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A Assumptions and auxiliary results
A.1 Additional notation

For vectors v1, v, € RY, we denote by ||v|| the Euclidean norm and by v; - v, the Euclidean inner
product. For a real-valued matrix A, we denote by Tr(A) and AT its trace and transpose.

For a sufficiently smooth function f: R? x [0, 7] — R, we denote by V f = V f its gradient w.r.t.
the spatial variables x and by 0, f and 0y, f its partial derivatives w.r.t. the time coordinate ¢ and the
spatial coordinate z;, respectively.

We denote by A (1, ¥) a multivariate normal distribution with mean z € R¢ and covariance matrix
¥ € R?*4, Moreover, we denote by Unif([0, 7)) the uniform distribution on [0, 7. For random

variables X7, X5, we denote by IE[X] and Var[X}] the expectation and variance of X; and by
[E[X|X>] the conditional expectation of X; given X5.

A.2  Technical assumptions
Throughout our work, we make the same assumptions as in [101, 85], which are needed for all the
objects considered to be well-defined. Namely, we assume that:
(i) The set U of admissible controls is given by
U={uecC' R x[0,T;RY)|3IC > 0, ¥(z,s) € R* x [0,T], u(z,s) < C(A+ |lz])}. (20
(i1) The coefficients b and o are continuously differentiable, o has bounded first-order spatial

derivatives, and (0o ") (z, s) is positive definite for all (x, s) € R x [0, T']. Furthermore, there
exist constants C' ¢1, co > 0 such that

[6(z, 8)]| < C(1+ ||=|]), (linear growth)

allgl]? < ﬁT(O'O'T)(.T,S),@ < e8I, (ellipticity) @b
for all (x,s) € R% x [0,T] and 8 € R%.
A.3 Useful identities
Girsanov. For a generic v € U, consider the two SDEs
dX7 = (b(XY,s) + ov(Xy,s))ds + cdWs, X3 ~ po 22)
dX. = b(X, s)ds + ocd WL, Xo ~ po. (23)

By Girsanov’s theorem, we have that for any u, w € U

dap“ T 1 T 1 1 T 9
log (X*) :/ o u(Xy,s) - dXY —/ (7 b u)(XS, s)ds — 5/ lu(X3, s)]|°ds.  (24)
0 0 0

dP
It follows that
d]Pu u T u 1 T u 2
log (X)) = u(Xy,s) - dWs + = lu(Xs, s)||"ds, (25)
dP o 2/
and
dIP;u T 1 T 5
log —(X) = u(Xs,s) - dWs — = lu(Xs, s)||"ds. (26)
dpP 0 2 /o
Moreover, it holds that (see [123] Appendix E)
U T T
log %(Xw) = / o Hu—v) (XY, 5)-dXy - %/ (lo "o +ul® = lo™"b + o)) (X2, 5)ds, (27)
0 0
from which follows that
d]P)u u T u 1 T 2 u
log ——(X") = [ (u—v)(X,8)-dWs+ 5 [ [lu—o[|* (XS, s)ds, (28)
dPv o 2 /o
and
dP“’ v T v 1 r 2 v
log (X°) = (u—v)(X7,s) - dWs — = lu — || (X7, s)ds, (29)
dpv o 2 /o

It6 formula. Consider the stochastic process X defined by the SDE
dXs = b(Xs, s)ds + odWs (30)
with infinitesimal generator L := 5 3=, (00 " )iy, 0z, + 3, bi(2, t)dy, . The dynamics of f(X, s)
is given by
df(Xs,s) = (8s + L) f(Xs,s)ds + o' Vf(Xs,s) - dWs. (31)
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B Proofs

1

Proof of Prop. 2.2. Let P be the measure defined by d%% = (%) B / Z, where Z is the

normalizing constant. Then we have that
dP* dp*
dPvi  gp

U

(1+ A;)log (LE% - (1+)\i)log< dP dr™

):(1+/\i)longPui + log aQ + 1+ X)log Z

(32

= Ailog T g 4P
T8 qpu T8 4qQ

+(14+N)logZ.  (33)

Using the definition of the Lagrangian in (5), this implies that

(14 \)Dxr (P“@) = \iDxw (PU[P™) + Dxr, (P*Q) + (1 4+ \;) log Z (34)
= L5 (u, X)) + (1 + Xi) log Z + e, (35)

Since we defined the minimizer of the Lagrangian (with optimal multiplier \;) in the last expression as
Ui+1, we have that u; 1 = argmin, o;; Dk, ]P’“|]I~”) This shows that P = Pui+1 by the uniqueness
of the Radon-Nikodym derivative. The second statement then follows by induction. O

C Further related works, broader impact, and limitations
C.1 Further related works

Monte Carlo estimator. In theory, one could directly compute the optimal control using the
representations in Prop. 2.5 (for A = 0 and ¢ = 0; see Item 1 in Thm. D.1) combined with Monte
Carlo estimates® of the value function in Item 4 [94, 122, 95, 80, 116]. However, in practice this can
be problematic since it requires a large amount of samples for each state x due to the (typically) very
high variance of the estimator for V' [122]. In particular, we note that the variance translates to bias
in the control due to the logarithmic transform. Moreover, for nonzero f or general b (e.g., in the
fine-tuning setting), one needs to simulate the uncontrolled process to obtain samples.

PDE solver. One can also leverage the representation of the value function as the solution of a HIB
equation (see Item 3 in Thm. D.1). While solving PDEs in high dimensions is very challenging,
there exist scalable approaches based on tensor trains and neural networks’ that leverage backward
stochastic differential equations or the Hopf-Cole transform in combination with the Feynman-Kac
formula [90, 67, 104, 66, 105, 108, 107, 64]. However, in practice, we only need the value function
in the domain where the optimal path measure has sufficiently large values, which is typically not
considered for PDE solvers.

Iterative diffusion optimization. To focus more on promising regions of the path space, methods
for iterative diffusion optimization simulate (sub-)trajectories of the controlled SDE to compute a
suitable loss and update the control. Typically, the control is parametrized as a neural network and
optimized using variants of stochastic gradient descent. While such methods have been explored
for general SOC problems with quadratic control costs [101, 104, 84, 81], many recent works have
focus on the special case of sampling from unnormalized densities as described in Sec. 3.1; see,
e.g., [129, 68, 122, 127, 123, 111, 100, 65]. From the perspective of path measures, all these works
propose to minimize suitable divergences between measures induced by controlled SDEs. While
we demonstrate the benefits of leveraging trust region methods for the Denoising Diffusion Sampler
(DDS) [121], our method could also be extended to other samplers.

Transition path sampling. Transition path sampling has been a longstanding problem in physics
and chemistry to understand phase transition and chemical reaction, with applications in energy,
catalysis, and drug discovery [71, 120]. Computationally, MCMC-based approaches have been
extended to path space to mix the transition path distribution, pioneered by [79]. As discussed in
Sec. 3.2, transition path sampling can be formulated as a stochastic optimal control problem and
has been numerically solved using reverse KL divergence [126], cross-entropy divergence [93], and

®0One can obtain derivative estimates using adjoint states (as defined in Sec. 2.2) or using reparametrization
tricks if the uncontrolled process has suitable, known marginals. For Gaussian marginals, one can also use
Stein’s lemma [94]. We also note that control variates for such estimators have been analyzed in [110, 105].

