A Additional Experimental Results

Table 3: Experimental results (%) on BTAD. We compare the performance between SAC-BL
algorithm and SAC-SBL based on the same trained SAC network. 1 indicates larger values are better
and vice versa.

Image-level Pixel-level
Category ~ Method  1pR+ FEpPR| Fl-scoret TPRT FPR| Fl-score T
SAC-BL 100.0 18.37 81.35 93.41 42.90 92.17
0l SAC-SBL 1000 1533 8400  93.13 3887 9576
SAC-BL 100.0 68.50 30.46 99.80 91.73 91.86
02 SACSBL 1000 6200 3725 9978 8540  97.32
SAC-BL 99.00 14.63 98.75 99.70 78.95 96.68
03 SAC-SBL  99.00 14.63 98.75 99.70  76.68 99.77
SAC-BL 99.67 33.83 70.19 97.63 71.19 93.57
Average  GAC-SBL  99.67  30.65 73.33 97.54  66.98 97.61
B Prrofs
B.1 Proof of Theorem [3.2]
Proof. For the observations Th TQ, ‘e ,Tn, denote
. 1 - A 1 ~
o(t) = - D ULz hi) = - D UT =),
i€Ho 1€H1
where ng = |Ho| =n —n'~% and n; = |H;| = n'~. Then, the empirical survival function can be
expressed as
- no ~ ny ~ ~
(1) = "2 () + (1) = (1= m)o(t) + nia (1), ©
where n = L.
Let T(i) be the i-th order statistic of Tl, Tg, cee T,, from the largest to the smallest. Hence, we have

U(T(;)) = L. It follows that
o1 - A
{p?i) =< na} = {‘I”(Tu)) S 504‘1’(T(¢))}
= {T(z) > gt ((505\11(1:'(1)))’Y7 )},

where U~1(.) is the inverse function of ¥(-). According to the definition of kzr, we have T(i) >
y-1 ((6&\1’(T<Z)>)V71) if i < kpr, and T(l) <yl ((504\1/(1;(1)))"/71) ifi > kpr.

Note that W(-) is constant between two observations. Hence, there exists C € (Trports Thps)
such that

¢, = min {t t> et ((604@(16))771)} = min {t t=0"t (((Sa\i/(t))fl)} (10)

In terms of notation (,,, the FPR of SAC-BL algorithm can be represented as

RENHL 1 5 o0kBr
[Hl 7”121 Pay = =@

1€H1
1 ~ 1 ~ :
== > 1(Ti<G)=1-— > 1(Ti=G) =1 ().
ny . ny .
1€H1 i€H1

The above analysis shows that we just need to prove that 0, (Cn) converges to 1 in probability. For
this purpose, the following theorem is required.

ICn depends on the observations T1, Tg, BRI
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Theorem B.1 (Eicker (1979)). Let X1, Xs,--- , X, be independent and identically distributed

random variables with the continuous survival function U (-). Denote by \il() the empirical survival
function. Then, as n — oo, we have

isup ( —1
N O 10)

where v,, = 1/%.

By Theorem [B-I] we obtain
By (1) = W(t) + Op(n, VE(B)(1 — ¥ (1))
Wy (t) = Wt~ p1) + Op(vn, VU( — ) (1 = W (t — )

Then, the empirical function \if( t) in Eq. Q) can be represented as

() = (L =n)W(t) + ¥t — p) + Qn(t),

where
Qu(t) = Op (1 = Mvng VEDT = (@0)) + Oy (00, VI = (1= Tt = 1))

Particularly, we conclude

‘ill(cn) = U(Cn — 1) +0p(1),
since vy, converges to 0 and /¥ (¢, — p)(1 — W((, — ) is bounded. Therefore, the rest is to
show U((,, — p) converges to 1 in probability, equivalently, (,, — u — —oo in probability. Next, we
focus on proving that for ¢ > 0,

P, —p<—e)—1
as n — o0.

