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A Proofs

The section collects the proofs for the technical results in the main text. Section and [A.2] are
devoted to the proof of Lemma [3.T)and Theorem [3.2] respectively. In the end, Section|A.3]provides
proofs for the coverage gap bounds in the two examples in Section 3.3]

A.1 Proof of Lemma[3.1]

Fix a set of locations B := {(i1,1),- - - s (tneay+15 Jnea+1) 1> and an index 1 < m < ngq + 1. By the
definition of conditional probability, we have

]P((Z*a]*) = (im,jm) ‘ Scal U {(Z*,]*)} = Bv Sir = SO)
_ P ((ix, 42) = (imy Jim), Sear = B\{(im, jm)} | Sir = So, |S] = n)
P (Scar U{(ix, jx)} = B | Sir = So, |S] =n)
_ P((Z*a.]*) - (imvjm)ascal = B\{(va.]m)} | S = So, |S| - n)
E TP (i ) = (i0,0)s Sear = B\{ (i1, 30)} | Six = So, S| =n)

It then boils down to computing P (Sca1 = S1, (ix, Jx) = (i1, 51) | Str = So, |S| = n) for any fixed
set S; and fixed location (i, j;) ¢ So U S;. To this end, we have the following claim (we defer its
proof to the end of this section)

]P)(Scal == 813 (Z*a]*) = (ilajl)

Pij
_ 1 ) H(i,j)esl 1-pij (8)
- _ I 2
didz = Y acaq, . @ ea Ty

Str == 807 |S| = n)
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where Qs,,. , = {A C [d1] X [do] : |A| =n — |Si|, AN S = S}. As aresult, we obtain
P(('L*7]*) - (inujnb) | Scal U {(1*7]*)} - Ba Str - 807 |S| = n)

Pij
e\ ((imin)} Top
cal+1 H Pij
=1 (3,5)eB\{(i1,51)} 1—pij;

h

_ b Jm
- Ncalt+1 hi ’ (9)
=1 AVl

where h;; = (1 — p;;)/psj. This finishes the proof.

Proof of Equation (8). Fix any two disjoint subsets Sy, S1 C [d1] x [d2] with |Sp| + |S1]| = n. We
have

P(Scal = Sl7str = SU | ‘S| = ’I’L)
=P (supp(Z) = So U S1,Sp C supp(W), S1 C supp(W)¢ | S| =n).
Since W and Z are independent, one further has
P (supp(Z) = So U S1,So € supp(W), S1 C supp(W)“ | [S| =n)
=P (So € supp(W), 81 C supp(W)°) - P (supp(Z) = So U Sy | [S| = n)
=¢'%I(1 - ¢)I%1 - P (supp(Z) = Sy U S | [S| = n)
[Sol (1 — g)ISul |
¢>°'(1—q) Dij
=1 - 1—piys . 10
e | B 20N | R e (10)
(l/,]/)e[dl]x[dg] (1,])ESOU$1
where the last two identities are based on direct computations.
Based on (10), one can further compute
P(Sir = So | |S| =n)

= Y P(Sa=ASu =SS =n)
AEQs,, n

[Sol(1 — g)n—ISol Ny
= P((1|S|i)n) > I a-po I 22 (11)

A€Qsyyn (i) €ldi] X[ds] iiyesoua L T Pii

where the last identity uses Equation (10).

Now we are ready to prove (8)). Recall that the new data point (i, j.) | S is drawn uniformly from
Unif(S¢). Therefore one has

]P)(Scal =S, (7’*73*) = (in+lvjn+1) | Str = So, |S| = n)
P(Scal = Slv‘str = SOa (7'*’.7*) = (in+17jn+1) | |‘S| = n)
P (St =So | |S| =n)
P((Z*J*) = (in+1ajn+1) | S=38 USO)P(Scal = 81,80 = So | |S‘ = n)
P (S =80 | |S| =n)
_ 1 _ H(i,j)651 137;;, (12)
didy —n ZAEQstr,n [ jnea %,

where the last line follows from and (LI).

