A Convergence Analysis of Algorithm /1]

First, we present the detailed statements Theorem@
Theorem A.l. Ler F(xg) — F(x*) < Ap. Under Assumption and consider
Algorithm [I| with momentum method for Hessian inverse approximation, with m
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where T is randomly sampled from {0, ..., T}, C1,Ca,Cs,Cy are constants defined in the proof,
and L is the Lipschitz continuity constant of V F (x).
To prove Theorem[A.T] we need the following Lemmas.
Lemma A.2. Under Assumptionnand - ) is Lp-smooth for some constant Ly € R.

Lemma A.3. Consider the update x;1 = Xt — 10Z¢+1. Then under Assumpttonn wzth noLp < %,
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Lemma A4. [Lemma 4.3 [25|]]] Under Assumptton- y;(x)is Cy = Lg/ug Lipschitz-continuous
for alli. Define o;(x,y;) := argmax,, 4 fi(X,a;,y;). Then al(x y) is Co = Ly/pg-Lipschitz
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Proof of Theorem[A.1] First, recall and define the following notations
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where (a) follows from E;[VF(x;, af,y?)] = A1, (b) isdue to [la + b]|? < (14 B)|jal®* + (1 +
%) 2 and (c) uses the assumption 3y < 1 and Lemma
Furthermore, one may bound the last two terms in 4] as following

@ = |[VF(x;) = VF(x;, ', y")|?
1 _
== Z Vo fi(Xe, 0 (Xe), ¥5(X¢)) — Vi, i (X6, ¥ (X6)) [V oy 9 (%6, ¥, (%)) T Vo fi (X, ii(X¢), ¥:(%¢))
M ics
_ i i t Gty _ 2 . t ]E Ht i t ot\[2
m szfz(xtaai:yi) Vi 9i (X6, ¥ ) E[H |V fi(xe, 05, ¥7) |
ics
1
< D 20V filxe, ilxe), ¥i(xe)) = Vo fi(xe, af, ¥ |12
ies
+ 6[|V2, 9 (Xe, YD EHJ IV, fi(Xe, 0, ¥5) — V2,0i (X6, Y[V, 96 (X6, i (%)) 'V fi(xe, af, ) |12
+61[V2,9i (%6, 1) [V 96 (%6, ¥; (%)) 'V fi(Xe, 0, ¥8) = V2,06 (%6, ¥: (%) [V, 93 (Xe, ¥ (%0))] 7V fi (%6, af, yD) |12
+6[| V2,9 (Xe, i (%) [V, 96 (X6, ¥ (%)) 'V fi(xe, 0, ¥7)
— V2,9 (X6, ¥ (%)) [V, i (X6, ¥ (%)) 71V fi(Xe, i (%), y3 (x0)) [P

1 _
= > 2L lle(xe) — afl® + lly;(xe) = ¥iIIF] + 6C5,, CHIENH]] — [V, 9:(xe, y; (%))~

i€S

612, C? 6C2, L%
+ Y = v )P+ = e - ()l + v - i) ]

g g9

1 6C2,, L> 1 2503 6C2, L

— (2L} + 2 o —alx) P + <2Lf+ oy f oy oy 1)y — y(x)|?

M Hy 1
602 C?
I 1 AR RS ACH)
€S

® = Ef|VF(xi, 0", y") — A7

1
Evai(xtaaﬁa)z |I‘ZVF Xt, O z?yz)

i€S i€l

SB
<t ZEBt[zuv filxe, 0l ¥8) = Vo fi(xe, ol vt BD|1?
€S

+6(V2,9i(xe, YOEHV,, fi(xe, &b, ¥1) — V2,0i (%0, 5 BDEJHIV, fi (x4, 0, y1) |12
+ 6||v326yg7(xtaYf7Bf)]Et[Hﬂvy-fl(X“aLYD - viygl(xﬁyza Bf)vayfv(Xh af7yz)”2

+ 611V 2, 9 (%0, Y53 BOHIV  fi(xe, of, ¥1) — V2,9i (%, ¥ BOHIV  fi(%e, of, 1 BY) ||

12(Cg,, + 0%)o?

