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Abstract

We investigate language generation in the limit – a model by Kleinberg and Mul-1

lainathan [2024, NeurIPS] and extended by Li, Raman, and Tewari [2024]. While2

Kleinberg and Mullainathan proved generation is possible for all countable col-3

lections, [Li et al., 2024] defined a hierarchy of generation notions (uniform,4

non-uniform, and generatable) and explored their feasibility for uncountable col-5

lections. Our first set of results resolve two open questions of [Li et al., 2024] by6

proving finite unions of generatable or non-uniformly generatable classes need7

not be generatable. These follow from a stronger result: there is a non-uniformly8

generatable class and a uniformly generatable class whose union is non-generatable.9

This adds to the aspects along which language generation in the limit is different10

from traditional tasks in statistical learning theory like classification, which are11

closed under finite unions. In particular, it implies that given two generators for12

different collections, one cannot combine them to obtain a single “more powerful”13

generator, prohibiting this notion of boosting. Our construction also addresses a14

third of [Li et al., 2024]’s open questions on whether there are uncountable classes15

that are non-uniformly generatable and do not satisfy the eventually unbounded16

closure (EUC) condition introduced by Li, Raman, and Tewari. Our approach17

utilizes carefully constructed classes along with a novel diagonalization argument18

that could be of independent interest in the growing area of language generation.19

1 Introduction20

The algorithmic problem at the core of language generation – in both humans and large language21

models (LLMs) – is deceptively simple: given a sequence of examples from some target language,22

generate new and previously unseen strings that also belong to this language. Despite the remarkable23

capabilities of humans and, perhaps, more so of LLMs, to generate coherent text, a thorough24

understanding of the theoretical underpinnings of language generation has remained elusive.25

Language Generation in the Limit. Kleinberg and Mullainathan [2024] recently formalized this26

problem in a model resembling online learning: First, an adversary fixes a target language K ∈ L27

and an enumeration of K.1 At each round n ≥ 1, the adversary presents the n-th element xn of28

the enumeration to the generator. The generator, given the strings Sn = {x1, . . . , xn} seen so far,29

outputs a new string wn /∈ Sn – its guess for an unseen string in K. The generator wins this game30

if it eventually learns “to generate from K.” Formally, a generator G is said to generate from L in31

the limit if for all K ∈ L and any enumeration of K, there exists a finite time n⋆ such that for any32

subsequent round n ≥ n⋆, the generated string wn is an unseen element of K, i.e., wn ∈ K \ Sn.33

This model is closely connected to the seminal work of Gold [1967] – which studied the problem with34

the harder goal of identifying the target language K from a collection of languages L – and sparked a35

1Formally, en enumeration of K is an infinite sequence of elements x1, x2, . . . (possibly including duplicates)
such that each xi ∈ K, and for every element x ∈ K there is some position nx in the sequence where x appears.
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long line of work both in linguistics and computer science, culminating in a complete characterization36

by Angluin [1979, 1980]. This characterization revealed a profound paradox: while language37

generation is readily accomplished by humans (and now, LLMs), language identification in the38

Gold–Angluin model proves intractable for virtually all non-trivial collections L – even collections of39

regular languages, which are considerably simpler than human languages. This intractability persists40

despite Gold’s model imposing no constraints on the computational power of the learner.41

Kleinberg and Mullainathan [2024] offer a striking resolution to this paradox: they demonstrated that42

a subtle shift in the problem formulation – from identification to generation – renders the problem43

tractable. Their main result is that language generation in the limit is achievable for any countable44

collection of languages. This remarkable finding sparked significant interest within the learning45

theory community, spawning a growing line of works (e.g., Li et al. [2024], Kalavasis et al. [2025],46

Charikar and Pabbaraju [2024b], Raman and Raman [2025]); see Section 1.2 for a detailed discussion.47

Most relevant to our work is the work of Li et al. [2024] – who take a learning theory perspective48

on language generation in the limit (henceforth, simply language generation) – allowing L to be an49

uncountable collection – and characterizing which collections L are amenable to different forms50

of generation. In particular, they define a hierarchy of generation notions which differ in whether51

the number of samples n⋆ that are needed to achieve consistent generation depends on the target52

language K ∈ L or its enumeration. In decreasing order of hardness, these notions are:53

▷ Uniform Generation where n⋆ neither depends on K nor its enumeration; it only depends on L54

▷ Non-uniform Generation where n⋆ can depend on L and K but not K’s enumeration55

▷ Generation where n⋆ can depend on L, K, and K’s enumeration56

Here, the weakest notion – generation – is the one studied by Kleinberg and Mullainathan [2024].57

Our Main Questions. In their work, Li et al. [2024] demonstrated that the problem of generation,58

under any of these notions, is fundamentally distinct from prediction and the PAC learning framework:59

they constructed several classes that are generatable but not PAC learnable and vice versa, establishing60

a clear separation between these paradigms. While these examples illustrate specific differences61

between prediction and generation, they raise a more profound question: do the conceptual properties62

of generation differ significantly from those of prediction? One of the most fundamental properties63

of traditional prediction tasks (such as binary, multiclass, or online classification) is closure under64

finite unions – if classes H1 and H2 can be learned (under any of the aforementioned notions of65

prediction) then so can H1 ∪ H2. Indeed, this property is at the heart of boosting [Freund and66

Schapire, 1996, Schapire, 2003, Chen and Guestrin, 2016] and, if true, enables one to combine two67

or more generators, to obtain more “powerful” and versatile generators. Further, the challenge of68

effectively combining generators also appears in the work of Kalavasis et al. [2025], where it is a69

crucial obstacle in establishing tight sample complexity bounds for generation in statistical settings.70

Although Kalavasis et al. [2025] ultimately circumvent this challenge through alternative techniques,71

the following fundamental question remains:72

▷ Q1. Is generation closed under finite unions?73

This was also explicitly posed as a key open problem by Li et al. [2024] (as Questions 6.2) and as a74

first step in addressing this broader question, they also posed the following more specific variant:275

▷ Q2. Are finite unions of non-uniformly generatable classes always generatable?76

Apart from differences between generation and prediction, two main results of Li et al. [2024] are77

complete characterizations of uniform generation and non-uniform generation, respectively. A natural78

and important question is to develop a complete characterization of generation in the limit. Toward79

this goal, Li et al. [2024] provide several sufficient conditions. Perhaps the most natural one of these80

is based on the Eventually Unbounded Closure (EUC) property (see Definition 2.7). Informally, a81

collection L satisfies the EUC property if for any target language. K ∈ L, after seeing a finite number82

of elements x1, x2, . . . , xn ∈ K, all languages L ∈ L consistent with x1, x2, . . . , xn share infinitely83

many elements. (In other words, all languages in the “version space” defined by x1, x2, . . . , xn share84

2Li et al. [2024] show finite unions of uniformly generatable classes are generatable but need not be
non-uniformly generatable.
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infinitely many elements for large enough n.) Further, Li et al. [2024] observed that the EUC property85

is connected to a certain “autoregressive” property where, after seeing finitely many samples, the86

generator no longer needs to observe further samples to generate new and unseen examples in the87

future. Given the central role of EUC in current approaches to characterizing generatability and its88

connection to the autoregressive property, Li et al. [2024] pose the following question:89

▷ Q3. Is there a non-uniformly generatable and uncountable class violating the EUC property?90

1.1 Our Contributions91

We present a family of constructions and corresponding techniques that resolve three open questions92

of Li et al. [2024] in the model of language generation of Kleinberg and Mullainathan [2024].93