A.2  Proof of Theorem

First, fix any a € [0, 1]. Lemma together with the weighted conformal prediction framework of
Tibshirani et al.[(2019)), implies that

P (Mm; €M, + 4;.;.(a) - si.j. | Stry Scal U {(i*,j*)}) >1-a,
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where

q; ;. (a) = Quantile, _,, Z wij - On,, |
(4,5) €Seat U{ (14,4 )}
and
hij

D (i ) €S U (in )} 15

wij =

Indeed, here a can be any function of the random variables we are conditioning on—that is, a may

depend on n, on Sy, and on Seay U { (44, jx) }-

Next define a = a + A where A is defined as in @ We observe that, since each iALij is a function of

Str, then A (and thus also a) can therefore be expressed as a function of n, S, and Sca U
Therefore, applying the work above, we have

P (Mm»* € M, £qi ;. (a+A)-5i5,

and thus, after marginalizing,
P (Mi*j* S Z/\Zi*j* + q;"*j*(a + A) . /S\i*j*) >1—a— E[A]

Next, we verify that
q=q;. ; (a+A)
holds almost surely—if this is indeed the case, then we have shown that

P <Mi*j* € ]\/4\” iqA'gi*j*) >1—a—E[A]

{(is, 5}

Sirs Seat U {04 J.)}) 2 1= = A

which establishes the desired result. Thus we only need to show that g > ¢;. j. (a+A), or equivalently,

Quantile; _,, Z Wij + OR,; + Weest * 0400 | > Quantile;_,_ A Z
(4,§) ESear (%,7) E€ScarU{(ix,J«)}

Define

!

wi = =
J

D (i3 ESem I (i)} 5"

for all (i,7) € S U{(is, j«)}. Then by definition of w, we see that w}; > w;; for (i, j)
therefore,

Quantile; _, E Wij * OR;; + Weest * 400

Wij - 6Rij

(13)

€ S, and

(4,) €Scar
> Quantile, _, Z Wi OR,; +w(;_ .y 0400 | > Quantile; Z wi; - OR,;
(4,5) EScal (4,5) €ScarU{ (ix,7) }
holds almost surely. Therefore it suffices to show that
Quantile, _,, Z wi; - Or,; | > Quantile; _,_ A Z wij - OR,,
(4,5) €ScarU{(ix,5+)} (4,5) €ScarU{(ix.74)}

holds almost surely. Indeed, we have

dTV Z w;j ' 631‘,3'7 Z Wsj - 6Rij S

(4,5) €ScarU{(ix,5x) } (4,5) €Sca1U{(ix,5x) } (4,5) €ScatU{(4x,5x) }

N | =

where d1y denotes the total variation distance. This completes the proof.
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A.3 Proofs for examples in Section 3.3

Recall the definition of A:
| » i
A=— Y — — Y .
2 2 N D P R 2o eSeUL(ing) ) S
(1,5) EScarU{ (4x,3:) } (#,5") €ScalU{(ix,7x)} V'3 J7)€Seal J

Note that A < 1 by definition. We start with stating a useful lemma to bound the coverage gap A
using the estimation error of h;;.

Lemma A.1. By the definition of the coverage gap A, we have

< Z(i,j)escalu{(i*,j*)} |hij — hij]
- hi/j/

A

(14)
Z(i’J’)Es

cal

A.3.1 Proof for Example[3.3.1]
Under the logistic model, one has for any (4, j)

q - exp(u; + v;)

P((i,7) € Sr) = q - pij = m
i T Uj

In this case, if & and ¥ are the constrained maximum likelihood estimators in Example [3.3.1]
Theorem 6 in (Chen et al.|(2023) implies that

- log d =N log d
|6 - uflee = Op 50} =V =0s 892,
dg dl

with the proviso that ||u| s + [|v]|ec < 7 < 00, da > v/d; logd; and d; > (log dz)?. Then for
hij = exp(—u; — v;) and h;; = exp(—u; — 7;), we have

~ ~ - logd logd
max |h” _ h”‘ = max e~ W) (e—(ui—ui)—(vj—vj) _ 1) _ O]P’ \/ ogaj + \/ 0g a2 .
2,7 3 d2 dl

