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A Deriving Eq. 2.

We consider a L-layer (L > 2) ReLU activated plain DNN module f : R™ — R™ with input
x € RP. Let W € R™*"e-1 and b € R™ be the weights and offset vectors of layer ¢, for
¢={1,..,L} and ng = p. Let f°(x) = x. For £ € {1,..., L}, we define recursively the pre- and
post-activation output of every layer as

g'(x) = W (x) + b,

ff(x) = ReLU(¢" (x)),
where ReLU activation function is denoted by ReLU(¢) = max(0, t).

The first L — 1 layers of the ReLU-activated DNN module has Z e=_1 ng activation functions, and

thus have 22°¢1' 7 possible activation states. Let A € {1, —I}Zetl1 "¢ be an activation state (1/ — 1
means activate/inactive) of all but the last layer’s ReLU in the DNN module, and A¢ € {—1,1} be the

activation state of the i*” ReLU activation function in the I*"* layer of the DNN module. Conditioned
on {A', ..., A*~1}, g%(x) can be rewritten as a linear function.

QK(X)|{A17...,A@—1}
W x + by

= Wilx + bl (=1, (1)
w® @)

€ Rmexno, biﬁl a1y € R™, ¥4 95 a ng X Ny matrix with
A = 1(i = jand A¢ = 1).

To generate the activation state A, x should meet all inequalities A¢g!(x X)|gar,...,ae-1y > 0 for
ve € {1,2,..,L — 1} and Vi € {1,2,...,n,}, where gf(x)|{A1_ At-1y 18 the it" result of
gZ(X)‘{Al,_“’AZ—l}. It results in a polyhedron A 4:

Ap = e(1, -1} Nie,ney 12 € RP|Ag) (2)] (a1, ae-1) > 0} 2)

Let the set of polyhedron be Sa = {A 4|4 € {1, fl}ZlL;ll "¢} . 'We have

WéLl)x + b(L) x € Ay,
g (%) = . " 3)
WA\S ‘ +bA|sA\’ XGA‘SM‘

Then the *" activation function’s output in the last layer of the DNN can be expressed as

ReLU(gF(x)) = 3 1(x € A)ReLUW ) x + %)

AESA
=Y 1xea W x+ b0 >0 W x+0) + Y 1xe A W x+0l) <0)-0
AESA AESA
=Y 1xe AW x+ 08 > 0)dist(x, Hai0)||W)]
AESA
+ Z (x € A, WXLBX—H) . < 0)dist(x,Ha ;1) - 0,
AESA

' element of g% (x)’s output, Wg‘i) is the " row of W, ) is the it

element of b(A ), and dist(x, Ha ;1) is the distance from x to W(L)x + b(L) =0. Let A1 ={x¢€

A, W(L)x + b(L) > 0} and Ay = {x € A, W(L)X + b(L) < 0}. Eq. 2 in the main text can be
obtained by rewrltlng D Acsa 8 Do

where gF(x) is the i
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B The hyperplane set generated by the oblique tree is a superset of that
created by the ReLLU-activated plain DNN

An oblique tree is a binary tree where each node splits the space by a hyperplane rather than by
thresholding a single feature. The tree starts with the root of the full input space S, and by recursively
splitting S, the tree grows deeper. For a D-depth (D > 3) binary tree, there are 2°~! — 1 internal
nodes and 2P~ leaf nodes. As shown in Fig. 3, each internal and leaf node maintains a sub-space
representing a polyhedron A in S, and each layer of the tree corresponds to a partition of the input
space into polyhedrons. Denote the polyhedron defined in node n by A,,, and the left and right
child nodes of n by n;, and nr. We perform soft partition to split each A,, into A,,, and A,,,, with
an overlapping buffer. Let the splitting hyperplane be {x € RP : W,,x + b, = 0}. Then the two
sub-spaces A,,, and A,,,, are defined as follows:

Ay ={x € An| Wyx+b, > ~Uy},
Apn, ={xeA,| —Wy,x—b, >-U,},

where U,, indicates the width of the overlapping buffer.

“

According to the Appendix A} a ReLU-activated plain DNN g’ (x) can be rewritten as a piece-wise
linear function dividing the input space into a set of polyhedrons Sa. In this section, we are going
to prove that for any Sa generated by the ReLU-activated plain DNN, there exists an oblique tree
dividing the input space into the same polyhedron set.