▷ Non-Closure Under Finite Unions: Our first result constructs two collections L1 and L2 that94

are generatable individually, while their union L1 ∪ L2 is not, answering Question 1 negatively95

(Theorem 3.1). This construction relies on specific properties relating the two collections96

(which we explain later; Section 3.4), allowing us to develop a family of counterexamples –97

demonstrating that the failure of union-closedness is not isolated but an inherent property of98

language generation that fundamentally distinguishes it from traditional prediction tasks. In99

particular, we can also ensure that L1 and L2 are both non-uniformly generatable, hence, also100

resolving Question 2.101

▷ A Minimal Pair of Classes Whose Union Is Not Generatable: Next, we investigate the102

spectrum between known extremes: at one end, Kleinberg and Mullainathan [2024] showed that103

unions of countable collections are generatable; at the other end, our first result (Theorem 3.2)104

shows that unions of uncountable generatable collections need not be generatable. Our second105

result, refines this understanding by constructing a countable collection L′
1 and an uncountable106

collection L′
2 whose union is not generatable. Notably, in this construction, L′

1 is non-uniformly107

generatable and L′
2 is uniformly generatable (both without requiring to get any examples from108

the target language), yet their union L′
1 ∪L′

2 is not generatable (Theorem 3.2). This observation109

shows that the construction is minimal in the sense that simplifying either collection further (by,110

e.g., making L′
1 to be uniformly generatable or L′

2 countable) would make the union generatable,111

due to results of Li et al. [2024], Kleinberg and Mullainathan [2024].112

▷ Non-Uniformly Generatable Collections without EUC: Our third result (Theorem 3.3) an-113

swers Question 3 by identifying an uncountable collection that is non-uniformly generatable but114

violates the Eventually Unbounded Closure (EUC) property. This result provides insight into115

the relationship between non-uniform generatability and the autoregressive property, suggesting116

that current sufficient conditions for characterizing generation in the limit need to be expanded.117

Technical Novelty. We now highlight the key technical challenges and innovations in obtaining our re-118

sults. The problem of studying generatability of unions of classes was previously examined by Li et al.119

[2024], who showed that countable unions of uniformly generatable classes need not be generatable120

in the limit. As they note, their result “showcases the hardness of characterizing generatability in the121

limit.” Their construction is highly sophisticated, involving a countable list of collections L1,L2, . . .,122

each defined by a different prime number. In this construction, they are able to ensure that the union,123 ⋃
i Li, was sufficiently complex that it ends up being non-generatable. This is achievable because124

they take unions of countably many classes – an operation under which even standard prediction125

tasks in learning theory (such as binary and multi-class classification) are not closed.3126

A key challenge in our work is that we consider unions of just two classes. These two classes must127

simultaneously possess enough structure to be individually generatable, yet become sufficiently128

complex when combined that their union is not generatable in the limit. Our result in Theorem 3.2 is129

even more surprising, as it demonstrates this phenomenon with one class being (trivially) uniformly130

generatable and the other being countable. Our construction relies on several careful choices that we131

outline below and elaborate on in Section 3.4.132

Overview of Diagonalization. The only method for proving non-generatability is diagonaliza-133

tion [Li et al., 2024, Charikar and Pabbaraju, 2024b, Kalavasis et al., 2024]. This approach is134

also fundamental in computational complexity theory [Arora and Barak, 2009]. At a very high135

3Indeed, one can construct a countable union of classes where the i-th class has VC dimension i, so that the
countable union necessarily has infinite VC dimension, rendering it unlearnable.
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level, using diagonalization one constructs, for any consistent generator, an adversarial enumeration136

of the target language with distinct “phases” t1, t2, . . . such that in the i-th phase, the generator137

must generate from language Li (and not from languages Li+1, Li+2, . . . , L∞ = K). Conse-138

quently, either the generator fails to be consistent in one phase (failing to generate from Li), or we139

identify infinite steps where it fails to generate from K = L∞.140

Challenges in Using Diagonalization with Finite Unions. When applying this argument to two141

collections, we must partition the languages L1, L2, . . . between our collections, L1 and L2. However,142

this causes a problem: by the Pigeonhole principle, at least one collection must contain infinitely many143

of these languages. Typically, this would allow us to reproduce a similar diagonalization argument,144

showing that the corresponding collection (say L1) is itself not generatable – contradicting our goal.145

(Note that Li et al. [2024] avoid this problem by using countably many collections, assigning language146

Li to collection Li – ensuring that each collection only has a single language from L1, L2, . . . .)147

Idea 1 (Embedding A Shared Structure). To overcome this challenge, we divide the languages into148

two sets L1, L3, L5, . . . and L2, L4, L6, . . ., embed a shared structure across each set of languages,149

and assign the sets to the collections L1 = {L1, L3, L5, . . . } and L2 = {L2, L4, L6, . . . } respec-150

tively. For instance, one form of structure is to ensure that L1, L3, L5, . . . ⊇ Z+ (all odd-indexed151

languages contain all positive integers) and L2, L4, L6, . . . ⊇ Z− (all even-indexed languages con-152

tain all negative integers). This structure prevents the diagonalization argument from working153

independently on either L1 or L2.154

This approach, however, introduces a new challenge: it potentially prevents diagonalization from155

working on L1 ∪ L2 as well. For example, a generator could determine whether it is in the “even156

world” (where K ⊇ Z−) or the “odd world” (where K ⊇ Z+) by comparing the length of observed157

prefixes of negative integers versus positive integers. (We make this argument formal in Section 3.4.)158

Idea 2 (Omitting Shared Elements). To prevent such identification, we need to ensure that after159

seeing only finitely many elements, every even-indexed language consistent with the enumerated160

stream is sufficiently similar to some odd-indexed language, and vice-versa. In the context of our161

running example, to do that we allow each language Li to omit finitely many elements from its shared162

set (either Z+ or Z−). This turns out to be sufficient to ensure that the generator cannot identify163

whether K ∈ L1 or K ∈ L2.164

This idea, however, creates an additional technical hurdle because standard diagonalization leads165

to the language K (= L∞) missing infinitely many elements from both shared sets (positive and166

negative integers for L1 and L2 respectively), meaning it could not belong to either collection,167

otherwise the corresponding collection would be non-generatable.168

Idea 3 (A Variant of Diagonalization). Our third innovation is a novel form of diagonalization169

where, counter-intuitively, the adversary forces the generator to make mistakes only in alternate170

rounds. This approach carefully balances the constraints to ensure that (1) both collections remain171

generatable individually, (2) their union is not generatable, and (3) the final language K enumerated172

during diagonalization belongs to one of the collections.173

We believe this novel diagonalization technique will have broader applications in the study of language174

generation, potentially paving the way toward a complete characterization of generatability in the175

limit – addressing the main open question in this research area identified by Li et al. [2024].176

1.2 Related Work177

Our work directly builds on the framework of Kleinberg and Mullainathan [2024], who introduced178

the model of language generation in the limit. Since then, a growing line of research has explored179

various aspects of language generation (e.g., Li et al. [2024], Kalavasis et al. [2025], Charikar and180

Pabbaraju [2024a], Raman and Raman [2025], Peale et al. [2025], Kleinberg and Wei [2025]). Here,181

we discuss the most relevant prior works.182

Uniform and Non-Uniform Generation. Li et al. [2024] introduced a hierarchy of three notions of183

generation – uniform, non-uniform, and generatable – and provided characterizations for uniform and184

non-uniform generation along with sufficient conditions for generatability. Charikar and Pabbaraju185

