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Abstract

A challenging problem in decentralized optimization is to develop algorithms with1

fast convergence on random and time varying topologies under unreliable and2

bandwidth-constrained communication network. This paper studies a stochastic3

approximation approach with a Fully Stochastic Primal Dual Algorithm (FSPDA)4

framework. Our framework relies on a novel observation that randomness in time5

varying topology can be incorporated in a stochastic augmented Lagrangian for-6

mulation, whose expected value admits saddle points that coincide with stationary7

solutions of the decentralized optimization problem. With the FSPDA framework,8

we develop two new algorithms supporting efficient sparsified communication on9

random time varying topologies — FSPDA-SA allows agents to execute multiple10

local gradient steps depending on the time varying topology to accelerate conver-11

gence, and FSPDA-STORM further incorporates a variance reduction step to improve12

sample complexity. For problems with smooth (possibly non-convex) objective13

function, within T iterations, we show that FSPDA-SA (resp. FSPDA-STORM) finds14

an O(1/
√
T )-stationary (resp. O(1/T 2/3)) solution. Numerical experiments show15

the benefits of the FSPDA algorithms.16

1 Introduction17

Consider n agents that communicate on an undirected and connected graph/network G = (V, E) with18

V = [n] := {1, . . . , n}, E ⊆ V × V . Each agent i ∈ [n] has access to a continuously differentiable19

(possibly non-convex) local objective function fi : Rd → R and maintains a local decision variable20

xi ∈ Rd. Denote x = [x⊤
1 , ...,x

⊤
n ]

⊤ ∈ Rnd. Our aim is to tackle:21

minx∈Rnd
1
n

∑n
i=1 fi(xi) s.t. xi = xj , ∀ (i, j) ∈ E . (1)

In other words, (1) seeks a x⋆ ∈ Rd that minimizes F (x) := (1/n)
∑n

i=1 fi(x). We are interested22

in the stochastic optimization setting where each fi(xi) is given by (with slight abuse of notation)23

fi(xi) := Eξi∼Pi
[fi(xi; ξi)] (2)

where Pi represents the i-th data distribution. Problem (1) is relevant to the distributed learning24

problem especially in the decentralized case where a central server is absent. Prior works [Nedic and25

Ozdaglar, 2009, Lian et al., 2017, Nedic et al., 2017, Qu and Li, 2017] demonstrated that decentralized26

algorithms can tackle (1) efficiently through repeated message exchanges among the neighbors and27

local stochastic gradient updates.28

Towards an efficient decentralized algorithm for (1), an important direction is to consider a time29

varying graph topology setting where the active edge set in G changes over time. This is a generic30

setting covering cases when the communication links are unreliable, or the agents choose not to31

communicate in a certain round (a.k.a. local updates) [Koloskova et al., 2019a, Nadiradze et al., 2021].32
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Prior Works SG TV w/o BH Rate

Prox-GPDA [Hong et al., 2017] ✗ ✗ ✓ Asympt.
NEXT [Lorenzo and Scutari, 2016] ✗ ✓ ✓ Asympt.
DSGD [Koloskova et al., 2020] ✓ ✓ ✗ O(σ/

√
nT )

Swarm-SGD [Nadiradze et al., 2021] ✓ ✓ ✗ O(σ2/
√
T )

CHOCO-SGD [Koloskova et al., 2019a] ✓ ✗‡ ✗ O(σ/
√
nT )

Decen-Scaffnew [Mishchenko et al., 2022] ✓ ✗† ✓ O(σ/
√
nT )

Local-GT [Liu et al., 2024] ✓ ✗† ✓ O(σ/
√
nT )

LED [Alghunaim, 2024] ✓ ✗† ✓ O(σ/
√
nT )

FSPDA-SA (This Work) ✓ ✓ ✓ O(σ/
√
nT )

FSPDA-STORM (This Work) ✓ ✓ ✓ O(σ2/3/T 2/3)

Table 1: Comparison of decentralized algorithms for non-convex optimization. In the table, ‘SG’ is
‘Stochastic Gradient’, ‘TV’ is ‘Time Varying Graph’, ‘w/o BH’ is ‘Without Bounded Heterogeneity’,
and ‘Rate’ is the expected squared gradient norm E[∥∇F (x̄)∥2] after T iterations. Note that σ2 is
the variance of stochastic gradient. ‡CHOCO-SGD incorporates broadcast gossip as a special case of
compression. †ProxSkip, Local-GT, LED consider local updates with periodic communication.

By assuming that a random topology is drawn at each iteration, the convergence of decentralized33

stochastic gradient (DSGD) has been studied in [Lobel and Ozdaglar, 2010, Nadiradze et al., 2021]34

and is later on unified by [Koloskova et al., 2020] with tighter bounds for local updates, periodic35

sampling, etc. An alternative [Ram et al., 2010] is to analyze DSGD for the B-connectivity setting36

which requires the union of every B consecutive time varying topologies to yield a connected graph.37

Nevertheless, these works focused on vanilla DSGD that may have slow convergence (in transient38

stage) and is limited to bounded data heterogeneity. The prior restrictions can be relaxed using39

advanced algorithms such as gradient tracking [Qu and Li, 2017], EXTRA [Shi et al., 2015] and40

primal-dual framework [Hong et al., 2017, Hajinezhad and Hong, 2019, Yi et al., 2021].41

As noted by [Koloskova et al., 2021], analyzing the convergence of sophisticated algorithms with time42

varying topology, such as gradient tracking [Qu and Li, 2017] is challenging due to the non-symmetric43

product of two (or more) mixing matrices. Existing works considered various restrictions on the44

time varying topology G(t) = (V, E(t)) and/or the problem (1): [Koloskova et al., 2021, Liu et al.,45

2024] studied gradient tracking with local updates that essentially takes E(t) = E periodically and46

E(t) = ∅ otherwise, also see [Mishchenko et al., 2022, Guo et al., 2023, Alghunaim, 2024] for a47

similar result and note that such algorithms require extra synchronization overhead; [Kovalev et al.,48

2021, 2024] considered a setting where G(t) is connected for any t; [Nedic et al., 2017, Li and Lin,49

2024] focused on (accelerated) gradient tracking with deterministic gradient when F (x) is (strongly)50

convex; [Lorenzo and Scutari, 2016] also considered deterministic gradient with possibly non-convex51

F (x) but only provides asymptotic convergence guarantees; [Lei et al., 2018, Yau and Wai, 2023]52

considered asymptotic convergence guarantees in the case of strictly (or strongly) convex F (x). We53

provide a non-exhaustive list summarizing the convergence of existing works in Table 1.54

The above discussion highlights a gap in the existing literature —55

Is there any algorithm that achieves fast convergence on time varying (random) topology?56

This paper gives an affirmative answer through developing the Fully Stochastic Primal Dual Algorithm57

(FSPDA) framework that leads to efficient decentralized algorithms tackling (1) in its general form.58

The framework features the design of a new stochastic augmented Lagrangian function.59

As pointed out by [Chang et al., 2020], many decentralized algorithms (including gradient tracking)60

can be interpreted as primal-dual algorithms finding a saddle point of the augmented Lagrangian func-61

tion. However, its extension to time varying topology is not straightforward due to the inconsistency62

in dual variables updates. To overcome this challenge, we propose a stochastic equality constrained63

reformulation of (1) to model randomness in topology. Then, the latter yields a stochastic augmented64

Lagrangian function. Applying stochastic approximation (SA) to solve the latter leads to the FSPDA65

framework. Our contributions are66

2



• We propose two new algorithms: (i) FSPDA-SA is derived by vanilla SA that applies primal-dual67

stochastic gradient descent-ascent on the stochastic augmented Lagrangian, (ii) FSPDA-STORM uses68

an additional control variate / momentum term to reduce the drift term’s variance in a recursive69

manner. Both algorithms are fully stochastic as the random time varying topology is treated as70

a part of randomness. Additionally, our framework supports sparsified communication, i.e., the71

agents can choose to communicate a subset of primal coordinates at each iteration.72

• We show that after T iterations, FSPDA-SA (resp. FSPDA-STORM) finds in expectation a solution73

whose squared gradient norm isO(1/
√
T ) (resp.O(1/T 2/3)). The convergence analysis is derived74

from a new Lyapunov function design that involves an unsigned inner product term and incorporates75

a variance condition on the random time varying topologies. Interestingly, we show empirically76

that using momentum in dual updates benefits the consensus error convergence.77

• We also demonstrate that both FSPDA-SA and FSPDA-STORM can be implemented in a fully asyn-78

chronous manner, i.e., the agents can communicate and compute at different time slots, and supports79

local update as the algorithms allow for arbitrary time varying topology. That said, we remark that80

the convergence rates with local updates of FSPDA-SA and FSPDA-STORM are only suboptimal.81

We provide numerical experiments to show that FSPDA-SA and FSPDA-STORM outperform existing82

algorithms in terms of iteration and communication complexity.83

Notations. Let W ∈ Rd×d be a symmetric (not necessarily positive semidefinite) matrix, the W-84

weighted (semi) inner product of vectors a,b ∈ Rd is denoted as ⟨a | b⟩W := a⊤Wb. Similarly,85

the W-weighted (semi) norm is denoted by ∥a∥2W := ⟨a | a⟩W. The subscript notation is omitted86

for I-weighted inner products. For any square matrix X, (X)† denotes its pseudo inverse.87

2 The Fully Stochastic Primal Dual Algorithm (FSPDA) Framework88

This section develops the FSPDA framework for tackling (1) and describes two variants of the89

framework leading to decentralized stochastic optimization of (1). Let Ã ∈ {−1, 0, 1}|E|×n be an90

incidence matrix of G. By defining A = Ã⊗ Id ∈ {−1, 0, 1}|E|d×nd, we observe that the consensus91

constraint in (1) is equivalent to Ax = 0.92

Our first step is to model the randomness in the time varying topology using the random variable93

(r.v.) ξa ∼ Pa. For each realization ξa, we define the random incidence matrix A(ξa) := I(ξa)A ∈94

{−1, 0, 1}|E|d×nd where I(ξa) ∈ {0, 1}|E|d×|E|d is a binary diagonal matrix. In addition to selecting95

each edge of G randomly, I(ξa) selects a random subset of d coordinates. As we will see later, this96

allows our approach to simultaneously achieve random sparsification for communication compression.97

Assume that Eξa∼Pa [I(ξa)] is a positive diagonal matrix, (1) is equivalent to:98

minx∈Rnd
1
n

∑n
i=1 Eξi∼Pi [fi(xi; ξi)] s.t. Eξa∼Pa [A(ξa)]x = 0. (3)

Denote ξ = (ξ1, . . . , ξn, ξa), FSPDA hinges on the following augmented Lagrangian function of (3):99

L(x,λ) := Eξ[L(x,λ; ξ)]
with L(x,λ; ξ) :=

∑n
i=1 fi(xi; ξi) + η̃ ⟨λ |A(ξa)x⟩+ γ̃

2 ∥A(ξa)x∥2,
(4)

where η̃ > 0, γ̃ > 0 are penalty parameters. It can be verified that the saddle points of L(x,λ)100

correspond to the KKT points of (1) [Bertsekas, 2016]. For brevity, in the rest of this paper, we may101

drop the subscript in ξ whenever the notation is clear from the context.102

FSPDA is developed from applying stochastic approximation (SA) to seek a saddle point of (4). By103

recognizing A(ξ)⊤A(ξ) = A⊤A(ξ), we consider the stochastic gradients:104

∇xL(x,λ; ξ) := ∇f(x; ξ) + η̃A⊤λ+ γ̃A⊤A(ξ)x, ∇λL(x,λ; ξ) := η̃A(ξ)x, (5)

where ∇f(x; ξ) = [∇f1(x1; ξ1); . . . ;∇fn(xn; ξn)] ∈ Rnd. Notice that to facilitate algorithm105

development, we have taken a deterministic A for the term in∇xL related to λ. Now observe the ith106

d-dimensional block of A⊤A(ξ)x which can be aggregated within Ni(ξ) the neighborhood of the107

ith agent as:108 [
A⊤A(ξ)x

]
i
=

∑
j∈Ni(ξ)

Cij(ξ)(xj − xi), (6)

where Cij(ξ) ∈ {0, 1}d×d is diagonal and depends on the selected coordinates for the edge (i, j)109

under randomness ξ. Eq. (6) only relies on xj from neighbor j that is connected on the time varying110
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topology G(ξ). For illustration, an example of the above random graph model is given by Figure 3 in111

Appendix A. Importantly, (5) shows that with the stochastic augmented Lagrangian function, the time112

varying topology can be treated implicitly as a part of the randomness in the stochastic primal-dual113

gradients. The framework is thus described as being fully stochastic as in [Bianchi et al., 2021], and114

departs from [Liu et al., 2024, Alghunaim, 2024] that treat the topology as fixed during the derivation115

of primal-dual algorithm(s). From (5), (6), we derive two variants of FSPDA.116

FSPDA-SA Algorithm. The first variant of FSPDA is derived from a direct application of stochastic117

gradient descent-ascent (SGDA) updates. Take α > 0, β > 0 as the step sizes, we have118

xt+1 = xt − α∇xL(xt,λt; ξt), λt+1 = λt + β∇λL(xt,λt; ξt). (7)

Taking the variable substitution λ̂ := A⊤λ yields the following recursion:119

FSPDA-SA: for any t ≥ 0 and any i ∈ [n],

xt+1
i = xt

i − α∇fi(xt
i; ξ

t
i)− ηλ̂t

i + γ
∑

j∈Ni(ξta)
Cij(ξ

t
a)(x

t
j − xt

i), (8a)

λ̂t+1
i = λ̂t

i + β
∑

j∈Ni(ξta)
Cij(ξ

t
a)(x

t
j − xt

i). (8b)
120

Note that x0, λ̂0 can be initialized arbitrarily.121

FSPDA-STORM Algorithm. The second variant of FSPDA reduces the variance of the stochastic122

gradient term in (5) using the recursive momentum variance reduction technique [Cutkosky and123

Orabona, 2019]. Herein, the key idea is to utilize a control variate in estimating the (primal-dual)124

gradients of L(x,λ). Take α, β > 0 and ax, aλ ∈ [0, 1] as the momentum parameters, we have125

xt+1 = xt − αmt
x,λ

t+1 = λt + βmt
λ as the primal-dual updates, and126

mt+1
x = ∇xL(xt+1,λt+1; ξt+1) + (1− ax)(m

t
x −∇xL(xt,λt; ξt+1)),

mt+1
λ = ∇λL(xt+1,λt+1; ξt+1) + (1− aλ)(m

t
λ −∇λL(xt,λt; ξt+1)).