Proof: Statement: For any Sa generated by the ReLU-activated plain DNN, there exists an oblique
tree dividing the input space into the same polyhedron set.

Base Case: Let A* = {1, —1}" be the activation state (1/ — 1 means activate/ inactive) of the (‘"
layer of the DNN. To generate the activation state A! , the input of the ReLU-activated plain DNN x
belongs to the polyhedron

Apary = Nieqt,...nu}{2 € RP|Aj g{ (z)|5 > 0},

where g} (x)| is defined in Eq. We can build an oblique tree T to generate Ay41y. In
particular, the depth of the oblique tree is n; + 1. Let Ny be the oblique tree’s node set with depth
d(d € {1,2,...,n1}). For each node n € Ny, we have W,, = W}, b, = b}, and U,, = 0 (see
definitions in Eq. E]) According to Eq. 6 in the main text, for each T’s leaf node 7 , the oblique tree
generates polyhedrons following

An = [mn/efph {Z € Rp|Wn/Z + bn’ > 0}] n [mn/epg {Z S RPK—Wn/)Z + (_bn/) > 0}} .

For any possible A', we can find a leaf node n from Ny, 11 with A, = A{ At}- Then for each leaf
node n, we can also find a activation state with A{ Ay = A,,. Therefore, we have {A (A1} |A[ €
{1, -1} ¢ € {1}} = {A,|n is T"'’s leaf node}.

Inductive Step: To generate activation states {A!, ..., Ae_l} (¢ > 1), according to Eq. [2} the input
of the DNN model belongs to

Agar, a1y = Noeqii-1) Nie(1my} 12 € RPIAL gF (2) (01 a1y > O},

If there exists a (Zﬁf :11 ne + 1)-depth oblique tree T~ ! splitting the input space into a set of polyhe-
drons with {A (a1 ae-1y|AY € {1, -1} 0 € {1,2,...,0 — 1}} = {A,|nis T*~V’s leaf node},
by adding nodes to T°"!, we could build a (Zé,zl ng + 1)-depth oblique tree T with
{A{A17_“7Az}|A[ e {1,—1}" ¢ € {1,2,...,0}} = {A,|nis T"s leaf node}. In the following
part, we exhibit the pipeline to build 7.

For each 7°~ s leaf node n with A, = A {A1,...,At-1}, We build an oblique sub-tree rooted at n to
generate

A{Al,m’AZ} = A{A17..‘7A2—1} N [mie{l,...,ne} {Z S Rp|Afgf(Z)|{A17m’Ae71} > 0}]
In particular, the depth of the oblique sub-tree is ny + 1 . Let Ny be the oblique sub-tree’s node set

with depth d. For each node n € N, we have W,, = W*) b, = b\

(AL a1y On = Ppan qeeay g0 and
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U, = 0. After adding sub-trees to each of 7“~!’s leaf nodes to form T, for any activation state
{A', ..., A*}, we can find a leaf node n € ./\/Zz it 41 from Tt with A, = Apar,.. a0y
=1 7

Conclusion: According to the base case and the inductive step, for any ReLU-activated plain DNN’s
Sa ={Apar, ar-13|A € {1,-1}" ¢ € {1,2,...,L — 1}}, we can build an oblique tree 7X~*
with Sp = {A,|n is T~ 1’s leaf nodes}. O

C Proof of Theorem 1

If all value functions V' belong to a function set that is closed under linear transformations, then the
function learned by PAM fp 4/ can be equivalently written as

fram(x) =V (x,0q) + ZnESZ an(x)V (x,65) (&)

where the polyhedron set S, contains half of the polyhedrons (e.g., the right child nodes or the left
child nodes) in Sa and

an(x) = [[;epr max(min(W;x+b;+U;, 2U;), 0) [ [;cp, max(min(—Wix—b;+U;, 2U;),0). (6)

Proof: Suppose that both V' (x, f) and V (x, 6,,) in Eq. [|belong to the function set V. Then we
have

Wx+b;, +U; 2U; —W,x—b; +U; 2U;

= max(min , ,0 max(min , ,0
D A AT U Rt S 17 T TTAT
x [V, 0,) TT 1wall TT 1wl

i€Pl i€Py

Since V is a function set closed under linear transformation, there exists a value function V' (x, 6!,) =
[V (%, 00) [Ticpt Wil TLiepr ||Wil[] with V(x,6),) € V. Therefore, removing the 2-norm of W;
will not decrease the expression capability of attention.

