
A Convergence Analysis of Algorithm 1

First, we present the detailed statements Theorem 2.7.
Theorem A.1. Let F (x0) − F (x∗) ≤ ∆F . Under Assumption 2.2,2.3 and consider
Algorithm 1 with momentum method for Hessian inverse approximation, with η1 ≤
min

{
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L2
f
, 1
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, 4m
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}
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,
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}
, β1 ≤ min

{
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96C3σ2

}
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{
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,

T ≥ max
{

30∆F

η0ϵ2
, 15E[∥∇F (x0)−z1∥2]
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µf |It|η1ϵ2
,
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,
60C3δgyy,0
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}
we have

E[∥∇F (xτ )∥2] ≤ ϵ2, E[∥∇F (xτ )− zτ+1)∥2] < 2ϵ2,

where τ is randomly sampled from {0, . . . , T}, C1, C2, C3, C4 are constants defined in the proof,
and LF is the Lipschitz continuity constant of∇F (x).

To prove Theorem A.1, we need the following Lemmas.
Lemma A.2. Under Assumption 2.2 and 2.3, F (x) is LF -smooth for some constant LF ∈ R.
Lemma A.3. Consider the update xt+1 = xt− η0zt+1. Then under Assumption 2.2, with η0LF ≤ 1

2 ,
we have

F (xt+1) ≤ F (xt) +
η0
2
∥∇F (xt)− zt+1∥2 −

η0
2
∥∇F (xt)∥2 −

η0
4
∥zt+1∥2.

Lemma A.4. [Lemma 4.3 [25]] Under Assumption 2.2, yi(x) is Cy = Lg/µg-Lipschitz-continuous
for all i. Define αi(x, yi) := argmaxαi∈A fi(x, αi, yi). Then αi(x, y) is Cα = Lf/µf -Lipschitz
continuous.

Proof of Theorem A.1. First, recall and define the following notations

∇F (xt) =
1

m

∑
i∈S
∇xfi(xt, αi(xt), yi(xt))−∇2

xygi(xt, yi(xt))[∇2
yygi(xt, yi(xt))]

−1∇yfi(xt, αi(xt), yi(xt))

∇F (xt,αt, yt) :=
1

m

∑
i∈S
∇Fi(xt, αt

i, y
t
i) := ∇xfi(xt, α

t
i, y

t
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xygi(xt, y
t
i)Et[H

t
i ]∇yfi(xt, α

t
i, y

t
i)

∆t+1 =
1

|It|
∑
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∆t+1
i := ∇xfi(xt, α

t
i, y

t
i;Bti)−∇2

xygi(xt, yt
i; B̃ti)Ht

i∇yfi(xt, αt
i, y

t
i;Bti)

Consider the update zt+1 = (1− β0)zt + β0∆
t+1 in Algorithm 1, we have

Et[∥∇F (xt)− zt+1∥2]
= Et[∥∇F (xt)− (1− β0)zt − β0∆t+1∥2]
= Et[∥(1− β0)(∇F (xt−1)− zt) + (1− β0)(∇F (xt)−∇F (xt−1)) + β0(∇F (xt)−∇F (xt,αt, yt))

+ β0(∇F (xt,αt, yt)−∆t+1)∥2]
(a)
= ∥(1− β0)(∇F (xt−1)− zt) + (1− β0)(∇F (xt)−∇F (xt−1)) + β0(∇F (xt)−∇F (xt,αt, yt))∥2

+ β2
0Et[∥∇F (xt,α

t, yt)−∆t+1∥2]
(b)

≤ (1 + β0)(1− β0)2∥∇F (xt−1)− zt∥2 + 2(1 +
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)
[
∥∇F (xt)−∇F (xt−1)∥2 + β2

0∥∇F (xt)−∇F (xt,αt, yt)∥2
]

+ β2
0Et[∥∇F (xt,αt, yt)−∆t+1∥2]

(c)

≤ (1− β0)∥∇F (xt−1)− zt∥2 +
4L2

F

β0
∥xt − xt−1∥2 + 4β0 ∥∇F (xt)−∇F (xt,αt, yt)∥2︸ ︷︷ ︸

a⃝
+ β2

0 Et[∥∇F (xt,αt, yt)−∆t+1∥2]︸ ︷︷ ︸
b⃝

(4)
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where (a) follows from Et[∇F (xt,α
t, yt)] = ∆t+1, (b) is due to ∥a+ b∥2 ≤ (1 + β)∥a∥2 + (1 +

1
β )∥b∥

2, and (c) uses the assumption β0 ≤ 1 and Lemma A.2.
Furthermore, one may bound the last two terms in 4 as following

a⃝ = ∥∇F (xt)−∇F (xt,αt, yt)∥2

= ∥ 1
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6C2

gxyL
2
f

µ2
g

[∥αt
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)∥yt − y(xt)∥2

+
6C2

gxyC
2
f

m
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∥Ht
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2C2
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2
f

µ2
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is the upper bound of ∥∇Fi(x, αi, yi)∥2.
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Since Ht
i is irrelevant to the randomness at the t-th iteration, we have Et[H

t
i ] = Ht

i . Thus

a⃝ ≤ 1

m
(2L2

f +
6C2

gxyL
2
f

µ2
g

)∥αt −α(xt)∥2 +
1

m
(2L2

f +
6L2

gxyC
2
f

µ2
g

+
6C2

gxyL
2
f

µ2
g

)∥yt − y(xt)∥2

+
6C2

gxyC
2
f

m

∑
i∈S
∥Ht

i − [∇2
yygi(xt, yi(xt))]

−1∥2

≤ 1

m
(2L2

f +
6C2

gxyL
2
f

µ2
g

)∥αt −α(xt)∥2 +
1

m
(2L2

f +
6L2

gxyC
2
f

µ2
g

+
6C2

gxyL
2
f

µ2
g

)∥yt − y(xt)∥2

+
6C2

gxyC
2
f

µ4
gm

∑
i∈S
∥sti −∇2

yygi(xt, yi(xt))∥2

=:
C1

4m
∥αt −α(xt)∥2 +

C̃2

4m
∥yt − y(xt)∥2 +

C3

4m
∥sti −∇2

yyg(xt, y(xt))∥2

(5)
and

b⃝ ≤ 8BF

|It|
+

4σ2

B
+

12σ2C2
f

Bµ2
g

+
12(C2

gxy + σ2)σ2

Bµ2
g

=:
C4

min{|It|, B}
(6)

