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Abstract

Continual learning (CL) is crucial for advanc-
ing human-level intelligence, but its theoretical
understanding, especially regarding factors influ-
encing forgetting, is still relatively limited. This
work aims to build a unified theoretical frame-
work for understanding CL using feature learning
theory. Different from most existing studies that
analyze forgetting under linear regression model
or lazy training, we focus on a more practical two-
layer convolutional neural network (CNN) with
polynomial ReLU activation for sequential tasks
within a signal-noise data model. Specifically, we
theoretically reveal how the angle between task
signal vectors influences forgetting that: acute
or small obtuse angles lead to benign forgetting,
whereas larger obtuse angles result in harmful
forgetting. Furthermore, we demonstrate that the
replay method alleviates forgetting by expand-
ing the range of angles corresponding to benign
forgetting. Our theoretical results suggest that
mid-angle sampling, which selects examples with
moderate angles to the prototype, can enhance
the replay method’s ability to mitigate forgetting.
Experiments on synthetic and real-world datasets
confirm our theoretical results and highlight the
effectiveness of our mid-angle sampling strategy.

1. Introduction

Continual learning (CL) involves learning a series of tasks
in sequence (Wang et al., 2024), where the model adapts as
if all tasks are learned simultaneously. Unlike traditional
machine learning models which deal with static data, CL
focuses on dynamic and evolving distributions. A major
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challenge in CL is the catastrophic forgetting phenomenon
(McCloskey & Cohen, 1989), where learning from new
distributions often causes a significant decline in the model’s
ability to retain knowledge from previous tasks.

Catastrophic forgetting in CL has prompted various empir-
ical methods, which can be broadly categorized into three
types: regularization-based methods, replay-based meth-
ods, and architecture-based methods. Regularization-based
methods (Kirkpatrick et al., 2017; Chaudhry et al., 2018a;
Benzing, 2022) selectively regularize parameter changes to
balance the learning of new and old tasks. Replay-based
methods (Rebuffi et al., 2017; Lopez-Paz & Ranzato, 2017;
Chaudhry et al., 2018b; Rolnick et al., 2019; Buzzega et al.,
2020; Boschini et al., 2022) approximate and restore old
data distributions by storing training samples or gradient in-
formation from previous tasks. Architecture-based methods
(Mallya et al., 2018; Ostapenko et al., 2019; Qin et al., 2021;
Kumar et al., 2021) allocate specific network parameters to
each task to counteract forgetting.

Despite the success of experimental studies in addressing
forgetting, theoretical understanding of forgetting in CL
remains limited. Most of the recent works concentrate on
linear models (Evron et al., 2022; 2023; Lin et al., 2023;
Ding et al., 2024; Zhao et al., 2024). Analyses beyond linear
models are primarily confined to the teacher-student setup
(Lee et al., 2021) and the neural tangent kernel (Bennani
et al., 2020; Doan et al., 2021). However, these theories
often rely on strong assumptions, such as infinitely wide net-
works or linearizing assumptions in the weight space, which
may not fully capture the generalization and forgetting dy-
namics in CL. As a result, a unified theoretical framework
for CL with practical neural networks remains absent.

In this paper, we fill the theoretical gap in CL with neural
networks through the application of feature learning theory
(Allen-Zhu & Li, 2020; Cao et al., 2022; Huang et al., 2023),
establishing a unified theoretical framework to analyze the
convergence, generalization and forgetting in CL. We pro-
vide a precise characterization to how the angle between task
signal vectors influences forgetting in polynomial ReLU
neural networks during continual learning. Moreover, we
reveal the mechanisms by which replay-based methods help
alleviate forgetting. Our theoretical findings inspire mid-



Understanding the Forgetting of (Replay-based) Continual Learning via Feature Learning: Angle Matters

angle sampling, which further enhances the effectiveness of
replay-based methods in mitigating forgetting.

1.1. Problem Setup

Our focus is primarily on two binary classification tasks
in CL, using a data distribution similar to that in Cao et al.
(2022). The input data consists of two components: sig-
nals which correspond to image labels, and noises which
represent background information unrelated to the labels.

Definition 1.1. Let p), € R? be a fixed vector representing
the signal contained in each data point of the k-th task Ty,
and let U = orth({p}) € R¥** represent the collection
of signal vectors, where orth(-) denotes Gram-Schmidt or-
thogonalization and normalization. Then each data point
(XK, yx) of task Tj, with x;, = [x,(cl)T, XI(CQ)T]—r € R?? and
yr € {—1,1} is generated from the distribution Dy,:

1. Label y;. is generated as a Rademacher random variable.

2. A noise vector &, is generated from the Gaussian distribu-
tion N(0,02, -(I-U(UTU)'UT), where U € R¥**,

3. One ofx,(cl), X,(f) is given as Yy, - b, Which represents the
signal, the other is given by &, which represents noises.

Definition 1.1 adapts the data distribution from Cao et al.
(2022) for the CL task setting, with the noise patch following
N(0,02, - (I-U(UTU)"'UT), ensuring orthogonality
to the signal vector pty, of each task T},. We train a two-layer
CNN with polynomial ReLU activation (ReLUY?, ¢ > 2) by
minimizing empirical cross-entropy loss:

1 &
L, (W) = nszf[ykz CFWT) x)], (1L
“i=1

where ((z) = log(1 + exp(—=2)), Sk = {(Xk,i, Yr.i) ity
is the training data set for task 7%, and f(W(Tk), X,i) 1S
the two-layer CNN as defined in Section 2. We use gra-
dient descent to minimize (1.1). Additionally, we define
the true loss (test loss) Lp, (W) 1= Ex, oo )mp, LYk -
F(W(T%) x,)] and the true error (test error):

L%ZI(W(T’C)) = P(xk»yk)"‘pk [yk # sign (f(W(Tk)7 Xk))} :

Then the forgetting is naturally measured by the true error
on the first task:

L (W)Y = Pr, yyop, [ # sign (F(WT) x1))].

1.2. Main Contributions

For ease of discussion, we define the signal-to-noise ratio
for task T} as SNRy, = ||px|l2/(0p, V/d), and the cosine
similarity between the signal vectors of task 77 and 75

as costfr2 = (p1, p2)/([[pall2 - [|pe2ll2). We prove the
following Theorem 1.2, which characterizes the training
loss and test loss on the current task 75, as well as the true
error on the previous task 7} of the two-layer polynomial
ReLU CNN. Figure 1 visually illustrates the relationship
between forgetting and cos 6, » from Theorem 1.2.

CL: Harmful Benign
: Forgetting Forgetting
cos 0 9
-1 —Cy —Cy 0 1
Benign
Replay:
eplay Forgetting

cos By 9

Figure 1. Illustration of the relationship between forgetting and
cosine similarity in CL wo/w replay. The blue region represents
the cosine setting with benign forgetting, while the yellow region
corresponds to the setting with harmful forgetting. The gray region
indicates the setting where forgetting is not well characterized.

Theorem 1.2 (Informal). For any € > 0, under certain
regularity condition, if ny, - SNRY = Q(1) for k € [2], with
probability at least 1 — 0, there exists t.,q such that the train-
ing loss of task Ty converges to €, i.e., Lg(W (T2:tena)) < ¢,
Furthermore, the model obtained through CL achieves a
small test loss on the current task: Lp,(W (T2tena)) <
6¢ + exp(—n3). Regarding forgetting on the previous task
in CL, we present the following statements to illustrate its
relationship with cosine similarity.

1. When —C < cosf 2 < 1, the forgetting on task T} :
LOD:1(W(T27tend)) < exp(—C - m?1—2n%4/¢?).

2. When —1 < cos b2 < —CY, the forgetting on task T} :
LOD_ll(W(T27tend)) > 1 —exp(—C - m212n%4/¢?).

3. With replay, when —% < cosfi o < 0, the forget-
ting on task Ty is bounded by: LOD_ll(W(TZ”t“'d)) <
exp(—C - m?972n21 /¢?).

Here, C and Cy are positive constants with C; < Cy < 1.

The significance of Theorem 1.2 is summarized as follows:

* Under the condition on the signal-to-noise ratio that 7y, -
SNR{] = Q(1), the learned CNN can achieve both small
training and test losses on the current task.

* When the angle 6; 5 between two tasks satisfies —C; <
cosfy 2 < 1, the CNN can achieve benign forgetting,
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where performance on the previous task slightly deterio-
rates to accommodate the new task, but test error remains
small. This contrasts with harmful forgetting, which oc-
curs when —1 < cosf 3 < —C leading to significant
test error on the old task. Notably, Jeon et al. (2022) also
introduce the benign forgetting, but they refer to the for-
getting of misguidance learned from biased datasets rather
than the balance between old and new tasks.

» With replay, benign forgetting occurs when the angle be-
tween two tasks satisfies —% < cosfi o < 1, indi-
cating an expanded angular range compared to the case
without replay (—C < cost 2 < 1).

To the best of our knowledge, we are the first to apply
feature learning theory to analyze the convergence, gen-
eralization, and forgetting of the polynomial ReLU CNN
in CL. This analysis extends beyond the previous works
that rely on the linearization assumption in lazy training
(Bennani et al., 2020; Doan et al., 2021), where network
parameters remain close to their initial values throughout
the training process. Our theoretical results demonstrate
that replay-based methods mitigate forgetting by expanding
the angular range of benign forgetting and inspire mid-angle
sampling to enhance replay strategies. Furthermore, we
conduct comprehensive experiments on both synthetic and
real-world datasets to validate our theoretical findings and
the effectiveness of mid-angle sampling.

2. Preliminaries

In this section, we present the notation, the neural network
model, and the training algorithm based on gradient descent.

Notation. We represent scalars with lowercase letters, vec-
tors with lowercase boldface letters, and matrices with up-
percase boldface letters. The lo norm of a vector v is de-
noted as ||vz||2. For a matrix A, we denote its spectral norm
by ||A |2 and its Frobenius norm by ||A||r. To compare
two sequences, we use standard asymptotic notations such
as o(+), O(-), (-) and O(+) to characterize their limiting
behavior. Additionally, we utilize O(-), (), and O(-) to
suppress logarithmic factors in these notations. Moreover,
we write z,, = poly(y,,) if z,, = O(y2) for some positive
constant D. Lastly, sequences of integers are represented as
[n] ={1,2,...,n}, and a VV b denotes max{a, b}.

Neural Network Model. We consider a two-layer CNN

model with a ReLU? activation function, defined as o(z) =
(max{0, z})9. When learning task T}, the neural network’s

output for the input data x;, is expressed as f(W(7¥), x;.) =
F+1(Wf1k),xk) - F,l(W(}ﬂl"‘),xk), where the sign cor-
responds to the neuron fixed as either +1/m or —1/m

in the second layer. The terms F+1(WEFT1’“),xk) and

F (W( 1’“),xk) are defined as:

x()) + o (Wi, x{7))]

7,7

O = =3 [ol(wl™),

Fi (W™ x

where m is the network width, and w( i) represents the r-th
neuron in the first layer during task Tk The entire parameter
set of the model is denoted by W (%),

Training Algorithm. We use gradient descent to optimize
the objective defined in (1.1). For the first task, the weights
are initialized using Gaussian initialization, where each en-
try of W(T1 0 and W 1 9 g independently drawn from a
Gaussian dlStI’lbuthH N (0 03). In the context of CL, the ini-
tial weight of the current task naturally equal the final weight
of the previous task, i.e., W(T’“ 0~ ng b e”d)(kz > 2).
Note that (Tk, tend) represents the ﬁnal iteration of task 77},
where the corresponding t.,,4 can vary for different tasks.
Then the update of the filters in the CNN during learning
task 7}, can be written as

w;j;k 1) _ (Tk t) . ij s (W(Tk,t)>
(Tk ) Tk E/(Tk t) (Tk t) )
] r npm 4 Z g,r 7€k:,l>)
“Ykibri+ O ((W;,,« RRTSIISNITN

2.1)
for j € {1} and r € [m], where the derivative of the loss
is defined as E;C(f’“’t) =0 Yp,i- FWTet), X))

3. Main Results

In this section, we present our main theoretical results,
which are established based on the following conditions.

Condition 3.1. Suppose that

1. The dimension d is sufficiently large: d =

Q(m2V 4/ (=2 . max{n, }4VI(2a-2)/(a-2)]),

2. The neural network width m and training sample size ny,
of task Ty, satisfy m,ni, = Q(polylog(d)) for k € [2].

3. The learning rate ny of task Ty satisfies m <
O(min{||uk||2_2,azjk2d’1}) for k € [2]. The standard
deviation of Gaussian initialization o is chosen such
that 0o S O(m_[Q/(q_2)]\/1 . max{nk}_[l/(q_2)]\/1) .

min{(Upk\/g)_l7 ||/J‘k||2_1}

The first two conditions regarding d, m, n;, are designed
to ensure a sufficiently over-parameterized learning setup,
as well as certain statistical properties of the training data
and weight initialization based on concentration inequalities.
Similar conditions have also been employed in Chatterji &
Long (2021); Frei et al. (2022); Cao et al. (2022); Kou et al.
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(2023). Condition on 7, and o is imposed to guarantee that
gradient descent can effectively minimize the training loss.

The definition of cos 6; 5 follows Subsection 1.2, represent-
ing the cosine similarity between task 7% and 75. Based on
the aforementioned conditions and definitions, we present
the main result in the following theorems.

Theorem 3.2 (standard CL). For any ¢ > 0, under Con-
dition 3.1, if ny, - SNR} = Q(1), then with probability at
least 1 — 0§ there exists tepg = 5(m772_100_(q_2) k2l +
m®ny e\ pall5?) such that the training loss on task Ty
converges to ¢, Le., LS(W(TNE"d)) < €. Moreover, the
trained CNN will generalize with a small test loss on task
Ty: Lp,(W(T2tena)) < 6e + exp(—n3). The connection
between forgetting and cosine similarity can be summarized
in the following three points:

1. When cos 61 2 > 0, the trained CNN achieves a small test
loss on task Ty: Lp, (W(T2:tena)) < 18¢ 4 exp(—n3).

2. When —C < cosf 2 < 0, the trained CNN achieves
a small test error on task Tj: L%jl(W(TQ’te"d)) <
exp(—C - m?4~2n%4/q?).

3. When —1 < cos by 2 < —Cy, the test error on task T} :
L%:l(W(T27te7zd)) > 1 —exp(—C - m?1~2n29/g?).

Here, C1 and Cs are positive constants, with C; < Cy < 1.

Theorem 3.2 shows that the learned CNN can achieve small
training and test losses on the current task if the signal-to-
noise ratio is large. As the training loss converges to ¢, the
angle 6 > plays a crucial role in determining the nature
of forgetting: acute or small obtuse angles lead to benign
forgetting (small test error on the previous task), while larger
obtuse angles cause harmful forgetting (large test error on
the previous task). Note that a small test loss implies a small
test error, as the loss function in (1.1) penalizes incorrect
classifications more heavily. Based on Theorem 3.2, we
further examine the relationship between forgetting and
cosine similarity in CL with replay.

Theorem 3.3 (Replay-based CL). For any ¢ > 0, un-
der the same conditions as Theorem 3.2, when — 1+202 <
cosths < 0 and replay buffer size ny > ng -
O{(~ cos 01.2)%m2m =2/} | then with probability at least
1 — 6, there exists tepg = O(ny mol |mally? +

2 _
many e ") such that:

1. The training loss on task Ty: Lg,(W(T2tend)) < €
where C' = O(1) is a positive constant.

2. The trained CNN achieves a small test loss on task Ts:
Lp,(WT2tend)) < 6¢C + exp(—n3).

3. The CNN achieves a small test error on task T:
LN (W (Tartena)) < exp(—C - m21~2n21/¢?).

The first two points of Theorem 3.3 demonstrate that the
CNN trained with replay in CL can achieve small training
and test losses on the current task, similar to Theorem 3.2.
The final point states that if the replay buffer size for task 73
exceeds a certain threshold, the replay method can mitigate
forgetting by expanding the range of angles corresponding
to benign forgetting.

4. Proof Roadmap

In this section, we provide a proof roadmap for Theorem 3.2
and Theorem 3.3. Based on the gradient descent update rule

in (2.1), it can be observed that the weights w( =Y for task

T}, are a linear combination of the initialization w§ . ) the
signal vectors p, and the noise vectors &, ; for i € [nk]
and k € [2]. Therefore, for r € [m], the weight vector can

be decomposed as such:

1227 €k,i
Wittt = WO () 0 Z pl) ) =
leellz = [1€x.:113

Further denote p(Ek)ﬁk; = P(Sk)ﬁk{ ]l(P(ﬁk);Y;k{t) >
0). p(&x) |0 @)”’“’“ 1(p(€)\":" < 0). Then

7,re 7, 7,7

Tyt Ty T
Wit = Wi g ) ez

+ Z[ﬁ(&)_ﬁf’;ﬁ;” + g(&),ﬁj’k;”] Neralls? - €

i=1

A.1)

where (g, 5(€6) ", p(€x)S1" represent the

relevant coefﬁments. We refer to Equation (4.1) as the

signal-noise decomposition of wj(:‘C’“’t), where || 1|5 2 and
|€x.:|l22 serve as normalization factors. The key aspect
of the signal-noise decomposition model is to simplify the
dynamic process of CNN learning into the dynamic update

of the coefficients, which forms the basis of our analysis.

4.1. Proof Sketch for Continual Learning

Based on the decomposition in (4.1) and gradient descent
update (2.1), the iteration of coefficients are given:

(Tit) =(Tkst) (Ty,t)
P aP]T"Z in

decomposition (4.1) satisfy the followmg equations:

Lemma 4.1. The coefficients (i),

() S0 Bk >§€z°>,g<sk>§€ﬁ°) =0, (4.2)
(Tpst+1) _ (Tgst) _ é’(Tk t)
Y)Y )y = Z
ol (WD g ) - (3, (4.3)

(T t+1) _ (T t) Nk /(T ,t)
p(&x);k p(&k);.. —%'Ek,ik
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o' (Wi g >>-||£m||%-n<yk,i:j>, (4.4)
(&) = pgr) ) 4 gD

negm
o' (Wi g

) €l - Lyes = —j) 45)
Lemma 4.1 describes the iteration rule for the coefficients
under gradient descent update. When cosf; 2 = 0 (right
angle), the absence of interaction between signal vectors en-
sures small test loss on both tasks following the approach of
Cao et al. (2022). We then analyze the convergence, general-
ization, and forgetting in CL under two cases: cosf; 2 > 0
(acute angle) and cos 6 o < 0 (obtuse angle).

Acute angle. When cosf; > > 0, we apply a two-stage
technique to analyze the convergence and generalization on
the current task 75 similarly to Cao et al. (2022). The key
difference is that since task 77 has already been learned, a
(T1,tena) :
component y(p1); |22 cos 01,2/ || 1|2 is present
in the signal vector [to during the initial phase of training
task 75. If this component is large, the training process
can skip the first stage and proceed directly to the second
stage. As a result, small training and test losses on task 75
in Theorem 3.2 naturally follow. The complete proof can be
found in Appendix E.2.

After learning task 75, forgetting can be analyzed by exam-
ining the true loss on task 71, i.e., Lp, (W(72:tend)) Under
the same conditions as Theorem 3.2, Cao et al. (2022) show
that learning a single task can result in a small true loss, i.e.,
Lp, (WTtstena)) < 6e + exp(—n?). Consequently, we
can bound Lp, (W(T2:tend)) by analyzing its relationship
with Lp, (W(Tt:tena)). When cos 6 » > 0, due to the posi-

tive interaction between the signal vectors of the two tasks,

the inequalities (w@(,fr’ ‘f"d),ylul> > <WéT1T, e"d)7y1u1>
,y1 1) can be estab-

T2,ten Tisten
and (w2t ) < (w T e
lished, which naturally lead to the following lemma.

Lemma 4.2. Under the same conditions as Theorem 3.2,
when cos 61 2 > 0, the following bounds hold for teyq:

ylf(w *ylf(w

where k = ©(1) is a positive constant.

(T1,tcnd)’xl) (TQ:tcnd),Xl) <k, (4.6)

Note that Eq.(4.6) essentially characterizes the connec-
tion between Lp, (W(T2:tena)) and Lp, (W (Tistena)) by
the definition Lp, (W(Titend))y = E o p lly; -
f(W(Tk:tena) x1)] in Subsection 1.1. Then with the prop-
erty of cross-entropy loss that ¢(z) < exp(—z) for all
2, the test loss on the previous task Lp, (W (T2:tena)) <
18¢ + exp(—n?) in Theorem 3.2 naturally follows. The
complete proof is provided in Appendix E.3.

Obtuse angle. Due to the complex interaction between the
signal vectors when cos 01 » < 0, a comprehensive analysis
of neuron behavior is required to characterize the conver-
gence and generalization of the current task 75, rather than

studying a subset of neurons for a single task in Cao et al.
(2022). Specifically, Cao et al. (2022) focus on neurons

wj,forr €1 ={re[ml: <W( 1’0),jp, ) > 0}. These

neurons induce a negative effect (w; ( 2’0) —jueo) during
the initial phase of training task 75. As tramlng progresses,
<W(-T2’t) —jue) gradually decays to 0, and the correspond-

2,7
(T2,tena)

ing v(p2);,
Ty is bounded by —(pu1)$" """ || puallz cos 01 o/ || sa 2.

In contrast, the neurons w; . forr € I; o = {r € [m] :
(win ™ g} < 0} {r € [m] = (wii jud) > 0},
where pui- = po — [pallacos6r o - pa /|| p |2, actually
learn the feature o and exhibit increasing inner products
(w (Tf’t),]u ). The learning of neurons w; , for r € I; o
is key to achieving small training and test losses on task
T5 in Theorem 3.2. Note that while the two-stage signal
learning for the tasks is similar, the neurons responsible for
learning signals g1 and po are distinct. The complete proof

and detailed explanation can be found in Appendix F.

By the definition of forgetting, LY '(W(T2tena)) =
1

]P)(xl,yl)fv'Dl [yl 7£ Sign(f(W(TQ’tend)vxl))] in Subsec-

tion 1.1, we know that forgetting is closely related to the

sign of y f(W(T2tena) x1). Under the condition that

the signal-to-noise ratio nj - SNR} = Q(1), the noise

memory |p(£k)(T’“’ e”d)\ will be bounded by oy, Vd,

IR
which allows us to approximate y;f(W(72tend) x,)

T slen T27 en
as Y7 lo((win ' yap)) — o (w5 ).
Through a comprehensive analysis of neuron learn-
ing, Z:’Lla((wéﬁi e"d),yl;“)) can be characterized
by ©(my(p1)y, (1 — cos®015)7), where y(p1)y, =

that characterizes signal learning for task

Tisten :
L3 e () )e for j =y represents
the average value of 'y(ul)l(f;f,lte”d) corresponding

to the neurons that learn the signal p;. Sim-

Z:lla(<w£7;f£fﬁ"d),y1u1>) can be character-

ized by ©(my(p2) -y, [[1]|5(— cos 01,2)?/||u2]|3), where

Tosten ‘
Y(B2) s A er,, ()2 for j =
—y; represents the average value of ’y(ug)(_%l’fj"d)
corresponding to the neurons that learn the signal
Ho. Based on the above analysis, the study of

forgetting can be transformed into the study of the

o(( (T27end)7y1u1>) and

Wyi,
which is directly related
the relationship between

ilarly,

antagonism between Yy ..,

m Tayten
Z,.:la(<w(_y21f,« d),l{1u1>),
to cosf . Specifically,

0.(<W(T27tend)

m Tasten
S o apin)) — o (w5 gy )] and
cos 01 2 can be characterized by the following lemma.