(9)

The aim of mt+1
x is to estimate ∇xL(xt+1,λt+1). Now, instead of the straightforward estimator127

∇xL(xt+1,λt+1; ξt+1), we include an extra zero-mean term mt
x − ∇xL(xt,λt; ξt+1) to reduce128

the variance of the stochastic gradient estimation. The latter is a control variate that is computed129

recursively. Particularly, it has been shown in [Cutkosky and Orabona, 2019] that it can effectively130

reduce variance with a carefully designed parameter ax, provided that the stochastic gradient map131

satisfies a mean-square Lipschitz condition. We summarize the algorithm as follows.132

FSPDA-STORM: for any t ≥ 0 and any i ∈ [n],

xt+1
i = xt

i − αmt
x,i, (10a)

λ̂t+1
i = λ̂t

i + βmt
λ,i, (10b)

mt+1
x,i = (1−ax)

[
mt

x,i +∇fi(xt
i; ξ

t+1
i )− ηλ̂t

i + γ
∑

j∈Ni(ξ
t+1
a ) Cij(ξ

t+1
a )(xt

j − xt
i)
]

(10c)

+∇fi(xt+1
i ; ξt+1

i )− ηλ̂t+1
i + γ

∑
j∈Ni(ξ

t+1
a ) Cij(ξ

t+1
a )(xt+1

j − xt+1
i )

mt+1
λ,i = (1− aλ)

[
mt

λ,i +
∑

j∈Ni(ξ
t+1
a ) Cij(ξ

t+1
a )(xt

j − xt
i)
]

(10d)

+
∑

j∈Ni(ξ
t+1
a ) Cij(ξ

t+1
a )(xt+1

j − xt+1
i )

133

Note that to achieve the theoretical performance (see later in Sec. 3), x0, λ̂0,m0
x,m

0
λ shall be134

initialized as x0
i = x̄0, λ̂0

i = (α/η)n−1(∇F (x̄0) − ∇fi(x̄0)), m0
x,i = ∇F (x̄0), m0

λ,i = 0135

according to (23). We remark that a simple initialization choice λ̂0 = m0
x,i = m0

λ,i = 0 works well136

in practice.137

Both FSPDA-SA and FSPDA-STORM are decentralized algorithms that can be implemented on random138

time varying topology, and support randomized sparisification for further communication compres-139

sion. The key is to observe that in (8), (10), the only information required for agent i is to obtain140 ∑
j∈Ni(ξta)

Cij(ξ
t
a)(x

t
j − xt

i), and in addition
∑

j∈Ni(ξta)
Cij(ξ

t
a)(x

t−1
j − xt−1

i ) for FSPDA-STORM,141

at iteration t.142
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2.1 Implementation Details and Connection to Existing Works143

We discuss several features of the FSPDA algorithms and their connections to existing works.144

Local & Asynchronous Updates. The local update scheme where each agent i is allowed to145

update its own local variables xi,λi for multiple iterations without a communication step is a146

common practice in decentralized optimization [Liu et al., 2024, Li and Lin, 2024, Alghunaim, 2024,147

Mishchenko et al., 2022]. As discussed before, such scheme can be seen as a special case of the148

FSPDA framework where the time varying topology E(t) is chosen such that the latter alternates149

between E(t) = E and E(t) = ∅.150

Furthermore, FSPDA-SA allows for the general case of asynchronous updates. This is done so151

by taking the stochastic gradient as ∇fi(xt
i; ξ

t) = bi(ξ
t) bi∇fi(xt

i; ξ
t) such that bi(ξt) ∈ {0, 1}152

with E[bi(ξt)] = 1/bi for some constant bi > 0. Detailed discussions for a fully asynchronous153

implementation of FSPDA-SA can be found in Appendix A.154

Connection to Existing Works. Evaluating xt+2 − xt+1 from the FSPDA-SA sequence and observe155

that the combination of (8a) and (8b) is equivalent to the second order recursion:156

xt+2 = 2
(
I− γ

2
A⊤A(ξt+1)

)
xt+1 −

(
I− (γ − ηβ)A⊤A(ξt)

)
xt

− α
(
∇f(xt+1; ξt+1)−∇f(xt; ξt)

)
.

(11)

This reduces the FSPDA-SA recursion into a primal-only sequence by eliminating the dual sequence λt.157

In the deterministic optimization setting when A(ξ) ≡ A and∇f(x; ξ) ≡ ∇f(x), (11) is equivalent158

to the EXTRA algorithm [Shi et al., 2015] using the mixing matrix W = I− γDiag(W̃1) + γW̃159

where W̃ is the 0-1 adjacency matrix of G. Here, with an appropriate choice of γ, W will be doubly160

stochastic and satisfies the convergence requirement in [Shi et al., 2015]. Similar observations have161

been made in [Nedic et al., 2017] for the gradient tracking and DIGing algorithms.162

On the other hand, for stochastic optimization on random networks, (11) suggests each agent to keep163

the current and previous iterates received from neighbors in the corresponding time varying topology.164

In this case, (11) yields an extension of the EXTRA/GT algorithms to time varying topology.165

3 Convergence Analysis of FSPDA166

This section presents the convergence rate analysis of FSPDA for (1). Unless otherwise specified, we167

focus on the case with smooth but possibly non-convex objective function. Specifically, we consider:168

Assumption 3.1. Each fi is L-smooth, i.e., for i = 1, . . . , n,169

∥∇fi(x)−∇fi(y)∥ ≤ L∥x− y∥ ∀ x,y ∈ Rd. (12)

There exists f⋆ > −∞ such that fi(x) ≥ f⋆ for any x ∈ Rd.170

Note this implies that the global objective function F (·) is L-smooth but possibly non-convex.171

We further assume that the random network G(ξa) is connected in expectation, yet each realization172

G(ξa) may not be connected. Let R = E [I(ξa)], this leads to the following property concerning173

the expected graph Laplacian matrix A⊤RA = E
[
A(ξa)

⊤A
]
. Defining the matrix K := (In −174

11⊤/n)⊗ Id, we have175

Assumption 3.2. There exists ρmax ≥ ρmin > 0 and ρ̄max ≥ ρ̄min > 0 such that176

ρminK ⪯ A⊤RA ⪯ ρmaxK and ρ̄minK ⪯ A⊤A ⪯ ρ̄maxK. (13)

It holds that A⊤RAK = A⊤RA = KA⊤RA. The above assumption can be satisfied if G is177

connected [Yi et al., 2021], [Yi et al., 2018, Lemma 2] and diag(R) > 0 such that each edge is178

selected with a positive probability. As an important consequence, if γ ≤ ρmin/ρ
2
max, we have179

∥(I− γA⊤RA)x∥2K ≤ (1− γρmin)∥x∥2K, ∀ x ∈ Rnd.

We thus observe that the operator (I − γA⊤RA) serves a similar purpose as the mixing matrix180

in a average consensus algorithms and ρmin can be interpreted as the spectral radius of G similar181
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to [Koloskova et al., 2020, Eq. (12)]. Moreover, if we define Q := (A⊤RA)† such that it holds182

QA⊤RA = A⊤RAQ = K, Assumption 3.2 implies that ρ−1
maxK ⪯ Q ⪯ ρ−1

minK.183

Next we consider several assumptions on the noise variance of the random quantities in FSPDA:184

Assumption 3.3. For any fixed xi ∈ Rd, i ∈ [n], there exists σi ≥ 0 such that185

Eξi∼Pi
[∥∇fi(xi; ξi)−∇fi(xi)∥2] ≤ σ2

i . (14)

To simplify notations, we define σ̄2 := (1/n)
∑n

i=1 σ
2
i .186

Assumption 3.4. For any fixed x ∈ Rnd, there exists σA ≥ 0 such that187

Eξa∼Pa [∥A(ξa)
⊤Ax−A⊤RAx∥2] ≤ σ2

A∥x∥2K. (15)

Assumption 3.3 is standard. Meanwhile for Assumption 3.4, the variance term σ2
A measures the188

quality of the random topology G(ξa) in approximating the expected graph Laplacian A⊤RA. The189

latter is important as it contributes to the variance in the drift term of FSPDA. Observe that σ2
A190

decreases with the proportion of edges selected in each random subgraph G(ξa).191

To facilitate our discussions, we define the following quanitites:192

x̄t := 1
n

∑n
i=1 x

t
i,

∑n
i=1 ∥xt

i − x̄t∥2 = ∥xt∥2K. (16)

Convergence of FSPDA-SA. We summarize the convergence rate for FSPDA-SA as follows. The proof193

can be found in Appendix C:194

Theorem 3.5. Under Assumptions 3.1, 3.2, 3.3, 3.4. Suppose that the step sizes satisfy the
conditions defined in (46). Then, for any T ≥ 1 with the random stopping iteration T ∼
Unif{0, ..., T − 1}, the iterates generated by FSPDA-SA satisfy

E
[
∥∇F (x̄T)∥2

]
≤ F0 − f⋆

αT/8
+ 8αCσ

σ̄2

n
, (17)

E
[∑n

i=1 ∥xT
i − x̄T∥2

]
≤ F0 − f⋆

aγρminT/8
+

8α2Cσσ̄
2

aγρminn
, (18)

for any a > 0, where F0, Cσ are defined in (44), (50).
195

Setting a = O(n/
√
T σ̄2), α =

√
n/(T σ̄2) (and assuming σ̄ > 0), we have196

E
[
∥∇F (x̄T)∥2

]
= O

(
σ̄/
√
nT

)
, (19)

which is the same asymptotic convergence rate as a centralized SGD algorithm that takes n stochastic197

gradient samples uniformly from each agent, i.e., linear speedup [Lian et al., 2017]. Also, using198

a = 1, the consensus error converges as a rate of E
[∑n

i=1 ∥xT
i − x̄T∥2

]
= O(n2σ2

Aρmax/(Tρ
2
min))199

under the same step size choice used in (19). Notice that for T ≫ 1, the effect of random topology200

only degrades the convergence of consensus error, keeping the transient rate in (19) unaffected. If201

the gradients are deterministic (σ̄ = 0), setting a = (L2η∞ρmin)
1/3, α = α∞ will yield a better202

convergence rate as E
[
∥∇F (x̄T)∥2

]
= O(σ4

A

√
n/T ). Without a transient phase, the error due to203

random graph and coordinate sparsification is persistent through σ4
A in the above convergence rate.204

We further show that the convergence of FSPDA-SA can be accelerated if the objective function of (1)205

satisfies the Polyak-Lojasiewicz (PL) condition:206

Assumption 3.6. There exists a constant µ > 0 such that 2µ(F (x)− f⋆) ≤ ∥∇F (x)∥2, ∀x ∈ Rd.207

Assumption 3.6 includes strongly convex functions as a special case, but also includes other non-208

convex functions; see [Karimi et al., 2016]. We observe:209

Corollary 3.7. Suppose the assumptions and step size conditions in Theorem 3.5 hold. Further-
more, with Assumption 3.6, there exists δ ∈ (0, 1) such that for any t ≥ 0,

Et[Ft+1 − f⋆] ≤ (1− δ)(Ft − f⋆) + Cσα
2σ̄2/n (20)

for Ft,Cσ defined in (44), (70), and δ = min{αµ/4, γρmin/16, ηβ/(3ρmin), η/12}.
210
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The proof can be found in Appendix C.6. By setting α = c ln(T )/(n2T ) in (20), with a carefully211

chosen c and a sufficiently large T such that α ≤ α∞, we can ensure that212

E
[
F (x̄T )− f⋆ + ∥xT ∥2K

]
= O

(
σ̄2 ln(T )/(µnT )

)
(21)

In the case of deterministic gradient, i.e., σ̄2 = 0, by setting α = α∞, (20) ensures a linear213

convergence rate of E
[
F (x̄T )− f⋆ + ∥xT ∥2K

]
= O((1− δ)T ), which shows that the performance214

of FSPDA-SA is on par with [Nedic et al., 2017, Xu et al., 2017], despite it only requires one round of215

(sparsified) transmission per iteration.216

Convergence of FSPDA-STORM. To exploit the benefits of control variates, we need an additional217

assumption on the stochastic gradient map:218

Assumption 3.8. Each stochastic function fi(·; ξ) is Ls-smooth in expectation, i.e., for i = 1, . . . , n,219

Eξ

[
∥∇fi(x; ξ)−∇fi(y; ξ)∥2

]
≤ L2

s ∥x− y∥2 ∀ x,y ∈ Rd. (22)

The above assumption is also known as the mean-square smoothness condition, see [Cutkosky220

and Orabona, 2019], which is strictly stronger than Assumption 3.1. We observe the following221

convergence guarantee for FSPDA-STORM, whose proof can be found in Appendix D.222

Theorem 3.9. Under Assumptions 3.1, 3.2, 3.3, 3.4, 3.8. Suppose that the step sizes satisfy
the conditions in (184) - (214). Then, for any T ≥ 1 with the random stopping iteration
T ∼ Unif{0, ..., T − 1}, the iterates generated by FSPDA-STORM satisfy

E
[
∥∇F (x̄T)∥2

]
≤ F0 − f⋆

Tα/4
+

(e · 2a2x + f · 4a2xn)σ̄2

α/4
, (23)

E
[∑n

i=1 ∥xT
i − x̄T∥2

]
≤ F0 − f⋆

Taγρmin/8
+

(e · 2a2x + f · 4a2xn)σ̄2

aγρmin/8
, (24)

where the constants F0, a, e, f are defined in (110).
223

Setting α = O(σ̄−2/3T−1/3), η = O(n), γ = O(T−1/3), β = O(n−1T−2/3), ax =224

O(σ̄−4/3T−2/3), aλ = O(T−1/3), f = O(n−1T 1/3) (see (111) - (117)), and initializing225

the algorithm such that ∥v0∥2K = O(T−2/3), ∥m0
x − (1/n)1⊤

⊗∇f(x0)∥2 = O(T−1/3) and226

∥m0
x −∇xL(x0,λ0)∥2 = O(T−1/3), we have227

E
[
∥∇F (x̄T)∥2

]
= O

(
σ̄2/3/T 2/3

)
. (25)

