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A  Proofs

A.1 Additional notation

By abuse of notation, we denote by p and 7 the probability measures with density with respect to the
Lebesgue measure p and 7 respectively.

A.2  Proof of (3)
The second expression of wy, follows from J—; (T*(z)) = Jps—; () /I« () which implies
wy,(x) = wip(TH( /Z , @ip(TH 7 (@) d = (TH ()

= @p(TH (@) dpe(@)/ 32 @ @) dcs (1) = wip-s(@) | 30 onvipi(a)

A.3 Proof of Theorem 1

The unbiasedness of Z;LN follows directly from (2). Moreover, as zzlw is unbiased and EF < oo,
we can write o o
Varp[ZX/Z]:IE,;[(ZX/Z)Q]—I:EEF—I. (S1)

As XUV S Var,[Zyun /7] = N~ Var,[Zyx/Z]. Finally, if M¥ < oo, then Hoeffding’s
inequality applies and we can write for any € > 0,

P(|Zxin/Z—1] > €) < 2exp(—2Ne/(MF)?) . (S2)
Writing § = 2exp(—2Ne?/(M%)?), we identify log(2/6) = 2Ne*/(M%)? and ¢ =
M%\/log(2/6)/(2N). Plugging this expression of ¢ in (S2) concludes the proof.

A.4 Proof of Theorem 2

We first present two auxiliary lemmas necessary to establish Theorem 2.

Lemma S1. Let A, B be two integrable random variables satisfying |A/B| < M almost surely and
denote a = E[A], b = E[B]. Then,

\/Var(A/B) Var(B)
b )
Var(A/B) < E [|A/B — a/b) ]

|E[A/B] —a/b| < (S3)

2
5z (E[lAx = AP} + M?E [|By — B!]) . (84)

Proof. Write first, using the Cauchy-Schwarz inequality,

5] -il=[= 5] -5 = [ (5 5)
[ 7))l -=[5) (57)]
< YVATE) V()

)

Moreover, using |A/B| < M yields

A a| |1 11 1 A
28 tA—a)+A(=—Z)|<a- B-
53 =[pa-a+a(g-3)| s ga-a+ s
1
< -|A- —|B —b|.
< 3lA—al+ B
Therefore, 5
A/B—aif* < 5 (14— aP + M?B —b?) |
Using that E [|A/B — a/b|*| = Var(A/B) + |E[A/B] — a/b|* concludes the proof. O
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We get the following lemma from [7, Lemma 4].

Lemma S2. Assume that A and B are random variables and that there exist positive constants

b, M, C, K such that
(i) |A/B| < M, P-a.s.,
(ii) foralle > 0andall N > 1, P(|B — b| > ¢) < K exp(—Re?),
(iii) foralle > 0andall N > 1, P (|A| > €) < K exp (—Re*/M?),

then,
P(|A/B| > ¢) < 2K exp(—Rb*¢* /4M?) .

Proof. By the triangle inequality,

)

A
|A/B| = ‘B(b -BY t+b A

<b '|A/B||b—-B|+b M A < Mb b Bl +b 1A .

Therefore,

€b €b
A/B| > CJ|B—-bl>— Al > —5 .

(arm =g < {is-u> 5y bofia= g}

Then, conditions (ii) and (iii) imply that
€b €b
P(A/B|>€¢)<P(|B—b|>— | +P(|4 >=
(47812 9 < ¥ (1802 57 ) +P (1412 F)
< 2K exp(—Rb?e?/(4M?)) .

O

Proof of Theorem 2. Let g : R — R such that sup,, cga |g| () < 1 and denote 7(g) = [ gdr. We

use Lemma S1 with A = Ay and B = /Z\Zl:N where

N N
A = 2 3 S (XL (X )g(TH (X)), Zo = 2 30 S w(XOL(TH (X))

i=1keZ i=1k€EZ

(S5)

By construction, since sup,cga |g] (z) < 1, almost surely AN//Z\;LN < 1 and Var(z)w(lw) =
N*IVar(z)w@). Then, using (2) with a = E[Ay] = Z7(g) and b = ]E[/Z\;1N] = Z, Lemma S1

implies

|INEO (g) — m(g)| = ‘]E[AN [T ] — a/b‘ < N7V2Nar(An /250 )Var(@30,)

On the other hand,

(S6)

E [|[Axn = a?] = N7 Exvp [{ Dz we(X)LTHX))g(TH(X)) = Z7(9)} ] < N7 22 EF .

These inequalities yield using Var(zzl) < E¥ and Lemma S1 again:

w?

2 - 7% 4 w
E |75 (9) = m(9)P] < (B +Var(Zy:)) < 7 BT

2(E¥ 4 Var(Zy.))Var(Zx: w
B[N0 (g) - m(g)] | < Vs + J(VX Warx) _ 2
which concludes the proof.

Define
N
Ay = N U3 S (XOHLTHXD) (o(THXD) = m(g)) -

i=1 k€Z



With this notation, the proof of (9) relies on the application of Lemma S2to A = Ay and B = /Z\Zl:N ,
since

INEQ(g) = m(g) = An/Zxrw -
As SUD,cRd |g| ((E) < 1, we get that AN//Z\)W(I:N < 2. By (2)’ E[/Z\zl:N] = Z and /Z\;l:N =
N~ Wy with W = 35, wi(XTL(TF (X)) < M. Then, by Hoeffding’s inequality, for
alle > 0,
P(|By — Z| > &) < 2exp(—2N(e/MF)?) .