Lemma 4.3. Under the same conditions as Theorem 3.2,
when —Cy < cos .2 < 0, it holds that

m

Z[‘7(<Wg,2r’te"“‘)ay1H1>)—U(<Wg§1’fi"d),y1u1>)} > Cs,
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where Cy < 1 and C3 are positive constants.

In contrast, under the condition that the cosine similar-
ity cos 5 is relatively small, the relationship between

S Lo (w2 e ) )y — o (wirs o)y )] and

cos 01 2 is described by the following lemma.

Lemma 4.4. Under the same conditions as Theorem 3.2,
when —1 < cos 01 o < —Cy, it holds that

Sl (w St ) —o (Wit yuw))] > Cs,

where C; < Cy < 1 and C3 are positive constants.

Using the antagonistic relationship in Lemma 4.3, along
with the Gaussian concentration of Lipschitz function, we
can directly derive an upper bound for benign forgetting
(the second part of Theorem 3.2), following a similar idea
to the proof of Theorem E.1 in Kou et al. (2023). Similarly,
by Lemma 4.4, the lower bound for harmful forgetting (the
third part of Theorem 3.2) naturally follows. The complete
proof can be found in Appendix F.3.

4.2. Proof Sketch for Replay Methods

We also analyze the replay method using signal-noise de-
composition and a two-stage approach. After applying
signal-to-noise decomposition, we derive the inner prod-

( 2at)

uct of network weights w and signal vector pu1:

(Wi ) = (Wi )+ y(pa) 52
+ C0891,2 HZ;HE’Y(H&);BJ&)
From this formula, it is evident that the inner product
<wj(:’;2’t), jp) is influenced by two dynamic coefficients,

)( 2,t) )(T27

v(p1 and (o ). These coefficients evolve dur-
ing neural network training, and analyzing the changes in
the cross-entropy loss derivatives of task 73 and task 75 is
complex. To simplify the derivative form, we first introduce
the following lemma.

Lemma 4.5. Under Condition 3.1, during task Ty training,

when t = O(1/¢), we have
(win . dp) = o((wi. )
forj e {£1} andr # r*.
* (Tlvt)

represents the maximum value of all (w; """, ju1),
where r € [m]. The proof of this lemma relies on
the relationship between infinite series and infinite prod-
ucts, which is detailed in the Appendix G. By this

Tyt
0 ) =
,71))[1 + o(1)], indicating that the sum of

lemma, we can show that: Y
(T1,t)

JT*

1‘7(<W

o({(w; "}

inner products is dominated by the largest inner prod-

uct. This allows us to simplify the derivative as follows:
Ty, Ti,t)

~5 = 1) exp{go (Wi ju) Y1+ o(1)]. When

task 73 is trained until the training loss reaches €, we

can estimate <W(T1’t6“d),ju1) by (mlog(1/€))/4. Con-

Jr*
sequently, the derivative of task 7} becomes very small.

Thus, when switching to task training 75, neither the coeffi-

cients 7(#1)( > nor p(ul)g f;t of task 7} will change
significantly. During the initial phase of task 75 train-
. . . Tt - iy e .
ing, the maximum inner product (w3, ju1) will ini-
tially decrease and then increase again, a phenomenon we
prove in the Appendix F. Additionally, it is shown that the

changes in (w; (T2, t),]N2> are essentially similar to those

in (w; (T o ),j/,l,1> meaning that the largest (w (~ » ),j,u,2>
the hlgher order infinity of the other inner products The
overall analysis of (w ( 2t jpe2) is also based on the two-
stage approach.

(T27t)

Stage 1. When (w,; %", ju2) is large enough, similar

to —6’1(31’”, we can give a rough estimate of E/(T’" 4,
/(Ta,t) 1 (T2,t)
AT~ 1/ exp{Eo((w=", jus))}. Thus, when

(w (7;“),]“ ) < m, we can assert that E/(zTQ = =0(1).

The following lemma gives our specification of stage 1:

Lemma 4.6. Under the same condition as Theorem 3.3,
there exists time

C(n} +na)2*m1 2o
T4+ _ (nl + 77,2) mlog (\/1—(00501,2)200HH2H2)

n2qna (1 — (cos 61,2)2)4/208 2| a3

such that

(T2,t)

* max, Y(p2);," = Toesa gz for J € {£1}

* max; . |p(p )(T2’t)| < Uoopk\ffor all j € {£1},

1Tk

r € [ml, ix € [n] and 0 <t < T, .

Lemma 4.6 gives a signiﬁcant difference between
’y(ug)g-j;i’t) and p(p )g fz within time 7, during which

,y(u)(2) (T2,t)

PR
per bounded by o0, V/d. After this, as ’y(ug);f*’t) grows,
(T27

reaches m, while |p(pex) | is up-

the derivative E cannot be maintained at a constant
level so that the tralnmg for task 75 enters stage 2.

(T2,t)

Stage 2. At this stage, v(p2);,~" reaches a higher value,
but p(uk)gt,),k is still very different from v(ug)gi’t)

Specifically, v(u )(iQ*’t*) reaches a large and reasonable

k(m1
%, where k is a positive constant, and

p(uk)§ 7) iy Can be bounded by 200, Vd. The following

lemma gives some specifications.

value
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Lemma 4.7. Under Condition 3.1, let T+ = T, +
6(mq772 Ye=*"). Then we have max;,, |p(p,k)J Mk| <
2000, Vd for all T{ < t < Tg". And we can also

k(mlog(2))

1—(cos01,2)?° where

find a time t* that v(ug)f;?t*) >
T <t <Td

InLemma4.7, kisa parameter that measures feature learn-
ing on task T5. |p(uk)j +.i,,| can be bounded by 200y, V.
This suggests that the model is far inferior to feature learn-

ing in terms of noise memorization. The time to stop train-
) ( 2,t )

ing for task 75 is the moment when ~(u - reaches

% for the first time, which we denote by 4.

At the moment %4, loss of training for task 75 will be

reduced to a minimal level: Lg,(W(T2:tena)) < h/2,

Further, we will prove in the Appendix H.5 that when

—1C2 < cosfy, < 0, 27 [o((wirz ey ) —
T sten

U(<W(—y21,fr d)aylﬂlm > Cs.

It should be clear that our proof for the replay method is

based on the fact that (w §T2 ,&1,) and (w 57;”), &) can

be bounded. The following lemma will give this fact.

Lemma 4.8. Under Condition 3.1, when 0 < t < T;‘ =
~ _ _ 2 4 g4
O(n, 1m03 Upezllz® +man, tek

< (T2t)7£12>< (T2t)7£21>§057

), we have

where Ce = O(m~[2/(a=2IV1 . imax {n, =1/ (a=2)V1) fo
all j € {£1} and r € Im).

In this case, we complete the proof of the replay method.

5. Experiments

Synthetic experiments We validate theoretical findings
with synthetic data as per Definition 1.1, setting training
data size to ny = 100 for k € [2] and dimension d = 100.
Signal vector p; for task 77 is |12 - [1,0,---,0] T with
|[e1]]2 = 8, and o for Ty is obtained by rotating g1 by
angle 61 . Noise variance is o, = 1 for k € [2].

We sequentially train a two-layer ReLU? CNN defined in
Section 2 on the datasets of the two tasks described above,
where width m = 10 and ¢ = 3. We initialize the model
with a Gaussian distribution with oy = 0.02 and train it
using full-batch gradient descent with a learning rate of
0.001 for 3000 iterations on each task.

After training on two tasks, we estimate forgetting (test er-
ror on the previous task 7%) using 1000 test data points. In
Figure 2, we see that acute or small obtuse angles are associ-
ated with benign forgetting, while large obtuse angles lead to
harmful forgetting. Moreover, the replay method alleviates
forgetting by expanding the range of angles corresponding

to benign forgetting. These results are attributed to a com-
prehensive analysis of neuron behavior. The second plot

of Figure 2 verifies that (w; (Tl’ ) i ) =o((w J(Trl*’ ),]u1>)

holds for j € {£1} and r ;é r* as ¢ approaches O(1/¢)
in Lemma 4.5 during the training of task 77, where r* =
arg maxre[m]< wi 1’t),ju1) The neuron behavior during
task 75 in the case of obtuse angle can be verified by the
third plot of Figure 2. The descending curve corresponds
to neurons w ,. for » € I; 1, which learn the signal 41 of
task 77. These neurons initially induce a negative effect

<W('T27O)

PR o), which gradually decays to 0. The ascend-
ing curve corresponds to neurons w; ,. for r € I; 5, which
learn the signal po of task 75 and exhibit an increasing
(w; (Tz’ ),]u2> The sets I, 1 and I, o are defined as in Sub-
sectlon 4.1. The relationship between forgetting and the
angle 0,  arises from the antagonism between these two

types of neurons.

Real-world experiments We validate our conclusions on
the MNIST dataset (LeCun, 1998) using a two-layer ReLU?
CNN for binary classification with labels +1 and —1 (See
Section 1.1). We denote the average flattened image of all
positive labeled examples (label +1) in task 7} as the signal
vector 1. Similarly, we obtain g5 for task 75. Then the
angle 6 o between the two signal vectors naturally follows.
We conduct the following four sets of experiments:

1. Experiment 1: Task 7;: classification of the original
digit 5 (Iabel +1) and its inverted version (label —1).
Task T5: classification of the original digit 8 (label +1)
and its inverted version (label —1). Then the angle
between two tasks ¢ 2 = 30.19°.

2. Experiment 2: Task 77: classification of the original
digit 0 (label +1) and its inverted version (label —1).
Task T5: classification of the original digit 1 (label —1)
and its inverted version (label +1). Then the angle
between two tasks 01 o = 102.97°.

3. Experiment 3: Task 7: classification of the original
digit 2 (label 41) and its inverted version (label —1).
Task T5: classification of the original digit 6 (label —1)
and its inverted version (label +1). Then the angle
between two tasks 0, o = 140.26°.

4. Experiment 4: Task 77: classification of the original
digit 4 (label +1) and its inverted version (label —1).
Task T5: classification of the original digit 9 (label —1)
and its inverted version (label +1). Then the angle
between two tasks 61 o = 153.90°.

Figure 3 illustrates the relationship between test accuracy on
task 7 and the replay buffer size across four settings. For
tasks with acute angles (30.19°) or smaller obtuse angles
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Figure 2. validation of the relationship between forgetting and the angle 6 2 between the signal vectors of two tasks under both CL and
CL with replay in Section 3, and we provide experimental support for the key analysis of neuron behavior discussed in Section 4.

(102.97°), the CNN exhibits benign forgetting even with-
out replay, supporting Theorem 3.2. In contrast, for larger
obtuse angles (140.26° and 153.90°), harmful forgetting
occurs unless sufficient replay data is provided. When the
replay buffer size reaches a threshold, forgetting is signifi-
cantly alleviated, aligning with Theorem 3.3. These results
highlight the angle-dependent effectiveness of replay in mit-
igating forgetting.

Accuracy on Task 1

1of ]
0.8F ]
206} ]
g
< 04f :
— 30.19°
02 — 102.97° ]
140.26°
- .
0 1000 2000 3000 4000 5000

Replay Buffer Size

Figure 3. Experimental results of CL on the MNIST dataset with
varying angles between task signal vectors: reported are accuracies
on task 7 for different replay buffer sizes.

Mid-angle sampling: Inspired by our theoretical results,
we can leverage the angle 6, » to balance the stability and
plasticity. Instead of random sampling old task examples,
we select examples that have moderate cosine similarity
(mid-angle) with the prototype for each class, which we
refer as mid-angle sampling. Examples with high or low
cosine similarity typically correspond to higher or lower
levels of forgetting during new task training respectively.
In contrast, mid-angle sampling selects examples with a
moderate degree of forgetting, which proves to be a more
cost-effective approach.

We conduct an initial validation of the effectiveness of
mid-angle sampling using a two-layer CNN on the MNIST
dataset, which can be found in Appendix B.1. To further

Table 1. Accuracy comparison on previously trained classes us-
ing different replay buffer sampling methods within the iCaRL
framework on the CIFAR100 dataset (percentage omitted).

Sampling CIFAR100-10 CIFAR100-5
Random 47.17£045  56.08 £0.12
Small-angle  45.63 £0.12  54.36 + 0.35
Mid-angle 48.02 £ 0.27  56.51 £ 0.06
Big-angle 4534 £0.76  54.77 £ 0.29
Herding 4740 £0.17  56.124+0.20

validate the universality of mid-angle sampling, we conduct
experiments on the CIFAR100 dataset (Krizhevsky et al.,
2009) following the iCaRL replay framework from Rebuffi
et al. (2017). The data is split into 7' tasks, denoted as
dataset-T. For example, CIFAR100-10 represents 10 tasks,
each containing 10 distinct classes. Specifically, we train a
model f consisting of a feature extractor ¢ and a classifi-
cation layer e. The prototype of the j-th class is defined as
B = ﬁZmMGSj ©(x;,), where S; represents the dataset
of class j. Based on the prototype, mid-angle sampling, big-
angle sampling and small-angle sampling for class j can
be performed according to sim(¢(x; ;), pt;), where sim(-)
denotes the cosine similarity function. Further details can
be found in Appendix B.2. Table 1 shows the test accuracy
on previously trained classes for the three above sampling
methods, random sampling, and herding. In addition, we in-
clude in Table 2 the average forgetting metric used by Wang
et al. (2024) on previously learned tasks to further validate
the effectiveness of mid-angle sampling. As shown, mid-
angle sampling outperforms the other sampling methods,
aligning with our theoretical predictions.

6. Conclusion and Future Work

This paper establishes a unified theoretical framework for
understanding CL through feature learning theory. By ana-
lyzing neuron behavior, we reveal the relationship between
forgetting and the angle between task signal vectors. Fur-
thermore, we demonstrate that the replay method alleviates



Understanding the Forgetting of (Replay-based) Continual Learning via Feature Learning: Angle Matters

Table 2. Average forgetting comparison on previously learned
tasks using different replay buffer sampling methods within the
iCaRL framework on the CIFAR100 dataset (percentage omitted).

Sampling CIFAR100-10 CIFAR100-5
Random 15.72 £ 0.31 11.15 £ 0.46
Small-angle  19.47 £ 0.39 14.10 £ 0.26
Mid-angle 1484 £0.26  10.15 £ 0.28
Big-angle 18.04 +0.49 12.50 £ 0.72
Herding 15.51 £0.08 10.64 £ 0.13

forgetting by expanding the range of angles associated with
benign forgetting. Our theoretical results also inspire a mid-
angle sampling strategy, which can help the replay method
better mitigate forgetting. As a pioneering study in feature
learning within the context of CL, our theoretical frame-
work is limited to binary classification under a single-head
setting. Moreover, the contribution of mid-angle sampling
is relatively modest. Future work can extend our framework
to more complex task settings and explore more effective
replay methods guided by theoretical insights into how the
angle between task signal vectors influences forgetting.
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A. Related Work

A.1. Feature Learning Theory

Unlike some of the more traditional feature extraction methods, such as recursive feature elimination (Darst et al., 2018),
which typically require the knowledge and experience of domain experts to guide the selection and construction of features,
feature learning theory (Cao et al., 2022) reveals an efficient method to automatically extract useful features from raw data.
It aims to find feature representations that better represent the data by mining the intrinsic structure of the data. Feature
learning theory has a wide range of applications. Cao et al. (2022) and Kou et al. (2023) address the phenomenon of benign
overfitting that may occur in modern deep learning models, and study benign overfitting in two-layer ReLU convolutional
neural networks through a feature learning theoretical approach to reveal changes under different conditions; Huang et al.
(2023) and Pan et al. (2024) establish a unified theoretical foundation for understanding federated learning through feature
learning theory, revealing that federated averaging improves the signal-to-noise ratio to achieve near-zero test error and
weighted federated averaging to solve the problem of data heterogeneity in feature learning; Yang & Hu (2021) point out
that the standard and NTK parameterisations of neural networks cannot reach the infinite-width limit at which feature
learning can take place, and propose a simple modification of the standard parameterisation to achieve feature learning at
the limit, which is found to outperform the neural tangent kernel baseline and finite-width networks, and the finite-width
networks converge to the infinite-width feature learning performance as the width increases; Zou et al. (2023) analyse Mixup
theoretically from the perspective of feature learning, and construct a feature-noise data model to carry out the study, which
reveals that Mixup training can effectively learn rare features from a mixture of rare and common features, while standard
training cannot do so, which in turn leads to the problem of poor generalisation performance; Jelassi et al. (2022); Jiang et al.
(2024) conduct in-depth research on Vision Transformers (ViTs). Given that ViTs can achieve comparable or even better
performance than Convolutional Neural Networks (CNNs) in computer vision without incorporating the visual inductive
bias of spatial locality and can learn spatially localized patterns, the authors aim to provide theoretical explanations for this
phenomenon. In contrast, our research employs feature learning theory to investigate how the angle between task signal
vectors relates to benign and harmful forgetting in continual learning (CL), introducing additional techniques designed
for CL. Furthermore, it reveals the theoretical mechanism underlying replay-based methods, which mitigate forgetting by
expanding the angular range associated with benign forgetting.

A.2. Theoretical Analysis of CL

Since McCloskey & Cohen (1989) first put forward the phenomenon of catastrophic forgetting in continual learning in 1989,
researchers have been committed to finding effective methods to balance the learning plasticity of models on new tasks
and the catastrophic forgetting of old tasks. In recent years, researchers have started from the theory of continual learning
to conduct theoretical interpretations of continual learning and explore new methods. Bennani et al. (2020) proposed
that in over-parameterised neural networks, the OGD algorithm can effectively solve the catastrophic forgetting problem
in continuous learning, and also revealed the need to take into account the effect of NTK variations on the algorithm’s
performance in practical applications. Doan et al. (2021) proposes a task similarity metric based on the neural tangent
kernel (NTK) overlap matrix, analyses how common projected gradient algorithms can mitigate catastrophic forgetting,
and proposes a variant of Orthogonal Gradient Descent (OGD) using Principal Component Analysis (PCA) structured
data, with experimental results supporting the theoretical findings and demonstrating the approach’s forgetting potential.
Evron et al. (2022) studys the problem of catastrophic forgetting when fitting over-parameterised linear models to cope
with sequences of tasks with different input distributions, analysing the extent of forgetting, establishing relevant domain
links and demonstrating a situation-specific upper bound on forgetting and pointing out how it varies when the tasks are
differently ordered. Lin et al. (2023) conducts a theoretical analysis based on an over-parameterised linear model, give
explicit forms of the expected forgetting and generalisation errors under a general CL setting, analyse the effects of relevant
factors on CL forgetting and generalisation errors, and show that some of the insights can be used in practice and can
contribute to the design of CL algorithms through experiments with deep neural networks on real datasets. Ding et al.
(2024) provides a generalised theoretical analysis of forgetting in linear regression models via stochastic gradient descent
(SGD), revealing interesting insights into the relationship between task sequences and algorithm parameters, showing the
impact of task alignment and the choice of an appropriate step size on forgetting in large data volumes. Zhao et al. (2024)
presents a statistical analysis of continuous learning in a sequence of regularisation-based linear regression tasks, compares
the minimum-paradigm estimator with the lower bound of continuous ridge regression to reflect its non-optimality, and
concludes with an experimental validation of its theory.
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B. Supplements for Experiments
B.1. Mid-angle Sampling with a Two-layer CNN on MNIST

We conduct experiments to validate the effectiveness of mid-angle sampling using a two-layer ReLU? CNN with width
m = 256 and ¢ = 3 on the MNIST dataset (LeCun, 1998). We define two tasks, where task 7} involves classifying digits
4 and 5, and task 75 involves classifying digits 8 and 9. We denote the flattened image of the i-th example in the j-th
class as p; ;, and the prototype of the j-th class is represented as p; = ‘gﬁEmmesj .4, where S; is the dataset of class
j. We perform sampling based on the cosine similarity sim(g¢; ;, p¢;), where sim(-) denotes the cosine similarity function.
Examples with moderate similarity sim(g; ;, ;) are selected for mid-angle sampling, while examples with higher or lower
similarity correspond to small-angle sampling and big-angle sampling respectively. We compare the three sampling methods
above with random sampling in terms of the test accuracy on the previous task 7} in Figure 4. As shown, mid-angle sampling
outperforms the other three methods, which is consistent with our analysis.

Task 1 Accuracy

85
b /
80 r
S
s e
£ 551
= L
3]
<
t == Small-angle
50 i Mid-angle
—— Big-angle
[ random
45 1 n n n n 1 n n n n 1 n n n n 1
1000 1100 1200 1300

Replay Buffer Size

Figure 4. Experimental results on the MNIST dataset using different replay buffer sampling methods: reported are accuracies on task 7%
for various replay buffer sizes.

B.2. Experimental Details of Mid-angle Sampling on CIFAR-100

We evaluate five replay buffer sampling methods within the iCaRL framework (Rebuffi et al., 2017): small-angle, mid-angle,
big-angle, random sampling and herding. We rely on PyTorch (Paszke et al., 2019) and train an 18-layers CBAM-ResNet (He
et al., 2016; Woo et al., 2018) as the feature extractor ¢, allowing iCaRL to store up to K = 5000 exemplars. Each task is
trained for 100 epochs, with the learning rate starting at 2.0 and divided by 5 after 48, 62 and 80 epochs. The network is
trained via standard backpropagation with minibatches of size 128 and a weight decay of 0.00001.

C. Preliminary Lemmas
Lemma C.1 (Cao et al. (2022)). Suppose that 6 > 0 and d = Q(log(4ny,/9)). Then with probability at least 1 — 6,
05, d/2 < ||&.all5 < 307, d/2,
[(€k.i» ks ir)| < 20p,0p,, - 1/ dlog(4n} /0)
fori € [ngl,7 € [ng] and k, k' € [2).
Lemma C.2 (Cao et al. (2022)). Suppose that d > Q(log(mny/0)), m = Q(log(1/6)). Then with probability at least

1-9,

|<W§‘:I;170)7IJ’]€>| < 210g(8m/5) 'UO||Hk||27

13
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(w5 &) < 2V/log(8mn /6) - 000, Vd

7"

forallr € [m], j € {£1} and i € [ng]. Moreover,

(T1, )

oollprll2/2 < max j - (w7, i) < \/21log(8m/d) - oo pr 2,

re[m]

anpk\[/él < Hl?x]j < (’T1,0),€k Z> <2 log(Smnk/d) anpk\/;l

forall j € {£1} and i € [ng].

D. Signal-noise Decomposition for Task T1

Based on the analysis of training task 7} by Cao et al. (2022) we know that

ny
ten en 2 - ten 51 i ten £ii
w;? M = W;?;l tend) — <T1 0 +7J- 'Y(H'l)(Tl @ ”HIHQ + Zp(gl)f;l,zt @) H& ZE & ;77“17: @ H£1 ”2
2 = Pt Jill2

(D.1)

Andifny - SNR;? = ﬁ(l), the learned neural network can achieve small training and test losses. So at the beginning of
training task 75, we have following property holds:

o max, y(p) " = O([mlog(1/€)]V/9),Vj € {1},

72,7

* max;,; |p (51)57;1; ena) | < ogop, V.

