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ABSTRACT

In recent years, there has been a surge of interest in proving discretization bounds
for sampling under isoperimetry and for diffusion models. As data size grows,
reducing the iteration cost becomes an important goal. Inspired by the great success
of the parallel simulation of the initial value problem in scientific computation, we
propose parallel Picard methods for sampling tasks. Rigorous theoretical analysis
reveals that our algorithm achieves better dependence on dimension d than prior

works in iteration complexity (i.e., reduced from O(poly(logd)) to O(logd)),
which is even optimal for sampling under isoperimetry with specific iteration
complexity. Our work highlights the potential advantages of simulation methods in
scientific computation for dynamics-based sampling and diffusion models.

1 INTRODUCTION

We study the problem of sampling from a probability distribution with density 7(x) o exp(—f(x))
where f : R? — R is a smooth potential. We consider two types of setting. Problem (a): the
distribution is known only up to a normalizing constant (Chewi, 2023)), and this kind of problem
is fundamental in many fields such as Bayesian inference, randomized algorithms, and machine
learning (Marin et al.,[2007; Nakajima et al.,|2019; Robert et al.,|1999). Problem (b): known as the
score-based generative models (SGMs) (Song & Ermon| [2019)), we are given an approximation of
V log 7, where ; is the density of a specific process at time ¢. The law of this process converges to
7 over time. SGMs are now the state-of-the-art in many fields, such as computer vision and image
generation (Ho et al.,|2022a};|Dhariwal & Nichol, 2021)), audio and video generation (Ho et al., 2022b;
Yang et al.| 2023)), and inverse problems (Song et al., [ 2021)).

For Problem (a), specifically log-concave sampling, starting from the seminal papers of |Dalalyan
& T'sybakov| (2012)), \Dalalyan| (2017), and |Durmus & Moulines| (2017)), there has been a flurry of
recent works on proving non-asymptotic guarantees based on simulating a process which converges
to 7 over time (Wibisono, [2018; Vempala & Wibisonol 2019; |Altschuler & Talwar, [2022} Mou et al.}
2021)). Moreover, these processes, such as Langevin dynamics, converge exponentially quickly to 7
under mild conditions (Dalalyan| 2017; Bernard et al.| |2022; Mou et al., 2021). Such dynamics-based
algorithms for Problem (a) share a common feature with the inference process of SGMs that they are
actually a numerical simulation of an initial-value problem of differential equations (Hodgkinson
et al.,[2021)). Thanks to the exponentially fast convergence of the process, significant efforts have
been conducted on discretizing these processes using numerical methods such as the forward Euler,
backward Euler (proximal method), exponential integrator, mid-point, and high-order Runge-Kutta
methods (Vempala & Wibisono, [2019; [Wibisonol, [2019; Oliva & Akyildiz, 2024} [Shen & Lee, 2019
Li et al.,[2019).

Furthemore, in recent years, there have been increasing interest and significant advances in under-
standing the convergence of inherently dynamics-based SGMs (De Bortolil 2022} |Lee et al., [2023;
Chen et al.} 2024bj 2022 [Tang & Zhaol 2024} |Pedrotti et al., 2023} |Li & Yan, 2024). Notably,
polynomial-time convergence guarantees have been established (Chen et al., |2022;2024b}; Benton
et al.| [2024; Liang et al.,2024), and various discretization schemes for SGMs have been analyzed (Lu
et al.,[2022ajb; Huang et al., 2024)).
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for sampling under isoperimetry.

The algorithms underlying the above results are highly sequential. However, with the increasing
size of data sets for sampling, we need to develop a theory for algorithms with limited iterations.
For example, the widely-used denoising diffusion probabilistic models (Ho et al.,[2020) may take
1000 denoising steps to generate one sample, while the evaluations of a neural network-based score
function can be computationally expensive (Song et al., 2020).

As a comparison, recently, the (naturally parallelizable) Picard methods for diffusion models reduced
the number of steps to around 50 (Shih et al.,[2024). Furthermore, in terms of the dependency on the
dimension d and accuracy ¢, Picard methods for both Problems (a) and (b) were proven to be able to
return an e-accurate solution within O(poly(log d)) iterations, improved from previous O(d®) with
some a > 0. However, for Problem (a), a large gap remains relative to the recent lower bound shown
in|Zhou et al|(2024), and the O(poly(log d)) iteration complexity is not yet optimal for diffusion
models.

OUR CONTRIBUTIONS

In this work, we propose a novel sampling method that employs a highly parallel discretization
approach for continuous processes, with applications to the overdamped Langevin diffusion and the
stochastic differential equation (SDE) implementation of processes in SGMs for Problems (a) and
(b), respectively.

Faster parallel sampling under isoperimetr We first present an improved result for parallel
sampling from a distribution satisfying the log-Sobolev inequality and log-smoothness. Specifically,
we improve the upper bound from O (log2 (E%)) (Anari et al.}[2024) to O (1og (8%) ) , with slightly
scaling the number of processors and gradient evaluations from O (%) to O (<% log (<%)). Further-
more, our result matches the recent lower bound for log-concave distributions shown in|Zhou et al.
(2024) for almost linear iterations and exponentially small accuracy. We summarize the comparison
in FigureT]

Compared with methods based on underdamped Langevin diffusion, our method exhibits higher
space complexityﬂ This is primarily because underdamped Langevin diffusion typically follows
a smoother trajectory than overdamped Langevin diffusion, allowing for larger grid spacing and
consequently, a reduced number of grids. We summerize the comparison in Table([I] In this paper, we
will focus on the iteration complexity and discretization schemes for overdamped Langevin diffusion.

Faster parallel sampling for diffusion models. We then present an improved result for diffusion
models. Specifically, we propose an efficient algorithm with O (log (5%)) iteration complexity for

'In this work, we refer isoperimetry as the condition under which the target distribution satisfies the log-
Sobolev inequality. More generally, isoperimetry refers to isoperimetric inequalities that are implied by the
functional inequality such as the log-Sobolev inequality (Boucheron et al.| [2003)).

>We note, in this paper, that the space complexity refers to the number of words (Chen et al.| [2024a}
Cohen-Addad et al.,[2023)) instead of the number of bits (Goldreich} 2008)) to denote the approximate required
storage.



Under review as a conference paper at ICLR 2025

Table 2: Comparison with existing parallel methods for sampling for diffusion models.
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SDE implementations of diffusion models (Song & Ermon, 2019). Our method surpasses all the

existing parallel methods for diffusion models having O (poly log (s%)) iteration complexity (Chen
et al., [2024a; \Gupta et al.,2024), with slightly increasing the number of the processors and gradient
evaluations and the space complexity for SDEs. We summarize the comparison in Table[2} Similarly,
the better space complexity of the ordinary differential equation (ODE) implementations is attributed
to the smoother trajectories of ODEs, which are more readily discretized.

2 PROBLEM SET-UP

In this section, we introduce some preliminaries and key ingredients of sampling under isoperimetry
and diffusion models in Sections and [2.2] respectively. Subsequently, the basics of Picard
iterations are introduced in Section

2.1 SAMPLING UNDER ISOPERIMETRY

Problem (a) (Sampling task). Given the potential function f : D — R, the goal of the sampling
task is to draw a sample from the density 7y = Z;l exp(—f), where Zy := [ exp(—f(x))dx is
the normalizing constant.

Distribution and function class. If f is (strongly) convex, the density 7 is said to be (strongly)
log-concave. If f is twice-differentiable and V2 f < I (where < denotes the Loewner order and T
is the identity matrix), we say the potential f is 3-smooth and the density 7y is 3-log-smooth.

We say  satisfies a log-Sobolev inequality (LSI) with constant o > 0 if for all smooth f : R — R,
2
Ent. %] := B [/* log(/*/E~(f2))] < “E-[| VI

where ||| represents the ly-norm. By the Bakry—Emery criterion (Bakry & Emery, 2006), if 7 is
a-strongly log-concave then 7 satisfies LSI with constant «.

We define relative Fisher information of probability density p wrt. w as Fl(p|n) =

IEP[||V10g(p/7r)H2] and the Kullback—Leibler (KL) divergence of p from m as KL(p||r) =

E,log(p/m). By taking f = /p/m in the above definition of the LSI The LSI is equivalent to
the following relation between KL divergence and Fisher information:

1
KL(p||7) < 2—Fl(p||7r) for all probability measures p.
o

Langevin Dynamics. One of the most commonly-used dynamics for sampling is Langevin dynam-
ics (Chewi, [2023), which is the solution to the following SDE, da = —V f(x)dt + v/2d B;, where
(Bt)teo, 7] is a standard Brownian motion in R%. If 7 o exp(— f) satisfies an LSI, then the law of
the Langevin diffusion converges exponentially fast to 7w (Bakry et al.,[2014).

Score function for sampling task. We assume the score function s : R — R is a pointwise
accurate estimate of VV/, i.e., |s(z) — VV(z)|| < § for all z € R? and some sufficiently small
b€ R+.
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Measures of the output. For two densities p and 7w, we define the fotal variation (TV) as
TV(p,n) = sup{p(E) — n(E) | E is an event}. We have the following relation between the KL
divergence and TV distance, known as the Pinsker inequality,

1
TV(p.7) < 1/ 5KLGlIm).

We denote by W, the Wasserstein distance between p and 7, which is defined as W3(p, 7) =
inf {]E(X’y)wn {HX —Y||*| | I is a coupling of p, 7r} , where the infimum is over coupling distri-

butions [] of (X,Y) such that X ~ p, Y ~ . If 7 satisfies an LSI with constant «, the following
transport-entropy inequality, known as Talagrand’s T inequality, holds (Otto & Villani, [2000) for all
pE Pg(]Rd), i.e., with finite second moment,

«
5 Wa(p,m) < KL(p||).

Complexity. For any sampling algorithm, we consider the iteration complexity defined as unparal-
lelizable evaluations of the score function (Chen et al.,|2024a;|Zhou et al., 2024), and use the notion
of the space complexity to denote the approximate required storage during the inference. We note, in
this paper, that the space complexity refers to the number of words (Chen et al.l | 2024aj;|(Cohen-Addad
et al., 2023)) instead of the number of bits (Goldreich, 2008) to denote the approximate required
storage.

2.2 SCORE-BASED DIFFUSION MODELS

Sampling for diffusion models. In score-based diffusion models, one considers forward process
(¢)iejo,m) € R? governed by the canonical Ornstein-Uhlenbeck (OU) process (Ledoux, [2000):

d,’]}t = —sctdt + dBt7 Lo ~ qo, te [O7T]7 (1)

where g is the initial distribution over R¢. The corresponding backward process (®¢)tefo,m) € R¢
follows an SDE defined as

1
Qo= = | g+ Viogp @] 0+ dBr Bomm A NOLL), 1E0TL Q)

where A/(-, -) represents the normal distribution over R?. In practice, the score function V log p, (;)
is estimated by neural network (NN) s¢ : R? — R?, where  is the parameters of NN. The backward
process is approximated by

1
dy, = — [Qyt + Sf(yt)} dt + dB;, Yo ~ N (04, L), t €[0,T]. )

Problem (b) (Sampling for SGMSs). Given the learned NN-based score function s¢, the goal is to
simulate the approximated backward process such that the law of the output is close to qo.