To prove that Sa can be replaced with S, with Sa = UdD=2{An|n € Ny}, we rewrite the output of
PAM (Eq. 4 in the main text) to

Fram(x) = V(x:06) + g0 X e, tn(X)V(x;6,,).

Then we start from depth D to 2 and show that M;\ value functions can be removed in each depth d.
First, let P,, and S,, be the parent and sibling nodes of n. We have

Z an(x)V(x;0,) + Z an (x)V (x;0,)

neNp neNp_1
= Z 1(n is the left child node)a,, (x)V (x; 6,,) + Z 1(n is the right child node)a, (x)V (x; 6,,)
neNp neNp
+ Y a(®)V(x;0,)
nE./\/D71
= ) I(nis the left child node)a, (x)(V (x; 0,) — V(x;0s,))
neNp
+ Z an(x)(2ULV (%50, ,) + V(x;04))
neNp_1
(N
Since V' belongs to V, a function set closed under linear transformation, we have
V(x;0,) =V(x;0,) — V(x;0s,), n e Np,
V(x;0/) =20,V (x;0py) + Va(x;6,), n€Np_q.
Therefore, WTD‘ attention scores and value functions can be removed in depth D. By replacing value
functions from depth D to 2 following Eq. [/} the number of value functions is halved in each depth of
the tree. It means that Sa can be replaced by S, . ]
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D Proof of Theorem 2

For any input x, by calculating ¢z(x) for each Z C {1,2,...,p} via Algorithm 1, we have
ZIQ{LQ,‘..,p} ¢z(x) = fpam(x).

Proof: We first shows that fp 4, can be written explicitly out as g(x) according to which polyhe-
dron(s) x belongs to.

As shown in Eq. [§] max and min operators in PAM’s attentions can be rewritten as the ReLU-activated
function

max(z,0) = ReLU(z) and min(z,2U;) = —ReLU(—z + 2U;) + 2U;,, (8)

the calculation of each PAM’s attention score contains 2 ReLU activation functions. Suppose that
the fpanr has n, ReLU activation functions in total, which results in 2™« possible activation states.
Let A = {A41,..., 4, } € {1,—1}"= be an activation state (1/ — 1 means activate/inactive) of
fran(x), and A be the set containing all possible activation states. Let ReLU (h;(x)) be the it
ReLU activation function in fp 47 (x). We have

fran®) = 3 [T HAR) > 0)]ga(x). ©

AcA i=1

where g4(x) is a polynomial function differentiable everywhere under the activation state A. In
particular, if we have an activation state A, we can obtain g4 (x) by replacing the ReLU activations
in fpan(x) with either h;(x) or 0 depending on whether the corresponding pre-activation value
h;(x) is non-negative or negative, respectively. For the sake of simplicity, we simplify g4 (x) as g(x).
Given the definition of our attention in Eq. 9 in the main text, the highest polynomial order is D — 1
in the attention, together with the affine value function, the highest polynomial order of ¢g(x) is D.
Since we have assumed fp 45, has only one output at the beginning of section 4 in the main text,
g(x) : RP — Risa D + 1 times continuously differentiable function at every point a € R?, and
g(x)’s (D + 1)-order partial derivatives always equals zero, the D order Taylor polynomial of g(x)
at the point a is

Dm
g(x) = | Xlz #(x— a)™ = | Z WipX™, (10)
m|<D m|<D

where m = {mq,ma,...,mp} with m; € Z*, |m| = my + ... + mp, m! = myl..m,!, x™ =

my mp m, __ almlg
ayteap s DM = oo
7 C{1,2,...,p} be a set of x’s feature indices. The interaction effects among x’s elements indexed
by 7 are defined by

and wy, € R is the weight for the interaction term x™. Let

or(x) = Z ]l(H m; > 0 and Z m; = 0)wmx|"...x)"",

lm|<D i€T i€{1,2,....p}/T an
¢@(X) :g<0) = wmhm\:Oa

where ¢4 (x) is the constant effects. Obviously, we have

S 6r(x) = g(x).