Similarly, Ay is centered and Ay = N1 Z].V U; with
Ui=)Y wp(X' XOg(THX) = 7(9)}
keZ

and |U;| < 2MF almost surely. By Hoeffding’s inequality, for all ¢ > 0,
P(|An| > €) < 2exp(—Ne*/(8(MF)?)) .
The assumptions of Lemma S2 are met so that
P(|JREP (9) — 7(g)| > €) < dexp(—e?N 2% /[32(MF)?)) ,
40 which concludes the proof. O

41 A5 Proof of Lemma 3
w2 Aswy(z) = wrp(TF(2))/{Qpr (T (x))}, by Jensen’s inequality,

2 k
£7 - | (Zwm)L(T’“(x))/Z) plajae = [ <Z %m

keZ keZ
m(T*(x))
/ k%:z (p T"(z))

1 (T (x) )
<Q- w (x)dzx .
2 S pe(T@) )
Using the change of variables y = T%(z) yields, by (1),

pE<o Y m [ (;;(g’y))> o) Iy < (/ﬁg’yﬁ) pr(y)dy

kEZ

43 A.6 Proofs of NEO MCMC sampler

44 Proof of Theorem 4. Note first that by symmetry, we have

/Z\w
=N~ /Zé (dz?) H p(x?) dxj ]lA(ack) . (S7)
j=1,7#1 k=1 Z] 1

45 We begin with the proof of reversibility of P with respect to . Let f, g be nonnegative measurable
46 functions. By definition of P,

o . X N
/ﬁ(dy)P(y,dy’)f(y)g(y’) = ﬁ/zp(dy)% Fdy(da’) T plda")) | —*==9("),
i=1 I1=1,l4 k=1 Zj:l Zyi
N N w
X Z il'k
vz | S WISt
1 SN Za f(2) 4L, Zoeg(a®)
= vz f 1) S |
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which shows that P is 7-reversible. We now establish that P is 7-irreducible. We have for y € R4,
A € B(RY),

N 5w N
Zx‘ 7
P = [ 8,@") 3" —2—1aa) [ plae?)
i=1 IV dguN j=2
(B ol [£ Bl
_ 1) [L o) + [ 3 = (da)
N
Zy + Zj:Z Zl] j=2 1=2 Zy + Zj:2 Z.LJ j=2
N 5= N
=Y [ = = 1a(e") [T plda?)
N w
=2 Zy + Zm’ + Z]*Q JFi ZwJ j=2
N 4 . 7
> Y [ A6 [ T e
=2 Z + le + Z] 2,5#1 Z:EJ Jj=2,j#1
Since the function f: z — (2 + a)~! is convex on R for a > 0, we get fori € {2,..., N},
Z Z
/ H p(da?)
Z + ZI‘ + ZJ =2,j#1 ZIJ J=2,j7#i Z + sz Jrfzj =2,j#1 ZW H] =2,j#i P p(da?)
y/
> = . (S8)

Z, +7Z, +7Z(N —2)
Therefore, for A € B(R?) satisfying 7(A) > 0, we get P(y, A) > 0 for any y € R since Zf < 00
for any z € R%. By definition, P is 7-irreducible.

We show that P is Harris recurrent using [19, Corollary 2]. To this end, since P is 7-
irreducible, it is sufficient to show that P is a Metropolis type kernel. Define a(z!,z?) = (N —

1) fH;VZS p(dxj)Z;/Zj.\;l ZZ for 21,22 € R? and po.n(dz?N) = {H;V:2 pa:n (27) Y dz® N,
Then, by (12), we get with this notation, for y € R A € B(Rd),

P(y,A)
e 7
— [ 8t paan(@® ™) Y ZE ) + [ 8, (de)pa(de*N) 22— ()
P Nle-N mev
_Z/ (dzb) po. n (dz®N) zﬁ ]lA(xi)—l—/éy(dxl)pg;]\;(de:N)?Zl]lA(acl)
NZoun NZovw
i Z .1
—Z/ (dz!)p(da?) / H p(a?)da? =222 Zy ( ) /5y(dx1)p2:N(d QN)ﬁ
P NZgiw NZogoow
N 5@
')p(dz’) /5 (dz")po.v (da® ™) {1 - ZA;} Ta(z!)
i=2 NZatlﬁN
= /Aa(y,y’)p(y’)dy”r (1 —/a(y,y’)p(y’)dy’) 5y(A) . (S9)

With the terminology of [19, Corollary 2], P is Metropolis type kernel and therefore is Harris
recurrent.

Note that Algorithm 2 defines a Markov chain {Y;, U; };en taking for Uy an arbitrary initial point
with Markov kernel denoted by P. By abuse of notation, we denote by {Y;, U; };cn the canonical
process on the canonical space (R? x R?)N endowed with the corresponding o-field and denote
by P, the distribution associated with the Markov chain with kernel P and initial distribution
5y ® &,. Denote for any y € R¢ by P, the marginal distribution of P, ,, with respect to {Y; };cn,
i.e. Py(A) = P(y.u)({Yitien € A) for u € R noting that by definition, P(,, ;) (A x (R%)") does not
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depend on u. In addition, under PP, {Y; }ien is a Markov chain associated with P. Therefore, since
P is 7-irreducible and Harris recurrent, we get by [8, Theorem 11.3.1] and [19, Theorem 2, 3] for
any y € R%, limy,_, o ||8, P¥ — #||Tv = 0 and for any bounded and measurable function g,

Tty g(Vi) =7#(g), P, -almost surely . (S10)
k=1

We now turn to proving the properties regarding . For any B € B(R?), using (2), we obtain

Jr)@BY =271 [o) X LT ) 1a(T ()dy = 7(8).
keZ
Using for all y € R%, lim,, o || P"(y, ) — 7|lTv = 0, we get lim,, o || P"Q(y, ) — 7|lrv = 0. It
remains to show the stated Law of Large Numbers. Let y, v € R? and g be a bounded measurable
function. Define for any i € N*, U, = 9(U;) — Qg(Y;). By definition, for any i € N*, <

U
2sup,cga [g(x)| and By ) [Ui|Fi—1] = 0, where {Fy}ren is the canonical filtration. Therefore,

{f]z'}ieN* are {Fj } ren-martingale increments and {Sy = Zle Ui}keN is a {Fk } ken-martingale.
Using [10, Theorem 2.18], we get

nh_)rr;o{Sn/n} =0, P -almost surely . (S11)

The proof is completed using that lim,, ..o {n"' Y"1 | Qg(Y;)} = 7(Qg) = 7(g), P,-almost surely
by (S10) and therefore by definition, P(,, ,,)-almost surely. O

Proof of Theorem 5. We have for (z,A) € R? x B(R%),

N N
~ i i Z j
P 2 Y [#di1ae) [ oo [] plae).
=2 Zy + in + Zj:Q,j;ﬁi ij j=2,j#i

~o
Moreover, as for any z € R%, Z_ /7 < M,

N
/ 2 = |[ rld?) > = 2 > !