Distribution class. For SGMs, we assume the data density pg has finite second moments and
is normalized such that cov, (zo) = Ep, [(@o — Ep, [®0]) (@0 — Ep, [®0]) | = I4. Such a finite
moment assumption is standard across previous theoretical works on SGMs (Chen et al.,|2023};|2024b;
2022) and we adopt the normalization to simplify true score function-related computations as [Benton
et al. (2024} and Chen et al.| (2024a) did.

OU process and inverse process The OU process and its inverse process also converge to the
target distribution exponentially fast in various divergences and metrics such as the 2-Wasserstein
metric Ws; see Ledoux|(2000). Furthermore, under mild conditions, the backward process (Eq. )
and its approximation version (Eq. (3)) contract exponentially, with TV between their distributions
diminishing exponentially as time progresses (Huang et al.|(2024] Theorem 3.5) or setting the step
size h — 0 for the results in|Chen et al.[(2023};[2024b; 2022))).

Score function for SGMs. For the NN-based score, we assume the score function is L2-accurate,
bounded and Lipschitz; we defer the details in Section
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2.3  PICARD ITERATIONS

Consider the integral form of the initial value problem, x; = xq + fg fi(x5)ds + /2B;. The main
idea (Clenshaw, [1957) is to approximate the difference over time slice [t,,, t,11] as

T

n

tn+1
nt1 — Lt, = / ft(ws)ds + \/i(Btn+1 - Btn)
t

n

M
~D.

with a discrete grid of M collocation points as ¢+, = xo < 1 < -+ < Ty = T4
the points in a wave-like fashion, which inherently allows for parallelization:

1 wlft(ml)ds + \/i(Btn+1 - Btn)’

We update

n+1°

M
acf"’l =z + Z,il w; fir(x) + V2(B; — B,;,), fori=1,...,M.

Various collocation points have been proposed, including uniform points and Chebyshev points (Bai
& Junkins| [2011)). In this paper, however, we focus exclusively on the simplest case of uniform points,
and extension to other cases is future work. Picard iterations are known to converge exponentially
fast and, under certain conditions, even factorially fast for ODEs and backward SDEs (Hutzenthaler
et al., 2021)).

3 TECHNICAL OVERVIEW

We adopt the time splitting for the time horizon used in the existing parallel methods (Gupta et al.,
2024; (Chen et al., 2024a; |Anari et al., 2024} [Yu & Dalalyana, [2024; [Shen & Lee} [2019). Our
algorithm, however, depart crucially from prior work in the design of parallelism across the time
slices, and the modification for controlling the score estimation error. Below we summarize these
notion contributions and technical novelties.

Recap of existing parallel sampling methods. Existing works for parallel sampling apply the
following generic discretization schemes (Gupta et al.,|2024; (Chen et al.,|2024a}; |Anari et al., 2024;
Yu & Dalalyanal 2024} [Shen & Lee, |[2019). At a high level, these methods divide the time horizon
into many large time slices and each slice is further subdivided into grids with a small enough
step size. Instead of sequentially updating the grid points, they update all grids at the same time
slice simultaneously using exponentially fast converging Picard iterations (Alexander, |1990), or
randomized midpoint methods (Shen & Leel 2019; Yu & Dalalyana, [2024; |Gupta et al., 2024). With

O(log d) Picard iterations for O(log d) time slices, the total iteration complexity of their algorithms

is (F’)v(log2 d). However, while sequential updating of each time slice is not necessary for simulating
the process, it remains unclear how to parallelize across time slices for sampling to obtain O(log d)
time complexity.

Algorithmic novelty: parallel methods across time slices. Naively, if we directly update all the

grids simultaneously, the Picard iterations will not converge when the total length is 7' = O(log d).
Instead of updating all time slices together or updating the time slice sequentially, we update the
time slices in a diagonal style as illustrated in Figure [2] For any j-th update at then-th time slice
(corresponding the rectangle in the n-th column from the left and the j-th row from the top in Figure
[2), there will be two inputs: (a) the right boundary point of the previous time slice, which has been
updated j times, and (b) the points on the girds of the same time slice that have been updated j — 1
times. Then we perform P times Picard iterations with these inputs, where the hyperparameter P
depends on the smoothness of the score function. The main difference compared to the existing
Picard methods is that for a fixed time slice, the starting points in our method are updated gradually,
whereas in existing methods, the starting points remain fixed once processed.

Challenges for convergence. Similar to the arguments for sequentially updating the time slices, we
use the standard techniques such as the interpolation method or Girsanov’s theorem (Chewi, [2023};
Vempala & Wibisono, 2019; |Oksendal, 2013) and decompose the total error w.r.t. KL into three
components: (i) convergence error of the continuous process, (ii) discretization error, and (iii) score
estimation error. For (i) the convergence error of the continuous process, it is rather straightforward
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Figure 2: Illustration of the parallel Picard method: each rectangle represents an update, and the
number within each rectangle indicates the index of the Picard iteration. The approximate time

complexity is N +.J = O(log d).

to control and is actually independent of the specific method used to update the time slices. The
technical challenges rise from controlling the remaining two errors, which we summarize below.

(ii) Discretization error: Discretization error mainly arise from the truncation errors on discrete
grids with the grids gap as O(1/d). In existing parallel methods, the sequential update across time
slices benefits the convergence of truncation errors along the time direction. Assuming the truncation
errors in the previous time slice have converged, its right boundary serves as the starting point for all
grids in the current O(1)-length time slice which results in an initial bias of O(d). Subsequently, by
performing O(log d) exponentially fast Picard iterations, the truncation error will converge. However,
in our diagonal-style updating scheme across time, the truncation error interacts with inputs from both
the previous time slice and prior updates in the same time slice. Consequently, the bias-convergence
loop that holds in sequential updating no longer holds.

(iii) Score estimation error: If the score function itself is Lipschitz continuous (Assumption [5.3] for
Problem (b)), no additional score matching error will arise during the Picard iterations. This allows
the total score estimation error to remain bounded under mild conditions (Assumption @ However,
for Problem [(a)] since it is the velocity field V f instead of the score function s that is Lipschitz,
additional score estimation errors will occur during each update. For the sequential algorithm, these
additional score estimation errors are contained within the bias-convergence loop, ensuring the total
score estimation error remains to be bounded. Conversely, for our diagonal-style updating algorithm,
the absence of convergence along the time direction causes these additional score estimation errors to
accumulate exponentially over the time direction.

Technical novelty. Our technical contributions address these challenges by the appropriate selection
of the number of Picard iterations within each update P and the depth of the Picard iterations J. We
outline the details of the choices below.

In the following, we assume that the truncation error at the n-th time slice and the j-th iteration scales
with LJ , and that the additional score estimation error for each update scales with 2.

n>

To address the initial challenge related to the truncation error, we choose the Picard depth as
J = O(N + log d). We first bound the error of the output for each update with respect to its inputs
as L), < aL’! | +bLJ~! where a and b are constants. By carefully choosing the length of the time
slices, we can ensure that b < 1 along the Picard iteration direction. Consequently, the truncation
error will converge if the iteration depth .J is sufficiently large, such that aVb” is sufficiently small.
This requirement implies that J = O(N + logd).

To mitigate the additional score estimation error for Problem we perform P Picard iterations
within each update. The interaction between the truncation error and additional score estimation error
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can be expressed as LY, < aL? | +bLJ~1+cd2, where a, b, c are constants. To ensure the total score
estimation error remains bounded, it is necessary to have a,b < 1, which guarantees convergence
along both the time and Picard directions. By the convergence of the Picard iteration, we can achieve
b < 1. For a, the right boundary point of the previous time slice, and prior updates within the same
time slice introduce discrepancies in the truncation error. For the impact from the previous time slice,
we make use of the contraction of gradient decent to ensure convergence. However, since the grid gap
scale as 1/d, the contraction factor is close to 1. Consequently, we have to minimize the impact from
prior updates within the same time slice, which scales as O(1) by repeating P = log O(1) Picard
iterations for each update.

Balance between time and Picard directions. We note that the Picard method, despite being
the simplest approach for time parallelism, has achieved optimal performance in certain specific
settings. On the one hand, the continuous processes need to run for at least O(log d) time. To ensure
convergence within every time slice, the time slice length have to be set as O(1), resulting in a
necessity for at least O(log d) iterations. On the other hand, with a proper initialization O(d), Picard
iterations converge within O(log d) iterations. Our parallelization balances the convergence of the
continuous diffusion and the Picard iterations to achieve the improved results.

Realed works in scientific computation. Similar parallelism across time slices has also been
proposed in scientific computation (Gear},|1991; /Ong & Schroder, 2020; (Gander, [2015)), especially
for parallel Picard iterations (Wang} [2023). Compared with prior work in scientific computation, our
approach exhibits several significant differences. Firstly, our primary objective differs from that in
simulation. In sampling, we aim to ensure that the output distribution closely approximates the target
distribution, whereas simulation seeks to make each point on the discrete grid closely match the true
dynamics. Second, our algorithm differs significantly from that of [Wang| (2023). In our algorithm,
each update takes the inputs without the corrector operation. Furthermore, we perform P Picard
iterations in each update to prevent error accumulation over time 7' = O(log d). In comparison, the
algorithm proposed inWang| (2023) performs a single Picard iteration in each update for simulation
on a finite time interval. However, these two fields are connected through the sampling strategies that
ensure each discrete point closely approximates the true process at every sampling step.

4  PARALLEL PICARD METHOD FOR SAMPLING UNDER ISOPERIMETRY

In this section, we present parallel Picard methods for sampling under isoperimetry (Algorithm [I)
and show it holds improved convergence rate w.r.t. the KL divergence and total variance under an
Log-Sobolev Inequality (Theorem and Corollary [4.4). We illustrate the algorithm in Section
and give a proof sketch in Section4.3| All the missing proofs can be found in Appendix [B]

4.1 ALGORITHM

Our parallel Picard method for sampling under isoperimetry is summarized in Algorithm|l} In Lines
1-3, we generate the noise part and fix them. In Lines 4-7, we initialize the value at the grid via
Langevin Monte Carlo (Chewi, [2023) with a stepsize h = O(1). In Lines 8-19, the time slices are
updated in a diagonal manner within the outer loop, as illustrated in Figure[2] In Lines 11-12 and
Lines 17-18, we repeat P Picard iterations for each update.

Remark 4.1. Parallelization should be understood as evaluating the score function concurrently,
with each time slice potentially being computed in an asynchronous parallel manner, resulting in the
overall P(N + J) + N iteration complexity.

Remark 4.2. If provided with a warm start, initialization becomes unnecessary. Additionally, in
practice, once the Picard iterations converge within a time slice, further updates are redundant. The
convergence can be verified by calculating the maximum changes of values across the girds.