In regard to the order of σ̄ and T , provided that n is small, the convergence rate of FSPDA-STORM228

matches the lower bound [Arjevani et al., 2023] for non-convex functions under the same smoothness229

assumption. Moreover, by the same choice of step sizes, the consensus error converges at the rate of230

E
[∑n

i=1 ∥xT
i − x̄T∥2

]
= O(σ̄2/3nρ−1

minT
−2/3). We remark that in (25), the rate remains constant as231

n increases such that FSPDA-STORM does not offer the same linear speedup observed in Theorem 3.5232

for FSPDA-SA. Nevertheless, as T ≫ 1, the rate of FSPDA-STORM will surpass that of FSPDA-SA and233

other decentralized algorithms on time varying topologies.234

Lastly, we provide detailed discussions on the convergence rates above, e.g., transient time, effects of235

random topology, etc., in Appendix B.236

3.1 Insight from Analysis: Fixed Point Iteration of FSPDA-SA237

From (8a), the following recursive relationship holds for x̄t: using the relation 1⊤A⊤ = 0, we have238

x̄t+1 = x̄t − α
n

∑n
i=1∇fi(xt

i; ξ
t
i). (26)

This shows that the evolution of {x̄t}t≥0 is similar to that of ‘centralized’ SGD applied on (1) except239

that the local gradients are evaluated on the local iterates. However, it is still not straightforward to240

analyze the convergence of FSPDA-SA as the update of xt involves the dual variable λt which lacks241

an intuitive interpretation for constructing the right Lyapunov function.242

To this end, we study the fixed point(s) of (8) to gain insights. Suppose that for some t⋆, the fixed243

point conditions E[λt⋆+1 | ξ:t⋆ ] = λt⋆ ,E[xt⋆+1 | ξ:t⋆ ] = xt⋆ hold. Since R is a diagonal matrix244

with positive diagonal elements, we observe245

E[λt⋆+1 | ξ:t⋆ ] = λt⋆ ⇐⇒ RAxt⋆ = 0⇐⇒ Axt⋆ = 0, (27)
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On the other hand, the primal update yields246

E[xt⋆+1 | ξ:t⋆ ] = xt⋆ − α∇f(xt⋆)− ηA⊤λt⋆ . (28)

Since xt⋆
1 = xt⋆

2 = · · · = xt⋆
n at the fixed point (due to (27)), by the consensus condition across two247

time steps, it implies248

E[xt⋆+1 | ξ:t⋆ ]− xt⋆ = (1⊗ Id)(x̄
t⋆+1 − x̄t⋆)

⇐⇒ α∇f(xt⋆) + ηA⊤λt⋆ = α
n (11

⊤ ⊗ Id)∇f(xt⋆)

⇐⇒ ηA⊤λt⋆ = α
(
1
n11

⊤ − In
)
⊗ Id ∇f((1⊗ I)x̄t⋆).

(29)

From (29), we see that λ̂t shall converge to the difference between global and local gradient. Inspired249

by the above, to facilitate the analysis later, we define250

vt := A⊤λt + α
η∇f((1⊗ I)x̄t), (30)

for any t ≥ 0. In particular, we see that ∥vt∥2K measures the violation of (29) in tracking the average251

deterministic gradient using the dual variables. The latter will be instrumental in analyzing the252

consensus error bound, as revealed in Lemma C.2.253

4 Numerical Experiments254

This section reports the numerical experiments on practical performance of FSPDA. For the time255

varying topology, we take an extreme setting where for each realization G(ξa), only one edge will256

be selected uniformly at random from G. We evaluate the performance with the worst-agent metric,257

i.e., we present the training loss as maxi∈[n] F (xt
i), and the stationarity/gradient-norm measure as258

maxi∈[n] ∥∇F (xt
i)∥2. This captures the worst-case of the solutions produced by the algorithms.259

Unless otherwise specified, all algorithms are initialized with x0
i = x̄0, and for FSPDA we initialize260

λ̂0 = m0
x,i = m0

λ,i = 0, and the stochastic gradients are estimated with a batch size of 256. In the261

interest of space, omitted details and hyperparameters of the experiments can be found in Appendix F.262

MNIST Experiments. The first set of experiments considers a moderate-scale setting of training a263

one hidden layer feed-forward neural network with 100 hidden neurons (total number of parameters264

d = 79,510) on the MNIST dataset with m = 60, 000 samples of 784-dimensional features.265

In the first experiment, we consider the static topology G as an Erdos-Renyi graph with connectivity of266

p = 0.5 and n = 10 agents. We compare the proposed FSPDA-SA, FSPDA-STORM with six benchmark267

algorithms utilizing different types of time-varying topology. Among them, DSGD [Koloskova et al.,268

2020] and Swarm-SGD [Nadiradze et al., 2021] use the general time varying topology setting as FSPDA269

where each edge of G(ξa) is active uniformly at random, in addition to random sparsification used270

FSPDA-SA and adaptive quantized used in Swarm-SGD; CHOCO-SGD [Koloskova et al., 2019b] takes271

G(ξa) as an broadcasting subgraph where one agent selects all his/her neighbors; Decen-Scaffnew272

[Mishchenko et al., 2022], LED [Alghunaim, 2024], and K-GT [Liu et al., 2024] utilize local updates273

where G(ξa) is either taken as an empty topology, or as the static topology G. We configure these274

algorithms such that they have the same communication cost (in terms of bits transmitted over275

network) on average. For instance, the local update algorithms (Decen-Scaffnew, LED, K-GT)276

only communicate once using G every O
(

|E|d
k

)
iterations to match the communication cost of277

k-coordinate sparse one-edge random graph used in FSPDA.278

The local objective function held by each agent is the cross-entropy classification loss on a local279

dataset with mi = 6000 samples, plus a regularization loss λ
2 ∥xi∥2 with λ = 10−4, where xi are the280

weight parameters of the feed-forward neural network classifier. We split the training set into n = 10281

disjoint sets such that each set contains only one class label and assign each set to one agent as its282

local dataset. Note that as we do not shuffle the data samples across local datasets, the local objective283

function held by different agents will become highly heterogeneous.284

Fig. 1 compares the squared gradient norm, training loss, consensus error of the benchmarked algo-285

rithms. We first note that both FSPDA algorithms have significantly outperformed DSGD, Swarm-SGD286

on the general time varying topology as well as CHOCO-SGD. Meanwhile, the performance of FSPDA287

is comparable to the local update algorithms Decen-Scaffnew, LED, K-GT. Notice that the latter288
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Figure 1: Feed-forward neural network classification training on MNIST using 106 iterations.
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Figure 2: Resnet-50 classification training on Imagenet.

require additional synchronization steps which may not be suitable for random networks. Lastly, we289

notice that as T ≫ 1, FSPDA-STORM can slightly outperform FSPDA-SA due to its O(1/T 2/3) rate as290

shown in our analysis. We further expand the experiments by a series of ablation studies over data291

heterogeneity, sparsity levels, graph topologies, gradient noise and dual momentum in Appendix E.292

Imagenet Experiments. The second set of experiments consider a large-scale setting for training a293

Resnet-50 network (total number of parameters d = 25,557,032) on the Imagenet dataset (training294

dataset of 1,281,168 images from 100 classes, re-scaled and cropped to 256× 256 image dimensions).295

We consider cross-entropy classification loss plus the same L2 norm regularization loss as in the296

previous setup. We split the dataset across a network of n = 8 nodes where the static graph G is taken297

as the fully connected topology. The performance metrics are measured at the network average iterate298

x̄t. Inspired by [Loshchilov and Hutter, 2016, Eq. (5)] we adopt a cosine learning rate scheduling299

with 5 epochs of linear warm up for every algorithm. In particular, the step sizes α, η of FSPDA-SA300

are scheduled simultaneously such that αt/ηt remains constant, as illustrated in Appendix F. We301

draw a batch of 128 samples to estimate the stochastic gradient.302

We focus on the communication efficiency and only compare FSPDA-SA, CHOCO-SGD, Swarm-SGD303

in this experiment due to limited resources. The results are reported in Figure 2 that compare the304

test accuracy and training loss against iteration number and bits transmitted. When compared with305

CHOCO-SGD, FSPDA-SA achieves almost the same accuracy using one-edge random graphs with306

at least 100x reduction in communication cost on 100 epoch training. Also notice that further307

compressing the communication to 0.1% sparse coordinates in FSPDA-SA requires more training308

epochs to recover the same level of accuracy.309

Conclusions. This paper proposed a fully stochastic primal dual gradient algorithm (FSPDA) frame-310

work for decentralized optimization over arbitrarily time varying random networks. We utilize a new311

stochastic augmented Lagrangian function and apply SA to search for its saddle point. We develop312

two algorithms, one is by plain SA (FSPDA-SA), and one uses control variates for variance reduction313

(FSPDA-STORM). We prove that both algorithms achieve state-of-the-art convergence rates, while314

relaxing assumptions on both bounded heterogeneity and the type of time varying topologies.315
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• It should be clear whether the error bar is the standard deviation or the standard error574

of the mean.575
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A Asynchronous Implementation of FSPDA737

We show that FSPDA algorithms can be implemented in an asynchronous manner. For illustration738

purpose, we concentrate on FSPDA-SA and a scenario where any sparsified communication round is739

almost delay-free and only one edge is active at a time, also known as the pairwise gossip setting, while740

the stochastic gradient computation constitutes the major synchronization overhead in the algorithm.741

We describe the implementation of (8a), (8b) by the pseudo-code in Algorithm 1 from the perspective742

of the i-th agent. Notice that the threads communication_thread() and computation_thread()743

are persistently running in parallel at each agent. Moreover, the local variables Bi, gi, ti are held by744

agent i and updated by both threads.745

The thread communication_thread() aims at preparing the message
∑

j∈Ni(ξta)
Cij(ξ

t
a)(x

t
j −xt

i)746

needed at (8a), (8b) using a gossip-like step. At each run by agent i, the agent checks if s/he is747

connected to any active neighbor on the current graph Gt = G(ξta) := (V, E(ξta)). If the pair of748

agents (i, j) are connected, they will exchange the sparsified decision variable {(xti
i,k,x

tj
j,k)}k∈Iij(ξta)

749

and make preparation for the computation thread. The neighbor j whose communicated with agent750

i will be added to the buffer Bi. Notice that the protocol is designed such that the asynchronous751

implementation of FSPDA-SA aligns with (8a), (8b). For instance, our asynchronous gradient model752

with bi(ξ
t) = 0 allows agent i to skip gradient computation and the sparse extended graph model753

(6) allows agent i to skip communication, as implemented in [L7, Alg. 2] which serves as an update754

after the idle state of agent i to compensate for the missed iterations led by neighbor j ∈ Bi using the755

locally stored λ̂ti
i .756

The thread computation_thread() aims at executing the primal-dual steps (8a), (8b) with local757

updates, i.e., updating using local stochastic gradient before the next round of communication. Note758

that in federated learning, local update has been used extensively which led to significant performance759

improvement; see [Kairouz et al., 2021, Qin et al., 2021]. As mentioned, the stochastic gradient (SG)760

computation in [L2, Alg. 3] is the major bottleneck of the algorithm. Upon the completion of [L2,761

Alg. 3], the two cases in [L3, Alg. 3] & [L5, Alg. 3] essentially implement (8a), (8b). For the case762

of [L5, Alg. 3] where the communication buffer Bi is non-empty, we perform a sparse gossip with763

SG update. Upon completing this round of primal-dual update, the communication buffer Bi will be764

cleared.765

Overall, by running the two threads persistently at each agent, the decentralized system effectively766

implements FSPDA-SA in (8a), (8b) as an asynchronous algorithm. The same asynchronous imple-767

mentation can be easily extended to FSPDA-STORM.768

Algorithm 1 FSPDA from Agent i’s Perspective
1: input: Iteration number T .
2: local variable (initialize): Communication buffer Bi; gradient counter gi = 0; iteration counter

ti = 0.
3: while maxj∈[n] tj < T in parallel do
4: communication_thread(); see Algorithm 2.
5: computation_thread(); see Algorithm 3.
6: end while
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Algorithm 2 communication_thread() of Agent i
1: local variable: buffer Bi; counters gi, ti.
2: for (i, j) ∈ E(ξta) do
3: if Bi = ∅ and Bj = ∅ then
4: Agents i, j exchanges ti, tj .
5: if ti < tj then
6: Interrupt [L2, Alg. 3] of computation_thread() and run [L4, Alg. 3] to consume (any) SG

buffer.
7: ➥ Local non-SG step: evaluate

x
tj
i = xti

i − (tj − ti)ηλ̂
ti
i , (31)

and set λ̂tj
i = λ̂ti

i , ti ← tj .
8: end if
9: //* begin streaming index-value pairs *//

10: for k ∈ Iij(ξta) do
11: Agent j receives (k,xti

i,k) from agent i.

12: Agent i receives xtj
j,k from agent j.

13: end for
14: //* end streaming upon time-out or interruption *//
15: if gossip is successful then
16: Update Bi ← {j}, Bj ← {i}.
17: end if
18: end if
19: end for

Algorithm 3 computation_thread() of Agent i
1: local variable: buffer Bi; counters gi, ti.
2: //* begin compute SG *//

Compute ∇fi(xti
i ; ξ

ti
i ) and increment gi ← gi + 1.