"Note that some of these approaches correspond to regressions of the Monte Carlo estimators mentioned
above [122] or to the IDO methods mentioned below [115].
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log-variance divergence [112], the optimal control is known to be the Doob’s h-function [73, 114, 86]
(for a review, we refer to [113]). To solve the Doob’s h-function, [114] proposes a shooting-based
method which requires MD simulation to reach the target state, while [86] proposes a Gaussian
approximation conditioned on both the initial and target state which satisfies boundary conditions
by design and provides a simulation-free optimization algorithm. Similarly to SOC, transition path
sampling can also naturally be formulated as a reinforcement learning problem, as in [78, 109].

Diffusion and flow matching reward fine-tuning. Several of the early works on diffusion fine-tuning
focused on directly optimizing the reward model making use of its differentiability [125, 74], without
any KL regularization, which can lead to reward hacking. Some other works [69, 87] framed reward
fine-tuning as an RL problem, but did not make the probabilistic connection to tilted distributions.
[118] provides a probabilistic view of the problem, but proposes an algorithm that is hard to scale.
[82] give a comprehensive view of flow matching reward fine-tuning, introducing memoryless noise
schedules as the right ones, as well as a new scalable SOC algorithm that we use and adapt: adjoint
matching. Using the memoryless noise schedule, a recent work [97] considers GRPO for flow
matching fine-tuning. [128, 98] consider alternative algorithms which learn the value functions.

C.2 Limitations

While our method for solving stochastic optimal control problems exhibits strong sample efficiency, it
relies on storing entire trajectories in the replay buffer during training. In large-scale settings—such as
fine-tuning text-to-image models—this necessitates keeping the replay buffer in CPU memory while
training occurs on the GPU. This separation introduces additional computational overhead due to data
transfers between CPU and GPU; however, the buffer still significantly accelerates the fine-tuning
since the main computational cost in such settings stems from the simulation of trajectories.

C.3 Broader impact

This paper proposes new methodologies and theories that find numerical solutions for stochastic
optimal control problems randing from equilibrium sampling, transition path sampling to fine-tuning
text-to-image generative models. Equilibrium sampling and transition path sampling are important in
Bayesian statistics, physics and chemistry where they can be used to estimate free energy, understand
phase transition and rare event which hold promises to accelerate drug and materials discovery. More
efficient fine-tuning of text-to-image models democratizes the generation of specialized high-quality
visual content for creative applications. However, these capabilities also introduce risks such as the
potential for generating convincing misinformation and deepfakes.

D Background on SOC

D.1 Stochastic optimal control

In this work, we consider stochastic optimal control (SOC) problems of the form
T
i Lsoc() =mip B | [ (HuCxz ol + 702,0) ds + g5 36)
u u 0

with state-cost f, terminal cost g and control function u € U, where U denotes a set of admissible
controls; see App. A.2 for further details. Here, X" is a controlled SDE of the form

dX7 =b(XY, 8) + o(s)u(Xy, s)ds + o(s)dWs, Xo ~ po, 37
with base drift b, base distribution pg (typically a Gaussian or dirac delta distribution), and diffusion

coefficient 0. We denote the path measure induced by (37) by P* € P. Moreover, we simply write
P for the path measure corresponding to the uncontrolled process, i.e.,

dXs = b(Xs, s)ds + o(s)dWs,  Xo ~ po. (38)

Given a time ¢ and state x, the cost functional J(u; z,t) is the expected cost-to-go for a control « on
the time interval [¢, T'] and is defined as

T
J(uia,t) =B [ [ Gl o)1 + £z, 9) ds+ g(X5) | X7 = :c] . (39)

The value function V, or, optimal cost-to-go is obtained by taking the infimum over all controls in U,
that is,
Vz,t) = 11€1£ J(u;z, t). (40)

Then we have the following well-known results on representations of the value function V' and
solution to the SOC problem u*; see, e.g., [101, 102, 77, 88, 103] for details.
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Theorem D.1 (Optimality for SOC Problems). Let us define the work functional as
T
W(X,t) = / f(Xs,s)ds + g(X7). 41)
t

Then we have the following representations of the value function in V in (40) and the solution u* to

the SOC problem in (36):
1. (Connection between solution and value function) The solution can be written as u* = —c ' VV.

2. (Optimal change of measure) The Radon-Nikodym derivative of the optimal path measure Q) w.r.t.
the uncontrolled path measure IP satisfies
dQ e*W(X,O)

dP (X) = m with Z(X()) = E[eiw(x’o)p(o} . 42)

3. (PDE for value function) The value function V is the solution to the Hamilton-Jacobi-Bellman
(HJB) equation
@+ L)V (@, t) = 50 VV)(@, )| + f(z,t) =0, V(2,T) = g(x), 43)
where L := %szzl(aa—r)ijag“@% + Z?Zl b0, denotes the infinitesimal generator of the
uncontrolled SDE in (38).

4. (Estimator for value function) For every (x,t) € R? x [0, T the value function can be written as
V(z,t) = —logE [e‘W(X’t) ’Xt = x} , where X is the solution of the uncontrolled SDE in (38).

Combining the expressions for v* and V' in Thm. D.1, we directly obtain the path integral representa-
tion of the optimal control, i.e.,

u*(z,t) = o(t) VilogE [eiW(X‘t)

X, = m] , (44)

In practice, computing the optimal control (44) is typically impractical, as it requires running multiple
simulations for each state x to obtain a Monte Carlo approximation of the expectation; see App. C.1.
To address this challenge, many approaches instead learn a parameterized control function, optimized
using stochastic gradient methods. These techniques are collectively referred to as iterative diffusion
optimization (IDO) methods and are further discussed in the next section.

D.2 Iterative diffusion optimization

An alternative view on problem (36) is obtained by considering loss functions on path measures. By
the Girsanov theorem (see App. A.3) we have

dIP uy T u 1 T u 2
qpu (X*) =exp (—/0 u(Xy,s) - dW, — 5/0 [lu(Xs, 9)l ds) . (45)

Combining this with the optimal change of measure dQQ /dP in Thm. D.1, we obtain an expression
for dQ/dIP* from which we can compute the relative entropy Lgg, i.e., the reverse Kullback-Leibler
(KL) divergence

T
Lre(u) = DxL(PY||Q) = E {/ (3llu(XE, 8)I* + f(XY,8)) ds +g(X$)} +logZ.  (46)
0

Note that minimizing the stochastic optimal control problem in (36) is equal to minimizing the KL
divergence, that is,

u* = argmin Lsoc(u) = arg min Lrg(u), 47)
ueU ueU

in the sense that both have the same unique optimal control ©* as a minimizer. As such, we can
consider an arbitrary divergence D : P x P — R for which holds D(IP;|P3) = 0 if and only if
P, = P, to solve stochastic optimal control problems. More generally, we can consider any loss
function for which the unique minimizer is the optimal control v*. Iterative diffusion optimization
builds on this perspective and can be seen as a common framework for solving (potentially high-
dimensional) SOC problems by leveraging parameterized control functions and stochastic gradient
methods to minimize different loss functions.

E Background on diffusion-based sampling

We consider the task of sampling from densities of the form

Dtarget = % with Z = /d Prarget (T)dz, (48)
R

25



999
1000

1001
1002
1003

1004
1005
1006

1007
1008

1009
1010
1011

1012

1013

1014
1015
1016
1017
1018
1019
1020
1021

1022

1023

1024

1025
1026
1027
1028
1029

1030
1031
1032
1033
1034

1035
1036
1037
1038
1039

1040
1041

where prarges € C(Rd, R>() can be evaluated pointwise, but the normalizing constant Z is typically
intractable.