1
i Z VF;(x¢,al,yh) — o7 Z Al

i€l i€l

Sk +2

|

8BF 40’2 120 QCf

<+
1] B

93921

HY|?
B ;||

I LH? + 48(Chay + ™) [ Ee[H] — HE[ICF +

gry

where Bp = QOf C‘Z”cf is the upper bound of ||V F;(x, o, y;)||?.
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Since H is irrelevant to the randomness at the ¢-th iteration, we have E;[H}] = H}. Thus
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Thus, combining inequalities 4} [5|and [] we have

4L2%nk C
Edl[VE(xe) = 211]%) < (1= B0) [VE (xi-1) = 2> + =2 2|2 + 4o [M;naf —afx)|

Bo
Covr i Cay o o], CaB§
T g ¥ Y s = V(e ye) |+ e

For simplicity, denote &, = [la® — a(x¢)||%, 0y, = [ly" — y(x¢)||? and &gyt = ||s* —
V2,9(X,¥(x;))[|?. Take expectation over all randomness and summation over t = 1,...,T to
get
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Combining inequalities 8] O] [T0]and [TT] we obtain
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With
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Furthermore, to show the second part of the theorem, following from inequality [[2] we have
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A.1 Proof of LemmalA.2]

Proof. Take arbitrary X1, X2. Then with Assumption[2.2]and Lemma[A-4] we have
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A.3 Proof of Lemma[2.4]

This proof follows from the proof of Lemma 8 in [29]].

A.4 Proof of Lemma[2.3]

Proof. Define a! = Tzl + mVafi(xe, b,y BL. Note that «;(x¢) =
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m < min{puy/L%,1/py}. Note that
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Thus
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Taking summation over t = 0,...,7T — 1 and taking expectation over all randomness, we obtain
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A.5 Proof of Lemma 2.6

This proof follows from the proof of Lemma 10 in [[29].

B Convergence Analysis of Algorithm 2]

First, we note that the bounded variance of V,7; (v, X, i, y,;; B;) can be derived as

Eg: [[|Voyi (Ve %4, ¥5 BY) = Vi (Vi, xe, ¥ 1]

= Ep: [[V5,9i (¢, ¥5: B)Vi = Vy fi(%e, 0, ¥5: BY) — Vi, 06 (%6, YV + Vo fi(xe, 0, ¥7)[17]

< EBf [QHViygi(Xuﬁ; B)WVi — V3, 0:(xe, YOVEI? 4 21V fi(xe, o, ¥5) — Vo fi(xe, b, ¥ B 1]
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We present the detailed statement of Theorem [2.§]
Theorem B.l. Let F(xo) — F(kx*) <  Ap. Under Assumption
. . . . My 1 _4m Be
and  consider  Algorithm with m < min { L2 7 gkl 36Cuugo® |
: MKy 1 _4m Be? 2m ugBe
3 < min { L2 py? psy|Ie]? 96C3pg02 }’ 2 < mln{ L2 ? | Ii|pg ? 48C502 Bo <
min{|l;|,B}e* . 1 Bo N3prg|le| 771!‘«f|[t‘ [Le|n2pg
i2c, ' = M\ 375 BLr 32mCyv/O3 32mCa /Oy’ 16mCy/Cs |’ T =z
max { B2F@)—F&™)] 15E[|VF(x0)=z1[|?] 6001800 _60Csdvo  B0C2dy0
noe? ’ Boe? P pglelnie®? mapg|Iele” [Tenapge?

we have
E[|[VF(x)|* <€, E[|VF(x;) —z-1)[I°] < 2¢%,

where T is randomly sampled from {0, ..., T}, Cy1,Cs, Cs, Cy are constants defined in the proof,
and L is the Lipschitz continuity constant of VF (x).

To prove Theorem [B.1] we need the following Lemmas.
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Lemma B.2 (Lemma 4.3 [23]). Under Assumption vi(x,i,y;) is Cy, = Lg/pg-Lipschitz-
continuous for all i.

Lemma B.3. Consider the updates for vt in Algorithm 2| under Assumption with ng <

: M~y 1 4m
min < %, — we have
{L’Zy TR }’

T T-1

Am 2412 T—1 Smpugnzo’T 32m302 2
Ei[0y4] < Sy0 + —52 E[0y, + 0a,t] + = Elllzes1]1%)-
t;) PR gL T 2 tZ: . B ngug ;

Proof of Theorem|B.1] First, recall and define the following notations

VFE(x;) = % D Ve Fi(xe (%), ¥, (%)) = V2,0i (%, ¥, (%)) [V 5y i (%6, ¥, (%)) Yy £ (X, i (%2), ¥, (%)

€S
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zES
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Consider the update z; 41 = (1 — B9)z¢ + oAt in Algorithm we have

E[||VF(x¢) — 211 |%]

= E[[VF(x) — (1 — Bo)ze — BoAT|?]