Further, as min; ; h; ; = min; j exp(—u; —v;) > e~ 7, then with probability approaching one, for
every (i, ) € [di] X [da], one has h; ; > h; ; —|h;j —hij| > e~ /2 =: hg. By the upper bound (14)),

we have
A< \/logdl N \/logdg g 1ogrlnax{d1,d2}.
~ dQ dl mln{dl, dg}
log max{di,d>}
Further, as A < 1, we have E[A] < BT A

A.3.2 Proof of Example[3.3.2]

Define the link function 9 (t) = ¢(1 + e~¢(®*)), where ¢ is monotonic. Applying Theorem 1 in the
paper (Davenport et al.,[2014), we obtain that with probability at least 1 — C1/(dy + d2)

1 .~ ~ | k(dy +ds)
— A - A} < V20| 1
Tag 1A~ Allr < V20 [ ==, (15)

with the proviso that dydy > (dy + d)log(dyds). Here Cy = 239/4¢%/4(1 + \/6)7 L, 3, with

= su w an = su M
b M vea—emy ™ T M e 19

Denote this high probability event to be &. Since ||A||; < v/d1dz2||A||r, on this event £y, we further
have

k(dy + do)\
dida ’

1 ~
— |A-Al,<C.
mrlA-ah <o (

16



s14  where C; = (/L. (3, and ( is a universal constant.
s5t5  Recall that h;; = exp(—¢(A4;;)) and |A||s < 7. On the same event &, we further have

k(dy +d2)>1/4

dids a7y

1 ~
—|H-H|, <,
o IE <o

st6  where O/ = 2¢%(7) \/Ci

517 By the feasibility of the minimizer A and the fact that ﬁij = exp(—qb(gij)), we have ﬁij > ho =
st e~ ?(") for all (i, j). This together with the upper bound implies that
1 ~ 1
A< hij — hij| <
~ honcal . Z o | ! ]l honcal
(1,5) €Sca1U{ (ix,5x)}
st9 Define a second high probability event & = {nca > (1 — ¢)(1 — q)||P||1}. Using the Chernoff
s20 bound, we have P (€1) > 1 — Cy(d1dz)~°. Therefore, on the event & N &7, we have

dids , (k(ch +dz)>”4
cho(1—q)[|P[l1 7 didy '

st Under the assumptions that p;; = 1/(1 4 e~#(4i3)), and that ||A | < 7, we know that p;; > C
s22  for some constant that only depends on 7. As a result, we have |P||; > Cad;d2, which further leads
523 to the conclusion that

[H — HI];.

A<

1/4
. ;(k(d1+d2)) "
cCaho(1 — q) dids
524 on the event & N &;. In addition, on the small probability event (£ N &7), one trivially has A < 1.
525 Therefore simple combinations of the cases yields the desired bound on E[A].

526 A.3.3 Proof of LemmalA.]

527 Reusing the definition of w’ (13)), one has

1
A= 3 > |wij — wi]
(4,5) €Sca1U{(4x,5x) }

_ 1 Z | i D (1§ ESem U (inrj)} T3 = Pig 2000 i) eSemUL (i gy} P57
2 o Z /};./, E b
(4,5) EScatU{(x,5x)} (i 57 )ESear U (6,4 ) } 115" (5)eSemUL (e gu)) P13

IN

DY {hﬂ D T SO (CE S S [ IR =N () L

(1,7) €Sear U{ (i i)} (Z(i’,j/)esmlu{(i*,j*)} hw) (Z(i’,j’)esmlu{(i*,j*)} hi/j’)

\hij = hij| 2o jrye Sl (i o)y Pt

+ =
(Zeresmvttagon i) (st b ) }

| 2 (1,3 €S (ie,g)} M0~ Dt ) €S el (i)} P15 + EZ(mEscalu{(m*)} [hij — hij]
= 5 =
(Z(i’,j')escalu{(i*,j*)} hi’j/) (Z(i’,j’)eSCalu{(i*,j*)} hi/j’)

22 (1,1)€Sem (i g)) [Pis = P

1
2

<

(18)
Z(ilaj/)escalU{(i* ,]*)} hi’j’
s28  This completes the proof.

s20 B Additional numerical experiments

530 In this section, we provide additional simulation results. In Section the confidence intervals
531 are visualized. We also present the simulation results for the convex relaxation (cvx) and the
532 conformalized convex method (cmc-cvx) in both settings with homogeneous and heterogeneous
533 missingness in Section[B.2 and [B.4.
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Figure 4: Histogram of standardized scores for als and prediction lower and upper bounds for 50
distinct unobserved entries.
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Figure 5: Comparison between conformalized and model-based matrix completion approaches.