IC{1.2,....p}



122 The indicator function in Eq. [11|can be removed by rewriting ¢7(x) as

or(x)= Y L(]]mi > 0wm(0F 0x)™

Im|<D €T
= > wn(0Fox)™ = > L][[mi=0)wm(0 T 0x)™
lm|<D lm|<D €T
= Z wm (07T O x)™ — Z [ Z ]l(H m; > 0 and Z mizo)]wm(()*z@x)m
|m|<D lm|<D I'CT eI’ i€{1,2,....p}/T"'
- w0 T 0x)™ = > N L[] mi > 0um(0 T 00 Tox)™
|m|<D lm|<DZI'CT €T’
- wm(0F0x)™ = > ST U] mi > wm(07F ©x)™
|m|<D lm|<DZI'CT €T’
= 0_I @X) — Z ¢I/(X).
T'CcT

(12)
123 where 07 is a d-length zero vector with ones indexced by Z, ® is the Hadamard product operator.
124 Since we have ¢4 (x) = ¢(0), we can calcualte any ¢z(x) by recursively calculating ¢z (x) for
125 every Z’s subset Z'. O

126 E  Proof of Theorem 3

127 If x is bounded and sampled from a distribution with upper-bounded probability density function,
128 then for any ReLU activated plain DNN model fpnp(x), there exists a PAM with

P?"(prM (X) = fDNN(X)) — 1.

129 Proof: For any oblique tree’s internal node n in the PAM, we set V(x; 6,,) = 0. Then by setting
130 V(x,0g) = 0, with the set of Ts leaf node N, we have

fram(x)
=2 nren e (X)V (%5 0n)
= Zn’END HiePl , max(min(W;x + b; + U;, 2U;),0) HiePr, max(min(—W;x — b; + U;, 2U;), 0)V (x;0,/)

:ZHIEND [HiEP’, ]].(WZX + bz + Ul Z QUZ) H'LEPT, ]].(—WZ'X — bz + Uz 2 2UZ) [Hz’e’Pl,U’PT, QU'J‘/(X7 Gn/)
+(1 — HiePl, ]l(sz +b;,+U; > 2Ul> HiGP", ]l(—WiX —b;+U; > 2Ui))an/ (X)V(X; Hn/)]

(13)
131 Given x, if there exists a 1”s leaf node n’ with
[T 1Wix+ i+ U > 205) T 1(-Wix — b +U; > 2U;) =1,
ieP!, i€P’,
132 we have
[T 1Wix+b; >0) J] 1(-Wix—b; > 0) =1, (14)
icP!, (S

133 Therefore, conditioned on the event
E = {Eln’ c ND, HiEPl, ]]_(sz +b, +U; > ZUZ) HiepT/ ]].(7WZ‘X -b;,+U; > 2U7) = 1}7
134 we have

fram(x)|e
:Zn'END HiE'Pl, ]].(WZX + bi Z O) HiEPT, ]].(—WiX - bZ Z O)[HieP?,uP", 2U1]V(X, 0”/).
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If we set W;, b; following the pipeline in Appendix [B] we have Np = Sa (see definition in Eq. [3)).
Then for each A € Sa, by setting

| H 2U; |V (x;0n) = Wax + ba,
ieP! UPT

we have
fram(®)|e = g"(x).
To bound the probability of Pr(fpan (x) = fHNN(X)). we need to bound

Pr(fpam(x) = fonn(x))
:PT‘(Hn/ c ND, HiGPZ, ]l(W,LX +b;,+U; > 2Ul) HiEPT, ]l(—WiX —b;+U; > 2Uz) = 1)

=Y Pr(J] 1Wix+b>0;) [ 1(-Wix—b; >U;) = 1).
n’€Np ieP!, i€Pr,
(15)
According to Eq. Pr(fpam(x) = fpnn(x)) increases as U; decreases. When U; = 0, it’s
easy to get Pr(fpan(x) = fpyn(x)) = 1. Therefore, with U; — 0, we have Pr(fpan(x) =
fDNN(X)) — 1.