=E[||(1 = Bo)(VF(x¢—1) — z¢) + (1 = Bo)(VF(x¢) — VF(x¢—1)) + Bo(VF(x) — VF(x¢, &', ¥, V"))
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W= B)(VE(x1) = 2) + (1 = Bo)(VF(x)) = VE(x,1)) + Bo(VE(x;) — VF(x;, @, y', v)) |?
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)
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(c) 2
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@
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®

(23)
where (a) follows from E;[VF(x;, &, y")] = A1, (b) is due to |ja + b]|* < (1 + B)]|a® + (1 +
%) 2 and (c) uses the assumption By < 1 and Lemma
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Furthermore, one may bound the last two terms in[23]as following

@ = |VF(x:) = VF(x;, ',y vi)|?
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€S
1 2
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1
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€S
2
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2
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1
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1
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8Br 5
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(25)
where By is the upper bound of ||V F;(x, ay, y;, vi)||%.

Thus combining inequalities 23|24]25] we have

AL c
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For simplicity, denote 0, ¢ := [|a’ —a(x¢)]|2, 6,4 := [ly* —y(x¢)[]? andém =Y ies IVE=v(x) |2

Take expectation over all randomness and summat1on overt =1,...,T to get
- 1 L%«“no 4
S E[IVF(x:) = zen|’] < —-E[[VF(x0) — 21 ||°] ZE 12:]1%] Z [0at]
t=0 Bo t=1
+@§T:]E[5 ]+%ZT:E[5 ]+M
m vt U min{|], B}
t=1 t=1
(26)
Recall that from Lemma 2.3} Lemma[2.4]and Lemma B3] we have
T T-1 T-1
Z 4m 24L2 Z SmenlaQT 327’713027’]8 Z E ||Zt 1”
a, t = a,0 +
— quItIm B n2u2|1 |2
(27
T 3,12 2 T-1
2m dmnyTo? 8m Cun
E[5, 0 + Eflzes ] 8)
tZ R TAT B L (2 tz;
T 2 T—1 T-1
dm 24L 8mu 77302T 32m302 2
E¢[oy] < E[dy,: + da,t) g E[||ze1])%]-
; mang ] 15 ; B AN Z
(29)
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Combining inequalities 26|27[28]29] we have

N

E[|VF(xt) = 241

t=0
1 AL2mE & ) < Ch
E[|VF(x0) — 21 + =252 > Ell[ze]*] + — > Efda] + — ZE[%A
6 0 ¢=1 mia gt
Cs { 4m 2412 11 8mytgms0®T 32m3C2 2= }
— + E[d,+ + da.t] + E[||z
gl It 0T p2 = Byt + ot B 2|1 Z zesa
CsBoT
min{|I;|, B}
1 AL2mE  32m2C22Cs i 24L 03 X
—E[|VF(xq) —z ( £ 4 9 ) E[||z E[§
6 E[[|[VF(x0) — z[°] + 52 22| L2 Z [l12]1%] = ;
Cy  24L%Cs ) 40, 8Cspuyn30°T CafoT
+| =+ E[6y,¢] + bv,0 + z .
(m pu2m ; [9y.1] AT A B mln{|It|,B}
Lo 41272 32m20277 Cs 32m26’2n
—E[|VF(x0) —z £+ + E z

4C, o+ Scl'u,fn10'2T 403 5 o+ 803,ug7730 T C4ﬂ0T
a, v, .
porl Le|m B N3tg 1| B min{|l;|, B}
Cy 24L2Cs 24130\ &
4 72+ 29 3 4 2f ZE[éy,t]
m Hgm pymm t=1
1 ALZ2n2  32m2C22Cs  32m2C22C,  8m2C2nd L
< —E[|VF(xo) — z1]|?] + £ 4 v 10 a0 E[||z
BotIVEG) =2l I+ { =™+ =i * e T |2772Mg ) o Ellel
401 0 SC’l,ufmaQT 403 5 o+ 803y,g7730'2T C4ﬂ0T
(0% v .
ol Lelm B N3pglle] B min{||, B}
2C2 5 + 4CQ772T02
T2 5o —2 T
Lt n2pg tgB
(30)
2 2
where Cy := Cy + 2 5 and Oy = Oy + £ C3 + 242501
¥
Recall Lemma[A-3] we have
Mo
F(x¢41) < F(x) + *||VF(Xt) —z|* - *HVF( DII* - Z||Zt+1||2
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Combining with[30] we obtain