‘We also know that

( (T2,0)

Wj’r ay/2> < ( 17 )

)(Th end) M
12112

s s (T1,ten 5 ,i'7£ K

<Wf;,2 0 €)= <W§47TT1 0 ga) + Z (51)] iy 0 v, €a)

et 16,7113

sp2) + 7y (p

By Condition 3.1, Lemma C.1 and C.2, we further have

(27)

max |(w; >, pa)| = O([mlog(1/€)]/%),Vj € {£1} (D2)

max [(w; (Tz’ ,&2.0)| < 4y/log(8mny /d) - o9, Vd (D.3)
joryi

E. Learning of Task T2 (Standard CL with Acute Angle)

In this section, we consider continual learning where the signal vectors between task 73 and task 75 form an acute angle,
i.e., (@1, p2) > 0. Denote cos 61,2 = (1, pa)/(||e1]]2 - || 122]|2). Then we have that cos 61 2 > 0. We remind the readers
that the proofs in this section are based on the results in Section D, which can achieve small training loss and test loss during
learning task 77.

E.1. Signal-noise Decomposition Analysis

Lemma E.1 (Restatement of Lemma 4.1). The coefficients 7(;12); . 2 (&2 )§ ﬂt), p(&2 )gjfj) in decomposition (4.1)
satisfy the following iterative equations:

W) p(&)5" p(€2) 7" =0,

Ty, t+1 Tyt N2 To,t T,
) = = IS T (B s )l
=1

14
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, , n , , .
(€)= (o) T2 — g0 o (w0 g 00) - (|€,ll3 - Lya,i = ),

nom
Tyt )
nam 2 Wi €) - €4l Ly = i)

P& = ple) 0 + B o

2,750 2,75

forallr € [m], j € {£1} and i € [n).

Proof of Lemma E. 1. First, we iterate the gradient descent update rule (2.1) ¢ times and get

t—1 no

(Tost) _ (T2 0 T2 (T2,5) (Tz s) o

Wjﬂ« 3. Nom SE:O ; 2,4 : 762 z>) : ]y2,z£2,z
R ete (T25) ot (T2

. 2 /Tz,s / ‘Tz,s ) s
nam ;) ; Wir SY2,iM2)) - 2.
According to the decomposition (4.1),
na
Ty, T ,0 it Tt _
wi? = w2V gy () pally? e+ p(E2) 5 €aalls? - o

i=1
Note that the vectors are linearly independent with probability 1, under which condition we have the unique representation
na

t—1
To,t (T2,s) Ta,s
) = =SS o (Wl namea)) - (E.1)
s=0i=1

Ty, 12 Ts,s Ts,s .
pl2); = T nam ZEI( =) (Wi €20)) - [1€2,il3 - Gy

s

Now with the notation 5(52)@2’0 = p(§2)(T22t) 1(p(&2 )(Tz’t) >0), p(&2 )(T2 4 = p(& )(,T"” 1(p (52)(T2’ < 0) and the

J,ryi 7,y 7.yt 7,y 2)5,m,i g,y
fact él(Tz’ < 0, we get
. t—1
2 Ts,s T s
&) = =3 o (Wi 624)) - €aall3 - Llya = 9), (E2)
nom 5—0
. t—1
Ts, 2 Ts,s T s) .
pl&2)f1 = BN e o (Wi 0.0) - a3 - Lwas = i), E3)
s=0
Writing out the iterative versions of (E.1), (E.2) and (E.3) completes the proof. O]

We will prove the Proposition E.2 following Cao et al. (2022), which shows that the coefficients in the signal-noise
decomposition (4.1) stay a reasonable scale for a long time of training. Consider the learning period 0 < ¢t < T, where
T* = poly(n; " ny e [z, lpellst, d o, 2, d 7 o 2 0t ny, na, m, d) is the maximum admissible iterations.
Note that we can c0n51der any polynomial training time 7. Denote « = 4 log(T™*). Here we list the exact conditions on
12, 00, d for the proofs, which are part of Condition 3.1:

No = O(mm{ngm/(qa d), ngm/(q2q+2oﬂ 202 d),an/(q2q+2aq*2||u2||§)}), (E.4)
< [32y/log(8mn /)]~ min{ || g ||5 ", 2l (0, V) 7'}, (E.5)
d > 10241log(4n3/8)a*n3. (E.6)

Denote §p = 2max; j {|(w (TI’O), H2) |, [(w; (Tl’ ,Eg i)|}. By Lemma C.2, we can upper bound Sy by 41/log(8mnsz/0) -
oo - max{||p2||2, 7p, Vd}. Then, by (E.5) and (E.6), it is straightforward to verify the following inequality:

2
4max{ﬂ0,8n2 bg(467;2/5)a} <1 (E.7)
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Denote 51 = 2max; ,{|(w (Tf’o), w2)|}, B2 = 2max; ; {|(w (:CQ’O), &2.:)|}-Then, by (D.2), (D.3) and conditions listed in
(E.5), we have that

B1 = O([mlog(1/€)]*/9) (E.3)
By < % (E.9)
Proposition E.2 (Acute-angle Case). Under Condition 3.1, and when cos 81 2 > 0, for 0 <t < T, we have that
0 < ()2, 5(E2) 20 < o, (E.10)
0> p(&)"5") > —p2 — 16m, %a > —a. (E.11)

forallr € [m], j € {£1} and i € [na).

We prove Proposition E.2 by induction, first introducing several technical lemmas for the proof.
Lemma E.3 (Cao et al. (2022)). Fort > 0, it holds that (""" — w™ % i) = j - (2) " for v € [m), j € {£1}.

7T

Lemma E.4 (Cao et al. (2022)). Under Condition 3.1, suppose (E.10) and (E.11) hold at iteration t. Then

log(4n3/4 log(4n3 /8 ,
&) T2 — sy [EID < (T W0 g, < ) B0 4 [EV D s,

log(4n3/8 log(4n3/4
2(£) 0 _ gy og(4n3/ )QS (w0 _ lT20) gy < e )(Tod) | g og(4n3/4)

2) g,y d 7, Jsr IR d Q, ] = Y2,
forallr € [m], j € {£1} and i € [na).
Lemma E.5. Under Condition 3.1, suppose (E.10) and (E.11) hold at iteration t. Then
(WD i) < (WSO o ipao),
. log(4n3 /6
<W§'f~z’t)7€2,i> < <W(T2 0 &2,) + 8y g(Tz/)av
P}'(VVJ(-Tz775 ,Xgﬂ‘) S 1
forallr € [m] and j # ya2.
Proof of Lemma E.5. For j # ys ;, we have that
T, 1.0 Ty tena) | ||H2]2 cO8 01 2 ),
(w (, t),yulw) (w (, ),yhuz) + Y27 v )( W ””“1”2 + Y27 (k2 )( )
< (Wi o ipaa), (E.12)
where the inequality is by ’y(p,l)(Tl’ ent) > 0 and fy(ug)(Tz’t) > 0. In addition, we have
log(4n2/6 log(4n2 /6§
(W0, ) < (WO € 4 p(0) T + o[BI o < (0120 g, gy [OBD) )

(T2.t) < 0. Then we can get that

2,752

where the first inequality is by Lemma E.4 and the second inequality is due to p(&2)

m

y 1 5, . 2,
Fy (W™ xp0) = =3 oy —j - ) + o (w57, 62.))

r=1
log(4n3 /6 1
N R e
7,70
S ]-;
where the first inequality is by (E.12), (E.13) and the second inequality is by (E.7), (E.9). O]
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Now we are ready to prove Proposition E.2.

Proof of Proposition E.2. Our proof proceeds by induction. The claim is trivially true at ¢ = 0 since all coefficients are
initially zero. Suppose that there exists 7' < 7™ such that the results in Proposition E.2 hold for all time 0 < ¢ < T — 1. We
aim to prove that they also hold fort = T'.

(T2,t) —B2 — 1614 Wa fort =T,r € [m], j € {£1}

Jri =
(T27T 1) <
7,

We first prove that (E.11) holds for ¢ = T ie., p(§2)

and ¢ € [ng]. Since p(EQ)J 721:&) = 0 for j = s, it suffices to consider the case where j # y2 ;. When p(&2);

—0.582 — 8noy/ W@, by Lemma E.4 we have that

(win "™ 60a) < pl2) (i T+ (Wi ) + 8y

log(4n3/9)

7 a <0,

and thus p(£2)j o) = B(@)ﬁfﬁ*ﬂ > — By — 16n24/ %a by induction hypothesis. When 8(52)5 TQ;T RS >

—0.5082 — 8ng1/ %a, we have that

(&)™) = p(gy) T D 1 B T r (T T ) ) (s = —5)|€,]2
nam
1 4n? 2 q 1 4An2
> 056, — gy OBUIB/0) | o100 (055 4 g, [10BANE/0)
d nom d
2 2 d )
> —0.58 — 8ny 10g(4n2/5)a70 1299, 0.582 + 8ng Ma
d Nom d
2
> _52 - 16n2 %04

where we use |€’2(71T2’T71)| < 1and [[€2,]]3 = O(02,d) in the first inequality, the second inequality is by 0.50; +
8nay/ %a < 1, and the last inequality is by 1o = O (nam/(qo72,d)) in (E.4).
Next we prove (E.10) holds for ¢t = T. By Lemma E.5, we have

o) = 1
! 1+ exp{yoi - [Fra (WY x0,) — Foy (WY x5}

< exp{—y2i - [Fra(WEY x00) = Foy (WY x0,)])
< exp{—F,, (W1 x5 ;) +1}. (E.14)
Following Cao et al. (2022), let ¢; . ; denote the last time ¢ < T that p(Ez)j i ) < 0.50.. By the update rule of (&2 )g?;rff),
we have that
(T, T ,T7t“ 12 Ta,t5,r,i Ta,tj,ri)
Pl = a0 (. 0.0) - U = )l
I
n 2, 2,
= > B (WY &) e = )1 €aill3 - (E.15)
_Nnam
ty s <t<T
Iy
We first bound I; as follows,
(T2, 10g(4n%/5)

q—1
|I;| < 2qn2_1m71772 (p(&)j,r,itjmi) 4+ 0.582 + 8ngy a> ngd < q2qn2_1m71772aq710§2d < 0.25q;,

d
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where the first inequality is by Lemmas E.4 and C.1, the second inequality is by S2 < 0.1 and 8nq %a <0.1a,
the last inequality is by 72 < ngm/(q2q+2aq*20§2 d).

Fort;,., <t < T and Y2, = j, applying Lemma E.4 and a technique from Cao et al. (2022), (w; Tz’ ,&,;) is bounded by
0.25a < <wg_2’t)7 &2,i) < 2a. Plugging these bounds into I yields

T2 T, T, .
Ll< 3 P em(o((wii?. &) + 1) 0/ (Wi €o)) - Lumi = )23
tj)7-yi<t<'1~—'
<eq2q772T*

exp(—a?/49)a? 162 d
~ R exp(—at /A7)0,

< 0.25T™" exp(—a?/47)«

< 0.25T" exp(—log(T*)")

< 0.25q,
where the first inequality is by (E.14), the second inequality is by Lemma C.1, the third inequality is by 7, =
O(nam/(q29"%a% 202, d)) in (E4), the fourth inequality is by v = 4log(T™) and the last inequality is by the fact
that log(7T*)? > log(T™). Plugging the bound of I, I5 into (E.15) completes the proof for p. Similarly, using 5; < 0.1«
in (E.8) and 12 = O(nam/(q2972a?72||p2|3)) in (E.4), we obtain 7(/42)( ™) < . Therefore Proposition E.2 holds for
t = T, which completes the induction. O

E.2. Signal Learning

readers that the proofs in this section are based on the results in Section C and D, which hold with high probability. For the
ease of discussion, we decompose p1 into components along po and the direction orthogonal to po. Then by (2.1) and
(4.1), we have that

In this section, we consider the signal learning case under the condition that no||po||$ > (Nl(agz (v/d)9). We remind the

. 1
w(To) = (710 (Ty.tena) | l1r2]l2 cos 01,2 )Tt ; (T tena) | 2ll2sinbiz, — pa
.= +3 - (), : +(m2);,7 ] +3 - (w);) : -
W [l (e ||2 > [l [z 13
— & S & &2 P
— T1,ten X T1,ten )1 (T2t )1 (T2t K
+Zp(£1)§lr{i . €112 JrZB(él)g,rl,i a. €1 +Zp§2 JTQZ)‘ . +ZP£2 JTQZ)' 2
i—1 Lill2 5 5171H2 i—1 HSQJHQ i—1 H‘5271H2
,t Ti,ten
where p3 € span{p1, o} and py is orthogonal to pa, with ||y || = | p2|]2. Denote "}/(/,112)( 2t = ”y(ul);,.l )

(T,

|zl cos 61,2/ ||t |2 + 7 (p2) 2. By (4.3), then

~ Ty, t+1 ~ T, 2 (T2, ,0 )
)y T =Al) i - Ze 20 (g (WO ) i G A (2) ) - a3
=1

We know that if 'y(ug)( 20 — = v(p1 )(Tl’ end) - |lp2ll2 cos 61,2/ ||p1]l2 < 2, the learning process enters the first stage;

otherwise, it directly proceeds to the second stage.

E.2.1. FIRST STAGE
Lemma E.6 (Cao et al. (2022)). Under the same conditions as Theorem 3.2, in particular if we choose

nz - SNRp? > C'log(6/00|| pal|2) 2% 6 log(8mny /5)] 4172, (E.16)
where C' = O(1) is a positive constant, there exists time

_ Clog(6/00||p2]l2)29+m
- q—2 q
120 [l o213

such that
* max, 7(”2)§’1;2’t1) > 2 forj € {£1}.

|P(T2 t)| < 000p,Vd/2 forall j € {£1},7 € [m], i € [ng] and 0 < t < 5.
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E.2.2. SECOND STAGE

By the results in the first stage, the following property holds at the beginning of the second stage:
* max, 'y(ug)(Tz’fl) >2,Vj5 € {£1}.

* max;, |p§?;27;t1)| < Bwhere B = 000p, \/&/2

Lemma 4.1 ensures that the learned feature y(ug)(Tz’t) will not deteriorate, i.e., 7([12)5-’7;2’t+1) > 7(#2)(%’” fort > ty.
)(T27

Thus, max,. 5 (2 ) > 2. Now we choose W* as follows:

' = w0 (Tytena)  |lp2ll2sinbio,  py
Wi, = + 2gmlog(2q/e) - j +7 - [v(ma);, :
! R H2 7 el a3
ny El ni €1 )
+ Zp J o~ end) v + Zp El §€{%t671d> . >t S
€1, = [1€1,:13

Based on the above definition of W*, we have the following lemmas.
Lemma E.7 (Cao et al. (2022)). Under the same conditions as Theorem 3.2, let t+ = t; + { GTTPY:

t1 + O(mPny e\ m2l|72). Then we have max; . ; |pjT2’ | < 23 = 000 p,Vd forall t; <t < t*. Besides,

|lw(T2:t1) _w= H%J _

S L, (W) Wt — W3 €
t—ti+1 5 S (2q—Dm(t—ti+1)  2¢—1

forallt; <t <t", and we can find an iterate t.,q with training loss smaller than ¢ within t* iterations.

Lemma E.8 (Cao et al. (2022)). Let t* and t.nq be defined in Lemma E.7 respectively. Under the same conditions as
Theorem 3.2, for any 0 < t < t* with Lg,(W(T21)) < 1, it holds that Lp,(W(T2Y)) < 6 - Lg, (W) 4+ exp(—n3).
Furthermore, since Lg,(W (T2:tena)) < ¢, it follows that Lp,(W (T2 tena)) < 6e + exp(—n3).

E.3. Forgetting

Consider a new data point (x1,y1) drawn from the distribution of task 77 defined in Definition 1.1. Without loss of
generality, we suppose that the first patch is the signal patch and the second patch is the noise patch, i.e., x1 = [y1 1, &1]-
Moreover, based on the analysis of signal learning we know that

(T2 tena) _ (T1 0)-‘rj Y(p )(Tl tend)

(T en) l'l/z
W] ) 2, d) 5

II/L | 23
! (Ty,\tend) &1 G (T2, tend) 521‘

D p€)5 Y T D (&) (E17)
i=1 =1

,T

2 + 77 (pe2

1€1,:15 [[€2.:113

And at the end of training task 75, we have following property holds:

T ten
* max;,; |p(§1)§ le @) | < opop, V.

s max; . |p(€2)§?;2’;te"d)| < 000, Vd.

Lemma E.9. Under Condition 3.1, we have

1 m
> o)) <1

m —Y1,

Proof of Lemma E.9. We have that

Ty tena 1y, T tena Totena)  ||H1]]2 cOS 012
<W(71/21,'r d)7y1 p1) = (WSJI,Q’yl H1) — ,Y(l‘l’l)(fyll,r 4~ 7(“2)£y21,r o). W
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< (w0 - ), (E.18)

where the inequality is by fy(,ul)(Tl’te"d) > 0 and ’y(ug)(_Tz’te"d) > 0. Then we can get that

—Y1,7 Y1,T

1 T
=3 (w5 oy ) < max (w3 - )|

<1

where the first inequality is by (E.18) and the second inequality is by (E.5) and Lemma C.2. O

Lemma E.10 (Cao et al. (2022)). Under the same conditions as Theorem 3.2, with probability at least 1 — 4m -
(Titena) ¢, )| < 1/2, where Cy = O(1).

exp(—Cy 0'02 Jd )WghavethatmaxJM(w”

Lemma E.11. Under the same conditions as Theorem 3.2, with probability at least 1 — 4m - exp(— C’2 o - _2d Bow
have that max;;, |(w{™"" €,)] < 1/2, where Cy = O(1).

3
Proof of Lemma E.11. Let vNV(Tz’t‘”“i) — wlztena) _ 5 (ul)(Tl’ end) | 3 (NQ)(TZ’ end) | _p2 =, then we have
Jr Jr a3 Jsr [l122]15
that< (Tz, cnd)’g > < (Tz, end) a€ > and
[ L2ty < O(a0V/d + nyog + naoo) = O(o0V/d), (E.19)

where the equality is due to d > Q(m? - max{n?, n4}) by Condition 3.1. Then similar to Cao et al. (2022), applying the
properties of Gaussian distribution completes the proof. [

Lemma E.12. Let t.,q be defined in Lemma E.7. Under the same conditions as Theorem 3.2, it holds that
Lp, (W(Tz:tena) ) < 18¢ + exp(—n?).

Proof of Lemma E.8. By Lemma D.8 in Cao et al. (2022), we know that Lp, (W(Tt:tena)) < 6e 4 exp(—n?). We
intend to determine an upper bound for Lp, (W (T2:tena)) by leveraging the relationship between Lp, (W (T2:tena)) and
Lp, (W(Tt:tena) ) - According to the definition of true loss in Two-layer CNNs, we have

Lp, (W(Tttena)y = E (x1,y1)~D: Y1 - FOW(Titena) x )]
Lo, (WTtert)) = By, o, fys - W00, )

When y; - f(W(T2stena) x1) > gy - f(W(Tttena) x1) by £(2) = log(1 + exp(—2)), we have
Lp, (WTetend)) < L (WTtend)) < 6 + exp(—n3).

When y; - f(W(T2rtena) x1) < gy - f(W(Tttena) x1) let event & to be the event that Lemma E.10 and E.11 holds. Then
we can divide Lp, (W (T2:tena)) into two parts:

E[¢(yy f(WTetend) x1))] = E[1(E)€(yr f(WT2tend) x1))] + E[L(E)E (yo f(W T2 tend) x1))] . (E.20)

I Iy

In the following, we bound /; and I5 respectively.

Bounding /;: By the signal-noise decomposition (D.1) and (E.17), we have

(wirtena) gy pn) = (Wil g - ) + ()Gt
Titen 71,0 Titen
(wilitend) gy = (WO gy ) — () 935
| 212 cos b1 2
<W3(1T,271tend)7 Y1 “1> = <Wg(/’{,17l0)a Y1 - ll'1> + W(ul)gsjlj,lfend) + 7(/"’2)3(4’{,271tgnd) ' HH2||2
Ty tema 1,0 T toma Tytena) ||H1]l2 cOS01 2
<W£;1,r d)’yl Tp1) = <W£y11,7?5y1 Tp) - ,Y(I“l‘l)(fgjl,r - 7(“2)(7;1,r g W
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Since ’y(uQ)(T2’te“d) > 0 and cos 6y 2 > 0, we know that <W§1T2T’tmd), Y1 1) > <Wq(,:f1 wd), y1 - p1) and <w(_7;21’7tﬁ"d), K
p) < (w(};/ll’;"d), y1 - 1) Then if event € holds, we have that
1 m
_ylf(W(TQH(;end)’Xl) _ _ylf(W(Tl,tend),Xl 72 :E}?’l’,ztend)7y1 'N1>) _ J(<W$“’27,‘tend)7y1 'Nl))]

m

m 1 m
+ Z (}:fl’,c"d) Y1+ M1)) — 0(<W(};}1’,tﬁ"d)ay1 )] + EZ"“W;?}#%"‘”’&»

m m

Toyten 1 Ty ten 1
+ aZa«w&;ﬁr U.60) = — o ((wly e &) = Y o (wilyied, 6)
r=1 r=1 r=1
1 & 1 &
— (T sten ) _ (T ,tcn ) _ (T27tend)
< g fWTtend) 5y m;a«wyl; ).61)) + m;a« i &0))
1 <& 1 <&
_ (T1,tena) 1 1
< —y f(WTntena) x4 m;U(lﬂ) + m;dl/?)
§ _ylf(W(Thtcnd)’ Xl) + 1’ (EZI)

where the second inequality is by max; |<w§7€1’t6”’d), &1)| <1/2in Lemma E.10 and max; , |<W](-77;,2’t””‘)7 &) <1/2in
Lemma E.11. Therefore, we have that
I < E[L(E) exp(—y1 f(WT2tena) )]
< e E[1(E) exp(—yy f(WTtnd) x))]
< 18¢,
where the first inequality is by the property of cross-entropy loss that £(z) < exp(—z) for all z, the second inequality is

by (E.21), and the third inequality is by E[1(E) exp(—y; f(W(T1:tena) x1))] < 6¢ in the proof of Lemma D.8 in Cao et al.
(2022).

Bounding />: Next we bound the second term [». We choose an arbitrary training data (x;/, y;/) such that y;; = y. Then we
have

Uy fWTtnt) x0)) < log(1+ exp(F_y, (W tnt) x,)))
<14 Foy (WTntend) 5

m

1
g Z _7;!21, :nd)7y1u1>) + EZO’“W(_%S;M)’SI»
r=1
Z (wTortena) g,y
<2+ O((ooVd)?) |11, —

where the first inequality is due to F, (W(T%t“"d), x1)) > 0, the second inequality is by the property of cross-entropy loss,

i.e., log(1+exp(z)) < 1+ zforall z > 0, the third inequality is by =>""" 10((w£f;f;"”

the last inequality is due to (W (7;2 en.d)’g ) = (w (7;27 ert,d)’é ) < ” ~(T27 erLd)||2H£1||2 < 5(00\/67)”51”2 in (E.19). Then
we further have that

,y1p1)) < 1in Lemma E.9, and

I < VE(E)] - \/IE (1 FWToten) 1))

< VEE) - /44 O(ooVa)E]&: 2]
< exp[—ﬁ(aO_Qa;le*l) + polylog(d)]
< exp(—n?),
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where the first inequality is by Cauchy-Schwartz inequality, the second inequality is by (E.22), the third inequality is by
the fact that \/4 + O((00V/d)?9)E[||€]/27] = O(poly(d)), Lemma E.10 and Lemma E.11, and the last inequality is by our

condition oy < O(m~%/(=2)p71) . (5,,v/d)~" in Condition 3.1. Plugging the bounds of I, I5 into (E.20) completes the
proof. O

F. Learning of Task T2 (Standard CL with Obtuse Angle)

In this section, we consider continual learning where the signal vector of task 7) forms an obtuse angle with the
signal vector of task 75. When the angle between the two task signal vectors 0 > cosf; o > —4/2log(8m/J) -
ool 1|2/ ([mlog(1/€)]*/4), through Condition 3.1, we know that —+/21og(8m/4) - oo 1|2/ ([mlog(1/€)]*/4) — 0 and
61,2 — m/2. For continual learning where the signal vectors of the two tasks are orthogonal, since the components in
the signal directions (1) and y(p2) do not interfere with each other, the analysis of training task 7% is similar to the
analysis of task 73 by Cao et al. (2022), resulting in a small amount of forgetting. Next, we consider a less extreme scenario
where —1 < cos 6 2 < —+/21og(8m/0) - ool 12/ ([mlog(1/€)]*/). We intend to investigate the mechanisms of signal
learning in task 75 and forgetting on task 73 by conducting a detailed analysis of the behavior of various types of neurons
during the training process of task 75.