Here, we approach the sampling problem by using denoising diffusion-based sampling based on
the work of [121]. To that end, we consider a controlled ergodic Ornstein-Uhlenbeck (OU) process
X = (XS)SG[O,T]7 1.€.,

dXY = (=¢(8) XY +u(XY, s)) ds +nv/2¢(s) dBs, Xo ~ po, (49)
with noise schedule ¢ € C([0,T],R), po(x) = N(0,1?I) and corresponding path measure P“. The

target path space measure QQ is induced by an uncontrolled ergodic Ornstein-Uhlenbeck (OU) process,
starting from the target Piarger and running backward in time, that is,

dXs = ((s)Xsds + nv/2¢(s) dBs, XT ~ Prarget, (50)
which fulfills Qg = pg for a suitable choice of (. For integration, we follow [121] and use an
exponential integrator. Lastly, it can be shown that the optimal control fulfills

' (,5) = /2 (3) Vi log 2 (1) 51)

which is later used to analytically compute the optimal control for Gaussian mixture model target
densities. Please note that P, = A/(0,7?I) for all s € [0, T as the uncontrolled SDE is initialized at
its equilibrium distribution.

E.1 Experimental setup
Here, we provide further details on our experimental setup.

General setting. The codebase used in this work was developed from scratch but is loosely inspired
by github.com/facebookresearch/SOC-matching. All experiments are conducted using the
Jax library [72] and are run on a single 40GB NVIDIA A40 GPU. Our default experimental setup,
unless specified otherwise, is as follows: We use the Adam optimizer [96] with a learning rate of
5 x 10~ and gradient clipping with a value of 1. We utilized 50 discretization steps using exponential
integrators. The control function u is parameterized as a fully-connected 6-layer neural network with
256 neurons and GELU activations [92]. Time embedding is achieved via Fourier features [117]. For
all experiments, we used a time horizon of T = 1.

The control is parameterized as

u (e, 0) = @) + S0 5 (52)
and for experiments using Langevin preconditioning (LP), it is parameterized as
() = £ )+ F50) (5 + V2108 pua(0)). 53)

where f; and f5 are neural networks parameterized by 6.

For non-trust methods, we train for 60k gradient steps with a batch size of 2000, amounting to a total
of 120 M target evaluations. In contrast, trust region methods use a buffer of length 50k refreshed 150
times during training, resulting in a total of 60k x 150 = 7.5M target evaluations. To optimize for
the next control u;4 1, we perform 400 gradient steps on the replay buffer using randomly sampled
batches of size 2000. All experiments use a trust-region bound of € = 0.1.

For the Many Well target, we set the standard deviation of the prior distribution to 1 and to 2.5 for the
Gaussian mixture target. For the randomization of the mixing weights, we uniformly sample positive
values that are normalized and rescaled such that the ratio between the maximum mixing weight and
the minimum is 3. The diffusivity is scheduled according to {(t) = (Ciax — Ciin) €05> (25) + Cinin
with Ciyip = 0.01 and Ciax = 10.

Evaluation protocol and model selection. We follow the evaluation protocol of prior work [70] and
evaluate all performance criteria 100 times during training, using 2000 samples for each evaluation.
We apply a running average with a window of 5 evaluations to smooth out short-term fluctuations and
obtain more robust results within a single run. We conducted each experiment using four different
random seeds and averaged the best results for each run.

Benchmark problem details. The ManyWell target involves a d-dimensional double well potential,
corresponding to the (unnormalized) density
d

- 1
Puarget () = exp ( Z(wf —08)* - 5 Z x?) )
i=1

i=m+1
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with m € N representing the number of combined double wells (resulting in 2™ modes), and a
separation parameter 6 € (0,00) (see also [124]). In our experiments, we set m = 5 leading to
2" = 32 modes. The separation parameter is set to 0 = 4. Since piarge factorizes across dimensions,
we can compute a reference solution for log Z via numerical integration, as described in [99].

Moreover, we consider a Gaussian mixture model (GMM) target of the form
K
Purer(2) = Y 1, N2 | e, i), (54)
k=1

where uy € R4, %) € R4 7. > 0, and Zszl 7, = 1. To compute the optimal control u*, we
exploit the fact that the optimal marginal path measures Q;(x) can be derived analytically [100]:

K T
Qu(x) = Y _mN (‘”luke‘ s iy =2 T Cds 772/ 2((s)e Vi C(u)duds) .59
k=1 t

and used for computing the optimal control v*. Finally, to compute the total variation distance, we
leverage the known true mixing weights 7, and define the mode partitions S, C R? as

Sy = {x € R arg max m;N (z|u;, 2;) = k}. (56)
J

E.2 Evaluation criteria
Here, we provide further information on how our evaluation criteria are computed.

Control L? error. Assuming access to the optimal control .*, we can compute the L? error between
the optimal and the learned control, i.e.,

T
1. . u*
control L? error := |E “lut =P (XM, s)ds 57
0o 2

where X*" is obtained by simulating the controlled process with u*, and compute the error using a
Monte Carlo estimate. Note that this quantity is equivalent to the forward Kullback-Leibler divergence

u d ’ll,*
Dt (QIPY) = E {log dﬂ(?u (X )} . 58)
Via Girsanov’s theorem (see App. A.3) we have that
dQ u* T * u* r 1 * 2 u™
(X)) = (u" —u)(X™ ,s) - dWs + sllu” —ul"(X*", s)ds. (59)
dp+ 0 0

The desired equivalence follows from the fact that, under mild regularity assumptions, the stochastic
integral in (59) is a martingale and has vanishing expectation.

Log-normalizing constant. By definition, the log-normalizing constant is given by

dQ
ap (X )} : (60)
Applying a change of measure to the controlled process yields

Z(Xo) = E [e WVX"0) dp (X“)|Xo} “E {e—foT Tllu(x®,8))|2ds— [T w(XE ) WL —WX0)| x|
P+

Z(Xo) = E [e‘W(X’O)|Xo} -E [

I

(61)
which can be estimated via Monte Carlo using samples from the current control u.

Sinkhorn distance. We estimate the Sinkhorn distance W? [75], an entropy-regularized optimal
transport distance, between model and target samples using the JAX-based ott library [76].

Total variation distance Inspired by recent work [70, 89], we assume access to ground truth mixing
weights 7y, k € {1,..., K}, along with a partition {S1, ..., Sk} of R%, where each region Sj, C R?
corresponds to the kth mode of the target distribution. We estimate the empirical mixing weights
using

. E[ls (X))

T = 74 .

Yoo B [Ls,, (X3)]

Using these estimates, we compute the total variation distance (TVD) between the empirical and true
mode weights as

(62)

K
TVD = > |m) — k- (63)
k=1
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Figure 7: Control L? error as a function of the number of target evaluations for the GMM target across varying
problem dimensionalities d. All results are averaged across four random seeds.

Details on how the ground truth mixing weights and the corresponding mode regions S}, are defined
can be found in the descriptions of the target densities.

E.3 Additional experiments
Here, we provide results for additional numerical experiments.

Gaussian Mixture 40 (GMM40). We further evaluate the performance of trust-region-based losses
by comparing them to existing SOC losses on the well-established GMM40 benchmark [99]. In this
task, the target distribution is a Gaussian mixture model with 40 components, where the means are
uniformly sampled from the interval [—40, 40], and each component has an initial variance of 1 . We
set the prior’s standard deviation to n = 30. The results, presented in Fig. 8, show that only two
losses, Cross-Entropy (CE) and trust-region with log-variance (TR-LV), can consistently learn all 40
modes. Notably, TR-LV achieves this with approximately ten times fewer target evaluations than CE.

