e < (5/)1/4 SE,

Hence |a — af < 8|al x ESIHELE + AT B =

because of our choice of ¢ = 16.

We now prove Lemma D.9.

Proof of Lemma D.9. Set e3 = &*s,,(W®/(16m>/%(1 4+ B)?). For each of the j € {¢,¢+1,¢+
2, ¢+ 2}, we have from Lemma 3.5 that

m b2
; : exp(54) @
= E —1) -a; - Hej_o(b;) - R T
fJ i:1( ) J 2( ) \/ﬂ i

Moreover ||T; — fjHF < n%. Also for the terms ¢ ¢ G, we have for each ¢ < j < ¢ + 3, the
corresponding term

exp(—b7/2) |

v 2T 2m
H S (1) - ai - Hejos(by) G DR
ence i — s aj - €;j—20;) ——— W, H S €3 m-— s &3,
co V2T F 2m

where the first line follows from our choice of €3 and our choice of c¢,.

Let m’ := |G|. Next we establish that the linear system is well-conditioned for each ¢ < j < £+ 3.
For any signs & € {41} Vi € [m], the matrix formed by the vectors {¢/w®’ : i € G} has
non-negligible least singular value. Moreover from Claim A. 4 (applied three times), we have for
(< j< é + 3, we have the matrix formed by columns {fj S G} has least singular value
e (WP 10 € G)) > 5, (W) /(2m)3/2. Suppose M;, M; € R**™ be the matrices with the
ith columns (&;w;)®? and @?j respectively for i € G. Then by Weyl’s inequality, we have

s (V) > s (00) = I = My > 05 ) = S8 — o
i€G
sm (W) <! m(W@M) : sm (W)
2 e 2 S Seess < S

The target solution to the linear system foreach ¢ < 7 < ¢+ 3

—b
exp(—*

Vie G, (@) =a; (-1)¢ - Hej o(by).
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Note that since for any j, sup,cg e 2H ej(z) < ¢ for some bounded constant ¢; < co. Now a
standard error analysis of the linear system yields (see e.g., [ ]) we have forall £ < 5 < {+ 3,

165 = Gille < (s (OT)) ™ (23 + 1M — TE, #1112

4m3/?
< Saweny C + e B vm'e),
8m3/2 o4

Hence, Vi € G, |¢;(i) — ¢ (i) < Sm(WOE) €3S 2(1+ B)?”

since g4 < %(chrgB\/m)eg, and for our choice of €.

Finally we can now apply Lemma D.10 for ¢ > 2 or Lemma D.11 for ¢ = 1 foreach of the i € G
separately with V= ¢; (i) (note that the error is at most ¢’ as in Lemmas D.10 and D.11). The

output is @; = «, b; = z and conclude that |d; — a;| < &, and |b; — &b;| < .
O
D.3 Learning Guarantees via Linear Regression

In the previous sections we designed algorithms based on tensor decompositions that, given i.i.d.
m T 1 1 1
samples from a network f(z) = > ", a;o(w; x + b;), can recover approximations (up to signs)

for “good units”, i.e, G = {i € [m] : |b;| < O( 10g(8mdB

how to use these approximations to perform improper learning of the target network f(x) via a
sirnple linear regression subroutine. Our algorithm will output a functions of the form g(z) =

))}. In this section we will show

Y adio(wlTz + b)) +w” Tz + C, where m’ < 8m. In particular we will prove the following.

Lemma D.12. Lete > O and f(z) = > i~ a;o(w x + b;) be an unknown target network. Let S
be a given set of tuples of the form (W;, b;, a;) with |W;|| = 1, such that for each i € G, there exists
j €S, and £j1>£j27fja € { 1 +1} such that le fjl (mdB) |bi - gjzb | < O( (EiB )’
and |a; — &j,a;| < O(-55). Then for any 6 € (0,1), given N = poly(m,d, B, 1,log($)) i.i.d.
samples of the form (x,y = f(x)) where x ~ N(0, I), there exists an algorithm (Algorlthm 5) that
runs time polynomial in N and with probability at least 1 — § outputs a network g(x) of the form

glx) = 221 alo(w, x4+ b)) +w"T , such that

Eon(0,10r0) (f(2) — 9(2))” < €%

Furthermore, when &, = &;, and &, = +1 for all j € S (i.e., the sign ambiguity of w; and b; are
the same, and there is no ambiguity in the sign of a; for all i € G), then the number of hidden units
in g(x) is at most |S| + 2.