1 T
— \ E[|VF 2
711 [[IVE(x¢)]|7]
t=0
2E[F (xo) — F(x 1 & 1 <&
0) — T+1 2
< — ]E F(x) — E
0T + T; (IVF(x¢) — ze4a]*] — 2T; [1Ze+1 7]
1 Q[F(Xo) — F(X*)] 1 2 401 403 202
< = + —E[|VF(xq) — z1|*] + 0,0 dv,0 + 57— 0y.0
T{ 70 Bo IVE (xo) I g Ielm n3pglle] " | elmapg Y
n SC1MéU102 n 8C3/~Ll§7)302 n 4Cymz0° C4fo

wyB min{|;|, B}

T
Ll AL%02 N 32m2C2n2Cs  32m2C2nRCy N 8m2Cn5Cy ZE 12|
T t
T\ 8 T mm@nP " RanR PR 2
(3D
By setting
2 < in B3 muglL?  mipl Ll FAREIT
o = 6412 512m2C2C5  512m2C2C, " 128m2C2C,
we have

AL3mE  32m2C2n3Cs  32m2C2n3C,  8mPCingChy 1 <0
B3 n3p2| 1|2 U%H?@|It|2 1 20312 4=

which implies that the last term of the right hand side of inequality 31]is less than or equal to zero
Hence

T
Z IV F ()]
1 Q[F(Xo) — F(X*>] 1 2 401 403 202
< = + —E[|IVF(x0) —z1|*] + a0+ Oy,0 + —=——0y0
T{ 7o 0 [IVE(xo) I g Il Napg|Le| |It|nopg ¥
+ SCl,ufsz + 803/197730'2 4 4027’}20'2 04[30
B B peB min{|;|, B}
(32)
With
Be? Be? min{|I;|, B}e?
771§ 2a773§ 27772 Mg Q,BO_M
96C pupo 96C3 g0 48C50 12C,
T > max {32[ ( ) — F(X*)] 15E[HVF(X0) — Z1|| } 600150470 60035‘,70 30025%0 }
B no€> ’ Boe? " gl Telme?’ mapug|Te|e?” [Te|napge?
we have
) e €
Z IVF&)P] < 5 + 5 <€
— 3 3

Furthermore, to show the second part of the theorem, following from inequality [30] we have

Y ElVEF(®) — zera]|]

t=0
]E[”VF(XO) — Z1||2] 4 401(5%0 n 801,[1,f’f]10'2T 403(5‘,70 803/J,g’l730'2T C4,80T
- Bo g Ielm B N3 tig| Lt B min{|/;[, B}
T-1
2025y 0 402772T0’ 1 2
’ + = E[|lVEx)|I] + E[|VF(x¢) — z
Tt paB 3 2 BUIVPOI) + EIIVF ) 2
(33)
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With parameter set above, we have
T
1

= Y E[IVF(x)) — z41]%] < 2¢°
T+1 P

B.0.1 Proof of Lemmal[B.3

This proof is the same as the proof of Lemma[2.5]

C Algorithm and Derivation for Multi-task Deep Partial AUC Maximization

Algorithm 3 Min-Max Bilevel Optimization for pAUC Maximization (MMB-pAUC)
Require: o, \°, H° 20 w°, a°, b°
1: fort=0,1,...,7T do
2:  Draw task batch I; C S.
Draw data sample batch B}, for each k € I
For sampled tasks k € I;, update
Al al 4 mGa (W al, N B) 0G4 (+) denotes a stochastic gradient w.r.t oy
AL AL — VL s B
H{th (1= ) HL + BV, Lie(A, wt BY)
Compute loss G**+* according to[3§] oG**! denotes an appropriate loss
9:  Update gradient estimator A'*! <+ autograd(G**1)
10: 2« (1= Bo)z! + BoAtt!
11:  (witl attl bty « (wh, at, b') — poztt!
12: end for

PN A

Let D_[K] denote the top-K negative examples according to their prediction scores. Let ny,n_
denote the number of positive and negative label samples respectively. Then we have partial AUC
loss formulated as following

.1 1

rr%vln nf Z T Z (hw(xj) — hw(Xi) + C)Q
+xen, Py ep (K]

where K = n_p. Leta(w) = =3 p, hw(xi) and b(w) = 153 () hw(X;). Then we

can transform the objective as

=X s 3D ()~ )+ alo) = hafx) £ W) — a(w) + 07

x; €Dy " x;€D_[K]

= ni > (hw(xi)_a(w))Q‘F% ST (hw(x;) = b(w))? + (b(w) — a(w) + ¢)°
+xi€D+ P x;eD_[K]

Then we can write the problem as
.1 1
min — ; (hw(xi)—a)%—n_p ; I(x; € D_[K])(hw(x;) —b)*+(b(w) —a(w)+c)* (34)
X; + X _

Replacing the indicator function by I(x; € D_[K]) = ¥(hw(x;) — A(W)), where A(W) represents
the K + 1-th largest scores among all negative examples, which can be represented as