Control L? error vs. target evaluations. We extend the results presented in Sec. 3.1 for the GMM
benchmark by providing a detailed analysis of the control L? error as a function of the number of
target evaluations across varying problem dimensionalities d. For d = 2, all SOC losses achieve low
control error. However, at d = 10, some methods begin to exhibit elevated control error due to mode
collapse. As the dimensionality increases further, only trust-region-based losses consistently maintain
low control error. While these methods show partial mode collapse for d > 150, we anticipate
that this issue can be mitigated by refining the control function architecture or by employing larger
buffer and batch sizes. Importantly, trust-region methods also require significantly fewer target
evaluations—a key advantage in many real-world applications where evaluations are costly.

Influence of trust region bounds. We further investigate the effect of different trust-region bound
values € on the GMM target using TR-LV. The results are presented in Fig. 10. The left figure
shows that smaller trust-region bounds significantly improve performance: ¢ = 0.01 yields up to
an order of magnitude lower control error compared to € = 1. Additionally, smaller ¢ values help
stabilize training, as evidenced by the reduced standard deviation across random seeds. In contrast,
training with € = 1 becomes unstable. However, this improved stability comes at the cost of slower
convergence—smaller bounds require more training iterations to effectively anneal from the prior
to the target path measure, as illustrated in the middle figure. Finally, the right figure shows that
the empirically observed smoothed effective sample size (ESS) aligns well with its Taylor series

. -1
approximation, ESS = (Var (%) + 1) ~ 5z for small values of ¢; see see App. J.3 for
further details.
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averaged across four random seeds and are not reported for the log-variance loss due to numerical instabilities.

F Transition path sampling
F.1 Experimental details

We build upon the codebase provided by TPS-DPS [112] (github. com/kiyoung98/tps-dps). Our
experimental setups also follow [112] to ensure a fair comparison.

MD Simulation Setup. We run molecular dynamics simulation on the OpenMM platform. Both
simulations are run at temperature 300K. For Alanine Dipeptide, we use the ‘amber99sbildn.xml’
forcefield with a VV VR integrator to simulate in vaccum. Each timestep is set as 1 femtosecond. Each
path sampled is of length 1,000. For Chignolin, we use the ‘protein.ff14SBonlysc.xml’ forcefield with
implicit solvant model ‘gbn2.xml” with a VVVR integrator. Each timestep is set as 1 femtosecond.
Each path sampled is of length 5,000.

Target Hit. For Alanine Dipeptide, target hit is defined over the two dihedral angles ¢ and v and a
distance radius within 0.75A. For Chignolin, a long MD simulation is pre-loaded with Time-lagged
independent component analysis (TICA) to select the first two dimensions that capture most variance.
The region is then defined over the two dimensions with a radius of 0.75.

Training process. Annealing is applied from 600K to 300K. A replay buffer is used with buffer
size 1,000 and 200 for Alanine Dipeptide and Chignolin, respectively. and training over buffer per
iteration is 1,000 times.

Hyperparameters: The trust-region constraint is set to € = 0.01 for Alanine Dipeptide and € = 0.2
for Chignolin. Batch size for both systems is set to 16, Alanine Dipeptide is trained for 2000 iterations,
while Chignolin is trained for 50 iterations.

Computing Resources: Each experiment is run on a single 80GB NVIDIA H100 GPU.

F.2 Additional Experimental Result Discussion

We discuss our results in comparison to [112]. First of all, we evaluate three seed average as we notice
the high variance nature of the transition path sampling problem—running several times can have huge
variance in results (also evidenced in Fig. 4). We can also observe the trust-region constraint helps to
stabilize the training significantly and thus have much smaller variance across three runs. Notably,
for Alanine Dipeptide, both methods start with zero hitting percentage, while in Chignolin, in the
beginning both methods already have some trajectories that hit the target, trust-region constraint is
already effective in improving the efficiency. We use almost the exact same setup as in [112] with the
only difference being the batch size for Chignolin is 16 instead of 4. We do not tune the model as our
goal is to show the trust-region constraint improves the training stability and thus the efficiency and
accuracy in terms of number of energy calls.
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Figure 9: Qualitative results for the Many Well target with d = 200. Level plots depict the ground truth density
for pairs of marginal distributions, while blue dots represent samples generated by models trained using the
respective loss functions (indicated in the sub-captions). Among all methods, only the trust-region-based log-
variance loss successfully avoids mode collapse and convergence issues. Interestingly, although the cross-entropy
loss achieves the second-lowest estimation error for log Z (see Fig. 3), the qualitative results suggest that the
model fails to adequately capture the target distribution—Ilikely due to the high variance of the importance
weights. All visualizations are generated using the same random seed for consistency.
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respectively. All results are averaged across four random seeds.

G Classical SOC problems

Here, we consider classical SOC problems for which the optimal control can be computed analytically.
These problems have been widely used in recent studies to compare different loss functions [101, 84,
81]. Here, we leverage them to showcase that importance sampling works in high dimensions when
using trust-region based losses. To that end, we consider the comparison between the SOCM loss and
its trust-region based counterpart.

G.1 Experimental Setup

The experimental setup follows the setup used for diffusion-based sampling, as explained in App. E.1,
including control function architecture, hyperparameter evaluation protocol, and model selection.

For discretizing the SDE, we leverage the Euler-Maruyama scheme, i.e.,
Xoi1 = X + (b+ ouw) (Xn, nADAL + o(n)VALE,, &, ~ N(0, ). (64)
Since the considered benchmark problems admit analytical solutions for the optimal control u*,

we consider the L? error between the learned and the optimal control for evaluating the models as
explained in App. E.1.

G.2 Benchmark problem details

We consider two problems taken from [101], the Quadratic Ornstein-Uhlenbeck (OU) easy and
Quadratic Ornstein-Uhlenbeck (OU) hard. For convenience, we briefly introduce them again here.

Quadratic Ornstein-Uhlenbeck (OU) The choices for the functions of the control problem are:
b(z,t) = Az, f(z,t) =z Pz, g(z)=z'Qz, o(t)=o0o. (65)
where @ is a positive definite matrix. Control problems of this form are better known as linear

quadratic regulator (LQR) and they admit a closed form solution [119]. The optimal control is given
by:

u*(z,t) = —200 F(t)z, )
where F'(t) is the solution of the Ricatti equation
d%t) + ATF(t)+ F(t)A — 2F (t)ooog F(t) + P =0 ©

with the final condition F'(T") = Q. Within the Quadratic OU class, we consider two settings:
e Basy: Weset A=0.21,P=021,Q=0.11,00 =I,A=1,T = 1, Zinit ~ 0.5N(0,I).
e Hard: Weset A=I1,P=1,Q=0.51,00=1,A=1,T =1, Zinis ~ 0.5N(0,I).
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Figure 11: Control L? error as a function of the number of target evaluations for the quadratic OU problem
across varying problem dimensionalities d. All results are averaged across four random seeds.

1158 G.3 Results

1159 We compare the performance of SOCM and its trust-region-based variant (TR-SOCM) on the
1160 quadratic Ornstein—Uhlenbeck (OU) problem across varying problem dimensionalities d. Both
1161 approaches rely on importance sampling, which is known to be challenging in high-dimensional
1162 settings. This experiment highlights the role of trust regions in scaling to such regimes. Results are
1163 presented in Fig. 11.

1164 In low-dimensional settings (d < 10), both methods perform comparably, although TR-SOCM
1165 exhibits significantly better sample efficiency. As the dimensionality increases (d > 50), the
1166 performance of SOCM deteriorates markedly, while TR-SOCM continues to achieve low control
1167 error. For the more challenging variant of the quadratic OU problem, SOCM fails to meaningfully
1168 improve upon its initialization, whereas TR-SOCM demonstrates consistent error reduction.