F.1. Behavior of Different Types of Neurons

By the decomposition (4.1), we have that

(T2,t) ( :0)

ng na
_ _ Ty, — Ts, —
wilst) = 47 ()2 272 - e+ DA€Y (€ illz? - Eai + D p(E) Y - (€2l ? - €y
=1 =1

(T2)
3o

jpa) > 0hr e {rem] - (Wi juy) < 0y {r e [m] : (w']
(w; (Tl’ ),]u1> <0}n{r e [m]:(w, (Tl’ ),]ul ) < 0}. Subsequently, we will analyze their behavior during the training
process of task T5.

Next, we intend to categorize the neurons w;
(T1,0)

into three groups based on the following conditions: r € {r € [m] :

(W, (T, ),j,u1> > 0}andr € {r € [m] :

Lemma F.1. Under the same conditions as Theorem 3.2, when r € {r € [m] : (w; ( 1’0)

()0t = (w0 ).

i1y < 0}, we have that

Proof of Lemma F.1. We first prove that ~y(teq )(Tl’t) < —(w (Tl’o),ju1> for t < t.,q based on induction. The result is

obvious at t = 0 as all the coefficients are zero. Supposg that there exists ¢ < teng such that the result holds for all time
0 <t <t—1. We aim to prove that it also holds for ¢ = ¢. By the update formula for the signal vector of task 73 similar to
that in Equation (4.3), we have that

Ty ,1) Ty, t—1 m Ty ,t—1) T:,0 . Ty,t—1
V()5 = ()5 )_nTm ZE/( SO W ) g ()

T ,t—1 1 T, 1 T1,0 Ty,t—1)
= ()Y = S EIE ) =) )
Y1,i=—J

(Tlﬂf) (T,t) —(w (T1 ,0)

Denote (ft1) ., =y (K1)j, ir s Jjp), then we have

~ T, Ty,t—1) T 1 t—1
) = F(pu) T Z D G ) T 13

Y1,i=—J

~ Ty, qniiK ~ Ty ,t— _
> ()Y —1'7'%1”2 - Glaa) D)y

(Tl — 1)

2 ~
gmlp ~ 1 E—1) g
=) = P G Ty

Ljr
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Y

2
~ , anmimp , -
)0 O 10 Gy e
0,

Y

(Tl,t 1) (T1,t—1) (Ty,t— 1)<

> —land5(p1);, > 01n the first inequality, the second inequality is by 7(p1);

,j1), and the last 1nequa11ty isby m1 < m/(qa??||p1|3) in Condition 3.1. Now we know that
( 1 )
)i

where we use 0 > £,
~ 71,0
)y = = (i)
F(p1 )( 1 g monotonlcally decreasing and bounded below, thus /(41
C. Then we have that

(T170)

must converge to a limit, which we denote by

C=C+

Z f Tl; end) | 0_/(0) : HlJ/lH%

’rle j
Y1,i=—7J
By €/ Tl’t”“i) < 0and C' > 0, we know that C' must be equal to 0. It follows that ?(ul)f;l’t) converges to 0, implying that

(Tl tend) < ( 1,0)

y(p1); o , Ji41), which completes the proof. O

7"

(T1,0)

Lemma F.2. Under the same conditions as Theorem 3.2, when v € {r € [m] : (w;.'"" ju1) > 0}, we have that

(win " a) < 0and y(pa) ") = —(wii Y, o) for j € {£1}.

proof of Lemma F.2. By (D.1), we have that

)(Th end) M

(w0 oy = (w0 o) + (i
HN1||2
< (WO ) — \/2log(8m/6) - oo 22
<0,

where the first inequality is by cosf; o < —+/21log(8m/d) - ool|p1 2/ (fmlog(1/€)]*/?), and the second inequality

(Ta,tena) _
sT

is by [(w; (T, O),u2>| < /2log(8m/d) - ool|p2l2 in Lemma C.2. Then, we can further prove that v(u2);

(T21 )

—(w;,; ,ju2> by n2 < m/(qa?=2||2]|3) in Condition 3.1, which is analogous to the proof of Lemma F.1. O

Lemma F.3. Under the same conditions as Theorem 3.2, when r € {r € [m] : (w (Tl’o),]u Yy <o0yn{r € [m]:
T T ), (w5, pa)| < /2108 (8m/8) - ool |2 and

,jpi) > 0}, we have that (w;.>™ jus) = (W), 7
L J2) > ool pt ||2/2f0r] € {£1}, where pi- = po — || pal|2 cos b1 2 - Tiirs is orthogonal to the signal

MaX;¢[m] <W§-7T 0)

vector |1].

(w;

)

(Tl 0) (T1,tend) _ (T1,0)

proof of Lemma F.3. By (w ,jp1) < 0and Lemma F.1, we know that (1), —(w; ", jp1). Then

(T1,tena) M

T5,0) .
<W(-,f ),Ju2>=< )7]M2>+’y(u) Il
w0 gy — (T, Mpllzcostra
e Yo [[e1]2

_ T, 0 M
= e = el cos0 - )

(T1,0)

= (w;,"" i)

> 0.
By Lemma C.2, we further have that |<w§7TT2’O),;¢2>| < V/21og(8m/8) - oot ]2 and max, ) (W (7 2’0),ju2> >
oo||pi-||2/2, which completes the proof. O

Lemma F.4. Under the same conditions as Theorem 3.2, when r € {r € [m] : (w;, (T, O),ju1> <0tn{r e [m]:
T1,0 ,0 ,0) . Toten 71,0
(wii ) = (wy, O jut) < 0 and oy Wt = w0 ) or

cipt) < O} we have that (w; jr jir
HHle

J E {:I:l} where pi = po — ||p2||2 cos 91’2 is orthogonal to the signal vector ..
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proof of Lemma F.4. By Lemma F.3, we have that (w; (T2 ),]u Yy =(w (Tl’o),ju ) < 0. Then, we can further prove that
v(ug)ng tena) — <W(T2 O),]u2> (wgﬂ, )73111 ), Wthh is similar to the proof of Lemma F.1. O

Proposition E.5 (Obtuse-angle Case). Under Condition 3.1, and when cos 6 2 < 0, for 0 <t < T, we have that

0 < ()2 B62) 3 <o,
log(4n3 /6§
0= B(&)g‘,Trz,ét) > —f2 — 16n2 %a > —a.

forallr € [m], j € {1} and i € [ny].

Proof of Proposition F.5. It is known that the noise vector is orthogonal to the signal vector, which implies that the proof
for 0 < p(&2 )(Tz’ ) < qand 0 > p(ﬁg)(.Tz’.t) > —fy — 16n24/ %a > —a follows directly from the proof

Jrio = = B\S82)5ri =
provided for the Acute Angle Case in Proposition E.2. Therefore, it remains to prove 0 < 'y(ug)f;?’t) < a. When

(T1,0)

r€{re[m]:(w; ", jpu1) > 0}, by the proof of Lemma F.2, we have that

(Tistena)  l12]]2 cOS b1 2

To,t Ty,0 .
( ) < < ( )a]“2> 77(“1)j,r ||I'l‘1||2

Y(p2);,

7,7

<«

where the last inequality is by [(w; TI’O s 2)] < v/2log(8m/4) - o¢||p2]]2 in Lemma C.2 and ~v(p )(Tl’ ) < @ in

Proposition 5.3 by Cao et al. (2022). When re{re[m]:(w (Tl’o),j,u,1> <0pn{r € [m]: (w; (TI’ ),j/,l,l ) <0}, by the
proof of Lemma F.4, we have that

T, T1,0) .
7(#2)5-,7? 0< —<W§-,r1 ) int) <a
where the last inequality is by [(w; (Tl’ J ) < y/2log(8m/d) - aollpi||2 in Lemma C.2. When r € {r € [m] :
<W§J‘ ),ju1> <0}n{re[m]: <Wj(-77, ),jul ) > 0}, by Lemma F.3, we have that
(Wi )l < /2T0g(8m/3) - oo i |1
:rg{%;{}( wl o ),j,u2> > oolpill2/2.

t)

Then we can use induction analogous to Proposition 5.3 in Cao et al. (2022), to prove 0 < ’Y(Mg)( <aforre{re

[m] : (w(Tl’ ),]u1> <0}n{rem]: (w(Tl’ ),jul ) > 0}, which completes the proof. O

F.2. Signal Learning

In this section, we consider the signal learning case under the condition that n| i ||3 > Q( ,(v/d)7). Based on the
analysis of neural behavior in Subsection F.1, we have that

(w0 )| < \/210g(8m/5) - ol 2

Ts,0
max(w( 2:0)

mmas {wj; Ljtz) > oollpi2/2,

forr € {r € [m] : (W;?;I’O),juﬁ <0pn{r e [m]: <W(T1 ),]ul Yy > 0} and j € {&1}, where ui = py —
| pe2]|2 cos Oy 2 - H:ﬁ is orthogonal to the signal vector ;. Note that the component of these neurons along the signal
direction exhibits an evolution similar to that of the growing signal component in task 77, as analyzed by Cao et al. (2022)
Furthermore, we know that the noise vector is orthogonal to the signal vector. Thus, similarly to the acute angle case,
we have max; , ; |< (T2 0), &2.)| < 44/log(8mngy/d) aoopZ\/E in D.3. Then we utilize a two-stage technique similar to

Lemma 5.5 and Lemma 5.6 in Cao et al. (2022) to analyze the learning process.
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F.2.1. FIRST STAGE

Lemma F.6 (Cao et al. (2022)). Under the same conditions as Theorem 3.2, in particular if we choose

na - ||t |13/ (0p, Vd)? > Clog(6/00] i [|2)2°7+°[6 1og(8mnz /6)] 4~ /2,

where C' = O(1) is a positive constant, there exists time

Clog(ﬁ/aollu I2)27+ m
208 [lpt I3

such that

o max, y(p2) "> > 2 for j € {£1}.

* |p§',7;2,%t1)| < 0gop,Vd/2forall j € {+1},7 € [m], i € [no] and 0 < t < t;.

F.2.2. SECOND STAGE

By the results we get in the first stage, the following property holds:

* max, 'y(ug)f;2’tl) >2,Vj e {£1}.
* max; |p§.’7;27;t1)| < B where 3 = 000 p,Vd/2.
Now we choose W* as follows:

wi =w T L 2gmlog(2q/e) - j M

Based on the above definition of W*, we have the following lemmas.

Lemma F.7 (Cao et al. (2022)). Under the same conditions as Theorem 3.2, let tT = t; + {
| < Qﬁ = 000p, Vd forallt; <t <tT. Besides,

t1 4+ O(m3n3 e Y| pall5%). Then we have max; ,; |pjT2’

Tl

t
! W [WTt) — W
- (T2,s) F
t—t +1 z; L, (WE2) <

S=11

(2¢ = )ma(t —t1 + 1)

W T2 w3

2n9€

forallt, <t <tT, and we can find an iterate t,,q with training loss smaller than ¢ within tT iterations.

(F.1)

J -

Lemma F.8 (Cao et al. (2022)). Let t+ and tonq be defined in Lemma F.7 respectively. Under the same conditions as

Theorem 3.2, for any 0 < t < t+ with Lg,(W(T2:0)) < 1, it holds that Lp,(W(21)) < 6 - Lg,(W(T2)) 4 exp(—
Furthermore, since Lg, (W (T2:tena)) < ¢ it follows that Lp,(W(T2:tena)) < 6¢ + exp(—

F.3. Forgetting

Similar to the acute-angle case, consider a new data point (x1,y1) with x; = [y; 1, €] following the distribution of task

T as defined in Definition 1.1. Furthermore, based on the analysis of signal learning, it follows that

Tven T10
witted) — w0 4G

)(Th ena) | M1

+ 7 v(p2);
1113

(Thten ) 51 i G (T2 en )
+Z (&1),i ™ €1 Z (&),
=1

* max; |p(§1)§?;1’;t5"d)| < 000p, V.
o max; i |p(€2) 2| < 590, V.
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Lemma F.9. Under the same conditions as Theorem 3.2, whenr € {r € [m] : (w (Tl’o),ju ) > 0}, we have that

T17ten N Tl ten
(wi " ) = w0 ) ()
<Wj(.:";17tend)7 _.]/1/1> < Oa

forj e {£1}.

Proof of Lemma F.9. By the signal-noise decomposition (D.1), we have that

Ty,tend) ) Ty tend
(wiTtend) Gy = (w0 ) + () e,
Then we further have that
T sten ',O ; T sven
(w1 =) = (Wi =) = ()
<o,
where the inequality is by (w; ¢ 1’0),]u1> > 0and y(pq )(Tl’ en4) > (), which completes the proof. O

Lemma F.10. Under the same conditions as Theorem 3.2, whenr € {r € [m] : <W(Tl’ ),]l,l,1> < 0}, we have that

<W§_’7;1,tmd,),jul> -0
(wiit o, —jm) =0,
forj e {£1}
Proof of Lemma F.10. By the signal-noise decomposition (D.1) and Lemma F.1, we have that ( (Tl’ ‘f"d), jpu) =
(w (7;1’ ) jm) Jr’y(ul)gTrl’ en4) — 0 and (w; (Tl’ ) ) = *(wfrl’ end) 111 = 0, which completes the proof. [J

Lemma F.11. Under the same conditions as Theorem 3.2, whenr € {r € [m] : (w(Tl’ ),j[,L1> > 0}, we have that

<w§?’“ﬂd k) = () ) (1 - cos” 01,2) — O(m~'n 1)
(w2t ) < \/2log(8m/3) - ool a2

(wiTzterd) pg) =0

<W<T2,M> i) =0,

for j € {£1}, where n = max{ny,na} and py = p1 — ||p1]|2 cos by 2 - H:’ﬁ is orthogonal to the signal vector ps.
Proof of Lemma F.11. By Equation (F.2) and Lemma F.2, we have that
Ty tend) - 7.0 Ty ten Totena)  ||B1]l2€0801,0
(it ) = il ) ) ) S
= (i ) () (1 cos® 61.2)
> ()" (1= cos® B12) = O(m™'n ),

where the inequality is by [(w; ¢ 1’0), pa)| <

210g(8m/d) - oo |11 |2 similar to Lemma C.2 and o[ 1]]2 < O(m~tn~1)
in Condition 3.1. Similarly,

(T2 7tend)

. 71,0
(wilztend) gy = (w0,

y Titen
Wi —jus) — 'V(Nl)](",« fena) . (1 — cos? 012)
2log(8m/6) - oolkz |12

26



Understanding the Forgetting of (Replay-based) Continual Learning via Feature Learning: Angle Matters

2log(8m/d) - ool|p1|l2,

(Tl 70)

where the first inequality is by [(w; 3 )| < v/2log(8m/6) - oo||py ||2 similar to Lemma C.2, the second inequality

is by the definition of 3. Then by Equation (4.1) and Lemma F.2, we have that (w; (Tz’ end) 5 H2) = (W, ( 20) Jjua) +
7([12)(T2 tend) — ) and (w; (T2 fent) |y )= (w §',r2 O —jpa) — ’7(/12);7T fena) — g, Wthh completes the proof. O

Lemma F.12. Under the same conditions as Theorem 3.2, when v € {r € [m] : (w (TI’O),]N )y < 0}n{r e m]:

1T

(w (Zl’o)vjﬂ )y > 0}, we have that
< 57;2, fnd))jIJl1> <0
; |p21]]2 cos 01 2

(w (Trz, Pnd) —juy) = _,y(u2)(_7;z,tmd) _IH1l2 COS 01,2
o ; e
Tosten Ty ten

(w 5: d),J”2>>,Y(H )( 2:tend)

<W§_77;2, end)) _]IJ«2> <0,

for j € {£1}, where pi- = po — ||pal|2 cos by 2 - H:ﬁ is orthogonal to the signal vector 1.

Proof of Lemma F.12. By Equation (F.2) and Lemma F.1, we have that

(T2 tene) (T3 tena) _ [P]l2cO8 61,2

(Wi, ) = (w ; O ) +7(u1)( bend) 4y (g )in
[[e2]]2
Toten 1|2 COS 91,2
= (o )( 2stend) | [l
122
<0,
where the inequality is by cos 61 2 < 0. Similarly,
(Tostena)  : (Tortena) ||H1]|2 cOSO1 2
(Wi, s —ipn) = =y (p2);, ST T
" ” 22l
Then by Equation (F.2) and Lemma F.3, we have that
Taten ,0 Ta,ten
(wio oo guaa) = (Wit ) ()
> y(p2) ",
where the inequality is by (w; (Tl O)7ju1 ) > 0. Then we further have that (w (T2 tena) =) = _<w§.7;27te7zd)7ju2> 0,
which completes the proof. O
(T1,0)

Lemma F.13. Under the same conditions as Theorem 3.2, when r € {r € [m] : (w; .77 jp1) < 0} N{r € [m] :

(T1,0)

(w7 jug 1) < 0}, we have that
(i) ) <0
(wi, ", i) < \/210g(8m/8) - oo |l
(W), ) = 0
(wiiztert) —jps) =0,
for j € {£1}, where pi- = po — ||pal|2 cos by 2 - Hiﬁ is orthogonal to the signal vector 1.
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Proof of Lemma F.13. Similar to the proof of Lemma F.12, we have that

0
~y(p )(T27t5"d) . M <0

(T2 tena) -
<W’ a]/l'1> = 2) 5
" o 122l
(Tostend)  : (To,tena) ||H1]|2 cOSO1 2
W - —7 = — e Ll e e ol
< 7,7 ) /l’1> 7(/"’2)]77 ||IJ/2H2
(T1,0) . L [l 1|2 cos 01 2
=(w, ", jpy)
r ! | pe2ll2

2log(8m/0) - oo |12,

(T170)

where the third equality is by Lemma F.4, the inequality is by |(w; )| < v/2log(8m/6) - ool pi||2 similar

to Lemma C.2 and the definition of ui. Then by Equation (F.2) and Lemma F4, we have that ( (T2 t‘f"d), Jjuo) =
<w;7T7,1’0),ju1 )+ 7(#2)<T2 fent) = 0 and (w; (T2 fena) ,—Jp2) = —<Wf;,2 S”d),]ug) = 0, which completes the proof. [

Lemma F.14. Under Condition 3.1, we have that |(w; (Tz’ end) ¢ &1)| < 6y/log (8mn/8)ago,,Vd for all v € [m] and
j € {£1}, where n = max{ni,ns}.

Proof of Lemma F.14. By (F.2), we have that

T27 en T170 le en T27 en —
(wiltend) g1y = (w0 ¢ +Zp§,,f D€l ? - (€€ +Zp§,,: V&2l ? - (2n€1)

log(4n?/9d) log(4n3/9)
< 2y/log (8mn, /8)oooy, Vd + (4n ni\| ———— o8 nl/ +1)og0o,, Vd + (4n no\| ———— o8 n2/ 1)ogo,, Vd

< 24/log (8mnq /9) aoaple—&—%/log 8mn1/6 aoaple—&-%/log (8mns/9) ooaplf
< 6+/log (8mn/d)opop, Vi,

where the first inequality is by max; ,; |p(&1) ; (T, ¢ e"d)| < 090y, Vd and max; . ; |p(§2)(T2 ’,te"d)| < 090y, Vd, the second

Jryi 75752

inequality is due to d > Q(m? - max{n?, n4}) by Condition 3.1, and the last inequality is by n = max{n1,n,}. O

Using a proof technique similar to that in Lemma F.14, we can further prove the following lemma.
Lemma F.15. Under Condition 3.1, we have that |<w§-?;1’te"'d),£17i/>| < 64/log (8mn/d)ogo,,Vd and
|<w§:’;2 end) €a.0m)| < 6y/log (8mn/8)ogop, Vd for all v € [m], j € {1}, i’ € [ni] and i’ € [na], where

n = max{ni, ng}

For ease of discussion, let [;1 = {r € [m] : (w; (7 o ),j;“) >0} I, = {r € [m] : (w; (Tl’ ),];14) <0}, Ijo={re
) = (0 ) < 011 ] (w P ) > 0} and Iy = {r € fm] (w2, ) < 0} 1 {r € o]
<W§-7T ),jul ) <0} for j € {£1}, then the followmg lemma holds.

Lemma F.16 (Cao et al. (2022)). Suppose that § > 0 and n > 32log(4/d). Then with probability at least 1 — 0,
|Ij’1|7 |I]°1| > m/4 and |Ij’2|7 |Ij,3| > m/8f0r] € {il}

Lemma F.17. Under the same conditions as Theorem 3.2, denote y(p1); = %Zre[i Ly (ul)gq;l e”d)]q. Then we have
log(— ) — Om~"n ™) < 3(an); < log(— )+ O™,
€+ o(e) - 7= €+ o(e)

forj € {£1}, where Cy > 1 is a constant and n = max{ny,na}.
Proof of Lemma F.17. Since Lg, (W(Tl’tﬁnd)) < ¢, there must exist one (x1;,%1,;) and a constant Cy > 0 such that
€/Co < L(y1,; - fF(WTrtend) x, ;) < e, which implies that

1
€+ o(e)

C
) <y FWTHena) ) ) < log(———).

log €+ o(e)
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By the definition of f(W(Tt:tena) x, ;). we have that

yri - fWTtend) x5y = B (W(Totend) x5y — F (W) )

Y1.i —Y1,i
1 m
= > [o(wiien )y ) + o ((wilifene) €0,))]
r=1
1y Tisten Titen
= S (oW T ) + o (w3 6))]
r=1
1 v 1 S Ti,ten
= a2t (W e ) 3 o, €0.0) = o (w1 6.0))
r=1 r=1

where the last equality is by (w(,Tl"te"d), Y1,; - p1) < 0in Lemma F.9 and Lemma F.10. Then by [(w; Tl’ end) &) <

Y1,i,T

6+/log (8mn/8)oo,, vd in Lemma F.15 and 0gop, Vd < O(m n~') in Condition 3.1, we have that

m

~ 1 L
log( ) — Olm™ ™) < -3 So(wilkier )y - ) < log( ) + O(m™n™").
r=1
By Lemma F.10, we have that
1 - (T11 end) . — 1 (T17 end) .
EZU Y1,i,T ’ylvl.l’l’1>) - E Z U(< Ulz;T 7y1,7/'u1>)
= r€ly; ;1
1
= 30 oUWy ) () ).
TGIyl il

Then by |(w; ( 1’0), p1)| < \/21og(8m/d) - oo||p |2 in Lemma C.2 and ool|pe1 ]l < O(m~'n~') in Condition 3.1, we
have that

1 1 Co IR
)= O(m ™) < — 37 ()]t < log(——2 ) + O(m~n L),

log(
rely, ;1 + O( )

€+ o(e)
which completes the proof. O

Using a method analogous to that in Lemma F.17, we can prove the following lemma.