While the above lemma is more general, when it is applied in the context of Theorem 3.2 it satisfies
the conditions of the “furthermore” portion of the lemma. Our algorithm for recovering g(z) will set
up a linear regression instance in an appropriate feature space. In order to do this we will need the
lemma stated below that shows that there is a good linear approximation for the units not in G, i.e.,
P =[m]\G.

Lemma D.13 (Approximating fp). Let ¢ > 2 be a fixed constant. Consider fp(x) =
S aio(w] @+ b)1(|b;| > c\/log(=-L5)). Then there exists a function gp(z) = Bpx + Cp
where ||Bp|| < mB and |Cp| < mB? such that for a constant ¢’ > 0 that depends on c,

Epno,nlfr(z) — gp(2)]® = e

Before proceeding to the proof of the main lemmas, we first establish an auxiliary claim that we will
utilize. The following claim shows how one can combine some of the activation units output by the
regression step to get a ReLU network with at most |G| + 2 units.

Claim D.14. Given a function g(x) of the form

g(x) =v e+t Y ao(wz+b)+ djo(—w = —b), (55)

iem’

30



then g(z) can be expressed as a ReLU network with at most m’ + 2 activation units as
m/
g(x) = Boo(wo "z + by) — Boo(—wg = — by) + Zﬁlo(wjx +by), (56)
i=1
where for each i € [m'], B; = a; + o) and wy € S¥ 1 by € R, By € R chosen to satisfy
Bowo =v — Y ivy bw; and Bby =c— Y ;" | alb;.
1

Proof. First we note that for any z € R, 0(2) = 3(|2|+z) and o(—z) = 3(|2| — ). Hence we have

vo(2) + ' o(=2) = (v +7)|z| + 3(v —7)z, and z = o (2) — o (—2). (57)
Hence the terms are consolidated by replacing terms of the form o(w; = + b;) and o(—w, z — b;)
by one ReLU unit so that the coefficient of |w,” z + b;| match, along with a linear term. All the
linear terms are themselves consolidated together, and replaced by a sum of two ReLU units. Now,
substituing the setting of 3; wy, bg in (56) and simplifying, we have

’

Boo(wo "2+ bo) — Boo(—wg & — bg) + Z Bio(w;' z + b;)
i=1
m/ 1
=Bo(wg  +bo) + Y (i +af) - §(|wiTI +0i| + (w] x4+ b))
i=1

’

— 1 1
=v'z+c+ Zl Q(ai + o) |w; z + b;| + 5(041- — o)) (w;' = + b;)
T S T ’ T _
=v'z+c+ Z ao(w; ©+ b)) +ajo(—w,;, x —b;) = g(x),
i=1
where the last line follows from (57) and (55). O]

We are now ready to prove the main lemmas. We first establish the main result assuming the lemma
above and provide a proof of the lemma at the end of the subsection.

Proof of Lemma D.12. In order to find the approximate network g(z) we will set up a linear regres-
sion problem in an appropriate feature space. We begin by describing the construction of the feature
space and showing that there does indeed exist a linear function in the space that approximates f(z).
We first focus on the terms in the set G, i.e.,

falz) = Z aio(w; =+ b;).
icG
In order to approximate f¢(z) we create for each (@;,b;,d;) € S, eight features Z; 1, ..., Z; s
where each feature is of the form §j35ja(§jlﬁ;x +&5,b5) for &, €5,, €5, € {—1,+1}. Consider

a particular ¢ € G. Since the set S consists of a good approximation (w;, b;, a;) for the unit , it is
easy to see that one of the eight features corresponding to Z; . approximates the ith unit well (by
matching the signs appropriately). In other words we have that there exists r € [8] such that

2.0 — aio(w] x4+ ;)| = |djo(w) z + 1)) — qo(w] -z +b;)| (58)
< |(a} - a;)o(w =+ b;)| + |a; (a(w’;x + b)) — o(w] = + bi))| (59)
13 g 13
< _ .
<0(1oap) B+ ) +0(505) + 0 (g (60)

Noting that E[||x]|?] = d we get that there exists a vector 37 with || 35|l < 1/8|S| in the feature
space Z(x) defined as above such that

62

E[fi(x) = 57 2@)]" < 155- (61)
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To approximate terms notin G, i.e., fp(z) = >_,4¢ a;o(w; z + b;), we use Lemma D.13 to get that
there exists a vector 35 with ||85]| < m(1+ B) inthe Z' = (z, 1) feature space such that

2
Elfp(e) - 5T 2] < oo

Combining the above and noting that y = f(z) = fa(x) + fp(x), we get that there exists a vector
B* in the ¢(x) = (Z(x), Z'(x)) feature space with ||5*|| < +/8]S| + m(1 + B)such that

