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ABSTRACT

Auto-regressive Language Models (LMs) assign significant attention to the first
token, even if it is not semantically important, which is known as attention sink.
This phenomenon has been widely adopted in applications such as streaming/long
context generation, KV cache optimization, inference acceleration, model
quantization, and others. Despite its widespread use, a deep understanding of
attention sink in LMs is still lacking. In this work, we first demonstrate that
attention sinks exist universally in auto-regressive LMs with various inputs, even
in small models. Furthermore, attention sink is observed to emerge during the
LM pre-training, motivating us to investigate how optimization, data distribution,
loss function, and model architecture in LM pre-training influence its emergence.
We highlight that attention sink emerges after effective optimization on sufficient
training data. The sink position is highly correlated with the loss function and data
distribution. Most importantly, we find that attention sink acts more like key biases,
storing extra attention scores, which could be non-informative and not contribute
to the value computation. We also observe that this phenomenon (at least partially)
stems from tokens’ inner dependence on attention scores as a result of softmax
normalization. After relaxing such dependence by replacing softmax attention
with other attention operations, such as sigmoid attention without normalization,
attention sinks do not emerge in LMs up to 1B parameters. The code is available
at https://github.com/sail-sg/Attention-Sink.

1 INTRODUCTION

Xiao et al. (2023b) showed that Large Language models (LLMs) allocate significant attention to
the initial tokens, irrespective of their semantic relevance. This interesting phenomenon is termed as
attention sink and has widespread applications, including streaming/long context generation (Xiao
et al., 2023b; Han et al., 2024; Yang et al., 2024), KV cache optimization (Ge et al., 2023; Wan
et al., 2024; Wu & Tu, 2024), efficient inference (Zhang et al., 2024b; Chen et al., 2024), model
quantization (Liu et al., 2024b; Huang et al., 2024), and others.

A seminal of works attempted to understand attention sink. Among them, Cancedda (2024) clarified
that attention sink primarily appears only on the first token. They attributed the phenomenon to the
large norm of hidden states of the first token. This is referred to as massive activations (very few
activations exhibit extremely large values compared to others) in Sun et al. (2024). Besides, Sun et al.
(2024); Yu et al. (2024) observed that attention sink may also appear in several word tokens carrying
limited semantic information and having no fixed position. Despite the above research efforts, a
deep understanding of attention sink is still absent. Therefore, we conduct a comprehensive study
to investigate when attention sink emerges. We defer full discussions on related work to Appendix A.

Based on open-sourced auto-regressive LMs, we show that the first token acts as biases: the angles
between the first key and queries of other tokens are typically small, leading to attention sink. Then
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Figure 1: (Left) Architecture of pre-norm transformer block (we highlight the location of post-norm
LN using dashed lines). We denote the output of MHSA as Ol and the output of FFN as F l. (Right)
The packing strategy in the LM pre-training. All documents are concatenated with BOS (optional) and
EOS tokens as the boundaries. Then it is chunked into equal-sized sequences with context length C.

we find that attention sink universally exists in auto-regressive LMs across different inputs, even
in the small models or with random token sequences. Additionally, attention sink is observed to
emerge during the LM pre-training before continual instruction tuning (Ouyang et al., 2022). This
motivates us to focus on the LM pre-training, whose objective can be formulated as:

min
θ

EX∼pdata [L (pθ(X))] . (1)

In the remaining part of this paper, we investigate how the optimization (Section 4), data distribution
(Section 5), loss function (Section 6), and model architecture (Section 7) influence the emergence
of attention sink. We have the following conclusions:

• Attention sink emerges after LMs are trained effectively on sufficient training data. It appears
less obvious in LMs trained with small learning rates. While weight decay encourages the
emergence of attention sink.

• The sink position is highly related to the loss function and data distribution and can be
shifted to other positions rather than the first token.

• Attention sink acts more like key biases, storing extra attention and meanwhile not con-
tributing to the value computation. This phenomenon (at least partially) stems from tokens’
inner dependence on attention scores due to the softmax normalization. After relaxing such
dependence by replacing softmax attention with other attention operations, e.g., sigmoid
attention without normalization, attention sinks do not emerge in LMs up to 1B parameters.