[2024b] also, independently and concurrently, studied non-uniform generation and showed that186

all countable collections can be non-uniformly generated, strengthening the results of Kleinberg187

and Mullainathan [2024] (which only showed that countable collections are generatable and finite188

collections are uniformly generatable).189
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Language Generation with Breadth. While Kleinberg and Mullainathan’s algorithm eventually190

ceases outputting elements outside of K after finite time (i.e., it eventually stops hallucinating), this191

property comes at a cost: the algorithm sacrifices breadth – i.e., the ability to generate diverse strings192

from the target language. A number of works study language generation with different notions of193

breadth and demonstrate that requiring many natural notions of breadth makes generation significantly194

harder, almost as hard as language identification Kalavasis et al. [2025], Charikar and Pabbaraju195

[2024b], Kalavasis et al. [2024], Peale et al. [2025], Kleinberg and Wei [2025].196

Further work on Language Generation. Recent works have also explored several other aspects of197

language generation. Raman and Raman [2025] investigated language generation in a model where198

an adversary can introduce errors in the inputs, developing a robust framework for noisy settings.199

Karbasi et al. [2025] explored the complexity of determining if a specific generator G is hallucinating.200

Union-Closedness of Prediction. Understanding the behavior of learning problems such as binary201

classification and online learning under various natural operations on the underlying hypothesis class,202

e.g., finite unions, intersections, and products, is a fundamental challenge that is now well-understood203

in the literature – see, e.g., Van Der Vaart and Wellner [2009], Alon et al. [2020], Ghazi et al. [2021]204

and references therein. Notably, these properties also reveal natural learning strategies: one can205

decompose the underlying class into simpler ones, learn them separately, and “combine” the learners.206

2 Preliminaries207

In this section, we present some background on language generation in the limit.208

Notation. Let Σ be a finite alphabet (e.g., {a, b, . . . , z}), and Σ∗ the set of all finite-length strings209

formed by concatenating symbols from Σ. We define a language L as an infinite subset of Σ∗.210

A collection of languages is denoted by L. We define a generating algorithm G = (Gn)n∈N as a211

sequence of mappings Gn : (Σ
∗)n → Σ∗ parametrized by the input size n. In words, the generator212

maps a finite training set to a (potentially infinite) set of elements.4213

Language Generation in the Limit. We begin with the formal definition of language generation in214

the limit, introduced by Kleinberg and Mullainathan [2024].215

Definition 2.1 (Language Generation in the Limit [Kleinberg and Mullainathan, 2024]). Fix some K216

from the language collection L and a generating algorithm G = (Gn). At each step n, let Sn ⊆ K217

be the set of all strings that the algorithm G has seen so far. G must output a string wn /∈ Sn (its218

guess for an unseen string in K). The algorithm G is said to generate from K in the limit if, for all219

enumerations of K, there is some n∗ ∈ N such that for all steps n ≥ n∗, the algorithm’s guess wn220

belongs to K \ Sn (or K \ Sn is empty). The collection L allows for generation in the limit if there221

is an algorithm G that generates from K in the limit for any K ∈ L.222

To gain some intuition about this definition, consider the collection L = {Z, L1, L−1, L2, L−2, . . . }223

of thresholds over integers where, for each i ∈ Z, Li = {i, i + 1, i + 2, . . . }. Suppose the target224

language is some K ∈ L and the adversary first enumerates string x1. The generator can deduce225

that K = Lz for some z ≤ x1, i.e., K ∈ {Z, Lx1
, Lx1−1, . . . }. Since the intersection of all of226

these languages is non-empty and is a strict superset of the strings enumerated so far (namely, the227

intersection is {x1 + 1, x1 + 2, . . . }), the generator can generate an element that is guaranteed to be228

in K: for instance, it is sufficient to output x1+1. More generally, after seeing strings x1, x2, . . . , xi,229

the generator can output any integer larger than max{x1, x2, . . . , xi}.230

Remark 2.2. For the problem to be interesting, we assume that each language in the collection has231

infinite cardinality, i.e., |L| = ∞ for all L ∈ L. (Otherwise, K \ Sn eventually becomes empty.)232

Remark 2.3 (Repetitions). For simplicity, we throughout also assume that the adversary is not allowed233

to repeat strings in its enumeration. Otherwise, to define uniform and non-uniform generatability, we234

have to count the number of unique elements listed by the adversary [Li et al., 2024].235

Kleinberg and Mullainathan [2024] showed that language generation in the limit is possible for all236

countable collections of languages – starkly contrasting results in language identification.237

Uniform and Non-Uniform Generation in the Limit. Next, we present two strengthenings of the238

notion of generation in the limit introduced by Li et al. [2024]. The first notion is the strongest, it239

4While Kleinberg and Mullainathan [2024] required outputting only one element at a time, Kalavasis et al.
[2025], Charikar and Pabbaraju [2024a] relaxed this to allow for case where, at some finite point, one can stop
training and generate a rich set of responses.
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requires the number n∗ in Definition 2.1 (which is the number of samples required by the generator240

before it starts generating consistently) to be independent of the target language and its enumeration.241

Definition 2.4 (Uniform Generation [Li et al., 2024]). A collection L is said to be uniformly generat-242

able, if there is an algorithm G and n∗ such that, for each K ∈ L and each (adversarially chosen)243

enumeration EK of K, G generates from K in the limit after seeing n ≥ n∗ examples from K.244

The non-uniform generation weakens this notion by allowing n∗ to depend on the target language.245

Definition 2.5 (Non-Uniform Generation [Li et al., 2024]). A collection L is said to be non-uniformly246

generatable, if there is an algorithm G such that, for each K ∈ L, there is a number n∗ = n∗(K)247

such that for any (adversarially chosen) enumeration E of K, G generates from K in the limit after248

seeing n ≥ n∗ examples from K.249

Li et al. [2024] provide characterizations for both the collections that are uniformly and non-uniformly250

generatable, respectively. These, in particular, show that all countable collections are non-uniformly251

generatable; a result independently and concurrently also shown by Charikar and Pabbaraju [2024b].252

They also show that all finite collections are uniformly generatable in the limit; a result that was also253

earlier shown by Kleinberg and Mullainathan [2024].254

A key remaining question, after these works, is a characterization for the weakest notion of generation255

in the limit in Definition 2.1; where n∗ can depend on both K and EK . Next, we define the eventually256

unbounded closure property, which forms the basis of a sufficient condition for generatability proposed257

by Li et al. [2024].258

Definition 2.6 (Version Space). Given a finite sequence of strings X = {x1, . . . , xn} and a collection259

L, let V (L, X) be the set of languages L ∈ L containing X .260

Definition 2.7 (Eventually Unbounded Closure). A collection L is said to have the Eventually261

Unbounded Closure (EUC) property if, for every L ∈ L and enumeration x1, x2, . . . of L, there is a262

finite time t, at which all languages in V (L, {x1, x2, . . . , xt}) share infinitely many elements.263

It is not too hard to show that all uniformly generatable collections possess the EUC property, while264

some generatable collections do not [Li et al., 2024]. The relationship between EUC and non-uniform265

generatability is less clear, and Li et al. [2024] constructed a countable class that was non-uniformly266

generatable without the EUC property, but left open whether an uncountable such class exists. Our267

work resolves this question by demonstrating an uncountable class that is non-uniformly generatable268

yet lacks the EUC property.269

3 Our Results and Technical Overview270

In this section, we present our results on language generation in the limit, addressing three open271

questions of Li et al. [2024].272

3.1 Non-Closure Under Finite Unions273

Our first result demonstrates that generation is not closed under finite unions.274