Thus, combining inequalities 4, 5 and 6, we have

Et[∥∇F (xt)− zt+1∥2] ≤ (1− β0)∥∇F (xt−1)− zt∥2 +
4L2

F η
2
0

β0
∥zt∥2 + 4β0

[
C1

4m
∥αt −α(xt)∥2

+
C̃2

4m
∥yt − y(xt)∥2 +

C3

4m
∥st −∇2

yyg(xt, y(xt))∥2
]
+

C4β
2
0

min{|It|, B}
(7)

For simplicity, denote δα,t := ∥αt − α(xt)∥2, δy,t := ∥yt − y(xt)∥2 and δgyy,t := ∥st −
∇2

yyg(xt, y(xt))∥2. Take expectation over all randomness and summation over t = 1, . . . , T to
get

T∑
t=0

E[∥∇F (xt)− zt+1∥2] ≤
1

β0
E[∥∇F (x0)− z1∥2] +

4L2
F η

2
0

β2
0

T∑
t=1

E[∥zt∥2] +
C1

m

T∑
t=1

E[δα,t]

+
C̃2

m

T∑
t=1

E[δy,t] +
C3

m

T∑
t=1

E[δgyy,t] +
C4β0T

min{|It|, B}
(8)

Recall that from Lemma 2.5, Lemma 2.4 and Lemma 2, we have

T∑
t=0

E[δα,t] ≤
4m

µf |It|η1
δα,0 +

24L2
f

µ2
f

T−1∑
t=0

E[δy,t] +
8mµfη1σ

2T

B
+

32m3C2
αη

2
0

η21µ
2
f |It|2

T−1∑
t=0

E[∥zt+1∥2]

(9)

T∑
t=0

E[δy,t] ≤
2m

|It|η2µg
δy,0 +

4mη2Tσ
2

µgB
+

8m3C2
yη

2
0

|It|2η22µ2
g

T−1∑
t=0

E[∥zt+1∥2] (10)

T∑
t=0

E[δgyy,t] ≤
4m

|It|β1
δgyy,0 + 32L2

gyy

T−1∑
t=0

E[δy,t] + 8mβ1T
σ2

B
+

32m3L2
gyy(1 + C2

y)η
2
0

|It|2β2
1

T−1∑
t=0

E[∥zt+1∥2]

(11)
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Combining inequalities 8, 9, 10 and 11, we obtain

T∑
t=0

E[∥∇F (xt)− zt+1∥2]

≤ 1

β0
E[∥∇F (x0)− z1∥2] +

4L2
F η

2
0

β2
0

T∑
t=1

E[∥zt∥2] +
C1

m

[
4m

µf |It|η1
δα,0 +

8mµfη1σ
2T

B
+

32m3C2
αη

2
0

η21µ
2
f |It|2

T−1∑
t=0

E[∥zt+1∥2]

]

+
C2

m

T∑
t=1

E[δy,t] +
C3

m

[
4m

|It|β1
δgyy,0 + 8mβ1T

σ2

B
+

32m3L2
gyy(1 + C2

y)η
2
0

|It|2β2
1

T−1∑
t=0

E[∥zt+1∥2]

]
+

C4β0T

min{|It|, B}

≤ E[∥∇F (x0)− z1∥2]
β0

+
4C1δα,0
µf |It|η1

+
8C1µfη1σ

2T

B
+

2C2δy,0
|It|η2µg

+
4C2η2Tσ

2

µgB
+

4C3δgyy,0
|It|β1

+ 8C3β1T
σ2

B

+
C4β0T

min{|It|, B}
+

(
4L2

F η
2
0

β2
0

+
32m2C1C

2
αη

2
0

η21µ
2
f |It|2

+
32m2C3L

2
gyy(1 + C2

y)η
2
0

|It|2β2
1

+
8m2C2C

2
yη

2
0

|It|2η22µ2
g

)
T∑

t=1

E[∥zt∥2]

(12)

where C2 :=
24L2

fC1

µ2
f

+ C̃2 + 32L2
gyyC3.

Recall Lemma A.3, we have

F (xt+1) ≤ F (xt) +
ηx
2
∥∇F (xt)− zt+1∥2 −

η0
2
∥∇F (xt)∥2 −

η0
4
∥zt+1∥2

Combining with 12, we obtain

1

T + 1

T∑
t=0

E[∥∇F (xt)∥2]

≤ 2E[F (x0)− F (xT+1)]

η0T
+

1

T

T∑
t=0

E[∥∇F (xt)− zt+1∥2]−
1

2T

T∑
t=0

E[∥zt+1∥2]

≤ 1

T

[
2E[F (x0)− F (x∗)]

η0
+

E[∥∇F (x0)− z1∥2]
β0

+
4C1δα,0
µf |It|η1

+
2C2δy,0
|It|η2µg

+
4C3δgyy,0
|It|β1

]
+

8C1µfη1σ
2

B
+

4C2η2σ
2

µgB
+ 8C3β1

σ2

B
+

C4β0
min{|It|, B}

+
1

T

(
4L2

F η
2
0

β2
0

+
32m2C1C

2
αη

2
0

η21µ
2
f |It|2

+
32m2C3L

2
gyy(1 + C2

y)η
2
0

|It|2β2
1

+
8m2C2C

2
yη

2
0

|It|2η22µ2
g

− 1

2

)
T∑

t=1

E[∥zt∥2]

(13)
By setting

η20 ≤ min

{
β2
0

80L2
F

,
η21µ

2
f |It|2

640m2C1C2
α

,
|It|2β2

1

640m2C3L2
gyy(1 + C2

y)
,
|It|2η22µ2

g

160m2C2C2
y

}
we have

4L2
F η

2
0

β2
0

+
32m2C1C

2
αη

2
0

η21µ
2
f |It|2

+
32m2C3L

2
gyy(1 + C2

y)η
2
0

|It|2β2
1

+
8m2C2C

2
yη

2
0

|It|2η22µ2
g

− 1

4
≤ 0

which implies that the last term of the right hand side of inequality 13 is less or equal to zero. Hence