= = N vl = = o — .
Zy + Lo + 3 52 i Lai j2njpi Zy + 2Ly +Z(N—2)  2M7 +N =2

We finally obtain the inequality
N -1
>< e —
2MT + N -2
The proof for P is concluded from [8, Theorem 18.2.4].

As ||P*(y,-)—7|lrv < K%, for any bounded function f, || f||o < 1, we have |P* f(y)—7(f)| < &k,
by definition of the Total Variation Distance. Then, writing f = (g for any bounded function g,
lglloo < 1, we have || f]loo < 1 and

PR f(y) — 7(f)] = [P*Qg(y) — #Q(g)| = |P*Qg(y) — m(9)| < Kk . (S13)
0

P(z,A) > 7(A) = en(A) . (S12)

Write now P the Markov kernel extending to correlated proposals: for y € R% and A € B(R?),

N N 5%
P(y,A)zN—1/§ 8y (dar)ry(at, dzt ™) Y~ S 1a(at) (S14)
1=1 k=1 1N

where the Markov kernels R; are defined by R;(x?, dz" N\ = r; (2%, 8N\ dz N\ and r;
by (15).

Theorem S3. P is 7w-invariant.
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Proof. Define the Nd-dimensional probability measure py (dztV) = p(dz!) Ry (zt, dz*"). Let
A € B(R?). Then, we have

N ~T0
=N~ / (dy) /ZS (dz")R;(2*, da z*)
k
N ~To
(NZ)~ /ZpdeRxdx z*)
k
N N 5
— D) [ pnla™) 32Ty L)
=1 k=1 1N
N ATO
= (NZ)il‘/ZkapN(dl‘l N)]lA(xk)
k=1
N ~TT
_ Z)_l/ZZwkp(dxk)]lA(xk) _#(A)
k=1

B Continuous-time limit of NEO and NEIS

B.1 Proof for the continuous-time limit

Consider . > 0 and a family {T, : h € (0, h]} of C!-diffeomorphisms. For N € N* and a bounded
and continuous f : R? — R, write

IS0 () 122% R(XDF(THXY) (S15)

i=1 keZ

where { X}V, i p and for some weight function w® : R — R with bounded support (see H3),
k € Z and h > 0, setting wy, , = w°(kh),

W, p(T) = wk,hpfk(x)/ ZieZ Whti,hPi(T) (S16)
We show in this section the convergence of the sequence of NEO-IS estimators {1 gEJ\C,) R(f) t he

(0,h]} as h | 0 to its continuous counterpart, the version (16) of NEIS [16], with weight function

w, in the case where for any h € (0, B], T}, corresponds to one step of a discretization scheme with
stepsize h of the ODE
jl’t = b(l't) s (Sl7)

where b : R? — R? is a drift function. We are particularly interested in the case where (S17)
corresponds to the conformal Hamilonian dynamics (10) and {T}, : h € (0, h]} to its conformal

symplectic Euler discretization: for all (¢, p) € R??,
Ti(q.p) = (g + M~ H{e™"p — hVU(q)},e™"p — hVU(q)) . (S18)

We make the following conditions on b, p, w® and {T}, : h € (0, fL] }.
H1. The function b is continuously differentiable and Ly-Lipschitz.

Under HI, consider (¢;):>¢ the differential flow associated with (S17), i.e. ¢¢(x) = x; where (2¢)ier
is the solution of (S17) starting from x. Note that HI implies that (¢, z) + ¢:(x) is continuously
differentiable on R x R?, see [11, Theorem 4.1 Chapter V].

HI1 is satisfied in the case of the conformal Hamiltonian dynamics if the potential U is continuously
differentiable and with Lipschitz gradient, that is there exists Ly; € R such that for any x1, x2 € RY,
[VU(z1) = VU(22)[| < Ly |lz1 — 22|
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H2. Forany h € (O, ﬁ}, Ty, : R — R? is a C'-diffeomorphism. In addition, it holds:

(i) there exist C > 0 and § € (0, 1] such that for any x € RY,
| Th(x) — (2 + hb(2))|| < Ch**O(1 + [|z]]) ;

(ii) forany x € R% and T € R,

li J 3 0
ﬁ%ke[—Lir“r/li?J}fLT/hJ] (REAC) T’“( )=

Note that H2 is automatically satisfied for the conformal symplectic Euler discretization (S18)
of the conformal Hamiltonian dynamics. Indeed, in that case div b(¢;(x)) = ~yd, and therefore
Jys,(z) = e fort € R, and for any h > 0,k € Z, I (@) = e74E; see [9].

Define
support(w®) = {t € R : @w®(t) # 0} . (S19)

H3. (i) p is continuous and positive on R?

(ii) w® is piecewise continuous on R, its support support(w®) is bounded and
SUP(s,1)ea,, @°(1)/@(t + 5) = m < oo where

Ao = {(s,t) € R?; t € support(w®), (s+t) € support(w®)} .
(iii) Moreover, for any x € R%, we have p5(z) = [ w®(t ()T, (x)dt > 0.

Note that H3 implies that sup,cp [ww®(t)| < +o00. H3 is automatically satisfied for example in the
case w® = L_p, 7, for T1, T2 > 0.