4.2 THEORETICAL GUARANTEES

The following theorem summarizes our theoretical analysis for Algorithm [I]
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Algorithm 1: Parallel Picard Method for sampling

Input: xy ~ po, approximate score function s ~ V f, the number of the iterations in outer loop
J, the number of the iteration in inner loop P, the number of time slices IV, the length of
time slices h, the number of points on each time slices M.
1 forn=0,..., N—1do
2 form =0,..., M (in parallel) do
3 | Buhsm/mn = Ban +N(0, (mh/M)1,) > generate the noise

4 forn=0,...,N—1do
5 form =0,..., M (in parallel) do

6 a:J_LM:a:O,forjzo,...,J, > initialization
0 _ 0 hm 0
7 | Tnm = Tn_1M — M s(mn—l,M) + \/§(B7Lh+mh/M — Bun),

sfork=1,...,Ndo
9 for j=1,..., min{k —1,J}and m = 1,..., M (in parallel) do

_ Y Y| 0 — pi—1
10 letn="Fk—j, @, o=, | y,andz};, =z ..
1 forp=1,...,Pdo

; j SO T
12 ng?m =Tho " M Z 3(¢7£,m’ ) + \/ﬁ(B”thmh/M - B"h)’

m’=0
; p

R

uwfork=N+1,.... N+J—1do
15 for n = max{0,k — J},...,N —landm = 1,..., M (in parallel) do

16 letj=k—mn, o=, |, and @}, =z} 0,
17 forp=1,...,Pdo

j j p S i p—1

JP =) N Jp— o
18 wnym - :E’I’L,O M ZO s(mn’m/ ) + \/i(Bnh—‘rmh/M Bnh)s

mi=
. _ip

1 L wiL,m - wgm m>

J
20 return Ty _q /.

Theorem 4.3. Suppose the potential function f is B-smooth and 7 satisfies a log-Sobolev inequality
with constant «, and the score function s is 6-accurate. Let k = 3/a. Suppose

d KL
Bh=0.1, M > ’Z—Q N > 10k log (W) § < 0.2/ae,

P>

2log K
3

+4 and J— N >log <N3 <I€52h + kKL (po||7) + H2d>> .

2
€
then Algorithm runs within N + (N + J) P iterations with M N queries per iteration and outputs
a sample with marginal distribution p such that

KL(p, )

< 2e.
9 <2

max {‘/fwg(p, ), TV(p, W)} <

To make the guarantee more explicit, we can combine it with the following well-known initialization
bound, see, e.g., Dwivedi et al.| (2019} Section 3.2).

Corollary 4.4. Suppose that T = exp(— f) is a-strongly log-concave and [3-log-smooth, and let k =
B/a. Let x* be the minimizer of f. Then, for g = N (x*, 8~1), it holds that KL(uo||7) < ¢ log k.
Consequently, setting

1 dlogk oy
h:m7 N = 10k log <82>7 5§0,2\/ag’ MZ?’
21 241
p> 28K Ly J—NZC’)(log“deQOg“)’
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then Algorithmruns within N + (N + J)P = O(xlog <L) iterations with MIN = 6(% log %)
queries per iteration and outputs a sample with marginal distribution p such that

max{\/aWQ(p, W),TV(p,w)} < W < 2e.

Remark 4.5. Compared to the existing parallel methods, our method improves the iteration com-
plexity from O(poly(log % 7)) to O(log 3 ), which matches the lower bound for exponentially small
accuracy shown in|Zhou et al.|(2024)). The main drawback of our method is the sub-optimal space
complexity due to its application to overdamped Langevin diffusion which has a less smooth trajectory
compared to underdamped Langevin diffusion. However, we anticipate that our method could achieve
comparable space complexity when adapted to underdamped Langevin diffusion.

4.3 PROOF SKETCH OF THEOREM [£. 31 PERFORMANCE ANALYSIS OF ALGORITHM [I]

The detailed proof of Theorem[4.3]is deferred to Appendix [B] By interpolation methods (Anari et al.,
2024), we decompose the error w.r.t. the KL divergence into four error components (corollary [B.4):

N-1
dh
KL < 7@(N)KL —O(n)eJ o 62
~ € (.u“()”ﬂ_) + n§:1 € gN—n + M + )

where £ represents the truncation error of the grids at n-th time slice after j update. For the right
terms, with the choice of N = O(logd/e?), M = O(dh/e?) and § < &, we can conclude that

dh
e OMNIKL(po|7) + T 62 <&

Thus, we will focus on proving the convergence of the truncation error in the Picard iterations, and
avoiding the accumulation of the score estimation error as discussed before.

Considering that the truncation error expands at most exponentially along the time direction, but
diminishes exponentially with an increased depth of the Picard iterations, convergence can be
achieved by ensurlng that the depth of the Picard iterations surpasses the number of time slices as
J > N + O(log d/e?) with initialization error bounded by O(d) (the second part of Corollary-
and second part of Corollary[B.9).

Due to the non-Lipschitzness of the score function, we can only bound &7 by quantity aAfLi1 +

b&I~t + c62h? (Lemma and Lemma , where A’ represents the truncation error from
the previous time slice. To control the increase of the score error, it is essential to ensure that the
coefficients a and b remain below one. To achieve this, the proof leverages the contraction properties
of the gradient descent map and executes P Picard iterations in each update.

5 PARALLEL PICARD METHOD FOR SAMPLING OF DIFFUSION MODELS

In this section, we present parallel Picard methods for diffusion models in Section[5.1]and assumptions
in Section Then we show it holds improved convergence rate w.r.t. the KL divergence (Theorem
[5.4). All the missing details can be found in Appendix [C|

5.1 ALGORITHM

Due to the space limit, we refer the readers to Appendix [C.I] and Algorithm [2] for the details of
our parallelization of Picard methods for diffusion models. It keeps same parallel structure as that
illustrated in Figure [I] Notably, it has the following distinctions compared with parallel Picard
methods for sampling (Algorithm [T):

¢ Instead of uniform discrete grids, we employ a shrinking step size discretization scheme towards
the data end, and the early stopping technique which is unvoidable to show the convergence for
diffusion models (Chen et al.,[2024a)). We show the details in Appendix @

* We use an exponential integrator instead of the Euler-Maruyama Integrator in Picard iterations,
where an additional high-order discretization error term would emerge (Chen et al., [2023)), which
we believe would not affect the overall O(log d) iteration complexity with parallel sampling;
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* Since the score function itself is Lipschitz, there will not be additional score matching error during
Picard iterations. As a result, we perform single Picard iteration in one update, i.e., P = 1.

5.2 ASSUMPTIONS

Our theoretical analysis of the algorithm assumes mild conditions regarding the data distribution’s
regularity and the approximation properties of NNs. These assumptions align with those established
in previous theoretical works, such as those described by |Chen et al.| (2024a}; [2023}; [2024b; 2022).

Assumption 5.1 ((L%([0,tx]) d-accurate learned score). The learned NN-based score 8! is 0,-
accurate in the sense of

M, —1 N i _ 2
CID NS DN NI R T S W T

Assumption 5.2 (Regular and normalized data distribution). The data density pg has finite second
moments and is normalized such that covy, (o) = 1.

Assumption 5.3 (Bounded and Lipschitz learned NN-based score). The learned NN-based score
function sf has a bounded C* norm, i.e. with Lipschitz constant L.

() H HLOO([O,T])
5.3 THEORETICAL GUARANTEES

Theorem 5.4. Under Assumptions and given the following choices of the order of the
parameters

d d d

d N
T:(9<10g2)7 and J=(9(N+log2d)7
€ €

the parallel Picard algorithm for diffusion models (Algorithm 2)) generates samples from satisfies the
following error bound,

~ _ dTl
KL(pylldy) S de™ + 57 +€” +65 S &%) @)
with total 2N + J = O (log 6%) iteration complexity and dM = 5(?—2) space complexity for
parallalizable ds-accurate score function computations.
Remark 5.5. Com gared to exlstmg parallel methods, our method improves the iteration complexity
from O(poly(log 53)) to O(log 5 ) The main drawback of our method is the sub-optimal space
complexity due to its appllcatlon t0 SDE implementations which has a less smooth trajectory compared
to ODE implementations. However, we believe that our method could achieve comparable space
complexity when adapted to ODE implementations.

6 DISCUSSION AND CONCLUSION

In this work, we proposed novel parallel Picard methods for various sampling tasks. Notably, we
obtain e2-accurate sample w.r.t. the KL divergence within O (1og ;%), which is the tight rate for
exponentially small accuracy for sampling with isoperimetry and represents a significant improvement
from O (poly log 8%) for diffusion models. Furthermore compared with the existing methods applied
to the overdamped Langevin dynamics or the SDE implementations for diffusion models, our space
complexity only scales by a logarithmic factor.

Several promising theoretical directions for future research emerge from our study. First, by serving
as an analogue of simulation methods in scientific computation, our work demonstrates the potentials
for developing rapid and efficient sampling methods through other discretization techniques for
simulation. Another avenue involves exploring smoother dynamics, aiming to reduce the space
complexity associated with these methods.

Lastly, although our highly parallel methods may introduce engineering challenges, such as the
memory bandwidth, we believe our theoretical works will motivates the empirical development of
parallel algorithms for both sampling and diffusion models.

10
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A USEFUL TOOLS

A.1 GIRSANOV’S THEOREM

Theorem A.1 (Properties of f-divergence). Suppose p and q are two probability measures on a
common measurable space (Q, F) with p < q. The f-divergence between p and q is defined as

D;(pllg) = Ex [f (jﬁ)} |

where g—g is the Radon-Nikodym derivative of p with respect to q, and f : R™ — R is a convex function.

In particular, Dy (-|-) coincides with the Kullback—Leibler (KL) divergence when f(x) = xlogx

and D¢ (+||-) = TV coincides with the total variation (TV) distance when f(z) = |z — 1|.

For the f-divergence defined above, we have the following properties:

1. (Data-processing inequality). Suppose H is a sub-c-algebra of F, the following inequality
holds

Dy (plullaln) < Ds(pllg),
for any f-divergence Dy (-|-).

2. (Chain rule). Suppose X is a random variable generating a sub-o-algebra Fx of F, and
p(+|X) < q(+|X) holds for any value of X, then

KL(pllq) = KL(prxllalzx) + Elx [KL(p(1X)[lq(-[X))] -
Similar as |Chen et al.| (2024a), for the diffusion model, we consider a probability space (2, F, p) on
which (w;(w));>0 is a Wiener process in R%. The Wiener process (w;(w))>o generates the filtration
{Fi}+>0 on the measurable space (£2, F). For an Itd process z;(w) with the following governing

SDE:
dz:(w) = a(t,w)dt + (¢, w)dw: (w),

for any time ¢, we denote the marginal distribution of z; by py, i.e.,
Dy i=p (zt_l(-)) ,  where z; : Q@ = R, w— 2z (w),
as well as the path measure of the process z; in the sense of
Diyity, =D (zt_lth()) ,  where z¢,.4, : Q= C([t1,t2], R™),w — (zt(w))te[tlh].

