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A Assumptions and auxiliary results849

A.1 Additional notation850

For vectors v1, v2 ∈ Rd, we denote by ∥v∥ the Euclidean norm and by v1 · v2 the Euclidean inner851

product. For a real-valued matrix A, we denote by Tr(A) and A⊤ its trace and transpose.852

For a sufficiently smooth function f : Rd × [0, T ] → R, we denote by ∇f = ∇xf its gradient w.r.t.853

the spatial variables x and by ∂tf and ∂xi
f its partial derivatives w.r.t. the time coordinate t and the854

spatial coordinate xi, respectively.855

We denote by N (µ,Σ) a multivariate normal distribution with mean µ ∈ Rd and covariance matrix856

Σ ∈ Rd×d. Moreover, we denote by Unif([0, T ]) the uniform distribution on [0, T ]. For random857

variables X1, X2, we denote by E[X1] and Var[X1] the expectation and variance of X1 and by858

E[X1|X2] the conditional expectation of X1 given X2.859

A.2 Technical assumptions860

Throughout our work, we make the same assumptions as in [101, 85], which are needed for all the861

objects considered to be well-defined. Namely, we assume that:862

(i) The set U of admissible controls is given by863

U = {u ∈ C1(Rd × [0, T ];Rd) | ∃C > 0, ∀(x, s) ∈ Rd × [0, T ], u(x, s) ≤ C(1 + ∥x∥)}. (20)

(ii) The coefficients b and σ are continuously differentiable, σ has bounded first-order spatial864

derivatives, and (σσ⊤)(x, s) is positive definite for all (x, s) ∈ Rd× [0, T ]. Furthermore, there865

exist constants C, c1, c2 > 0 such that866

∥b(x, s)∥ ≤ C(1 + ∥x∥), (linear growth)

c1∥β∥2 ≤ β⊤(σσ⊤)(x, s)β ≤ c2∥β∥2, (ellipticity)
(21)

for all (x, s) ∈ Rd × [0, T ] and β ∈ Rd.867

A.3 Useful identities868

Girsanov. For a generic v ∈ U , consider the two SDEs869

dXv
s = (b(Xv

s , s) + σv(Xv
s , s)) ds+ σdWs, Xv

0 ∼ p0 (22)
dXs = b(X, s)ds+ σdWs, X0 ∼ p0. (23)

By Girsanov’s theorem, we have that for any u,w ∈ U870

log
dPu

dP
(Xw) =

∫ T

0

σ−1u(Xw
s , s) · dXw

s −
∫ T

0

(σ−1b · u)(Xw
s , s)ds− 1

2

∫ T

0

∥u(Xw
s , s)∥2ds. (24)

It follows that871

log
dPu

dP
(Xu) =

∫ T

0

u(Xu
s , s) · dWs +

1

2

∫ T

0

∥u(Xu
s , s)∥2ds, (25)

and872

log
dPu

dP
(X) =

∫ T

0

u(Xs, s) · dWs −
1

2

∫ T

0

∥u(Xs, s)∥2ds. (26)

Moreover, it holds that (see [123] Appendix E)873

log
dPu

dPv
(Xw) =

∫ T

0

σ−1(u−v)(Xw
s , s) ·dXw

s − 1

2

∫ T

0

(
∥σ−1b+ u∥2 − ∥σ−1b+ v∥2

)
(Xw

s , s)ds, (27)

from which follows that874

log
dPu

dPv
(Xu) =

∫ T

0

(u− v)(Xu
s , s) · dWs +

1

2

∫ T

0

∥u− v∥2(Xu
s , s)ds, (28)

and875

log
dPu

dPv
(Xv) =

∫ T

0

(u− v)(Xv
s , s) · dWs −

1

2

∫ T

0

∥u− v∥2(Xv
s , s)ds, (29)

Itô formula. Consider the stochastic process X defined by the SDE876

dXs = b(Xs, s)ds+ σdWs (30)

with infinitesimal generator L := 1
2

∑
i,j(σσ

⊤)ij∂xi∂xj +
∑

i bi(x, t)∂xi . The dynamics of f(Xs, s)877

is given by878

df(Xs, s) = (∂s + L)f(Xs, s)ds+ σ⊤∇f(Xs, s) · dWs. (31)
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B Proofs879

Proof of Prop. 2.2. Let P̃ be the measure defined by dP̃
dPui

=
(

dQ
dPui

) 1
1+λi

/Z̃ , where Z̃ is the880

normalizing constant. Then we have that881

(1 + λi) log
dPu

dP̃
= (1 + λi) log

(
dPu

dPui

dPui

dP̃

)
= (1 + λi) log

dPu

dPui
+ log

dPui

dQ
+ (1 + λi) log Z̃

(32)

= λi log
dPu

dPui
+ log

dPu

dQ
+ (1 + λi) log Z̃. (33)

Using the definition of the Lagrangian in (5), this implies that882

(1 + λi)DKL

(
Pu|P̃

)
= λiDKL (Pu|Pui) +DKL (Pu|Q) + (1 + λi) log Z̃ (34)

= L(i)
Tr (u, λi) + (1 + λi) log Z̃ + λiε, (35)

Since we defined the minimizer of the Lagrangian (with optimal multiplier λi) in the last expression as883

ui+1, we have that ui+1 = argminu∈U DKL

(
Pu|P̃

)
. This shows that P̃ = Pui+1 by the uniqueness884

of the Radon-Nikodym derivative. The second statement then follows by induction.885

C Further related works, broader impact, and limitations886

C.1 Further related works887

Monte Carlo estimator. In theory, one could directly compute the optimal control using the888

representations in Prop. 2.5 (for λ = 0 and i = 0; see Item 1 in Thm. D.1) combined with Monte889

Carlo estimates6 of the value function in Item 4 [94, 122, 95, 80, 116]. However, in practice this can890

be problematic since it requires a large amount of samples for each state x due to the (typically) very891

high variance of the estimator for V [122]. In particular, we note that the variance translates to bias892

in the control due to the logarithmic transform. Moreover, for nonzero f or general b (e.g., in the893

fine-tuning setting), one needs to simulate the uncontrolled process to obtain samples.894

PDE solver. One can also leverage the representation of the value function as the solution of a HJB895

equation (see Item 3 in Thm. D.1). While solving PDEs in high dimensions is very challenging,896

there exist scalable approaches based on tensor trains and neural networks7 that leverage backward897

stochastic differential equations or the Hopf-Cole transform in combination with the Feynman-Kac898

formula [90, 67, 104, 66, 105, 108, 107, 64]. However, in practice, we only need the value function899

in the domain where the optimal path measure has sufficiently large values, which is typically not900

considered for PDE solvers.901

Iterative diffusion optimization. To focus more on promising regions of the path space, methods902

for iterative diffusion optimization simulate (sub-)trajectories of the controlled SDE to compute a903

suitable loss and update the control. Typically, the control is parametrized as a neural network and904

optimized using variants of stochastic gradient descent. While such methods have been explored905

for general SOC problems with quadratic control costs [101, 104, 84, 81], many recent works have906

focus on the special case of sampling from unnormalized densities as described in Sec. 3.1; see,907

e.g., [129, 68, 122, 127, 123, 111, 100, 65]. From the perspective of path measures, all these works908

propose to minimize suitable divergences between measures induced by controlled SDEs. While909

we demonstrate the benefits of leveraging trust region methods for the Denoising Diffusion Sampler910

(DDS) [121], our method could also be extended to other samplers.911

Transition path sampling. Transition path sampling has been a longstanding problem in physics912

and chemistry to understand phase transition and chemical reaction, with applications in energy,913

catalysis, and drug discovery [71, 120]. Computationally, MCMC-based approaches have been914

extended to path space to mix the transition path distribution, pioneered by [79]. As discussed in915

Sec. 3.2, transition path sampling can be formulated as a stochastic optimal control problem and916

has been numerically solved using reverse KL divergence [126], cross-entropy divergence [93], and917

6One can obtain derivative estimates using adjoint states (as defined in Sec. 2.2) or using reparametrization
tricks if the uncontrolled process has suitable, known marginals. For Gaussian marginals, one can also use
Stein’s lemma [94]. We also note that control variates for such estimators have been analyzed in [110, 105].