//* end compute SG upon completion or interruption *//
3: if communication buffer Bi = ∅ then
4: ➥ Local SG step: with ĉi = gi/(ti + 1), evaluate

xti+1
i = xti

i − ηλ̂ti
i − αĉi∇fi(xti

i ; ξ
ti
i ), (32)

and set λ̂ti+1
i = λ̂ti

i , ti ← ti + 1.
5: else
6: Identify the quantities:

t′i = max{ti, maxj∈Bi
tj}, di = 1 + t′i − ti, Cij(ξ

t′i) = BinDiag(Iij(ξt
′
i)), (33)

ĉi =

{
gi/(t

′
i + 1) if ∇fi(xti

i ; ξ
t′i
i ) is ready,

0 otherwise.
(34)

7: ➥ Gossip with SG step: evaluate

x
t′i+1
i = xti

i − γ
∑

j∈Bi
Cij(ξ

t′i)(xti
i − x

tj
j )− diηλ̂

ti
i − αĉi∇fi(xti

i ; ξ
t′i
i ), (35)

λ̂
t′i+1
i = λ̂ti

i + β
∑

j∈Bi
Cij(ξ

t′i)(xt
i − xt

j), (36)

and set ti ← t′i + 1, Bi ← ∅.
8: end if
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Figure 3: Illustration of a (time-varying) random graph G(ξ) for primal variable of dimension d = 3
on a ring network of n = 5 nodes. Solid lines represent active edges while dashed lines represent
disconnected edges. In this example, node 2 is considered as idle in an asynchronous environment.
C15(ξ) is a diagonal matrix such that diag(C15(ξ)) = (1, 0, 1).

B Detailed Convergence Rate Analysis for FSPDA-SA769

Under the parameter choices of a = 80δ1L
2n√

T σ̄2γ∞ρmin
, α =

√
n/(T σ̄2), we list several remarks on the770

convergence rate analysis of FSPDA-SA as follows.771

• In addition to the crude bound in (19), we can derive a fine grained characterization for the772

convergence rate of FSPDA-SA. Here, an interesting aspect is bounding the transient time of the773

number of iterations for the decentralized algorithm to achieve the rate on par with CSGD in (19),774

independent of the network topology [Pu et al., 2021]. Using the definition of Cσ in (70), it can be775

shown that FSPDA-SA has a transient time of776

Ttrans = Ω
( σ4

A

ρ4min

·max
{
n6ρ2max,min{ ρ̄

4
maxρ

6
max

nσ̄2ρ3min

,
n5/2ρ̄2maxρ

4
max

σ̄2ρ2min

}
})

(37)

where we have hidden the dependence of L, F (x̄0)− f⋆, ∥x0∥2K in the Ω(·) notation.777

• Theorem 3.5 also guarantees that E[∥xT∥2K] → 0 and E[∥vT∥2K] → 0 as T → ∞. The latter778

ensures that the gradient tracking error [Lu et al., 2019] variable converges to zero and thus779

FSPDA-SA is stable at a global stationary solution (see more discussion around the definition of780

v in (30)). Notice that at each iteration, FSPDA-SA only communicates the local parameters xt781

once, while the gradient tracking algorithm [Lu et al., 2019] communicates twice for the gradient782

tracking vectors and the local parameters.783

• For sufficiently large T , the effect of noisy network only remains dominant in E
[
∥xT∥2K

]
=784

O(n2σ2
Aρmax/(Tρ

2
min)), keeping the rate in (19) unaffected. When comparing against synchronous785

DSGD [Lian et al., 2017], with bi(ξ) = 1 for all i ∈ [n], FSPDA-SA will converge faster in terms786

of stationarity during the post-transient stage due to the shorter iteration time under coordinate787

sparsification and random graph.788

• When b̄i ̸= b̄j , i.e., when the local update rates are non-uniform, the asynchronous gradient induces789

an error that will be reflected on the convergence error O(σ/
√
nT ) through σ. We remark that790

under a fully controlled environment, FSPDA-SA can accelerate through asynchronous gradient791

only when the iteration time speedup out-weights the induced variance error.792

C Proof of Theorem 3.5793

As our goal is to develop bounds for ∥∇F (x̄t)∥2, a natural idea is to consider the descent of the794

primal objective value F (x̄t). This yields:795
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Lemma C.1. Under Assumption 3.1 and 3.3, and the step size condition α ≤ 1
4L ,796

Et

[
F (x̄t+1)

]
≤ F (x̄t)− α

4

∥∥∇F (x̄t)
∥∥2 + 3αL2

4n
∥xt∥2K +

α2L

2n
σ̄2. (38)

See Appendix C.1 for the proof. It can be seen from the above lemma that if the consensus error797

satisfies ∥xt∥2K = o(1), then setting α = 1/
√
T suffices to yield798

(1/T )
∑T

t=1 E[∥∇F (x̄t)∥2] = O(1/
√
T ). (39)

That said, the evolution of ∥xt∥2K tends to be complicated as the latter co-evolves with the dual799

variable λt and the gradient. To simplify, we impose the following preliminary condition on the step800

sizes801

γ ≤ min

{
ρmin

ρ2max

,
ρmin

2σ2
Aρmax

}
, α ≤ 1, η ≤ 1. (40)

Lemma C.2. Under Assumptions 3.1, 3.2, 3.3, 3.4 and the step size condition (40). The consensus802

error follows the recursive inequality803

E
[
∥xt+1∥2K

]
≤

[
1− γ

2
ρmin + α(1 + 3L2)

]
E
[∥∥xt

∥∥2
K

]
+ 2η2E

[
∥vt∥2K

]
(41)

− 2ηE
[〈
xt

∣∣ vt
〉
K−γA⊤RA

]
+ α2nσ̄2. (42)

See Appendix C.2 for the proof.804

The above lemma shows an intricate structure for the consensus error as the latter also depends on805

the violation of (29), i.e., ∥vt∥2K, and the weighted inner product between xt,vt. Naturally, we can806

further control the above terms:807

Lemma C.3. Under Assumption 3.1, 3.3. Let α ≤ 1, then for any constant c > 0, the dual error808

satisfies809

E
[∥∥vt+1

∥∥2
Q+cK

]
≤ E

[∥∥vt
∥∥2
Q+cK

]
+ 2α(ρ−1

min + c)E
[∥∥vt

∥∥2
K

]
+ 2βE

[〈
vt

∣∣ xt
〉
K+cA⊤RA

]
+

(
2β2ρ̄2max +

10α3L4

η2

)(
ρ−1
min + c

)
E
[
∥xt∥2K

]
+

5α3

η2
L2

(
ρ−1
min + c

) {
σ̄2 + 2nE

[
∥∇F (x̄t)∥2

]}
(43)

See Appendix C.3 for the proof. Notice that we have considered the weighted norm ∥vt∥2Q+cK to810

induce a favorable inner product term for xt,vt below:811

Lemma C.4. Under Assumption 3.1, 3.3, and the step size condition (40), then812

E
[〈
xt+1

∣∣ vt+1
〉
K

]
≤ α− η

2
E
[
∥vt∥2K

]
+ E

[〈
xt

∣∣ vt
〉
K−γA⊤RA−ηβA⊤RA

]
+

{
βρmax +

α+ 3α2L2 + αγ2σ2
Aρmax + 20α3L4

2η
+

ηβ2ρ2max

2

}
E
[
∥xt∥2K

]
+

10α3L2 + α3n

2η
σ̄2 +

10α3L2n

η
E
[
∥∇F (x̄t)∥2

]
.

See Appendix C.4 for the proof.813

The above lemma shows that the recursion for the inner product ⟨xt | vt⟩K also depends on ∥xt∥2K,814

∥vt∥2K, etc., and can be similarly controlled. Our final step is to construct a potential function Ft815

whose recursive relation can guide us towards the convergence of FSPDA:816
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Theorem C.5. For some constants a, b, c, d > 0, we define the potential function

Ft = E
[
F (x̄t) + a∥xt∥2K + b∥vt∥2Q+cK + d

〈
xt

∣∣ vt
〉
K

]
. (44)

Then, by the following choice of hyperparameters

b = a · η
β
, c =

(ηβ + γ)d− 2ηγa

2βb
, d = δ1ηa, (45)

α ≤ α∞, η ≤ η∞, γ ≤ γ∞, β = 1, δ1 ≥ 8, (46)
where

γ∞ :=
ρmin

ρ2max

min

{
1,

ρmax

2σ2
A

}
, η∞ :=

ρ2min

64δ21 ρ̄
2
maxρ

2
max

γ∞, (47)

α∞ :=
γ∞ρmin

80δ1
√
n
min

{
a

L2
, η∞ρmin,

√
η∞ρmin

L2a

}
, (48)

it holds that Ft ≥ F (x̄t) ≥ f⋆ > −∞ for any t ≥ 0, and the potential function follows the
inequality

Ft+1 ≤ Ft −
α

8
E
[
∥∇F (x̄t)∥2

]
− aγρmin

8
E
[
∥xt∥2K

]
− aη2E

[
∥vt∥2K

]
+ Cσα

2σ̄2/n (49)

such that

Cσ ≤
L

2
+ an2 + anαL2

(
5

ηβρmin
+

5δ1γ

ηβ
+ 5δ1

)
+

aδ1n
2α

2
(50)

See Appendix C.5 for the proof.
817

By summing up (49) from t = 0 to t = T − 1 and rearranging terms, we obtain the bounds that lead818

to the theorem. □819

C.1 Proof of Lemma C.1820

By Assumption 3.1, it is straightforward to derive that821

Et

[
F (x̄t+1)

]
≤ F (x̄t)− α

n

〈
∇F (x̄t)

∣∣ 1⊤
⊗∇f(xt)

〉
+

α2L

2n2
Et

[∥∥1⊤
⊗∇f(xt; ξt)

∥∥2] (51)

where we have used the shorthand notation 1⊤
⊗ := 1⊤ ⊗ I. The second term of (51) can be bounded822

as823
α

n

〈
∇F (x̄t)

∣∣ 1⊤
⊗∇f(xt)

〉
≥ α

2

∥∥∇F (x̄t)
∥∥2 − αL2

2n

∥∥xt
∥∥2
K

(52)

The third term of (51) can be bounded as824

Et

[∥∥1⊤
⊗∇f(xt; ξt)

∥∥2] = Et

[∥∥1⊤
⊗
(
∇f(xt; ξt)−∇f(xt)

)∥∥2]+ ∥∥1⊤
⊗∇f(xt)

∥∥2
Notice that due to the independence of gradient noise, we have825

Et

[∥∥1⊤
⊗ (∇f(xt; ξt)−∇f(xt))

∥∥2] ≤ nσ̄2. Furthermore,826 ∥∥1⊤
⊗∇f(xt)

∥∥2 ≤ 2nL2∥xt∥2K + 2n2∥∇F (x̄t)∥2. (53)

Substituting the above into (51) and setting the step size α ≤ 1/(4L) concludes the proof of the827

lemma. □828

C.2 Proof of Lemma C.2829

Let 1⊗ := 1⊗ I and L := A⊤RA, we introduce the following quantities to facilitate the analysis:830

ets := α
(
∇f(xt)−∇f(xt; ξt)

)
+ γ

(
L−A(ξt)⊤A

)
xt

etg := α
(
∇f(1⊗x̄

t)−∇f(xt)
)
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We can simplify the primal update as831

xt+1 = (I− γL)xt − ηA⊤λt − α∇f(1⊗x̄
t) + ets + etg

= (I− γL)xt − ηvt + ets + etg (54)

By (54), the consensus error can be measured by832

E
[
∥xt+1∥2K

]
= E

[∥∥(I− γL)xt − ηvt + ets + etg
∥∥2
K

]
(i)
= E

[∥∥(I− γL)xt − ηvt + etg
∥∥2
K

]
+ E

[
∥ets∥2K

]
= E

[∥∥(I− γL)xt
∥∥2
K

]
+ E

[
∥ηvt − etg∥2K

]
− 2E

[〈
(I− γL)xt

∣∣ ηvt − etg
〉
K

]
+ E

[
∥ets∥2K

]
(55)

where (i) uses the independence of random variables E[ets|xt,λt] = 0. Let γ ≤ ρmin/ρ
2
max, by833

Assumption 3.2, the first term of (55) can be bounded by834

E
[∥∥(I− γL)xt

∥∥2
K

]
≤

(
1− γρmin

)
E
[
∥xt∥2K

]
. (56)

The second term of (55) can be bounded by835

E
[
∥ηvt − etg∥2K

]
≤ 2η2E

[
∥vt∥2K

]
+ 2E

[
∥etg∥2K

]
, (57)

and the third term of (55) can be bounded by836

− 2E
[〈
(I− γL)xt

∣∣ ηvt − etg
〉
K

]
≤ −2ηE

[〈
xt

∣∣ vt
〉
(I−γL)K

]
+ αE

[∥∥(I− γL)xt
∥∥2
K

]
+

1

α
E
[
∥etg∥2K

] (58)

Gathering the above inequalities, we obtain the following recursion on the consensus error:837

E
[
∥xt+1∥2K

]
≤ E

[
(1 + α)(1− γρmin)

∥∥xt
∥∥2
K
+ 2η2∥vt∥2K

]
+ E

[
∥ets∥2K + (2 +

1

α
)∥etg∥2K − 2η

〈
xt

∣∣ vt
〉
K−γL

]
.