For the sake of simplicity, we define the following class of functions:

Definition A.2. For any 0 < t1 < to, we define V(t1,t2) as the class of functions f(t,w) :
[0,400) x Q — R such that:

1. f(t,w) is B x F;-measurable, where B is the Borel o-algebra on RY;
2. f(t,w) is Fi-adapted for all t > 0;
3. The following Novikov condition holds:

E [exp (/: f2(t,w)dt>} < +4o00.

andV = N¢soV(€). For vectors and matrices, we say it belongs to V" (t,w) or V™*"(t,w) if each
component of the vector or each entry of the matrix belongs to V(t,w).

For such class of functions, we remind the following generalized version of Girsanov’s theorem

Theorem A.3 (Girsanov’s Theorem (Oksendal, 2013, Theorem 8.6.6)). Ler a(t,w) € V™,
Y(t,w) € V™", and (wi(w))i>0 be a Wiener process on the probability space (Q, F,q). For
t € [0,T), suppose z(w) is an Ito process with the following SDE:

dzi(w) = a(t,w)dt + X(t, w)dw (w), )
and there exist processes d(t,w) € V™ and B(t,w) € V™ such that:

14
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1. S(t,w)d(t,w) = a(t,w) — B(t,w);

2. The process M, (w) as defined below is a martingale with respect to the filtration {F; }1>0
and probability measure q:

) = e (= [ .0 Taw. )~ 5 [ 10Gs.l0s).

then there exists another probability measure p on (Q, F) such that:
1. p < q with the Radon-Nikodym derivative S—Z(w) = Mr(w),

2. The process wy(w) as defined below is a Wiener process on (Q, F,p):
t
Br(w) = wi(w) + / 8(s,w)ds,
0

3. Any continuous path in C([t1,t2], R™) generated by the process z; satisfies the following
SDE under the probability measure p:

dzi(w) = B(t,w)dt + X(t, w)dw, (w). (6)
Corollary A.4. Suppose the conditions in Theorem hold, then for any t1,ts € [0,T] with

t1 < to, the path measure of the SDE equation [6|under the probability measure p in the sense o
1 . . . .
Pt1:t, = D(Z4,1, (+)) is absolutely continuous with respect to the path measure of the SDE equation

in the sense of q,.+, = (21,4, (+)). Moreover, the KL divergence between the two path measures is
given by

I
KLt a) = KL 00) + B, |5 [ 1000 Pt
1

A.2 COMPARISON INEQUALITIES

Theorem A.5 (Gronwall inequality (Dragomir, 2003, Theorem 1)). Let x, ¥ and x be real
continuous functions defined in [a,b], x(t) > 0 for t € [a, b]. We suppose that on |a,b] we have the

inequality
t

x(t) < V() —I—/ x(s)z(s)ds.

a

Then

5(1) < U(t) + / () U(s) exp [ / t X(u)du} ds.

A.3 HELP LEMMAS FOR DIFFUSION MODELS

Lemma A.6 (Lemma 9 in|Chen et al.|(2023)). For gy ~ N(0, 1) and p = pr is the distribution of
the solution to the forward process (Eq. (2)), we have

KL(PollGo) < de™ ™.
B MISSING PROOF FOR SAMPLING UNDER ISOPERIMETRY
B.1 ONE STEP ANALYSIS OF KL/ : FROM KL’S CONVERGENCE TO PICARD CONVERGENCE

In this section, we use the interpolation method to analyse the change of KL{; along time direction,
which will be bounded by discretization error and score error.

Lemma B.1. Assume fh < 0.1. Foranyj=1,...,J,n=1,..., N — 1, we have

; ; .5Bdh .
KL < exp(—1.2ah)KL!, | + 0.55 +4.48%hET + 2.16%h.
Furthermore, for initialization part, i.e., j =0, n =0,..., N — 1, we have
83%dh

KLY, < exp (—a(n + 1)h) KL (jioJm) + ==,

15
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Remark B.2. In the first equation, the term exp(—1.2ah)KL! | characterizes the convergence
of the continuous diffusion. Additionally, the second and third terms quantify the discretization
error. Adopting P = 0 and M = 1 reverts to the classical scenario, where the discretization error
approximates O(hd), as discussed in Section 4.1 of \Chewi| (2023|). Moreover, the second term is
influenced by the density of the grids, while the third term is dependent on the convergence of the
Picard iterations. The fourth term accounts for the score error.

Proof. We will use the interpolation method and follow the proof of Theorem 13 in Anari et al.
(2024). For j € [J],n=0,...,N —landm =0,..., M — 1, it is easy to see that

J — P—1
Ton,m+1 7:13%,7"/ - Ms(m%,m )+\/§(Bnh+(m+l)/h7Bnh+mh/]\l)~
Let x; denote the linear interpolation between $i,m .1 and x) . ie, for t €

[nh + ’R}h,nh + M] let

) h ;
1= (1= =0 )+ VA~ B

Note that s(wﬁlfn) is a constant vector field. Let y; be the law of x;. The same argument as in
(Vempala & Wibisono, 2019, Lemma 3/Equation 32) yields the differential inequality

j,P—1 Mt(wt)
KL (p|| ) = _Fl(lut||7r)+JE<Vf(act)—s(wnfn )7V10gm>

= 2FI) + B [V e0) — s(@i )] @

N

where we used (a,b) < I|lal|? + [|b]|* and E [HV]og“‘((::"'))

LSI, we have KL(p[|w) < 5=FI(pu|7). For the second term, we have

2
‘ } = FI(p||7). For the first term, by

E [HVf(mt) = s’

< 2B [|[Vf(20) = Vi@ih D] + 28 IV @hh ) = s@ii )]
< 26°E [|}a, — @i "] + 26 ®)
Moreover,
B[l — @it ] <28 [l — 22, "] + 28 [[[ih, — o] ©)

For the first term, which will be influenced by density of grids, we have

. 2
_
E [Hwt mn,mH }

P12 mh
g(—%—) U|yﬁUM+dG—M—M>
< DB [ls@if))?] +a (- nn - T
— n,m M
h 25 h2 dh
< SHE(IVi@n ] + 55+ 57
432h? . 26 h?  dh
< §42 E e — 235 °] + 3 [IIVf( IIP] + =5+ 57 (10)
Taking Sh < 10, and combining Eq. @) and Eq. , we have
. 44h 2.26%h%  1.1dh -
E [Hmt_wgg—lm [||Vf( Dl } S+~ +2.2E [Hx m;;;—1|\2].

(In

For the first term, we recall the following lemma.
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Lemma B.3 (Lemma 16 in|Chewi et al.| (2024)).
E[IIVf(@)I?] < FiGulm) + 250,

Combining Eq. , Eq. , Eq. and Sh < 15, we have for j € [J], n = 0,...,n — 1,

m=0,...,M —1,and ¢ € [nh—i—%ﬂnh—&-%},
O KL (pue|m)
3 P12
< — SRullm) +E [V @) - s@ih ][]
3 2 i, P—12 2
< = SFullm) + 26%E [l — 235 °] + 26
3 8.832h2 21 44B%5%h2 2.282dh o T apo12] 4 o2
< - 3riute)+ 27 [rwsta] + ST 4 22 e il - it 42
3 0.1 o1  0.16%2  2.28%dh 9o 2
< -2 - . g
< = JFluelim) + TSE[IVV(XOIP] + =5 + =5 +446%8) +26
0.1 0.162 2.282%dh

3 .
< — SFl(pe||m) + (FI(ue||7) + 28d) + +4.4B%E7 4 25°

4 M? vt Tm
0.58d 4
< — 1.20KL(p||7) + TB +4.46%87 +2.157

Since this inequality holds independently of m, we integral from ¢t = nhtot = (n + 1)h,

0.58dh

KL < exp(—1.20h)KL? | + + 4.48%hET 4 2.18%h.

As for j = 0, actually, Line 4-7 performs a Langevin Monte Carlo with step size h, by Theorem 4.2.6
in|Chewi|(2023)), we have

8dh3?
KLY < exp (—anh)KL) + 04/8 ,
with 0 < h < L.
O
Corollary B.4. Assume Sh < 0.1. We have
N-1
0.58d | 2.16%
KL#,]_ S 6—1.2(1(N—1)h (KL(MO||W)+44B2hAg)+Z 6_1.2(1(”_1)h4'452h(€]{77n+$+ ]
n=1
Furthermore, if %, has a uniform bound as £3;_,, < € + 50002h2, we have
0.58d  2.562
KLy < e 12eWN=DR (KL (po||m) + 4.482hAY) + 58KE + 0-56d | 2507
alM o
J
Proof. By Lemma we decompose KLy _; as
N-1
.58dh
KLY, <e ! 2oNDhKLT 4 3~ emt2alnmh (05]6 +4.4B8%hEL_, + 2.152h>
n=1
< e L2aNV=DR (KL (po]|m) + 4.452hAY)
. 4.48%h(E + 50082h2) + L58dh 4 9 162h
1 —exp(—1.2ah)
1.1 1.1 0.58dh
< e t2aN=DR (KL 4.4B8°hA]) + —4.4B%hE + —
se (KL(uollm) +445°hA7) + ——440°hE + ——
1.1
—-256°h
+ ah
0.68d 2852
= e~ 12N =DR (KL (yo||7) + 4.48%hA]) + 5KBE + 07\64 +
where the third inequality holds since 0 < z < 0.4, we have 1.1 — 1.1exp(—1.22) —x > 0. Itis
clear that oh < Sh < 0.1. O
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B.2 ONE STEP ANALYSIS OF A/

In this section, we analyze the one step change of A7 first.

Lemma B.5. Assume 3h = —andP> 21°g“+4 Foranyj=2,....,J,n=1,...,N —1, we
have

; 0.005 ; 1 1 -
i< (11— J . 252 4 4 2p,205—1
An_<1 - )An_1+44< +10/{>h6 —|—44< —|—10/€>ﬁh5n

Furthermore, forj =1, n=1,...,N — 1, we have

1 KLO
Ap<Bnit <M + 10%) (56%2 +66%dh® + 0.45%22—1) :

Proof. Decomposition when j > 2. In fact, forj € [J],n=0,...,.N—1,m=0,...,M —1, and
p=1,..., P,itis easy to see that

. . h
a1 = TR, — MS( )+ V2(Bant 1)/ — Bunbmn/a)-

Forany j =2,...,J,n=1,...,N — 1, by the contraction of ¢(x) = & — 45V () (Lemma 2.2
in|Altschuler & Talwar|(2022)), for any m = 1, ..., M, we have,

E et —2hon "]

h h 2
i, P iP—1 i—1,P i—1,P—1
=E m?n,mfl Ms(mil,mq) - (mgl,ml - M (m‘;,mfl )) ‘|
h h 2
i\P i\P i—1,P i—1,P
(1+n)E mi[,m—l - va(mfi,m—l) - <wi,n1{—1 - va(wZL,nlle)) ]

2 h ; h P h i h i—1.p—
+(2+2)E U\Mvmzﬁ;_n - V@) + V@A) - VI

T

(2 D) E || Lvs@in) - Ls@irty ¢ Ly p@iiry - B g@iro 2
n M n,m—1 M n,m—1 M n,m—1 M n,m—1
ah\? : 4\ h?
§(1+77)(1—M) E[‘wim 1 fm’t}iH] ( )MQ52
2h2 X 2h2 . . 2
+ (4+ 77) 6M2 E U o — @l } ( n) BMZ E U AR } .