7Note that some of these approaches correspond to regressions of the Monte Carlo estimators mentioned
above [122] or to the IDO methods mentioned below [115].
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log-variance divergence [112], the optimal control is known to be the Doob’s h-function [73, 114, 86]918

(for a review, we refer to [113]). To solve the Doob’s h-function, [114] proposes a shooting-based919

method which requires MD simulation to reach the target state, while [86] proposes a Gaussian920

approximation conditioned on both the initial and target state which satisfies boundary conditions921

by design and provides a simulation-free optimization algorithm. Similarly to SOC, transition path922

sampling can also naturally be formulated as a reinforcement learning problem, as in [78, 109].923

Diffusion and flow matching reward fine-tuning. Several of the early works on diffusion fine-tuning924

focused on directly optimizing the reward model making use of its differentiability [125, 74], without925

any KL regularization, which can lead to reward hacking. Some other works [69, 87] framed reward926

fine-tuning as an RL problem, but did not make the probabilistic connection to tilted distributions.927

[118] provides a probabilistic view of the problem, but proposes an algorithm that is hard to scale.928

[82] give a comprehensive view of flow matching reward fine-tuning, introducing memoryless noise929

schedules as the right ones, as well as a new scalable SOC algorithm that we use and adapt: adjoint930

matching. Using the memoryless noise schedule, a recent work [97] considers GRPO for flow931

matching fine-tuning. [128, 98] consider alternative algorithms which learn the value functions.932

C.2 Limitations933

While our method for solving stochastic optimal control problems exhibits strong sample efficiency, it934

relies on storing entire trajectories in the replay buffer during training. In large-scale settings—such as935

fine-tuning text-to-image models—this necessitates keeping the replay buffer in CPU memory while936

training occurs on the GPU. This separation introduces additional computational overhead due to data937

transfers between CPU and GPU; however, the buffer still significantly accelerates the fine-tuning938

since the main computational cost in such settings stems from the simulation of trajectories.939

C.3 Broader impact940

This paper proposes new methodologies and theories that find numerical solutions for stochastic941

optimal control problems randing from equilibrium sampling, transition path sampling to fine-tuning942

text-to-image generative models. Equilibrium sampling and transition path sampling are important in943

Bayesian statistics, physics and chemistry where they can be used to estimate free energy, understand944

phase transition and rare event which hold promises to accelerate drug and materials discovery. More945

efficient fine-tuning of text-to-image models democratizes the generation of specialized high-quality946

visual content for creative applications. However, these capabilities also introduce risks such as the947

potential for generating convincing misinformation and deepfakes.948

D Background on SOC949

D.1 Stochastic optimal control950

In this work, we consider stochastic optimal control (SOC) problems of the form951

min
u∈U

LSOC(u) = min
u∈U

E

[∫ T

0

(
1
2
∥u(Xu

s , s)∥2 + f(Xu
s , s)

)
ds+ g(Xu

T )

]
, (36)

with state-cost f , terminal cost g and control function u ∈ U , where U denotes a set of admissible952

controls; see App. A.2 for further details. Here, Xu is a controlled SDE of the form953

dXu
s = b(Xu

s , s) + σ(s)u(Xu
s , s)ds+ σ(s)dWs, X0 ∼ p0, (37)

with base drift b, base distribution p0 (typically a Gaussian or dirac delta distribution), and diffusion954

coefficient σ. We denote the path measure induced by (37) by Pu ∈ P . Moreover, we simply write955

P for the path measure corresponding to the uncontrolled process, i.e.,956

dXs = b(Xs, s)ds+ σ(s)dWs, X0 ∼ p0. (38)
Given a time t and state x, the cost functional J(u;x, t) is the expected cost-to-go for a control u on957

the time interval [t, T ] and is defined as958

J(u;x, t) = E

[∫ T

t

(
1
2
∥u(Xu

s , s)∥2 + f(Xu
s , s)

)
ds+ g(Xu

T )
∣∣∣Xu

t = x

]
. (39)

The value function V , or, optimal cost-to-go is obtained by taking the infimum over all controls in U ,959

that is,960

V (x, t) = inf
u∈U

J(u;x, t). (40)

Then we have the following well-known results on representations of the value function V and961

solution to the SOC problem u∗; see, e.g., [101, 102, 77, 88, 103] for details.962
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Theorem D.1 (Optimality for SOC Problems). Let us define the work functional as963

W(X, t) =

∫ T

t

f(Xs, s) ds+ g(XT ). (41)

Then we have the following representations of the value function in V in (40) and the solution u∗ to964

the SOC problem in (36):965

1. (Connection between solution and value function) The solution can be written as u∗ = −σ⊤∇V.966

2. (Optimal change of measure) The Radon-Nikodym derivative of the optimal path measureQ w.r.t.967

the uncontrolled path measure P satisfies968

dQ

dP
(X) =

e−W(X,0)

Z(X0)
with Z(X0) = E

[
e−W(X,0)|X0

]
. (42)

3. (PDE for value function) The value function V is the solution to the Hamilton-Jacobi-Bellman969

(HJB) equation970

(∂t + L)V (x, t)− 1
2
∥(σ⊤∇V )(x, t)∥2 + f(x, t) = 0, V (x, T ) = g(x), (43)

where L := 1
2

∑d
i,j=1(σσ

⊤)ij∂xi
∂xj

+
∑d

i=1 bi∂xi
denotes the infinitesimal generator of the971

uncontrolled SDE in (38).972

4. (Estimator for value function) For every (x, t) ∈ Rd × [0, T ] the value function can be written as973

V (x, t) = − logE
[
e−W(X,t)

∣∣Xt = x
]
, where X is the solution of the uncontrolled SDE in (38).974

Combining the expressions for u∗ and V in Thm. D.1, we directly obtain the path integral representa-975

tion of the optimal control, i.e.,976

u∗(x, t) = σ(t)⊤∇x logE
[
e−W(X,t)

∣∣∣Xt = x
]
, (44)

In practice, computing the optimal control (44) is typically impractical, as it requires running multiple977

simulations for each state x to obtain a Monte Carlo approximation of the expectation; see App. C.1.978

To address this challenge, many approaches instead learn a parameterized control function, optimized979

using stochastic gradient methods. These techniques are collectively referred to as iterative diffusion980

optimization (IDO) methods and are further discussed in the next section.981

D.2 Iterative diffusion optimization982

An alternative view on problem (36) is obtained by considering loss functions on path measures. By983

the Girsanov theorem (see App. A.3) we have984

dP

dPu
(Xu) = exp

(
−
∫ T

0

u(Xu
s , s) · dWs −

1

2

∫ T

0

∥u(Xu
s , s)∥2ds

)
. (45)

Combining this with the optimal change of measure dQ/dP in Thm. D.1, we obtain an expression985

for dQ/dPu from which we can compute the relative entropy LRE, i.e., the reverse Kullback-Leibler986

(KL) divergence987

LRE(u) = DKL(P
u∥Q) = E

[∫ T

0

(
1
2
∥u(Xu

s , s)∥2 + f(Xu
s , s)

)
ds+ g(Xu

T )

]
+ logZ. (46)

Note that minimizing the stochastic optimal control problem in (36) is equal to minimizing the KL988

divergence, that is,989

u∗ = argmin
u∈U

LSOC(u) = argmin
u∈U

LRE(u), (47)

in the sense that both have the same unique optimal control u∗ as a minimizer. As such, we can990

consider an arbitrary divergence D : P × P → R+ for which holds D(P1|P2) = 0 if and only if991

P1 = P2 to solve stochastic optimal control problems. More generally, we can consider any loss992

function for which the unique minimizer is the optimal control u∗. Iterative diffusion optimization993

builds on this perspective and can be seen as a common framework for solving (potentially high-994

dimensional) SOC problems by leveraging parameterized control functions and stochastic gradient995

methods to minimize different loss functions.996

E Background on diffusion-based sampling997

We consider the task of sampling from densities of the form998

ptarget =
ρtarget
Z with Z :=

∫
Rd

ρtarget(x)dx, (48)
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where ρtarget ∈ C(Rd,R≥0) can be evaluated pointwise, but the normalizing constant Z is typically999

intractable.1000

Here, we approach the sampling problem by using denoising diffusion-based sampling based on1001

the work of [121]. To that end, we consider a controlled ergodic Ornstein-Uhlenbeck (OU) process1002

X = (Xs)s∈[0,T ], i.e.,1003

dXu
s = (−ζ(s)Xu

s + u(Xu
s , s)) ds+ η

√
2ζ(s) dBs, X0 ∼ p0, (49)

with noise schedule ζ ∈ C([0, T ],R), p0(x) = N (0, η2I) and corresponding path measure Pu. The1004

target path space measureQ is induced by an uncontrolled ergodic Ornstein-Uhlenbeck (OU) process,1005

starting from the target ptarget and running backward in time, that is,1006

dXs = ζ(s)Xs ds+ η
√

2ζ(s) dBs, XT ∼ ptarget, (50)
which fulfills Q0 ≈ p0 for a suitable choice of ζ. For integration, we follow [121] and use an1007

exponential integrator. Lastly, it can be shown that the optimal control fulfills1008

u∗(x, s) = η
√

2ζ(s)∇x log
Qs

Ps
(x), (51)

which is later used to analytically compute the optimal control for Gaussian mixture model target1009

densities. Please note that Ps = N (0, η2I) for all s ∈ [0, T ] as the uncontrolled SDE is initialized at1010

its equilibrium distribution.1011

E.1 Experimental setup1012

Here, we provide further details on our experimental setup.1013

General setting. The codebase used in this work was developed from scratch but is loosely inspired1014

by github.com/facebookresearch/SOC-matching. All experiments are conducted using the1015

Jax library [72] and are run on a single 40GB NVIDIA A40 GPU. Our default experimental setup,1016

unless specified otherwise, is as follows: We use the Adam optimizer [96] with a learning rate of1017

5×10−4 and gradient clipping with a value of 1. We utilized 50 discretization steps using exponential1018

integrators. The control function u is parameterized as a fully-connected 6-layer neural network with1019