1

T + 1

T∑
t=0

E[∥∇F (xt)∥2]

≤ 1

T

[
2E[F (x0)− F (x∗)]

η0
+

E[∥∇F (x0)− z1∥2]
β0

+
4C1δα,0
µf |It|η1

+
2C2δy,0
|It|η2µg

+
4C3δgyy,0
|It|β1

]
+

8C1µfη1σ
2

B
+

4C2η2σ
2

µgB
+ 8C3β1

σ2

B
+

C4β0
min{|It|, B}

(14)
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With

η1 ≤
Bϵ2

96C1µfσ2
, η2 ≤

µgBϵ
2

48C2σ2
, β1 ≤

Bϵ2

96C3σ2
, β0 ≤

min{|It|, B}ϵ2

12C4

T ≥ max

{
30E[F (x0)− F (x∗)]

η0ϵ2
,
15E[∥∇F (x0)− z1∥2]

β0ϵ2
,
60C1δα,0
µf |It|η1ϵ2

,
30C2δy,0
|It|η2µgϵ2

,
60C3δgyy,0
|It|β1ϵ2

}
we have

1

T + 1

T∑
t=0

E[∥∇F (xt)∥2] ≤
ϵ2

3
+
ϵ2

3
< ϵ2

Furthermore, to show the second part of the theorem, following from inequality 12, we have

T∑
t=0

E[∥∇F (xt)− zt+1∥2]

≤ E[∥∇F (x0)− z1∥2]
β0

+
4C1δα,0
µf |It|η1

+
8C1µfη1σ

2T

B
+

2C2δy,0
|It|η2µg

+
4C2η2Tσ

2

µgB
+

4C3δgyy,0
|It|β1

+ 8C3β1T
σ2

B
+

C4β0T

min{|It|, B}
+

1

2

T−1∑
t=0

E[∥∇F (xt)∥2] + E[∥∇F (xt)− zt+1∥2]

(15)
With parameter set above, we have

1

T + 1

T∑
t=0

E[∥∇F (xt)− zt+1∥2] < 2ϵ2

A.1 Proof of Lemma A.2

Proof. Take arbitrary x1, x2. Then with Assumption 2.2 and Lemma A.4 we have

∥∇F (x1)−∇F (x2)∥2

≤
∥∥∥∥ 1

m

∑
i∈S
∇xfi(x1, αi(x1), yi(x1))−∇2

xygi(x1, yi(x1))[∇2
yygi(x1, yi(x1))]

−1∇yfi(x1, αi(x1), yi(x1))

− 1

m

∑
i∈S
∇xfi(x2, αi(x2), yi(x2))−∇2

xygi(x2, yi(x2))[∇2
yygi(x2, yi(x2))]

−1∇yfi(x2, αi(x2), yi(x2))

∥∥∥∥2

≤

(
2L2

f (1 + C2
α + C2

y) +
6L2

gxy(1 + C2
y)C

2
f

µ2
g

+
6C2

gxyL
2
gyy(1 + C2

y)C
2
f

µ4
g

+
6C2

gxyL
2
f (1 + C2

α + C2
y)

µ2
g

)
∥x1 − x2∥2

=: L2
F ∥x1 − x2∥2

A.2 Proof of Lemma A.3

Proof. By LF -smoothness of F (x), with η0 ≤ 1
2LF

, we have

F (xt+1) ≤ F (xt) +∇F (xt)T (xt+1 − xt) +
LF

2
∥xt+1 − xt∥2

= F (xt)− η0∇F (xt)T zt+1 +
LF

2
η20∥zt+1∥2

= F (xt) +
η0
2
∥∇F (xt)− zt+1∥2 −

η0
2
∥∇F (zt)∥2 +

(
LF

2
η20 −

η0
2

)
∥zt+1∥2.

19



A.3 Proof of Lemma 2.4

This proof follows from the proof of Lemma 8 in [29].

A.4 Proof of Lemma 2.5

Proof. Define α̃t
i := ΠA[α

t
i + η1∇αfi(xt, αt

i, yti;Bti)]. Note that αi(xt) =
argmaxα∈A fi(xt, α, yi(xt)). Since αi(xt) = ΠA[αi(xt) + η1∇αfi(xt, αi(xt), yi(xt))],
take i ∈ S, then

Et[∥α̃t
i − αi(xt)∥2]

= Et[∥ΠA[α
t
i + η1∇αfi(xt, αt

i, y
t
i;Bti)]−ΠA[αi(xt) + η1∇αfi(xt, αi(xt), yi(xt))]∥2]

≤ Et[∥[αt
i + η1∇αfi(xt, αt

i, y
t
i;Bti)]− [αi(xt) + η1∇αfi(xt, αi(xt), yi(xt))]∥2]

= Et[∥αt
i − αi(xt) + η1∇αfi(xt, α

t
i, y

t
i)− η1∇αfi(xt, αi(xt), yi(xt))

+ η1∇αfi(xt, αt
i, y

t
i;Bti)− η1∇αfi(xt, α

t
i, y

t
i)∥2]

≤ ∥αt
i − αi(xt) + η1∇αfi(xt, αt

i, y
t
i)− η1∇αfi(xt, αi(xt), yi(xt))∥2 +

η21σ
2

B

≤ ∥αt
i − αi(xt)∥2 + η21∥∇αfi(xt, α

t
i, y

t
i)−∇αfi(xt, αi(xt), yi(xt))∥2

+ 2η1⟨αt
i − αi(xt),∇αfi(xt, αt

i, yi(xt))−∇αfi(xt, αi(xt), yi(xt))⟩

+ 2η1⟨αt
i − αi(xt),∇αfi(xt, αt

i, y
t
i)−∇αfi(xt, αt

i, yi(xt))⟩+
η21σ

2

B
(a)