Lemma F.18. Under the same conditions as Theorem 3.2, denote y(p2); = %Zrelj Nt (ug)(TZ’te”d)]q. Then we have

€ +10(e)) —O(m™'n™") < y(p); < log(e +C§( )) +O(m nY),

log(

Sor j € {£1}, where Cy > 1 is a constant and n = max{ni,na}.

Lemma F.19. Under the same conditions as Theorem 3.2, when —C < cos 61 2 < 0, we have that

m

T stend
S [o(wiTtend) ypg)) — o (w2t gy )] > G,

r=1

where 0 < C7 < 1 and Cj3 are positive constants.

Proof of Lemma F.19. By Lemma F.12 and Lemma F.13, we have that

ZC’(< g(f? tend) gy 1)) = Z U(<W(T2 tend) Ly g )

r=1 r€ly; 1
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m
4
where the inequality is by Lemma F.11 and |, " ,1| > m/4 in Lemma F.16. Then by Lemma F.11 and Lemma F.13, we have
that

> : '7(/*"1)111 : (1 - COS2 91,2)q - 6(71_1),

m

S oWt i) < 3 o((we ) yip)) + O

r=1 ’I"EIyl,z

Mpallg - (= cos12)
215

<m-y(p2)—y, +0(n™),

where the first inequality is by oo |1 ]2 < O(m~*n~1) in Condition 3.1, the second inequality is by Lemma F.12. Then
we have that

T sven
S oWt ) — o (w2t Ly py))]

pallg - (=cosbi2)? 5

> —0(n™).
23

Y1)y, - (L= cos?012)7 —m - y(p2)—y,

By Lemma F.17 and Lemma F.18, we have that

( log(rgg) = O(m™'n ™) )é <<7(u)>
log(Co) + log( L) + O(m~"n"1) Y1)y

Then we know that (y(ge2)—y, /v(H1)y, ) Y5 a constant, denoted as Cy. Now we choose C as follows:

_ <1og(C’o) + 10g(6+(1)(€)) + 6(m1n1)) a

log(ﬁ) —O(m~1n-1)

Q=

~ JE—
[ —CiCs V0 + 4 (16C + O(=) ma -5 (), )
1 — 9
2

SR T1,ten —1,,—
where Cs = 49 a1/ a2 7 (n)y = 55, B3 )7 > log( i) — O(m™'n~") by Lemma E17.
Then when

_1
(1/q)=7 - ||p2ll2
—
419~ (p2)—y, ‘. TP

< —cosby o < Ch,

it is easy to verify that

a l|e1]]2
2]l

_1/ -
By (1= cos? 0 0) — 4V 5 (ua)

gl y(p2)—y, (—cos))7 > 1

a |2 (= cos 1 2) > A[C5 4+ O(nY)]
[[22]]2 T m 7

where y(p2)—y, = =3, ¢ Iy [’y(uz)(_%l’fﬁ"d)}q . Then we have that

q
m pil|g - (—cosfy2)9
T s (1 o)t —m -3 {aa)y, - Al coshz)
4 ([ e2]|3
m —_—1/ _
> - ql4 (), liss [ (= cosfr2)]77
4 HM2H2
——1/q ——1/a ||p1]]2
)y (1= cos?010) — 4M Ty (pa)y, oo ] - (—costh2)
[[22]]2
ZO3+O(TL71)>
where the first inequality is by the convexity of ReLU?. Denote h(z) as
q q
m ——— —_— | ||d -z ~
) = 2 3Gl (1= = m Ay BT G0, s e 0.0),
2
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We know that h(x) is monotonically decreasing. So when

_1
(1/q)a - ||p2|l2
71/(1 b)
40y (p2)—y, -l

0 < —cosbyz <

we have that

m —— —_— 2. (—cosf0)? ~
me ’Y(Nl)yl . (1 _ COS2 91)2)(1 —m- 7(/112)7,7/1 . ||I'l'1||2 ( . 172) > 03 + O(n 1>.
4 215
Then when 0 < —cos ) 2 < C1, we have that
25len T: sten
S [o(witers) g un)) — (Wt )] > Cs,
r=1
which completes the proof. O

Lemma F.20. Under the same conditions as Theorem 3.2, when —1 < cos 61 o < —C, we have that

T27ten en
E [O—(<w(—y1,1’ d)a yl/”’1>) - 0—(<W3(;T,27”t d)a yl/»l'l>):| > C37
where 0 < Co < 1 and C5 are positive constants.

Proof of Lemma F.20. By o(z) > 0, we have that

T27te'n T27ten
S oWt i) > 3T o (W i)
r=1 re€l_y, 2
m ———— ||| (— cos by )
> = 7(/1'2)— 1 : ’
8 v IE

where the second inequality is by Lemma F.12 and |I_,, 2| > m/8 in Lemma F.16. Then by Lemma F.12 and Lemma F.13,
we have that

m

ZU(<W3(,T,ZT’t“"d),y1H1>) = Z U(<Wé?,2r’te"d)7ylli1>)

r=1 r€ly; 1

<m (), - (1—cos®615)" + O(n™"),
where the inequality is by Lemma F.11 and o¢||41]|2 < O(m~'n") in Condition 3.1. Then we have that
T sten en
S lo(w G agan)) = o((wile) )

il - (= cos b1,5)"
k213

> “y(p2) =y, —m-y(pr)y, - (1 - cos® 01,2)7 — 6(n_1).

Now we choose Cy as follows:

S \/ C2C2 + 4+ (3205 + O(n=1))/(8Y9mq - 7 (1), ")
2 = b
2

. _
where Cy = (1(12) . /1 (11)3) "™, Co = llmalla/(8V/ - llmallo) and 3(pur)y, = 25,cp, ()i ) >

log(ri(e)) — O(m~'n~') by Lemma F.17. Then when Cy < —cosf; » < 1, using a proof technique similar to that in
Lemma F.19, we have that

m ———— |3 - (—cosb2)?

o '7(”2)*741 ||‘u'2||g

k —m-y(p1)y, - (1 —cos?0,2)7 > Cs +O0(n™1).
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Then when Cy < —cos ) 2 < 1, we have that

S oW ety ) — o ((wiltend) Ly pg))] > Cs,

which completes the proof. O

Lemma F.21. Let C) be defined in Lemma F.19. Under the same conditions as Theorem 3.2, when —C < cos 2 < 0, we
have that P(x, . ~p, (y1 # sign(f(WT2tend) x,))) < exp(—C - m?1-2n21/¢?), where C = O(1).

Proof of Lemma F21. For the sake of convenience, we use (x1,¥1) ~ D to denote the following: data point (x1,y1)
follows distribution D; of Task 77 defined in Definition 1.1. We can write out the test error as

IP)(x1,yl)~D1 (yl #* Sign(f(W(T%tend)aXl))) = IP(XLyl)NDl (yl f(W(T%tend)v Xl) < O)'

It therefore suffices to provide an upper bound for Py, 4, )~D, (yl FOW(T2otena) 51y < 0). To achieve this, we write
= (y1p1,€1), and get

Y1 f(WTtend) 1) = F (W (T2tend) ) — F_ (WT2tena) )

—Y1

1 f f
= fZ[U“Wg)zT,tend),yluﬁ) + U(<W1(171"5;tend),£l>)]

r=1
1 Ty ton Ty ton
= = o (WU ) + o (w2 g4))]

m3
Then
Pxy,y1)~D1 (ylf(W(T2’te"d),X1) < O)
Spmm»m(fﬁ« %ﬁ”@wﬂzfﬁd<ﬁ?m%mum—ow%ﬁ?%mumo. E3)
r=1 r=1
Let W(szt) Wﬁzjt) -7 5,{1,%“) ) H: 2 -7 ’YJ(,TM) ”5 R then we have that (w (Z;Z’t)fl) = <W§‘?;27t)’£1> and
||V~V§',T:7t)||2 < O(09Vd + max{n,ns} - 09) = O(00Vd), (F4)

where the equality is due to d > €(m? - max{n;,ny}*) by Condition 3.1. By (F4), let max; , HW(T2’t) |2 < Cro0Vd,

where C7 = O(1). Denote g(£,) as Yo o((w (T2tena) &1)). According to Theorem 5.2.2 in, we know that for any z > 0 it

—Y1,T
holds that 5

Plo(€) ~ Bg(6)) 2 ) < exp (= ), (ES)
p1 ip

where c is a constant. To calculate the Lipschitz norm, we have

<D [o (w5 8) — o (W) 6)]
q(6+/1og (8mn/d) ooy, Vd) T~ 12 ~(_7;21 ﬁ"d),é - &)
< q(6+/log (8mn/8)ooo,, V)T~ Z ||V~V(_7;21’fﬁ"d)||2 [1g — €',
r=1
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where the first inequality is by triangle inequality; the second inequality is by the convexity of ReLUY; the last inequality is
by Cauchy-Schwartz inequality. Therefore, we have

m

lolhsp < a(6/log Emn/d)aoay, Vi)t 3 [ 15) (F6)
and since (W (_7;!21 fena) g1y N(0, || N_:’;fl’ fena) 1302, ). we can get

2% T(4) - (1w 5 laop)?

ZEU ~£7;/21 ;wd),£1>> :Z 2 \/ﬁ*ylxr _ . ;D1 Z||~7yhend

where Cy = 25 . F(qH) 1s a constant w1th F( ) = f0+°° t*~le~! dt denoting the Gamma function. When —C} <
cos 1 2 < 0, by (F3) and < g ) = < ,£1>, we have that

Py )~ (91.f (W e"d),xl) <0)

~ (T len en T: sten
< Py )y (Z oWl &) D[ty ) - o((wiys “,ywﬂ)
r=1 r=1
T: sben gt e"n
= Px, ) ~D1( (&1) —Eg(&1) > Z (wilztend) i) — U((W(,;lfr Y yip1))] — Cs - Z ([w ,yl, 2 )

2
r m Ta,ten Ta,ten < (T2,tend
(S [o(whi' ) yuu)) = o (WU )] = (Co/V/2m) Sy o, - W2 29)
=eP) - 2 2072 —m (T tena)
! @2 (6y/lom Bmn/0oooy, V) - (S0 0, [T \12)

r m (T27 end) (T27tend) 2
— — Wy or ) —O0\\W_y r ’
< exp ‘ 2q—2 (Er_l[ i y1u1>~) (Tt e(fd) i y1u1>)] Cs/x/%) ]
-g? (6\/log (8mn/d)ogop, \/&) Tpi 2ot H Wy, Hz
ol 1 3 e (i oltwiny ) yim) — o((wla ) i) \?
< exp ; 20-2\ 9r 9 oy S ‘ ~ (T2t end)H ’
“q (6\/log(8mn/6)ooap1\/a> p1 2ur=1 [[Weyr,r |l2

where the second inequality is by (F.5) and (F.6), the third inequality is by o, ||w7y1 ;"" |2 < O(000,, vd) according to

(E.5) and 0gop, Vd < O(m~'n~1) in Condition 3.1, the last inequality is due to the fact that (s — )2 > s2/2— 2, Vs, ¢ > 0.
Then by Lemma F.19, we further have that

P(xl7y1)~D1 (yl f(W(T2’te"d)’ Xl) S 0)

- 2
< exp ! (cCS - 0.50( Cj (Totona) ) >]
-q2 (6«/10g (8mn/d) UOOPI\/E) o S (15

< exp 1 <008 cC3 )]
= 2—2\ 5~
“q? (6«/1og (8mn/5)000p1\/a) ! 2m 2m2C3 (000, Vd)?

“on : (- ity i)
=& 2¢—2\
“q? (6 log (Smn/é)aoam\/&) ! 4m?C3(000p, Vd)?

q2

< exp

where the second inequality is by max; .. [|[W; (T2 t)HQ < Cr00V/d, the third inequality is by oo, Vd < O(m~'n=')in
Condition 3.1. Then we have that

R (T sign( f (W (T2:tena) x1))) < exp(—C - m*~?n%/q%),

which completes the proof. O

33



Understanding the Forgetting of (Replay-based) Continual Learning via Feature Learning: Angle Matters

Lemma F.22. Let C; be defined in Lemma F.20. Under the same conditions as Theorem 3.2, when —1 < cos 01 2 < —C5,
we have that P, ,)~p, (y1 # sign(f(WT2tend) x,))) > 1 — exp(—C - m?9-2n24/¢?), where C = O(1).

Proof of Lemma F.22. We can write out the test error as

Pixy,yn)~mn (1 # Sign(f(W(Tz’t“’ld)7X1))) = P(xl,yl)le (31 f(W W(Trtena) xp) < 0)
— Px, y1)~D (ylf(W(Tz tend) xp) >

0).

It therefore suffices to provide an upper bound for Py, 4, ), (y1 f (W(TQ’tf‘«”d), x1) > O). To achieve this, we write
= (y1p1,&1), and get

ylf(w'(T27f/end)’X1) =F, (Wg(/?’tend)vxl) —F_, (W(Tz md)7 x1)

—Y1

1 m
= Y [olwilyter) ) + o((wilfeno) &)
r=1

1 m
= S [olw T ) + o (W €0).

Then

P(x17y1)~D1 (ylf(W(TLtend)’ Xl) > 0)

T sven en
< Plxy yi)~p, (Z [o((witer) )] > > [o((w )y ) — o(wil! “),y1u1>)]>~

r=1 r=1

When —1 < cos 0 » < —Cb, using a proof technique similar to that in Lemma F21, by >/, [a((w(n’t*’"’), Y1) —

—Y1,T
((wg2 Fend), y1p1))] > Cs in Lemma F.20, we have that

P(Xl;yl)NDI (ylf(W(T%th))Xl) > O) < eXp(—C : m2q72n2tJ/q2).

Then we further have that

Py )~y (11 # sign(f(WTlend) x1))) > 1 — exp(=C - m*1 7?0 /¢?),

which completes the proof. O

G. Insights into Task T1 Learning

In this section, our intention is to present the specific details associated with the learning of task 77. Specifically, the focus

is on the maximum value of the inner product between the convolutional filters within Fy; and g, which is denoted as

Max, e[y m] (W Srl Tt), 1) If we suppose that 7* is the value for which the inner product (wfﬁ’:), p1) attains its maximum,

then it follows that (w' " 2, 1) = MaX,c[1.m W(Tl’t), 1). Moreover, r** is the value that results in the second largest
1o M eltm{Wii, M g

inner product <w(+11’:), p1). In such a situation, we can state that (w +11 :2 1) = MaXy oy (wfﬂf’r), p1). Similarly, we

can also obtain the values of <W(T11 f) —p) and <W(_Tff2 ,— 1)

Lemma G.1. Under the previous conditions, we can get that when t tends to infinity

(w9 ) = 4oo

forj e {£1}.

(T1,t)

s as follows:

proof of Lemma G.1. Based on the analysis of training task 77 before, we know the update rule for w;

Wil =Wl 9, L, (WD)
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ni
= wi+ n Z(_ell(,zrht))'0/(<W;(',Trl’t)751,i>)'J'y1,z‘€1,z‘
ni
M /(T ,t) (T1,t)
i _r1 . ;
+n1m;( v ) (W ) -

Perform the inner product operation on the vector w1 on both sides of the equation, we can get

Ty t+1) . Ty ,t) - 771||H1|| Ti, T,
(Wi ) = (W ) + nmzz ATDY o (w0 ).

Then we have

T = (T )+ I S ) o (T ), @D
Y1,i=J
1 . 1 l’l’ 1 1,
WD) = (T, ) + IS S () (w0 ), G2)
Yy1,i=J
Dividing the two equations (G.1) and (G.2), we can get
. 1) . 2 Tyt T1,t
(WD Gy (WO ) + el s Ty o (WY )

= = : (G.3)
Ty,t+1) . 2 R R
Wi ) Wi ) + 2R T o (i )

we can judge when ¢ tends to infinity, (w; ( 1*’t) , jp1) tends to infinity. According to (G.1), we know that (w; ¢ 1*’t), 1) is an
increasing sequence, so its limit is elther a constant or positive infinity. Assume it converges to a positive constant M, take
the limit of both sides of the equation (G.1) simultaneously, we can get that

t—+oo Wire

. omllpll3 (Tt (T1,t)
M=M lim BAT
+ 1 o yE_] o' ((wi " jp))

By the fact that Z/(Tl > 0, we can get that

M =M+ 771”“1”2 Z Tl,t))o_/(M)’

nim
Y1,i=J

2
then we will come to a wrong conclusion: 0 = % Zylvizj(—ﬁll(fl’t))a’(M), $O (wg};t),juﬁ tends to infinity. [
For our further work, we need to review the following mathematical lemma:

Lemma G.2. Let a,, > 0, then the infinite product H > (1 + a,,) converges if and only if the series Z 1 Gn, cOnverges.

The proof of this lemma can be found in many mathematics books. With this tool, we will prove the following lemma.
Lemma G.3. We can get that when t tends to infinity

(Wi ) = o((wi, )

forj e {£1}

proof of Lemma G.3. 1If, as t approaches infinity, the inner product (w § 7}*’*) , 1) converges to a positive constant, then the

proof of this lemma becomes straightforward. Subsequently, we will investigate the case where <W§ Tl**) , Jp1) approaches

infinity. To simplify the expression, we let a; = <W§?;1*’t), jp1) and by = (w J(Trl*’*), jp1). According to equation (G.3), we

can deduce that:
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amllpll3 /(T1,t)
g1 _ at 1 + nim Zyl 1—3( 617, ) t

b1 bt 1+ amllpll3 D ( /(Tl,t))bq 2"
Yi,i

nim i

Letc; = ‘g—:, then we have

1+ gmillpll3 Zy17 J( ’1(3"1 t))at

c —c nim
T amlealE /Ty a—
+ nim Zyl 7_J( 1,2 ) t
Z Ct,

where the inequality is by a; > by, so it is obvious that ¢; is an increasing sequence and ¢; > 1 for all ¢ > 0. Combining
equation (G.1) and the definition of ¢;, we can obtain

Coa1biir = by + M Z ’(let)) I pI1

mm Y1,i=J
Dividing this equation by (G.2) gives
1
cir1 by qm |N1H2 Z /(Th bq
Ct bt+1 vraej bt+1
b + am a3 Z ( ;(Tl’t))ct bttz—l
nim Y1,i=J ?
by + qmn\llijé\b Zyl _]( /1(ZT17t))bt
1+ am e i3 S (¢ /1(T17 ))62—2[);1—2
_ nim Y1,i=J ?
o g |lpa I3 7/(Trt)ypa—2
1+ ;17; : Zy17 ( 111 )bg

Next, we analyze the convergence and divergence of the infinite series:

+oo qnillpalls Zyl 1—1( 6/1(33 t))( ¢ -2 1)bq—2

>
1+ gm || pa

[ 7/(Tut) 2
t=0 nim Tam Zyl i= ( 121 )bq

Z o -1 Z qmllmllz Z /(Tl»t) bq_2

Y1,i=J
_ 0872 1 +oo (bt+1 B 1>
M ~ by

where the inequality is by c; is an increasing sequence, and } | S (—E'l(ﬂrl 't )69~ < M —1 because ¢’ has an exponentially

bt+1

decaying tail. Since the infinite product Ht Y diverges:

H bt+1 _ b+oo — too

according to lemma G.2, the infinite series Z+:°° (btb“ ) diverges. Thus, we can conclude that the infi-

any lle1 13 > /(T1 t))( a=2_1ypa-2 14 9m e i3 D) ( é'(Tl’t)) a—2pa—2

. . 7 = . . 7 =i (=% Ct t

nite series Y ;o5 —1 ST = o, — diverges. Notice that nllE o (TLypa—2

= Xy =i ()b T Dy =y (Y

an1 sl > ( 5/(T1.t))(cq 2_1)pa2 1+qn1Hu1H2 > (- E/m,t)) a—2pq-2

“agm =il ¢ 10 Thym . 2y = Lio )% O
1 qmuufi = ‘ T +1, so the infinite product H+°° “tl = ;08 q;lHMH v1,i=i z/(T ma—
= Xy = (b W Eylvi:j(_el'ily o

36



Understanding the Forgetting of (Replay-based) Continual Learning via Feature Learning: Angle Matters

diverges. Therefore,

-&-ooC
t+1
Cioo = Cp H — = +00

c
t=0 ?

. . . Tit) Tit) .
50 limy 4 o0 25 = limy 4 oo = = 0, that is to say <W§-7T1*f),]p/1> = 0((w§-)r1*t)7]u1>) O

(Tl 7t)

In this way we get the relationship between the maximum inner product (w S

<wj(.7T,,,1’t) i) = 0(<w](»,::,1;t) ,J1)), T # r*. Before the next proof begins, we need to first prove the following Lemma:

Lemma G.4. For j € {£1}, it holds with probability at least 1 — 0 that

[Ny 2
< 710g57

Proof of Lemma G.4. Note that ny; = > i, I[y1; = j] where yy; takes label +1 or —1 with equal probability 1,
according to Hoeffding’s inequality, we have

r(|:

iﬂ[yl,i = J —E[iﬂ[yu :j]H > t) < 2€Xp<— 3;2)]' e {+1},

i=1 1

,jp+1) and other inner products, that is,

ni
iy

where ny ;= |{(X1,i,¥1,4)|y1,: = J,1 € [m]}].

and it follows that

ny t2
P nij; — = Zt §26XP - 7j€{:|:1}a
2 iy
leading to
ny nq 1 2
P Loe 2
LT = V2 %8s
with probability at least 1 — . O

Then we have

nij 2 2 1
My gle JRgZ—e( ),
‘n1/2 ‘ - n Og5 (,/nl

leading to

ni ni,j5
s=—1 = —1
" 2( +”1/2 )

I
l\')‘E
A
—
H_
@
A
El
~
N

|
°|-
—
+
=N
—
=

where the last equation follows by n, = Q(polylog(d)). Similarly, under Condition 3.1, we have
n
nz; = 5 [1+0(1)] (G.4)

for j € {£1}. Next, we will prove that the maximum value of the inner product of the positive and negative convolutional
filters is approximately equal, that is,

Ty ,t
(Wi )

(w) )

—1,r

Lemma G.5. When t tends to infinity, lim;_, | =1.
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proof of lemma G.5. Using the lemma G.3, We can simplify the equation (G.1):

Th,t
L millel3 o' ((wis" )

< (T1,t+1) (T1,t)
T1,
mm =1 pexp(Lo((whY, )L+ o(1)]

Wi = ’/1’1> = <W1,r* 7”’1>

(Tlvt)
- m g2 n o' ((wy 27, p1))
= (wg’rl*t),;u) 72?[1 +o(1)] 1 (T1,1)
nim L+ exp(;;o({wy 27, p1))[1+o(1)]
(T )t)
B SR 1171 S (2 et ) RS (G.5)
= 1,7* > ’ ’

2m 1+ exp(Lo((wi'h”, p))

we can also simplify the equation (G.2)

2 o' (W) — )
WD, ) = (w0 )+ I AL
mm e 2 expl(go (w2, —e)) [+ o(1)]
2n U/(<W£T1f2,—u1>)
= (), )+ Iy T
mm L expl(Go (w2, —p))[1 +o(1)]

2 o' W(lefzyful
— (wTt) _“1>+771||u1H2 ((wly, )

W_{ px,
1, 2m 1 + exp(%O’“W(_Tll)’:z; _ll’1>)

+o(1). (G.6)

224-2 (q—l

We have the function f(x) = — =" further we get a derivative of this function f'(z) = o (T

1+exp(%x‘1)’
1) exp (L 7). When z > (2max{m, q}) 7, we have that

qg—1 qg—1 1 q
oo "‘(7—1)6)(1)(%55)
qg—1 qg—1 1

1) (=2
<= (o mna
q—1 qg—-1 1
= — —z
xd m m
1

<i 2—*1‘(1
xd m m
4 .49 %
2m m  m
<0,

where the first inequality is due to the fact that e > x for x > 0, and the last inequality follows by the condition that
1 1

x > (2max{m,q})7. So when z > (2max{m,q})e, f'(x) < 0, f(z) decreases monotonically. By Lemma G.1, we

know that at some point in the iteration max, (w;-?;l’t), jp1) will reach (2 max{m, q})é. Suppose that at some point,

<wgh’t)> = (w(_jilfz) + C, where C' = 0(1) is a positive constant, then we subtract the two equations (G.5) and (G.6), we
have that
T, 1 T, 1 T, T,
(Wil ) — (WY ) = (wiT? ) — (O )
Tyt T ,t
pomlmly QR ) ol WO )
2m 1 texp(Zo((wiih? m)) 2 1+exp(Lo((w) —m))
T, T,
< (wil ) = (wU — )
m e 3 o' (x)

where the equation is due to the fact that f(z) =

2m - Trexp(Lo(@) 15 @ monotonically decreasing function when

38



Understanding the Forgetting of (Replay-based) Continual Learning via Feature Learning: Angle Matters

x > (2max{m, q})% So when t tends to infinity, <w§7;1*’t), pi) — <W(T11 :2, —p1)| < C, we have that

i) W ) i) — (WO )
Jm = Am = +,Im — T =1
> <W 1, e —H1 > > <W71,T*7_IJ’1> > <W71,r*’_u’1>
which completes the proof. O

H. Proof of Replay-based Methods

The replay method here refers to combining the partial data of task T} and all data of task T} for model training. The
initial weight of the model is the weight value retained at the end of the previous task: Wgo) wgq;" vtend) | ot us consider
the case of two tasks, task 77 and task 75. The signal vectors for the two tasks are pq and g2, and the noise vector are
&1, and &5 ;. The empirical replay method is mainly to solve the forgetting situation where the angle between two tasks is
obtuse, so we might as well make the angle between the two signal vectors obtuse 6. To simplify the mathematical form, we

let X represent the — cos 6 2, expressed in terms of the formula A = — cos 6; 5. So the inner product of p; and po is

(p1, p2) = =M|pall2[lp2ll2, A€ (0,1).