256 neurons and GELU activations [92]. Time embedding is achieved via Fourier features [117]. For1020

all experiments, we used a time horizon of T = 1.1021

The control is parameterized as1022

uθ(x, t) = fθ
1 (x, t) + fθ

2 (t)
x

η2
, (52)

and for experiments using Langevin preconditioning (LP), it is parameterized as1023

uθ
LP(x, t) = fθ

1 (x, t) + fθ
2 (t)

(
x

η2
+∇x log ρtarget(x)

)
, (53)

where f1 and f2 are neural networks parameterized by θ.1024

For non-trust methods, we train for 60k gradient steps with a batch size of 2000, amounting to a total1025

of 120M target evaluations. In contrast, trust region methods use a buffer of length 50k refreshed 1501026

times during training, resulting in a total of 60k × 150 = 7.5M target evaluations. To optimize for1027

the next control ui+1, we perform 400 gradient steps on the replay buffer using randomly sampled1028

batches of size 2000. All experiments use a trust-region bound of ε = 0.1.1029

For the Many Well target, we set the standard deviation of the prior distribution to 1 and to 2.5 for the1030

Gaussian mixture target. For the randomization of the mixing weights, we uniformly sample positive1031

values that are normalized and rescaled such that the ratio between the maximum mixing weight and1032

the minimum is 3. The diffusivity is scheduled according to ζ(t) = (Cmax −Cmin) cos
2
(
tπ
2T

)
+Cmin1033

with Cmin = 0.01 and Cmax = 10.1034

Evaluation protocol and model selection. We follow the evaluation protocol of prior work [70] and1035

evaluate all performance criteria 100 times during training, using 2000 samples for each evaluation.1036

We apply a running average with a window of 5 evaluations to smooth out short-term fluctuations and1037

obtain more robust results within a single run. We conducted each experiment using four different1038

random seeds and averaged the best results for each run.1039

Benchmark problem details. The ManyWell target involves a d-dimensional double well potential,1040

corresponding to the (unnormalized) density1041

ρtarget(x) = exp

(
−

m∑
i=1

(x2
i − δ)2 − 1

2

d∑
i=m+1

x2
i

)
,

26
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with m ∈ N representing the number of combined double wells (resulting in 2m modes), and a1042

separation parameter δ ∈ (0,∞) (see also [124]). In our experiments, we set m = 5 leading to1043

2m = 32 modes. The separation parameter is set to δ = 4. Since ρtarget factorizes across dimensions,1044

we can compute a reference solution for logZ via numerical integration, as described in [99].1045

Moreover, we consider a Gaussian mixture model (GMM) target of the form1046

ptarget(x) =

K∑
k=1

πk,N (x | µk,Σk), (54)

where µk ∈ Rd, Σk ∈ Rd×d, πk ≥ 0, and
∑K

k=1 πk = 1. To compute the optimal control u∗, we1047

exploit the fact that the optimal marginal path measuresQt(x) can be derived analytically [100]:1048

Qt(x) =

K∑
k=1

πkN
(
x|µke

−
∫ T
t ζ(s)ds,Σke

−2
∫ T
t ζ(s)ds + η2

∫ T

t

2ζ(s)e−2
∫ s
t ζ(u)duds

)
. (55)

and used for computing the optimal control u∗. Finally, to compute the total variation distance, we1049

leverage the known true mixing weights πk and define the mode partitions Sk ⊂ Rd as1050

Sk = {x ∈ Rd| argmax
j

πjN (x|µj ,Σj) = k}. (56)

E.2 Evaluation criteria1051

Here, we provide further information on how our evaluation criteria are computed.1052

Control L2 error. Assuming access to the optimal control u∗, we can compute the L2 error between1053

the optimal and the learned control, i.e.,1054

control L2 error := E
[∫ T

0

1

2
∥u∗ − u∥2(Xu∗

, s)ds

]
(57)

where Xu∗
is obtained by simulating the controlled process with u∗, and compute the error using a1055

Monte Carlo estimate. Note that this quantity is equivalent to the forward Kullback-Leibler divergence1056

DKL (Q|Pu) = E

[
log

dQ

dPu
(Xu∗

)

]
. (58)

Via Girsanov’s theorem (see App. A.3) we have that1057

dQ

dPu
(Xu∗

) =

∫ T

0

(u∗ − u)(Xu∗
, s) · dWs +

∫ T

0

1
2
∥u∗ − u∥2(Xu∗

, s)ds. (59)

The desired equivalence follows from the fact that, under mild regularity assumptions, the stochastic1058

integral in (59) is a martingale and has vanishing expectation.1059

Log-normalizing constant. By definition, the log-normalizing constant is given by1060

Z(X0) = E
[
e−W(X,0)|X0

]
= E

[
dQ

dP
(X)

]
. (60)

Applying a change of measure to the controlled process yields1061

Z(X0) = E

[
e−W(Xu,0) dP

dPu
(Xu)|X0

]
= E

[
e−

∫ T
0

1
2
∥u(Xu

s ,s)∥2ds−
∫ T
0 u(Xu

s ,s)·dWs−W(Xu,0)|X0

]
,

(61)
which can be estimated via Monte Carlo using samples from the current control u.1062

Sinkhorn distance. We estimate the Sinkhorn distance W2
γ [75], an entropy-regularized optimal1063

transport distance, between model and target samples using the JAX-based ott library [76].1064

Total variation distance Inspired by recent work [70, 89], we assume access to ground truth mixing1065

weights πk, k ∈ {1, . . . ,K}, along with a partition {S1, . . . , SK} of Rd, where each region Sk ⊂ Rd1066

corresponds to the kth mode of the target distribution. We estimate the empirical mixing weights1067

using1068

π̂k =
E [1Sk (X

u
T )]∑K

k′=1E
[
1Sk′ (X

u
T )
] . (62)

Using these estimates, we compute the total variation distance (TVD) between the empirical and true1069

mode weights as1070

TVD =

K∑
k=1

|πk − π̂k| . (63)
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Figure 7: Control L2 error as a function of the number of target evaluations for the GMM target across varying
problem dimensionalities d. All results are averaged across four random seeds.

Details on how the ground truth mixing weights and the corresponding mode regions Sk are defined1071

can be found in the descriptions of the target densities.1072

E.3 Additional experiments1073

Here, we provide results for additional numerical experiments.1074

Gaussian Mixture 40 (GMM40). We further evaluate the performance of trust-region-based losses1075

by comparing them to existing SOC losses on the well-established GMM40 benchmark [99]. In this1076

task, the target distribution is a Gaussian mixture model with 40 components, where the means are1077

uniformly sampled from the interval [−40, 40], and each component has an initial variance of 1 . We1078

set the prior’s standard deviation to η = 30. The results, presented in Fig. 8, show that only two1079

losses, Cross-Entropy (CE) and trust-region with log-variance (TR-LV), can consistently learn all 401080

modes. Notably, TR-LV achieves this with approximately ten times fewer target evaluations than CE.1081

Control L2 error vs. target evaluations. We extend the results presented in Sec. 3.1 for the GMM1082

benchmark by providing a detailed analysis of the control L2 error as a function of the number of1083

target evaluations across varying problem dimensionalities d. For d = 2, all SOC losses achieve low1084

control error. However, at d = 10, some methods begin to exhibit elevated control error due to mode1085

collapse. As the dimensionality increases further, only trust-region-based losses consistently maintain1086

low control error. While these methods show partial mode collapse for d ≥ 150, we anticipate1087

that this issue can be mitigated by refining the control function architecture or by employing larger1088

buffer and batch sizes. Importantly, trust-region methods also require significantly fewer target1089

evaluations—a key advantage in many real-world applications where evaluations are costly.1090

Influence of trust region bounds. We further investigate the effect of different trust-region bound1091

values ε on the GMM target using TR-LV. The results are presented in Fig. 10. The left figure1092

shows that smaller trust-region bounds significantly improve performance: ε = 0.01 yields up to1093

an order of magnitude lower control error compared to ε = 1. Additionally, smaller ε values help1094

stabilize training, as evidenced by the reduced standard deviation across random seeds. In contrast,1095

training with ε = 1 becomes unstable. However, this improved stability comes at the cost of slower1096

convergence—smaller bounds require more training iterations to effectively anneal from the prior1097

to the target path measure, as illustrated in the middle figure. Finally, the right figure shows that1098

the empirically observed smoothed effective sample size (ESS) aligns well with its Taylor series1099

approximation, ESS =
(
Var

(
dP(i+1)

dP(i)

)
+ 1

)−1

≈ 1
2ε+1 for small values of ε; see see App. J.3 for1100

further details.1101
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Figure 8: Qualitative and quantitative results for the GMM40 target. The qualitative plots demonstrate that only
the CE (orange) and TR-LV (purple) losses successfully capture all 40 modes of the ground truth (GT, grey)
distribution. This is further supported by the low L2 control error observed for these two methods. Results are
averaged across four random seeds and are not reported for the log-variance loss due to numerical instabilities.