(62)

E

Ely — 8 ¢(z)]” < (63)

O

In order to approximate 3* we solve a truncated least squares problem. In particular, define the
truncated squared loss L. (8) = E[(y — BT ¢(z))?1(||¢(x)|| < 7)]. Furthermore we define the

empirical counter part L. () based on N i.i.d. samples drawn from the distribution of ¢(x). For an
appropriate value of 7 we will output 3 such that
2

N N A g
L.(B) < min L (B) + —. (64)
B:1181I<\/BIS|+m(1+B) 100

In particular we will set 7 = 20m(8|S|+d)By/lo g(mdB|S|)

above is convex and for the chosen value of 7, has gradients bounded in norm by poly(m, d, B, | S|, é)

Notice that the empirical truncated loss

Hence we can use the projected gradient descent algorithm [ ] to obtain a B that achieves the
above guarantee in N - poly(m, d, B, |S |, ) time. Furthermore using standard uniform convergence
bounds for bounded loss functions [ ] we get that if N = poly(m, d, B, |5, £,1og(3)) then
with probability at least 1 — § we have

@ B+ 5
L.(B) < min L-(B) + — (65)

GBI /BIST+m(1+B) 50

&2

< L:(8)+ (66)

50"

Finally, it remains to relate the truncated loss L, (/) to the true loss L(3) = E[y — 8T ¢(z)]?. We
have that for any § such that || 3|2 < /8|S| + m(1 + B),

L+ (8) = L(B)] = El(y — B ¢(x))*L(| 6 ()] = 7)]. (67)

Next notice that if ||¢(x)|| > 277 then we must have that either |a;o(w; - = + b)| > S‘QSJHd

or that for some ¢ € [d], |z;| > m. For our choice of 7, this probability is bounded by
(81| + d)efZQjQ(log(%B‘sl)). Hence we get that

L (8) = L(B)| = [(y BT (@) 1(|é(x) > 7]))] (68)

—ZE y =B 6(2))*1(ll¢(x)] € [27,27F 7)) (69)

< 0@ m?(8IS| + d)>7?)(8]S] + d)e~ > Wos=EE) - (70)
0

.
I

2
5
< —. 71
<5 (71)
Hence, the output network g(z) = 3 - ¢(z) = Z:il alo(w"z +b}) + w"Tx + C satisfies with

probability at least 1 — ¢ that

E N (0,100) (£ (2) — g(2))7 < €%

Notice that since a linear function can be simulated via two ReLU units (see Claim D.14), our output
function g(z) is indeed a depth-2 neural network with m’ 4+ 2 < 8m hidden units.

32



Furthermore, while the statement of Lemma D.12 assumes that the signs of units in G are completely
unknown, the output of the tensor decomposition procedure from Theorem 3.2 in fact recovers,
for each ¢ € G, the signs of a; exactly and the signs of the corresponding (wj, b;) are either both
correct or both incorrect. Hence when applying Lemma D.12 to our application we only need
to create two features for each unit in G. In other words we can output a network of the form
g(x) = w' T+ O+ S dio(wiTz + b)) + afo(—wiTx — b)), where m’ < m. Finally, from
Claim D.14, the above network can be written as a depth-2 network with ReLLU activations and at
most m + 2 hidden units. O

We end the subsection with the proof of Lemma D.13.

Proof of Lemma D.13. Consider a particular unit ¢ such that b; > ¢ log(ﬁ). Then notice that

2z = w;'x +b; ~ N(b;,1). By using standard properties of the Gaussian cdf, we get that by
approximating o (z;) by the linear term z; we incur the error

1/ b

B a1y (20 — o(z))? = E/ z2e~ (= 0)*/2qz, (72)
2
_ &

< O(b2)e b2 < O(w). (73)

Similarly for a unit with b; < —cy/log(—-17), by approximating o(z;) with the constant zero
function we incur the error

1 > b

]EZWN(bi,l)(U(Zi))Q = \/7277/0 zlem (= b)°/2 2, (74)
2

<o) < 0(=). (75)

Hence, each unit i € P with z; = w;'— x + b; has a good linear approximation z; = @;r T+ E of low
error. Combining the above we get that

2
BN (0,1ax ) (Zai(zi — 51)) < de?, (76)

i€P
for a constant ¢’ that depends on c¢. Furthermore it is easy to see that the linear approxima-
tion Y, pa;Z; is of the form Bjx + Cp where [|8p| < > ;cp lail[lwi|| < mB and [Cp| <
ZiEP |a1b2| S mBQ. O

D.4 Wrapping up the proofs

With the lemmas above, we can now complete the proof of Theorem 3.1, Theorem D.1 and Theo-
rem 3.2.