Theorem 3.1. There are uncountable collections L1,L2 that are non-uniformly generatable while275

L1 ∪ L2 is not generatable.276

We stress that while each collection is non-uniformly generatable, their union does not just violate277

non-uniform generatability, it also violates generatability. Thus, Theorem 3.1 resolves both Questions278

1 and 2 negatively. Further, the construction in Theorem 3.1 relies on a certain “prefix-realizability”279

properties between L1 and L2 (see Appendix C), which enable us to generalize this approach to a280

family of counterexamples. This demonstrates that the failure of union-closedness is not an isolated281

phenomenon but rather an inherent property of language generation.282

3.2 On Finite Union of Non-Uniformly Generatable Collections283

Both collections in Theorem 3.1 are uncountable. This is necessary in part: at least one collection284

must be uncountable since, otherwise, if both are countable collections, then their union remains285

countable and, hence, generatable by the results of Kleinberg and Mullainathan [2024]. This naturally286

raises the question: must both collections be uncountable for the union to be non-generatable?287

Our second result shows that both collections need not be uncountable. From our family of coun-288

terexamples, we identify a pair (L1,L2) where L1 is countable, L2 is uncountable, and their union is289

not generatable.290
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Theorem 3.2. There are collections L1 and L2 for which L1 ∪ L2 is not generatable such that:291

▷ L1 is countable and non-uniformly generatable, without requiring any elements from the adversary292

▷ L2 is uncountable and uniformly generatable, without requiring any elements from the adversary.293

Thus, Theorem 3.2 establishes that unions of non-uniformly and uniformly generatable classes294

are not guaranteed to be generatable. Moreover, these collections are minimally complex in the295

following precise sense: if either collection is any simpler (i.e., if L1 is uniformly generatable or L2296

is countable), then L1 ∪ L2 would be generatable. When L1 is uniformly generatable this is due to a297

result of Li et al. [2024] which shows that unions of uniformly generatable classes are generatable.298

When L2 is countable, this is due to a result of Kleinberg and Mullainathan [2024] showing that all299

countable collections are generatable.300

Furthermore, even among non-uniformly generatable and uniformly generatable classes, L1 and L2301

represent the simplest collections because they can be generated without observing any elements302

from the adversary. In the terminology of Li et al. [2024], this enables “autoregressive” generation –303

where the generator can produce new elements without requiring input from the adversary.304

Finally, since L1 is countable it can be expressed as a union of singletons L1 =
⋃∞

i=1 {Li}. Since305

each singleton is trivially uniformly generatable, Theorem 3.2 provides a list of countably many306

classes (L2, {L1} , {L2} , . . . ) that are each uniformly generatable without requiring any elements307

from the adversary but their union L2 ∪ {L1} ∪ {L2} ∪ . . . is not generatable. This, in particular,308

recovers a result of Li et al. [2024], namely their Lemma 4.3.309

3.3 On the EUC Property and Non-Uniform Generation310

Our third result resolves Question 3 as a direct consequence of our construction in Theorem 3.1.311

Theorem 3.3. There is an uncountable collection L that is non-uniformly generatable and violates312

the EUC property (Definition 2.7).313

Specifically, the collection L1 from Theorem 3.1 is non-uniformly generatable but violates the EUC314

property, providing a concrete counterexample that addresses this open question.315

3.4 Technical Overview316

In this section, we give a detailed overview of our approach; for a higher-level summary, we refer317

readers to Section 1.1. Our goal is to show that finite unions of generatable classes need not be318

generatable. Toward this, it is instructive to build some intuition about how to show that a class is not319

generatable. Recall that Kleinberg and Mullainathan [2024] showed that any countable collection is320

generatable, thus we must necessarily work with uncountable collections.321

Warm-Up: A Non-generatable Collection. Let the domain Σ∗ be N. A natural candidate to322

consider is the collection of all infinite subsets of N.5 Given a generator G , we will pick some323

K ∈ L and enumeration of K, both tailored to G , so that it makes a mistake in every step. Let324

us denote the element enumerated at step i ∈ N by xi and the element generated at step i ∈ N325

by yi = Gi (x1, . . . , xi). We begin by setting x1 = 1. Then, for each k ∈ N we define xk =326

max {maxi=1,...,k−1 xi,maxj=1,...,k−1 yj} + 1. We let K =
⋃

i∈N {xi} and E = (x1, x2, . . .) .327

Notice that xi ̸= xi′ for i ̸= i′, hence K contains infinitely many elements. Moreover, K ∈ L and E328

is a valid enumeration of K.6 Why does the learner make a mistake in every step? Consider two cases:329

at step i either the learner outputs some yi ∈ {x1, . . . , xi} so it fails to output an unseen element,330

or it outputs some yi ̸∈ {x1, . . . , xi}. In the latter case, by the definition of E, all the elements we331

enumerate in subsequent rounds (the unseen elements of K), are greater than yi, which means that yi332

is not an unseen element of K.333

Unfortunately, the collection L is very complex so it is not clear at all if it is possible to split it into334

two collections L1,L2 such that both of them are generatable and L1 ∪ L2 = L. Nevertheless, this335

idea of constructing hard enumerations and target languages as a function of the underlying generator336

– a.k.a. diagonalizing against the underlying generator – will be the first ingredient towards our main337

5Recall that for the problem of generation to be well-defined Kleinberg and Mullainathan [2024] require that
all languages in the collection are infinite.

6In fact, it is an “easy” enumeration since it lists elements in increasing order.
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result. Next, we explore the crucial question: Can we construct L1,L2 that are individually easy to338

generate from but L1 ∪ L2 is (almost) as complex as the previous collection?339

A First Attempt (which Fails). Our first idea is to create L1 and L2 in a symmetric way. Both340

defined over Z, L1 contains languages that are “easy” on the negative integers and “hard” on the341

positive integers, while L2 contains languages that are “hard” on the negative integers and “easy” on342

the positive integers. Taking this approach to the extreme, we define343

L1 := {LA := Z− ∪A, A ⊆ Z+, |A| = ∞} and L2 := {LB := Z+ ∪B, B ⊆ Z−, |B| = ∞} .