F Transition path sampling1102

F.1 Experimental details1103

We build upon the codebase provided by TPS-DPS [112] (github.com/kiyoung98/tps-dps). Our1104

experimental setups also follow [112] to ensure a fair comparison.1105

MD Simulation Setup. We run molecular dynamics simulation on the OpenMM platform. Both1106

simulations are run at temperature 300K. For Alanine Dipeptide, we use the ‘amber99sbildn.xml’1107

forcefield with a VVVR integrator to simulate in vaccum. Each timestep is set as 1 femtosecond. Each1108

path sampled is of length 1,000. For Chignolin, we use the ‘protein.ff14SBonlysc.xml’ forcefield with1109

implicit solvant model ‘gbn2.xml’ with a VVVR integrator. Each timestep is set as 1 femtosecond.1110

Each path sampled is of length 5,000.1111

Target Hit. For Alanine Dipeptide, target hit is defined over the two dihedral angles ϕ and ψ and a1112

distance radius within 0.75Å. For Chignolin, a long MD simulation is pre-loaded with Time-lagged1113

independent component analysis (TICA) to select the first two dimensions that capture most variance.1114

The region is then defined over the two dimensions with a radius of 0.75.1115

Training process. Annealing is applied from 600K to 300K. A replay buffer is used with buffer1116

size 1,000 and 200 for Alanine Dipeptide and Chignolin, respectively. and training over buffer per1117

iteration is 1,000 times.1118

Hyperparameters: The trust-region constraint is set to ε = 0.01 for Alanine Dipeptide and ε = 0.21119

for Chignolin. Batch size for both systems is set to 16, Alanine Dipeptide is trained for 2000 iterations,1120

while Chignolin is trained for 50 iterations.1121

Computing Resources: Each experiment is run on a single 80GB NVIDIA H100 GPU.1122

F.2 Additional Experimental Result Discussion1123

We discuss our results in comparison to [112]. First of all, we evaluate three seed average as we notice1124

the high variance nature of the transition path sampling problem–running several times can have huge1125

variance in results (also evidenced in Fig. 4). We can also observe the trust-region constraint helps to1126

stabilize the training significantly and thus have much smaller variance across three runs. Notably,1127

for Alanine Dipeptide, both methods start with zero hitting percentage, while in Chignolin, in the1128

beginning both methods already have some trajectories that hit the target, trust-region constraint is1129

already effective in improving the efficiency. We use almost the exact same setup as in [112] with the1130

only difference being the batch size for Chignolin is 16 instead of 4. We do not tune the model as our1131

goal is to show the trust-region constraint improves the training stability and thus the efficiency and1132

accuracy in terms of number of energy calls.1133

29

https://github.com/kiyoung98/tps-dps


(a) Relative entropy (RE) (b) Cross entropy (CE)

(c) Log-variance (LV) (d) Adjoint matching (AM)

(e) SOC Matching (SOCM) (f) Trust-region log-variance (TR-LV)

Figure 9: Qualitative results for the Many Well target with d = 200. Level plots depict the ground truth density
for pairs of marginal distributions, while blue dots represent samples generated by models trained using the
respective loss functions (indicated in the sub-captions). Among all methods, only the trust-region-based log-
variance loss successfully avoids mode collapse and convergence issues. Interestingly, although the cross-entropy
loss achieves the second-lowest estimation error for logZ (see Fig. 3), the qualitative results suggest that the
model fails to adequately capture the target distribution—likely due to the high variance of the importance
weights. All visualizations are generated using the same random seed for consistency.

30



ε = 0.01 ε = 0.05 ε = 0.1 ε = 0.2 ε = 0.5 ε = 1

2 10 50 100 150 200

10−3

10−2

10−1

100

101

102

d

co
n
tr
ol
L
2
er
ro
r

0 2 4 6

0

0.2

0.4

0.6

0.8

1

target evaluations ×106

1
-
β
i

0 20 40 60 80 100 120 140

0.2

0.4

0.6

0.8

1

iteration i

E
S
S
(λ

i)

Figure 10: Influence of different trust region bound values ε on the GMM target for TR-LV. The left figure
considers varying problem dimensionalities d whereas the middle and right figure report results for d = 100. The
figure on the right shows the empirically observed smoothed effective sample size (ESS) and its approximation

via Taylor series approximation, i.e., ESS =
(
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)
+ 1
)−1

≈ 1
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, with solid and dashed lines,
respectively. All results are averaged across four random seeds.

G Classical SOC problems1134

Here, we consider classical SOC problems for which the optimal control can be computed analytically.1135

These problems have been widely used in recent studies to compare different loss functions [101, 84,1136

81]. Here, we leverage them to showcase that importance sampling works in high dimensions when1137

using trust-region based losses. To that end, we consider the comparison between the SOCM loss and1138

its trust-region based counterpart.1139

G.1 Experimental Setup1140

The experimental setup follows the setup used for diffusion-based sampling, as explained in App. E.1,1141

including control function architecture, hyperparameter evaluation protocol, and model selection.1142

For discretizing the SDE, we leverage the Euler-Maruyama scheme, i.e.,1143

X̂n+1 = X̂n + (b+ σu) (X̂n, n∆t)∆t+ σ(n)
√
∆tξn, ξn ∼ N (0, I). (64)

Since the considered benchmark problems admit analytical solutions for the optimal control u∗,1144

we consider the L2 error between the learned and the optimal control for evaluating the models as1145

explained in App. E.1.1146

G.2 Benchmark problem details1147

We consider two problems taken from [101], the Quadratic Ornstein-Uhlenbeck (OU) easy and1148

Quadratic Ornstein-Uhlenbeck (OU) hard. For convenience, we briefly introduce them again here.1149

Quadratic Ornstein-Uhlenbeck (OU) The choices for the functions of the control problem are:1150

b(x, t) = Ax, f(x, t) = x⊤Px, g(x) = x⊤Qx, σ(t) = σ0. (65)
where Q is a positive definite matrix. Control problems of this form are better known as linear1151

quadratic regulator (LQR) and they admit a closed form solution [119]. The optimal control is given1152

by:1153

u∗(x, t) = −2σ⊤
0 F (t)x, (66)

where F (t) is the solution of the Ricatti equation1154

dF (t)

dt
+A⊤F (t) + F (t)A− 2F (t)σ0σ

⊤
0 F (t) + P = 0 (67)

with the final condition F (T ) = Q. Within the Quadratic OU class, we consider two settings:1155

• Easy: We set A = 0.2I , P = 0.2I , Q = 0.1I , σ0 = I , λ = 1, T = 1, xinit ∼ 0.5N (0, I).1156

• Hard: We set A = I , P = I , Q = 0.5I , σ0 = I , λ = 1, T = 1, xinit ∼ 0.5N (0, I).1157
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Figure 11: Control L2 error as a function of the number of target evaluations for the quadratic OU problem
across varying problem dimensionalities d. All results are averaged across four random seeds.

G.3 Results1158

We compare the performance of SOCM and its trust-region-based variant (TR-SOCM) on the1159

quadratic Ornstein–Uhlenbeck (OU) problem across varying problem dimensionalities d. Both1160

approaches rely on importance sampling, which is known to be challenging in high-dimensional1161

settings. This experiment highlights the role of trust regions in scaling to such regimes. Results are1162

presented in Fig. 11.1163

In low-dimensional settings (d ≤ 10), both methods perform comparably, although TR-SOCM1164

exhibits significantly better sample efficiency. As the dimensionality increases (d ≥ 50), the1165

performance of SOCM deteriorates markedly, while TR-SOCM continues to achieve low control1166

error. For the more challenging variant of the quadratic OU problem, SOCM fails to meaningfully1167

improve upon its initialization, whereas TR-SOCM demonstrates consistent error reduction.1168

These results suggest that trust regions are particularly beneficial in high-dimensional and difficult1169

problem settings, where they provide stability and improved performance.1170

H Fine-tuning of diffusion models1171

We take the adjoint matching (AM) implementation in github.com/microsoft/soc-fine-tuning-sd1172

as our baseline, and we modify it to implement TR-SOCM.1173

H.1 Fine-tuning experimental details1174

We generate images using classifier free guidance, with guidance scale 7.5. We use 50 inference1175

timesteps to sample the rollouts during fine-tuning, and the evaluation samples are also generated at1176

50 inference timesteps.1177

We fine-tune using the default hyperparameters in the repo: we use AdamW, using learning rate1178

3 × 10−6, beta 1 set to 0.9, beta 2 set to 0.95, and weight decay 0. We use an effective batch size1179

of 500 trajectories, and 4 model backpropagations per trajectory. For the TR-SOCM loss, we use a1180

buffer size of size 100, and 10 passes per buffer.1181

We use the 10000 fine-tuning prompts taken from the repository for [125], and the 100 validation1182

prompts from the same repository (see https://github.com/THUDM/ImageReward). The two1183

prompts used in Figure 6 are "masterpiece, best quality, realistic photograph, 8k, high detailed vintage1184

motorcycle parked on a wet cobblestone street at dusk, neon reflections, shallow depth of field" and1185

"masterpiece, best quality, ultra detailed, 8k renaissance cathedral interior, light streaming through1186

stained-glass windows onto marble floors".1187
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I Trust region SOC sequences are equispaced in the Fisher-Rao distance1188