18
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By setting = %% = 51, we have

o[l o]
() el ] 18

272 ) ) 2
V3 (10 2) 22 lat etz ]
m=1
M 212
h . o 2
3 (a4 2) B oz et ]
m=1 n ,
X h2 ,62]12 ﬁQhQ
< —ah)A? 44 =) —62 J !
_exp(a)n_l—&-(—&-n)M +(+) &l <+77>Mg”
. 4 h2 4 ﬁ2h2 . 62h2
< (1—0.1ah)A? 44 =) =2+ (4+ = I+ (4 !
<( 0.1ah) n_1+(+n>M5 +(+7l) Mg”+<+77> Mg”

0.01 ; 1 1 .
=(1-—"—=)A 4 — +10k ) R?* +4( — +1 2h2gd
( K) R <M+ 0/{) + M+ Ok | B~h=E
1 .
+4 <M + 10/<;> B2h2EITL, (12)
In the following, we further decompose £7. Foranyn =0,...,N —1,j € [J],p=2,..., P, and

m=1,..., M, we can decompose E {Hscﬁl’;n - scﬁl’;,jl}ﬂ as follows. By definition (Line 12 or 18

in Algorithm T, we have

® [tz <]

h2 m—1 m—1
=3B ||| 2 sl = 3 s@in?)
m/=0 m’=0
& [foeit) etz
]\42 nm/ nm’
th m—1 ip—1 2 1 ) L 9
el [HWW it ] 2 oo - setzt |
e ——
< 3B°h? EnaXMIE U mfl”’;;,l fmn”l’ 2 } 1 652R2. 03
Furthermore,
2
i1 0
E |:’ xiz,m—l - mZL’m_lH :l

h m—1 ] h m—1
=E |||x) 1 — Y s(wfl’?m,) — (g;fl__ll)M — s( -17’7/,_77117’13_1))
m’'=0 m'=0
e ; h2m , . 2
<3t~ 35 it o
- m’=0
<20, +6B71°E)! 4+ 125°h2. (14)

19
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Combining Eq. (T3) and Eq. (T4), we have

& =E U R ﬂH } < 2-0.03°71AT | +6-0.0376571 +6.662h%.  (15)
Substitute it into Eq. (I2), we have forany j =2,...,J,n=1,...,N — 1,
AJ < (1 - @ +38 (;4 + 10,@) 0.03P> A +44 (AZ + 105) h?5?
+4.4 (1\14 + 10;-;) B2h2Ei~t (16)

. ; 1 1 ,
< (1 _ Y 005> A 444 <M + 10%3) h?6% 4+ 4.4 (M + 10,<;) BRI (17)

KR

where the second inequality holds since P > 210% + 4 implies 8 ( ﬁ + 10/{) 0.037 < %.

Decomposition when j = 1. When j = 1, similarly, we have forp =1,..., P,
h _
"13711,,17)n+1 = m:ﬂz;n - Ms(m};,};n 1) + ﬂ(Bnh-‘r(m-i-l)/h - Bnh-‘rmh/M)a

and
h
wgz,m+1 = "B%,m - MS(CB?LA M)+ \@(Bthr(mH)/h - Bnh+mh/M)-

Thus by the contraction of ¢(z) = & — 2V f(x) (Lemma 2.2 in Altschuler & Talwar| (2022)), we
have
E U 1,P

0
mn,m—H — Ln om+1 H :|

h _ h
okf— gps(eki) = (% - grs(al i)

h h
LP _ LPy _ 0 _ 0
mn,m va(mn,m) (mn,m va(mn,m)>

el)e
)
<n (1-30) B [lof )] + (142) 5Mh
+<4+§>6AZZ1E[H$};7 wih ] + ( ;‘;)

va Py ﬁvﬂ )+ Vf( m) = V(@)

Ms(mvliﬁf b

n,m

h h
+ va(m?z—l,M) - MS(SC%—LM)

H 1,P71) _

E [, - 2% 1ull’] -

For third term E an m m};’ﬁjl ||2} , we have
E [y, - zxh ]
h ’

l,Pfl 1,P-2
=E S(wn m’ ) - S(xn,m’ )

M
m/
m 9
Z 1,P— 1 1,P—2
S 2 |:H nm/ (mn,m/ )H :|
m’=0

LP-1 __ _1,P-2

n,m’ n,m’

<38°h* max E U T

m’'=0,...,M

2
‘ } + 662R2.
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Thus
E|llehn —whn ] <0087 max E “ et —al?, } +6.20%h%. (18)
For E [Hw}ﬁn — 9, HQ} , by definition, we have
[Hwn m — Tp m” ]
h m—1 h m—1 2
1 R TD SECIEY CHNECD SPEE)
m’=0 m/=0
9 h m—1 h m—1 2
< 2B [|[whos 0 — @i’ + 2B || 72 D0 s(@h ) — 72 D s(@hia)
m’=0 m’=0
<2E [Hw}zq,M - wg%,MHZ} M2 Z E “| 9;4,1\4)”2}

m’=0

<2E [Hw;,m_mg,mu } + 643202 max E[Hwnm,_mg,wm +1262R% (19)
’ ’ m/€[M] ’

For E [Hw%m —x0_ Hz} , by definition of 9, (Line 7 in Algorithm , we have

EMﬁm—ﬁAMW}

dhm
3 B [ls@h ol + 57
< 25%2 + 20 [[[V (@b p)|[°] + b
2
< 26%h? 4 21? <2ﬂd+ 49 KL(uO_, M||7r)> + dh

h
= 4h%Bd + 2h%6° + &KLQ,1 + dh, (20)
(0%

where the last inequality is implied from the following lemma, (Vempala & Wibisono, 2019, Lemma
10)

45

E[[[VF@h-0a0)]"] < 28d+ =KL arllm).

Combining Eq. (I8), Eq. (I9), and Eq. (20), and P > 4, we have

E[[lehs - 2ih ]

<0.03P"'  max EU
m'=0,...,M

1,1 1,0
n,m’ wn,m/

xr

2 2¢2
”+6.2h5

2 2
<0.03771 [m;l + 65%h? <4h2ﬁd + 21252 + 5 KLY |+ dh) + 1252/12} + 6.2h%52

272
BhKLo

<2-0.03"7'AL_; +6.3h%6% + 0.01dh + 0.01 1 21
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ah

By setting ) = S = 1557, We have
2
E | okf - <l
M
ah 2 §2h?
1-22) E|| | 4
(1-50) ellettanl] - (15) 5

21,2
+ 4+ Bh 2-0.03"7 1AL | +6.3n%6% +0.01dh + 0.01
n) M !

1P 0
n,0 — Lno

IN

622

KLY 1)

KL?
< (1 _00 <A14 + 10;@) 0.03P) Al ( + 10/-;> (55‘%2 +643%dh® + 0.4,82h22_1>

R

4\ B2h2 8
+ (4+ ) % <4h25d+ 21252 + 5 KLO . +dh>

1
<AL+ (

+ 10/@) (55%2 +682%dh> + 0. 45%2 1>
M o

where the last inequality holds since P > 210% + 4 implies 8 (7 + 10x) 0.037 < 2005, O

When n = 0, the update is identical to the Picard iteration shown in|Anari et al.|(2024), thus we have
the following lemma.

Lemma B.6 (Lemma 18 in|Anari et al.| (2024)). Forj =1,...,J, we have

A} <0.03PA) " +6.26%h2,
with A = max | E [[28. = @ol|*] < 22K (puglim) + 1.4 + 267 k.
Corollary B.7. Forn=1,...,N — 1, we have

,822

1
Al <n (M + 10/-;) <5 162h% 4+ 0.5 KL (po||7) + 10/-;262dh3> .

Furthermore, for j = 1,...,J and n = 0, we have

. A4B2h2 .
A} < 0.03JPLKL(/L0||7T) +1.4-0.03Pdh + 6.75%h>.
(6

Proof. By Lemma|B.6| we have
A} <0.03°A) " +6.26%h
< 0.0377 A + 6.6521h*
b (45%h2
<0.037" (ﬂKL(/LOHﬂ') + 1.4dh + 252h2) +6.65%h?
«

4/3%h?
a

<0.037% KL(po|7) + 1.4 - 0.037 " dh + 6.752h2.
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Combining Lemma[B.T|and Lemma B3] we have
1 1 272 2 773 2,2 KLy
Al <A0+Z 17 105 ) | 5% + 687dh° + 0.457h% ——=
1
<Aj+n (M + 10/<> (56°h* 4 68°dh*)

+Z( #100) 0472 (exp (anm) Keuar) + 222
62 2

<Aj+n (M + 10,-;) (55%2 + 68%dh® + 0.4

1 ﬁQ 2
<n (M +10/<> (5 16%h% +0.5

KL(poll7) + 10/{252dh3> .

B.3 ONE STEP ANALYSIS OF &}

In this section, we analyze the one step change of &7

LemmaB.8. Foranyj=2,....J,n=1,...,N — 1, we have
£1<2-0.03P71A7 | +2.0.037&271 4+ 752K,

Furthermore, forn =1,..., N — 1, we have

ﬂ2h2

KLY

n—1-

Er <2-0.03" AL, +6.30%6% + 0.01dh + 0.01

Proof. By Eq. (T3), the first inequality holds. By Eq. (ZI), the second inequality holds.

Corollary B.9. Forn=1,...,N — 1, we have
62 2

El<n (5 50%h% 4+ 0.1 KL (o ||7) + o.m%zh) :

Proof. Combining Lemma [B.T] LemmaB:8]and Corollary [B.7} we have
62 2

KL?

n—1

gl <2.0.03771AL | +6.30%6% +0.01dh + 0.01
<2.0.03P71AL | +6.3n%6% +0.01dh

Fh (exp (—afn + 1)h) KL (o) +

+0.01 86%dh
«

2 2
<2-0.03"7'AL_; +6.3h%0% + 0.02kdh + 0. 016
ﬂ2 2

<2.0.03°°1 (n (M + 10;-;) (5 16%h% + 0.5

2 2
KL poll)

KL (pollm)

+ 6.3h%6% 4+ 0.02xdh + 0.01
B2n?
«

<n-0.06 (5.15%2 +0.5 KL (o) + O.lmzdh)

2 2
+ 6.3h%6% 4+ 0.02xdh + 0. 015

o
(0%

KL (pol|7)

n <5.552h2 +0.1 KL (po||7) + 0.1,-;2dh> .

where the fifth inequality holds since P > 21%% 4 4 implies (2 + 10x) 0.037~1 < 0.03.
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B.4 PROOF OF THEOREM [4.3]

We define an energy function as

Li =N | 4+ k&L

We note that 2 - 0.037~1 L7 + 762h2 > &J. By Lemma|[B.5|and Lemma|B.8] we can decompose L7,

as

Li =

IN

IN

A+ RETT
0.005\ 1 1 -
(1 - ,-;> A o+ 44 (M + 10/<;) h%6% + 4.4 (M + 10/{) B*h2ES)
+ £(0.037 1AL 4200376772 4 75202)
(1 - 0005> A, + (1 - 0'005) E T+ K-0.037 AT, 4 k-0.03071 . kEIT2
K K
+ 56k6%h?