2 PRELIMINARIES ON LMS AND ATTENTION SINK

Let fθ be an auto-regressive LM with L transformer decoder blocks and X ∈ RT×|V| :=
{x1,x2, . . . ,xT } are the input tokens, where each token xt is a one-hot encoding and |V| is the vo-
cabulary size of tokenizer V. The LM output is also a sequence Y ∈ RT×|V| := {y1,y2, . . . ,yT } =
fθ(X), where yt represents the predicted logits of p(xt+1|x≤t).

Transformer blocks. In the forward pass, X is first embedded as H0 ∈ RT×d := XWE + P ,
where WE ∈ R|V|×d is the learnable word embedding, P ∈ RT×d is the positional embedding,
and d is the hidden dimension. We denote H l ∈ RT×d := {hl

1,hl
2, . . . ,hl

T }, 1 ≤ l ≤ L to be the
output of the l-th block. Each block comprises a multi-head self-attention (MHSA) operation and a
feed-forward network (FFN). The block has either a pre-norm or post-norm structure according to
the location of layer normalization (LN) (Ba et al., 2016; Zhang & Sennrich, 2019). Most of LLMs
consider a pre-norm block, as also shown in Figure 1(Left):

H l = FFN(LN(Ol +H l−1)) +Ol +H l−1, Ol = MHSA(LN(H l−1)), (2)

while the post-norm transformer block is

H l = LN
(
FFN(LN(Ol +H l−1)) + LN(Ol +H l−1)

)
, Ol = MHSA(H l−1). (3)
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Figure 2: In LLaMA3-8B Base, (Top) the first token has significantly larger ℓ2-norm of hidden states,
but much smaller ℓ2-norm of keys and values than the mean of other tokens; (Bottom) cosine similarity
instead of norm product contributes to attention sink. We delay more visualizations to Appendix C.3.

MHSA layers. In the MHSA layer, the input H l−1 are first transformed into keys, queries, and
values: Kl,h = H l−1W l,h

K , Ql,h = H l−1W l,h
Q , V l,h = H l−1W l,h

V for each head 1 ≤ h ≤ H (we
omit the notation of LN when considering pre-norm design for simplicity). Here W l,h

K ,W l,h
Q ,W l,h

V ∈
Rd×dh , dh = d/H . Then the attention output is computed as

Al,h = Softmax
(
Ql,hKl,h⊤/

√
dh +M

)
, Ol = ConcatHh=1

(
Al,hV l,h)W l

O, (4)

where M ∈ RT×T is an attention mask. For vanilla causal attention, Mij = −∞ for i < j and
Mij = 0 for i ≥ j. Finally, the output of final transformer block HL is fed into an unembedding
layer for prediction: Y = LN(HL)Wcls, where Wcls ∈ Rd×|V|.

Positional embedding. NoPE (Kazemnejad et al., 2024) considered no explicit positional embedding
(PE) in LMs, where P = 0. When using absolute PE (Vaswani et al., 2017), P is a periodic function
of token positions. Devlin et al. (2019); Brown et al. (2020) adopted a learnable PE, which means
P is a learnable embedding of token positions. The dot product between each query and key meets
⟨qi,kj⟩ = qik

⊤
j when using the above three PEs. While for relative PE (Raffel et al., 2020), AL-

iBi (Press et al., 2021), Rotary (Su et al., 2024), they have P = 0. Instead, they modify the dot product
⟨qi,kj⟩. For relative PE and ALiBi, ⟨qi,kj⟩ = qik

⊤
j + g(i− j), where g(·) is pre-defined function

of the distance between two token positions. For Rotary, ⟨qi,kj⟩ = qiRΘ, j−ik
⊤
j , where RΘ, (·) is

a pre-defined rotation matrix. We include detailed formulations of the above PEs in Appendix B.

Auto-regressive objective. The pre-training objective of LMs is to maximize the likelihood of input
data: θ∗ = argmaxθ EX∼pdata

[∑T
t=1 log pθ(xt|x<t)

]
, where pdata refers to the data distribution.

Packing documents in pre-training. Given a large corpus D = {d1,d2, · · · ,d|D|}, where each
di represents a document containing a sequence of tokens. A packing strategy is adopted in the
LM pre-training, as present in Figure 1(Right). All documents are concatenated and chunked into
sequences with a context length of C. Each chunk could start with any token within one document or
the BOS/EOS token. Then the empirical loss function for each chunk is L =

∑C
t=2 log pθ(xt|x<t).