For a fixed ε, suppose that we construct the sequence of controls (ui+1)i≥0 as the solutions of the1189

problem (4). As shown in Prop. 2.2, we have that1190

dPui

dP
∝
(
dQ

dP

)βi
(
dPu0

dP

)1−βi

, with βi = 1−
i−1∏
j=0

λj

1+λj
(68)

If we define the family (Q(τ))τ∈[0,1] such that1191

dQ(τ)

dP
∝
(
dQ

dP

)τ (
dPu0

dP

)1−τ

, (69)

we can write Pui = Q(βi). Hence, we can regard the sequence (Pui)i≥0 as a discretization of1192

the family (Q(τ))τ∈[0,1]. Next, we characterize this discretization more precisely using tools from1193

information geometry.1194

I.1 Basics on information geometry1195

Let {p(x; θ)}θ∈Θ be a parametric family of probability densities (or mass functions) on the sample1196

space X , and let X be a random variable with distribution p(x; θ).1197

Definition I.1 (Fisher Information Matrix). The Fisher information matrix at θ is defined as1198

I(θ) = EX∼p(·;θ)

[
∇θ log p(X; θ)

(
∇θ log p(X; θ)

)⊤]
= −EX∼p(·;θ)

[
∇2

θ log p(X; θ)
]
,

where ∇θ denotes the column gradient with respect to θ, and ∇2
θ the Hessian.1199

As an average of positive semi-definite matrices, I(θ) is positive semi-definite, which makes it1200

possible to define a geometric structure:1201

Definition I.2 (Statistical Manifold). Let {p(x; θ)}θ∈Θ be a smooth parametric family of probability1202

densities on X , with parameter space Θ ⊆ Rd. Then Θ itself can be viewed as a d-dimensional1203

differentiable manifold1204

M = { p( · ; θ) : θ ∈ Θ} ∼= Θ,

called the statistical manifold of the model. Endow M with the Riemannian metric1205

gij(θ) = Iij(θ) = EX∼p(·;θ)

[
∂i log p(X; θ) ∂j log p(X; θ)

]
,

where ∂i = ∂
∂θi

. This g is known as the Fisher–Rao metric, turning (M, g) into the canonical1206

information-geometric manifold of the model.1207

Next, we review the definition of the length of a curve on a Riemannian manifold.1208

Definition I.3 (Length of a Curve on a Riemannian Manifold). Let (M, g) be a d-dimensional1209

Riemannian manifold, and let γ : [a, b] −→ M be a piecewise smooth curve. Choose local1210

coordinates θ = (θ1, . . . , θd) on an open set U ⊂ M containing the image of γ, so that γ(t) 7→1211

θ(t) = (θ1(t), . . . , θd(t)). Then the length of γ is1212

L(γ) =

∫ b

a

√
gij
(
θ(t)

)
θ̇i(t) θ̇j(t) dt,

where θ̇i(t) =
dθi

dt
(t) and we employ the Einstein summation convention on repeated indices1213

i, j = 1, . . . , d.1214

A geodesic between two points θ1, θ2 ∈ M is a piecewise smooth curve γ : [a, b] −→ M such that1215

γ(a) = θ1, γ(b) = θ2 that minimizes the length functional L locally. Any time reparameterization of1216

a geodesic is also a geodesic, because The geodesic distance between θ1, θ2 is the infimum over the1217

lengths of all geodesics (or all piecewise smooth curves) between θ1, θ2.1218

Definition I.4 (Fisher-Rao distance). The geodesic distance induced by the Fisher-Rao metric is1219

known as the Fisher–Rao distance.1220

I.1.1 A FIRST EXAMPLE: THE MANIFOLD OF SMOOTH DENSITIES1221

A first instantiation of this framework is on the manifold of smooth densities, defined below.1222

Definition I.5 (The Manifold of Smooth Densities). Let X be a measurable space and denote1223

by P = { p : X → R>0 |
∫
X p(x) dx = 1} the set of smooth, strictly positive probability1224
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densities on X . Then, P is an infinite-dimensional (Fréchet) manifold whose tangent space at p is1225

TpP = {h : X → R |
∫
X h(x) dx = 0}.1226

Definition I.6 (The Fisher–Rao Metric and Distance on P). The Fisher–Rao metric G on P is the1227

Riemannian metric defined at each p ∈ P by1228

Gp

(
h1, h2

)
=

∫
X

h1(x)h2(x)

p(x)
dx, h1, h2 ∈ TpP.

Equivalently, for a smooth path pt ∈ P ,1229

∥∥ṗt∥∥pt =
√

Gpt(ṗt, ṗt) =

√∫
X

(
∂tpt(x)

)2
pt(x)

dx .

The Fisher–Rao distance between two densities p, q ∈ P is the infimum of the G–lengths of all1230

smooth paths connecting them:1231

DFR(p, q) = inf
pt∈P

p0=p, p1=q

∫ 1

0

√∫
X

(
∂tpt(x)

)2
pt(x)

dx dt.

Proposition I.7 (Closed-form of the Fisher-Rao distance and geodesics on P). Under the embedding1232

φ : P → L2(X ), φ(p) =
√
p, P is isometric (up to a factor of 2) to the positive orthant of the unit1233

sphere in L2. Hence one obtains the closed-form1234

DFR(p, q) = 2 arccos

(∫
X

√
p(x) q(x) dx

)
.

Let α = arccos(
∫
X
√
p(x) q(x) dx). The same argument shows that the Fisher–Rao geodesic pt1235

for t ∈ [0, 1] is given via the square-root map φ(p) =
√
p by1236

φ(pt) =
sin
(
(1− t)α

)
sinα

φ(p) +
sin(tα)

sinα
φ(q),

so that in the original density space1237

pt(x) =

(
sin
(
(1− t)α

)
sinα

√
p(x) +

sin(tα)

sinα

√
q(x)

)2
.

In particular, p0 = p, p1 = q, and this path realizes the infimum in DFR(p, q) =

∫ 1

0

∥ṗt∥pt
dt.1238

I.2 A second example: exponential families1239

Definition I.8 (The Exponential-Family Manifold). Let1240

p(x; θ) = exp
(
θiTi(x) − A(θ)

)
h(x), θ = (θ1, . . . , θd) ∈ Θ ⊆ Rd

be a regular d-parameter exponential family on X . The parameter space Θ (equipped with the atlas1241

coming from the coordinates θi) is a d-dimensional differentiable manifold, which we identify with1242

the statistical model1243

M =
{
p( · ; θ) | θ ∈ Θ

}
.

Its tangent space at θ is TθM ∼= Rd, with basis {∂/∂θi}.1244

Definition I.9 (Fisher–Rao Metric). The Fisher–Rao metric on M is the Riemannian metric whose1245

components in the natural coordinate chart θ are1246

gij(θ) = EX∼p(·;θ)
[
∂i log p(X; θ) ∂j log p(X; θ)

]
= −EX∼p(·;θ)

[
∂ij log p(X; θ)

]
=

∂2A(θ)

∂θi ∂θj
.

Equivalently, g(θ) = ∇2A(θ), the Hessian of the log-partition function.1247

For general exponential families, the Fisher-Rao distance and the geodesics do not admit a closed1248

form. Yet, one-dimensional families can be handled explicitly, because geodesics are trivial:1249

Proposition I.10 (One-Parameter Exponential Family). If d = 1 then θ ∈ (a, b) ⊆ R, and g(θ) =1250

A′′(θ). Hence1251

FR(θ1, θ2) =
∣∣∣∫ θ2

θ1

√
A′′(θ) dθ

∣∣∣.
In particular, for a Poisson family A(θ) = eθ one gets DFR(θ1, θ2) = | eθ2/2 − eθ1/2|.1252
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I.3 Local expansion of the Kullback–Leibler divergence1253

Proposition I.11 (Second-Order Expansion of KL). Let {p(x; θ)}θ∈Θ be a smooth parametric family1254

of densities, and fix θ ∈ Θ. For a small increment δ ∈ Rd, consider1255

KL
(
p(·; θ + δ)

∥∥ p(·; θ)) =

∫
X
p(x; θ + δ) log

p(x; θ + δ)

p(x; θ)
dx.

Then one has the Taylor expansion1256

KL
(
p(θ + δ)∥p(θ)

)
= 0︸︷︷︸

constant term

+ 0︸︷︷︸
linear term

+
1

2
δi Iij(θ) δ

j + O
(
∥δ∥3

)
,

where1257

Iij(θ) = EX∼p(·;θ)
[
∂i log p(X; θ) ∂j log p(X; θ)

]
is the Fisher information matrix. Equivalently,1258

∂KL

∂δi

∣∣∣∣
δ=0

= 0,
∂2KL

∂δi∂δj

∣∣∣∣
δ=0

= Iij(θ).