(1 - 0005) Ly + (- 0.03571) LI~ + 56k02h2. (22)
K

Combining P > 210% + 4 implies - 0.03°~1 < 0.04, we recursively bound L7 as

n J n—1 .
, . +] Pty 0.005 n—1+7-0b\
i< 50040 2( - ) k- 0.03 (1— ) L
2 = ﬂ - B
I 0.001\" "
+Y Y (1 - ) 0.0477965k02h?
a=2 b=2
b (n—a+j—2 g b 0.005\" " fn—1+j—b
< 3 0.0492 (" “ )Lg +5" (k-0.03P1 (1 - ) It
+ 68000K6°R°. (23)
For the first term Z 0.047~ 2(”‘;“ ~?)L2, we first bound L2. To do so, we first bound A2 as
follows. Comblnlng Lemma@and Corollary [B9] we have
0.005 1 1
A2 < (1-—)A2 44 = +1 262 +44(—+1 *h2E)
n_< - ) 2+ <M+ 0n>h5+ -+ 10k ) B2R2E)

2h2
< A2 4 48.4Kkh*0% 4 48.4Kk3%h* <n (5.55%2 + 0.15T

52h2

KL (pol|7) + O.ldeh)>
< AZ_| +48.4KB8%0%n (55.55%2 +0.1

52 2

KL(pol|7) + 0.1/@2dh>

< A2+ 48.4K3%hn? <55 56%h% + 0.1 KL (po||7) + O.lnzdh>

<0.03*F —— B KL(,uo||7T) +1.4-0.032"dh 4 6.76%h>
52 2

+ 48. 455%2 2 (55 50%h% + 0.1

Lhz
«

KL (pol|7) + 0.1/<;2dh>

< 48.4k3%h*n? (67.262h2 +0.2 KL (po||7) + 0.2m2dh> .
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Thus
Li == Aifl + l‘ig;
BQhQ

(e

<0.49k(a — 1)? (67.262h2 +0.2

21,2
tk (a (5.55%2 + 012 KL (o) + o.m%zh))

«
2h2
< ka? (395%2 + O.QLKL(MOHW) + 0.2n2dh> .

KL(pol|7) + 0.2m2dh>

(%

Thus by (™) < (%)n for m > n > 0, we have

io.(w'*? <” ati- 2>L2
a=2 j_ 2 ‘

n ] , _ i_9 j—2
30,047 262 (“ﬂ) 12
a=2 J - g

> 004772242
a=2

IN

IN

52 h2
«

<> 0.3 %ka’ (396%2 +0.2 KL (o) + O.Qszh>
a=2

L 2p?
<0.3972kn3 (395%2 + 0.2LKL(uO|\w) + O.2n2dh) . (24)
«

J . _ .
For the second term Z: (k- 0.03P_1)j b (1- %;)5)" ! ("*;fg*b) LY, we first bound L?. Firstly,

for Ef ~1, combining Corollary and Corollary we have
N <2.0.03P7 1A £2.0.037802 4+ 76%R?

462 h?
<2.0.0377! (O.OS(b_l)PiKL(MOHF) +1.4-0.030"VPgp 4 6.7(52h2)

+2-0.03°072 4+ 75%h2
462h?

(0%

<2-0.037&72 +0.03° (0.01 KL (po||) + 0.01dh) + 7.16%h2

b—3

i . 482h?

<(2-0.03")" %€l + > (2-0.037) (0.03“ <0.01 ﬁa KL (o) +0.01dh) +7.152h2>
=0

b—3

. ) ) 4 2h2

< (2-0.037)"72&} +30.01°0.03° (0.031” (0.01 ﬁa KL(ol7) + 0.01dh> - 7.152h2>
=0

ﬁ2h2

«

< (2-0.037)b2 (5.55%2 +0.1 KL (o ||7) + o.m?dh)
462h?
«

+0.03° (0.02 KL (po||7) + 0.02dh) + 7.26%h?

212
<0.03° (o.15ah KL(uol|7) + O.Idh) + 7.352h2.

As for A} we have

b l)PéLBQh2 bP 212
Af < 0.03"7 =KL (po||r) +1.4-0.03""dh + 6.76h°.
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Thus, we bound the first term as

LY =AY+ 8”‘1

<0.03°P = — 5

+ K0.03° (0.1
52h2
Q

< k0.03° (0.2

Thus by (™) < (%)n form > n > 0, and i ("Zl)gcZ —

W we have

003" b(10.005
K

J
2
< Z]:O 04/~ (1 - 0'005>n1 (“
K

KL(MOHw) +1.4-0.03"Pdn + 6.75%h*
/62 2
«

KL(pol|7) + O.Idh) +7.36%h?

KL (o) + 0.2dh) + 1486%h2.

1—(m+1) (") B (m+1,n41)
(I—z)" 1

=0

n—1 .
> (n1.+jb)L?
j—>b

S 14j—b 2p2
]fg )(mo.oz’)b (0.26a KL(u0||7r)+O.2dh)>

K

b=2
J .
(n—1+j— b) (
< 0.043< . K
b=2
j—2 n—1 i
< 0.047¢" ( ) K (0.2
=0

J i 0.005\" " fn—1+4j—
+ £0.03P-1)77" (1— ) ( _
> (s 0057) J

J . n—1 _ .
+ 3 (k-0.0371)7" (1 = 0‘005) (” Lt b> 145712
j

K

b
52 2
KL (j0/|7) + 0.2dR
b

b) 1462k

2h2
B0 Lo ) + O.th)
Q

N K
=0

) 2h2
<0.1Ve" 1tk (0.25
Q

+

(1—r-0.03P-T)n

) B2h2
<0.117e" 'k (0.2 KL(pol|7) + O.2dh) +
«

Jj—2 n—1 .
. p—1yi [ _ 0.005 n—1+1 9,9
+ ) (k-0.03771) (1 ) ( . )145 h

KL(po||7) + O.Zdh)

1 ) n—1
( —0(;05) (6.6 + 7.9%)5%h?

1

. 9rk)62h?
(I_K.O'O3P_l)(66+79/€)

p 4 2h2
<0117t (2.% ( P KL(ol|7) + 1.6dh + 262h2)> + 20K6%R?,
«

where the second-to-last inequality is implied by 8 (5 + 10x) 0.037 < 2:005,
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Combing Eq. and Eq. (24), we bound L7, as

n 7 n—1 .
_ . . Y
L, <> 0.04”( “H > +3 (k0037717 "<1—0i05> (” ]:LZ )Ll{
a=2

b=2

+ 68000K25%h2
ﬁ2 2

<0.3972kn3 (395%2 +0.2 KL (o) + 0.2,<;2dh)

) 252
+0.117em 1 (2.% ( 46h KL(pol|7) + 1.6dh + 252h2)> + 20K6%h? + 68000252 h?

<0.37 72" kn® (416%h* 4 1.8kdh + 0.56hKL(p1o||7)) + 68020K°5°h>.
Since 8 (77 + 10x) 0.03F < 02& implies £20.037~! < 0.003, we have
&I

<2-0.03°71L7 + 76%nh?
<2-0.03771 (0.3 2" 1kn® (416%h* + 1.8kdh + 0.56hKL(1o]|7)) + 680204262 h%) + 75%h?

<0.3772e" 103 (6%h% + hKL(po||7) + Kdh) + 4166°h>.

53

Thus when J — N > log (N3 ('{52“'@""(50”””“2(1)), we have foranyn =0,...,N — 1

2
E) < —— +4166%h2.

5k
Recall
KLy y < e P20 =00 (KL (pg||m) + 4.4B°RA]) + 5KBE + &]@d + 2832,
thus when 62 < “259 , M > 'g—g‘, and N > 10k log w, we have
KLY y < e 12eW=DR (K) (uo]|m) + 4.4B82hA]) + 5kBE + —— 0.65d 2807

aM

45212

< g7 12a(N=1)h (KL(MOHW) + 4.458%h <0.03JP KL(ol|7) 4+ 1.4 -0.037Pdh + 6. 752h2>)

0.65d 2882
+BRBE + o
0.68d 2962
< 6_1'2a(N_1)hKL([J,0H7T) + &2+ 5rBE + 75 + —
aM a
< 5.

C MISSING DETAILS FOR SAMPLING FOR DIFFUSION MODELS

In this section, we first present the details of algorithm in Section|[C.1} then give the detailed analysis
in the rest parts.

C.1 ALGORITHM

Stepsize scheme. We first present the stepsize schedule for diffusion models, which is the same as
the discretization scheme in (Chen et al.[(20244a). Specifically, we split the the time horizon T into
N time slices with length h,, < h = L = Q(1), forming a large gap grid (¢,)_, with ¢,, Z hi.
i=1
Forany n € [0 : N — 1], we further split the n-th time slice into a grid (7, )} with 7,, 0 = 0 and

Tn,M,, = hn. We denote the step size of the m-th step in the n-th time slice as €, = T m+1— Tn,ms»
and the total number of steps in the n-th time slice as M,,.
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Algorithm 2: Parallel Picard Iteration Method for diffusion models

Input: gy ~ qo = N(0, 1), the learned NN-based score function s/(-), the depth of Picard
iterations J, the depth of inner Picard iteration P, and a discretization scheme
(T7 (hn)rjy:1 and (Tn,m)ne[O:N—l],mE[O:M])~

forn=0,...,N —1do

form =0,..., M (in parallel) do

L £n,m ~ N(07Id)

forn=0,...,N —1do

for m = 0,..., M, (in parallel) do

Yy = Yo, forj=0,....J,

~0 o Tn,m ~0
yn Tn,m e ? yn —1,7n M
m-1 25)
™m,m T Ty m/ 41 (
2 : —_— T € ’ 0 ~0 [ €n m!
+ € 2 |:2(6 mt— l)stn-‘rTn)m/ (y'n—l,Tn,M) + Vernm' — 1£m’:| 5
m’=0

fork=1,...,Ndo
forj=1,...,min{k — 1, J} andm =0, ..., My, (in parallel) do
letn =k —j,and g, , = g;_LMn,
gg‘zfrn,m =€ 2 :/y\iL,O