. K+e 1
A(w) = argmin ——\ + — D (hw(x) = N4
xeD_
We smooth the problem as
2 K 1
A(w) = argmin L(\, w) := + AF 2Ny Z 71 1In(1 + exp((hw(Xx) — A)/71)).
A n— 2 n— xeD_
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Due to the fact that the last term (b(w) — a(w) + ¢)? in Problem [34cannot be directly obtained since
a(w) and b(w) are expectations, one may use p? = max, 2pa — o to get

(b(w) —a(w) +¢)* = mngxjeD, (K], x: €D [2a(hw(xj) — hw(x;) +¢) — oz2] (35)

Then by replacing the top-K selector with ¢(hw(X;) — A(w)), the partial AUC minimization problem
can be formulated as a min-max bilevel optimization problem.

i = 37 (hy(50) — )+ 3 Gl(xy) — AW () — )7

w,a,b T x.eD — :
i + x;€D_

+ max 2a (ni > ¢(hw(xj)—}(w))hw(xj)—ni > hw(xi)—kc) —a?

X eD_ X, €Dy

. K 1
s.t, A(w) = argmin L(\, w) := + At ;—2)\2 + — Z 71 In(1 + exp((hw(x;) — A)/71))

n_
A x;€D_

We consider multi-task partial AUC maximization, which is then given by

min max {1]C Z (hw(X45 k) — ag)? +7 Z P(hw(x;5 k (W)>(hW(Xj§k>_bk)2

w,acR™ beR™ aeR™
k= T x;eDk x €Dk

+ 204k< Z O(hw(x;i k (w))hw(xj; k) — ik Z o (X35 k) + c) _ ai}

n
x €Dk * xieDk

Kn+€/\+ )\24—% Z 71 In(1 + exp((hw(x;; k) — X)/71))

N X E'Dli

s.t., \p(W) = argmin L (\, w) :=
A

For function ¢, we use sigmoid function ¢(s) = 1o = 0(5). Vo(hw(Xj3k) — (W)
o(hw(x;k) — (W) (1 — o(hw(x;;k) — (W) (Vhw(X,:k) — VAr(W)), where Vi (w) =
—(V3,\L(\,w))"'V2, L, (A, w). Let H, = (V3,Li(\,w)), and

VaaLi(A, w) = Vy [VALr(A, w)]

(k- ! expl(hy(x5: 1) — N)/7)
_Vw< o +7’2>\—ni Z 1+exp((hw(Xj;k)—)\)/Tl))

x; €D

1 exp((hw(xj5 k) = A)/11)
- no Z <1+exp((hw(xj;/€)—>\)/ﬁ)>

As aresult in order to compute in Pytorch V@ (hw(x;; k) — A(w)) we can define the following loss

Lg(w) = st(o(hw(xj5 k) = M) (1 — o (hw(x;: k) = Ar))- (36)

(st -t 5 B o
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so that VLZ;(W) = Vé(hw(x;; k) — A(w)). Hence for updating w, a, b we can define the following
loss and the Pytorch will compute the gradient automatically:

1, L 1 ) — a2 L i) — k) — )2
Gt '_lftikgt{Bfi D (hw(xisk) —ay) T Y st(S(hw(xjik) — M) (hw(xj; k) — b)

x; €BY U x;eBk
1 1
T B > Li(W)St((hw(Xj;k)—bk)2)+2@k(Bk D st(d(hw(xji k) = M) (x5 k)
_ijels’i =P enr
1 1
+ka > Lg(w)st(hw(xj;k))_ﬁ > hw(xi;k)+c>}
- X]-GB]i +X7;€B§_

(38)
The loss for o, Ay, and Hy, in the mini-batch for computing the gradient can be easily defined. For
practical version the terms that involve L’;(w) can be ignored.

D Additional Experiments

CheXpert CheXpert ogbg-molpcba ogbg-molpcba

o o o o

151 151 5] S

@ @ 3o 8o

E —— B=16 5. 5 —— B=16 3w — =16
o B=32 2 — =1 2 B=32 g 1=32
e —— B=64 E s 1=2 = —— B=64 £ o — =64
© © © o

o —— B=128 = — 1=3 e — B=128 = o — =128

" "Number of iterations " "Number of iterations " Number of iterations * Number of iterations
(a) Varying B (b) Varying I (c) Varying B (d) Varying I

Figure 3: Convergence of our method vs data sample batch sizes B and vs task sample batch size
I :=|I,| for multi-task deep AUC maximization.
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Figure 4: Comparison of Convergence on training data for multi-task deep pAUC maximization on
the CIFAR100 and CheXpert datasets.
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