Now we tackle the error term ∥ets∥2, by the independence between ξa and ξ1, ..., ξn, it yields838

E
[
∥ets∥2K

]
≤ α2

∑n
i=1 σ

2
i + γ2σ2

AρmaxE
[
∥xt∥2K

]
, (59)

where we have applied Assumptions 3.2, 3.3, 3.4 to obtain the above property. Moreover,839

E
[
∥etg∥2K

]
≤ α2L2E

[
∥xt∥2K

]
. (60)

To simplify expression, we assume α ≤ 1. Combining the upper bounds of E
[
∥ets∥2K

]
and E

[
∥etg∥2K

]
840

gives us841

E
[
∥xt+1∥2K

]
≤

[
(1 + α)(1− γρmin) + γ2σ2

Aρmax + 3αL2
]
E
[∥∥xt

∥∥2
K

]
+ 2η2E

[
∥vt∥2K

]
− 2ηE

[〈
xt

∣∣ vt
〉
K−γL

]
+ α2

n∑
i=1

σ2
i

Using the step size condition (40) to simplify the first term completes the proof. □842

C.3 Proof of Lemma C.3843

Let 1⊗ := 1⊗ I and L := A⊤RA, we observe that vt+1 is updated through the recursion:844

vt+1 = A⊤λt+1 +
α

η
∇f(1⊗x̄

t+1) (61)

= vt + βA⊤A(ξt)xt +
α

η
∇f(1⊗x̄

t+1)− α

η
∇f(1⊗x̄

t)︸ ︷︷ ︸
=:∆vt
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Therefore,845

E
[∥∥vt+1

∥∥2
Q+cK

]
≤ E

[∥∥vt
∥∥2
Q+cK

]
+ 2E

[〈
vt

∣∣ ∆vt
〉
Q+cK

]
+ 2β2E

[
∥A⊤A(ξt)xt∥2Q+cK

]
+

2α2

η2
E
[∥∥∇f(1⊗x̄

t+1)−∇f(1⊗x̄
t)
∥∥2
Q+cK

]
(62)

The second term of (62) can be simplified as846

E
[〈
vt

∣∣ ∆vt
〉
Q+cK

]
≤ βE

[〈
vt

∣∣ xt
〉
K+cL

]
+ αE

[∥∥vt
∥∥2
Q+cK

]
+

α

4η2
E
[∥∥∇f(1⊗x̄

t+1)−∇f(1⊗x̄
t)
∥∥2
Q+cK

]
(63)

where we used E[(Q + cK)A⊤A(ξt)] = K + cL and note that E
[
∥vt∥2Q+cK

]
≤ (ρ−1

min +847

c)E
[
∥vt∥2K

]
due to Assumption 3.2. The third term of (62) can be simplified as848

E
[
∥A⊤A(ξt)xt∥2Q+cK

]
≤

(
ρ−1
min + c

)
E
[
∥A⊤A(ξt)xt∥2K

]
=

(
ρ−1
min + c

)
E
[
∥xt∥2A(ξt)⊤AA⊤A(ξt)

]
≤ ρ(AA⊤)ρ̄max

(
ρ−1
min + c

)
E
[
∥xt∥2K

]
= ρ̄2max

(
ρ−1
min + c

)
E
[
∥xt∥2K

]
.

The fourth term of (62) can be simplified using Lemma C.6 as849

E
[∥∥∇f(1⊗x̄

t+1)−∇f(1⊗x̄
t)
∥∥2
Q+cK

]
≤ 4α2nL2

(ρ−1
min + c)−1

{ 1

2n2

n∑
i=1

σ2
i + E

[
∥∇F (x̄t)∥2

]
+

L2

n
E
[
∥xt∥2K

] }
. (64)

Combining the above inequalities and using the condition α ≤ 1 to simplify constants yields the850

lemma. □851

C.4 Proof of Lemma C.4852

Let 1⊗ := 1⊗ I, L := A⊤RA, and denote:853

∆vt := βLxt +
α

η
(∇f(1⊗x̄

t+1)−∇f(1⊗x̄
t)),

then by the recursions in (54) and (61),854

E
[〈
xt+1

∣∣ vt+1
〉
K

]
= E

[〈
xt

∣∣ vt
〉
K−(γ+ηβ)L

]
+ E

[
∥xt∥2β(I−γL)L

]
− ηE

[
∥vt∥2K

]
+

α

η
E
[〈
xt

∣∣∇f(1⊗x̄
t+1)−∇f(1⊗x̄

t)
〉
(I−γL)K

]
− αE

[〈
vt

∣∣ ∇f(1⊗x̄
t+1)−∇f(1⊗x̄

t)
〉
K

]
+ E

[〈
etg

∣∣ vt +∆vt
〉
K

]
+

α

η
E
[〈
ets

∣∣ ∇f(1⊗x̄
t+1)−∇f(1⊗x̄

t)
〉
K

]
,

(65)
where we have used the fact E[es|xt] = 0. We first note that E

[
∥xt∥2β(I−γL)L

]
≤ β(ρmax −855

γρ2min)E
[
∥xt∥2K

]
. By the Young’s inequality, we get856

E
[〈
xt

∣∣ ∇f(1⊗x̄
t+1)−∇f(1⊗x̄

t)
〉
(I−γL)K

]
≤ 1

2
(1− γρmin)E

[
∥xt∥2K

]
+

1

2
E
[
∥∇f(1⊗x̄

t+1)−∇f(1⊗x̄
t)∥2

]
.

(66)

Moreover,857

E
[〈
vt

∣∣ ∇f(1⊗x̄
t+1)−∇f(1⊗x̄

t)
〉
K

]
≤ 1

2
E
[
∥vt∥2K

]
+

1

2
E
[
∥∇f(1⊗x̄

t+1)−∇f(1⊗x̄
t)∥2

]
.
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Next, it is derived in (60) that E
[
∥etg∥2K

]
≤ α2L2E

[
∥xt∥2K

]
. Thus,858

E
[〈
etg

∣∣ vt +∆vt
〉
K

]
≤ 1

2
(
3

η
)E

[
∥etg∥2K

]
+

1

2
(
η

3
)E

[
∥vt +∆vt∥2K

]
≤ 3

2η
E
[
∥etg∥2K

]
+

η

2
E
[
∥vt∥2K

]
+

ηβ2

2
E
[
∥Lxt∥2K

]
+

η

2
· α

2

η2
E
[
∥∇f(1⊗x̄

t+1)−∇f(1⊗x̄
t)∥2K

]
≤

(
3α2L2

2η
+

ηβ2ρ2max

2

)
E
[
∥xt∥2K

]
+

η

2
E
[
∥vt∥2K

]
+

η

2
· α

2

η2
E
[
∥∇f(1⊗x̄

t+1)−∇f(1⊗x̄
t)∥2K

]
.

(67)
Similarly, it is derived in (59) that E

[
∥ets∥2K

]
≤ α2

∑n
i=1 σ

2
i + γ2σ2

AρmaxE
[
∥xt∥2K

]
. Thus,859

E
[〈
ets

∣∣ ∇f(1⊗x̄
t+1)−∇f(1⊗x̄

t)
〉
K

]
≤ 1

2
E
[
∥ets∥2K

]
+

1

2
E
[
∥∇f(1⊗x̄

t+1)−∇f(1⊗x̄
t)∥2K

]
≤ α2

2

n∑
i=1

σ2
i +

γ2σ2
Aρmax

2
E
[
∥xt∥2K

]
+

1

2
E
[
∥∇f(1⊗x̄

t+1)−∇f(1⊗x̄
t)∥2K

]
.

(68)

Therefore, using the condition η ≤ 1 and simplifying terms yield860

E
[〈
xt+1

∣∣ vt+1
〉
K

]
≤ E

[〈
xt

∣∣ vt
〉
K−(γ+ηβ)L

]
+

α− η

2
E
[
∥vt∥2K

]
+

α3

2η

n∑
i=1

σ2
i

+

{
βρmax +

α

2η
+

3α2L2

2η
+

ηβ2ρ2max

2
+

αγ2σ2
Aρmax

2η

}
E
[
∥xt∥2K

]
+ (

2α

η
+

α2

2η
)E

[
∥∇f(1⊗x̄

t+1)−∇f(1⊗x̄
t)∥2

]
.

(69)
The proof is concluded by applying Lemma C.6 to bound the last term. □861

C.5 Proof of Lemma C.5862

By combining the results of Lemma C.1, C.2, C.3, C.4, we obtain863

Ft+1 ≤ Ft − C∇FE
[
∥∇F (x̄t)∥2

]
+ Cσα

2σ̄2/n+ E
[
Cx∥xt∥2K + Cv∥vt∥2K +

〈
xt

∣∣ vt
〉
Cxv

]
(70)

where864

C∇F :=
α

4
− b

10α3L2n

η2
(ρ−1

min + c)− d
10α3L2n

η
(71)

Cσ :=
L

2
+ an2 + b

5nαL2

η2
(ρ−1

min + c) + d

(
5nαL2

η
+

αn2

2η

)
(72)

Cx :=
3αL2

4n
+ a

(
−γ

2
ρmin + α(1 + 3L2)

)
+ b

(
2β2ρ̄2max +

10α3L4

η2

)(
ρ−1
min + c

)
+ d

(
βρmax +

α

2η
+

3α2L2

2η
+

αγ2σ2
Aρmax

2η

)
+ d

(
10α3L4

η
+

ηβ2ρ2max

2

)
(73)

Cv := a(2η2) + b(2α(ρ−1
min + c)) + d

α− η

2
(74)

Cxv := (2γηa+ 2βbc− d(γ + ηβ))A⊤RA+ (−2ηa+ 2βb)K. (75)
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The equality Cxv = 0 is ensured by the parameter choices in (45). We then observe that for any865

δ0 > 0, it holds866

Ft ≥ F (x̄t) +

(
a− d

2δ0

)
∥xt∥2K + ∥vt∥2

bQ+(bc− dδ0
2 )K

≥ 1

n

n∑
i=1

fi(x̄
t) + ∥vt∥2

(bρ−1
max+bc− d2

4a )K
,

where the second inequality is achieved by setting δ = d
2a and using Assumption 3.4. Together with867

bρ−1
max + bc− d2

4a
= (

ηa

βρmax
− d2

4a
) + (

γd

2β
− ηγa

β
) +

ηd

2
≥ 0

which is due to the step size choices868

d = δ1ηa, δ1 ≥ 8, ηβ ≤ 4

δ21ρmax
. (76)

We obtain that Ft ≥ F (x̄t) > −∞. Second, to upper bound Cv, under the additional condition869

ηβ ≤ γ, and provided that870 
2αη

βρmin
≤ η2

3 ⇔ α ≤ ηβρmin

6
2δ1αηγ

β ≤ η2

3 ⇔ α ≤ ηβ
6δ1γ

δ1αη
2 ≤ η2

3 ⇔ α ≤ 2η
3δ1

(77)

We obtain that871

Cv ≤ aη

(
2η +

2α

βρmin
+

2δ1αγ

β
+

δ1α

2
− δ1η

2

)
≤ −aη2.

Third, to upper bound Cx, under the conditions α ≤ 1
2L2 , ηβ ≤ γ, ηβ ≤ ρ−1

max, γ ≤ σ−1
A ρ

−1/2
max , we872

have873

Cx ≤
3αL2

4n
+
(
− γ

2
ρmin + α(1 + 3L2 + 4δ1)

+ (2ηβρ̄2max +
5α

2ηβ
)(ρ−1

min + δ1γ) +
3

2
δ1ηβρmax

)
a

With the step size conditions:874 

α(1 + 3L2 + 4δ1) ≤ γ
16ρmin ⇔ α ≤ γ

16(1+3L2+4δ1)
ρmin

2ηβρ̄2maxρ
−1
min ≤

γ
32ρmin ⇔ ηβ ≤ γ

64 ·
ρ2
min

ρ̄2
max

2δ1γηβρ̄
2
maxρ

−1
min ≤

γ
32ρmin ⇔ ηβ ≤ 1

64δ1
· ρ

2
min

ρ̄2
max

5α
2ηβρmin

≤ γ
32ρmin ⇔ α ≤ γηβ

80 ρ2min
5δ1γα
2ηβ ≤

γ
32ρmin ⇔ α ≤ ηβ

80δ1
ρmin

3
2δ1ηβρmax ≤ γ

16ρmin ⇔ ηβ ≤ γ
24δ1
· ρmin

ρmax

(78)

and α ≤ aγnρmin

6L2 , it is guaranteed that875

Cx ≤ 3αL2/(4n)− aγρmin/4 ≤ −aγρmin/8. (79)
Fourth, to lower bound C∇F , under the condition ηβ ≤ γ and the step size conditions876 

a 10α3L2n
ηβρmin

≤ α
24 ⇔ α ≤

√
ηβρmin

240L2na

a 10δ1α
3γL2n

ηβ ≤ α
24 ⇔ α ≤

√
ηβ

240δ1γL2na

a · 10δ1α3L2n ≤ α
24 ⇔ α ≤

√
1

240δ1L2na

(80)

we have877

C∇F ≥
α

4
− a

(
10α3L2n

ηβρmin
+

5α3L2n

η2β
(2δ1γη) + 10δ1α

3L2n

)
≥ α

8
.

Finally, the condition ηβ ≤ γ guarantees:878

Cσ ≤
L

2
+ an2 + anαL2

(
5

ηβρmin
+

5δ1γ

ηβ
+ 5δ1

)
+

aδ1n
2α

2
. (81)

This shows the desired properties regarding Cx,C∇F ,Cσ,Cv. Gathering the step size conditions,879

i.e., (76), (77), (78), (80) and simplifying yields (46). □880
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C.6 Proof of Corollary 3.7881

The proof can be seen as a direct extension of (49) with Assumption 3.6. For instance, from (49) we882

get883

Ft+1 − f⋆ ≤ Ft − f⋆ −
α

8
E
[
∥∇F (x̄t)∥2

]
+ Cσα

2σ̄2 − aγρmin

8
E
[
∥xt∥2K

]
− aη2E

[
∥vt∥2K

]
= (1− δ)(Ft − f⋆) + δ(E

[
F (x̄t)

]
− f⋆)−

α

8
E
[
∥∇F (x̄t)∥2

]
+ Cσα

2σ̄2

+ (δa− aγρmin

8
)E

[
∥xt∥2K

]
+ δbE

[
∥vt∥2Q

]
+ (δbc− aη2)E

[
∥vt∥2K

]
+ δdE

[〈
xt

∣∣ vt
〉
K

]
,

(82)
for any δ > 0. Applying Assumption 3.6, Q ⪯ ρ−1

minK and ⟨xt | vt⟩K ≤
1
2∥x

t∥2K + 1
2∥v

t∥2K gives884

us885

Ft+1 − f⋆ ≤ (1− δ)(Ft − f⋆) + (
δ

2µ
− α

8
)E

[
∥∇F (x̄t)∥2

]
+ Cσα

2σ̄2

+

[
δ(a+

d

2
)− aγρmin

8

]
E
[
∥xt∥2K

]
+

[
δ(

b

ρmin
+ bc+

d

2
)− aη2

]
E
[
∥vt∥2K

]
.