1169 These results suggest that trust regions are particularly beneficial in high-dimensional and difficult
1170 problem settings, where they provide stability and improved performance.

171 H  Fine-tuning of diffusion models

1172 We take the adjoint matching (AM) implementation in github.com/microsoft/soc-fine-tuning-sd
1173 as our baseline, and we modify it to implement TR-SOCM.

1174 H.1 Fine-tuning experimental details

1175 We generate images using classifier free guidance, with guidance scale 7.5. We use 50 inference
1176  timesteps to sample the rollouts during fine-tuning, and the evaluation samples are also generated at
1177 50 inference timesteps.

1178 We fine-tune using the default hyperparameters in the repo: we use AdamW, using learning rate
1179 3 x 1075, beta 1 set to 0.9, beta 2 set to 0.95, and weight decay 0. We use an effective batch size
1180 of 500 trajectories, and 4 model backpropagations per trajectory. For the TR-SOCM loss, we use a
1181 buffer size of size 100, and 10 passes per buffer.

1182 We use the 10000 fine-tuning prompts taken from the repository for [125], and the 100 validation
1183 prompts from the same repository (see https://github.com/THUDM/ImageReward). The two
1184 prompts used in Figure 6 are "masterpiece, best quality, realistic photograph, 8k, high detailed vintage
1185 motorcycle parked on a wet cobblestone street at dusk, neon reflections, shallow depth of field" and
1186 "masterpiece, best quality, ultra detailed, 8k renaissance cathedral interior, light streaming through
1187 stained-glass windows onto marble floors".
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I Trust region SOC sequences are equispaced in the Fisher-Rao distance

For a fixed ¢, suppose that we construct the sequence of controls (u;1);>0 as the solutions of the
problem (4). As shown in Prop. 2.2, we have that

AP (dQ\ fdpro T =P
T~ (d—P> ( iz ) , with 51717}:!)@ (68)
If we define the family (Q(T))TG[OJ] such that
dQ™ dQ\" [dP e \'"T
ar (dTP dP ’ 69
we can write P% = Q). Hence, we can regard the sequence (P*+),>0 as a discretization of

the family (@(T))Te[o,1]~ Next, we characterize this discretization more precisely using tools from
information geometry.

I.1 Basics on information geometry

Let {p(z;0)}gco be a parametric family of probability densities (or mass functions) on the sample
space X, and let X be a random variable with distribution p(z; ).

Definition I.1 (Fisher Information Matrix). The Fisher information matrix at 0 is defined as

T(0) = Exepso| Vologp(X30) (Vologp(X:0)) | = —Exyi)|V3logp(X;0)],
where V denotes the column gradient with respect to 6, and V3 the Hessian.

As an average of positive semi-definite matrices, Z(6) is positive semi-definite, which makes it
possible to define a geometric structure:
Definition 1.2 (Statistical Manifold). Let {p(z;)}sco be a smooth parametric family of probability

densities on X, with parameter space © C R?. Then O itself can be viewed as a d-dimensional
differentiable manifold

M = {p(-;0):0 0} =0,
called the statistical manifold of the model. Endow M with the Riemannian metric

95(0) = Tij(8) = Exop(0) [0 logp(X;0) 0; logp(X;0)]

where 0; = %. This g is known as the Fisher—Rao metric, turning (M, g) into the canonical
information-geometric manifold of the model.

Next, we review the definition of the length of a curve on a Riemannian manifold.

Definition I.3 (Length of a Curve on a Riemannian Manifold). Let (M, g) be a d-dimensional
Riemannian manifold, and let v: [a,b] — M be a piecewise smooth curve. Choose local
coordinates = (01,...,0%) on an open set Y/ C M containing the image of ~, so that y(t) ~
0(t) = (01(t),...,0%¢)). Then the length of 7 is

b . .
L) = [ o) #0800 at

. gt L . . o
where 0'(t) = o (t) and we employ the Einstein summation convention on repeated indices
ij=1,...,d.

A geodesic between two points 01,02 € M is a piecewise smooth curve v: [a,b] — M such that
v(a) = 01, v(b) = O that minimizes the length functional L locally. Any time reparameterization of
a geodesic is also a geodesic, because The geodesic distance between 61, 05 is the infimum over the
lengths of all geodesics (or all piecewise smooth curves) between 61, 0.

Definition I.4 (Fisher-Rao distance). The geodesic distance induced by the Fisher-Rao metric is
known as the Fisher—Rao distance.

I.1.1 A FIRST EXAMPLE: THE MANIFOLD OF SMOOTH DENSITIES

A first instantiation of this framework is on the manifold of smooth densities, defined below.

Definition 1.5 (The Manifold of Smooth Densities). Let X be a measurable space and denote
by P = {p: X = Ruo| [, p(x)dz = 1} the set of smooth, strictly positive probability
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densities on X. Then, P is an infinite-dimensional (Fréchet) manifold whose tangent space at p is
T,P = {h: X = R| [, h(z)dz = 0}.

Definition 1.6 (The Fisher—-Rao Metric and Distance on P). The Fisher—Rao metric G on P is the
Riemannian metric defined at each p € P by

hi () h
Gp(hi,h2) = /X%dag, hi,ha € T,P.

Equivalently, for a smooth path p; € P,

E% (T 2
i, = VOnGog) = [ L2y,

The Fisher—Rao distance between two densities p, ¢ € P is the infimum of the G—lengths of all
smooth paths connecting them:

8
Drr(p,q) =  inf / (Grpe(2))” da: dt.
PtEP pt
PO=P;P1=9

Proposition 1.7 (Closed-form of the Fisher-Rao distance and geodesics on P). Under the embedding
©: P — L2(X), o(p) = /D, P is isometric (up to a factor of 2) to the positive orthant of the unit
sphere in L2. Hence one obtains the closed-form

Drr(p,q) = 2 arccos(/X V() q(x) dx).

Let o« = arccos( [ \/p(x) q(x) dx). The same argument shows that the Fisher—Rao geodesic p;
fort € [0,1] is given via the square-root map ¢(p) = /p by
sin((1 —t)a
o(pt) = sin((1 = o) e(p) +

sin sin
so that in the original density space

pile) = (M Vo) + S“?(—m)\/qm) |

S & Sin &

sin(ta)

©(q),

1
In particular, pg = p, p1 = q, and this path realizes the infimum in Dpgr(p, q) = / lpe || p, dt.
0

I.2 A second example: exponential families
Definition 1.8 (The Exponential-Family Manifold). Let
p(a;0) = exp(0'Ti(z) — A(0)) h(z), 0=(0",...,0") €O CR’

be a regular d-parameter exponential family on X. The parameter space O (equipped with the atlas

coming from the coordinates 6%) is a d-dimensional differentiable manifold, which we identify with
the statistical model

= {p(-;0)| 606}
Its tangent space at 0 is Ty M = ]Rd, with basis {8/ 00%}.
Definition 1.9 (Fisher—Rao Metric). The Fisher—Rao metric on M is the Riemannian metric whose
components in the natural coordinate chart 6 are
92 A(0)
06 967

9i3(0) = Ex~p(0) [0:log p(X;0) 0;1log p(X;0)] = —Ex~p(i0)[0islogp(X;0)] =
Equivalently, g() = V2A(#), the Hessian of the log-partition function.
For general exponential families, the Fisher-Rao distance and the geodesics do not admit a closed
form. Yet, one-dimensional families can be handled explicitly, because geodesics are trivial:

Proposition .10 (One-Parameter Exponential Family). Ifd = 1 then 0 € (a,b) C R, and ¢(6) =
A"(0). Hence

R(61,62) )/ \/Tde‘

In particular, for a Poisson family A(#) = € one gets Dyr(61,0:) = |e?/2 — e%1/2|.
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LI.3 Local expansion of the Kullback-Leibler divergence

Proposition I.11 (Second-Order Expansion of KL). Let {p(x; 0)}9co be a smooth parametric family
of densities, and fix 0 € ©. For a small increment 0 € R consider

;0 +9)
KL(p(+ 0 +6) || p(:0)) = / -0+ 6) log PZ: 0+ 9)
(n( )| p(::0)) ol ) log = )
Then one has the Taylor expansion

KLpO+o)lp@) = 0 + 0 +56 1,05 + o(ls)).

constant term linear term

dzx.

where
1ij(0) = Ex~p(0) [0:log p(X;0) 9;log p(X;0)]
is the Fisher information matrix. Equivalently,
OKL —0 0*KL
5 |, 0508 |,

= 1,;(0).