Theorem S4. Assume HI, H2, H3. For any v € R? and f : R* — R continuous and bounded,

tim | 3w (o) (T @) ~ [ (e f(61 ()] =0,
kEZ e
where {wy, n } ez and wi are defined in (S16) and (17) respectively, i.e. for x € Réandt € R,
i) = SO0 | [~ o et 00T s . S0
Proof. Let f be a bounded continuous function, = € R?. Setting
grn(z) = p(Tk (x))wC(kh)JTk (x) f(T} ()
hAg,n(x th (T, (x (k4RI i ()
i€EZ
we have that
= —_ x)dt + _ x)dt ,
I;) hAkh 0 hALt/th(x)gl_t/hJ,h( ) T h/ALt/hJ,h(x)th/hJ,h( )

as gx,p(z) = 0 when k > |Tw/h|. Therefore, we can consider the following decomposition,

p(TH () (k) Iy () F(TR®) [T w0 (8) pleo(2)) T (2) F(S0(x) )t
50 Liez AT (@) (k + )My o) / Twe(t+ 9)p(@s@) 3o, s | =" 77
with
T 1 .
4= /0 N {91/n1.0(@) = () p(1(2)) T, (2) f (de(x)) } dt
h|Tw/h]+h 1
T /T mgu/w,h(ﬁ)dt :




127 and
B /Tw @ (t)p(9e(2)) g, (2) f(¢e(2))dt  wo(t)p(¢e(2))ds, (2) F(e(2)) |
0 A4 h) 0 () J @t + 5)p(ds(x))T g, (x)ds|

128 We bound those terms separately. First of all, under H3- (ii) for any k such that kh € [0,T5], we have
120 hAgp(x) > hm™ Ag p(x). Second, as limy o hAg p(x fo x))J g, (x)we(s)ds > 0,
130 there exists some /4 > 0 and ¢ > 0 such that for all k € Z, h <h 1mphes

Tw
/ @ ()p(de(2))T g, (2)dt > ¢, hAgp(z) > hm ' Agp(z) > c. (S21)
0

131 Then, for h < h,

A<ct / " oty (@) — @ (0)p(e(2)Ton (2) () dt

| hlTa/nl+h
+c*/T |91/m) ()| dt .

w

132 By HI and H3, the function ¢t — w@®(t)p(¢+(x))J g, (z)f(d¢(z)) is continuous on the compact
133 [0,27] and thus is bounded. Therefore, for any h € (0, k),

sup [ (t)p(dr(2))J g, (2) f (91 (2))] < SuP|wcl sup |f(z)] sup  |p(de(2))ds, ()] < oo

t€[0,2T] z€R t€[0,2T%]
134 Under H2, (S22) and Lemma S8 imply that (522
te[O,hLSZE;p/hJJrh) 9us/ny ()
< sup ()] sup [ ()] sup p(T ™M (@)3 gy () < o0,

zERd te[0,h|Tw /h|+h)

h|Tw /h|+h

195 Then, limp o [~ |91/n),n(x)| dt = 0. Finally, Lemma S9 implies that lim, ;o A = 0.

136 Moreover setting for ¢ € [0, T],
(z) (S23)
/|P PnLs/n) (@)@ (h(Ls/h] + [t/h]))I g, 0 @) — @ (s + 1)p(¢s(2)) g, (2))1a,, (s, 1) ds

h(|Tw/h]=t/R]+1)
L A AN R VD P PRI

137 we have for h < iL, by (S21) and H3-(ii),
B /T’” @ ()p(9(2))do, (1) f(¢e(2)) @ (t)p(de(x)) g, () f(0e(2)) |
0

RA i) 0 () J@e(s + t)p(ds ()T g, (x)ds
To oo (t)p(on() T, () F(4(2) -
</ RAL @) [ oo T Do) T s S @)t
Tw
< me? / = (0)p(1 ()T 5, (1) f (60(2)) A, (2)dt
< me2 sup [@°(8)] sup [£(2)] sup |p(6a(2))T ()] / TAB(@)dt. (524)
teR rERI t€[0,T%] 0

138 By HI and H3, the function s — p(¢s(x))J s, (x) is continuous on the interval [T, 7] and thus
139 is bounded. Therefore, for any h € (O, h),

sup [ (h([t/h] + [s/D]))p(n(s/n) (€)) gy . n) (2)]

(s,t) €A
< sup @ (s +1)p(¢s () g, (2)] < Tosup|@®(s)]  sup  [p(¢s(x))dg, (2)] < o0
(s,t)EAL sER $€[-Tw,Tw]
(S25)
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This implies that
. h(|Tw/R)—t/h]+1)
lim 10Dy @) ((L5/h) + (/R )T 1y s = 0.
RO Jr, —n|t/h]
Moreover, for any ¢ € [0, T, ], the function
s = @ (h([t/h] + [s/h])p(dn s/n) (X))o o) (@) — T + 8)p(¢s ()T . (2)[La (5, 2)

converges pointwise to 0 for almost all s € R when h | 0 using HI, H3 and the continuity of
s+ ¢s(x). The Lebesgue dominated convergence theorem applies and by (S23), for all ¢ € [0, T ],

lim AP, () =0.
lim Ay () =0
Moreover, using hAy ,(z) = h>, .5 p(Th () ((k + i)h)J1i (1) and (S25),

sup  sup Afh(a:) <00
t€[0,T] hE(O,fL)

The Lebesgue dominated convergence theorem and (S24) show that limj, o B = 0 which concludes
the proof. O

B.1.1 Supporting Lemmas

For f € C(RY,R?), define J;(z) the Jacobian matrix of f evaluated at = and the divergence
operator by div f(z) = tr[J¢(z)].