≤ ∥αt
i − αi(xt)∥2 + η21∥∇αfi(xt, α

t
i, y

t
i)−∇αfi(xt, αi(xt), yi(xt))∥2 − 2η1µf∥αt

i − αi(xt)∥2

+ 2η1

[
µf

4
∥αt

i − αi(xt)∥2 +
1

µf
∥∇αfi(xt, αt

i, y
t
i)−∇αfi(xt, α

t
i, yi(xt))∥2

]
+
η21σ

2

B

(b)

≤ (1− η1µf

2
)∥αt

i − αi(xt)∥2 +
3η1L

2
f

µf
∥yt

i − yi(xt)∥2 +
η21σ

2

B
(16)

where inequality (a) uses the standard inequality ⟨a, b⟩ ≤ β
2 ∥a∥

2 + 1
2β ∥b∥

2 and the strong mono-
tonicity of −fi(xt, ·, yi,t) as it is assumed to be µf -strongly convex, and (b) uses the assumption
η1 ≤ min{µf/L

2
f , 1/µf}. Note that

Et[∥αt+1
i − αi(xt)∥2] =

|It|
m

Et[∥α̃t
i − αi(xt)∥2] +

m− |It|
m

∥αt
i − αi(xt)∥2

which implies

Et[∥α̃it − αi(xt)∥2] =
m

|It|
Et[∥αt+1

i − αi(xt)∥2]−
m− |It|
|It|

∥αt
i − αi(xt)∥2 (17)

Thus combining inequalities 16 and 17 gives

m

|It|
Et[∥αt+1

i − αi(xt)∥2]−
m− |It|
|It|

∥αt
i − αi(xt)∥2

≤ (1− η1µf

2
)∥αt

i − αi(xt)∥2 +
3η1L

2
f

µf
∥yti − yi(xt)∥2 +

η21σ
2

B

(18)

Rearrange it to get

Et[∥αt+1
i − αi(xt)∥2] ≤

(
1− η1µf |It|

2m

)
∥αt

i − αi(xt)∥2 +
3η1L

2
f |It|

µfm
∥yti − yi(xt)∥2 +

η21σ
2|It|

mB
(19)

20



Thus

Et[∥αt+1
i − αi(xt+1)∥2]

≤
(
1 +

η1µf |It|
4m

)
Et[∥αt+1

i − αi(xt)∥2] +
(
1 +

4m

η1µf |It|

)
Et[∥αi(xt+1)− αi(xt)∥2]

≤
(
1− η1µf |It|

4m

)
∥αt

i − αi(xt)∥2 +
6η1L

2
f |It|

µfm
∥yti − yi(xt)∥2 +

2η21σ
2|It|

mB
+

8mC2
α

η1µf |It|
Et[∥xt+1 − xt∥2]

(20)
where we use the assumption η1 ≤ 4m

µf |It| i.e. η1µf |It|
4m ≤ 1. Taking summation over all tasks i ∈ S,

we obtain

Et[∥αt+1 −α(xt+1)∥2]

≤
(
1− η1µf |It|

4m

)
∥αt −α(xt)∥2 +

6η1L
2
f |It|

µfm
∥yt − y(xt)∥2 +

2η21σ
2|It|
B

+
8m2C2

α

η1µf |It|
Et[∥xt+1 − xt∥2]

(21)
Taking summation over t = 0, . . . , T − 1 and taking expectation over all randomness, we obtain

T∑
t=0

E[∥αt −α(xt)∥2]

≤ 4m

η1µf |It|
∥α0 −α(x0)∥2 +

24L2
f

µ2
f

T−1∑
t=0

E[∥yt − y(xt)∥2] +
8mµfη1σ

2T

B
+

32m3C2
α

η21µ
2
f |It|2

T−1∑
t=0

E[∥xt+1 − xt∥2]

(22)

A.5 Proof of Lemma 2.6

This proof follows from the proof of Lemma 10 in [29].

B Convergence Analysis of Algorithm 2

First, we note that the bounded variance of∇vγi(v, x, αi, yi;Bi) can be derived as

EBt
i
[∥∇vγi(vt

i, xt, yti;Bti)−∇vγi(vti, xt, y
t
i)∥2]

= EBt
i
[∥∇2

yygi(xt, y
t
i;Bti)vti −∇yfi(xt, α

t
i, y

t
i;Bti)−∇2

yygi(xt, yti)v
t
i +∇yfi(xt, αt

i, y
t
i)∥2]

≤ EBt
i
[2∥∇2

yygi(xt, y
t
i;Bti)vt

i −∇2
yygi(xt, y

t
i)v

t
i∥2 + 2∥∇yfi(xt, α

t
i, y

t
i)−∇yfi(xt, α

t
i, y

t
i;Bti)∥2]

≤ 2σ2

B
∥vt

i∥2 +
2σ2

B
≤ (1 + Γ2)

2σ2

B
.

We present the detailed statement of Theorem 2.8
Theorem B.1. Let F (x0) − F (x∗) ≤ ∆F . Under Assumption 2.2,2.3

and consider Algorithm 2, with η1 ≤ min
{

µf

L2
f
, 1
µf
, 4m
µf |It| ,

Bϵ2

96C1µfσ2

}
,

η3 ≤ min
{

µγ

L2
γ
, 1
µγ
, 4m
µγ |It| ,

Bϵ2

96C3µgσ2

}
, η2 ≤ min{ µg

L2
g
, 2m
|It|µg

,
µgBϵ2

48C2σ2 }, β0 ≤
min{|It|,B}ϵ2

12C4
, η0 ≤ min

{
1

2LF
, β0

8LF
,

η3µg|It|
32mCv

√
C3
,

η1µf |It|
32mCα

√
C1
,

|It|η2µg

16mCy

√
C2

}
, T ≥

max
{

32[F (x0)−F (x∗)]
η0ϵ2

, 15E[∥∇F (x0)−z1∥2]
β0ϵ2

,
60C1δα,0

µf |It|η1ϵ2
,

60C3δv,0
η3µg|It|ϵ2 ,

30C2δy,0

|It|η2µgϵ2

}
we have

E[∥∇F (xτ )∥2] ≤ ϵ2, E[∥∇F (xτ )− zτ+1)∥2] < 2ϵ2,

where τ is randomly sampled from {0, . . . , T}, C1, C2, C3, C4 are constants defined in the proof,
and LF is the Lipschitz continuity constant of∇F (x).