O

F Proof of Theorem 4

Before providing the proof of Theorem 4, we establish Lemma [I] as its foundation.

Lemma 1 Under Assumption I in the main text, for any p, n > 0, € € (0,1), and z € [0,1]PT"~1,
if we have a function Q(z) = z122...2p+n—1, d function could be built on the basis of Q(z) which
can 1) approximates any function from I, , with an error bound € in the sense of L with at
most Nop™(N + 1)P parameters, where N is the number of trainable parameter in Q, and

N = [(g25)~*].

Proof: By replacing Ep. 18’s nested Q with Q(z) in Theorem 1 in [, we could get the conclusion.
O

Theorem 4 Foranyp, n > 0and e € (0,1), we have a PAM which can 1) approximates any function
from F,, ,, with an error bound € in the sense of L with at most 2p™ (N + 1)P (p +n — 1) parameters,

where N = [(52-£)~w].

2ppn 2

Proof: To prove Theorem 4, we first show that there exists a PAM fpaas(z) outputting
21%2...2N,,,_, - In particular, we construct a (p + n)-depth oblique tree T". For any 7"s internal node
i, we set U; = Ug as an extremely large hyper-parameter. For any depth d € {1,2,...,p+n — 1},
all nodes with depth d share the same hyperplane with b; = 0 and

1,j=d
WZ J— b i b
7 {OJ # d,
forj € {1,2,...,p+ n — 1}, which means that each depth has 2 parameters, and the oblique tree has

2(p +n — 1) parameters.

According to the Assumption 1 in the main text, x is bounded, which means that with Ux > 1, for
any leaf node [, we have

an,(z) = H min max((zq, + Ue,0),2Uc) H min max(—zq, + Uc,0),2U¢)

neP] 1Py
=[] 2 +Uc [ —2a + Ve,
1P} 1eP]
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where d,, is the depth of node n. Then for any oblique tree’s node n, V (z; 6,,) is fixed following

0, n is the internal node,

V(z;0n) = {(_1)”’2

“sern=1, N is the leaf node,

we have
fPam(z) = z122...2N, -

With Q(z) = fpam(z) = z122...2Nn,,,,_,» We get the conclusion following the Lemma

G Implementation Detail

Input x

B [ BN + Dropout ]

( pX400 FC )

Level 1 — [ ReLU + BN + Dropout ]
eve - o \

(—_ _pams ] N rlAtter‘Ltion ) ]

V(x;0,) = W,x+ b,
v W, € RP*L b, €R

L AVG ]

- 7 i '
[ RelLU + BN + Dropout ] Vb(x'eg?g)‘m_oﬁn
mn
! 4

( 400%400 FC ]

.
I

[ ReLU + BN + Dropout ]
z

(—_ _pams ) A
T
I A

Level 2 —

1S|<

—J

@S
X

Figure 1: The structure of PAM-Net with 2 levels. BN: Batch Norm Layer; AVG: average; SUM:
summation; Dropout: Dropout layer; Mul: matrix multiplication.

As shown in Fig. El, we combine PAMs in a successive manner similar to cascade forest [2, 13} 4], and
name the resultant network as the PAM-Net. In the PAM-Net, each PAM at a higher level calculates
interactions among the outputs from its preceding level. Each level of PAM-Net maintains a forest,
i.e., a set of PAMs of the same depth D, and outputs the average of these PAM outputs.

We follow the principle of Yan et al’s work [5]] to discuss the complexity of PAMs shown in Fig. [T} In
Fig. |1, we consider two kinds of value functions, i.e., V (z;6,,) = W,x + b,, W,, € RP*! b, € R.
Since a PAM with a D-depth oblique tree has 2P~ value functions (1 global value function following
Eq. 3 in the main text and 2P~ — 1 value functions for polyhedrons following Remark 1 in the
main text), and the dimension of PAM’s input is p according to Eq. 4 in the main text, the memory
complexity of these two kinds of value functions is O(2Pp). In addition to the value function, a
D-depth oblique tree has 2°~1 — 1 hyperplanes with ©O(2°~1p) trainable parameters. Therefore, the
total memory complexity of PAM is O(2Pp). As for the time complexity, PAM need to 1) calculate
the attention score following Eq. 9 in the main text, 2) generate the corresponding values via value
functions mentioned above, and 3) output fp 45, by multiplying the attention with values following
Eq. 8 in the main text. As shown in Table the TIME complexity of PAM is O(2°~1(2p + D)).