(83)
Then choosing δ > 0 such that δ ≤ min{αµ/4, γρmin/16, ηβ/(3ρmin), η/12} enforces the886

coefficients of excessive terms to be non-positive, thus give rise to (20). □887

888

C.7 Auxiliary Lemma889

Lemma C.6. Under Assumption 3.1 and 3.3,890

E
[∥∥∇f(1⊗x̄

t+1)−∇f(1⊗x̄
t)
∥∥2] ≤ 4α2nL2

{
1

2n2

n∑
i=1

σ2
i + E

[
∥∇F (x̄t)∥2

]
+

L2

n
∥xt∥2K

}
,

where we have denoted 1⊗ := 1⊗ I.891

Proof of Lemma C.6. By the Lipschitz gradient assumption on each local objective function fi,892

E
[∥∥∇f(1⊗x̄

t+1)−∇f(1⊗x̄
t)
∥∥2] ≤ nL2E

[
∥x̄t+1 − x̄t∥2

]
=

α2L2

n
E
[∥∥1⊤

⊗∇f(xt; ξt)
∥∥2] .

The latter can be further expanded as893

α2L2

n
E
[∥∥1⊤

⊗∇f(xt; ξt)− 1⊤
⊗∇f(xt) + 1⊤

⊗∇f(xt)
∥∥2]

≤ 2α2L2

n

{
n∑

i=1

σ2
i + E

[∥∥1⊤
⊗∇f(xt)

∥∥2]} .

Lastly, we note that894

E
[∥∥1⊤

⊗∇f(xt)
∥∥2]

≤ 2n2E
[
∥∇F (x̄t)∥2

]
+ 2n

n∑
i=1

E
[∥∥∇fi(xt

i)−∇fi(x̄t)
∥∥2]

≤ 2n2E
[
∥∇F (x̄t)∥2

]
+ 2nL2E

[
∥xt∥2K

]
.

This completes the proof. □895

896

D Proof of Theorem 3.9897

The proof structure of Theorem 3.9 is similar to that of Theorem 3.5. Below we summarize the898

Lemmas that control the error quantities governing the convergence of FSPDA-STORM.899
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Notations. We introduce following shorthand notations to indicate the additional error factors.900

∇xL(x,λ; ξ) := ∇f(x; ξ) +
η

α
A⊤λ+

γ

α
A⊤A(ξ)x (84)

∇xL(x,λ) := ∇f(x) +
η

α
A⊤λ+

γ

α
A⊤RAx (85)

mt
x :=

1

n
1⊤
⊗m

t
x (86)

We recall that FSPDA-STORM can be described by the following system:901

xt+1 = xt − αmt
x (87)

λt+1 = λt + βmt
λ (88)

mt+1
x = ∇xL(xt+1,λt+1; ξt+1) + (1− ax)(m

t
x −∇xL(xt,λt; ξt+1)) (89)

mt+1
λ = A(ξt+1)xt+1 + (1− aλ)(m

t
λ −A(ξt+1)xt) (90)

Lemma D.1. Under Assumption 3.1 and the step size condition α ≤ 1/(2L),902

Et

[
F (x̄t+1)

]
≤ F (x̄t)− α

4

∥∥mt
x

∥∥2 − α

2

∥∥∇F (x̄t)
∥∥2 + αL2

n
∥xt∥2K + α

∥∥∥∥mt
x −

1

n
1⊤
⊗∇f(xt)

∥∥∥∥2
(91)

See Appendix D.1 for the proof.903

Notice that as 1⊤
⊗A = 0, the network average primal STORM estimator mt

x evolve as904

mt+1
x =

1

n
1⊤
⊗∇f(xt+1; ξt+1) + (1− ax)(m

t
x −

1

n
1⊤
⊗∇f(xt; ξt+1)), (92)

i.e., mt
x tracks the global objective function gradient (1/n)1⊤

⊗∇f(xt). Meanwhile, the local estimator905

mt
x tracks the Lagrangian gradient∇xL(x,λ) = E [∇xL(x,λ; ξ)].906

With Assumption 3.8, we are able to construct momentum estimation error bound where ax controls907

the variance noise as in Lemma D.2 and D.3.908

Lemma D.2. Under Assumption 3.1, 3.2, 3.3, 3.8 and the step size condition 0 < ax ≤ 1,909

E

[∥∥∥∥mt+1
x − 1

n
1⊤
⊗∇f(xt+1)

∥∥∥∥2
]
≤ (1− ax)

2E

[∥∥∥∥mt
x −

1

n
1⊤
⊗∇f(xt)

∥∥∥∥2
]

(93)

+
8(L2

s + L2)α2

n
E
[
∥mt

x −∇xL(xt,λt)∥2
]
+ 32(L2

s + L2)α2E
[
∥∇F (x̄t)∥2

]
(94)

+
32(L2

s + L2)η2

n
E
[
∥vt∥2K

]
+

32(L2
s + L2)(α2L2 + γ2ρ2max)

n
E
[
∥xt∥2K

]
+ 2a2xσ̄

2

See Appendix D.2 for the proof.910

Lemma D.3. Under Assumption 3.1, 3.2, 3.3, 3.4, 3.8 and the step size conditions α ≤911 √
ax/(64(L2 + L2

s )), γ ≤
√
ax/(64(ρ2max + ρ̄2max)), 0 < ax ≤ 1, γ ≤ 1/(8

√
axσ

2
A),912

E
[∥∥mt+1

x −∇xL(xt+1,λt+1)
∥∥2] ≤ (1− ax

4
)E

[∥∥mt
x −∇xL(xt,λt)

∥∥2] (95)

+ 4a2xnσ̄
2 + 64α2nG · E

[
∥∇F (x̄t)∥2

]
+

(
16a2xη

2γ2σ2
A

α2
+ 64η2G

)
E
[
∥vt∥2K

]
(96)

+

(
20a2xγ

2σ2
A

α2
+ 64(α2L2 + γ2ρ2max)G

)
E
[
∥xt∥2K

]
(97)

where G := L2
s + L2 + (γ2/α2)ρ̄2max + (γ2/α2)ρ2max.913

See Appendix D.3 for the proof.914
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Lemma D.4. Under Assumption 3.1, 3.4 and the step size condition α ≤915

γρmin

√
1− γρmin/(

√
32L),916

E
[
∥xt+1∥2K

]
≤ (1− γρmin

8
)E

[
∥xt∥2K

]
+

η2

(1− γρmin)(1− γρmin/2)
E
[
∥vt∥2K

]
(98)

− 2η(1− γρmin/4)

(1− γρmin)

〈
xt

∣∣ vt
〉
K−γA⊤RA

+
2α2

γρmin
E
[
∥mt

x −∇xL(xt,λt)∥2
]

(99)

See Appendix D.4 for the proof.917

Lemma D.5. Under Assumption 3.1, 3.2 and the step size conditions α ≤ min{1/
√
12, 1/(2L)},918

ηβ ≤ 1/12, β ≤ 1,919

E
[〈
vt+1

∣∣ xt+1
〉
K

]
≤ E

[〈
vt

∣∣ xt
〉
K−(γ+ηβ)A⊤RA

]
− η

2
E
[
∥vt∥2K

]
(100)

+

(
3α2L2

η
+ 2βρ2max − γβρ2min +

5β

2
+

5α2

2η

)
E
[
∥xt∥2K

]
(101)

+

(
(
3

η
+

1

2
)α2 + 2α2β +

2α4

η

)
E
[
∥mt

x −∇xL(xt,λt)∥2
]

(102)

+
β

2
E
[
∥A⊤mt

λ −A⊤RAxt∥2
]
+

α2L2n

2η
E
[
∥mt

x∥2
]

(103)

See Appendix D.5 for the proof.920

Lemma D.6. Under Assumption 3.1, 3.4 and the step size conditions α ≤ η, β ≤ 1, for any constant921

b, c > 0,922

E
[
∥vt+1∥2bQ+cK

]
≤ (1 + β +

α

η
)E

[
∥vt∥2bQ+cK

]
+ 2βE

[〈
vt

∣∣ xt
〉
bK+cA⊤RA

]
(104)

+ 3β2ρ2max(bρ
−1
min + c)E

[
∥xt∥2K

]
+ 4β(bρ−1

min + c)E
[
∥A⊤mt

λ −A⊤RAxt∥2
]

(105)

+
4nα3L2

η
(bρ−1

min + c)E
[
∥mt

x∥2
]

(106)

See Appendix D.6 for the proof.923

Lemma D.7. Under Assumption 3.1, 3.2, 3.4 and the step size condition aλ ≤ σ−1
A ,924

E
[
∥A⊤mt+1

λ −A⊤RAxt+1∥2
]
≤ (1− aλ)

2E
[
∥A⊤mt

λ −A⊤RAxt∥2
]

(107)

+
(
10a2λσ

2
A + 32(ρ2max + ρ̄2max)(α

2L2 + γ2ρ2max)
)
E
[
∥xt∥2K

]
+ 16η2E

[
∥vt∥2K

]
(108)

+ 8α2(1 + ρ2max + ρ̄2max)E
[
∥mt

x −∇xL(xt,λt)∥2
]
+ 32α2n(ρ2max + ρ̄2max)E

[
∥∇F (x̄t)∥2

]
See Appendix D.7 for the proof.1925

With the above Lemmas, we are ready to construct a potential function Ft that balances the interaction926

between the error quantities:927

1Note that the proof can be easily extended to the case when aλ = 1, i.e., FSPDA-STORM without dual
momentum, by ignoring the result of Lemma D.7 and applying mt

λ = A⊤A(ξt)xt together with Assumption
3.4.
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Theorem D.8. For some constants a, b, c, d, e, f, g > 0, we define the potential function

Ft = E
[
F (x̄t) + a∥xt∥2K + ∥vt∥2bQ+cK + d

〈
xt

∣∣ vt
〉
K
+ e∥mt

x −
1

n
1⊤
⊗∇f(xt)∥2 (109)

+ f∥mt
x −∇xL(xt,λt)∥2 + g∥A⊤mt

λ −A⊤RAxt∥2
]

(110)

Then, by the following choice of hyperparameters

a = n−1, b = a · η(1− γρmin/4)

β(1− γρmin)
= O(n−1T 2/3), (111)

c =
d

2
· (γ

β
+ η)− a · ηγ

β
(1− γρmin/4)(1− γρmin)

−1 = O(T 2/3), (112)

d = O(T 1/3), e = O(a−1/2
x ) = O(σ̄2/3T 1/3), (113)

f =
a

γ
= O(n−1T 1/3), g = O(n−1T 1/3), (114)

α = O(σ̄−2/3T−1/3), η = O(n), (115)

γ = O(T−1/3), β = O(a
d
· γ) = O(n−1T−2/3), (116)

ax = O(σ̄−4/3T−2/3), aλ = O(T−1/3), (117)

the potential function follows the inequality

Ft+1 ≤ Ft −
α

4
E
[
∥∇F (x̄t)∥2

]
− α

8
E
[
∥mt

x∥2
]
+ (e · 2a2x + f · 4a2xn)σ̄2 (118)

− a · γρmin

8
E
[
∥xt∥2K

]
− d · η

4
E
[
∥vt∥2K

]
− e · ax

2
E
[
∥mt

x −
1

n
1⊤
⊗∇f(xt)∥2

]
(119)

− f · ax
8
E
[
∥mt

x −∇xL(xt,λt)∥2
]
− g · aλ

2
E
[
∥A⊤mt

λ −A⊤RAxt∥2
]

(120)

See Appendix D.8 for the proof.
928

Finally, summing up (120) from t = 0 to t = T − 1 give us the convergence bound for the network929

average iterate and consensus error as930

1

T

T−1∑
t=0

E
[
∥∇F (x̄t)∥2

]
≤ F0 − FT

Tα/4
+

(e · 2a2x + f · 4a2xn)σ̄2

α/4
= O

(
F0 − FT + σ̄2/3

T 2/3

)
(121)

1

T

T−1∑
t=0

E
[
∥xt∥2K

]
≤ F0 − FT

Taγρmin/8
+

(e · 2a2x + f · 4a2xn)σ̄2

aγρmin/8
= O

(
F0 − FT + σ̄2/3

n−1ρminT 2/3

)
(122)

for large enough T .931

D.1 Proof of Lemma D.1932

By Assumption 3.1,933

Et[F (x̄t+1)] (123)

= F (x̄t)− α
〈
∇F (x̄t)

∣∣mt
x

〉
+

α2L

2
∥mt

x∥2 (124)

= F (x̄t)−
(
α

2
+

α2L

2

)
∥mt

x∥2 −
α

2
∥∇F (x̄t)∥2 + α

2
∥mt

x −∇F (x̄t)∥2 (125)

(i)

≤ F (x̄t)− α

4
∥mt

x∥2 −
α

2
∥∇F (x̄t)∥2 + α

∥∥∥∥mt
x −

1

n
1⊤
⊗∇f(xt)

∥∥∥∥2 + α

∥∥∥∥ 1n1⊤
⊗∇f(xt)−∇F (x̄t)

∥∥∥∥2
where (i) uses the step size condition α ≤ 1/(2L), and applying Assumption 3.1 completes the934

proof.935

□936
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D.2 Proof of Lemma D.2937

By the network average momentum update in (92),938

E

[∥∥∥∥mt+1
x − 1

n
1⊤
⊗∇f(xt+1)

∥∥∥∥2
]

(126)

= E
[∥∥(1− ax)(m

t
x −

1

n
1⊤
⊗∇f(xt)) + ax

1

n
1⊤
⊗(∇f(xt+1; ξt+1)−∇f(xt+1)) (127)

+ (1− ax)
1

n
1⊤
⊗(∇f(xt)−∇f(xt; ξt+1)− (∇f(xt+1)−∇f(xt+1; ξt+1))

∥∥2] (128)

≤ (1− ax)
2E

[
∥mt

x −
1

n
1⊤
⊗∇f(xt)∥2

]
+ 2a2xE

[∥∥∥∥ 1n1⊤
⊗(∇f(xt+1; ξt+1)−∇f(xt+1))

∥∥∥∥2
]

+ 2(1− ax)
2E

[∥∥∥∥ 1n1⊤
⊗(∇f(xt)−∇f(xt+1))− (∇f(xt; ξt+1)−∇f(xt+1; ξt+1))

∥∥∥∥2
]

(129)

Now observe that939

2a2xE

[∥∥∥∥ 1n1⊤
⊗(∇f(xt+1; ξt+1)−∇f(xt+1))