Sketch. Expand both p(z; 0 + 0) and log p(x; 6 + §) to second order in §, substitute into the integral,
and use [ pd;logpdr = 0and [ pd;d;logpdr = —I;;(0) to verify cancellation of constant and
linear terms, leaving the stated quadratic form. [

1.4 Information geometry on the exponential family of path measures

We can view the family (Q(T))Te[m] defined in (69) as a one-parameter exponential family by
rewriting Q(7) as

dQ<T) B dQ
dPwo €xp (’T(lOg dPwo - A(T) ) (70)
where the log-partition function A(7) is defined as
_ dQ \’
) = g [ (22 -
Equivalently, we can write it as an exponential family centered on an arbitrary 7 € [0, 1]:
dQ(T+AT) _ dQ
TG exp (AT(log d]PUO) — A, (AT)) , (72)
where
d AT
A (AT) :=log Eqr [ (CUP;QUO> :| . (73)

Deriving an expression for the Fisher information. Observe that by construction

AT (1) AT T
A (AT) = logEpuo [ (d(]il’(%O) (31%% } = log Epuo [ (d(]iPQuo) (d(]?Pd%tJ) exp (— A(T))] (74)

= A(t + A7) — A(7),

which means that A’ (0) = A’(7) for all 7 € (0,1). Thus, by Prop. 1.10, we conclude that the Fisher
information matrix, which is a scalar because the manifold is one-dimensional, reads

I(r) = A"(r) = A7 (0). (75)
Computing the first and second derivatives of A is straight-forward:

Born [ 108 (8%5) (18%)°" |

A;(AT) = A )
Eq(r) {(;%‘30) } (76)
p aQ \? aQ \1?
A2(0) = B | 10g 3% ) | = Baon e (g% ) |
and this implies that
d
Z(r) = Vary) {log (d]P;Quo)} an
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Connecting the trust region constraint to the Fisher information. Applying Proposition I.11, we
obtain that

(rar) o)y _ AT 3
KL(Q Q") = TI(T) + O(AT7), (78)
When we set 7 + AT = 8,11, T = (;, we have that
2
e = KL(P“+'|P") = ATTI(T) +0(AT). (79
Thus,
_ 2e 3/2
AT = 70 + O(AT7), (80)

Moreover, the Fisher-Rao distance between P and P(9), or rather, between 0 and Bi,

FR(0, 8;) = Oﬁi JVI(F)dr. @1)

Then, the difference between Fisher-Rao distances FR/(0, 3;+1) and FR(0, ;) which is equal to the
Fisher-Rao distance FR(3;, Bi+1) is

Bit1

FR(O7 /8i+1) - FR‘(Oa 57«) FR‘(BM 5l+1 \/ dT
= (VI(Bi) + O(Biy1 — Bi)) (Bis1 — \/TAT + O(AT?) (82)

= VIG5 ﬂ +0(Ar?) = Vae + 0(AT*?).

In continuous time, we have a curve 3 : R>? — [0, 1], and

&FR = VI(B)B (t) = VI(B(1)), / =2 (83)

Thus, we have shown the following result:
Proposition 1.12. Up to high order terms, the elements of sequence (P"+)o<;<r—1 are equispaced in
the Fisher-Rao distance. The last term P! is equal to the target distribution Q.

()

A Monte Carlo estimate for the Fisher information. By equation (70), we have that log ‘;%uo =

(log <=%) — A(7). Hence, we can rewrite (77) as

1 do™m
I(r) = ;Var(@(f) {log (d%iuo)}’ (84)

(7)
?1%”0 ) =

which provides a way to estimate Z(7), leveraging the Girsanov theorem to estimate log (

log (987) —log (4£.%).

J Details on trust region SOC algorithms
J.1 Characterizing the solutions of the trust region optimization problem

Proposition J.1 (Characterizing the solutions of the trust region optimization problem). The solution
P+t of the problem (9) is unique and it satisfies
o If D1, (P%|Q) < g, then P¥i+1 = Q.

o If Di1,(P%|Q) > ¢, then Dk, (PY“i+1|P%) = ¢, i.e. P%+1 is also the unique solution of the
problem

argmin Dkr, (P*|Q) sz Dxi(P“|/P") =e. (85)
u€eU
Proof. To prove the first case, observe that Q) is the only solution of the unconstrained problem
arg minp cp Dk, (P|Q), which means that it is also the unique solution of the problem (9) since it
satisfies its constraint. To prove the second case, by the Karush-Kuhn-Tucker (KKT) conditions, we
have that either A = 0, or Dy, (P%+!|[P%) = e. Thus, if Dky,(P%+1|P¥) < ¢, then we must have
that A\ = 0. The first order optimality condition for the problem is as follows: for any perturbation v
of the control u;1, we have that
d

U; nv u v U4 d Uq v
0= an (Dkw (P“+177|Q) + A (DkL(P“ T [PY) — £)) [0 = %DKL (P +147|Q) [p=0,  (86)
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Algorithm 2 Trust Region SOC with buffer

Require: Neural network ug with parameters 6, target path measure (Q, buffer size K, time discretization
S = (s;);]=0 C [0,T7], number of steps N per annealing, termination threshold &
Initialize 7 = 0 and Ao = c©
fori =0,1,... do
Define u; = ug (detached)
Simulate K trajectories (X §’“>)S€s of the SDE in (1) with Brownian motion Ws(k> and control u;
Compute importance weights w*) = %(X(k)) o exp(=W;(X®0)) as in (12)
Initialize buffer B = {(W®), X p*)1¥

k=1
Compute multiplier A; = arg max, cp+ E](;‘)Jal()\) as in (14) using B and a 1-dim. non-linear solver
if \; < 6 then
return control u,; with P** ~ @
if adjoint matching loss then
i As

Compute annealing 8;41 =1 — Hj:() 145 asinProp. 2.2
(k)

Compute lean adjoint states as = = ai+1(X§k)7 s), s € S, as in (18) and store in B
forn=1,...,N do
if adjoint matching loss then
Estimate £(0) = BE(x w5, s~unit(s) [[|0 " as — ua(Xs, 8) w5 | asin (19)
if log-variance loss then
Bstimate £(8) = Var(w,x.wy~s [ 27—, PHEG=0=0 LA (W, — Wi, ) + 1 log w)]

j=1
with A; = ui(Xs,, 55) — ue(Xs;, s5) as in (16)

Perform a gradient-descent step on £(6)

which means that u;; satisfies the first-order optimality condition for the relative entropy loss
u — Dk, (P*|@). By [83, Prop. 2], the only control that satisfies the first-order optimality condition
for the relative entropy loss is the optimal control «*, which implies that P“i+1 = @, which is
a contradiction because ¢ > Dkrp, (P%+1|P%) = Dy, (P|Q) > . Hence, we conclude that
Dykp,(P¥i+1|IP%) = e. To show that the solution IP*i+* is unique, we use that P — Dk, (IP|IP%)
is strictly convex, and that {IP| Dk, (IP|IP“¢) < £} is a convex set because it is the sublevel set of a
convex functional. O

J.2 Implementation

We provide a detailed version of Algorithm 1 in Algorithm 2. The hyperparameters and repositories
for the experiments on unnormalized densities, transition path sampling, and fine-tuning can be found
in the respective sections in Apps. E, F and H.