Proof of Theorem D.1 We first set the parameters according to the polynomial bounds from the
different lemmas in this section.

For the final error € in approximating f, we will set &’ := ¢/(4mB). Also set €5, 1} according to
Lemma D.9 with the € in Lemma D.9 set to £’. Then set ¢ = €5, and also set &1 = \/€2. Now we
can set the algorithm parameters 73 = 2e9, and 72 = 4e1, and 19 = min{n}, 05}, where 7} is given
by Lemma D.7. Moreover 7); (and 7}) are set according to Lemma D.4.

First by using Lemma D.3 we see that with poly,(d, m, B, 1/s,,(W®*),1/¢) we can estimate all
the Hermite coefficients up to 2¢ + 2 up to 7 error in Frobenius norm. Then, for our setting of
parameters we have from Lemma D.7 that for every w; for i € [m’] output by steps 1-4 of Algorithm
4, we have that there exists a w; (up to relabeling 4) such that ||w®" — WS"||r < e = £} < &’. Then
we can apply Lemma D.9 to conclude that for all such terms ¢ € [m/] that are output we get estimates
a;, b; with |a; — a;| + |b; — b;| < €’. Moreover using Lemma D.7 and Lemma D.9 also show that
every i € G is also one of the m’ terms that are output. Hence for each i € G, we have recovered
each parameter up to error ¢’. This completes the proof.
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Proof of the full-rank setting: Theorem 3.1 The guarantees for Theorem 3.1 hold for the following
Algorithm 6, which is a robust variant of Algorithm 1 in the special case of ¢ = 1. It first uses
Algorithm 4 to approximately recover for each i € [m], the a;, and up to an ambiguity in a sign
(captured by unknown &; € {1,—1}) close estimates of w; and b;. Then it runs Algorithm 3 to
disambiguate the sign by recovering &;.

Algorithm 6: Robust full-rank algorithm: recover {a;, b;, w;} given estimates {To, T4, ..., Ty}.

Il’lpllt: Estimates To, Tl, T2, Tg, Ty,
Parameters: 19, 11,12,1m3 > 0.;
1. Run Algorithm 4 on parameters (7o, 71, 112, 1)3) With inputs Tg, T1, To, T3, Ty to receive results

(W, @s, bi)ic)m)- Note that b;, w; are only recovered up to signs.

2. Run Algorithm 3 (FIXSIGNS) on parameters m, T} and (Eii,gi, w;
(51,’51,1171 11 E [m])

Result: Output {@,?ii,gi :1<i<m}.

: i € [m]) to recover

Proof of Theorem 3.1. We first set the parameters of Algorithm 6 as dictated by Theorem D.1 (and
its proof) in the special case of £ = 1. Let €9 > 0 be chosen so that

_ min{®(—cy/log(1/zmdB)). ¢} - s, ()
8y/mB? ’
and 7 to be the smaller of £9/((1 4+ B)+/m), and whatever is specified Theorem D.1 for ¢ = &y.
Note that ®(—c/log(1/(emdB)) > Q((emdB)*" /> min{1,emdB}).

We draw N = poly(d,m, B, 1/s,, (W), 1/g¢)i.i.d. samples and run Algorithm 4 with the parameters
71, M2, N3 as described in the proof of Theorem D.1. From the assumptions of Theorem 3.1, we have
that each ¢ € [m] belongs to the “good set” G as well. Hence, from the guarantee of Theorem D.1 we

will obtain w.h.p. for each ¢ € [m] estimates a;, I;;, w; (up to relabeling the indices [m]) such that up
an unknown sign §; € {1, —1} we have

la; — @ + |b; — &bi| + [|@; — Ewill2 < €0 < e (77)

Now consider the (ideal) linear system in the unknowns {z; : @ € [m]} given by f; =
o zi(ai&w;); it has d equations in m < d unknowns. Let M = Wdiag((§a; : @ € [m]))
be a d x m matrix representing the above linear system as Mz = fl From Lemma 3.5,
zf = &®(b;) is a solution. Moreover M is well-conditioned: since |a;| € [1/B, B], we have
s1(M) < Bsy (W) < By/m, while s,,(M) > s,,(W)/B (from the assumption on W). Hence, this
is a well-conditioned linear system with a unique solution z*.