Lemma S5. Let b be a C! vector field in R% and (¢4)icr be the flow of the ODE (S17). For any
t € R, the Jacobian of ¢, is given by

T4, () = exp( [ divb(py(x))ds) .

Proof. First, fort € R and x € R, write A(t,z) = J4,(x) the Jacobian matrix of ¢, evaluated

at 2. By Jacobi’s formula, det A(¢, z) = tr[adj(A(t, z)) - A(t, )], where tr[M] denotes the trace
of a matrix M and adj(M) its adjugate, i.e. the transpose of the cofactor matrix of M such that
adj(M)M = det(M) Id. Since for all ¢ and x, A(t, ) = Jpog, (z) = Ju(¢:(2)) - A(t, x), then

g, (@) = trfadj(A(t, ) - Jp(9u(2)) - Alt,2)] = 02 [Jp(01(2)) g, () - (S26)
Integrating this ODE yields J, () = exp(ﬁ;5 div b(¢s(z))ds). O
Lemma S6. Assume HI. Then, there exists C > 0 such that for any x € R4t € R, k € Z, h > 0,
¢ ()] < Ce“MI(||z] + 1),
T ()] < Ce“™ (|l + 1) .

This lemma follows from Gronwall’s inequality and HI.
Lemma S7. Assume HI and H2-(i). There exists C' > 0 such that for any x € R% h € (0, 71),

ITn(z) = én(@)]l < C{1+ ||z }[A . (S27)
Proof. Under HI and H2-(i), we have
1T (z) = én(@)|l < lle+ hb(z) — én(@)| + Crh' (1 +||z]) |
and as ¢y () = z + [ b(¢s(x))ds,

lz + hb(z) — ¢ ()]l = [[hb(x) — fy b(¢s(@)]| < hLpsupyepo  llbs(@) — ]
< Lyh*{Ly . ¢s(x) +[[b(0)[[} . (S28)
s€|0,

The proof is completed using Lemma S6. O
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Lemma S8. Assume HI and H2-(i). There exists C > 0 such that for any x € R* k € N, h € (0, B),

kh < T,
1T} (@) = dnn(@)]| < O (1 + |l .

(S29)

Proof. Using Lemma S7, H1 and H2-(i), there exist C', C'y, C3 > 0 such that for any x € R k€

N,h € (0,h), kh < T,

| T3+ (@) = Sasnn @I < I T (@) = Tuodwn (@) + | T o (2) — Sacsnyn (@)
< (L4 hLy)|| Th (2) — dnn ()

+RPCH2 + | TH@)] + Nékn (@)1} + | Th odrn (@) — dran(@)]
< (L+ hLy)[| T5(2) = dun(@)| + hH020102T= {1+ |lal|} + O {1 + [[pen ()|} +

< (1+hLy)| Th(x) — Grn()]
+ h1T020,Coe®?T= {1 + ||2||} + C3{1 + Co(1 + ||z||) } ' T0eC2T=
< (14 hLy)|| Th(2) — ¢rn (@) ]| + Ar {1 + ||z[[}p"°
with A7 = (2C,Cy + C3(1 + Cs))e®?T=. A straightforward induction yields

1+ hLy)*
k@) — o) <« 1 afpnd

O

Lemma S9. Assume HI, H2, H3 . For any x € R%, and f : R* — R bounded and continuous,

Tw

tim [ [ (B Lt/h) (TR (@)D e (2) ST (@) = 5 (1) pl0(@)) T, (@) F(n(2)) |t

nio Jo
Proof. Let z € R, Consider the following decomposition, for any h < h,
T [t/h] Lt/)
ok )3 AT ) - 00000103, (276000

< 75 ez @ (kh)|p(Th (2)) I pe () f (T} (2)) = p(dkn ()T o, (2) f (S0 ()]

dt

+ Jo 7 = O)p(0(2))I g, (@) £ (De()) = = (h [£/7])p(Dn1asny (@) T 0, (@) F (Dn1a/my ()]t -

The first term converges to 0 by Lemma S8 and H2-(ii) as w®(kh) = 0 for kh > T». By Hl and H
3, the function t — @*(t)p(¢¢(x))J g, (z) f (1 (7)) is continuous on the compact [0, T'5] and thus is

bounded. Therefore, for any i € (0, ),
) ?élg ]|Wc(h Lt/R])p(Dnitsn) (@) o ) (@) (Dnie/n) (2))]
€[0,Tw

< sup || sup [f(2)] sup |p(¢e(z))Te, ()] < oo.
teR r€Rd t€[0,Tw]

(S30)

Moreover, t +— @(h[t/h])p(bn|t/n)(®)T g, . n, (®)f(Pnie/n) (7)) converges pointwise when
h ]l 0tot — w(t)p(de(x))Ts, (z)f(é:(x)) by continuity, using H1 and H3. The Lebesgue

dominated convergence theorem applies and the second term goes to O as h | 0.

B.2 NEIS algorithm after [16]

O

Non Equilibrium Importance Sampling (NEIS) has been introduced in the pioneering work of [16].
NEIS relies on the flow of the ODE #; = b(z;) and the introduction of a set O C R%. As in

Appendix B, we assume HI holds and denote by (¢¢)ier the flow of this ODE.
Define for z € O, the exit times 71 (z) > 0 (resp. 7~ (z) < 0) satisfying
T (z) =inf{t >0 : ¢y(x) ¢ O}, 77 (z) =inf{t <0 : ¢y(x) ¢ O} .

The validity of NEIS relies on the following assumption.

10
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H4. The average time of an orbit in O is finite, i.e.
Z,= /(T+(Jj) -7 (2))p(z)der < 0o . (S32)
[0}
Under H4, we can define the proposal distribution

pr(a) = 27! /o Lo oy o) (D01 ()T, () (833)

Under H4, [16, Equation (8)] derive the following estimator of p(f), closely related to (16), in the
case = 1, on the restricted set O C R% :

() =5 Z / ey O (@ X e (S34)

) e QILIA)
S8 plen(@)Tg,

Note that in practice, in order for H4 to be verified, one typically requires that O be bounded, as
discussed in [16].