We note that pθ(x1) is ignored since y1 = fθ(x1) is the prediction for the next token x2.

LM inference. During the inference, a BOS token is fed into the model as the prefix for unconditional
generation: x′

t ∼ pθ(x
′
t|x′

<t,x, BOS), where x′
t is the t-th generated token, x is the optional prompt.

If there are no BOS tokens in the pre-training, the EOS token is considered as the BOS.

Attention sink. Xiao et al. (2023b) revealed that LLMs allocate significant attention scores to
specific token positions, e.g. the first token (not necessary to be a BOS token), resulting in “vertical”
attention patterns. To represent this, we have the attention scores Al, h

i, 1 ≫ mean(Al, h
i, j ̸=1).
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Figure 3: The metric Sinkϵ1 (averaged on 100 sequences) tends to decrease with larger token lengths
T . This tendency becomes more obvious with the more strict definition of attention sink (larger ϵ).

3 PROPERTIES OF ATTENTION SINK

3.1 THE FIRST TOKEN ACTS AS BIASES

Uniqueness of the first token. It is noted that the calculation of hidden states for the
first token has no involvement of self-attention hl

1 = FFN(LN(ol
1 + hl−1

1 )) + ol
1 + hl−1

1 ,
where ol

1 = LN(hl−1
1 )

[
W l,1 W l,2 · · · W l,H

]
W l

O. Therefore, hl
1, and corresponding

queries/keys/values kl,h
1 = LN(hl−1

1 )W l,h
K , ql,h

1 = LN(hl−1
1 )W l,h

Q , vl,h
1 = LN(hl−1

1 )W l,h
V could

be considered as the MLP output of input word embedding x1WE . Using LLaMA3-8B Base (Dubey
et al., 2024), we show that from certain transformer block, e.g., l = 2, the ℓ2-norm of hl

1 is
significantly larger than that of other tokens ht̸=1 in Figure 2(Top). This reproduces massive
activations in Cancedda (2024); Sun et al. (2024). Despite the large ℓ2-norm of hidden states, we
observe that the ℓ2-norm of keys and values of the first token is significantly smaller than that of
other tokens in the same figure, which was also observed in Devoto et al. (2024); Guo et al. (2024b).

QK angles contribute to attention sink. In the l-th transformer block, we consider the keys
and queries after adding PE (Rotary in LLaMA3-8B Base): kl,h

t = LN(hl−1
t )W l,h

K RΘ, −t, ql,h
t =

LN(hl−1
t )W l,h

Q RΘ, −t, where LN is RMSNorm (Zhang & Sennrich, 2019): LN(h) = h
RMS(h) ⊙ g

and RMS(h) =
√

1
d

∑d
i=1 h

2
i . Here g is a learnable gain parameter. Suppose that hl−1

1 already has
massive activations. Since hl

1 has a massive magnitude in specific dimensions, the LN operation
retains the magnitude in these dimensions and further reduces the magnitude in other dimensions,
leading to that ql, h

1 , kl, h
1 , and vl, h

1 are distributed on different manifolds, especially for kl, h
1 .

For the t-th query, we know that ql, h
t kl, h

1

⊤
typically has much larger values than ql, h

t kl, h
j ̸=1

⊤
, as

visualized in Figure 2(Bottom). We further show that due to the different manifold of kl, h
1 , the angles

between kl, h
1 and ql, h

t play an important role. Considering ql,h
t kl,h

j

⊤
= ∥ql,h

t ∥·∥kl,h
j ∥·cos(ql,h

t ,kl,h
j ),

we visualize the cosine similarity between keys and values, and the product of ℓ2-norm between keys
and values in Figure 2(Bottom). Although ∥ql,h

t ∥ · ∥kl,h
1 ∥ is comparatively small, cos(ql,h

t ,kl,h
1 ) is

significantly large, leading to attention sink. This explains why attention sink exists despite the small
ℓ2-norm of keys of the first token. To conclude, the first token leverages its keys to act as biases, thus
minimizing the angles between kl, h

1 and ql, h
t and exhibiting attention sink.