To prove Theorem B.1, we need the following Lemmas.

21



Lemma B.2 (Lemma 4.3 [25]). Under Assumption 2.2, vi(x, αi, yi) is Cv = Lg/µg-Lipschitz-
continuous for all i.

Lemma B.3. Consider the updates for vti in Algorithm 2, under Assumption 2.2, 2.3, with η3 ≤
min

{
µγ

L2
γ
, 1
µγ
, 4m
µγ |It|

}
, we have

T∑
t=0

Et[δv,t] ≤
4m

η3µg|It|
δv,0 +

24L2
g

µ2
g

T−1∑
t=0

E[δy,t + δα,t] +
8mµgη3σ

2T

B
+

32m3C2
vη

2
0

η23µ
2
g|It|2

T−1∑
t=0

E[∥zt+1∥2].

Proof of Theorem B.1. First, recall and define the following notations

∇F (xt) =
1

m

∑
i∈S
∇xfi(xt, αi(xt), yi(xt))−∇2

xygi(xt, yi(xt))[∇2
yygi(xt, yi(xt))]

−1∇yfi(xt, αi(xt), yi(xt))

∇F (xt,αt, yt, vti) :=
1

m

∑
i∈S
∇Fi(xt, αt

i, y
t
i) := ∇xfi(xt, α

t
i, y

t
i)−∇2

xygi(xt, yt
i)v

t
i

∆t+1 =
1

|It|
∑
i∈It

∆t+1
i := ∇xfi(xt, α

t
i, y

t
i;Bti)−∇2

xygi(xt, yt
i; B̃ti)vti

Consider the update zt+1 = (1− β0)zt + β0∆
t+1 in Algorithm 2, we have

Et[∥∇F (xt)− zt+1∥2]
= Et[∥∇F (xt)− (1− β0)zt − β0∆t+1∥2]
= Et[∥(1− β0)(∇F (xt−1)− zt) + (1− β0)(∇F (xt)−∇F (xt−1)) + β0(∇F (xt)−∇F (xt,αt, yt, vt))
+ β0(∇F (xt,αt, yt, vt)−∆t+1)∥2]

(a)
= ∥(1− β0)(∇F (xt−1)− zt) + (1− β0)(∇F (xt)−∇F (xt−1)) + β0(∇F (xt)−∇F (xt,αt, yt, vti))∥2

+ β2
0Et[∥∇F (xt,α

t, yt, vt)−∆t+1∥2]
(b)

≤ (1 + β0)(1− β0)2∥∇F (xt−1)− zt∥2 + 2(1 +
1

β0
)
[
∥∇F (xt)−∇F (xt−1)∥2 + β2

0∥∇F (xt)−∇F (xt,αt, yt, vt)∥2
]

+ β2
0Et[∥∇F (xt,αt, yt, vt)−∆t+1∥2]

(c)

≤ (1− β0)∥∇F (xt−1)− zt∥2 +
4L2

F

β0
∥xt − xt−1∥2 + 4β0 ∥∇F (xt)−∇F (xt,αt, yt, vt)∥2︸ ︷︷ ︸

a⃝

+ β2
0 Et[∥∇F (xt,αt, yt, vt)−∆t+1∥2]︸ ︷︷ ︸

b⃝
(23)

where (a) follows from Et[∇F (xt,α
t, yt)] = ∆t+1, (b) is due to ∥a+ b∥2 ≤ (1 + β)∥a∥2 + (1 +

1
β )∥b∥

2, and (c) uses the assumption β0 ≤ 1 and Lemma A.2.

22



Furthermore, one may bound the last two terms in 23 as following

a⃝ = ∥∇F (xt)−∇F (xt,αt, yt, vti)∥2

=

∥∥∥∥ 1

m

∑
i∈S
∇xfi(xt, αi(xt), yi(xt))−∇2

xygi(xt, yi(xt))[∇2
yygi(xt, yi(xt))]

−1∇yfi(xt, αi(xt), yi(xt))

− 1

m

∑
i∈S
∇xfi(xt, α

t
i, y

t
i)−∇2

xygi(xt, yt
i)v

t
i

∥∥∥∥2
≤ 1

m

∑
i∈S

2∥∇xfi(xt, αi(xt), yi(xt))−∇xfi(xt, α
t
i, y

t
i)∥2

+ 4

∥∥∥∥∇2
xygi(xt, y

t
i)
[
vt
i − [∇2

yygi(xt, yi(xt))]
−1∇yfi(xt, αi(xt), yi(xt))

]∥∥∥∥2
+ 4

∥∥∥∥[∇2
xygi(xt, y

t
i)−∇2

xygi(xt, yi(xt))
]
[∇2

yygi(xt, yi(xt))]
−1∇yfi(xt, αi(xt), yi(xt))

∥∥∥∥2
≤ 1

m

∑
i∈S

2L2
f [∥αi(xt)− αt

i∥2 + ∥yi(xt)− yti∥2]

+
1

m

∑
i∈S

4C2
gxy

∥∥vti − [∇2
yygi(xt, yi(xt))]

−1∇yfi(xt, αi(xt), yi(xt))
∥∥2 + 4L2

gxyC
2
f

µ2
gm

∥yt − y(xt)∥2

=
1

m

∑
i∈S

2L2
f [∥αi(xt)− αt

i∥2 + ∥yi(xt)− yti∥2] +
4C2

gxy

m

∥∥vt − v(xt)
∥∥2 + 4L2

gxyC
2
f

µ2
gm

∥yt − y(xt)∥2

=
C̃1

m
∥α(xt)− αt∥2 + C̃2

m
∥yt − y(xt)∥2 +

C3

m

∥∥vt − v(xt)
∥∥2

(24)

b⃝ = Et[∥∇F (xt, αt, yt, vt
i)−∆t+1∥2]

≤ Et

[
2

∥∥∥∥∥ 1

m

∑
i∈S
∇Fi(xt, α

t
i, y

t
i, v

t
i)−

1

|It|
∑
i∈It

∇Fi(xt, α
t
i, y

t
i, v

t
i)