Then wﬁo) = wﬁl’t"‘"d), at this time, the loss function is defined as
ny na
Loyusa(W) = womm e (O Uy - f(Woxi) 3y f(Wox24)
1 i=1 i=1
Moreover, we define a number k, which is  expressed by the formula £k =
min { }jrgz, (1_8?él(iT)02), ( (““(irjj)(zjfg))q)l/q } ”Zi”; where the C; and Cs is the same as that in Lemma F.19.
18(ndm ) 727

The number £ is used to describe the growth of w( 2t)

two below inequality holds:

on the vector . Then we can verify that when 0 < A < %, the

1+ [pll2 1+ Co ~
1oy ltallz e s g 2ya _ (k 1= 90
A= X =l Y 2 O ) = ke =2 )
14+Co5 ]2 1+ Co |p1ll2 14+ C2
>(1- —k q(k 1
e Ry PP s Rl PP W
—0(1), (H.1)

where the first inequality is by the decreasing nature of the function f(\) = (1 — A\?)? — (k%)\)q, the second inequality
is due to the Lagrange Median Theorem, and the last inequality follows by the definition of k, and we denote the positive
constant by 2C', and we can obtain

C > 4k9, (H.2)

where the inequality is by the definition of k.

Lemma H.1. The gradient of loss function Lgs, s, (W(T“)) with respect to weight parameters wf;?’t) is

n

=%

1

(ni +n2)m i

V., 0 L, us, (W) = (=0 720) o (Wi €10)) - Gy ik s

1

1 2 x Y, ,
- (n} + n2)m Z(_KIQ(,? yt)) o' ((w; (T t)a£2 i) - Jy2,i&2.

*
ny +ng)m
(n 2=

*

'y

1 /(T ,t) (T t) )
- § % . 2 .
+ (ny{ i n2)m i:1( 1,2 ) g (< » Y1, Z/"’l>) JH
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no

1 .
" (n} +ng)m Z(—flz(,?’t)) o ((W(T2 D, ysip2)) - jpa,

*
n ng)m
( 1+ i=1

for j = +£1,1 < r < m, where E’(ylvif(W(t),zLi)]) = —1/(1 + exp [yl’if(W(t),xLi)]) is denoted by El(tz), nd
O (y2.if(W® 29 )]) = —1/(1 + exp [y2.: f (W x5 ,)]) is denoted by E/Q(,ti).

proof of Lemma H.I. When j = £1,1 <r < m,

Vomnlyni - FOWTD x0) = (g i (WD x00)]) -y - Vo FWTD, x4 )

= 6/1(52’75) Y- (G0 ((w ( 20y apn) )it + - 0/(<W§?;2’t),51,¢>)€1,i)7

7,T

Vo lly; FOWT20 x5 5) = 0 (g2, f (W T2 x95)]) - 2 - VW(T2>t)f(W(T2’t)7 X2,i)

= 5/2(52’75) Y20 (70 ((w) (T% s Y2,iM2))Y2,ip2 + 7 - UI(<W§?;2’0,€2,¢>)€2,7:)-

Note that Vy,,  Ls,us,(W) = #(2121 Vw, Lyri- f(W,x1)] + > Vw, Ly, - f(W,x2,)]), and bringing

ni+nz
the results of our calculations into this equation, we can get that

1 i
oL w (T2:t) :75 LR (T2 D &) - g i€
VWJ(',T?) 51085 ( ) (n] + na)m i:1( L ) J(< &1,4)) - Jy1i€,
1 = (Ta) (T2
b (=6;7")- 28 €9.0)) - jy2.ibai
(ns{+n2)m 1,:1( 2,1 ) U(< 52 >) JY2, 52,

N
y

1 (T2, t) (T2,t) )
- IACEIAN 2 ; .
T o) o () - i

i=1
LR S B
Ta,t) (T2 .
> E (=l 7") o' ((wy, 2 o ipa)) - jasa, (H.3)
(ny +n2)m P
which completes the proof. O

When the model is trained by gradient descent, the update rule can be formulated by

w2 = w2 gy Uy, Ls,us, (WD), (H4)

for j = 1 and r € [m]. In the empirical replay method, we place equal emphasis on the laws of change in the inner
products. Specifically, (w (T2 50y ) and (w (Tot) j/,L1> represent feature learning, while (w; (T2, )751 i) and (w; (T2 t)fg i)
pertain to noise memorizatlon And then we have following lemma for the inner product update rule.

Lemma H.2. The performance of gradient descent with respect to feature learning and noise memorization can be
formulated by

t—1 nj
T T5,0) . 2| K1 Ts,s Ty,
i) = ) LRSS ) ()
s=0 i=1
t—1 n
_ Azl pafle Zi ATy o (w2 gy ) (H.5)
j,r » Y2, ) .
(TL +n2 s=0 i=1
1 n]
< (Tz,) >_< (T2,0) . > /\772”“1” HM2||2 fg:i: T27 . (< (T27S) >)
?.]lu' - ]’r ?.]AU'Q (n +1’L2 m 7y1 L"'/l
s=0i=1
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t—1 no
_m2llp2ll3 (T2 | ot T2)
, T2, ; , H.6
(n} + n2)m ;2 7 ) e
t—1 nj
(T2t (T2,0) o 2| €1il13 - (T2)y (T2) o
(w0 G = (WP 8a) + R D () o (w T 6ai)) -
s=0 i=1
LS ) (T2.s)
/ T2 s Ts,s .
)4 wil2®) e, ). €14, 605), H.7
i +n2 — ;; o (W, €2.4)) - Gy2,i(€1i €2.4) (H.7)
t—1 nj
Tz, 72,0 2 Ts,s Ta,s .
<W§7r2 t)vsz,i> = <W§ v )a& i)+ 4(”{ + na)m ZZ(_EQ(,@‘Z‘ )) ) a’((w}f )’51,0) Jy1,i(€1i» €2,1)
s=0 i=1
t—1 n
772H§2 ill3 ZZQ /(T2 S) (< (T2 s) £2.4)) - jya.. (H.8)
n1+n2 s=0 =1 ’ Z '

proof of Lemma H.2. From equation (H.4) and lemma H.1, we can get that

W;'Z;z,t+1) j(_?;z,t) — - VW(Tzvt)L51US2 (W(TQ,t))
gor
nj
— o (T2st) 2 _/ /(T2,t) (Tz t) e
Wj,r + (’ff'{ I n2)m ;( 1,4 ) g (< . ,51 2>) ]yl,zél,z

n2

i AR (W ) ik

(n¥ +n2)m

=1
ny
2 Tyt Tyt .
g 2O Wy amn) -
=1
n2
72 1(T2,t) (T2,t) -
S — ¢ : ; e H.9
+ (n>{+n2)m;( i) 0 (W 2y ipa)) - e (H.9)

Adding up the left side of the equation (H.9) gives us the following equation:

tlnl

W§Tr2 M= WE’?;Q’O) Z Z TQ’S) /(<WJ(',T7"2’8)7 &10)) - Jv1,i€1

(nt+n
1+2 s=0 i=1

t—1 no

Z Z /(Tz’é) ((w](-,?’s), £2.4)) * Jy2,i€2.

n n
1+2 s=0 i=1

tlnl

T T: .
S OS ATE)  (WE yapa))
s=0 i=1
t—1 no

Z Z /(Tz,é) (< (T2,s ),y271H2>) - jue (H.10)

3,7
s=0 i=1

n1+n2 m

nl + 712 m
By doing a vector inner product on each side of the equation, we can get the Lemma H.2. This completes the proof. [

We define the coefficients v(ul)g?’t), v(ug);?’t)7 p(u1)§ i 2 p(p )gﬁ;t) as follows, which satisfy the following iterative

equations:

T5,0 T5,0 T5,0 T5,0
A (10) 20 A (2) 20, o) 20 o) T2 = 0
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*
ny

(T t+1) (T2,t) T2 1(T2,t) (T2, ) 2
L e (=) JY1ib)) - :
()5, =v(H1);, i + na)m (=00:77) -0 (w52 yim) - [l

i=1
n2
(Tot+1) _ (T2,t) "2 _p(T2t)y (Tz,t) . 2
ey =2 4 s DT (g - el
(T2,t4+1) _ (T2,t) 2 _¢Tt)y o (Tz,
p(/’l’l)jrz p(ll’l)],r,z + (nik +n2)m( 1,4 )U (< a€1 Z>)||£1 2”2.7?41 s
Ty, t+1 Ty, 2 Tz, T,
plpa) 5 = pla) 5 + e (7)o (W 620))

(ni + ng)m

Lemma H.3. By the definition of coefficients fy(ul);-?;z’t), 7(;;2);’7;2’75)

()20, p(p2) ™1 as above, We can simplify
the equation (H.10)

75752

(T2,t) (

wir = w0 ()

Neallz 2+ 4 7(#2) D ol 2o

na
_ Ts, —
2 2€0i+ Y o) €0,il12 6o (H.11)

i=1

1
+ 5 p(p) =0 e

proof of Lemma H.3. According to the equation, we can easily calculate that

t—1 n
Tyt T5,0 72 Ta,s T,s
) =205 4 G s S ) o (i ynan) - al,
1120 20 i=1
’I’/ t—1 no
T5,0 2 /(T>,s Ts,s
W) =) e S S () o (Y ) - el
1 2 s=0 i=1
n t—1
)t ,0 2 /(T2,s Ts,s .
plrn); 2 = o)+ s Y (A (T )l
1 s=0
n t—1
)t ,0 2 T2,s Ts,s .
plh2); 2 = plaa2) "+ B Y (e (W )l B
1 s=0

O

Bringing these equations into equation (H.10) completes the proof. Through the action of these four coefficients, we have
succeeded in simplifying the equation (H.10). Further, the inner product update rule can also be simplified, they can be
rewritten as

Ty, , T, 14 Tyt
(wit . dmn) = (Wi ) () A::u;:z (2" (H.12)
T T H2l|2 Ts,
(o, i) = ({0, + ) 1) A ) 020 H13)
12
n2
Tyt T5,0 Tyt Tyt — Tyt _
(Wit &) = (Wit &)+ p(u) 0 + 3 o) S N6 152 Eir €1 + Y o) 5 1012 (€., €1.0)
’;éz i=1
(Wi &) = (Wi &) + 57;2;“+Zp D5 N€nally* i €20 + D7 plm2)§ €0, 15 * (G2, 2.0

i i

When performing training for task 77, let’s assume that we plan to stop training when the training loss reaches €. Then at the
end of the task 77 training, we have that

le (W(Tl,tend)) —_ Z yl Zf tend) xl,i))
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= 1 Zlog(l n e—#a((wfjll tend) o) 1H1>)[1+O(1)])

i=1
€
€l 5¢€l H.14
& (H.14)
where Cj is a positive constant and Cp > 1. Suppose the maximum value (w (Ti’ end) , Jp+1) has reached A, 4., then we can

get

1 & ) .
- 1 1 _H‘T(Amam)[l-i-o(l)] cl—
w2 el e e[S

Q=
Q=

A, = [mlog(ﬁ)] 1+ 0(1)] = [mlog(2)] " [1 + (1)), (H.15)

1
€
where the last equation is due to the fact that e — 1 = € when e converges to 0.

Next we will give a lemma, which will be used in the proof that follows.

Lemma H.4. Under Condition 3.1, if v(p )(Tz’t) =A HZ;HE 7(/12);-?’75), when t tends to infinity, for v € I; 2, we have

* max, (ug)ﬁz’ ) +oo for j € {£1}.

o Y (12)$TY = o(y(2) 721), where r* = argmax (u2)\

o A(p2) 20 = () "I+ 0(1).

(Tot) o £ v* and j € {1}

Proof of Lemma H.4. Recall the update rule of "}’(/LQ)( 28 we can get

T 1 Tyt T2 Ty, T>,0 T
W)y =) e s 30 () (Y e + (L= A () ) - s
1 Y2,i=J

(T2,t)

Similar to the analysis of the max(w

when ¢ tends to infinity

, 71 in the previous section G, using the same proof method, we can prove that

« max, y(p2) "> = +oo for j € {£1}.

(T2,t)

)(?7” = o(v(m2);,~"), where 7* = argmax ’7([1/2)( > p ¥ and j € {£1}.

* Y(2);
o (p2) 7 =y (p2) "B+ o(1)].

Here the proof completes. O

Proposition H.5. Under Condition 3.1, for 0 < t < T3, we have that

0 < ()2 (p2) T2 <y (H.16)
forall j € {£1} and r € [m], and
0 < o) 20 Ip(p2) 27 < (H.17)

forall j € {£1}, r € [m], i € [n}] and i’ € [na).

We will use induction to prove Proposition H.5. We will elaborate on the following theorems, which will be used to prove
Proposition H.5.
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Lemma H.6. Foranyt > 0, we have that

3 ) log(4n 5 /10g 4n 5
<W§?,; 7t)agl,i> S < 3(7; 70)761 z> 4”1 ( d 1/ 2/
L0 log(4n2/ /1o 4n (5
<W;',7;2’t)7£2,i> S <Wj(',];‘270)a€2,i> + 4”1 O'p2 g( d g 2/
P1

foranyr € [m]and y1 3, Y2, = —J.

Proof of Lemma H.6. Recall the update rule for (w; (TZ’ €140

n2
Tz, 13,0 Ta, T, (T2,t)
(wio ) = (Wi &) o)+ D ()5 6wl (€ €ni) + D7 p(2) 5 o.lls (€is ),
i=1

3Tyt
i £

so we have

n2
(wit? €10 < (w0 6+ 37 p(un) 0 i1 (€ €1.) +Zpuz Vi 162l € €1.)

Y
i

72,0 log(4n3/9) ey log( 4” /9) To,
< 5,2 )5511 4 dl Zp(y’ 57’21’ +4 — Z g,rzzt)

)

log(4n2/5 log(4n2/s
<{ §1;2’0)a511 4nj sl ;1/ )O‘2+4n2m\/ ol :;2/ )0‘2,
Opsy

where the first inequality is by that p(u )(Tz’t) < 0 when y; ; = —j, the second inequality follows by Lemma C.1 and the
last inequality is due to our induction hypothe51s Similarly, we can prove that

log(4n? /8 log(4n2/§
<W;',Tr2’t)752’i> < <WJ(_’1;2,0)7€2J> + 4”?% log(4n3/9) :;1/ )042 +4na/ log(4n3/0) ;2/ )0427
P1

which completes the proof.

IN

Lemma H.7. Under Condition 3.1, for 0 < t < T%, we have

FWI0 5y < 2018202 g0
]2

3

for 3 = —yo i, where the constant « is defined in Cao et al. (2022)

Proof of Lemma H.7. Firstly, we know that ~y(u )(T1 tend) < which is proved in Cao et al. (2022) So when y3; = —7,
we calculate (w ](TT ), —jueo) as follows:

(P, i) = (w0, ) + B2 Tt < g il a1s)

el lpallz

where the inequality is due to Lemma C.2 that (w (Tl’ ), —jpa) < \/2log(8m/d) - op|lpallz < A ““2”204 We also have

ni
(w0 ) = (w ”;1"”,52,»+Zp§7;1f>||£1z||2 (€10, E0)

< 24/log(8mns/9) - 000p1f+4 . 10g(4; /5)
p1
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2)\”#2”2 (H.19)
e lle

where the second inequality is by Lemma C.1 and Lemma C.2, the third inequality is due to Condition 3.1 that op <
O(m~ B/ max{ny, np} =1/ @IV min{ (o, vVd) ™, [l Iz, (0, Vd) ™ [lpally ™ and d = Q(m?V1/ (@)1
max{ny,ny }*V[(24-2)/(@=2)) Then we can get

1 m
T.
Fi (WY x4 )= 2l V=) + o (i €2))]
log(4ny /o log(4n3 /6 1
< 94+1 maX{KW(Tz,O) ]H2>‘ ‘< ’52 l>‘ An, * Og( nl/ )a2 + 4n, Og( n2/ )042}
Jyryi apl d d
< 22q+1(>\||l“l’2||2a)q
- [[2]2
where the first inequality is due to (H.18) and (H.19), and the last inequality is by Condition 3.1, which completes the
proof. O

Then we will prove Proposition H.S5.

(T27 )

jri < 0.50r2, and recall the update rule for

Proof of Proposition H.5. When y, ; = j, denote ¢; ,.; the last time that p(pt2)

p(uz)§?;f;t), we have that

(T»,T) (T2,t5,r,) 2 (T2,t5,r,4) / (T2,t,r,i) 2
p(p2)iri” < p(pa); + e (—ly; ) o' ({w;, €200 1€2,i 112
I
72 Tyt T t
X g CEE) o (Y ) el (H.20)
ta<t<T v 1 2
Iz
for any T < T5. Then we will give I an upper bound:
2 2 2
T2 L4112 (T2,0) (T2,t5,r,4) + Opa 10g(4n1/5) log(4n2/5)
L < ———= i 4 Yprb2 ) = 1) Aoy | =222 7
1= (n’{—i—nz)ma (‘<W a£2 >‘+p( )jT’L + nlo_pl d g +4ng d 052)
24 2d
< = T2, ozg_l
(nj +ng)m
0 250[2,

where the second inequality is due to that |(w (:CZ’O), &) < 0.1as, (;LQ)(,TQ’.”‘”) < 0.5a2 and 4nj 222 / %O@ +
P

7,752

4ng W@g < 0.1as, and the last inequality follows by Condition 3.1 that 1y < %. When the time ¢
o3, do

Tyt
reaches ¢; . ;, we can lower bound <W§.)T2 ), &2,:) as follows,

. L Op, [log(4n? /s [log(4n3/é
<W§',7;2’t);£2,i> > p(uz)§_fﬂ27;t_7,r‘z) _ |< (Tz 0)762 z _ 477‘10,7;02 g( dl/ )a2 — 4ng g( d2/ >Oé2
P1

Z 0.50(2 — 0.10(2 — 0.10{2

> 0.25a,
where the second inequality is due to p(u2 )( i) > 0.5a s (w TQ’O),& )| < 0.1a and 4nj 222 w

7,78 Qg +
g/ 12G13/5) (r

ag < 0.1ap. Then we will upper bound (w

o log(4n? /8 log(4n2/8
129 €00 < plpa) T30 + (W00 £0) + dny =22 7g(d1/ )a2+4n2\/7g(d2/ )az

45
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S o + 0.1042 + 0.1042
< 2ag,

where the second inequality is by the induction hypothesis p([.l,g)( b < as and ( T2 0 ,52 i), 4ng JP? A/ wag +
r1

An Wc« < 0.1a. Then we can plug the lower bound and upper bound of ( (T2 2 & ;) into Io:

= G Lo ) + PR o 20l
tj,mi<t<T

y 2‘1q772012,2d
=2 (nf +n2)m
< 0.25Ty exp{—ad/227™ '}y
< 0.25Ty exp{—(log T35 ) }xa
< 0.25a0,

|22 -1
exp{—a$ /49 + 227+1 (A TR a)?}ag

where the second inequality is by Lemma C.1, the third inequality follows by the definition of s = max{32(A HZ ?HQ +

1)ar, 61og(T5)} and Condition 3.1 on 7, the fourth inequality is due to as > 6log(7%) and the last inequality follows
by the fact that (log T5)9 > log T5. When y2; = —j, we can use the similar method in Cao et al. (2022) to prove that

p(u2)§ i Y > a,, soas to 7(#1)( > t),’}/([_tz)g i " and |p(u1)f;27;t)| for all j € {£1}. Here we complete the proof of
Proposition H.5. O
H.1. Noise Analysis

In this subsection, we will give an upper bound for the noise inner product <w§-?;2’t), & ;) and <w§7j;2’t), £€2.). Atthe end of
the task 7 training, we get an upper bound for the max; . ; \ Pjr f)|

Ts,t
max | p(p) 75| < 000y, V.

forall j € {£1},r € [m],ix € [ng] and k € {1,2}. We have a similar conclusion when training the experience replay
method.
22_q(nf+n2)m03 a max{c,?,0, ! }d” a/2

39n2q[y/log (8m(n1+n2)/8)]a~1

Lemma H.8. There exists a time T, = , such that

(w20 61 ] (w20, €050 | < 64/1og (Bm(ng + n2)/6) - g9o,Vd
foranyj € £1,r € [m], i € [nq]and t < T}

proof of Lemma H.8. This lemma requires mathematical induction to prove. When the task 7} training ends, we have

(W €l < il ™ &)+ mans || D S| w13 - (6o 1.0

=)
log(4n?/é
< 1w 1,0+ i ) g [ PEIO) Tt
7.7,
log(4n? /6
< 2y/1og (8mn1 /8) - 000y, Vd + 090, Vd + 41y og(4ni/ )oooplx/g

< 4y/1og (8mn, /8) - 090y, Vd, (H.21)

where the first inequality is by the absolute value inequality, the second inequality is due to Lemma C.1 and Lemma C.2, the
(Tl’tmd)| < 090y, Vd proved in Cao et al. (2022), and the last inequality is by the

Js1si

third inequality follows by max; ,; |p
Condition 3.1 that d > 1024 log(4 max{n?},n3}/6)a3 max{n?, n3} max{ 2, 752},

’ g2
o
2 P1
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Recall the rules for updating the inner product of the noise vector for the empirical replay method

(w9 &) = (w0 €1,) + Z (1) 2016001226 ir €00) + ipwz)f;%; 2 (€20, 61).
=1
From the absolute inequality we can get
(w2 g1 )] < HwSTD g+ Lp(u) 5]
+ 3 1ole) P20 1€ 132 (€re, €100 + i‘ 10(k2) 230 12,3 2 (€., €1,0) - (H.22)
il i i=1
Then we can give |p( ul) P | an upper bound. Firstly we have that
o) < Do) (50 o o s () (w2 1)
< o)+ G (W5 €)™ vl
< I + T (T, 00+ o)
+ 3 1ol SO Er il 21 (€ Eri)] + Z 1p(p2) 20 €217 21 (€2, 1))
i#d! i=1
< ()0 + M (408 G max{r, m2}/0) - 700,V
2(n} + n2)m
+000p1f+4 . [log 4”1/5 000 pl\[+4 Um log(4;12/5) 000 pz\f]
(T, 3772q0§1d

< |p(pa) 20| + [5v/10g (8m(n1 + n2)/3) - 00, Vd|* ™Y,

2(ny + n2)m

where the third inequality is by (H.22) and Lemma C.1, and the fourth inequality follows by the induction hypothesis that

p(ul)ﬁf;t) < 0gop, v/d and Lemma C.1 and Lemma C.2, and the last inequality is due to Condition 3.1 on d, specifically

0'2 0'2
d > 1024log(4max{ni,n3}/6)a3 max{ni, n3} max{ %+, £},

’ g2
[op
2 P1

When t < Tf‘ , we have

(T27t)|

3n2q021d
()2 e e

7y 2(n} +n2)m[5\/log (8m(ny + n2)/d) 'UOUpl\/g]qfl

< [p(p

t—1
3npq0>
< )31+ X 30ty %05, fiog (s + 12)/0) - G0y Va1

2(n} + ne2)
<O+t M[B\/log ®m(n1 1 12)/0) - 500, Vd]"~"
- 2(n3 + n2)m n
< "".MB\/]O (8m( 5) - Vd)a1
=SS0 ng)m g (8m(ny +n2)/0) - 090y, Vd]
< 090, Vd,

where the last inequality is by that ¢ < T;", and the last inequality is due to the definition of 7;".