Following [16], consider a d-dimensional system with position ¢ € R¢, momentum p € R and
Hamiltonian H (p, ¢) = (1/2)|p||> + U(q) where U(q) is a potential assumed to be bounded from
below. Denote by V' (E) the volume of the phase-space below some threshold energy E,

(S35)

V(E) = / Lia(p,q<mydpdg - (S36)

To calculate (S36), we set x = (p, q), define O = {x; H(z) < Epax} for some Fyax < 00, and use
the dissipative Langevin dynamics with b(z) = (p, —=VU (q) vp), L.e.
g=p, p=-VU(@) -,

for some friction coefficient v > 0. With this choice, Jy,(z) = e~®*. Taking p to be the
uniform distribution on the (bounded) set O, write the estimator for E < Epax, V(E)/V (Fmax) =

J Y up.q<ey (P, ¢)dpdg, where p(p, ¢) = 1o(p, ¢)/V (Emax), we get

1 T+((>)(('i>) T, (x0) Lim s, (xi)<pydt
= i t t >
V(E)/V(Bumax) = 5 (X0
P fo(Xi) Jg.(xiydt
N (XD . N
_ U g Jocord 1 Sn sy ) (S37)
N TH(X1) N ¢ 7
im1 S (xo) J@(Xi)dt i=1

where 7 () denotes the (possibly infinite) time for a trajectory initiated at x = (p, q) to reach the
energy B < Eax.

Finally, to estimate the normalizing constant, [16] discretize the energy levels {Ey, ..., Ep} and
write their estimator as
NEIS 1 L& By ;
Zyin = Zze—dw(n (X")—-17(X ))(Ee —Eiq), (S38)
z:l =1

using an approximation of the identity

7 — / / 1ty p(2)dLde = / Py (LX) > L)dL,
0 Jo 0

which is at the core of nested sampling [5].

11
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B.3 NEO with exit times

Consider O C R? and let T be a C!-diffeomorphism on R?. We introduce here an estimator based
on the forward and backward orbits in O associated with T. Define the exit times 77 : R* — N and
~:RY 5 N_, given, for all x € R4, by

7H(z) =inf{k > 1 : T"(z) £ O}, (S39)
77 (z) = sup{k < —1 : TF(z) £ O}, (S40)
with the convention inf () = 400 and sup ) = —oo, and set
I={(z,k) €OXZ:kelr (x)+1:7(x)—1]}. (S41)
For any k € Z, define p;, : R — R by
pi(@) = p(T~" (@) I (2) Li(w, —k) . (542)

The density py, is the push-forward of 1y(z, k)p(z) by T%, i.e. for any k € Z and any bounded
function g : RY 5 R,

/ 9 ()pr(y)dy = / 9(T* () L(r, k) pl) (s43)
(6] (6]

Consider the following assumption:

HS5. The nonnegative sequence (wy,) ez satisfies wo > 0 and

Z%’:/Zwkpk dxz/Zwkp ) I e (2) 11 (2, k)dz < oo . (S44)

kezZ kEZ

Consider the pdf
= 7= me (S45)
Z keZ

where Z7 is the normalizing constant. This is a non-equilibrium distribution, since pr is not
1nvar1ant by T in general. Using pr as an importance distribution to obtain an unbiased estimator of
| f(z)p(z)dz is feasible since as @y > 0, sup,co p(z)/pr(z) < Zr /@y < 00, hence

[ s = [ (1025 prioas.

From (S43), the right hand side can be computed using the following key result.

Theorem S10. For any f : R? — R measurable bounded function, we have

| 1@oe = [ 35, 5t @hen@ples (346)
where, for any x € R% and k € 7,
w(r) = wkpfk(x)/zjez wjkps(T) - (847)

Proof. Let f : R? — R be a measurable bounded function. By (S43), writing g < fp/pT,

[ s = [ (1025 prioas

Dp(T @)L k)
/o ( D (T (@) ) ()
We now need to prove:

wip(TH (@)L k) wep(Th @) hiek) wwpn(e) we()
Z% pr(T*(2)) (2, k) 3 eq @ipi(TF () > jez @j+kp;(T) ’

12
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with the convention 0/0 = 0. We thus need to show that forany z € O, k € Z,

L, k) S wipi(TH () = SR S i)

el I (2) jer

Using the identity Jp—i+x () = Jp—: (TF(2))J o (2), we obtain

Lz, k) Y wipi(TH (@) = > i, k)wip(T ™ (T (2)) I s (TF () 1 (T (), —i)
1€Z ZGZ
JTk an (2, k)i p(T™ R (@) Iope i (2) 1 (TF (2), —i)
JTk ij-i-kp (@) 35 (2) 11 (T* (), =5 — k) L1z, k)

Note that if (z, k) € I, we have (z, —j) € Tif and only if (T*(z), —j — k) € I by definition of I
(S41). The proof is concluded by noting that:

]ll(Tk(a:)), —j —k)1i(z, k) = L1(z, —5) 11(x, k) .

C Iterated SIR

Let us recall the principle of the Sampling Importance Resampling method (SIR; Rubin [17], Smith
& Gelfand [18]) whose goal is to approximately sample from the target distribution 7 using samples
drawn from a proposal distribution p.

In SIR, a N-i.i.d. sample X ™/ is first generated from the proposal distribution p. A sample X* is
approximately drawn from the target 7 by choosmg randomly a value in XV with probabilities
proportional to the importance weights {L(X?)}Y,, where L(z) = 7(z)/p(z). Note that the
importance weights are required to be known only up to a constant factor.

For SIR, as N — oo, the sample X * is asymptotically distributed according to 7; see [18].