∥∥∥∥∥
2

+ 2

∥∥∥∥∥ 1

|It|
∑
i∈It

∇Fi(xt, αt
i, y

t
i, v

t
i)−

1

|It|
∑
i∈It

∆t+1
i

∥∥∥∥∥
2 ]

≤ 8BF

B
+

2

m

∑
i∈S

EBt
i

[
2∥∇xfi(xt, α

t
i, y

t
i)−∇xfi(xt, α

t
i, y

t
i;Bti)∥2 + 2∥

[
∇2

xygi(xt, y
t
i)−∇2

xygi(xt, y
t
i; B̃ti)

]
vti∥2

]
≤ 8BF

|It|
+

4σ2

B
+

4σ2

B

1

m

∑
i∈S
∥vti∥2

=:
C4

min{|It|, B}
(25)

where BF is the upper bound of ∥∇Fi(x, αi, yi, vti)∥2.

Thus combining inequalities 23,24,25, we have

Et[∥∇F (xt)− zt+1∥2] ≤ (1− β0)∥∇F (xt−1)− zt∥2 +
4L2

F

β0
∥xt − xt−1∥2 + 4β0

[
C̃1

m
∥α(xt)− αt∥2

+
C̃2

m
∥yt − y(xt)∥2 +

C3

m

∥∥vt − v(xt)
∥∥2]+ C4β

2
0

min{|It|, B}
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For simplicity, denote δα,t := ∥αt−α(xt)∥2, δy,t := ∥yt−y(xt)∥2 and δv,t :=
∑

i∈S ∥vt−v(xt)∥2.
Take expectation over all randomness and summation over t = 1, . . . , T to get

T∑
t=0

E[∥∇F (xt)− zt+1∥2] ≤
1

β0
E[∥∇F (x0)− z1∥2] +

4L2
F η

2
0

β2
0

T∑
t=1

E[∥zt∥2] +
C̃1

m

T∑
t=1

E[δα,t]

+
C̃2

m

T∑
t=1

E[δy,t] +
C3

m

T∑
t=1

E[δv,t] +
C4β0T

min{|It|, B}
(26)

Recall that from Lemma 2.5, Lemma 2.4 and Lemma B.3, we have

T∑
t=0

E[δα,t] ≤
4m

µf |It|η1
δα,0 +

24L2
f

µ2
f

T−1∑
t=0

E[δy,t] +
8mµfη1σ

2T

B
+

32m3C2
αη

2
0

η21µ
2
f |It|2

T−1∑
t=0

E[∥zt+1∥2]

(27)

T∑
t=0

E[δy,t] ≤
2m

|It|η2µg
δy,0 +

4mη2Tσ
2

µgB
+

8m3C2
yη

2
0

|It|2η22µ2
g

T−1∑
t=0

E[∥zt+1∥2] (28)

T∑
t=0

Et[δv,t] ≤
4m

η3µg|It|
δv,0 +

24L2
g

µ2
g

T−1∑
t=0

E[δy,t + δα,t] +
8mµgη3σ

2T

B
+

32m3C2
vη

2
0

η23µ
2
g|It|2

T−1∑
t=0

E[∥zt+1∥2].

(29)
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Combining inequalities 26,27,28,29, we have

T∑
t=0

E[∥∇F (xt)− zt+1∥2]

≤ 1

β0
E[∥∇F (x0)− z1∥2] +

4L2
F η

2
0

β2
0

T∑
t=1

E[∥zt∥2] +
C̃1

m

T∑
t=1

E[δα,t] +
C̃2

m

T∑
t=1

E[δy,t]

+
C3

m

{
4m

η3µg|It|
δv,0 +

24L2
g

µ2
g

T−1∑
t=0

E[δy,t + δα,t] +
8mµgη3σ

2T

B
+

32m3C2
vη

2
0

η23µ
2
g|It|2

T−1∑
t=0

E[∥zt+1∥2]
}

+
C4β0T

min{|It|, B}

≤ 1

β0
E[∥∇F (x0)− z1∥2] +

(
4L2

F η
2
0

β2
0

+
32m2C2

vη
2
0C3

η23µ
2
g|It|2

) T∑
t=1

E[∥zt∥2] +

(
C̃1

m
+

24L2
gC3

µ2
gm

)
T∑

t=1

E[δα,t]

+

(
C̃2

m
+

24L2
gC3

µ2
gm

)
T∑

t=1

E[δy,t] +
4C3

η3µg|It|
δv,0 +

8C3µgη3σ
2T

B
+

C4β0T

min{|It|, B}

≤ 1

β0
E[∥∇F (x0)− z1∥2] +

(
4L2

F η
2
0

β2
0

+
32m2C2

vη
2
0C3

η23µ
2
g|It|2

+
32m2C2

αη
2
0C1

η21µ
2
f |It|2

)
T∑

t=1

E[∥zt∥2]

+
4C1

µf |It|η1
δα,0 +

8C1µfη1σ
2T

B
+

4C3

η3µg|It|
δv,0 +

8C3µgη3σ
2T

B
+

C4β0T

min{|It|, B}

+

(
C̃2

m
+

24L2
gC3

µ2
gm

+
24L2

fC1

µ2
fm

)
T∑

t=1

E[δy,t]

≤ 1

β0
E[∥∇F (x0)− z1∥2] +

(
4L2

F η
2
0

β2
0

+
32m2C2

vη
2
0C3

η23µ
2
g|It|2

+
32m2C2

αη
2
0C1

η21µ
2
f |It|2

+
8m2C2

yη
2
0C2

|It|2η22µ2
g

)
T∑

t=1

E[∥zt∥2]

+
4C1

µf |It|η1
δα,0 +

8C1µfη1σ
2T

B
+

4C3

η3µg|It|
δv,0 +

8C3µgη3σ
2T

B
+

C4β0T

min{|It|, B}

+
2C2

|It|η2µg
δy,0 +

4C2η2Tσ
2

µgB
(30)

where C1 := C̃1 +
24L2

gC3

µ2
g

and C2 := C̃2 +
24L2

gC3

µ2
g

+
24L2

fC1

µ2
f

Recall Lemma A.3, we have

F (xt+1) ≤ F (xt) +
ηx
2
∥∇F (xt)− zt+1∥2 −

η0
2
∥∇F (xt)∥2 −

η0
4
∥zt+1∥2
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Combining with 30, we obtain