For the classification task (Criteo and Avazu dataset), we compress the high dimensional inputs into
numerical vectors of a fixed length following the protocol of BARS [6]]. For each one-hot encoded or
continuous feature, denoted by 7", a numerical vector with a fixed length of 10 can be obtained by

W27 where W, € R10x127*"[ 5 a trainable embedding matrix. Therefore, for Criteo and Avazu
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Table 1: The computation complexity of PAMs in Fig.

H Value Function Step 1 Step 2 Step 3 H
Woz+b,  O2P~(p+D)) O@2P~'p) 02"
bn 02"~ '(p+ D)) - 02 'p)

datasets, the input of PAMs in the first level of PAM-Net has 390 and 210 elements, respectively.
While for the regression task (UK Biobank dataset), we directly use the raw data as the input of the
first level, which contains 139 elements.

In PAM-Net, we set the number of levels to 2. A grid search is performed over different configurations
of tree depth, i.e. D = {4,5,6, 7,8}, where the numbers of PAM trees in each level are set to 96,
48, 24, 12, and 6 for the Criteo and Avazu datasets, and 24, 12, 6, 3, and 1 for the UK Biobank
dataset, respectively. We conduct grid searches on the dropout rate over {0, 0.1, 0.2} and the initial
value of U; over {1, 1.5,2,2.5,3}. Note that BN and dropout layers were also used in all baseline
algorithms and the dropout rate was well-tuned. The Adam optimizer is employed to minimize
the loss function using a learning rate of 0.001 with a mini-batch size of 4,096 (Criteo and Avazu
datasets) or 1,024 (UK Biobank dataset). To avoid overfitting, we perform early-stopping according
to the AUC calculated on the validation set. All algorithms are implemented in PyTorch and tested
on servers equipped with Intel Xeon Gold 6150 2.7GHz CPU, 192GB RAM, and an NVIDIA Tesla
V100 GPU.

References

[1] Feng-Lei Fan, Hang-Cheng Dong, Zhongming Wu, Lecheng Ruan, Tieyong Zeng, Yiming
Cui, and Jing-Xiao Liao. One neuron saved is one neuron earned: On parametric efficiency of
quadratic networks. arXiv preprint arXiv:2303.06316, 2023.

[2] Neeraj Dhungel, Gustavo Carneiro, and Andrew P Bradley. Automated mass detection in
mammograms using cascaded deep learning and random forests. In 2015 international conference
on digital image computing: techniques and applications (DICTA), pages 1-8. IEEE, 2015.

[3] Gaoxiang Chen, Qun Li, Fugian Shi, Islem Rekik, and Zhifang Pan. Rfdcr: Automated brain
lesion segmentation using cascaded random forests with dense conditional random fields. Neu-
rolmage, 211:116620, 2020.

[4] Xiongfei Tian, Ling Shen, Zhenwu Wang, Ligian Zhou, and Lihong Peng. A novel Incrna—protein
interaction prediction method based on deep forest with cascade forest structure. Scientific
Reports, 11(1):1-15, 2021.

[5] Bencheng Yan, Pengjie Wang, Kai Zhang, Feng Li, Hongbo Deng, Jian Xu, and Bo Zheng. Apg:
Adaptive parameter generation network for click-through rate prediction. Advances in Neural
Information Processing Systems, 35:24740-24752, 2022.

[6] Jieming Zhu, Quanyu Dai, Liangcai Su, Rong Ma, Jinyang Liu, Guohao Cai, Xi Xiao, and Rui
Zhang. Bars: Towards open benchmarking for recommender systems. In Proceedings of the 45th
International ACM SIGIR Conference on Research and Development in Information Retrieval,
SIGIR °22, page 2912-2923, New York, NY, USA, 2022. Association for Computing Machinery.



	Deriving Eq. 2.
	The hyperplane set generated by the oblique tree is a superset of that created by the ReLU-activated plain DNN
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Theorem 3
	Proof of Theorem 4
	Implementation Detail