3.2 MEASURING ATTENTION SINK

Threshold-based metrics. Xiao et al. (2023b) showcased the appearance of attention sink by
visualizing attention logits/scores in different heads/blocks. This leads to the intractability of
measuring attention sink quantitatively due to the large number of attention heads and blocks.
Therefore, we first explore the metrics to measure the attention sink. Within each head, we compute
the importance scores for the k-th token αl,h

k = 1
T−k+1

∑T
i=k A

l, h
i, k. We mainly focus on the

first token αl,h
1 . It is noted that 1

T ≤ αl, h
1 ≤ 1 since Al, h

1, 1 = 1 and 0 ≤ Al, h
i ̸=1, 1 ≤ 1. Then we

adopt a threshold-based metric, we consider a head has attention sink in the first token if αl,h
1 > ϵ.

Considering that the whole model has L blocks and each block has H heads, we use the following
metric to measure the attention sink of the whole LM: Sinkϵk = 1

L

∑L
l=1

1
H

∑H
h=1 I(α

l,h
k > ϵ).
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Table 1: (Left) Even with random sequence as input, there still exists an obvious attention sink. But
with repeated tokens, the attention sink disappears for Mistral/LLaMA models. (Right) Chat models
have comparable attention sink metrics with base models.

LLM Sinkϵ
1(%)

natural random repeat

GPT2-XL 77.00 70.29 62.28
Mistral-7B 97.49 75.21 0.00
LLaMA2-7B Base 92.47 90.13 0.00
LLaMA3-8B Base 99.02 91.23 0.00

LLM Sinkϵ1(%)
Base Chat

Mistral-7B 97.49 88.34
LLaMA2-7B 92.47 92.88
LLaMA2-13B 91.69 90.94
LLaMA3-8B 99.02 98.85
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Figure 4: (Left) Attention sink also emerges in small LMs. (Middle) Dynamics of train/valid loss
and Sinkϵ

1 during LM pre-training under the default setup. Attention sink emerges after certain
optimization steps. (Right) Training loss (solid lines)/attention sink (dashed lines) dynamics of LMs
using different learning rates. We observe that with smaller learning rates, attention sink tends to
emerge after more optimization steps and be less obvious.

Selections of thresholds. Typically, the selections of thresholds represent the strictness of quantifying
attention sink. Generally, a larger ϵ represents a strict definition for attention sink. There is no principal
way to find an optimal threshold and we only use this metric to quantify the emergence of attention
sink empirically. Based on Figure 3, we prefer to select a threshold that is both strict in quantifying
attention sink and less sensitive to the token length T . This gives us the selection of ϵ = 0.3. For fair
comparisons, we need to fix T when computing the metric, e.g., T = 64.

3.3 ATTENTION SINK UNDER DIFFERENT INPUTS

Different data domains. We first explore the effects of input domains on attention sinks. The pile
dataset (Gao et al., 2020), a regular dataset for LM pretraining, has 17 available data domains. As
shown in Appendix C.2, input domains have negligible effects on our attention sink metric Sinkϵ1.

Beyond natural languages. We also consider two ideal scenarios: (i) randomly sample T tokens
from the tokenizer vocabulary V to construct a sequence and (ii) randomly sample 1 token from
the tokenizer V and repeat it T times. As present in Table 1(Left), attention sink still exists when
the inputs are random tokens instead of natural language. However, with repeated tokens, attention
sink in Mistral (Jiang et al., 2023) and LLaMA models disappears. In Appendix C.1, we prove that
for LMs with NoPE/relative PE/ALiBI/Rotary, if the first T tokens are the same, their corresponding
hidden states are the same. They all have massive activations, thus dispersing the attention sink. We
also provide the closed form/upper bound for attention scores in these LMs through Propositions 1-4.

3.4 ATTENTION SINK UNDER DIFFERENT LMS

Base vs. chat model. Compared with base models, chat models are typically continually trained
through instruction tuning (Ouyang et al., 2022). From Table 1(Right), instruction tuning has an
insignificant impact on attention sink, which motivates us to focus on the LM pre-training.