A subsequent algorithm is the iterated SIR (i-SIR) [2]. Here, N is not necessarily large (N > 2),
the whole process of sampling a set of proposals, computing the importance weights, and picking
a candidate, is iterated. At the n-th step of i-SIR, the active set of N proposals X}V and the

index I,, € [N] of the conditioning proposal are kept. First i-SIR updates the active set by setting

anj_l = X,IL" (keep the conditioning proposal) and then draw independently X:L:f_vl\{I"} from p.

Then it selects the next proposal index I,,;1 € [N] by sampling with probability proportional to
{w(X?%,,)}Y,. As shown in [2], this algorithm defines a partially collapsed Gibbs sampler (PCG)
of the augmented distribution

N

m(at N i) = —n(@’) [[ p(a?) = u? (@) [T o) -

™
J#i Jj=1

The PCG sampler can be shown to be ergodic provided that p and 7 are continuous and p is positive on
the support of 7. If in addition the importance weights are bounded, the Gibbs sampler can be shown
to be uniformly geometrically ergodic [14, 3]. It follows that the distribution of the conditioning
proposal X = XI» converges to  as the iteration index n goes to infinity. Indeed, for any integrable
function f on RY, with (Xy.n, ) ~ 7,

FXh] = /ﬁ;f(afi)fr(x”,i) LN — 1Z/f 2 da; = /f(at)ﬂ z)dz

When the state space dimension d increases, designing a proposal distribution p guaranteeing proper
mixing properties becomes more and more difficult. A way to circumvent this problem is to use
dependent proposals, allowing in particular local moves around the conditioning orbit. To implement

13
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this idea, for each i € [N], we define a proposal transition, r;(z%; 'V \{?}) which defines the
the conditional distribution of X :N\{%} given X* = 2?. The key property validating i-SIR with
dependent proposals is that all one-dimensional marginal distributions are equal to p, which requires
that for each 4, j € [N],

p(@'yri(a’s x NN = p(a? )rj (2l 2 NI (S48)
The (unconditional) joint distribution of the particles is therefore defined as
PN (J;l’N) = p(z')r (z!; xlzN\{l}) ) (S49)

The resulting modification of the i-SIR algorithm is straightforward: X “N\{/=} is sampled jointly
from the conditional distribution 77, (X, ) rather than independently from p.

D Additional Experiments

D.1 Normalizing constant estimation

We consider here the problem of the estimation of the normalizing constant of Cauchy mixtures. The
Cauchy distribution with scale o has a pdf defined by Cauchy (z; i, o) = [ro (1 + {(z — u) /o }?] 7L
The target distribution is a product of mixtures of two Cauchy distributions,

Tl
n(w) = [ 5 [Cauchy (w5 1, ) + Cavehy (a5 —p,0)], 1 =5,0=1,
i=1
NEO-IS is compared with IS estimator using the same proposal p. We also compare NEO-IS to
Neural IS [15] with a Cauchy as base distribution.

30
25
20 i I

15 -1

10

5 I
0 Em———
NEO IS NIS NEO IS NIS

Figure S1: Boxplots of 500 independent estimations of the normalizing constant of the Cauchy
mixture in dimension d = 10, 15 (top, bottom). The true value is given by the red line. The figure
displays the median (solid lines), the interquartile range, and the mean (dashed lines) over the 500
runs

Finally, we compare NEO-IS with NEIS'. We consider here MG25 in dimension 5 and 10, where all
the covariances of the Gaussian distributions are diagonal and equal to 0.005 Id. NEIS and NEO-IS
are run for the same computational time. We add an IS scheme as a baseline for comparison. All
algorithms (NEO-IS, NEIS, IS) are run for 7.20s and 11.30s wall clock time respectively for d = 5
and d = 10. For NEO-IS, we use a conformal transform with h = 0.1, K = 10 and v = 1. For
NEIS, we choose v = 1 and consider a stepsize h = 10~* corresponding to an optimal trade-off
between the discretization bias inherent to NEISand its computational budget. We can observe that
NEO-IS always outperforms NEIS, which suffers from a non-negligeable bias if the stepsize h is not
chosen small enough.

D.2 Gibbs inpainting

We display here additional results for the Gibbs inpainting experiment presented in Section 5. We
emphasize that the starting images are chosen at random in the test set.

"The code from [16] we run is available at https: //gitlab.com/rotskoff/trajectory_estimators/
-/tree/master.
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Figure S2: NEO v. NEIS. 25 GM with 02 = 0.005, d = 5. 500 runs each.
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Figure S3: Forward orbits of NEO-MCMC.

E NEO and VAEs

Denote by pg(z, z) the joint distribution of the observation z € RP and the latent variable x €
RY. The marginal likelihood is given, for z € R? by py(z) = [ pg(x,z)dz. Given a training
set D = {z;}}4,, the objective is to estimate § by maximizing the likelihood, i.e. maximizing
logpe(D) = Zf\il log pg(z;). We show two experiments in the following, first the evaluation of

independently trained VAEs, and then the derivation and learning of a VAE based on NEO, and
NEO-VAE.

E.1 Log-likelihood estimation

We present here first the evaluation of the log-likelihood of a trained VAE on the dynamically
binarized MNIST dataset. The models we compare share the same architecture: the inference network
qe is given by a convolutional network with 2 convolutional layers and one linear layer, which outputs
the parameters p4(z), 04 (z) € R of a factorized Gaussian distribution, while the generative model
po(+|z) is given by another symmetrical convolutional network gy. This outputs the parameters for
the factorized Bernoulli distribution (for MNIST dataset), that is

N .
po(z|w) = HBer(Z(i)Kga(z))(l)) .