∥∥∥∥2
]
≤ 2a2xσ̄

2, (130)

and940

2(1− ax)
2E

[∥∥∥∥ 1n1⊤
⊗(∇f(xt)−∇f(xt+1))− (∇f(xt; ξt+1)−∇f(xt+1; ξt+1))

∥∥∥∥2
]

(131)

≤ 4(1− ax)
2E

[∥∥∥∥ 1n1⊤
⊗(∇f(xt)−∇f(xt+1))

∥∥∥∥2
]

(132)

+ 4(1− ax)
2E

[∥∥∥∥ 1n1⊤
⊗(∇f(xt; ξt+1)−∇f(xt+1; ξt+1))

∥∥∥∥2
]

(133)

≤ 4(1− ax)
2

n
(L2 + L2

s )E
[
∥xt+1 − xt∥2

]
(134)

Finally, applying Lemma D.9 and utilizing the step size condition 0 < ax ≤ 1 to simplify the941

coefficients will complete the proof. □942

D.3 Proof of Lemma D.3943

E
[∥∥mt+1

x −∇xL(xt+1,λt+1)
∥∥2] (135)

= E
[
∥(1− ax)

(
mt

x −∇xL(xt,λt)
)
+ ax

(
∇xL(xt+1,λt+1; ξt+1)−∇xL(xt+1,λt+1)

)
(136)

+ (1− ax)
(
∇xL(xt,λt)−∇xL(xt,λt, ξt+1)

)
(137)

+ (1− ax)
(
∇xL(xt+1,λt+1; ξt+1)−∇xL(xt+1,λt+1)

)
∥2
]

(138)

≤ (1− ax)
2E

[
∥mt

x −∇xL(xt,λt)∥2
]

(139)

+ 2a2xE
[
∥∇xL(xt+1,λt+1; ξt+1)−∇xL(xt+1,λt+1)∥2

]
(140)

+ 2(1− ax)
2E

[
∥∇xL(xt+1,λt+1; ξt+1)−∇xL(xt,λt, ξt+1) (141)

− (∇xL(xt+1,λt+1)−∇xL(xt,λt))∥2
]

(142)
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Now observe that944

2a2xE
[
∥∇xL(xt+1,λt+1; ξt+1)−∇xL(xt+1,λt+1)∥2

]
(143)

= 2a2xE
[∥∥∥∇f(xt+1; ξt+1)−∇f(xt+1) +

γ

α
A⊤A(ξt+1)xt+1 − γ

α
A⊤RAxt+1

∥∥∥2] (144)

≤ 4a2xnσ̄
2 +

4a2xγ
2σ2

A

α2
E
[
∥xt+1∥2K

]
(145)

≤ 4a2xnσ̄
2 +

20a2xγ
2σ2

A

α2
E
[
∥xt∥2K

]
+

16a2xη
2γ2σ2

A

α2
E
[
∥vt∥2K

]
(146)

+ 16a2xγ
2σ2

AE
[
∥mt

x −∇xL(xt,λt)∥2
]

(147)

where the last inequality is expanded from the primal update rule xt+1 = (1− γA⊤RA)xt− ηvt−945

α(∇f(xt)−∇f(1⊗x̄
t))− α(mt

x −∇xL(xt,λt)) and the step size condition α ≤ 1/(2L). On the946

other hand,947

E
[
∥∇xL(xt+1,λt+1; ξt+1)−∇xL(xt,λt, ξt+1)− (∇xL(xt+1,λt+1)−∇xL(xt,λt))∥2

]
= E

[
∥∇f(xt+1; ξt+1)−∇f(xt; ξt+1)− (∇f(xt+1)−∇f(xt)) (148)

+
γ

α
(A⊤A(ξt+1)(xt+1 − xt)−A⊤RA(xt+1 − xt))∥2

]
(149)

≤ 4

(
L2
s + L2 +

γ2

α2
ρ̄2max +

γ2

α2
ρ2max

)
E
[
∥xt+1 − xt∥2

]
(150)

Finally, applying Lemma D.9 and utilizing the step size conditions α ≤
√
ax/(64(L2 + L2

s )),948

γ ≤
√
ax/(64(ρ2max + ρ̄2max)), 0 < ax ≤ 1, γ ≤ 1/(8

√
axσ

2
A) to simplify the coefficients will949

complete the proof. □950

D.4 Proof of Lemma D.4951

E
[
∥xt+1∥2K

]
= E

[
∥xt − αmt

x∥2K
]

(151)

= E
[
∥xt − α∇xL(xt,λt)− α(mt

x −∇xL(xt,λt))∥2K
]

(152)

≤ (1 + z1)E
[
∥xt − α∇f(xt)− ηA⊤λt − γA⊤RAxt∥2K

]
(153)

+ (1 + z−1
1 )α2E

[
∥mt

x −∇xL(xt,λt)∥2
]

for any z1 > 0, (154)
Now observe that952

E
[
∥xt − α∇f(xt)− ηA⊤λt − γA⊤RAxt∥2K

]
(155)

= E
[
∥(I− γA⊤RA)xt − ηvt − α(∇f(xt)−∇f(1⊗x̄

t))∥2K
]

(156)

≤ (1 + z2)E
[
∥(I− γA⊤RA)xt − ηvt∥2K

]
(157)

+ (1 + z−1
2 )α2E

[
∥∇f(xt)−∇f(1⊗x̄

t)∥2
]

for any z2 > 0, (158)

≤ (1 + z2)(1− γρmin)E
[
∥xt∥2K

]
+ (1 + z2)η

2E
[
∥vt∥2K

]
(159)

− 2(1 + z2)η
〈
xt

∣∣ vt
〉
K−γA⊤RA

+ (1 + z−1
2 )α2L2E

[
∥xt∥2K

]
(160)

Then, we choose z1 = γρmin/2
1−γρmin

so that (1 + z1)(1 − γρmin) = 1 − γρmin/2 and similarly z2 =953

γρmin/4
1−γρmin/2

so that (1 + z1)(1 + z2)(1− γρmin) = 1− γρmin/4. Finally, observing that954

(1 + z1)(1 + z−1
2 )α2L2 ≤ 4α2L2

γρmin(1− γρmin)
≤ γρmin

8
(161)

when imposing α ≤ γρmin

√
1− γρmin/(

√
32L) completes the proof. □955

D.5 Proof of Lemma D.5956

By the update rules, we have957

vt+1 = vt + βA⊤RAxt + βA⊤(mt
λ −RAxt) +

α

η
(∇f(1⊗x̄

t+1)−∇f(1⊗x̄
t)) (162)

xt+1 = (1− γA⊤RA)xt − ηvt − α(∇f(xt)−∇f(1⊗x̄
t))− α(mt

x −∇xL(xt,λt)) (163)
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Therefore, for any constants z1, z2 > 0,958

E
[〈
vt+1

∣∣ xt+1
〉
K

]
≤ E

[〈
vt

∣∣ xt
〉
K−(γ+ηβ)A⊤RA

]
+ (−1 + z1

2
+

z2
2
)η · E

[
∥vt∥2K

]
(164)

+

(
α2L2

2z1η
+ βρ2max +

β2

2
ρ2max +

α2L2

2
− γβρ2min +

β2

2
ρ2max

)
E
[
∥xt∥2K

]
(165)

+

(
α2

2z2η
+

α2

2

)
E
[
∥mt

x −∇xL(xt,λt)∥2
]
+

β

2
E
[
∥A⊤mt

λ −A⊤RAxt∥2K
]

(166)

+

(
β

2
+

α2

2η

)
E
[
∥xt+1∥2K

]
+

L2n

2η
E
[
∥x̄t+1 − x̄t∥2

]
(167)

Note that by (163), we have959

∥xt+1∥2K ≤ 4(1− γρmin)
2∥xt∥2K + 4η2∥vt∥2K + 4α2L2∥xt∥2K + 4α2∥mt

x −∇xL(xt,λt)∥2
(168)

Now choose z1 = z2 = 1/6, then applying ∥x̄t+1 − x̄t∥2 = α2∥mt
x∥2 and utilizing the step size960

conditions α ≤ min{1/
√
12, 1/(2L)}, ηβ ≤ 1/12, β ≤ 1 to simplify the coefficients will complete961

the proof. □962

D.6 Proof of Lemma D.6963

By the dual update rule, we have964

E
[
∥vt+1∥2bQ+cK

]
(169)

= E
[
∥vt + βA⊤RAxt + βA⊤(mt

λ −RAxt) +
α

η
(∇f(1⊗x̄

t+1)−∇f(1⊗x̄
t))∥2bQ+cK

]
≤ E

[
∥vt∥2bQ+cK

]
+ E

[
∥vt+1 − vt∥2bQ+cK

]
(170)

+ 2E

[〈
vt

∣∣∣∣ βA⊤RAxt + βA⊤(mt
λ −RAxt) +

α

η
(∇f(1⊗x̄

t+1)−∇f(1⊗x̄
t))

〉
bQ+cK

]
≤ (1 + β +

α

η
)E

[
∥vt∥2bQ+cK

]
+ 2βE

[〈
vt

∣∣ xt
〉
bK+cA⊤RA

]
(171)

+ (
α

η
+

3α2

η2
)E

[
∥∇f(1⊗x̄

t+1)−∇f(1⊗x̄
t)∥2bQ+cK

]
+ 3β2ρ2maxE

[
∥xt∥2bQ+cK

]
(172)

+ (β + 3β2)E
[
∥A⊤mt

λ −A⊤RAxt∥2bQ+cK

]
(173)

≤ (1 + β +
α

η
)E

[
∥vt∥2bQ+cK

]
+ 2βE

[〈
vt

∣∣ xt
〉
bK+cA⊤RA

]
(174)

+
4nαL2

η
(bρ−1

min + c)E
[
∥x̄t+1 − x̄t∥2

]
+ 3β2ρ2max(bρ

−1
min + c)E

[
∥xt∥2K

]
(175)

+ 4β(bρ−1
min + c)E

[
∥A⊤mt

λ −A⊤RAxt∥2
]

(176)

Then, applying ∥x̄t+1 − x̄t∥2 = α2∥mt
x∥2 and utilizing the step size conditions α ≤ η, β ≤ 1 to965

simplify the coefficients will complete the proof. □966

D.7 Proof of Lemma D.7967

E
[
∥A⊤mt+1

λ −A⊤RAxt+1∥2
]

(177)

= E
[
∥(1− aλ)(A

⊤mt
λ −A⊤RAxt) + aλ(A

⊤A(ξt+1)xt+1 −A⊤RAxt+1) (178)

+ (1− aλ)(A
⊤RAxt −A⊤A(ξt+1)xt − (A⊤RAxt+1 −A⊤A(ξt+1)xt+1))∥2

]
≤ (1− aλ)

2E
[
∥A⊤mt

λ −A⊤RAxt∥2
]
+ 2a2λE

[
∥A⊤A(ξt+1)xt+1 −A⊤RAxt+1∥2

]
(179)

+ 2(1− aλ)
2E

[
∥A⊤RA(xt − xt+1)−A⊤A(ξt+1)(xt − xt+1)∥2

]
(180)

≤ (1− aλ)
2E

[
∥A⊤mt

λ −A⊤RAxt∥2
]
+ 2a2λσ

2
AE

[
∥xt+1∥2K

]
(181)

+ 4(1− aλ)
2(ρ2max + ρ̄2max)E

[
∥xt+1 − xt∥2

]
(182)
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Now note that by the primal update rule xt+1 = (1−γA⊤RA)xt−ηvt−α(∇f(xt)−∇f(1⊗x̄
t))−968

α(mt
x −∇xL(xt,λt)), we have969

∥xt+1∥2K ≤ 4(1− γρmin)
2∥xt∥2K + 4η2∥vt∥2K + 4α2L2∥xt∥2K + 4α2∥mt

x −∇xL(xt,λt)∥2
(183)

Finally, applying Lemma D.9 and the step size condition aλ ≤ σ−1
A to simplify the coefficients will970

complete the proof. □971

D.8 Proof of Theorem D.8972

Combining the results of Lemma D.1, D.4, D.6, D.5, D.2, D.3, D.7, when the step sizes satisfy973

α ≤ min

{
1

2L
,

√
ax

64(L2 + L2
s )
,
γρmin

√
1− γρmin√
32L

,
1√
12

,
1

2L
, η

}
, (184)

γ ≤ min

{√
ax

64(ρ2max + ρ̄2max)
,

1

8
√
axσ2

A

}
, (185)

ηβ ≤ 1

12
, β ≤ 1, 0 < ax ≤ 1, aλ ≤

1

σA
, (186)

we obtain974

Ft+1 ≤ Ft + C∇FE
[
∥∇F (x̄t)∥2

]
+ Cσσ̄

2 + CxE
[
∥xt∥2K

]
+ CvE

[
∥vt∥2K

]
(187)

+
〈
xt

∣∣ vt
〉
Cxv

+ C∆mxE
[
∥mt

x −
1

n
1⊤
⊗∇f(xt)∥2

]
(188)

+ C∆mxE
[
∥mt

x −∇xL(xt,λt)∥2
]
+ C∆mλ

E
[
∥A⊤mt

λ −A⊤RAxt∥2
]

(189)

+ Cmx
E
[
∥mt

x∥2
]

(190)

where975

C∇F = −α

2
+ e · 32(L2

s + L2)α2 + f · 64α2nG+ g · 32α2n(ρ2max + ρ̄2max) (191)

≤ −α

4
when


α ≤ min

{
e−1 · 1

512(L2
s +L2) , g−1 · 1

512n(ρ2
max+ρ̄2

max)

}
f · 64α2nG ≤ α

24 ⇐

α ≤ f−1 · 1
1024n(L2

s +L2)

γ2 ≤ f−1 · α
1024n(ρ2

max+ρ̄2
max)

(192)

Cσ = e · 2a2x + f · 4a2xn (193)

Cx = −a · γρmin

8
+

αL2

n
+ 3β2ρ2max(bρ

−1
min + c) (194)

+ d ·
(
3α2L2

η
+ 2βρ2max − γβρ2min +

5β

2
+

5α2

2η

)
(195)

+ e · 32(L2
s + L2)(α2L2 + γ2ρ2max)/n (196)