Ml 0 P (26)
T L G R e T
m’=0

fork=N+1,...,N+J—1do
for n = max{0,k — J},...,N —land m = 0,..., M, (in parallel) do
let j = k —n, and ?7%,0 = ﬁZLq,M”»
g%,771,n1 =e 7 :'/ng,o

mel , . @7
FYD I ot )G ) Ve 1],
m’=0

n,m

return g3, /. -

For the first NV — 1 time slice, we simply use the uniform discretization, i.e., hy, = h, €,,m = €,
and M, = M = 2 forn =0,...,N—2andm = 0,..., M — 1. For the last time slice, we
also apply early stopping at time ¢ = T' — 7, where 7 is chosen in a way such that the O(,/7)
2-Wasserstein distance between p and its smoothed version p;._, that we aim to sample from
alternatively, is tolerable for the downstream tasks. An exponential decay of the step size towards the
data end in the last time slice is also employed. Specificly, we let hy_1 = h — 6, and discretize the
interval [ty _1,tn] = [(IN — 1)h, T — ] into a grid (ty_1,m) with step sizes (eN_Lm)nAggl
satisfying

N-1
m=0

en—1m < eNe(h—TN_1m+1)-
For the simplicity of notations, we introduce the following indexing function: for 7 € [t,,, tp41], we

I, (1) I,(7)+1
define I,,(7) € Nsuchthat > €,,;, <7< €n,j- We define a piecewise function g such that
=1 =1
L,(T)
gn(T) = > €y, and thus we have I,,(7) = |7/€| and ¢,,(T7) = | 7/€]e.
j=1

Exponential integrator for Picard iterations. Compared with Line 12 and Line 18, where we
use a forward Euler-Maruyama scheme for Picard iterations, we use the the following exponential
integrator scheme (Zhang & Chenl 2022; (Chen et al., 2024a). Specifically, In n-th time slice
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[tn, tn + T, |, for each grid ¢, + 7y, m, We simulate the approximated backward process (Eq. )
with Picard iterations as

~j+1 o Inem i
n,Tn,m e ? yn*LTn,M
m—1
I T ml L € ’ 0 o~ € ’
e e~ Vsl @) VT 1]
m’=0
We note such update also inherently allows for parallelization form = 1,..., M,.

C.2 INTERPOLATION PROCESSES

Following the proof framework in|Chen et al.| (2024a)), we consider the following processes. We first
reiterate the backward process

1
dit = |:2fit + VIOgﬁt(it)dt} + dwt, with 50 ~ pr, (28)
and its approximate version with the learned score function
1 .
dy; = {2% + sf(yt)] dt +dw;, with yo ~ N(0,1y).

The filtration F; refers to the filtration of the backward SDE equation @] up to time ¢t. For any
fixedn=0,...,N —1,5=1,...,J, we define the auxiliary process (ﬂng)Te[O’h] for 7 € [0, h)
conditioned on the filtration F;,, at time ¢,, as the solution to the following SDE for n # 0,

1

A0 () = 57,0+ 88,0 (B o) [ a7 4 dwne) 29

with g{;’mo(w) = gg’m R (w). The initialization process is defined as

1

A58,(6) = [ 370+ 58,0 (B ) a7 Qs G0

with g o = Yo and 97 o = Yty 7010
Remark C.1. The main difference compared to the auxiliary process defined in|Chen et al.|(2024a))
is the change of the start point across each update.

The iteration should be perceived as a deterministic procedure to each event w € (), i.e. each
realization of the Wiener process (w;)¢>o. The following lemma clarifies this fact and proves the
well-definedness and parallelability of the iteration.

Lemma C.2. The auxiliary process (ﬁzn77(w))76[0’hn] is Fy, +--adapted forany j = 1,...,j and
n=0,...,n—1L

Proof. Since the initialization g _(w) satisfies

1

0, () = |5

g?nﬂ' (W) + Sf?L+g?L(T) (:'/J\?nflﬂ'n—l,l\l (w)):| dT + dwtn"‘T (OJ),

¥ ,(w) is obliviously F;, 4 ,-adapted. Now suppose that y¢, r is F;, 1 --adapted, since g, (7) < 7,
we have the following Itd integral well-defined and F,  --adapted:

/0 an-i-g" (") (ytn ,gn (T7) )dTlv

and therefore SDE

1
AWt 6) = | 30 ) 8, 0) () 0 0,1 0)

has a unique strong solution (y; . (w))re[o,n,] that is also F;, | --adapted. The lemma follows by
induction. O
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Finally, the following lemma shows the equivalence of our update rule and the auxiliary process, i.e.,
the auxiliary process is an interpotation of the discrete points.

Lemma C.3. Foranyn =0,...,N — 1, the update rule (Eq. (23))) in Algorithm 2)and the update
rule (Eq. (26) or Eq. ([27)) are equivalent to the exact solution of the auxiliary process Eq. (30), and
Eq. (29 respectively, forany j =1,...,J, and T € [0, hy,).

Proof. Due to the similarity, we only prove the equivalence of the update rule (Eq. (23)). The
dependency on w will be omitted in the proof below.

For SDE equation by multiplying e~ % on both sides then integrating on both side from 0 to 7, we
have

e . My, _TATA,m _ AT m41 0 ~j—1 T _x
2 — = 2 — 2 2
€ ytn 5T ytn ,0 : : 2 (e e Stn +Tn,m ytn yTn,m + 0 € dwt” 7

m=0

Thus then multiplying e on both sides above yields

M,
_ £ g n _TATR, M = TA TR mt 1 OV(T—Tp m41) 0 ~j—1
—e2 2 — 2
ytn7T € ytnao + Z 2 (e 1 € st77,+7—rz,nz ytnﬂ—n.m,
m=0

My, T/\T’!L,’NL+1 o
+ E / e 2 dwtn_H./,
m=0"Y T\Tn,m
where by It6 isometry and let T = 7,, ,,, we get the desired result. O

C.2.1 DECOMPOSITION OF KL DIVERGENCE

We invoke Girsanov’s theorem (Theorem[A.3)) as follows, and the applicability of Girsanov’s theorem
here relies on the F-adaptivity established by Lemma|C.2}

1. We set equation as the auxiliary process Eq. with j = J, where w;(w) is a Wiener
process under the measure ¢| 7, .

2. Defining another process w; 1, (w) governed by the following SDE
dw,, - (w) = dwy,, +(w) + 6(tn) (7, w)dT,
where

5tn, (T,CU) = Sten-‘,-gn(q—) ('/y\i’_’gln(T)(W)) -V log‘ﬁtn"’_‘r(ggyur(w))'

3. Concluding that the auxiliary processes (Eq. (29)) with j = J under the measure q| 7,
satisfies the following SDE

- 1. - ~ ~
d E]n,‘r(w) = iyiln,r(w) + \% logpthrT(y{S]T,,,‘r(w)) dr + dwtn-i-T(w)a

with (w¢, 4 (w))r>0 being a Wiener process under the measure p| 7, . Note this is identical
to the original backward SDE equation 28] by variable replacement.

Now we conclude the following lemma by Corollary [A.4]

Lemma C4. Assume 8;, (T,w) = sfnJrq"(T) (Qifgln(T) (w))—Viog P, 4. (7 .(w)). Then we have

the following one-step decomposition,

KL(Pr,, 0 12, 10) < KL(D,,

_ I
at,) +]EUJNQIFtn |?/0 8¢, (Taw)”QdT] .
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Now, the problem remaining is to bound the discrepancy quantified by

hn,
/ 18, (7.)Pdr
0

h’”.
/
hn
<3 /
0

hnp
“
0

hn
‘)
0

2
5 v T ) @) = Vioghy (@7, )| dr

2
V108 1+, (1) (B, (@) = V108 Ty, o (7, - (@) a7

=As, (W)

2
) () T ) = V108 By (1, g ()]

=By, (w)

2
. () G2 (1) @) = (0 L (1 @) 0 | BD

:=Cl4,, (w)

where A;, (w) measures the discretization error, By, (w) measures the estimation error of score
function, and C;, (w) measures the error by Picard iteration.

C.3 DISCRETIZATION ERROR AND ESTIMATION ERROR OF SCORE FUNCTION IN EVERY TIME
SLICE

The following lemma from Benton et al.|(2024); |Chen et al.| (2024a) bounds the expectation of the
discretization error A, .

Lemma C.5 (Discretization error (Benton et al., 2024, Section 3.1) and (Chen et al., 2024a),
Lemma B.7)). We have forn € [0: N — 2]

EWNﬁlft,L [Atn (W)] 5 edhn;
and

Eonils,, [Aty_i(w)] S edlogn™,

where 1) is the parameter for early stopping.

The following lemma from |Chen et al.| (2024a) bounds the expectation of the estimation error of
score function, By .

Lemma C.6 (Estimation error of score function (Chen et al., 2024a, Section B.3)).

N-1 9
5 Eonpir,, 1Bl <03
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Proof. By Assumption and the the fact that the process g . (w) follows the backward SDE with
the true score function under the measure p, we have

N—-1
> Buniis,, [Br, ()]
n=1
TN—1 hn 2
<Euniirg, |2 [ [ r @) = V108D 1 @) dr]
Ln=1 0
[N—1 M, 2
- Ew'\fﬂ}‘tn Z Z €n,m ’ st T yt T )) - VIOg:ﬁthrgn('r) (:’7{5{,7(0‘)))“ d7—‘|
Ln=1 m=0
[N—1 M, 2
= Bunplz,, > enm Hsfn+r(itn+‘r<w)) —Vlogp;, 4g.(r) (fl_’.thrT(w))H dT]
Ln=0 m=0

C.4 ANALYSIS FOR INITIALIZATION

By setting the depth of iteration as K = 1 in|Chen et al.|(2024al), our initialization parts (Lines 4-7
in Algorithm [2)) and the initialization process (Eq. (30)) are identical to the Algorithm 1 and the
the auxiliary process (Definition B.1) in|Chen et al.| (2024a). We provide a brief overview of their
analysis by setting K = 1 and reformulate it to align with our initialization. Let

A )= | "
B, )= | "

Lemma C.7 (Lemma B.5 or Lemma B.6 with X' = 1 in|Chen et al.| (2024a)). For any n =
0,...,N —1, suppose the initialization @?mo follows the distribution of Ty, ~ P, , ifBe%h" hnLs <
0.5, then the following estimate

2
V108 By, 44, (7) (05, g1 (r) (@) = V10D, 4 (B, ()| dr

and

81,490 (1) Gt (1) (@) = V108D, g, () (B, g, 1) (@ H

e B, [[190,.-(0) = 80, 0@)*] < 2haei (0L, 20

+6e Eupiz, [A7, (@) + B, ()]

Furthermore, the A? (w) and B (w) can be bounded as
Lemma C.8 ((Chen et al., 2024a, Lemma B.7)). We have forn € [0: N — 2]

E [A?” (w)] < edhy,

Wwﬁ\ﬂn
and

AO

tN—1

E ()] 5 edlogn ™,

w~plF,, [
where 1 is the parameter for early stopping.

Lemma C.9 ((Chen et al,, 2024a, Section B.3)). Y0 E, 5, [By, (w)] < 63.