1

T + 1

T∑
t=0

E[∥∇F (xt)∥2]

≤ 2E[F (x0)− F (xT+1)]

η0T
+

1

T

T∑
t=0

E[∥∇F (xt)− zt+1∥2]−
1

2T

T∑
t=0

E[∥zt+1∥2]

≤ 1

T

{
2[F (x0)− F (x∗)]

η0
+

1

β0
E[∥∇F (x0)− z1∥2] +

4C1

µf |It|η1
δα,0 +

4C3

η3µg|It|
δv,0 +

2C2

|It|η2µg
δy,0

}

+
8C1µfη1σ

2

B
+

8C3µgη3σ
2

B
+

4C2η2σ
2

µgB
+

C4β0
min{|It|, B}

+
1

T

(
4L2

F η
2
0

β2
0

+
32m2C2

vη
2
0C3

η23µ
2
g|It|2

+
32m2C2

αη
2
0C1

η21µ
2
f |It|2

+
8m2C2

yη
2
0C2

|It|2η22µ2
g

− 1

2

)
T∑

t=1

E[∥zt∥2]

(31)

By setting

η20 ≤ min

{
β2
0

64L2
F

,
η23µ

2
g|It|2

512m2C2
vC3

,
η21µ

2
f |It|2

512m2C2
αC1

,
|It|2η22µ2

g

128m2C2
yC2

}
we have

4L2
F η

2
0

β2
0

+
32m2C2

vη
2
0C3

η23µ
2
g|It|2

+
32m2C2

αη
2
0C1

η21µ
2
f |It|2

+
8m2C2

yη
2
0C2

|It|2η22µ2
g

− 1

4
≤ 0

which implies that the last term of the right hand side of inequality 31 is less than or equal to zero.
Hence

1

T + 1

T∑
t=0

E[∥∇F (xt)∥2]

≤ 1

T

{
2[F (x0)− F (x∗)]

η0
+

1

β0
E[∥∇F (x0)− z1∥2] +

4C1

µf |It|η1
δα,0 +

4C3

η3µg|It|
δv,0 +

2C2

|It|η2µg
δy,0

}

+
8C1µfη1σ

2

B
+

8C3µgη3σ
2

B
+

4C2η2σ
2

µgB
+

C4β0
min{|It|, B}

(32)
With

η1 ≤
Bϵ2

96C1µfσ2
, η3 ≤

Bϵ2

96C3µgσ2
, η2 ≤

µgBϵ
2

48C2σ2
, β0 ≤

min{|It|, B}ϵ2

12C4

T ≥ max

{
32[F (x0)− F (x∗)]

η0ϵ2
,
15E[∥∇F (x0)− z1∥2]

β0ϵ2
,
60C1δα,0
µf |It|η1ϵ2

,
60C3δv,0

η3µg|It|ϵ2
,
30C2δy,0
|It|η2µgϵ2

}
we have

1

T + 1

T∑
t=0

E[∥∇F (xt)∥2] ≤
ϵ2

3
+
ϵ2

3
< ϵ2

Furthermore, to show the second part of the theorem, following from inequality 30, we have
T∑

t=0

E[∥∇F (xt)− zt+1∥2]

≤ E[∥∇F (x0)− z1∥2]
β0

+
4C1δα,0
µf |It|η1

+
8C1µfη1σ

2T

B
+

4C3δv,0

η3µg|It|
+

8C3µgη3σ
2T

B
+

C4β0T

min{|It|, B}

+
2C2δy,0
|It|η2µg

+
4C2η2Tσ

2

µgB
+

1

2

T−1∑
t=0

E[∥∇F (xt)∥2] + E[∥∇F (xt)− zt+1∥2]

(33)
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With parameter set above, we have

1

T + 1

T∑
t=0

E[∥∇F (xt)− zt+1∥2] < 2ϵ2

B.0.1 Proof of Lemma B.3

This proof is the same as the proof of Lemma 2.5.

C Algorithm and Derivation for Multi-task Deep Partial AUC Maximization

Algorithm 3 Min-Max Bilevel Optimization for pAUC Maximization (MMB-pAUC)

Require: α0,λ0, H0, z0,w0, a0,b0

1: for t = 0, 1, . . . , T do
2: Draw task batch It ⊂ S.
3: Draw data sample batch Btk for each k ∈ It
4: For sampled tasks k ∈ It, update
5: αt+1

k ← αt
k + η1Gα(wt, αt

k, λ
t
k;Btk) ⋄Gα(·) denotes a stochastic gradient w.r.t αk

6: λt+1
k ← λtk − η2∇λLk(λ

t
k,wt;Btk)

7: Ht+1
k ← (1− β1)Ht

k + β1∇2
λλLk(λ

t
k,wt;Btk)

8: Compute loss Gt+1 according to 38 ⋄Gt+1 denotes an appropriate loss
9: Update gradient estimator ∆t+1 ← autograd(Gt+1)

10: zt+1 ← (1− β0)zt + β0∆
t+1

11: (wt+1, at+1,bt+1)← (wt, at,bt)− η0zt+1

12: end for

Let D−[K] denote the top-K negative examples according to their prediction scores. Let n+, n−
denote the number of positive and negative label samples respectively. Then we have partial AUC
loss formulated as following

min
w

1

n+

∑
xi∈D+

1

n−ρ

∑
xj∈D−[K]

(hw(xj)− hw(xi) + c)2

where K = n−ρ. Let a(w) = 1
n+

∑
xi∈D+

hw(xi) and b(w) = 1
n−ρ

∑
xj∈D−[K] hw(xj). Then we

can transform the objective as
1

n+

∑
xi∈D+

1

n−ρ

∑
xj∈D−[K]

(hw(xj)− b(w) + a(w)− hw(xi) + b(w)− a(w) + c)2

=
1

n+

∑
xi∈D+

(hw(xi)− a(w))2 +
1

n−ρ

∑
xj∈D−[K]

(hw(xj)− b(w))2 + (b(w)− a(w) + c)2

Then we can write the problem as

min
w,a,b

1

n+

∑
xi∈D+

(hw(xi)−a)2+
1

n−ρ

∑
xj∈D−

I(xj ∈ D−[K])(hw(xj)−b)2+(b(w)−a(w)+c)2 (34)

Replacing the indicator function by I(xj ∈ D−[K]) = ψ(hw(xj)− λ(w)), where λ(w) represents
the K + 1-th largest scores among all negative examples, which can be represented as

λ(w) = argmin
λ

K + ε

n−
λ+

1

n−

∑
x∈D−

(hw(x)− λ)+.