In words, every language in L1 contains all the negative integers and some infinite subset of the344

positive integers (and for every such subset there exists a corresponding language in L1). The345

collection L2 is defined in a symmetric way where the roles of positive and negative integers are346

flipped. Both L1 and L2 are uniformly generatable in a trivial way: for L1 it suffices to generate any347

unseen negative number and symmetrically for L2.348

Can a single generator successfully generate L1 ∪ L2? Since there is no systematic way to generate349

from uncountable collections (unlike countable collections), we explore natural heuristics. Perhaps350

the most intuitive approach is to track the positive and negative integers observed so far and generate351

from the “heavier” side (the side with more observed elements). This approach fails: an adversary352

can select a language from L1 and ensure any finite prefix of the enumeration contains more positive353

than negative integers – fooling the learner into generative positive integers – and, then, selecting the354

set A to using our warm-up technique to force mistakes. However, a more sophisticated generator355

does exist for L1 ∪ L2: the generator keeps track of the longest prefix7 enumerated on the positive356

and negative side separately, and outputs an unseen number from the side with the longer prefix.357

Why does this work? If K = Z, then the generator is always correct. Otherwise, K either contains358

Z− and misses at least one element from Z+ or it contains Z+ and misses at least one element from359

Z−. In either case, since the adversary must completely enumerate K the prefix of one of the two360

sides will stop growing, while the other increases indefinitely. Thus, in the limit, this generator will361

output valid and unseen elements from K.362

An Attempt (which Works). The core reason why our previous attempt fails is that (in the limit), a363

sufficiently clever generator can identify if K ∈ L1 or K ∈ L2. To get our result, we need to ensure364

that no generator can make this determination. We therefore modify our collections L1,L2 to make365

them even more similar while keeping them individually generatable:366

L′
1 := {LA,B := (Z− \A) ∪ (Z+ \B) , A ⊆ Z+, |A| < ∞, B ⊆ Z−, |B| = ∞} ,

L′
2 := {LA,B := (Z− \A) ∪ (Z+ \B) , A ⊆ Z+, |A| = ∞, B ⊆ Z−, |B| < ∞} .

In this construction, languages in L′
1 contain almost all negative integers (missing only finitely many367

in A) and only some positive integers (missing infinitely many in B). The collection L′
2 is defined368

symmetrically, with finite/infinite exclusions reversed. First, notice that L′
1,L

′
2 are non-uniformly369

generatable in a trivial way: there exists a generator that generates from L1 (and L′
2) without seeing370

any examples from the target language and the number of mistakes it makes depends only on K.8371

The crux of the difficulty with the new collections is that, while they have a clear asymmetry (one side372

missing finitely many elements, the other missing infinitely many), this asymmetry cannot be detected373

at any finite time. Indeed, it is not hard to see that the sophisticated generator that kept track of374

continuous prefixes of both positive and negative integers and generated according to the longer-prefix375

side fails for L′
1 ∪ L′

2. It turns out that every generator fails for the union of this pair of collections.376

To show this, a tempting approach is to try to replicate our strategy from the warm-up construction377

and force a mistake in every round. For instance, we can start enumerating positive integers, and if378

the generator ever outputs an unseen positive number xi1 , switch to enumerating negative integers379

ensuring that we do not enumerate any negative number the generator has generated. Indeed, L′
1 ∪L′

2380

is sufficiently complex to ensure that for every t ∈ N the elements St enumerated up to timestep t are381

consistent with some language Kt ∈ L. Unfortunately, this property does not imply that we present a382

complete enumeration of some K ∈ L. Indeed, it is not hard to construct generators for which the383

stated approach ends up enumerating some K̂ that does not contain infinitely many negative integers384

7A prefix of length i from Z− is the set {−i,−i− 1, . . . ,−1} and symmetrically from Z+
8Indeed, for L′

1 the generator can start outputting negative integers in decreasing order and since any K
misses only finitely many of them it will eventually start generating correctly (symmetrically for L′

2.)
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and infinitely many positive integers; such languages are not part of L′
1 ∪ L′

2. Hence, to show the385

non-generatability of L′
1 ∪ L′

2 we must use a more involved argument.386

A Modified Diagonalization Argument. We now present a lower bound construction that proceeds387

in (potentially infinitely) many phases, which are now broken into two subphases, and is tailored to388

the underlying generator G . Let us introduce some notation: let St denote the elements enumerated389

by the adversary up to (and including) step t. We also denote by Pt the set of positive integers the390

generator has outputted up to (and including) step t and Nt set of negative integers the adversary has391

enumerated up to (and including) step t. We now describe our construction inductively:392

Phase 1-A: During this phase, the adversary enumerates the negative integers starting from −1 in a393

sequential, decreasing order (−1,−2,−3, . . . ) until the generator outputs an unseen negative integer.394

If this never happens, the adversary ends up enumerating K = Z− ∈ L′
1 and the generator makes a395

mistake in every timestep, hence the adversary wins the game. Thus, let us assume that t1,A is the396

first timestep the generator outputs an unseen negative integer. At this point, we switch to phase 1-B.397

Phase 1-B: The adversary now enumerates positive integers starting from maxPt1,A + 1 in a sequen-398

tial increasing order. Let t1,B > t1,A the first timestep when the generator outputs a positive integer.399

Using similar reasoning, if this never happens, the adversary enumerates a valid language from L′
2400

and the generator makes infinitely many mistakes. Otherwise, we proceed to phase 2.401

For ℓ ≥ 2, the ℓ-th phase follows:402

Phase ℓ-A: Upon entering this phase, the adversary enumerates the largest negative integer not yet403

enumerated, i.e., the number minNt − 1, and in the subsequent rounds of this phase it continues404

in decreasing order. Importantly, some of these negative integers might coincide with elements the405

generator has previously outputted, thus “correcting” some of its tentative mistakes. As we explained,406

this is unavoidable since there are G such that if the adversary forces G to make a mistake in every407

step it necessarily enumerates a language that is not in L′
1∪L′

2. Let tℓ,A > tℓ−1,B be the first timestep408

when the generator outputs an unseen negative integer. At this point, we move to subphase ℓ-B.409

Phase ℓ-B: Similar to subphase 1-B, the adversary enumerates positive integers starting from410

maxPtℓ,A + 1 until the generator outputs a positive integer, at which point this subphase ends.411

Having described the construction, we now argue its correctness. As we argued already, if the412

construction terminates after finitely many phases, then the learner makes infinitely many mistakes413

and the adversary enumerates a valid language. Alternatively if the construction proceeds for infinitely414

many phases, then the adversary enumerates Z− along with an infinite subset of Z+, producing a415

valid language from L′
1. What about the generator’s mistakes? The crucial observation is that every416

time we move from subphase ℓ-B to (ℓ+ 1)-A the adversary forces a mistake for the generator. With417

infinitely many phases, the generator necessarily makes infinitely many mistakes. The formal details418

are in Appendix A.1.419

Remark 3.4 (Connection to EUC). This construction yields an additional insight: there are uncount-420

able classes that are non-uniformly generatable (in a trivial way), yet do not satisfy the Eventually421

Unbounded Closure (EUC) property. Indeed, both L′
1 and L′

2 are uncountable and non-uniformly422

generatable, but we can prove they violate EUC (Appendix A.2), thus addressing Question 3.423

Remark 3.5 (Stronger Lower Bound). The ideas we described in this section can be utilized to derive424

the stronger lower bound from Theorem 3.2. The formal details are in Appendix A.2.425

4 Concluding Remarks426

In this paper we have continued studying the emerging line of work on language generation in427

the limit, resolving three open questions from Li et al. [2024]. While the work of Kleinberg and428

Mullainathan [2024] showed a remarkable tractability of the problem when the collection of languages429

is countable, our results and the results of Li et al. [2024] show that this learning task is significantly430

more involved when we move to uncountable collections and exhibits behaviors that are qualitatively431

different from traditional learning problems such as binary classification [Valiant, 1984, Vapnik and432

Chervonenkis, 2015] or online learning [Littlestone, 1988]. Our results further highlight the difficulty433

of coming up with a characterization of generatibility, since there are collections that are generatable434

(in a strong sense), yet even taking the union of two of them yields a non-generatable collection.435

Nevertheless, we hope that the technique we introduce to show non-generatability will help pave the436

way to the solution of this challenging problem.437
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Justification: We have defined precisely the mathematical model under which our results hold554

and have given proof sketches of the approaches to get the results.555

Guidelines:556

• The answer NA means that the paper does not include theoretical results.557

• All the theorems, formulas, and proofs in the paper should be numbered and cross-558
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code and data are provided or not.577