Sketch. Expand both p(x; θ + δ) and log p(x; θ + δ) to second order in δ, substitute into the integral,1259

and use
∫
p ∂i log p dx = 0 and

∫
p ∂i∂j log p dx = −Iij(θ) to verify cancellation of constant and1260

linear terms, leaving the stated quadratic form.1261

I.4 Information geometry on the exponential family of path measures1262

We can view the family (Q(τ))τ∈[0,1] defined in (69) as a one-parameter exponential family by1263

rewriting Q(τ) as1264

dQ(τ)

dPu0
= exp

(
τ

(
log

dQ

dPu0

)
−A(τ)

)
, (70)

where the log-partition function A(τ) is defined as1265

A(τ) = logEPu0

[(
dQ

dPu0

)τ ]
. (71)

Equivalently, we can write it as an exponential family centered on an arbitrary τ ∈ [0, 1]:1266

dQ(τ+∆τ)

dQ(τ)
= exp

(
∆τ

(
log

dQ

dPu0

)
−Aτ (∆τ)

)
, (72)

where1267

Aτ (∆τ) := logEQ(τ)

[(
dQ

dPu0

)∆τ ]
. (73)

Deriving an expression for the Fisher information. Observe that by construction1268

Aτ (∆τ) := logEPu0

[(
dQ

dPu0

)∆τ
dQ(τ)

dPu0

]
= logEPu0

[(
dQ

dPu0

)∆τ (
dQ

dPu0

)τ

exp
(
−A(τ)

)]
= A(τ +∆τ)−A(τ),

(74)

which means that A′
τ (0) = A′(τ) for all τ ∈ (0, 1). Thus, by Prop. I.10, we conclude that the Fisher1269

information matrix, which is a scalar because the manifold is one-dimensional, reads1270

I(τ) = A′′(τ) = A′′
τ (0). (75)

Computing the first and second derivatives of Aτ is straight-forward:1271

A′
τ (∆τ) =

EQ(τ)

[
log
(

dQ
dPu0

) (
dQ

dPu0

)∆τ
]

EQ(τ)

[ (
dQ

dPu0

)∆τ
] ,

A′′
τ (0) = EQ(τ)

[
log

(
dQ

dPu0

)2 ]
− EQ(τ)

[
log

(
dQ

dPu0

)]2
,

(76)

and this implies that1272

I(τ) = VarQ(τ)

[
log

(
dQ

dPu0

)]
. (77)
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Connecting the trust region constraint to the Fisher information. Applying Proposition I.11, we1273

obtain that1274

KL
(
Q(τ+∆τ)|Q(τ)) = ∆τ2

2
I(τ) +O(∆τ3), (78)

When we set τ +∆τ = βi+1, τ = βi, we have that1275

ε = KL
(
P

ui+1 |Pui
)
=

∆τ2

2
I(τ) +O(∆τ3). (79)

Thus,1276

∆τ =

√
2ε

I(τ) +O(∆τ3/2), (80)

Moreover, the Fisher-Rao distance between Pu0 and P(i), or rather, between 0 and βi,1277

FR(0, βi) =

∫ βi

0

√
I(τ)dτ. (81)

Then, the difference between Fisher-Rao distances FR(0, βi+1) and FR(0, βi) which is equal to the1278

Fisher-Rao distance FR(βi, βi+1) is1279

FR(0, βi+1)− FR(0, βi) = FR(βi, βi+1) =

∫ βi+1

βi

√
I(τ)dτ

=
(√

I(βi) +O(βi+1 − βi)
)
(βi+1 − βi) =

√
I(βi)∆τ +O(∆τ2)

=
√

I(βi)

√
2ε

I(βi)
+O(∆τ3/2) =

√
2ε+O(∆τ3/2).

(82)

In continuous time, we have a curve β : R>0 → [0, 1], and1280

d

dt
FR(0, β(t)) =

√
I(β(t))β′(t) =

√
I(β(t))

√
2

I(β(t)) =
√
2 (83)

Thus, we have shown the following result:1281

Proposition I.12. Up to high order terms, the elements of sequence (Pui)0≤i≤I−1 are equispaced in1282

the Fisher-Rao distance. The last term PuI is equal to the target distribution Q.1283

A Monte Carlo estimate for the Fisher information. By equation (70), we have that log dQ(τ)

dPu0
=1284

τ
(
log dQ

dPu0

)
−A(τ). Hence, we can rewrite (77) as1285

I(τ) = 1

τ2
VarQ(τ)

[
log

(
dQ(τ)

dPu0

)]
, (84)

which provides a way to estimate I(τ), leveraging the Girsanov theorem to estimate log
(
dQ(τ)

dPu0

)
=1286

log
(
dQ(τ)

dP
)
− log

(
dPu0

dP
)
.1287

J Details on trust region SOC algorithms1288

J.1 Characterizing the solutions of the trust region optimization problem1289

Proposition J.1 (Characterizing the solutions of the trust region optimization problem). The solution1290

Pui+1 of the problem (9) is unique and it satisfies1291

• If DKL(P
ui |Q) ≤ ε, then Pui+1 = Q.1292

• If DKL(P
ui |Q) ≥ ε, then DKL(P

ui+1 |Pui) = ε, i.e. Pui+1 is also the unique solution of the1293

problem1294

argmin
u∈U

DKL (Pu|Q) s.t. DKL(P
u|Pui) = ε. (85)

Proof. To prove the first case, observe that Q is the only solution of the unconstrained problem1295

argminP∈P DKL (P|Q), which means that it is also the unique solution of the problem (9) since it1296

satisfies its constraint. To prove the second case, by the Karush-Kuhn-Tucker (KKT) conditions, we1297

have that either λ = 0, or DKL(P
ui+1 |Pui) = ε. Thus, if DKL(P

ui+1 |Pui) < ε, then we must have1298

that λ = 0. The first order optimality condition for the problem is as follows: for any perturbation v1299

of the control ui+1, we have that1300

0 =
d

dη

(
DKL

(
P

ui+1+ηv|Q
)
+ λ

(
DKL(P

u+ηv|Pui)− ε
))
|η=0 =

d

dη
DKL

(
P

ui+1+ηv|Q
)
|η=0, (86)
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Algorithm 2 Trust Region SOC with buffer

Require: Neural network uθ with parameters θ, target path measure Q, buffer size K, time discretization
S = (sj)

J
j=0 ⊂ [0, T ], number of steps N per annealing, termination threshold δ

Initialize i = 0 and λ0 = ∞
for i = 0, 1, . . . do

Define ui = uθ (detached)
Simulate K trajectories (X(k)

s )s∈S of the SDE in (1) with Brownian motion W
(k)
s and control ui

Compute importance weights w(k) = dQ
dPui (X

(k)) ∝ exp(−Wi(X
(k), 0)) as in (12)

Initialize buffer B =
{
(W (k), X(k), w(k))

}K
k=1

Compute multiplier λi = argmaxλ∈R+ L(i)
Dual(λ) as in (14) using B and a 1-dim. non-linear solver

if λi ≤ δ then
return control ui with Pui ≈ Q

if adjoint matching loss then
Compute annealing βi+1 = 1−

∏i
j=0

λi
1+λi

as in Prop. 2.2

Compute lean adjoint states a(k)
s = ai+1(X

(k)
s , s), s ∈ S, as in (18) and store in B

for n = 1, . . . , N do
if adjoint matching loss then

Estimate L(θ) = E(X,w,a)∼B, s∼Unif(S)

[
∥σ⊤as − uθ(Xs, s)∥w

1
1+λi

]
as in (19)

if log-variance loss then
Estimate L(θ) = Var(W,X,w)∼B

[∑J
j=1

∥∆j∥2(sj−sj−1)

2
+∆j · (Wsj −Wsj−1)+

1
1+λi

logw
]

with ∆j = ui(Xsj , sj)− uθ(Xsj , sj) as in (16)
Perform a gradient-descent step on L(θ)

which means that ui+1 satisfies the first-order optimality condition for the relative entropy loss1301

u 7→ DKL (P
u|Q). By [83, Prop. 2], the only control that satisfies the first-order optimality condition1302

for the relative entropy loss is the optimal control u∗, which implies that Pui+1 = Q, which is1303

a contradiction because ε > DKL(P
ui+1 |Pui) = DKL (P|Q) ≥ ε. Hence, we conclude that1304

DKL(P
ui+1 |Pui) = ε. To show that the solution Pui+1 is unique, we use that P 7→ DKL(P|Pui)1305

is strictly convex, and that {P|DKL(P|Pui) ≤ ε} is a convex set because it is the sublevel set of a1306

convex functional.1307

J.2 Implementation1308

We provide a detailed version of Algorithm 1 in Algorithm 2. The hyperparameters and repositories1309

for the experiments on unnormalized densities, transition path sampling, and fine-tuning can be found1310

in the respective sections in Apps. E, F and H.1311

J.3 Variance of the importance weights and trust region bounds1312

As mentioned in Remark 2.1, one motivation of the trust region constrain DKL(P
u|Pui) ≤ ε defined1313

in (4) is to keep the variance of the importance weights between two consecutive measures Pui and1314

Pui+1 small. This can be motivated by the inequality1315

VarPui

(
dPui+1

dPui

)
= EPui

[(
dPui+1

dPui

)2

− 1

]
= EPui+1

[
dPui+1

dPui
− 1

]
(87a)