B.1 Illustration of confidence intervals and normalized scores

In Figure E, we present the histogram of standardized scores (Z\Z — M;j)/4/ 5127 + 02 and the

plot of the upper and lower bounds for three settings. In Figure fa] when the model assumptions
are met and r = r*, the scores match well with the standard Gaussian and the prediction bounds
produced by als and cmc-als are similar. With the same data generating process, when the rank is
overparametrized, the distribution of scores cannot be captured by the standard Gaussian, thus the
quantiles are misspecified. As we can see from the confidence intervals, als tends to have smaller
intervals which lead to the undercoverage. In the last setting, the underlying matrix is no longer
incoherent. When the rank is underestimated, the »* — r factors will be captured by the noise term
and the high heterogeneity in the entries will further lead to overestimated noise level. As a result,
the intervals by als are much larger while the conformalized intervals are more adaptive to the
magnitude of entries.

B.2 Additional results for homogeneous misingness

In this section, we present the results for synthetic simulation with the convex relaxation cvx and
the conformalized convex matrix completion method cmc-cvx. Setting 1, 2, 3, 4 are the same as
introduced in Section4.1] The true rank is 7* = 8 and the hypothesized rank varies from 4 to 24 with
the stepsize 4.

The conformalized methods, regardless of the based algorithm adopted, have nearly exact coverage
around 1 — «. But we can observe different behaviors between als and cvx since the convex
relaxation is free of the choice of r until the projection of M, onto the rank-r subspace (Chen et al.}
2020). As aresult, when r > r*, cvx tends to overestimate the strength of the noise. In Figure |5_a, |@|
and|[5d, when 7 > r*, cvx has coverage rate higher than the target level and the confidence interval
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is more conservative than conformalized methods. Since the accuracy of cvx is based on the large
sample size, in Figure when the effective sample size is insufficient with small p;;, the residuals
from cvx have a large deviation from the standard distribution and the intervals are much larger than
the oracle ones. Besides, in Figure[5c| when the noise has heavy tails than Gaussian variables, cvx
overestimates the noise strength similar to als and is conservative in coverage. When the incoherence
condition is violated in Figure[5d| if » < r*, both cvx and als fit the missed factor by overestimating
the noise strength and produce extremely large intervals.

B.3 Estimation error for one-bit matrix estimation

The estimation error in p;; can be visualized from the following heatmaps comparing P and P. Here
the entries are sorted by the order of p;; for each row and each column.

True P Estimated P True P Estimated P

500
0.55

065 065 065
0.60 0.60 0.60
500

055 055
250 -050 250 -0.50 1000 -0.50 1000 -050

045 045 045 045
375 375 1500 1500

0.40 ‘ 0.40 0.40 0.40

0.35 500 035 2000 0.35 2000 035

125 250 375 500 500

125 250 375 500 1000 1500 2000 500 1000 1500 2000
(@) k" = 1: d1 = d2 = 500. (b) k* = 1: d1 = d2 = 2000.
True P Estimated P True P Estimated P

08 08 08 08
125 125 500 500 |
06

-06 -06 -06
250 250 1000 1000

04 04 0.4 04
375 375 1500 1500
02 02 0.2 02
500 500 2000 2000
125 250 375 500 125 250 375 500 500 1000 1500 2000 500 1000 1500 2000

(C) k* =5: d1 = dz = 500. (d) k* =5: d1 = ds = 2000.

Figure 6: Heatmaps for P and P.