+ f ·
(
20a2xγ

2σ2
A

α2
+ 64(α2L2 + γ2ρ2max)G

)
(197)

+ g ·
(
10a2λσ

2
A + 32(ρ2max + ρ̄2max)(α

2L2 + γ2ρ2max)
)

(198)
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≤ −a · γρmin

16
when


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8192L2(ρ̄2
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a
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8192ρ2
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2
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a
g
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8192ρ2
max(ρ̄

2
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max)

}
a2x ≤ a

f
· α2ρmin

5120γσ2
A

f · 64α2L2G ≤ a · γρmin

256 ⇐

α2 ≤ a
f
· γρmin

32768L2(L2
s +L2)

γ ≤ a
f
· ρmin

32768L2(ρ̄2
max+ρ2

max)

f · 64γ2ρ2maxG ≤ a · γρmin

256 ⇐
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f
· ρmin

32768ρ2
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2
s +L2)

γ3 ≤ a
f
· α2ρmin

32768ρ2
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2
max+ρ2

max)

a2λ ≤ a
g
· γρmin

2560σ2
A

(199)

Cv = −d · η
2
+ a · η2

(1− γρmin)(1− γρmin/2)
+ (β +

α

η
)(bρ−1

min + c) (200)

+ e · 32(L
2
s + L2)η2

n
+ f ·

(
16a2xη

2γ2σ2
A

α2
+ 64η2G

)
+ g · 16η2 (201)

≤ −d · η
4

when
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η ≤ d
a
· (28(1− γρmin)(1− γρmin/2))

−1
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d
b
· ηρmin

28 , d
c
· η
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}
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d
e
· n
896(L2
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d
g
· (1/448)

}
a2xηγ
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f
· α2
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A

f · 64η2G ≤ d · η
28 ⇐

η ≤ d
f
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f
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(202)

Cxv =

(
−a · 2η(1− γρmin/4)

1− γρmin
+ b · 2β

)
K (203)

+

(
a · 2ηγ(1− γρmin/4)

1− γρmin
+ c · 2β − d · (γ + ηβ)

)
A⊤RA (204)

= 0 when

b = η(1−γρmin/4)
β(1−γρmin)

a,

c = d(γ+ηβ)−a·2ηγ(1−γρmin/4)(1−γρmin)
−1

2β

(205)

C∆mx
= −e · ax + α (206)

≤ −e · ax
2

when α ≤ e · ax
2

(207)

C∆mx = −f · ax
4

+ a · 2α2

γρmin
+ d · (( 3

η
+

1

2
)α2 + 2α2β +

2α4

η
) (208)

+ e · 8(L
2
s + L2)α2

n
+ g · 8α2(1 + ρ2max + ρ̄2max) (209)
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≤ −f · ax
8
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
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· axγρmin

64 , f
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· axη
384 ,

f
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· ax

64
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d
· ax

256
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d
· axη
256
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f
e
· axn
256(L2

s +L2) ,
f
g
· ax

256(1+ρ2
max+ρ̄2
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C∆mλ
= −g · aλ + 4β(bρ−1

min + c) + d · β
2

(211)

≤ −g · aλ
2

when β ≤ min
{g

b
· aλρmin
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,

g
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24

,
g

d
· aλ
3
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(212)

Cmx = −α

4
+

4nα3L2

η
(bρ−1

min + c) + d · α
2L2n

2η
(213)

≤ −α

8
when

{
α2 ≤ min

{
b−1 · ηρmin

96nL2 , c−1 · η
96nL2

}
α ≤ d−1 η

12nL2

(214)

Notice that the hyperparameter choices in (111) - (117) will satisfy all of the above conditions,976

therefore completes the proof to (120). □977

D.9 Auxiliary Lemma978

Lemma D.9. Under Assumption 3.1, 3.2,979

∥xt+1 − xt∥2 ≤ 2α2∥mt
x −∇xL(xt,λt)∥2 + 8α2n∥∇F (x̄t)∥2 (215)

+ 8η2∥vt∥2K + (8α2L2 + 8γ2ρ2max)∥xt∥2K (216)

Proof of Lemma D.9.980

∥xt+1 − xt∥2 = α2∥mt
x∥2 ≤ 2α2∥mt

x −∇xL(xt,λt)∥2 + 2α2∥∇xL(xt,λt)∥2 (217)

Upon noting that ∥vt∥2K =
∥∥A⊤λt − (α/η)(n−111⊤ − In)⊗ Id∇f(1⊗x̄

t)
∥∥2, we expand981

∥∇xL(xt,λt)∥2 =
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η

α
A⊤λt +

γ

α
A⊤RAxt

∥∥∥2 (218)

=
∥∥∥1⊗∇F (x̄t) +

η

α
A⊤λt − (1⊗∇F (x̄t)−∇f(1⊗x̄

t))− (∇f(1⊗x̄
t)−∇f(xt)) +

γ

α
A⊤RAxt
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≤ 4∥1⊗∇F (x̄t)∥2 + 4η2

α2

∥∥∥∥A⊤λt − α

η
(1⊗∇F (x̄t)−∇f(1⊗x̄

t))

∥∥∥∥2 + 4∥∇f(1⊗x̄
t)−∇f(xt)∥2

+
4γ2ρ2max

α2
∥xt∥2K (219)

≤ 4n∥∇F (x̄t)∥2 + 4η2

α2
∥vt∥2K + (4L2 +

4γ2ρ2max

α2
)∥xt∥2K (220)

Combining the above inequalities completes the proof. □982

E Ablation Study983

In this section, we investigate how FSPDA behaves under different problem configurations, for984

instance, the different levels of data heterogeneity, random graph sparsity, graph topology, gradient985

noise and dual momentum. Unless specified explicitly, we assume the experiment adopts G as the986

fully connected (complete) graph topology.987

E.1 Data Heterogeneity988

To study the effect of heterogeneity of data distribution across agents, we experiment with two types989

of data splitting for MNIST: (i) the dataset is split into n = 10 disjoint sets according to the class990

labels, or (ii) the dataset is split into n evenly distributed disjoint sets by shuffling. Setup (i) creates a991

38



large discrepancy across local objective functions, i.e., a larger data heterogeneity. Figure 4 compares992

the performance of FSPDA and the benchmark algorithms under the above setup which demonstrates993

the robustness of FSPDA under heterogeneous data distribution. For instance, the performance of994

CHOCO-SGD and DSGD hugely degrades in the heterogeneous setup (i), while that of FSPDA-SA is995

only affected by a small margin and FSPDA-STORM is able to converge to the same low error in both996

setup (i) and (ii). We list the hyperparameters used in Figure 4 by Table 4 in Appendix F.997
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Figure 4: Feed-forward neural network classification training on MNIST with two levels of data
heterogeneity.

E.2 Random Graph Sparsity998

Next, we study the effects of random graph sparsity by the experiments shown in Figure 5. As the999

random graph sparsity decreases, the random graph variance σ2
A in Assumption 3.4 decreases which1000

will significantly improve the consensus error. We observe from the figure that despite the different1001

levels of consensus error, 4 out of 5 configurations eventually converge to the same stationarity. In1002

the extreme case of 0.01% sparsity with one-edge random graph, we see the dominance of sparsity1003

error which leads to a longer transient time as expected from Theorem 3.5. We conclude that for1004

a fixed number of iteration, a certain amount of communication sparsity can be tolerated in FSPDA1005

without degradation in optimization error. For Figure 5, we tuned FSPDA-SA to use the step sizes1006

α = 10−4, η = 10−6, γ = 0.5, β = 1 for all configurations.1007
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FSPDA-SA 0.01% coordinates 1 edge
FSPDA-SA 0.01% coordinates 10 edges
FSPDA-SA 0.01% coordinates 45 edges

FSPDA-SA 0.10% coordinates 1 edge
FSPDA-SA 1.00% coordinates 1 edge
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Figure 5: Feed-forward neural network classification training on shuffled MNIST. Random graph of
k edges in expectation (k ∈ {1, 10, 45}) is drawn from a complete topology per iteration.

E.3 Graph Topology1008

We then study the effects of network topology G in FSPDA-SA by drawing one-edge random graphs1009

from a complete graph, an ER graph with probability p = 0.5 and a ring graph in Figure 6. Note1010

that the communication cost per iteration is the same across different topologies due to the use of1011

one-edge random graph. The result indicates the transient effect of topology where it only slow down1012

the convergence of consensus error while converging to the same level of stationarity. For Figure 6,1013

we tuned FSPDA-SA to use the step sizes α = 10−4, η = 10−6, γ = 0.5, β = 1 for all configurations.1014
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Figure 6: Feed-forward neural network classification training on shuffled MNIST with different
graph topology G. Only one edge is activated per iteration, exchanging 1% coordinates of model
parameters.

E.4 Deterministic Gradient1015

For the case when the gradient estimate is exact, i.e., σ̄2 = 0, we compare the performance of1016

FSPDA-SA against deterministic gradient algorithm DIGing [Nedic et al., 2017] in Figure 7. Despite1017

FSPDA-SA only performs model parameter gossip while DIGing performs an extra step of gradient1018
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Figure 7: Feed-forward neural network classification training on class separated MNIST using exact
local gradient, i.e., σi = 0 ∀i. One-edge random graph is drawn from a complete topology per
iteration.
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Figure 8: Feed-forward neural network classification training on shuffled MNIST using 107 iterations.
One-edge random graph is drawn from a complete topology per iteration.

tracker gossip, FSPDA-SA shows comparative performance and reduced the communication cost by1019

half.1020

Also, in the absence of stochastic gradient noise, notice that the effect of parameter sparsification1021

immediately transfer to a slower optimization convergence. This is in line with our theorem by1022

observing the convergence rate in Theorem 3.5, where σ4
A remains dominant in the convergence1023

bound. We list the hyperparameters used in Figure 7 by Table 5 in Appendix F.1024

E.5 Dual Momentum1025

To investigate the benefits of dual momentum in FSPDA-STORM, we construct a case where both1026

the primal and dual stochastic gradients carry large variance error. In Figure 8, the local objective1027

function gradient is estimated by batch size 1, and one-edge random graphs with 0.01% coordinate1028

sparsification is adopted for communication. We can observe that applying dual momentum (aλ =1029

0.01) outperforms not applying dual momentum (aλ = 1) in terms of consensus error convergence.1030

We list the hyperparameters used in Figure 8 by Table 6 in Appendix F.1031
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F Experiment Hyperparameters1032

FSPDA α η γ β ax aλ
-SA (10% sparse coor.) 10−4 10−5 0.5 1 - -
-STORM (6.7% sparse coor.) 10−3 10−2 0.5 0.1 10−2 10−2

Opt. S.S. Local Steps ηs - - -
K-GT 10−4 150 1 - - -

Opt. S.S. Local Steps - - - -
LED 10−4 75 - - - -

Opt. S.S. τ p - - -
Decen-Scaffnew 10−4 130 0.013 - - -

Opt. S.S. Edge Prob. - - - -
DSGD 10−4 0.013 - - - -

Opt. S.S. Quant. Side Length - - - -
Swarm-SGD 5× 10−5 10−4 - - - -

Opt. S.S. Consensus S.S. Active Prob. - - -
CHOCO-SGD 10−4 10−3 0.03 - - -

Table 2: Hyperparameter values used in Figure 1.

FSPDA-SA maxt αt maxt ηt γ β

10% coordinates 0.1 5× 10−9 0.5 1
1% coordinates 0.1 10−9 0.5 1
0.1% coordinates 0.05 5× 10−10 0.5 1

CHOCO-SGD Max. Opt. S.S. Consensus S.S. Active Prob. -
10% coordinates 0.1 0.05 0.1 -
1% coordinates 0.1 0.005 0.1 -

Swarm-SGD Max. Opt. S.S. Quant. Side Length - -
8-bits quantization 10−3 3× 10−5 - -

Table 3: Hyperparameter values used in Figure 2.
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Figure 9: Illustration of step size cosine scheduling used in Figure 2 for FSPDA-SA with 10% sparse
coordinates.
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DSGD Opt. S.S. Edge Prob. - - - -
(i) hetero. 10−4 5× 10−4 - - - -
(ii) homo. 10−4 5× 10−4 - - - -

CHOCO-SGD Opt. S.S. Consensus S.S. Active Prob. - - -
(i) hetero. 10−4 10−3 0.1 - - -
(ii) homo. 10−4 10−3 0.1 - - -

Swarm-SGD Opt. S.S. Quant. Side Length - - - -
(i) hetero. 5× 10−5 10−4 - - - -
(ii) homo. 5× 10−5 10−4 - - - -

FSPDA-SA α η γ β - -
(i) hetero. 10−4 10−4 0.5 1 - -
(ii) homo. 10−4 10−5 0.5 1 - -

FSPDA-STORM α η γ β ax aλ
(i) hetero. 10−3 10−3 0.5 0.1 0.1 0.1
(ii) homo. 10−3 10−4 0.5 0.1 0.1 0.1

Table 4: Hyperparameter values used in Figure 4.

FSPDA-SA α η γ β

no sparse 10−3 5× 10−6 0.5 1
1% coordinates 10−4 5× 10−4 0.5 1

DIGing Opt. S.S. - - -
no sparse 10−3 - - -
Table 5: Hyperparameter values used in Figure 7.

α η γ β ax aλ
FSPDA-STORM 10−3 5× 10−6 0.5 1 10−3 1
FSPDA-STORM 10−3 5× 10−6 0.5 1 10−3 10−2

Table 6: Hyperparameter values used in Figure 8.

Time Peak Memory Machine

Figure 1 27 hours 339 MB Intel Xeon Gold 6148 CPU

Figure 2 38 hours (GPU) 112 GB
(CPU) 6650 MB 8× NVIDIA V100 GPU

Figure 4 197 hours 372 MB Intel Xeon Gold 6148 CPU
Figure 5 201 hours 360 MB Intel Xeon Gold 6148 CPU
Figure 6 72 hours 1146 MB Intel Xeon Gold 6148 CPU
Figure 7 354 hours 1066 MB Intel Xeon Gold 6148 CPU
Figure 8 46 hours 350 MB Intel Xeon Gold 6148 CPU

Table 7: Statistics of experiment compute time (per algorithm run) and compute instance.
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