• If the contribution is a dataset and/or model, the authors should describe the steps taken to578

make their results reproducible or verifiable.579
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example, if the contribution is a novel architecture, describing the architecture fully might581

suffice, or if the contribution is a specific model and empirical evaluation, it may be582

necessary to either make it possible for others to replicate the model with the same dataset,583

or provide access to the model. In general. releasing code and data is often one good way584

to accomplish this, but reproducibility can also be provided via detailed instructions for585

how to replicate the results, access to a hosted model (e.g., in the case of a large language586

model), releasing of a model checkpoint, or other means that are appropriate to the research587

performed.588

• While NeurIPS does not require releasing code, the conference does require all submissions589

to provide some reasonable avenue for reproducibility, which may depend on the nature of590

the contribution. For example591

(a) If the contribution is primarily a new algorithm, the paper should make it clear how to592

reproduce that algorithm.593

(b) If the contribution is primarily a new model architecture, the paper should describe594

the architecture clearly and fully.595

(c) If the contribution is a new model (e.g., a large language model), then there should596

either be a way to access this model for reproducing the results or a way to reproduce597

the model (e.g., with an open-source dataset or instructions for how to construct the598

dataset).599

(d) We recognize that reproducibility may be tricky in some cases, in which case authors600

are welcome to describe the particular way they provide for reproducibility. In the601

case of closed-source models, it may be that access to the model is limited in some602

way (e.g., to registered users), but it should be possible for other researchers to have603

some path to reproducing or verifying the results.604

5. Open access to data and code605

Question: Does the paper provide open access to the data and code, with sufficient instructions606

to faithfully reproduce the main experimental results, as described in supplemental material?607
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possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not615

including code, unless this is central to the contribution (e.g., for a new open-source616

benchmark).617

• The instructions should contain the exact command and environment needed to run to618
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//nips.cc/public/guides/CodeSubmissionPolicy) for more details.620
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access the raw data, preprocessed data, intermediate data, and generated data, etc.622
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proposed method and baselines. If only a subset of experiments are reproducible, they624
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• At submission time, to preserve anonymity, the authors should release anonymized versions626

(if applicable).627

• Providing as much information as possible in supplemental material (appended to the paper)628

is recommended, but including URLs to data and code is permitted.629

6. Experimental setting/details630
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ters, how they were chosen, type of optimizer, etc.) necessary to understand the results?632

Answer: [NA]633

Justification: The paper does not include experiments.634

Guidelines:635

• The answer NA means that the paper does not include experiments.636

• The experimental setting should be presented in the core of the paper to a level of detail637

that is necessary to appreciate the results and make sense of them.638
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material.640

7. Experiment statistical significance641
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information about the statistical significance of the experiments?643
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• It is OK to report 1-sigma error bars, but one should state it. The authors should preferably659
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A Proofs833

A.1 Proof of Theorem 3.1834

In this section, we prove Theorem 3.1. We first state a more detailed version of the theorem.835

Theorem A.1. Let Σ∗ = Z and L = L1 ∪ L2 where836

L1 := {LA,B := (Z− \A) ∪ (Z+ \B) , A ⊆ Z−, |A| < ∞, B ⊆ Z+, |B| = ∞} ,

L2 := {LA,B := (Z− \A) ∪ (Z+ \B) , A ⊆ Z−, |A| = ∞, B ⊆ Z+, |B| < ∞} .

Then, L1,L2 are trivially non-uniformly generatable and L is not generatable.837

Proof. Notice that every language LA,B in L1 contains all the negative integers except for the finite838

set A and all of the positive integers except for the infinite set B. The languages in L2 are defined839

symmetrically. Hence, the algorithm can generate from L2 without observing any input samples840

simply by just omitting increasing prefixes of the positive integers (symmetrically for L2.)841

He next show that L = L1 ∪ L2 is not generatable.842

Assume, towards a contradiction, that there exists a deterministic generating algorithm843

G = (G1,G2, . . . )

that generates from L in the limit. We now describe an adversarial strategy that constructs an844

enumeration E = {w1, w2, . . . } of a target language K ∈ L such that the generator makes infinitely845

many mistakes.846

To simplify the notation define the following sets:847

• S+
t and S−

t denote the sets of positive and negative numbers enumerated up to time t, respec-848

tively, i.e., S+
t = {w1, . . . , wt} ∩ Z+, S

−
t = {w1, . . . , wt} ∩ Z−;849

• Pt be the set of positive integers outputted by the generator in rounds 1 through t.850

The adversary’s construction is organized into phases, each divided into two subphases.851

Phase 1. This phase is divided into two sub-phases.852

1. Subphase 1-A: In every round t, the adversary enumerates the positive integer t, i.e.,853

wt = t.

This subphase continues as long as the generator’s output, given the current prefix (1, 2, . . . , t), is854

not an integer greater than t. If there is a first round t for which855

Gt(1, 2, . . . , t) ∈ Z+ \ {1, . . . , t} ,

then subphase 1-A ends, and we move to Subphase 1-B. If the generator never deviates (i.e., never856

outputs an integer greater that {1, . . . , t}), then the enumeration E = {1, 2, 3, . . . } is complete857

for the language K = N, and N ∈ L2. Moreover, by definition, the generator makes infinitely858

many mistakes (because it never produces an unseen element of K).859

2. Subphase 1-B: Let t1 denote the first time step at which we enter this subphase. In every round t860

that we are in this phase, the adversary enumerates the negative integer861

wt = −t− t1 − 1 .

This subphase continues until the first time t at which the generator outputs a negative number862

that is smaller than the current wt, i.e.,863

Gt(St) ∈ Z− and Gt(St) < wt .

If no such round occurs, then the final enumeration E will be complete for some K ∈ L1, since it864

consists of all negative integers and a finite number of positive integers, and the generator will865

have made infinitely many mistakes.866
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Phase k (k ≥ 2). After the end of Subphase (k−1)-B, the adversary alternates the strategy as follows:867

1. Subphase k-A: Let tk be the first time of Subphase k-A. The adversary first enumerates a fresh868

positive number defined by869

pk = 1 +max{x : x ∈ S+
tk

∪ Ptk} .