Recall that > (3, take a number v € (3, r) such that yv > (3, and define p,, = (7 logn)/", then
pn — o — 00. Denote two events:

A= {pn —p< _5}7 B= {Cn < pn}~
Obviously, we have P(A) = 1 and ANB C {(, — 4 < —e¢}. The above arguments indicate
P(B) < P((, — u < —¢), thus, it suffices to prove that P({,, < p,,) converges to 1. Since ¥(-) € F,
we have 1

Y(pn) = nrto(1)”
Note that p,, — u — —00, so ¥(p,, — u) — 1. It follows that
(L =m)¥(pn) +7¥(pn —p) ~ 5

where n = n% Similarly, the simple analysis can derive that

Op (110 /¥ (pn = W)L = Wlpn — 1)) = 0p(—5)

Op (1= 1)vng VI () (1= W(p) ) = 0p(
U(pn) = 2 + op(+). Note that

since Ky, = o(n/,—l/z,). The above arguments indicate that
(y)v —p > 0and

1 1
op(75) 7
_ p B B P
1 - 1 ’ 1 > 1
B+op(1z) nf nPrerGla)
we conclude that
1 %
\Ilv(pn) _ povtop(M pPtont [5)
= - 1 ’ 1
\I/(pn) nngop(%) nB +0P(n5)
-1
1 Btop(13)  p

= . n - H 07
71’—[3"‘017(1)"‘0@(”%) nl—ﬁ, +Op(niﬁ)

n
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namely, for any € > 0, we have

P<W§s>—>1. (11)
U (py,)
Denote
sz{tt>w*(@mm»fj}:{nwW)g&@@ﬁ
By (T,

2!
P <‘“f’) < 5a> Y
W (pn)
and P(p, € S) =P <\Iﬂ(pn)\i!(pn) < 5a\il(pn)) — 1,. According to the definition of ¢, in (I0),
if p, € S, we have ¢, < p,,. It follows that
1> P(Cn < pn) 2 Plpn €S) = 1,

Therefore, we have
which completes the proof of Theorem 3.2} O

B.2 Proof of Theorem 3.3

Proof. According to Theorem [3.2] we know

RENH . .
g — 0 in probability
||
as n — oo. Note that ‘R;?fl{l‘ < 1 almost surely, Then, by bounded convergence theorem, we have

lim E <7”Hl|> — 0.

n— oo |H1|

Iflim, oo E (%) = 0, by Markov’s inequality, for any € > 0,

c E [R°NH 1|
P(R N Hq| >5)< ( [H1] ) 0.
Ha £

Hence, ‘RIC;:T” converges 0 in probability. The above arguments demonstrate that
[RENHy| p
— 0
M
if and only if
i |RE N H,| )
lim E( ——————— ) =0.

B.3 Prrof of Theorem 4.3

Proof. According to the Definition[4.1] for any p;, we have

{Yuiy(pi) < ey} & {A < g;(;) } :

K2

It is easy to verify that

{&e <&} o {g <l
where j € [n] and i € B := {k(1),x(2),...,k(n)}. Define G; := {j € [n] : k(j) < i} where
i € B. According to the definition of x(¢), we have |G;| = ¢ where i € Band G; C G, fori < j
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where 4, j € B. For any j € [n] satisfying p; < p(;), we have that x(j) < i. Then, for any i ¢ B, we

have that
{7 €] Tuyy(p)) = &i}| <
It follows that the number of hypotheses rejected by the SAC-BL algorithm in Definition 1] belongs
to B,ie., iz, € B. Define
B;=min{j € B:j >1i}.

It follows that

{ispr = i} & {ispL = Bi}.
Based on the above analysis, we have the following relationship:

{i <@g} & { T (py) < Eupfors € Gi}

= {A< g;jgj)forjégi}

J

o {A < i } (12)
PG
According to the Definition[d.2] we have
1 A i
Loomt dac Sl (13)
P — oai PG

Combining Eq. (T2) and Eq. (T3], we conclude that the SBL algorithm in Definition 1] is equivalent
to the one in Definition O