B.4 Additional results for heterogeneous missingness

In Figure [7, we present the results for synthetic simulation with the convex relaxation cvx as the
base algorithm, where we denote cmc-cvx and cmc*-cvx as the conformalized matrix completion
method with estimated weights and true weights, respectively. Three settings with heterogeneous
missingness are the same as Figure[2]

B.5 Additional plots for the sales dataset

Denote M the underlying matrix in the sales dataset. In Figure we plot singular values of M
and top-5 singular values contain a large proportion of the information. In Figure[8b, we plot the
histogram of entries M;;’s of the underlying matrix, and the sales dataset has the range from 0 to
over 20 thousand with a heavy tail.

In Figure[9] cmc-cvx has nearly exact coverage at 1 — c, but cvx tends to have higher coverage than
the target level. Besides, the convex approach has much larger intervals when r is large, which can be
caused by the overfitting of the observed entries. As conformalized approach leaves out a proportion
of observed entries as the training set, intervals produced by cmc-cvx are less accurate than cvx due
to the poorly behaved base algorithm.
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Figure 7: Comparison under heterogenous missingness.
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(a) Singular values of the underlying matrix M. (b) Histogram of entries in M.

Figure 8: Descriptive plots for the underlying matrix M.

C Additional details of algorithms and extensions

C.1 Extension to likelihood-based scores and categorical matrices

We will show in this section that cmc can also be applied to categorical matrix completion (Cao and
2015) or a more general setting in (19), the validity of which is also guaranteed by the presented
theorem.

Setup To formulate the problem, consider an underlying parameter matrix M* € [d;] X [dz] and
the observations {M;; : i € [d1],j € [d2]} are drawn from the distribution

Mij | M5 ~ P, (19)

where {Pp}oco can be a family of parametric distributions with probability density py. The cat-
egorical matrix completion is a specific example where the support of M;; is finite or countable.
For example, a Poisson matrix is generated by M,; ~ Pois(M, ;‘;) where M is the Poisson mean.
Similar to the previous setup, we treat M as deterministic, and entries in the subset S C [d;] X [d2]
are available. Here S is sampled in the same manner as before with the matrix P € [d;] X [da].
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Figure 9: Comparison between conformalized and model-based matrix completion with sales dataset.

Split conformal approach Consider the split approach with the partition S = S;; U Sca) as in
Algorithm [T. With the training set Mj,, we obtain an estimated likelihood function 7 (m; 7, j) such
that

#(m:i, ) = Parz, (m),
which is an estimate for the true likelihood of M;; at m. The estimation can be feasible given
certain low-complexity structures. For example, if a hypothesized distribution family { Qg }gco with

probability density gy is given and the underlying mean matrix M* is assumed to be low-rank. Then,
M can be viewed as a perturbation of M* and we can estimate IM* via matrix completion algorithms

with entries in M. Denote M as the estimate for M*, then we have the estimated likelihood
R(msi,9) = agg, (m).

The odds ratios are also estimated from the training set, i.e. iAzij, from which we compute the weights
_ hiy - n hi. .

= i — (17.7) € Scal, Wiest = .

Z R j 1 + max _ his; Z hz/]/ + max_ A 11

(i,j')€S®
(3',5") EScal (i’,j")EScal )

For each (i, j) € Scal, calculate the likelihood-based nonconformity score
Rij = *%(Mij;i»j)-
Then, for any test point (i, j«) € S¢, we can construct the confidence interval
Clin, Ju) = {m € [K] : T(m;ix,jx) < q},

where ¢ is the weighted quantile

¢ = Quantile, _, E Wij - OR;; + Wiest * 0400
(4,5) ESca

More examples of conformal methods for classification are shown in Romano et al.| (2020), |An-
gelopoulos et al.| (2020), etc.

C.2 Full conformalized matrix completion

In Algorithm[2] the procedure of the full conformalized matrix completion (full-cmc) is presented.
This full conformal version of cmc offers the same coverage guarantee as given in Theorem [3.2]for
the split version of cmc (except with the entire observed set S in place of Sc,1, when defining A(w);
the formal proof of this bound for full conformal is very similar to the proof of Theorem [3.2] using
an analogous weighted exchangeability argument as in Lemma[3.1] and so we omit it here.