Then, in every round t = tk, tk + 1, . . . during this subphase, the adversary enumerates870

wt = pk + (t− tk) ,

thereby listing an increasing sequence of fresh positive numbers. This subphase ends when, for871

the first time, the generator outputs a positive number (given the current prefix) that exceeds the872

maximum of the current enumerated positives. An identical argument to the one we used for873

subphase 1-A shows that if this subphase never terminates, then the generator makes infinitely874

many mistakes and the adversary gives a complete enumeration of a language from L2.875

2. Subphase k-B: After completing Subphase k-A, the adversary enters Subphase k-B. In every876

round during this subphase, the adversary enumerates the number877

wt = minS−
t − 1 ,

introducing a fresh negative number. This subphase ends at the first round when the generator878

outputs a negative number that is less than wt. An identical argument to the one we used for879

subphase 1-B shows that if this subphase never terminates, then the generator makes infinitely880

many mistakes and the adversary gives a complete enumeration of a language from L1.881

Let us now assume that infinitely many of the phases are executed. Then, the target language is882

K = Z− ∪A, where A ⊂ N, is determined by the elements enumerated during the subphases k-A,883

k ∈ N, hence it is a valid language from L1. Moreover, notice that every time we transition from884

subphase k-B to (k + 1)-A, then the generator makes a mistake because the element it outputted is885

not included in the constructed enumeration.886

Since there are infinitely many phases, and in each phase the generator is forced to err at least once,887

the deterministic generating algorithm makes infinitely many mistakes. This contradicts the definition888

of generation in the limit.889

Remark A.2 (Language Identification Is Not Closed under Finite Unions Either). It is worth high-890

lighting that identification in the limit is not closed under finite unions either and it exhibits a very891

similar behavior: there is a finite collection L1 that is trivially uniformly identifiable and a countable892

collection L2 that is trivially non-uniformly identifiable such that L1 ∪ L2 is not identifiable in the893

limit. To see that, let L1 = {N} and L2 = {li := {1, . . . , i} , i ∈ N}.894

A.2 Proof of Theorem 3.2895

We first restate a more detailed version of the theorem for completeness.896

Theorem A.3. Let Σ∗ = Z and let L = L1 ∪ L2 where897

L1 = {LA := Z− ∪A : A ⊆ Z+}
L2 = {N, Li,B := {−i, . . . ,−1} ∪ (Z+ \B) : i ∈ N, B ⊆ Z+, |B| < ∞} .

Then,898

• L1 is uncountable and trivially uniformly generatable,899

• L2 is countable and trivially non-uniformly generatable, and900

• no deterministic generating algorithm G = (G1,G2, . . . ) can generate from L in the limit.901

Proof. Notice that every language LA in L1 contains all the negative integers and some subset A902

of the positive integers. Hence, ∩L∈L1 = Z−, which implies that an algorithm can generate from903

L1 without using any input samples, by simply outputting negative integers. Regarding L2, notice904

that every language Li,B contains the first i negative integers and all positive integers except for905

the finite set B. We claim that for any such language Li,B , the algorithm that just outputs number906
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{1, 2, . . .} achieves generation in the limit, without requiring any input samples from Li,B . To907

see that, notice that since B is finite it has some maximum element, denoted by xB . Notice that908

(Z+ \ {1, . . . , xB}) ⊆ Li,B . Thus, at timestep t = xB+1 the algorithm will generate a valid element909

and will keep generating valid elements from that point on. Hence, L2 is trivially non-uniformly910

generatable. He next show that L = L1 ∪ L2 is not generatable.911

Assume, towards a contradiction, that there exists a deterministic generating algorithm912

G = (G1,G2, . . . )

that generates from L in the limit. We now describe an adversarial strategy that constructs an913

enumeration E = {w1, w2, . . . } of a target language K ∈ L such that the generator makes infinitely914

many mistakes.915

For clarity, let:916

• S+
t and S−

t denote the sets of positive and negative numbers enumerated up to time t, respec-917

tively, i.e., S+
t = {w1, . . . , wt} ∩ Z+, S

−
t = {w1, . . . , wt} ∩ Z−;918

• Pt be the set of positive integers outputted by the generator in rounds 1 through t.919

The adversary’s construction is organized into phases, each divided into two subphases.920

Phase 1.921

1. Subphase 1-A: In every round t, the adversary enumerates the positive integer t, i.e.,922

wt = t.

This subphase continues as long as the generator’s output, given the current prefix (1, 2, . . . , t),923

is not an integer greater than t. If there is a first round t for which924

Gt(1, 2, . . . , t) ∈ Z+ \ {1, . . . , t} ,
then subphase 1-A ends, and we move to Subphase 1-B. If the generator never deviates (i.e.,925

never outputs an integer greater that {1, . . . , t}), then the enumeration E = {1, 2, 3, . . . } is926

complete for the language K = N, and N ∈ L2. Moreover, by definition, the generator makes927

infinitely many mistakes (because it never produces an unseen element of K).928

2. Subphase 1-B: Let t1 denote the first time step at which we enter this subphase. In every round929

t that we are in this phase, the adversary enumerates the negative integer930

wt = −t− t1 − 1.

This subphase continues until the first time t at which the generator outputs a negative number931

that is smaller than the current wt, i.e.,932

Gt(St) ∈ Z− and Gt(St) < wt.

If no such round occurs, then the final enumeration E will be complete for some K ∈ L1, since933

it consists of all negative integers and a finite number of positive integers, and the generator will934

have made infinitely many mistakes.935

Phase k (k ≥ 2). After the end of Subphase (k−1)-B, the adversary alternates the strategy as follows:936

1. Subphase k-A:937

• Let tk be the first time of Subphase k-A. The adversary first enumerates a fresh positive938

number defined by939

pk = 1 +max{x : x ∈ S+
tk

∪ Ptk}.
• Then, in every round t = tk, tk + 1, . . . during this subphase, the adversary enumerates940

wt = pk + (t− tk),

thereby listing an increasing sequence of fresh positive numbers.941
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• This subphase ends when, for the first time, the generator outputs a positive number (given942

the current prefix) that exceeds the maximum of the current enumerated positives. An943

identical argument to the one we used for subphase 1-A shows that if this subphase never944

terminates, then the generator makes infinitely many mistakes and the adversary gives a945

complete enumeration of a language from L2.946

2. Subphase k-B:947

• After completing Subphase k-A, the adversary enters Subphase k-B. In every round during948

this subphase, the adversary enumerates the number949

wt = minS−
t − 1,

introducing a fresh negative number.950

• This subphase ends at the first round when the generator outputs a negative number that951

is less than wt. An identical argument to the one we used for subphase 1-B shows that if952

this subphase never terminates, then the generator makes infinitely many mistakes and the953

adversary gives a complete enumeration of a language from L1.954

Let us now assume that infinitely many of the phases are executed. Then, the target language is955

K = Z− ∪A, where A ⊂ N, is determined by the elements enumerated during the subphases k-A,956

k ∈ N, hence it is a valid language. Moreover, notice that every time we transition from subphase957

k-B to (k+1)-A, then the generator makes a mistake because the element it outputted is not included958

in the constructed enumeration.959

Since there are infinitely many phases, and in each phase the generator is forced to err at least once,960

the deterministic generating algorithm makes infinitely many mistakes. This contradicts the definition961

of generation in the limit.962

A.3 Proof of Theorem 3.3963

In this section, we prove Theorem 3.3. We begin by stating a more detailed version of Theorem 3.3.964

Theorem A.4. Let Σ∗ = Z and let965

L := {LA := (Z− \A) , A ⊆ Z−, |A| < ∞} .