B.4 Proof of Theorem 4.4

{PZ'I(pZ<&)<M}@{‘:.1<i>”_) >@}
n D; p; — ai ai

{§i “1(A& < Ap] < &) 5ai} & {

Proof. Note that

and

IN

(
For simplicity, define él = -+ and
Ti(x):6'1<62§~i>+€~i'1<~i>62 ~¢A>-
Then we conclude that

{tuo < 2} o { o= -}

In other words, the null Hypothesis H;, is rejected by the SBL algorithm if and only if Tn(i) (p;) >

n
.
QZBL

According to the double expectation theorem, we have
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It follows that

E (Tm)(m)) =E (57 : 1((; > ~H(i))> +E (;7 ' 1(% < &m))

b; b; i i

“=(31)

Recall that the definition of p-value in[2.1] for any ¢ € (0, 1), we have P(p; < ¢) < c. Denote by
A the random variable uniformly distributed on (0,1). If ¢ > 1, then P(p; < ¢) = P(A < ¢) = 1.
Otherwise, if 0 < ¢ < 1, we get P(p; < ¢) < ¢ = P(A < ¢). Therefore, we conclude that

P(pi <¢) <P(A<0). (14)

P(p?”) <P<pi<(i)1/"/)
SP(AS(i)l/w):P(/{:>C).

Note that for any non-negative random variable Y, its expectation satisfies

E(Y) = /0 i) dy = /0 TRy > ) d.

Then, it follows that

15)

Then we obtain

The above analysis indicates that

E (Tn(z‘) (Pz)) <1
According to the SAC-BL algorithm, a null hypothesis H; is rejected by the SAC-BL algorithm if the
corresponding p-value p; satisfies

= n
Ty (pi) > = -
' 'spr &
Note that
- - VY < TepLO
1 (Tﬁ(w(pi) > ) 1 (n(”(p»- S5 1) < T () - B82S
iSpL O n n

Then, the FDR of SAC-SBL algorithm satisfies

fi(t) pz = i n T« )
FDRsac—spL = ZE ( "
SBL
< ZE T SBLa
n: ZSBL
a n
= n ]E H(’L) (pz))
(6%
<—-n=«
n

Now, we aim to demonstrate that if a null hypothesis H; is rejected by the SAC-BL algorithm, then
H,; must be rejected by the SAC-SBL algorithm. Suppose H; is rejected by the SAC-BL algorithm,
then, we have

§> n
2

-k
Q-1pr
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and ¢; < i}, . By the definition of ¢; and (i), we have
dailyy < daki(7) < dar()
nplie v T NPy ]
(i5L) (r(1)) i

Recall the definition of 7%, we have

Therefore, we conclude

If j > i%;, then

So, we have k(i) < i . It follows that

) N [
pl — an(i) T aipg
Further, we have
< n
T,
k(%) (pz) = CYZ'}%L

In other words, H; is rejected by the SAC-SBL algorithm. The above analysis show that Rgac—pr, C
Rsac—spr almost surely, i.e.,

P(Rsac-Br C Rsac-spr) = 1.

If there exists a p-value p; which satisfies P (p;y < W%) > 0, then

> n
P (Tn(i)(pi) > ) > 0.

'BL

It follows that
P(|Rsac-Br| < |Rsac-ssL|) > 0.

B.5 Proof of Theorem 4.3

Proof. According the the definition of FPR, we have

FP _|RCUH1‘
FP+TN  |Hi

FPR =

Therefore, larger R means smaller FPR. Based on the conclusions in Theorem@ the results in
Theorem are obvious. O

C Limitation

Limitation. Our results in Theorems [3.2]and [3.3]are based on the generalized Gaussian-like distribu-
tion family. In the future work, we will discuss the potential extensions of our finding in Theorems
[3.2]and [3.3]to more general distribution.

25



	Introduction
	Background
	Asymptotic FPR of SAC-BL algorithm
	Decreasing the FPR of SAC-BL algorithm
	Experiment
	Experimental Settings
	Experimental Results

	Conclusion
	Additional Experimental Results
	Prrofs
	Proof of Theorem 3.2
	Proof of Theorem 3.3
	Prrof of Theorem 4.3
	Proof of Theorem 4.4
	Proof of Theorem 4.5

	Limitation