Thus we have the following conclusion

Corollary C.10. With the same assumption in Lemma|C.7] we have

s Ee, (|70 - 3, 0]
n=0,...,N 7€[0,h]
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C.5 CONVERGENCE OF PICARD ITERATION

Similarly, we define

. i ~i—1
&= sw Euupr, |1, .@) T @I,
7€[0,hnp]
and
A . i1
B = By, (18,0 @) = G0 @2
2
Furthermore, we let £ = sup sup Euop7, “ U =Y 1 H } . We note that by
n=0,...,N—17€[0,h,] " ’ 7’
Corollary|C.10} &1 < d.

Lemma C.11 (One-step decomposition of £/). Assume L2e*'h,, < 0.01 and and " < 2. For
anyj=2,...,J,n=0,...,N — 1, we have

E1<2A) | 40.0187L,

Furthermore, for j =1, n=1,..., N — 1, we have

gL <2Al +0.01 ( sup E, 57,

2
gtonﬂ—(w) - /y\?nflﬂ—nfl,lw (CL))H ) :
T€[0,hn]

Proof. For each w € 2 conditioned on the filtration F, , consider the auxiliary process defined as in
the previous section,

Ayl L (w)

1 i
{2?#”,7((#) + sfnﬂn(ﬂ (yfm;n(T) (w))] dr 4+ dwy, 4, (w),

and

Ayl (w)

1 .- P
{2?#”1((#) + sfnﬂn(ﬂ (yfn;n(T) (w))] dr + dwy,, 4, (w).

We have
(5, (@) - W)
1/ i1 i1 2
= |:2 (ygn,‘l'(w) - ygn,T(W)) + an-i-gn(T) (yimgnm(w)) — an-i-!]n(T) (yin7gn(7_)(w)>:| d7-,
where the diffusion term dwy, 4, (w) cancels each other out. By above equation we can calculate the

, . 2
derivative - H:ljinT(w) — ﬂ{yji(w)” as

2
~j ~j—1
G, o) = 5w

|

dr
= i TT1 = i i i

=2 (¥, ()~ G +w)) Lme—%%ﬂ+%mm@%wwﬂ—%mm@%mwﬂ-

By integrating from O to 7, we have

Aj Si-1, 012
3,.0w) — 7|
-

T T
o o .
+/O 2 (yfn,T(w) - yfml/ (w)> {s?,ﬁ»gn(ﬂ) (ygn,;n(w)(WD - sfﬁgn(r’) (yin,gn(f’)(w))} dr’
T . . 2 T
<2 [ o) - gl k) o+
0 0

<z
0

2
~j—1 ~j—2
Sfﬂ,+gn(7/) (yfn,gn(w)(w)) - Sf,,,+gn(f’) (ygmgn(f’)(w)) H dr’

~j—1 772 i
g = B )] 4

- . 2 T
F, (@)~ L) ar + 22 /
0
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By Theorem and @{;fo(w) = ﬂ{nih%il_M (w), we have

2 T 2

" i i iy .
|, =gt < 13 [ @) @) =5 )| o el
By taking expectation, for all T € [0, h,,]
2
" i ‘
Bupir, [, @) )| —eal_,

r
2 271
§LS€ / EwNﬂ]:tn
0

~j—1 772 4
ytn,gn(r’)(w) - ytn,gn(f’)(w)H dr

i1 -2 2
ytn,‘r’ (OJ) - ytn"r’ (UJ) N

2 271
< Lge™t sup Eyopi7,,
7/€[0,7]

Thus

2
~j—1 ~j—2
sup Eopir, |94 (@) — 52|
TE[O;hn]
< th”AZ;71 + Lie%”hnéﬁ_l.
For j = 1, we consider the following two processes,
N 1. 9
d tln,‘l'(w) = [2yt1n77-(w) + Strtgn(r) (gtomgn(T) (w))] dr + dwy,, 4+ (w),

and

1
d'y\?n,,T(w) = |:2:'/J\(t)n,7'(w) + an—&-gn(T) (’g?n,lﬁn,lyM (w)):| dr + dwtn,+7(w)'

Similarly, we have

g (W) - ()

ns

sup  Eyp7,,
T€[0,h,]

2

2hn, AL 2 _2hy, =0 ~0

<e An + Lse hn, ( S[up ]Ewwﬂ]‘-tn Hytn,T(w) Yt (OJ)H ) '
T€[0,hn

O

Lemma C.12 (One-step decomposition of AJ). Assume L2e?"h,, < 0.01 and and e*» < 2. For
anyj=2,....J,n=1,...,N — 1, we have

A <3N 4048070
Furthermore, for j =1, n=1,..., N — 1, we have

AL <AL+ 04 s Bz, |70~ 91

T€[0,h,]

1

Forn = 0, we have A} < 0.32A77", and A} < sup Eynp 7, [ng?w(w) - '§§070(w)||2]

7€[0,ho]
o /\J
Proof. By definition of g3 . (w) we have
2
h . h .
—2n ~j —bn ~51
He : Yturm € : tn,Tn,MH
m—1 , 2
_ |57 ~j—1 E : N Y7y 0 ~j—1 0 ~j—2
= ||Y%,0 — Yn,o + € 2 2(6 R 1) Stn-ﬁ-‘rn’m/ (y”v"'n,,m') - Stn—&-Tn,m/ (yn,rnym/)
m’=0

2

. . 2
<2||glo— T +2

»In,m n,m n,m

m—1

ZTnym/ 41 i P
S e E e ) [sh L@ ) st @)
m’=0

J J—1 2 2 = 6 j—1 6 j—2 2
~ ~f— ~j— ~j—
S 2 yn,O - y'n,,O + 32€n,m’M Z H |:stn+7'n,m/ (yn77—n,m/) - Stn""Tn,m/ (ynﬂ- . /):| H

m’'=0

2
~j ~j—1 2 2| ~j—1 ~i_92
<2\ @0~ o || +32hn swp L[|gh - gl
T€[0,hn]
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where the second inequality is implied by that e* — 1 < 2z when x < 1. By taking expectation, and
the assumption that L2e?* h,, < 0.1 and e2"» < 2, we have

77AJ . % _ ~j-1
UJNpl.Ff yt sTn, M yt 3T, M

. . 2
y%—%ﬂﬂ+wﬁ@sw1mwﬂﬂm”—wﬂu

<2E,~p7,, U o

<2A7 | +0.3287 1

Thus _ _ _
Al <3N +0487

In the remaining part, we will bound A’ . By definition, we have

_hn _ha 2
|8 @) = F 5 L)

m—1 2

~1 ~0 “Tnom/ 41 P 0 ~0 0 ~0
yn,O - yn—l,Tn,M + Z € 2 2(6 mm = 1) Stn+7n7m/ (yn—l,'rn’m/) - Stn-‘rTn,m/ (yn—l,Tn,M)
m’'=0
Moo 2
+1
e E— €nom/ 6 ~0 6 ~0
<2 ’ yn ,0 yn 1,70, M + 2 E e T 2(6 = 1) |:Stn+7'"7m/ (yn—l,‘rn,m/) - Stn—i—T,,m”/ (yn—l,‘rn,M)]
m’=0

2

2
~1 ~0 2712 ~0 ~0
S 2 ’ yn,O - y’l’L*l,T”JW + 32han S[U-I’) | ‘ ynfl,T - ynfl,‘r”,M‘ )
T7€[0,hy

where the second inequality is implied by that e* — 1 < 2z when 2 < 1. Thus with L2e?"»h,, < 0.01
and e2'» < 2, we have

2
h h

_hn 1 _ —2n ~1 ~0
e z An *EUJNﬂ]‘}ne 2 |:’ ytm"’n,M _ytn,7T71,MH :|

~1,P—1
yn 1,7 yn—lﬂ'n,M

~0
yn,O - yn—l,TnJu

]

2
] +32hiL2 sup Ew,\,pl]:tn U

~1
< 2E,~pi7,, U 0]
T n

2
<2A, ,+032 sup E,op7, U T TR } :
T€[0,hn]
O
Let L7, = 2A7 | +0.01&7~". We note that L7, > £J. Thus forn > 1and j > 2,
L =2A) | 4001871

< 2(80A7 | +0.4&71) +0.01L7

<160L’, | 4+ 0.01L7.. (32)

We recursively bound L7, as

- -2 ! —1+4j-b
L, 500112160"“( aﬂ )L +> 001“’160”1( _+Z )L?.
j—
a=2 b=2

n ) .
Bound for Y (0.01)/-2160" ¢ (”_;fg_z) L2. Firstly, we bound L2. To do so, by Lemma|C.12
a=2

we bound Al as

n—1
AL <BAL  +4E <BTAG+ Y 4 35,<4Z3Z£ < 3"t2g;
=0 1=0
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and by Lemma|C.11} bound &} as
51 < 2A1 +0.1& < 3n+351
Furthermore, by Lemma|C.12} we bound A2 as

n—1
AZ <BAL L +04E) <3"AF+ Y BEL, <0.32-3"E +3"nE; < 28-3"né).
=0

Thus
L2 =2A2 | +0.01E! < 28-3“a&r.

Furthermore, by () < (<2 ) for m > n > 0, we have

n .
, - —9
> (0.01)7 2160 (n ;‘jg )Li

a=2

4 . B g\ J2
< (0.01Y72(28 - 160™n2)ei 2 (n(”;) &
=

< (e*-0.01)77%(28 - 160"n?)&;.

J ) .
Bound for > (0.01)7 " 160"! (”jfiib)[fl’. By Lemma|C.11} we have
b=2

&l <0.0187" + 207
< (0.01)7 Er+ ) (0.01)" 2477
1=0

Combining the fact that A% < 0.32971&;, we have

<7503

Thus
LY =2A) +0.01E0!
<2-0.32°716,4001-7-(b—1)-0.32°71&;
<7-b-0.32071&;.
m N —(m mtnt\p (m n
Furthermore, by (":1“)93Z Gl (1"_1)231( +lntl) < (1_;)”+1,we have
i=0

ZJ: 0.01)"~* 160"! =i =0 e
—~ ’ n—1 1

J .
—14j—b
<Y (0.0t " 1607 1(” i >7-b-0.32”—1€1
o
b=2

< 22.0.877440" 1€,

Combining the above two results, we have
&7 < (e2-0.01)772(28 - 160"n?)Er + 22 - 0.877440" 1 §&;.

If J — 45N > log 25, forany n = 0,..., N

&< (33)

2%
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C.5.1 OVERALL ERROR BOUND

By the previous computation, we have

KL(ﬁtn+1 ||a\tn+1)

PN I 2
< KLy, 18t,) + Eurgls,, l2/0 [[6,, (7, w)[|” dr

< KL(By, [[@t,) + 3Bumilr, [At, (@) + By, ()] + 3LINAE.

Combining Lemma[A6] Corollary[C.I0] and Eq. equation[33] we have

KL(ﬁtn+1 ||a\tn+1)
N—-1
<KL d0) +3 Y (Bumpir,, [An, (@) + Br, ()] + L2

n=0

<dem? +ed(T +logn™t) + 05 + €2,

with parameters J — 45N > O(log¥¢), h = ©(1), N = O(log %), T
e=0(dte?log™" &), M = O(de 2 log £).
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