To define this algorithm, we need some notation: given the observed data Mg, plus a test point
location (i, j.) and a hypothesized value m for the test point M;, ;, , define a matrix M™) with
entries

Mij, (i,j) €S,
Mi(;n) =3\ (4,5) = (ix, Js), (20)
0, otherwise,
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Algorithm 2 full-cmc: full conformalized matrix completion

1: Input: target level 1 — «; partially observed matrix M.

2: Using the training data M g, compute an estimate P of the observation probabilities (with p; ;
estimating p;;, the probability of entry (i, j) being observed).

3: for (i.,7.)in S¢ do
4 for m € M do
5: Augment M with one additional hypothesized entry, {M;, ;. = m}, to obtain M)
defined as in (20).
6: Using the imputed matrix Mgm), compute:
« An initial estimate M (™ using any matrix completion algorithm (with ]\Z(Jm) estimating
the target M;);
« Optionally, a local uncertainty estimate 8™ (with éfjm) estimating our relative uncertainty
in the estimate J\//fi(]m)), or otherwise set §£§”) =1;
« An estimate P of the observation probabilities (with p;; estimating p;;, the probability of
entry (7, j) being observed).
7 Compute normalized residuals for (i, j) € S U {(x, j«)}»
7(m)
pom _ | Mij — M|
ij ggn)
8: Compute weights
. hij -~ 1 — Dij . o
Wij = ’ ﬁ ) hij = =~ Jv (i,7) € SU{(ix, js) }-
2 gnesul(in gy ity bis
9: Compute the weighted quantile
G (i, ) = Quantile, , | Y @0 o + Wi ;. 4o Q1)
ij
(i,4)€S
10: end for
11: end for

~

12: Output: {C’(z’*,j*) _ {m eM: R™ < §<m>(z‘*,j*)} : (isrja) € sc}

where, abusing notation, “M;; = (” denotes that no information is observed in this entry.

We note that, when M = R (or an infinite subset of R), the computation of the prediction set
is impossible in most of the cases. In that case, our algorithm can be modified via a trimmed or
discretized approximation; these extensions are presented for the regression setting in the work of
Chen et al. (2016, 2018), and can be extended to the matrix completion setting in a straightforward
way.

C.3 Exact split conformalized matrix completion

In Algorithm 3, we present the exact split approach, which is less conservative than our one-shot
approach given in Algorithm [T, but may be less computationally efficient. In this version of the
algorithm, the quantile ¢ = g(i, j.) needs to be computed for each missing entry since the weight
vector w depends on the value of p;, ;, .
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Algorithm 3 split-cmc: split conformalized matrix completion

1: Input: target coverage level 1 — «; data splitting proportion ¢ € (0, 1); observed entries M.
2: Split the data: draw W;; H- Bern(q), and define training and calibration sets,

Str = {(l,j) €S: Wij = 1}, Scal = {(’L,]) €S: Wij = O}
3: Using the training data Ms,, indexed by S, C [d1] X [dz], compute:

* An initial estimate M using any matrix completion algorithm (with M;; estimating the
target M;;);
* Optionally, a local uncertainty estimate s (with 5;; estimating our relative uncertainty in the
estimate M;;), or otherwise set 5;; = 1;
« An estimate P of the observation probabilities (with p;; estimating p;;, the probability of
entry (7, j) being observed).
4: Compute normalized residuals on the calibration set,
M;j; — J\/Zij .y
Ry = ’Ai‘ (4,7) € Scar-
Sij
5: Compute estimated odds ratios for the calibration set and test set,

Dij

hij = —9— (i,j) € Seat US°,
ij 1-py (i,7) cal
6: for (i.,j.) € S¢do
7: Compute weights for the calibration set and test point,
By = i (,7) € Scat, Wiest = L
iy — = = ) ) caly - = = .
hirge + hi, . > hiythig,

(i/yj/)escal (i/vj/)escal

8: Compute threshold

a(Z*,j*) = Quantﬂelfa Z 7«/&ij . 6Rij + {Etesl . 6+oo )
(4,5) EScal
where 9; denotes the point mass at ¢.

9: end for
10: Output: confidence intervals

~

Clis,Jjx) = M, j, £ qlix, Ju) - 504,

for each unobserved entry (i, j.) € S°.
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