Based on the above analysis, we can give ( Wi 51 ;) an upper bound

|(Wf;2’t),§1}i>| < 5v/log (8m(ny + na)/9) <000 p, V. (H.23)
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In the same way, we can also give ( ( > ), &5,;) an upper bound. We have

T5,0 Ty,0 Ti,ten
(w20 g )| < (w0 gy |+Z|pj1 D€l - (€1, €2.)]

J,r

log(4n3/d
< |<W(T1 0)’52 Z>| +4 g( 1/ ) max|p§7j;1’; end)

- o d Jomii

p1

< 24/log (8mngy/d) - aoapzxf—i—él
Op:

< 4y/log (8mmax{n,,ny}/d) - 0o0,,Vd,

where the first inequality is by the absolute value inequality, the second inequality is due to Lemma C.1 and Lemma C.2, the
third inequality follows by max; ,.; | pg.Tl ’,te”d)| < og0p, V/d proved in Cao et al. (2022), and the last inequality is by the

7"4’1/

0'2 0'2
Condition 3.1 that d > 1024 log(4 max{n?,n3}/d)a3 max{n?,n3} max{ -4+, —5}. Further we have
P2 pP1

T T ”
97 < T o)+ o)

+ Z () 201600 1521, €201+ > o) 230 €201 2] v, €2, (H.24)

i'=1 i #£i

which can be proved by the update rule of (w :Cf’ ,&2,). Then we can get

Ty, t+1 Tyt 72 Ta,t To,t
1p(k2) 2 < () P20+ B (D) (WD 60,00 123

(n} +n2)m
(T2,t) 124 Tz,
| (HQ)jTZ ‘+ (ni“r‘nz)m« g, ’521>)||£21||2
3naqo?. d
<o) {201+ s (w0 6.+ () ()

2(n} + n2)m Jr

2 (€, E2))T

ny
Ts, Ts,
+ 3 o) 20 1€ 122 Erir, E2.0)] + D o(ha2) 20 o
=1 i £

3 O‘ ,d
(T3,t) 124
<lp(p2)j.7:" | 30+ na)m

log(4n%/0) log(4ns/é
+anp2\f+4 « Opa og( ”1/ pl\[+4 og( n2/) P pzf]

X 37’]2(]0' d _
|P(H1)j:’;; |+ m[5\/10g (8m(ny +n2)/6) - 000, V)",

[4+/log (8mmax{n,,nz}/6) - 0oo,,Vd

where the third inequality is by (H.24) and Lemma C.1, and the fourth inequality follows by the induction hypothesis that
p(ul)(TQ’ 2 < ogop, v/d and Lemma C.1 and Lemma C.2, and the last inequality is due to Condition 3.1 on d. Lastly, we

7,758
have

(Tz,t)| < |p( )Tg,t 1)| 3772q0'12)2d

Ip(12) 5.0 [5y/1og (8m(n1 + n2)/0) - 390, Vd|"™!

e 2(n’1‘+n2)m
t—1 3772(]
T, _
<1051+ 3 St ey V108 Bl - ma) 8] - ooy, Vil ™!

3n0qo?.d
< Rk R 1 . q-1
<0+t 2(nT + ng)m[5\/ 0g (8m(ny +n2)/0) - 00, V]

3n9qo?. d
T* . P2 1 X q—1
<T 72(?11 n ng)m[S\/ og (8m(n1 + n2)/9d) - ooy, \/&]
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< 000, Vd,

where the last inequality is by that t < T;", and the last inequality is due to the definition of 7;". Then we can get that

(w28 &5 )] < 54/log (8m(ny + 1) /3) - 00, V. (H.25)

7,7

Here completes the proof. O

We have obtained the upper bounds of (w; (T2 g i) and (w; (T2 2h £5.;), which we can mark as C¢. The formula to express
this meaning is

C§ = 6\/10g (8m(n1 + n2)/5) * 00 max{alh ) 0-172}\/&'

Recall the definition in the subsection F.1, we categorize the neurons w( 9 into three sets: I i1 = {r € [m] :

(w0 ) > 04 Iy = {r e [m] « (w0 jun) < 0} Lo = {re [m] - (Wi ) < 0y {r € m]

(w (Tl’ ) jut) > 0y and Iz = {r € [m] : (w! (Th V) <0y {r e m] : (wi° >,m1 ) < 0} for j € {£1}. Before
d01ng the next analysis of the changes in the followmg three neurons, we first Want to show that at within a period of time

from the start of training for task 75, the value of E ) is very small. We have that
—ETD 2 1/(1 4 e DU ) o (w0 )= S (w R ) e (w60
< 1/(1 + em oUW 20 gu)) = 5, o (w2 ) 26
< /(1 4 e (A2 = (R FE N 1AL 10 —2C)
< 1/(1 4 €310 = (R 20 los(1/)
<) (H.26)

for j = y14,the equation is the specific formula of é 2:t) , the first inequality is by the upper bound of (w (T2’t),£1 i)

and < TQ’ , &2 ;) proved before, the third inequality follows by the definition of A, ., and the last inequality is by H.1.
The proof of upper bounds for derivatives is based primarily on induction and will be addressed in subsequent proofs for
correctness and specific details.

H.2. The First Type of Neuron

The first class of neurons is those belonging to the set I 1, which is expressed by the formula as follows:

71,0
(Wi ) > 0.
By the previous analysis, we can get that
T ,0 ,0) .
(win ) > 0, (wii? ) < 0.
Then, we will first study the maximum value of the inner product maxr< (T1 tena) , jpb1) of this set, which is denoted as
wilLt e”d), jpe1). Then we can get the value of the inner product wilt ”‘d), .
3, I g P Wiir JH2
Lemma H.9.
(Wi i) = ~AMas[1+ 0(1),
forj e {£1}.
proof of Lemma H.9. We know that for the maximum inner product,
(Wi ) = max(wil ', jun) = Az > 0, (H27)
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(T,t) (T1,0)

And as for task 71, recall that (w; ", ju1) = (w; "7, jun) +v(p )( T1.%)

, SO we have

Ty ten Titen 7,
v(m)ér1 fena) — mgX(Wﬁ, end) ) — maX<W(, O ju)
,0) .
(Tt tena) maxr<w( 20 i)
= max(w, ' s [l — A ]
" max, (w; " )

= Amaw[l + 0(1)]7

where the last equation is by that max,.(w (T P ), jp1) is a definite constant.

Then, we can do a calculation of the value of the inner product (Wj(-?;,l*’te”d) L JH2):
(witte ) jpg) = m3X<W§7;1’t‘”‘"d),ju2>
T , T1,ten —
= max (Wi juz) + ()5l (s o)
(T2.0) [ 2|2 (T tena)
=max(w,;, ., ji2) — A y(p1)s,
) = A s
(T1,0)
1212 () Titena) 1 max, (w; ", jua) |
ar lleez |l (T tend)
e ]l2 Ay (w);,
[zl
-2 Amaz[1 + 0(1)],
]2
this completes the proof. O
Lemma H.10. There exists time
% * —5/2
gL L) (H.28)
3qnani||pall3
such that
o (wilh) 1= A2)Apaa[l + o(1
<Wj,r* s jpn) = ( M imaz(1 +o(1)],
T,
- (wi juz) = o(1),
forj e {£1}and0 <t < Ty .
proof of Lemma H.10. In this case, the update method of the y(ul)(Tz’ ),'y(pg)(TQ’ ) is as follows
Ty t+1 Ty,
() T2 = oy () 20
12 (Tat)y | )T [l (70
+—— —/ i 0 AmaT+7 - )
Ty t+1 Ty,
Y)Y = (o)
12 (Tot)y oy lB2]l2 (Tot) | el (Tu.¢) 2
Rae e — (=l;"7) - o' (A Amaz[1 +0(1)] = v(p2);,7" + A== (k1)) - lp2ll2-
o 2 6 AL AL .

Firstly, we will use induction to show that when ¢ < T, fy(ul);’Tf’t) has a very little change

T _ L
()2 <m7
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By the definition, we know that (g )(T2 0 . According to the inductive hypothesis (H.26), we can get an upper bound
(T2,t+1)
)jr

-4, ( 2:t) . Thus, plugging the upper bound of —/¢, ( 2 into (1 update rule gives

2 n ,
) D = )10 U5 ) (T, ) ) 1) AL ) 220

(ni +n2)m [l pe2ll2

(1ot | 3m2llpall3gnt & (To.6)\q
< v(p1)j, (n; + na)m ( V() )
) 3ol pall39ni & g1
< + € max
Ty | S3mellml3ent & 1-1/
< 4 — = ¢" log(1 a H.29
S G ngymie© 1080 (H.29)
where the first inequality is by the upper bound of K TQ’ , and the last inequality is by the induction. For any 0 < T<T;,
taking a telescoping sum overt = 0,1, ... ,T -1 then gives
3l 3gn
(T2, T ) T270) 2llp1ll2gni C 1-1/q
I() 3 Tt mpatin® B/

=~ 3772Hu1|| qmi & _
“Tmﬁclogﬂ/ef v
1
<15 3l |3gn; C/2
=7 g+ n)m1/a

< (),

1
<m” e,

where the third inequality follows by the 7' < T, in our induction hypothesis and €12 log(1/€e)!~1/2 < 1 for 1>
exp{C~' e®}, and the last inequality is due to the definition of 7.

Secondly, we are going to analyze update changes of w(uz)(Tz’ ),

Lemma H.11. Under Condition 3.1, we suppose (o )( 2h < =z ;\Z Then there exists a time

4(n% + ny)m?log(A HZQHZ MmAmaz)

T+
° qn277202||N2H2

(Tz tend)

such that (w jpe) = o(1) forallr € I,

Proof of Lemma H.11. When t < T*, we have
0T (1 4 em DA i) o (w2 2.0) =% B (e (wIED —pm ) o (WY €2.)))

(Ta,t) .
>1/(1+em U((“’ji,* a]#2>))[1 +o(1)]
)(T2«t))

> 1/(1 + em @275 21 4 o(1)]
1

>__ - =

= 2(1+e) Ca,

by C%. Within the T, 7(#1)( 2% is no more than

where the second inequality is by Lemma H.4, and we denote PIE) i

1+e)
_ 1
m~ 2¢, S0 we have

(Ta,t+1) _ (Ta2,t) n2llp23 /(T2,t) TNUIZAE (Tz,t) 7 (T2,)
(o =(p2); +*7 V4 g o' (A Aoz Y1 Y2) 5 0
(k2); (p2);, (n} 4+ na)m y2;j( 2 ) o 121 ||2( (b)) = (k)i ™)
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2, n , [t 2,
) e ST () 0 AR A 1 o(0)] = () )l

*
(nf +ng)m = 12
From this equation, we can see that Py(p,g)f}’t) is an increasing sequence. In order to simplify the form, we order
Tot
AHZszAmax[l +o(1)] - 7(#2)5-,5 ) = a, so that
2 /(T2,t) / 2
=—q — —= E S . . .
at+1 ag (nT ¥ n2)m ( 2,4 ) g (at) HIJ’QHQ

Y2,i=—J

Giving the specific conditions for Theorem 3.3 nj > ns - {2(— cos 01.2)7)| 2|2 a1 |2~ Vg 2/ [log (1)] Ve _ 1}, the
inequality (njtno)m 2(\ ll#42 2 Amaz )92 holds, we have that

n2qllpz2l3ne = el
2 /(t) / 2
a -—aq — ———— E AR a) -
t+1 t (nT+n2)my - J( 2,7,) U( t) HIJ‘QHZ
21—
2
>ar— e S o (ar) - 23

*
(nl T TLQ)TTL Y2,i=—J

~omgnzllpall3 e
a (n} +n2)m(at)

Y%

=0,

where the last inequality is due to that a; < qp = A HZ?H; Apmaz[l +0(1)]. 0 < ap < A H"Z”i/\max, we can have that

0<ap1 <A HZ?HzAmaI for that a; is a decreasing series. Since ag = A HZ?HzAmaI[l + 0(1)], according to the iterative

method, we can know that a; > 0 for £ > 0. Denoting by T the last time in [0, T*] that satisfying a; > %, then for
0 <t < T, we have

_ T2 /(t) / 2
G = e 2 () o) el
Y2,i=—1J
_ q772nQCéHp’2H%(a )q—l
4(nt + n2)m
<an(1— q772n205|\lt2||%)
=" 4(nt +no)ma”’

> Uy

where the first inequality is by (76/2(7?) > (%, and the last inequality is due to the assumption that a; > % Taking a

telescoping multiplication over t = 0,1, ..., — 1 forall ¢ < T, we obtain

— qenaCylpa|3
4(n} 4+ nga)me

lpallay \_ aneChlimld

ar < ap(l

<A

2112 4(n} + ng)ma
i T 1222 | les EHZmA L) )
where the last inequality is by ag < A Aoz SOwhent = 7 — |, we have that a; < —. We can
IR log(l/(liqmnzcz\\uz\\? m

4(n]+ng)md

verify that

B [P
qnanzCY || p2ll3 (1/(1 - qn2n2Cs || p2|l3

4(nf+n2)ma

4(n} 4+ na)m? log()\i‘“ZHzmAmax) log(Ae2lz A oy
T = > { J
log )
where the inequality is by log(sX-) > « for = > 0. By the definition of T, we have T < T; . Now let us sort

[log (8m(n14n2)/8)]"/? min{og ,of }pslld

1— L _
24=24m’ " 24 ||y |30, SNRE o~

2
C
out the time relationship. By € < { } , we have T2+ > Tfr . Byog <
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nom*~ 4 max{o 40 py a/2 =2
2 ax{op)7py b ”J””Q I3 , we have T+ > T;‘ . Here we would like to make it clear that these
234[\/log (8m(n1+n2)/6)]1~ 1 log(A 522 mAmax)
two inequalities imply when A HZZHQAmam[ +o(1)] — v(ug)( ) down to —, max;,; |p(/,zk); ik | < 0gop,Vd and
1
’y(ul)f}’t) < m™ 24 still hold. Here we complete the proof. O

Then we can calculate (wg-’TTi’t), jp1) and (wﬁ’i’t), Jjuo):

T, 1, T, 12581 P] Tooten
w0 ) = (w e G+ (an) (20— A2t
22
=(w ](r* )7]ll'l> + Amaz[l +0(1)] — )‘2Amaz[1 + o(1)]
=(1- /\2) maz[1 + o(1)],
To,t) . T1, T, H2l|2 Taten
() aa) = (ST, ) ) ) A2 ) e
]2
1
< — 4+ 0(m™ =)
m
= o(1).
Here the proof of Lemma H.10 is completed. O

When y(ul)( *) <m 2¢ 1o longer holds, we still have

< (Tzﬂf)

0) . T, [l e |2 Ta ten
20 ) = (w0 ) oy () SR - A (p2) {2ten)

i T Npglly
(1= 2A2)Amaa (1 +7(p0) 21+ o(1)]
(1= A Aaz[l + o(1)].

AVARAY]

From here, we can see that (wﬁi’ﬂ , 7p1) will enter the re-ascending phase again. And we still have <W§<7T,i’te"d) ) =

o(1). As for the other neurons inside the set [;, using the similar method in our previous section G, we can get

<W§?;27tede)7ju1> _ O(<Wj(:£2*7tend)7jul>) and < (T27 end)7ju2> (1) for r # *.

H.3. The Second Type of Neuron
The second class of neurons is those belonging to the set I; 2, which is expressed by the formula as follows:

170 Tl,O
< (T1,0) (T1,0)

2 dma) <0, (wi Y ) > 0.

By the previous analysis, we can get that

< (T2’O)7]u/1> - 701 < 0 < (T2’0)7jp’ > 02 > 0.

In this case, the update method of the (g )( 2t 7(;12);71;2’0 is as follows
, ; Ui , ; K ,
W) =) B0 e ST ()0 ) (B M ) (20

Ty, t+1 Ty, 72 Ty, Ty, ||N2H2 (T2,t)
W)y =)+ s 3 () 0 (Ca )y AR ) - el
Y2,i=]

*
(nl + ng)m Y1,i=—J

The following lemma shows that with a certain time, (41 )( 2t) changes little for r € I 5. First of all, similar to the proof

of Lemma H.11, we have v(p; )(T2 PN T2 F (2 )(T2 B +(w; (T2 0),]u1> plugging this into v(ug)( 2:t)

r w2l update rule,
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we can obtain

2
To,t+1 T, 2|2 T, T,,0) . H2l|2 Ts,

i i " jr 1 i
J, T i g i e g
T, 772 Ts, Ts,
= ()0 P N () 6! (Co (1 A2 () ) - (ka3
(77,1 + n2)m Y2,i=J
(T27t)

(T2 7t)

Then we can estimate (w; *", jp2) by y(p2); """, we have

Taot) . T»,0) . Ts, 2|2 Ty,
(Wi ) = (WO ) + ()Y — /\HmlL ()"

= (1= A%)(p2) 2011+ 0(1)),

(T27t)

(T2 ,0) (T2 ,t
J,r* r

where the equation is due to Lemma H.4 that y(p2) Gy TH2)s V(K1) ) < O(1). Then by Lemma

H.4 we can get

— 400 and (w

D — 1)1 4 em S (@(w2 s o)) +o (w72 g2 5)))— 4 z:r(a«w(?ﬁ;f),—y2,im>>+a(<wi€%;f’,ez,im)

(Tg,t) .
_ 1/(1+e# (w2, ,Juz>))[1+0(1)]

(Ty,t)

—-1/(1 +eia((1—>\2)’v(uz)j,r* ))[14_0(1)}'

Lemma H.12. With probability at least 1 — 6,

V= Roglaally < ma (w0 s + ME2E )
P [

forall j € {£1}.

Proof of Lemma H.12. Similar to the previous proof of Lemma C.2, we have for each r € [m], <w(.T1 0 7 (oA Hﬁf Hz H1))

gor
is a Gaussian random variable with mean zero and variance (1 —\?)o2||p2|3. And, P(v/1 — X200 || 2|2 > (wf;l 0, J(pa+

llp2ll2

141))) is an absolute constant, and therefore by the condition on m, we have

ol
P/T= N0l < ma ({1, + AZszmm
— 1~ P(V1 = Roolpalle > max (Wi, + 122y,
rem" 7 ([l
T1,0) . H2|2 m
— 1= P(VT= Voallall > s + A2 )
Z 1- 65
here we completes the proof. O
Lemma H.13. Under Condition 3.1, if we choose
2392 min{od , o om
nySNRY > C P1’ Pz ( )lo 8m(ni + ny)/8)] @ 1/2, H.30
2 2 = (1_)\2)q/20_g2 mO'OHHQHQ [ g( ( 1 2)/ )] ( )

where C' = O(1) is a positive constant, there exists time

1

T =
4 2)q/2 ;972 q
n2qna(l — A2)9207 " | pa |3

such that
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T, q
o max, y(pp) "0 > 21,

* max;,; |p(uk)(‘T2’4t)| < ogopVdforall j € {£1}, r € [m), ix € [ng] and 0 <t < T

Ik

1

+
the last time satisfying that 'y(ug)f;i’t) <& me s25- Thus, we can have an upper

Proof of Lemma H.13. Denote by ﬁ

bound for —6’2{?’”:

1 1
>
(To.0), =
2(1 + em"’((l A2)y(pe); % )) 2(1+e)

(T3,t)
D = 1)(1 4 e O o(1)] > =,

where the second inequality is by our hypothesis, and we denote 3oy + as C%. Thus we get CY, as the upper bound for

E/(Tz Y Then we compute the growth of ’Y([,l,g)( ) as below:

2 U
(T, t)+ 772”“/2”2 Z(_g (T27 ) (02+7( )(Tz ,t) )\HN2H27(N1);%¢))

)(T2 t-‘rl)
(n] +ng)m ! [pe1]]2

Y(12);, =v(p2);;

Yi=J

(T2,t) 772”/1‘2”% [(Tat)y 1 2 (T2,t)
= 3 4 =rrene —0. o' (Cy+ (1 =M 14+ o(1
Wp2)y "+ s m)m;:j( 210! (Co o (1= N)y(pa) 17 (1 + 0(1))

)

Cl 2
m2Callzlanz (o g 2y )0yt

7T

(T27t)
>
= (1 ) + 8(nt + n2)m

where the inequality is by (G.4) and —E/Q(’Z-TZ’t) > (4. Let A;t) = max,.{Cs + (1 — A\?)y(pn )(T2 t)} then we have that
m2(1 = A*)Coqllp2|3ne
8(nf + n2)m
1 - M\)Cqllpa3ne 4
TOITI 2 > 212 (4 (1)yg—2
> AV + St Fym ) ]
1m2(1 — N*)Chql|p2|3n2
8(nf + na)m

1 — X?)Chqllpall3n2
> AV 2( 2 27720 /1 — )22 q—2
= 4y [ + 8(nf+n2)m ( O'OH/J’QHQ) }1

(APya-t

(t+1) 5 40 4
A > 40y

> AV + (APya-2]

where the third inequality is due to that Agt) is an increasing sequence, and the last inequality follows by Lemma H.12 and

0 T.,0) .
AE_):(w;.’; ) i(p +A”:ﬁ”2 1)). Then we have

- 1 — M) Chqllp2|l3n2 ,
A(t) > A(t 1) 1 T’Q( 2 2 1_ AQ q—2
J  — 77 [ + S(TLI +n2)m ( GO”/"’Q”Q) ]

1—\?)C} Zn
> AP 14 B2 (T o

8(nf + n2)m
= A)Csqllp2|3n2 -
>A(.0) n(1 2 2 1— )2 q—2
> A exp { T6(nt + na)m (V1= N200]|pall2) 7%t}

—\2)C. 2n _
> exp { U ARt 50 (T )12V T Wl

16(n} + na)m
where the second inequality is due to the cumulative product of the series A;t), the third inequality is by 1 + 2 > e2 for
z < 2 and our condition of 773 and o listed in Condition 3.1, and the last inequality follows by Lemma H.12. Therefore

16(ny+n2)mlog (A
V1i-220¢|lpall2 (T2st) _ A;—C
- iterations. Therefore, we can get 0 = S >
12Chqna (1-22)1/263 2 || s |4 g 7(“2)jr T2 =

AY will reach 2m within T} =
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1

2 a2 log (——2mT )N\ 753
qu_c - mq Byt 30). we can obtain that T4+ = T+ By op < O( (maou22)> , we have

7 =
=% (1—X2)a/2 log(A ”Z?”gmAmaz)

T > T3+ , so Lemma H.11 hypothesis holds and max; , ; | p(uk)g Tz;k | < anpk\/g obviously holds. Here the proof
completes. O

6(n} +n2)(a*—aT2+ )2

n2([p2]l3n2er?