Then, L is trivially non-uniformly generatable but it does not satisfy the EUC property.966

Proof. To see that L is trivially non-uniformly generatable notice that, since every K ∈ L omits only967

finitely many negative integers the algorithm that in every round t generates the largest element from968

the set Ot = {i ∈ Z−, i ≤ −t, i ̸∈ St} generates in the limit. In fact, this algorithm generates in the969

limit in the modified setting where St = ∅ for all rounds t, hence it is trivially uniformly generatable.970

We now show that L does not satisfy the EUC property. Consider any target language K and St971

any set of elements of K. Consider the induced version space V (L, St), i.e., the set of languages972

from L containing St. Assume that ∩L∈V (L,St)L ̸= St for some t. Then, there exists some973

xt ∈ ∩L∈V (L,St)L such that xt ̸∈ St. Consider the language L = Z− \ {xt} . Then, St ⊆ L and974

xt ̸∈ L, hence this show that ∩L∈V (L,St)L = St (violating the EUC property).975

B Formal Lower Bound of Non-Generatability976

In this section we show formally that the class of all infinite languages over N is not generatable in977

the limit. It is worth mentioning that this result follows from a result of Li et al. [2024]. Here, we978

give a simpler proof which also generalizes to randomized learners (Proposition B.2).979

Proposition B.1. Let Σ∗ = N and L be the set of all infinite subsets of N. Then, no deterministic980

algorithm can generate from L in the limit.981

Proof. Let G = (Gn : Nn → N)n∈N be a deterministic generating algorithm and, for each n, let982

Gn(x1, x2, . . . , xn) be the string outputted by Gn when provided the strings x1, x2, . . . , xn as input.983

We will show that there is a language K ∈ L and an enumeration E of K, both of which depend on984
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G , for which G fails to generate from K in the limit. We will construct the enumeration and the target985

language inductively. For all n ∈ N, we denote by En the first n elements of E.986

Let x1 = 1 and E1 = (1) . We then define x2 = max {x1,G1(x1)} + 1 and987

E2 = (x1, x2) . Continuing in the same fashion, for any n ∈ N, we define xn =988

max {maxj<n xj ,maxj<n Gj(x1, . . . , xj)} + 1 and En = (x1, . . . , xn) . Lastly, we let K =989

∪n∈Nxn.990

First, notice that since xi ̸= xj ,∀i, j ∈ N, i ̸= j, it holds that |K| = ∞, hence K ∈ L. Moreover,991

notice that E is a valid enumeration of K. Finally, notice that for every n ∈ N, the algorithm either992

outputs a number that does not belong to K or a number that has already been enumerated. To prove993

that formally, it suffices to show that for all n ∈ N it holds that Gn(x1, . . . , xn) /∈ {xn+1, xn+2, . . .} .994

This follows by two observations: for all n ∈ N it holds that xn+1 > Gn(x1, . . . , xn) and xn+1+j >995

xn+1,∀j ∈ N.996

997

It is natural to consider whether randomization can help circumvent the result of Proposition B.1.998

Our next result shows that this is not the case.999

Proposition B.2. Let Σ∗ = N and L be the set of all infinite subsets of N. Then, for every randomized1000

algorithm G = (Gn : Nn → ∆(N))n∈N there exists a language K ∈ L and an enumeration E of K1001

such that, with probability 1, G will produce unseen elements of K only finitely many times.1002

Proof. Let G = (Gn : Nn → ∆(N))n∈N be a (potentially randomized) generating algorithm. We will1003

show that there is a language K ∈ L and an enumeration E of K, both of which depend on G , for1004

which G fails to generate from K in the limit, with probability 1. We will construct the enumeration1005

and the target language inductively. For all n ∈ N, we denote by En the first n elements of E.1006

Let x1 = 1 and E1 = (1) . For any n ∈ N, n ≥ 2 we define the random variable1007

Xn := max

{
max
j<n

xj ,max
j<n

Gj(x1, . . . , xj)

}
,

and we let1008

xn := min

{
j ∈ N : Pr[Xn ≥ j] ≤ 1

n2

}
.

We also define En := (x1, . . . , xn) and K = ∪n∈Nxn.1009

First, notice that, with probability 1, xi ̸= xj ,∀i, j ∈ N, i ̸= j, hence it holds that |K| = ∞, thus1010

K ∈ L. Moreover, notice that E is a valid enumeration of K. Next, we argue that with probability 1,1011

the algorithm outputs unseen elements of K only finitely many times. For all n ∈ N, let En be the1012

event that Gn(x1, . . . , xn) ∈ K \ {x1, . . . , xn}. Notice that, by definition of the enumeration E and1013

the target language K,1014

Pr [En] = Pr [Gn(x1, . . . , xn) ∈ {xn+1, xn+2, . . .}] .
Moreover, since with probability 1, xn+1 < xn+2 < . . . , it holds that1015

Pr [Gn(x1, . . . , xn) ∈ {xn+1, xn+2, . . .}] ≤ 1− Pr [Gn(x1, . . . , xn) < xn+1] .

By definition of xn+1 it holds that1016

Pr [Gn(x1, . . . , xn) < xn+1] ≥ 1− 1

(n+ 1)2
.

Chaining the previous inequalities, we get1017

Pr [En] ≤
1

(n+ 1)2
,

thus,1018 ∑
n∈N

Pr [En] < ∞ .

By the Borel–Cantelli lemma we deduce that with probability 1 only finitely many of the events1019

{En}n∈N will occur.1020

1021
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C Extensions to a Family of Constructions1022

We first explain some high-level properties of our lower bound construction and illustrate how they1023

can be used to show non-generatability in other settings. In our construction, we can split the1024

underlying collection L into two parts, say L1,L2 that allow for the following lower bound argument:1025

the adversary can start enumerating some language L1 from L1, if at some point the generator1026

generates an unseen element of L1 the adversary moves to enumerating a language L2 from L2, and1027

then if the generator generates unseen elements of L2 the adversary moves back again to enumerating1028

some language L3 of L1. Crucially, the adversary can ensure that when switching from L2 to L1 the1029

generator makes a mistake, and if there are infinitely many switches the adversary enumerates some1030

language L∞ that is in the collection.1031

To illustrate the generality of these conditions, we present another family of language collections1032

L1,L2, . . . ,L∞ that are individually generatable, but whose union is not generatable. Let the domain1033

be X = N×N. Fix an index i ∈ N. We begin by defining Li. Each language L ∈ Li is parameterized1034

by i finite subsets A−1, A1, A2, . . . , Ai−1:1035

(A−1, A1, . . . , Ai−1 : |A−1| , |A1| , . . . , |Ai−1| < ∞ and A−1, A1, . . . , Ai−1 ⊆ N) .

Given the finite sets A−1, A1, A2, . . . , Ai−1 ⊆ N, the corresponding language L in Li is defined as1036

follows:1037

L =

(
i−1⋃
k=1

⋃
ℓ∈Ai

{(k, ℓ)}

)
∪

∞⋃
j=1

{(i, j)} ∪
⋃

ℓ∈A−1

{(−1, ℓ)} .

Next, we define L∞: Each language L ∈ L∞ is parameterized by a countable collection of finite1038

subsets1039

(A−1, A1, A2, . . . : |A−1| , |A1| , |A2| , · · · < ∞ and A−1, A1, A2, · · · ⊆ N) .

Given finite sets A−1, A1, A2, · · · ⊆ N, the corresponding language L in L∞ is defined as follows1040

L =

( ∞⋃
k=1

⋃
ℓ∈Ai

{(k, ℓ)}

)
∪
⋃

ℓ ̸∈A−1

{(−1, ℓ)} .

Note that the last union is over elements ℓ not belonging to A−1. Hence, each language in L∞,1041

contains all but finitely many elements of the form (−1, j) (for j ∈ N). This, in particular, ensures1042

that L∞ can be trivially generates: e.g., it suffices to output element (−1, t) in the t-th iteration.1043

Remark C.1. Consider the collection L = ∪∞
i=1Li ∪ L∞ Having described this collection, it is not1044

hard to show that a direct adaptation of our approach in the main result goes through. We can group1045

these collections in a natural way, e.g., by having L∞,L1,L3,L5, . . . , in one group and L2,L4, . . . ,1046

in the other. Then, the lower bound follows by picking an enumeration that alternates between these1047

two collections, as described above.1048
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