≥ exp

(
EPui+1

[
log

dPui+1

dPui

])
− 1 = exp (DKL(P

ui+1 |Pui))− 1, (87b)

which follows by Jensen’s inequality. While a lower bound on the variance is not straight forward for1316

path space measures (cf. [91]), we can consider the following heuristics. Let us assume that1317

dPui+1

dPui
≈ 1 (88)

Pui - andPui+1 -almost surely, which is reasonable if DKL(P
ui+1 |Pui) ≤ ε with ε≪ 1. By a Taylor1318

approximation it then holds1319 (
dPui+1

dPui

)2

= exp

(
2 log

dPui+1

dPui

)
≈ 1 + 2 log

dPui+1

dPui
. (89)
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Now, taking expectations w.r.t. Pui ≈ Pui+1 , respectively, using computations similar to (87), and1320

assuming DKL(P
ui+1 |Pui) = ε, as argued in App. J.1, yields1321

VarPui

(
dPui+1

dPui

)
≈ 2ε. (90)

J.4 Lagragian formulation1322

Using the Girsanov theorem (see App. A.3), we first note that we can write the Lagrangian as1323

L(i)
TR(u, λ) = E

[∫ T

0

(
1
2
∥u(Xu

s , s)∥2 + f(Xu
s , s)

)
ds+ g(Xu

T )

]
+ λ (DKL(Pu|Pui)− ε) (91)

= E

[∫ T

0

(
1
2
∥u(Xu

s , s)∥2 + λ
2
∥u(Xu

s , s)− ui(X
u
s , s)∥2 + f(Xu

s , s)
)
ds+ g(Xu

T )

]
− λε

(92)

= E

[∫ T

0

(
1+λ
2

∥u(Xu
s , s)− λ

1+λ
ui(X

u
s , s)∥2 + fi(X

u
s , s)

)
ds+ g(Xu

T )

]
− λε (93)

= L(i)
TRC(u, λ)− λε, (94)

where L(i)
TRC(u, λ) is defined as in (11), λ ∈ R+ is the Lagrangian multiplier for the trust region1324

constraint, and we abbreviate fi := λ
2(1+λ)∥ui∥2 + f . For fixed λ, optimizing the Lagrangian1325

L(i)
TR(u, λ) with respect to u is again a SOC. As such, for a given ui, λ, we can define the value1326

function as1327

V λ
i+1(x, t) = inf

u∈U
E

[∫ T

t

(
1+λ
2

∥u(Xu
s , s)− λ

1+λ
ui(X

u
s , s)∥2 + fi(X

u
s , s)

)
ds+ g(Xu

T )|Xt = x

]
. (95)

The next proposition provides representations for the value function and the solution to the SOC1328

problem.1329

Proposition J.2 (Optimality for trust region SOC problems). For fixed λ, let us define by1330

V λ
i+1(x, t) := inf

u∈U
E

[∫ T

0

(
1+λ
2

∥u− λ
1+λ

ui∥2 + λ
2(1+λ)

∥ui∥2 + f
)
(Xu

s , s) ds+ g(Xu
T )

∣∣∣∣∣Xt = x

]
the value function of the SOC problem infu∈U L(i)

TRC(u, λ) corresponding to (11) and by uλi+1 its1331

solution. Then it holds that1332

(i) (Estimator for value function) V λ
i+1(x, t) = −(1 + λ) logE

[
e
− 1

1+λWi(X
ui ,t)

∣∣∣Xui
t = x

]
,1333

where Wi(X
ui , t) =

∫ T

t

1
2
∥ui(X

ui
s , s)∥2ds+

∫ T

t

ui(X
ui
s , s) · dWs +W(Xui , t).

(ii) (Connection between solution and value function) It holds uλi+1 = λ
1+λui − 1

1+λσ
⊤∇V λ

i+1.1334

Moreover, for u0 = 0 and the optimal Lagrange multiplier λi, let us define the value function1335

Ṽi+1(x, t) := inf
u∈U

E

[∫ T

0

(
1
2
∥u∥2 + βi+1f

)
(Xu

s , s) ds+ βi+1g(X
u
T )

∣∣∣∣∣Xt = x

]
of the SOC problem given by the optimal change of measure1336

dPui+1

dP
(X) ∝

(
dQ

dP
(X)

)βi+1

∝ e−βi+1W(X,0) (96)

as in Prop. 2.2 and (3). Then it holds that1337

(iii) (Estimator for value function) Ṽi+1(x, t) = − logE
[
e−βi+1W(Xt,t)|Xt = x

]
,1338

(iv) (Connection between solution and value function) ui+1 = uλi
i+1 = −σ⊤∇Ṽi+1.1339

Proof. For notational convenience, we abbreviate V = V λ
i+1 in this proof. From the verification1340

theorem (see, e.g., [103, Theorem 3.5.2]), we obtain that the value function is the solution to the HJB1341
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equation1342

(∂t + L)V = − inf
α∈Rd

{
fi +

1+λ
2

∥α− λ
1+λ

ui∥2 + σα · ∇V
}

(97)

= −fi − inf
α∈Rd

{
1+λ
2

∥α− λ
1+λ

ui∥2 + σα · ∇V
}
, V (·, T ) = g, (98)

where the infimum is pointwise for every (x, t) ∈ Rd × [0, T ] and the optimal α∗ defines the solution1343

u∗. Solving for α yields α∗ = λ
1+λui − 1

1+λσ
⊤∇V , which proves Item (ii).1344

Plugging this result back into the HJB equation, we obtain1345

(∂t + L)V = −f − λ
2(1+λ)

∥ui∥2 − 1
2(1+λ)

∥σ⊤∇V ∥2 − σ
(

λ
1+λ

ui − 1
1+λ

σ∇V
)
· ∇V (99)

= −f − λ
2(1+λ)

∥ui∥2 + 1
2(1+λ)

∥σ⊤∇V ∥2 − σ λ
1+λ

ui · ∇V (100)

= −f − λ
2(1+λ)

∥ui∥2 + 1
2(1+λ)

∥σ⊤∇V ∥2 − σui · ∇V + σ 1
1+λ

ui · ∇V (101)

Now, we define the infinitesimal generator of the SDE1346

dXui
s = (b(Xui

s , s) + σui(X
ui
s , s)) ds+ σdWs (102)

as1347

L̄ :=
1

2

∑
i,j

(σσ⊤)ij∂xi∂xj +
∑
i

(bi + σ(ui)i)∂xi = L+
∑
i

σ(ui)i∂xi . (103)

Using (103), we can rewrite (101) as1348

(∂t + L̄)V = −f − λ
2(1+λ)

∥ui∥2 + 1
2(1+λ)

∥σ⊤∇V ∥2 + σ 1
1+λ

ui · ∇V (104)

= −f − 1
2
∥ui∥2 + 1

2(1+λ)
∥ui + σ⊤∇V ∥2 (105)

By Itô’s formula (see App. A.3), we have1349

dV (Xui
s , s) = (∂s + L̄)V (Xui

s , s)ds+ σ⊤∇V (Xui
s , s) · dWs. (106)

Plugging Eq. (105) in Eq. (106) and defining Ys := V (Xui
s , s) and Zs := (−ui − σ∇V )(Xui

s , s),1350

we obtain the pair of forward-backward SDEs (FBSDEs)1351

dXui
s = (b(Xui

s , s) + σui(X
ui
s , s)) ds+ σdWs, Xui

0 ∼ p0, (107)

dYs =
(
−f(Xui

s , s)− 1
2
∥ui(X

ui
s , s)∥2 + 1

2(1+λ)
∥Zs∥2

)
ds− (ui(X

ui
s , s) + Zs) · dWs, (108)

with YT = g(Xui

T ). This shows that1352

g(Xui
T ) = Yt −

∫ T

t

(
fi(X

ui
s , s) + 1

2
∥ui(X

ui
s , s)∥2 − 1

2(1+λ)
∥Zs∥2

)
ds−

∫ T

t

(ui(X
ui
s , s) + Zs) · dWs,

which can be rewritten as1353

Wi(X
ui , t) = Yt +

∫ T

t

1
2(1+λ)

∥Zs∥2ds−
∫ T

t

Zs · dWs. (109)

Using the definition of Yt, we can now write1354

E

[
e
− 1

1+λ
Wi(X

ui ,t)
∣∣∣Xui

t = x

]
= e

− 1
1+λ

V (X
ui
t ,t)

E

[
e

1
1+λ

∫ T
t Zs·dWs−

1
(1+λ)2

∫ T
t

1
2
∥Zs∥2ds

∣∣∣Xui
t = x

]
= e

− 1
1+λ

V (X
ui
t ,t)

,

where leveraged Novikov’s theorem to show that the Doléans-Dade exponential is a martingale with1355

vanishing expectation. This concludes the proof of Item (i). The proof of Items (iii) and (iv) follows1356

directly from Thm. D.1.1357

J.5 Log-variance with buffer and trust regions1358

Here, we provide further details on the trust-region log-variance loss introduced in Sec. 2.2 and given1359

by1360

LLV(u) = Var

[
log

(
dPui+1

dPu
(Xui)

)]
= Var

[
log

(
dPui+1

dPui
(Xui)

dPui

dPu
(Xui)

)]
. (110)