J.3 Variance of the importance weights and trust region bounds

As mentioned in Remark 2.1, one motivation of the trust region constrain Dy, (IP*|P"¢) < ¢ defined
in (4) is to keep the variance of the importance weights between two consecutive measures IP** and
P“i+1 small. This can be motivated by the inequality

dPpUi+t dPui+t 2
=FEpu; |[ —— ) —1
e (o) =2 | ()

dPuv:
AP
> exp (]EP“i+1 {log AP

which follows by Jensen’s inequality. While a lower bound on the variance is not straight forward for
path space measures (cf. [91]), we can consider the following heuristics. Let us assume that
dIPu'i+1
— =1
dIPwi
P*%i- and IP*“i+1 -almost surely, which is reasonable if Dy, (IP“+1|[P*) < e with e < 1. By a Taylor
approximation it then holds

wigr \ 2 Uil Uil
(dIP ) = exp (2 log P ) ~ 14 2log P . (89)

AP+t
N L

D —1=-exp (Dxr(P"[P*)) -1,  (87b)

(8%)

dPui dPui dPwi
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Now, taking expectations w.r.t. P%* ~ [P“i+1 respectively, using computations similar to (87), and
assuming Dy, (P%i+1|P%) = ¢, as argued in App. J.1, yields

Pwi+1
\birﬁ>ui (:51444444*>

P ~ 2¢. (90)

J.4 Lagragian formulation

Using the Girsanov theorem (see App. A.3), we first note that we can write the Lagrangian as

) r T
L8 (u ) =E / (Lllu(X2, s)I” + F(X2,5)) ds+g(X%>] + A (D, (PU[PY) — ) 1)
L/ O

=k /0 (3llu(XE, )1 + S llulXS, 8) — (X2, 8)|* + f( é‘,S))ds+g(X%)]—/\E

92)
r rpT
B[ [ (R - o)+ A ) ds o) a0
LJ O
= L8 (u,A) = Ae, (94)

where E(TZ%{C(U, ) is defined as in (11), A € RT is the Lagrangian multiplier for the trust region
constraint, and we abbreviate f; = ﬁ”ulHQ + f. For fixed A, optimizing the Lagrangian

E(Ti%{(u, A) with respect to u is again a SOC. As such, for a given u;, A, we can define the value
function as

T
Vet = B | [ (S0 9) - X ol + £0X29) ds + g (X)X =] . 09)
t

The next proposition provides representations for the value function and the solution to the SOC
problem.

Proposition J.2 (Optimality for trust region SOC problems). For fixed ), let us define by

)(i = $]

the value function of the SOC problem inf ¢y £¥£C(u, A) corresponding to (11) and by uf‘_ﬂ its
solution. Then it holds that

T
Via(n,t) = inf B { | (482 = wud® + s ol + 1) (X2 3) ds + (XF)

L v xus
(i) (Estimator for value function) V| (x,t) = —(1 + A) log E [e_ R Vi)

X :x},

T T
where W;(X",t) = / %Hui(X;”,s)Hst +/ ui (X3, 8) - dWs + W(X ", t).
t t

(ii) (Connection between solution and value function) It holds uf‘H = Hi/\ui — IJ%\UTVVZ‘H.

Moreover, for ug = 0 and the optimal Lagrange multiplier \;, let us define the value function

. T
Viti(z,t) = ;IE%{IE [/0 (Alull® + Birr f) (X¥,8)ds + Bir19(XF)

;X} = x}

of the SOC problem given by the optimal change of measure

dPptitt dQ Pits —Bip 1 W(X,0)
P (X) x <@(X)) xe (96)
as in Prop. 2.2 and (3). Then it holds that
(iii) (Estimator for value function) ‘7“_1(36,15) =—logE [e*ﬁi“W(Xf’t”Xt = :c]
(iv) (Connection between solution and value function) w;1 = uf‘H = —JTV‘ZH.

Proof. For notational convenience, we abbreviate V' = Vi’_\H in this proof. From the verification
theorem (see, e.g., [103, Theorem 3.5.2]), we obtain that the value function is the solution to the HIB
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equation

O+ L)V = — ig{d {fi + 2o - 25w+ oa- VV} (97)
=—fi— inf (*Plla—- ﬁui\lzwa-w}, V(,T)=g, 98)

where the infimum is pointwise for every (z,t) € R? x [0, T and the optimal a* defines the solution
u*. Solving for v yields a* = 25u; — 1350 ' VV, which proves Item (ii).
Plugging this result back into the HIB equation, we obtain

@+ L)V = —f — gty lluill® = sy llo YV — o (H%u - #avv) YV (99)

1+
=—f = sl + sy lo T VVIP - o gsui - OV (100)
= —f = s lwl? + s lo T VVIP = owi - VV + o 5w - VV (101)
Now, we define the infinitesimal generator of the SDE
dXg = (b(XE1, s) + oui (X5, s)) ds + od W, (102)
as
1
L= Z(agT)Uazia@j + Z(bi +0(ui)i)0s, = L + Z o (1:)is, . (103)
] 7 1
Using (103), we can rewrite (101) as
@+ L)V = —f = sy luil® + s lo T VVIP + o sui - VV (104)
= —f = $uil® + st lui + o T VY (105)
By Itd’s formula (see App. A.3), we have
AV (X%, s) = (0s + L)V (XY, s)ds + o | VV (XY, s) - dWs. (106)

Plugging Eq. (105) in Eq. (106) and defining Yy := V(X% s) and Z; := (—u; — o VV)(X ¥, s),
we obtain the pair of forward-backward SDEs (FBSDEs)
dX{ = (b(XE1, 8) + oui (X5, 8))ds + odWs, X ~ po, (107)

dYs = (—f(X;”,s) — M (X2, 8)|)* + mHZsHQ) ds — (ui (X5, 8) + Zs) - dWs, (108)
with Y7 = g(X7%). This shows that
g(XE) = Y; — /tT (£ 8) 4 Sl (X2, )2 = st 12 12) ds - /fmxx:as) +Z.) - AW,
which can be rewritten as
wixn=vis [ adslizifas— [z aw. (109
Using the definition of Y;, we can now write

1 . 1 ; 1 T 1 T 1 2
E [e*mwﬂx“““ X :x} — e T VXSO {elﬂ J& ZsdWsm(xyz Jo 31 Zsl7ds

X,Z”:x}

1

- V(Xt)
—e 1+X ,

where leveraged Novikov’s theorem to show that the Doléans-Dade exponential is a martingale with
vanishing expectation. This concludes the proof of Item (i). The proof of Items (iii) and (iv) follows
directly from Thm. D.1. O

J.5 Log-variance with buffer and trust regions
Here, we provide further details on the trust-region log-variance loss introduced in Sec. 2.2 and given

by
apuir o \] dpuirt AP
Liv(u) = Var {log ( Ipe (X ))} = Var {log ( TP (X" P (X ))] . (110)

The Girsanov’s theorem (see App. A.3) shows that

dpPw v T _ _ 9 T v
log (X*) =/ Sllui (X5, s) — u(XS, s)]| ds+/ (i —u) (XS, s) - dWs. (111
dPv 0 2 o
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Combining this result for u = 0 with Prop. 2.2, we obtain

dpui+r 1 dQ dP .,
P X)X Ty, o8 (@d}Pw (X )> (112)
— o (U0 3l (XS )P dst [ ui (X5 8)-dWet W(X™3,0)) (113)

Noting that the variance is shift-invariant, (111) and (112) imply that

T T
L </ %Hui(X;”,s)szs—i—/ ui(xgi,s).dWS+W(X"i,0)) (114)
0 0

Liv(u) = Var TN

T

T
+/ *||UL(X3 ,s)—u(Xgi,s)Hst—i—/
0 0

which can be implemented by discretizing the integrals; see App. J.2.