We smooth the problem as

λ̂(w) = argmin
λ

L(λ,w) :=
K + ε

n−
λ+

τ2
2
λ2 +

1

n−

∑
x∈D−

τ1 ln(1 + exp((hw(x)− λ)/τ1)).
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Due to the fact that the last term (b(w)− a(w)+ c)2 in Problem 34 cannot be directly obtained since
a(w) and b(w) are expectations, one may use p2 = maxα 2pα− α2 to get

(b(w)− a(w) + c)2 = max
α

Exj∈D−[K], xi∈D+

[
2α(hw(xj)− hw(xi) + c)− α2

]
(35)

Then by replacing the top-K selector with ϕ(hw(xj)− λ̂(w)), the partial AUC minimization problem
can be formulated as a min-max bilevel optimization problem.

min
w,a,b

1

n+

∑
xi∈D+

(hw(xi)− a)2 +
1

n−ρ

∑
xj∈D−

ϕ(hw(xj)− λ̂(w))(hw(xj)− b)2

+max
α

2α

 1

n−ρ

∑
xj∈D−

ϕ(hw(xj)− λ̂(w))hw(xj)−
1

n+

∑
xi∈D+

hw(xi) + c

− α2

s.t., λ̂(w) = argmin
λ

L(λ,w) :=
K + ε

n−
λ+

τ2
2
λ2 +

1

n−

∑
xj∈D−

τ1 ln(1 + exp((hw(xj)− λ)/τ1))

We consider multi-task partial AUC maximization, which is then given by

min
w,a∈Rm,b∈Rm

max
α∈Rm

m∑
k=1

{
1

nk+

∑
xi∈Dk

+

(hw(xi; k)− ak)2 +
1

nk−ρ

∑
xj∈Dk

−

ϕ(hw(xj ; k)− λ̂k(w))(hw(xj ; k)− bk)2

+ 2αk

(
1

nk−ρ

∑
xj∈Dk

−

ϕ(hw(xj ; k)− λ̂k(w))hw(xj ; k)−
1

nk+

∑
xi∈Dk

+

hw(xi; k) + c

)
− α2

k

}

s.t., λ̂k(w) = argmin
λ

Lk(λ,w) :=
K + ε

n−
λ+

τ2
2
λ2 +

1

n−

∑
xj∈Dk

−

τ1 ln(1 + exp((hw(xj ; k)− λ)/τ1))

For function ϕ, we use sigmoid function ϕ(s) = 1
1+exp(−s) = σ(s). ∇ϕ(hw(xj ; k) − λk(w)) =

σ(hw(xj ; k) − λk(w))(1 − σ(hw(xj ; k) − λk(w))(∇hw(xj ; k) − ∇λk(w)), where ∇λk(w) =
−(∇2

λλLk(λ,w))−1∇2
wλLk(λ,w). Let Hk = (∇2

λλLk(λ,w)), and

∇2
wλLk(λ,w) = ∇w [∇λLk(λ,w)]

= ∇w

K + ε

n−
+ τ2λ−

1

n−

∑
xj∈Dk

−

exp((hw(xj ; k)− λ)/τ1)
1 + exp((hw(xj ; k)− λ)/τ1)


= − 1

n−

∑
xj∈Dk

−

∇w

(
exp((hw(xj ; k)− λ)/τ1)

1 + exp((hw(xj ; k)− λ)/τ1)

)

As a result in order to compute in Pytorch∇ϕ(hw(xj ; k)− λ(w)) we can define the following loss

Lk
ϕ(w) = st(σ(hw(xj ; k)− λk)(1− σ(hw(xj ; k)− λk))· (36)hw(xj ; k)− st([Hk]

−1)
1

B−

∑
xj∈Bk

−

exp((hw(xj ; k)− λk)/τ1)
1 + exp((hw(xj ; k)− λk)/τ1)

 (37)
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so that∇Lk
ϕ(w) = ∇ϕ(hw(xj ; k)− λ(w)). Hence for updating w, a,b we can define the following

loss and the Pytorch will compute the gradient automatically:

Gt+1 :=
1

|It|
∑
k∈It

{
1

Bk
+

∑
xi∈Bk

+

(hw(xi; k)− ak)2 +
1

Bk
−ρ

∑
xj∈Bk

−

st(ϕ(hw(xj ; k)− λk))(hw(xj ; k)− bk)2

+
1

Bk
−ρ

∑
xj∈Bk

−

Lk
ϕ(w)st((hw(xj ; k)− bk)2) + 2αk

(
1

Bk
−ρ

∑
xj∈Bk

−

st(ϕ(hw(xj ; k)− λk))hw(xj ; k)

+
1

Bk
−ρ

∑
xj∈Bk

−

Lk
ϕ(w)st(hw(xj ; k))−

1

Bk
+

∑
xi∈Bk

+

hw(xi; k) + c

)}
(38)

The loss for αk, λk and Hk in the mini-batch for computing the gradient can be easily defined. For
practical version the terms that involve Lk

ϕ(w) can be ignored.

D Additional Experiments

(a) Varying B (b) Varying I (c) Varying B (d) Varying I

Figure 3: Convergence of our method vs data sample batch sizes B and vs task sample batch size
I := |It| for multi-task deep AUC maximization.

Figure 4: Comparison of Convergence on training data for multi-task deep pAUC maximization on
the CIFAR100 and CheXpert datasets.
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