The Girsanov’s theorem (see App. A.3) shows that1361

log

(
dPui

dPu
(Xui)

)
=

∫ T

0

1

2
∥ui(X

ui
s , s)− u(Xui

s , s)∥2ds+
∫ T

0

(ui − u)(Xui
s , s) · dWs. (111)
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Combining this result for u = 0 with Prop. 2.2, we obtain1362

dPui+1

dPui
(Xui) ∝ 1

1 + λi
log

(
dQ

dP

dP

dPui
(Xui)

)
(112)

= e
− 1

1+λi
(
∫ T
0

1
2
∥ui(X

ui
s ,s)∥2ds+

∫ T
0 ui(X

ui
s ,s)·dWs+W(Xui ,0)). (113)

Noting that the variance is shift-invariant, (111) and (112) imply that1363

LLV(u) = Var

[
− 1

1 + λi

(∫ T

0

1

2
∥ui(X

ui
s , s)∥2ds+

∫ T

0

ui(X
ui
s , s) · dWs +W(Xui , 0)

)
(114)

+

∫ T

0

1

2
∥ui(X

ui
s , s)− u(Xui

s , s)∥2ds+
∫ T

0

(ui − u)(Xui
s , s) · dWs

]
, (115)

which can be implemented by discretizing the integrals; see App. J.2.1364

Please note that the loss reduces to1365

LLV(u) = Var

[
log

(
dQ

Pui
(Xui)

dPui

dPu
(Xui)

)]
= Var

[
log

(
dQ

dPu
(Xui)

)]
(116)

for λi = 0, which is how the loss is mostly used in the literature, where the variance is computed1366

using the most recent control, see e.g. [106].1367

J.6 Trust-region stochastic optimal control matching via adjoint method1368

Here, we provide further details on the trust-region version of the stochastic optimal control matching1369

(SOCM) loss introduced in [84]. We start from the cross-entropy loss, i.e., the forward KL divergence1370

between ui+1 and u, that is,1371

LCE(u) = DKL (P
ui+1 |Pu) = E

[
log

dPui+1

dPu
(Xui+1)

]
. (117)

Using Girsanov’s theorem (see App. A.3), the cross-entropy loss can be written as1372

LCE(u) = E

[
1

2

∫ T

0

∥ui+1(X
ui+1
s , s)− u(X

ui+1
s , s)∥2ds

]
(118)

= E

[
1

2

∫ T

0

∥ui+1(X
ui
s , s)− u(Xui

s , s)∥2dsdP
ui+1

dPui

]
. (119)

Using the expression for the optimal control ui+1 = λi

1+λi
ui − 1

1+λi
∇Vi+1, see Prop. 2.5, yields1373

LCE(u) = E

[
1

2

∫ T

0

∥ λi
1+λi

ui(X
ui
s , s)− 1

1+λi
σ⊤∇Vi+1(X

ui
s , s)− u(Xui

s , s)∥2dsdP
ui+1

dPui

]
(120)

with1374

∇xVi+1(x, t) = −(1 + λi)

∇xE

[
e
− 1

1+λi
Wi(X

ui ,t)
∣∣∣Xui

t = x

]
E

[
e
− 1

1+λi
Wi(X

ui ,t)
∣∣∣Xui

t = x

] . (121)

We use the adjoint method [83, see Lemma 5] to evaluate the conditional expectation (121)8, giving1375

∇xE

[
e
− 1

1+λi
Wi(X

ui ,t)
∣∣∣Xui

t = x

]
= E

[
ã(t, ui, X

ui)e
− 1

1+λi
Wi(X

ui ,t)
∣∣∣Xui

t = x

]
(122)

where the adjoint state ã(t, ui, Xui) satisfies the ordinary differential equation (ODE)1376

d

ds
ã(s, ui, X

ui
s ) = −

[
(∇(b(Xui

s , s) + σui(X
ui
s , s))⊤ã(ui, X

ui
s , s) (123)

+ 1
1+λi

∇(f(Xui
s , s) + 1

2
∥ui(X

ui
s , s)∥2)

]
(124)

with ã(T, ui, Xui

T ) = 1
1+λi

∇g(XT ). Using the argument from [85, Theorem 1], replacing the1377

path-wise reparameterization trick with the adjoint method, we arrive at the trust-region version of1378

the stochastic optimal control loss given by1379

LSOCM(u) = E

[
1

2

∫ T

0

∥ λi
1+λi

ui(X
ui , s)− σ⊤ã(ui, X

ui
s , s)− u(Xui , s)∥2dsdP

ui+1

dPui

]
+K (125)

8Note that there exist other methods for computing derivatives of functionals of stochastic processes. We
refer the interested reader to [85].
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for some K independent of u. However, the adjoint state contains the Jacobian ∇ui and the derivative1380

∇∥ui∥, which can be expensive in practice. In what follows, we rewrite the objective such that we1381

can get rid of these terms.1382

J.7 Trust-region stochastic optimal control matching via lean adjoint method1383

Starting again from the cross-entropy loss, we now employ the alternative expression for the optimal1384

control as stated in Item (ii). This yields the objective1385

LCE(u) = E

[
1

2

∫ T

0

∥ − σ⊤∇Ṽi+1(Xs, s)− u(Xs, s)∥2ds
dPui+1

dP

]
. (126)

where the gradient of the smoothed value function is given by1386

∇xṼi+1(x, t) = −
∇xE

[
e−βiW(Xt,0)|Xt = x

]
E [e−βiW(Xt,0)|Xt = x]

(127)

We evaluate the conditional expectation using the adjoint method:1387

∇xE
[
e−βiW(Xt,0)|Xt = x

]
= E

[
ai+1(Xs, s)e

−βiW(Xt,0)|Xt = x
]
. (128)

where ai+1(Xs, s) denotes the lean adjoint state [83], which satisfies the backward differential1388

equation:1389

d

ds
ai+1(Xs, s) = −

[
(∇b(Xs, s)

⊤ ai+1(Xs, s) + βi∇f(Xs, s)
]

(129)

with terminal condition ai+1(XT , T ) = βi∇g(XT ). Following the derivations in [85], we arrive at1390

the objective:1391

LSOCM(u) = E

[
1
2

∫ T

0

∥σ⊤ai+1(Xs, s)− u(Xs, s)∥2ds
dPui+1

dP
(X)

]
. (130)

Finally, performing a change of measure to the previous control ui gives the expression:1392

LSOCM(u) = E

[
1
2

∫ T

0

∥σ⊤ai+1(X
ui
s , s)− u(Xui

s , s)∥2dsdP
ui+1

dPui

]
. (131)

We remark that the adjoint ODE in (129) can be solved as1393

ai+1(Xs, s) = βi exp

(∫ T

s

∇b(Xt, t)
⊤dt

)
∇g(XT ) (132)

if f = 0 and ∇b(Xt, t)∇b(Xs, s) = ∇b(Xs, s)∇b(Xt, t) for all s, t ∈ [0, T ] (i.e., the matrices at1394

different times commute). This allows us to solve the adjoint ODE exactly for our applications to1395

sampling from unnormalized densities; see App. E.1396

K Trust regions for probability measures1397

Our goal is to sample from a probability density of the form1398

ptarget(x) =
ρtarget(x)

Z , with Z =

∫
ρtarget(x)dx, (133)

where we can evaluate ρtarget but typically do not have access to samples from ptarget. To tackle this1399

problem, one can again formulate this problem as a variational problem by minimizing a divergence1400

between some q and the target density ptarget. However, one can again incorporate an additional trust1401

region constraint, that is, an upper bound on the change of the variational distribution q within a1402

single update step. Formally, we are trying to solve the following problem1403

qi+1 = argmin
q

DKL(q∥ptarget) s.t. DKL(q∥qi) ≤ ε,

∫
dq = 1 (134)

where qi is the variational distribution from the previous iteration. We again tackle the constrained1404

optimization problem in (134) using Lagrangian multipliers. The Lagrangian is given by1405

L(i)
TR (q, λ, ω) = DKL(q∥ptarget) + λ (DKL(q∥qi)− ε) + ω

(∫
dq − 1

)
(135)

with Lagrangian multipliers λ, ω. Taking the functional derivative δL(i)
TR(q, λ, ω)/δq and setting it to1406

zero admits a closed-form solution for the optimal density qi+1 as the geometric average between the1407
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old distribution and the (unnormalized) optimal distribution, that is,91408

qi+1(λ) = argmin
q

L(i)
TR (q, λ) =

q
λ

1+λ

i ρ
1

1+λ
target

Zi(λ)
, with Zi(λ) =

∫
q

λ
1+λ

i (x)ρ
1

1+λ
target (x)dx. (136)

Plugging the optimal distribution back into the Lagrangian yields the dual function1409

L(i)
Dual(λ) = L(i)

TR (qi+1(λ), λ) = −(1 + λ) logZi(λ)− λε. (137)
Note that we can use any non-linear optimizer for solving for the optimal Lagrangian multiplier by1410

maximizing the dual function, i.e.,1411

λi = argmax
λ∈R+

L(i)
Dual(λ). (138)

9Note the dependence of L(i)
TR on ω vanishes as qi+1 satisfies the normalization constraint.
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