We here follow the experimental setting of [20]. Given a test set T = {zz}f‘i} we estimate

Zi\iq log pg~ (2;). We also estimate similarly the log-likelihood of an Importance Weighted Auto
Encoder (IWAE) [4]. Following [20], we compare IS, AIS, and NEO-IS. As previously, AIS, IS,
and NEO-IS are given a similar computational budget, choosing here K = 12, N = 5 - 103. For
NEO, we choose 7 = 1. and h = 0.2. Similarly, the stepsize of HMC transitions in AIS is h = 0.1
in order to achieve an acceptance ratio of around 0.6 in the HMC transitions. We report in Table |
the log-likelihood computed on the test set for VAE, IWAE with latent dimension in {16, 32}. For
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Figure S4: Additional examples for the Gibbs inpainting task for CelebA dataset. From top to bottom:
i-SIR, HMC and NEO-MCMC: From left to right, original image, blurred image to reconstruct, and
output every 5 iterations of the Markov chain.

Model | VAE,d =32 | VAE,d =16 | IWAE,d =32 | IWAE, d = 16
IS -90.17 -90.44 -88.76 -90.13
AIS -89.67 -89.97 -88.30 -89.61

NEO-IS -88.81 -89.17 -87.46 -88.99

Table 1: Evaluation of the log-likelihood (normalizing constant) of different Variational Auto En-
coders.

the same computational budget, NEO-IS yields consistently better values for the estimation of the
log-likelihood of the VAE.

E.2 Definition of a NEO-VAE

Variational inference (VI) provides us with a tool to simultaneously approximate the intractable
posterior py(x|z) and maximize the marginal likelihood pg(D) in the parameter 6. This is achieved
by introducing a parametric family {g,(z|z), ¢ € ®} to approximate the posterior pg(x|z) and max-

imizing the Evidence Lower Bound (ELBO) (see [12]) Lo (D, 8, ¢) = Ef\il Lrrso(zi,0,9)
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where

Leipo(z,0,0) = /log (m) gs(x | 2)dx (S50)

= logps(2) — KL(g(- | 2)llpa(- [ 2)) ,
and KL is the Kullback—Leibler divergence. In the sequel, we set p(z) = g4(x | z) and L(z) =
po(z,2)/qs(z | 2). In such a case, m(x) = p(x)L(x)/Z = pg(x | z) and Z = py(z) (in these
notations, the dependence in the observation z is implicit).

We follow the the auxiliary variational inference framework (AVI) provided by [1]. We consider
a joint distribution py(z, u, z) which is such that pp(z) = [ pe(x,u, z)dzdu where u € U is an
auxiliary variable (the auxiliary variable can both have discrete and continuous components; when u
has discrete components the integrals should be replaced by a sum). Then as the usual VI approach,
we consider a parametric family {G4(x,u|z),¢ € ®}. Introducing auxiliary variables loses the
tractability of (S50) but they allow for their own ELBO as suggested in [1, 13] by minimizing

_ _ _ Do (557 u, Z)
KL(Gs (- | 2)||po(- | 2 :/q x,u|z) log () dzdu . (S51)
@6 12)po(-12)) = [ (e ulz)og (2200
The auxiliary variable u is naturally associated with the extended target p defined similar to Remark 2,

STO

) Z
= LNA{i}] 5 — #( 1N oy — “z
pN([QT,.’II ]71) 7T(J} aZ) NZpN
with (z,u) = ([z, 2V \{#}],4), a shorthand notation for a N-tuple z"V with 2° = 2, and, with r;
defined in (15),

1:N)

(") (S52)

pn(x = p(:cl)rl(xl,xQ:N) = p(xj)rj(xj,xltN\{j}) , je{1,...,N}, (S53)

generally for Markov transitions {r; } ;c]. We might write simply in the following

pr (') = Hp(fﬂi) :

An extended proposal playing the role of Gy (z, u|2) is derived from the NEO-MCMC sampler, i.e.

. ) 7 .
an ([z, 2" B3] ) = —Z—py (2PN (S54)
NZgin

where Z;N is the NEO estimator (4) of the normalizing constant. Note that, by construction,
N
ZqN(xl:N’i) — pN(xLN) (SSS)
i=1

showing that this joint proposal can be sampled by drawing the proposals ' ~ py, then sampling
the path index ¢ € [N] with probability proportional to (ZZ )N (with Zf defined in (4)). The ratio
of (§52) over (S54) is

pn (@ 0) Jan (2N i) = Zopan |7 (S56)
Thus, we write the augmented ELBO (S51)

Lngo = /pN () log Zprw dz™N = log Z — KL(qn|pn) , (S57)

where we have used (S55) and that the ratio py (2", 7) /gn (2", i) does not depend on the path
index i. When @y, = dj o, where §; ; is the Kronecker symbol, and py (z5V) = Hj\le p(z7), we

exactly retrieve the Importance Weighted AutoEncoder IWAE); see e.g. [4] and in particular the
interpretation in [6].

Choosing the conformal Hamiltonian introduced in Section 2 allows for a family of invertible flows
that depends on the parameter 6 which itself is directly linked to the target distribution. Table 2
displays the estimated NLL of all models provided by IS and the NEO method. It is interesting to
note here again that NEO improves the training of the VAE when the dimension of the latent space is
small to moderate.
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Table 2: Negative Log Likelihood estimates for VAE models for different latent space dimensions.

d=1 d=38 d=16 d=50
model IS NEO IS NEO IS NEO IS NEO
VAE 115.01 | 113.49 || 97.96 | 97.64 || 90.52 | 90.42 || 88.22 | 83.36

IWAE, N =5 113.33 | 111.83 || 97.19 | 96.61 || 89.34 | 89.05 || 87.49 | 87.27
IWAE, N = 30 111.92 | 110.36 || 96.81 | 95.94 || 88.99 | 88.64 || 86.97 | 86.93
NEO VAE, K =3 | 109.14 | 107.47 || 94.50 | 94.26 || 89.03 | 88.92 || 88.14 | 88.16
NEO VAE, K =10 | 110.02 | 107.90 || 94.63 | 94.22 || 89.71 | 88.68 || 88.25 | 86.95
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