(ui—u)(X;”,s)-dWs:|, (115)

Please note that the loss reduces to
dQ X Wi dlp™i Wi — dQ Uj
Liv(u) = Var {log (IP” (X" — Ipe (X ))} = Var {log (dIP“ (X )>] (116)
for \; = 0, which is how the loss is mostly used in the literature, where the variance is computed
using the most recent control, see e.g. [106].

J.6 Trust-region stochastic optimal control matching via adjoint method

Here, we provide further details on the trust-region version of the stochastic optimal control matching
(SOCM) loss introduced in [84]. We start from the cross-entropy loss, i.e., the forward KL divergence
between u; 11 and u, that is,

i dpvitr
Lop(u) = Dy (P [P) = E |log ~m— (X 1+1)} . (117)
Using Girsanov’s theorem (see App. A.3), the cross-entropy loss can be written as
T
Lce(u) =E [%/ lwiss (X, ) — u(X:”l,s)\Fds} (118)
0

Uit
dP } (119)

I - ;
_E [5/ s (X3, 8) = u(X3, ) [P ds =

Using the expression for the optimal control u;; = 1’\—u VViii, see Prop 2.5, yields

a0 1+)\
1 T A; u 1 T U u 1
‘CCE(U) =E 5 Hrl)\iui(X5175) 1+)\i0 v‘/i+1(Xs%75) —U( 5175)H dS (120)
0
with
V.E { 1+>\ Wi (XM ,t) XV = 1}
vz‘/;+1($,t) = *(1 -+ )\1) (121)
IE[e T Wi (Xi0) X :x}

We use the adjoint method [83, see Lemma 5] to evaluate the conditional expectation (121 )8, giving

/\W(Xtt) /\W(Xtt)

V.E [e 1+

Xtui — 1,:| —E |:a(t7 u“Xul) 1+

X = m} (122)
where the adjoint state a(¢, u;, X %) satisfies the ordinary differential equation (ODE)

%a(s, wg, X)) = — [(V(b(X;”  8) + oui(X, 8)) Ta(us, X, 5) (123)

i VX 9) + S (X, 9] (124)

with (T, us, X7°) = 7 + T3, V9(X1). Using the argument from [85, Theorem 1], replacing the
path-wise reparameterization trick with the adjoint method, we arrive at the trust-region version of
the stochastic optimal control loss given by

1 [T w _ w w
Lsocm(u) = E {5/ Hli—t\zul(X 18) — o aui, X s) —u(X",s)|°ds
0

+1
d]Pu }—&-K (125)

8Note that there exist other methods for computing derivatives of functionals of stochastic processes. We
refer the interested reader to [85].
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for some K independent of u. However, the adjoint state contains the Jacobian Vu; and the derivative
V||u;||, which can be expensive in practice. In what follows, we rewrite the objective such that we
can get rid of these terms.

J.7 Trust-region stochastic optimal control matching via lean adjoint method

Starting again from the cross-entropy loss, we now employ the alternative expression for the optimal
control as stated in Item (ii). This yields the objective

1T = dpit+t
Leg(u) =FE 7/ | — 0" VVit1(Xs, s) — u(Xs,5)|*ds (126)
2/, dP
where the gradient of the smoothed value function is given by
VLE [ #V X0, = o
V;c‘/iJrl(x? t) == D] [e—ﬁiW(Xt,,O) ‘Xt = x] a27)
We evaluate the conditional expectation using the adjoint method:
V.E [e—ﬂ1W(Xt,0)|Xt — x] — |:ai+l(X57 S)e—ﬁiW(Xt,O)‘Xt — x] X (128)

where a;+1(Xs, s) denotes the lean adjoint state [83], which satisfies the backward differential
equation:

d

i (Xeys) = — [(Vb(Xs, )T @it (Xs, 8) + BiV (X, s)] (129)
with terminal condition a;41(X7,T) = 3;Vg(Xr). Following the derivations in [85], we arrive at
the objective:

(T g, dP"it?
Lsoom(u) = B [5/ o ais1(Xa, ) — (X, )Pds (X)} . (130)
0
Finally, performing a change of measure to the previous control u; gives the expression:
T s s dPpi+1
Lsoom(u) = E {%/ lloTais (X4, s) —u(X2, s)||*ds P ] (131)
o ;

We remark that the adjoint ODE in (129) can be solved as

T
ai+1(Xs,s) = Biexp (/ Vb(Xt,t)Tdt) Vg(Xr) (132)

if f =0and Vb(X;,t)Vb(Xs,s) = Vb(Xs, s)Vb(X,t) for all s,¢ € [0,T] (i.e., the matrices at
different times commute). This allows us to solve the adjoint ODE exactly for our applications to
sampling from unnormalized densities; see App. E.

K Trust regions for probability measures

Our goal is to sample from a probability density of the form
plarget(x) = Pl%l(l‘)’ with Z = / Ptarget(x)d$7 (133)

where we can evaluate pgge; but typically do not have access to samples from piyge. To tackle this
problem, one can again formulate this problem as a variational problem by minimizing a divergence
between some ¢ and the target density piager. However, one can again incorporate an additional trust
region constraint, that is, an upper bound on the change of the variational distribution ¢ within a
single update step. Formally, we are trying to solve the following problem

gi+1 = argmin Dkr(q|[pure) st Dxwr(qllai) < e, /dq =1 (134)
q

where g; is the variational distribution from the previous iteration. We again tackle the constrained
optimization problem in (134) using Lagrangian multipliers. The Lagrangian is given by
L1 (6 A w) = Dt (g]lpuge) + X (Dr(all ) =€) +w ( / dg 1) (135)

with Lagrangian multipliers A, w. Taking the functional derivative 65%2((1, A,w)/dq and setting it to
zero admits a closed-form solution for the optimal density g;1; as the geometric average between the
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old distribution and the (unnormalized) optimal distribution, that is,?
A 1

) q;+xp1+x A e
git1(N) = argmin L (g, ) = Sy Wit Z) = / T (@) P (@)dz. (136)
q 7
Plugging the optimal distribution back into the Lagrangian yields the dual function
Lhna) = L1 (@i41(0), ) = =(1+ ) log Zi(A) — Ae. (137)

Note that we can use any non-linear optimizer for solving for the optimal Lagrangian multiplier by
maximizing the dual function, i.e.,

Ai = arg max Eg‘)ml()\). (138)
AERT

“Note the dependence of £<TiR) on w vanishes as ¢;+1 satisfies the normalization constraint.
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