Lemma H.14. Under Condition 3.1, let T5+ = T:’ + L J = T4+ + (:)(m%nglefkq). Then we have
max; , ; |p(uk)§t21k‘ < 2000, Vd forall T} <t < T5". And we can also find a time t* that 7(#2)§?;2*’t*) > kAmaxs
whereTj' <tr < T5+.

1

Proof of Lemma H.14. When ’y(ug)( 2! reaches = )\2 , we have

(To,t+1) _ @), Mellpells (Ta,t)\ s Tty 22 (Ts.t)
: 0y MU 001 (0 () T2 — .
7(“’2>3r rY(Au' )]r (n?—i—ng)m yi:j( 2,0 ) ( 2 7(;"’2)],’[‘ H“1H27(p‘1)g,r )

To,t)\qg—
anallpal3ne (1= 22y (pa)i")a [1+0(1)]
2(n7 +m2)m g | o (A=A (k) %) ’

= ()20 +

where the last equation is by (G.4). Leta; = (1 — AQ)’y(uz)gi’t), and function /(z) = log(1 + exp(—1 7)), then we can
verify that

12| 2|32
a = a+ — 76 at ).
t+1 t 2<n1< +n2) ( t)

Firstly, we will give an upper bound for (¢/(z))2:

4 -1 2 2 p20-2 -
m m i) < O(U(z)), H.31
1+ exp(;lwq)) T 1+ exp(%xq) (z) < O(H=)) ( )

<?u»2(
where the second inequality is due to 17— < log(1 + ) for x > 0, and the last inequality is by #(1(1) < +oo for
1/q
2 > 0. Denote max { [m log e,f’q} ) 2kAmM} by a*, then we have

(a* —ay)® — (a* — ag1)” = (arg1 — @) (20" — ar — a4q)

12|l p2]3n2 ( . N2l 2|32 >
— BB (0,) (20" - 20, + 1 BEE2]
2(n} + n2) ()| 207 = 20 2(ny + ng) (ar)

™ |2 li3n ’
= 2Bt 0o+ o) - (2B 1+ o))

(n} +n2) 2(n} + no)
32| p2ll3n2 ~ 32|l pell3ne 5 (772||N2||2n2) =
—— =y ——— =2 ") - | —/————=Z) O(/(a
~ 4A(n +na) (a) 4(n} +n2) (@) (n} + n2) (o))
N2l p2ll3n2 ~ 3n2|lpell3ne 5,
> Mltallzna g o Salik2lane 7 .
~ 2(n} +ng) (az) 4(n} + n2) (a)

where the first inequality follows by the convexity of Z(:v) and (H.31), and the last inequality is by Condition 3.1 that
n2 < O(min{[|p2|52, 0,.2d~1}). Taking a summation over t = T, T;" + 1, ..., T5", we have

2(ni +n2), ,

y a §2T5+—T++127a* + = __“(q
Z (t) ( 4 )( ) 772”“2“%”2

_pt+
t=T;

- aT;)Q

2(nf + na)

<2ATH —T; + 1)l(a*) +
( * ) 772||M2H§”2

(@® — apsa+ )2
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2(”1k +n2)(:) 2

§2T5+—T++1@va*+ ma),
( 4 Jia’) 772||M2H§”2 )

~ - * 2 _ (2 + L+, |Snitna)at—agy)” v g (mitnami
where the last inequality is by (a faTr) =0O(ma). LetTy =T, + 2 =T +0| =7 |»

n2lpel|3naer? Nz p2ll3n2ek?

then dividing T;r — T4+ + 1 on both side of the last inequality gives us

T

1 ~ ~ 2(n} + n9) ~ 2
- Uay) < 20(a*) + O(m)
TF—Tf +1 t§+ nelpa|3na (157 — T, + 1)

-4
240 1,4
g gﬁk + gEk
<,

where the second inequality is by log(1 + x) < x for z > 0 and the definition of ¢*. Since the mean is less than ", there
must exist a t* (T, < ¢* < T:") such that

é(a't*) S ekq7

and we can obtain that ~( ,ug)f;z*’t*) > % By the definition of 7;", we can obtain
< 20 + n2) (v + no)m?
~ ~ nt +mng) ~ ~ ((ny 4+ ng)ma
D lla) < 2T - T + 1)l(a”) + 2T O(mi) = @(122) (H.32)
12| 2[5 n2| 232

_p+
t=T,;

Letting ¥(p1)® = max;,.; p(ul)gi)i\, obviously we have W(u1)® < 00, vVd < 2090,,v/d. Now suppose that there
exists T € [T, T5"] such that W (g, )® < 2090, V/d forall t € [T;, T — 1]. Then for t € [T, T — 1], we have

Ui ; ;
W () ) < W) ® 4 max { A “,sz,»)ngg,in%}
1

< \If(lj,l)(t) 4+ M . max (_E’(T%t)) |<W(T270) Sl ,>| + |p(u1)('T2,.t)|
- 2(nt +no)m G 2,4 gr oSk 3y
(T 2 To,t) q—1
it N ,t —
+ 3 100) S all3 2 €100+ D oha2) 2 |||52,Z-||22|<52,2-,51,y>l) }
7 i=1

3n2q0? e
m [4\/10g (8m max{ni,n2}/0) - 0pop, Vd

log(4n2 /6 o log(4n2/d
F () + 4nt %@(M)(ﬂ +4n271’1 %\y(m)(ﬂ]q—l,
P2

where the the second inequality is by Lemma C.1, and the last inequality follows by (H.26) and Lemma C.1. Taking a
telescoping sum over ¢ = T:‘, T4+ +1,...,T — 1, we have

< W(py) ™ +

_ ¢ T-1

() D < W) T + L N 502 d dya1
()™ < W () +(n,{+n2)m;j (03,0000, Vd)

4

c
) Tge = -
< W ()T + (71*3'7”2)7”@; —T)0(0;, d) (000, Vd) '™
1

_ 2
< 000y, Vd + O{equ U—glquflnz_lsNREQ(aoapl \/&)qz}aoopl Vd

Upz

~ ~ q 0'2
< 000y, Vd + O{e“ L1031 (000, J&)“}ooapﬂ

b2
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S 20'0(7171 \/ga

2
where the first inequality follows by the assumption that d > 1024 log(4 max{n?,n3}/§)a3 max{n? n2} max{ {72 , 052 ,
P1
the second inequality is by T < T, the third inequality is due to Lemma H.8, the fourth inequality is due to noSNRE = Q(l)
and the last inequality is by Condition 3.1 on ¢. Similarly we will use the same way to obtain that W(p5)® < 2000y, Vd
for all T,~ < t < T . Obviously we have \I/(ug)(T4+ ) < 0¢0p,Vd < 2000,,V/d. Now suppose that there exists
T € [T}, T such that ¥ () < 2040, Vd forall t € [T,", T — 1]. Then for ¢ € [T}, T — 1], we have

(o)) < W)t {0 (w2 )l
1

3772q0 d (Tt T»,0 To,t
< v (®) _pT2t) (T2,0) ; (T2,)
(p2) + max 300 + na)m (=Lo ) w2 &a) | + | p(p2) 5,75 |

*
nj

qg—1
Tot _ Tyt _
3 ()0 2|<sl,i/,sz,i>+Z|p<uz>§,r,i?|52,1-/||22<52,1-/,52,1->|) }

il i

W, 3meqopd (Tt
< U(ps) +7 { E } 4\/10g (8mmax{ny,na}/0) - UO"’pz\/g
2(n} +n2)m

/log(4 5 [log(4 5
+ 000p2f+4 * Og nl/ (t + 4n Og n2/ (t)>

where the the second inequality and the last inequality follows by (H.26) and Lemma C.1. Taking a telescoping sum over
t="T,,T; +1,..,T — 1, we have

T 3772(10' d ~ T
()@ < G (1) (T (70
(k2)") < W(p2) + 20 + na)m O((ooop,Vd g max{ —ly: 2"}
3maqog,d  ~ i~ {(n +n2)ma
<v (TI)%—iO 002\@‘110(1
< o) 2(nj + n2)m (200, V™) 2l 2312

< 000y, Vd + ’Ov{rnQ/q_anISNRQ_Z(UOUP2 \/&)q_Q}Uoopz\/g
< 000, Vd + 6{m2/q_1n§/q_1(000p2 Vd)a—2 }anm\/g
< 2000y, Vi,

where the first inequality is by the assumption that d > 1024 log(4 max{n?,n3}/6)a3 max{n?,n3} max{ 02 ) 02 } the

second inequality is due to (H.32), the third inequality is due to Lemma H.8, the fourth inequality is due to ng SNRg = Q(l)
and the last inequality is by Condition 3.1 on oy. Therefore, \If(uk)(t) < aoopk\/a for k € {1,2} and T4Jr <t< T;r s
which completes the proof. O

Moreover, we can bound (wg?’t), £1.;) and <w§-?;2’t>,£2yi) by C¢. When T,F <t < TiH, we have

|<W§‘,77:2’t)7£1,i>| < |< (T2 0)’61 Z>| + |p(u1)jm )|

+Z|p(l‘l’1 jT’L |||£11||22|<£127£12 |+Z|p l‘l’2 jrz |||£21||22‘<£2Z7£1’L>‘
i/ i i=1
< 4+/log (8mmax{ny,ny}/d) - 0o, Vd

log(4n2/9) log(4n2 /5
+ 2000, Vd + dnj [~ 08( ”1/ 2000, Vd + dns 1\/%2%%\@
P2
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< 6+/1og (8mmax{ny,ny}/d) - 090, Vd,
where the second inequality is by Lemma C.1, and the last inequality follows by d >

2 2
1024 log(4 max{n2,n3}/8)a2 max{n%,n%}max{o”l Ze2). Thus, when T;7 < t < TZ, we can bound the

0-2 70-2

<W(Tz’t), &1,i) by C¢. Using the same method, we can also bound the (w Tz’t), &2,i) by Ck.

H.4. The Third Type of Neuron
The first class of neurons is those belonging to the set I; 3, which is expressed by the formula as follows:

<W(T1 ,0) (T1 0)

Jjma) <0, (wi MY jug) <0

By the previous analysis, we can get that
(wi ) = =01 = —0(1) < 0,(wii"™ jug) = ~Cy = ~O(1) < 0.
Lemma H.15. For anyt > 0, we have the following bounds

lp2l2C1 + Al|p1]]2Co

0<%NYB’S

(1= 22)[|pallz

(To,t) _ l1l]202 + M| pa||2Cy

0 < (2 < :
(b (=29 [purll

We will prove this lemma by mathematical induction.

proof of Lemma H.15. In this case, the update method of the fy(ul)( > ), v(peo )( T28) s as follows
Ty t+1 T 2 Tyt Ts, [l 212 Ty ,t)
V)5 = () 4 B ST () 0 (O = () AR () ) - a3,
(n} 4+ n2)m n 2|2
Ty t+1 Ty, M2 T, T, 122l Tz,
W)Y = (o) B T () 0 (Co = () 1+ AR () ) ol

(ni +na)m

lp2 [l

When ¢t = 0, the inequality clearly holds. Suppose that the inequality holds true when 0 < ¢t < T — 1, then we can get that

Y2,i=—J

Ty, t+1
()Y <y

(), M2llmall3 /(T2,t) lp2l2C1 + Al 1 []2C2 (To.t)
(p1);,7 + @ +na)m Z (—00;7) - (Cr+ A TESSITE —y(p1);,")

), melleall3 (Tot)y oo ll2]l2C1 4+ Al|pr][2C2 (Tu.t)
T N A (e 7 PR

o), m2qnillmll3, lpell2Cr + Al [|2Co (T2,6)\q—1
< . — N
< k) (n} + nz)m (1= A [ p2ll2 (k1))

Y1,i=—J

Y1,i=—J

, (H.33)

where the first inequality follows by the induction hypothesis H.10, the second inequality is by the fact that o/(z) is a

monotonically increasing function, and the last inequality is by the fact that > yrim—j < and E/(Tz 2 < 1. After the

same derivation, we can get that

2
(To.t41) _ (Tot) n2qna||p2ll3 11202 + Allpal[2C1 (T2,t)yq—1
’7(”2)],7« = 7(“2)],7“ (nik + ng)m (1 — >\2)||H1||2 7(“2)],7’ )

_ le2ll2Ci+ M1 ][2C2
1=-22)[[p2]l2

In order to prove the lemma H.10, we need more mathematical transformations. Let’s make a; =

7(#1);2«, then according to the inequality (H.33), we can have

772an ||ll’1 ||§ (CL )q—l

T (H.34)

Qg1 2 ap —
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)( 2:t)5 )(Tz,t)

)7‘

Then, we will use the inductive method to prove a; > 0. This is known from the 7 (g; s iterative equation, (g1

i £n2)m 19-1 it can be seen from the inequality H.34, we have
n2qni [lpall3
— lpaflaCotApall2Cr [ (ni4n2)m ]‘1*1

(1=22)[[p1ll2 n2qni (|1 ll3
Then by induction, we can know that a;+1 > 0, for any ¢ > 0. So it is obvious that 0 < (g )

is an increasing sequence, SO a; > a;y1. When 0 < ay < |

, which can be proved by Condition 3.1 on 7s.

(T2,t) < ||u2|\201+M|u1H202

(T2,t) I || 7221 el
To,t p1l|2C2+||p2|2C1
< .

1-22) a2 =

that a;1 > 0. And because 0 < a9 =

In the same way, we can get 0 < v(po )

(T2 7t)

(7,.2’t),ju1> and (w; *", juz) as follows.

Taking it a step further, we can bound the inner products (w
Lemma H.16. foranyt > 0,

(w0 )| < 0(1),
(w0 i) < O(1).

proof of Lemma H.16. Combining Lemma H.16 and the two equations (H.12) and (H.13), we are able to derive that

(Tot) . (T2 0) T2ty iz (Ts,t)
W'T‘ 5 = 5 + )\ i
< 7, jl"’1> ( jl"’1> ’Y( ) ||/—1/2H2’7(IJ,2)]’
< =Cr ()"
[12]2C1 + Al [2C2
<-Ci+
(1= A2)[|pe2ll2
= 0(1), (H.35)

where the first inequality is by the fact that v(p )(T2 ) > 0 and the second is by known result that ~(u )(TZ <
llp2]l2Cr+A][pa

12C2 Fyrther, we can get that

(A=A [z ]l
ot) 5 k T Hi]2 Ty,
<Wj(v77,2 t),]ll1> - <W(7 2, 0)7]H1> + (g1 )( 2,t) )\” I 7(#2)5’77"2 t)
[[1e2]l2
A
e )\||N1H2 ||H1||2C2ﬂ; [ p2|2C4
lpallz (1= A2)[[paf2

= o), (H.36)
where the first inequality is by the fact that v(ul)(Tm) > 0 and the second is by known result that ’7(#2)(Tz b <
s 2 Gt Ml 12 The proof for (w ( i ),ju2> is similar, we can prove that —O(1) < (w; (T2’ ) s ) and (w' ( " ),j“ ) <
O

(A=A e ll2
O(1), which completes the proof.

We denote the time to stop training for task 75 by t.,q4, Which represents the first time ~y( [1,2)5 ol t) reaches kA, ., and we

know T} < tena < T4 .

For I 1, we can calculate the following summation of the neuron output:

ST (Wt Gpn)) = o((we? )y + 3 o (Wi ) = [(1— A%)Amaa)?[1 + 0(1)],
rel; 1 r#r*

and

ST a((wWie? gy = 3 alo(1)) = o(m).

’I"EIJJ TEIJ-J
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We also have

S o(wltend) i) = o(m),

TGI]‘,l

and

ST (Wit —jpa)) = 3 o(o(1)) = o(m).

T‘EIjﬁl T’Elj)l
Now we obtain the neurons in the set I; ; output values in task 7' and T5.

For I 5, we can calculate the following summation of the neuron output:

ST o(wltend) )y, ST a((wer ) )y, ST a((wl i) i) = o(m),

rcl; o relj o rclj o

and

ST oWt Gpg)) = o (W Gps)) + 3 o (Wi pn)) = [kAmaa) (1 + o(1).
relj 2 r#ET*

Now we obtain the neurons in the set I; » output values in task 7 and T5.

For I 3, we can calculate the following summation of the neuron output:

ST o((werd gy = 3 o(0(1) = O(m),

relj s rel; s

and

ST o((wer ) sy = 37 0(0(1)) = O(m).

rcl; s rel; s

We also have

and
T27ten -
S o(wite ) —jps)) = " o(0(1)) = O(m).
r€lj3 relj s
Now we obtain the neurons in the set I; 3 output values in task 7 and T5.

H.S. Loss Analysis

In the previous section, we divided the neurons into three sets: I; 1, I » and I; 3. For the set I; 1, we conclude that

ST oWl Gpn)) = (1= A Amaal?[L+0(D)], Y o((wlT' ) jps)) = o(m),

’I’EIj,l ’I"EIJ‘,I

T: sten N T: 7tcn y
ST o((wEer ) i) = o(m), Y o((wiT ) —jps)) = o(m),
reljyl TEI]‘)l
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for j € £1.

For the set I 5, we conclude that

3 o(wte ) )y = o(m), S o (Wi jun)) = [kAmaa)[L + o(1)),

r€lj 2 relj o

Toten . Tosten :
S o(wlTre ) ) = o(m), S a((wlTr ) —jus)) = o(m),
T'teyz 7'te,2

for j € £1.

For the set I 3, we conclude that

ST o((wEerd Gpg)) = 0(m), S o((wie ) jps)) = O(m),

relj s rel; 3
ST o((wEer ) —juy)) = 0(m), Y o((wiite ) —juy)) = O(m),
TGIJ’,:; ’I“Gljyg

forj € £1.

Then we can calculate the ZTZla«w(TQ’tG”d),j - p1)), Z:,’;la((w(n’te”d),j cp1)), ZTIla«w(Tz’te"‘i),j - p2)) and

T —J,r J,T
Toten . .
S (W) G )

T sten .
S o ((witera) G opy))

> olwite g + 3 olwii e o)) + Y a((wiE e )

relj relj 2 r€lj3
[(1 = A2)Asnaa) 21 + 0(1)] + O(m) + O(m)
[(1 - )‘Q)Amax]q[l + O(I)L

= 3 (w2l oy + 3 o(w D o))+ 3 o((w e o))

rel_j1 rel_j 2 rel_j3
= o(m) + o(m) + O(m)
= O(m),
o (Wit 5 o))
r=1
= Z U((w;’j;zvtand)d . “2>) + Z 0.(<W‘§.’71;2’tend,),j . N2>) + Z 0.(<W‘§_:1’;2,tend)’j ) u2>)
€l r€lj2 relj
= o(m) + [kAmaz][1 + 0o(1)] + O(m)
= [kAmaac]q[l + 0(1)],
D o(wlii g pa))
r=1

= > olw g+ D oWl )+ YT o (W )

rel_ja rel_jo rel_js
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o(m) + o(m) + O(m)
O(m),

As for task 77, note that Lg, (W (T2:tena)) = Z:“lﬁ[yl i+ f(WT2tend) ) )], when y1 ; = j, we have

yl,i . f(“f(zbvtend)7 Xl,i)

= Fj (VV(TZ7 end) xl,i) — F_j (ng;g’tend)7xl i)
1 & 1 &
_ EZ o (Tz end)7] p)) + 0.(< (T2 end) EZ (_7;2rmd)7] p1)) + O.(<W(_,1‘-‘j2,;ﬂtend)7£1’i>)j|
r=1 r—=1
1
> (1= A Anaa]?1 1)] — 204,
> (1= W) Aaa901 + o(1)] — 20

where the last inequality is by (W(Tf“’t”d),fm-) < Cg for j € {£1}. As for task T, note that Lg, (W (T2:tena)) =

—JTr

n%z;gaygﬂ; - f(W(T2:tena) x, )], when yo ; = j, we can also get

Yo,i ° f(W(TZ’tc"d)7 X2.)
_ F_(W<T2,tend) Xg’i) _ Ffj(-w(_j;?iend)7x2’i)

= —Z Wit o)) + o (W a.0))] — %Z[aawﬁ”ﬁfﬁ"d’,j 1)+ o (W )]

r=1
1
> —[kApmas]i[1 1)] —2C¢
> ke + 0(1)] — 2
leading to
L (W(TZ’ end) Zngl T25tcnd)7x2,i):|
1
< U—[kAmas] "1+ o(1)] — 2C¢)
1 q
< (= [kAmaz)?) = log(1 + /2
_f(2m[k maz]?) = log(1+€"/%)
< qu/z, (H.37)

where the third inequality is due to € < 67862, and the last inequality follows by log(1 + z) < x where x > 0. Applying a
proof technique similar to subsection D.3 in Cao et al. (2022), we can obtain L p, (W (T2:tena) ) < 6¢5°/2  exp(—n3).

Similar to Lemma F.19, we have that

Lemma H.17. Under the same conditions as Theorem 3.3, when — 1202 < cosbq,2 <0, we have that

To,ten
S lo(wiTstend) yuun)) — o (W) i) > Cs,
where C1 and Cs are the same constants as that in the Lemma F.19.

Proof of Lemma H.17. we have that

m

S [t yagen)) = o (w5 )] = (1= W) Aae] U1+ o(1)]

r=1

So when — 12 < cos 6 5 < 0, thatis 0 < A < 122 we have

(= X Aa]?[1 -+ o1)]
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max

> Lpg [0 22— B2 )1 o)

1222
1 1 1+Cs 0 [z 14 Co
> —mlog(-){(1 — T—(k 1
_Qmmog(e)[( (—5—)) (Iluzllz 5 )]
= Clog(-)
>037

where C, is a positive constant, the first inequality is by that the function f(\) = (1 — \2)9 — (k%/\)q is a decreasing

function, and the last inequality is by ¢ < e~ 3/ €. Here the proof completes. O

Under the same conditions as in Lemma F.21, it can be concluded that when f# < cosfy 2 < 0, the probability
Pixy 1)~y (Y1 # sign(f(WT2tena) x,))) is less than or equal to exp(—C - m?1~2n%1/¢?), where C = O(1) is a
positive constant. Moreover, since 1+202 > (4, it can be inferred that the replay method is capable of expanding the angular
range corresponding to benign forgetting.
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