Algorithm 3 solves the linear system Mz = Ty, where M = Wdiag(&); here each column of M is
close to its corresponding column of M, while the sample estimate 77 for f; satisfies |77 — f1]|2 < no.
Let z be a solution to the system Mz = Tj.
Observe that if ||z — Z]|cc < ||Z — 2||2 is at most min; |z}|, then Algorithm 3 recovers the signs
correctly, since z will not flip in sign. To calculate this perturbation first observe that ith column of
E = M — M has length at most

ai&iws — aqwillz < [a; — asl||&will2 + aill§ws — will2 < €0 + Beg < eo(1+ B).
Hence || E||y = s1(E) < eo(14B)+/m. Moreover by Weyl’s inequality s,,, (M) > s,,, (M) — || E|| >
% Sm(W)—eo(14B) > 8, (W)/(2B) due to our choice of parameter €q. From standard perturbation
bounds for linear systems, we have

=~ * T -1 N T *
12— "1l < (s D) (IT3 = Filla + 51(M = MD)|="])
< 2B 4deoB?*m
= sm(W) sm (W)

< ®(—cy/log(1/(emdB))) < ! min |z7|

2 ic[m]

(0 + o1+ B)Vm) <
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as required, due to our choice of €. Hence the signs are also recovered accurately. This along with
(77) concludes the proof.

O

Proof of Theorem 3.2 In order to establish Theorem 3.2 we draw N =
poly,(d,m, B,1/s,,(W®%),1/¢) iid. samples and run Algorithm 5 with the parameters
Mo, N1, 72, N3 as described in the proof of Theorem D.1. From the guarantee of Theorem D.1 we will
obtain w.h.p., up to signs, approximations for all units in G up to an error of O (55 ). Furthermore,
given these approximations the guarantee of Lemma D.12 tells us that w.h.p. the function g(z)

output by Algorithm 5 will satisfy E,xr(0,7,,..) (f(z) — g(a:))2 <e2

E Smoothed Analysis

We use the smoothed analysis framework of Spielman and Teng [ ], which is a beyond-worst-
case-analysis paradigm that has been used to explain the practical success of various algorithms.
In smoothed analysis, the performance of the algorithm is measured on a small random perturba-
tion of the input instance. We use the model studied in the context of parameter estimation and
tensor decomposition problems to obtain polynomial time guarantees under non-degeneracy condi-
tions [ , ]. The smoothed analysis model for the depth-2 neural RELU network setting
is as follows:

1. An adversary chooses set of parameters a,b € R™ and W € R4X™,

2. The weight matrix W € R?™ is obtained by a small random i.i.d. perturbation as
Wi; = Wij + & Vi € [d],j € [m] where & ; ~ N(0,72/d). (Note that the average
squared pertubation in each column is 72) .

3. Each sample (z, f()) is drawn i.i.d. with z ~ N (0, Izxq) and f(z) = aTo(W Tz + b).

The goal is to design an algorithm that with high probability, estimates the parameters a, b, 1% up
to some desired accuracy ¢ in time poly(m, d, 1/e,1/7). We now prove the following corollary of
Theorem 3.2.

Corollary 3.3 Suppose ¢ € N and € > 0 are constants in the smoothed analysis model with smooth-
ing parameter 7 > 0, and also assume the ReLU network f(x) = aTO‘(WTl‘ +0b) is B-bounded with
m < 0.99 (d+§_1). Then there is an algorithm that given N > poly,(m,d,1/e, B,1/7) samples
runs in poly (N, m, d) time and with high probability finds a ReLU network g(x) = a’TU(W’Tx—i—b’)
with at most m + 2 hidden units such that the Ly error B, n0,1,,.)[(f(2) — g(2))?] < €. Fur-
thermore there are constants ¢, > 0 and signs & € {x1} Vi € [m)], such that in poly(N, m, d)
time, for all i € [m] with |b;| < c\/log(1/(e - mdB)), we can recover (a;, Wi, b;), such that
|a; — G| + lwi — &2 + |b; — &bi| < '/ (mB).

Proof. The proof of the corollary follows by combining Theorem 3.2 with existing results on

smoothed analysis [ ] on the least singular value sm(Wez). We apply Theorem 2.1 of
[ ] with p = 7, U being the identity matrix to derive that for any § > 0 and m < (1 —

8)(“*071), we get with probability at least 1 — m exp(—$2(dn)) that

w752 ()"

We then just apply Theorem 3.2 to conclude the proof.

8Think of 7 as a fairly small but inverse polynomial quantity 1/poly(n, d).
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