Model scale. We evaluate the metric Sinkϵ1 of LLaMA2 Base (Touvron et al., 2023), LLaMA3
Base (Dubey et al., 2024), Pythia (Biderman et al., 2023), GPT2 (Radford et al., 2019), OPT (Zhang
et al., 2022) families. As visualized in Figure 4(Left), attention sink emerges in small LMs, even
in Pythia-14M. Only in Pythia family, larger-sized LMs tend to have more obvious attention sink.

4 EFFECTS OF OPTIMIZATION ON ATTENTION SINK.
We pre-train a series of LLaMA models to conduct our experiments, based on the repos (Zhang et al.,
2024a; Liu et al., 2024a). Due to the intractability of replicating LLaMA pre-training, we design
small-sized models. Following Liu et al. (2024a), we set hidden dimension d = 768, block number
L = 10, head number H = 8, intermediate size of FFN as 1536, resulting in approximately 60M
parameters except for word embeddings and unembeddings. We keep the other design the same
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Table 2: Larger weight decay ratios tend to induce more attention sink heads in LMs. But much
larger values hurt the model performance and attention sink disappears.

γ 0.0 0.001 0.01 0.1 0.5 1.0 2.0 5.0

Sinkϵ1(%) 15.20 15.39 15.23 18.18 41.08 37.71 6.13 0.01
valid loss 3.72 3.72 3.72 3.73 3.80 3.90 4.23 5.24
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Figure 5: (Left) Attention pattern for prefix language modeling. (Middle) Attention sink does not
only appear on the first token but among the prefix tokens for LMs with p = 5. (Right) With less
training data, attention sink disappears. Meanwhile, trained LMs demonstrate overfitting behaviors.

as LLaMA2 models, including Rotary (Su et al., 2024), pre-norm structure, RMSNorm (Zhang &
Sennrich, 2019) as LN, SwiGLU activation (Shazeer, 2020) in FFN, etc.

For data distribution, we sample 5B tokens from the Pile dataset (Gao et al., 2020). We set the
context length to 2048 tokens, the batch size to 1M tokens, and the training step to 20k (including
100 steps for warm-up). We adopt a learning rate of 4e-4 with cosine scheduling. The optimizer is
AdamW (Loshchilov & Hutter, 2017) with a weight decay ratio of 0.1. We use the Pile-CC validation
loss (Gao et al., 2020; Liu et al., 2024a) to measure the model performance and sample 100 sequences
with T = 64 (no BOS token) out of training data to measure the metric Sinkϵk with ϵ = 0.3.

Optimization steps. As visualized in Figure 4(Middle), under our default setup, attention sink
emerges after certain optimization steps, e.g., between 1k and 2k steps. With the progression of
pre-training, attention sink becomes more obvious.

Learning rate. With a smaller learning rate, it takes longer training steps to lower training loss, as
present in Figure 4(Right). Meanwhile, the emergence of attention sink is also delayed. Besides, as
shown in Table 9, we also find that a smaller learning rate results in LMs with less obvious attention
sink, even if we compensate for more training steps. But further decreasing learning rate significantly
affects the optimization and model performance, thus affecting the emergence of attention sink.

Batch size. In Table 10(Left), we find that only modifying batch size has no effects on attention sink.

Takeaways: 1. Attention sink emerges after LMs are trained effectively. 2. Attention sink
appears less obvious in LMs trained with small learning rates.

5 EFFECTS OF DATA DISTRIBUTION pDATA ON ATTENTION SINK

Training data amount. In the default setup, we consider 5B tokens. We wonder whether the
attention sink emerges if we further constrain the data within a fixed compute budget. Therefore,
we constrain the training data to 5B, 2.5B, 500M, 200M, 100M, and 50M. Meanwhile, we fix the
batch size and optimization steps. As visualized in Figure 5(Right), with less training data, attention
sink disappears. Further evidence in Figure 28 shows that this is not related to overfitting.

Randomness in data distribution. After packing documents into chunks, we re-sample the first token
within the chunk x1 ∼ Uniform(V). The trained LM has the metric Sinkϵ1 = 27.03%, even larger
than the default setup. This further validates the low semantic information of the sink token. We also
consider x1,x2 ∼ Uniform(V), and we find attention sink shifts to the second token with Sinkϵ2 =
14.08% while the attention sink on the first token is much less obvious Sinkϵ

1 = 1.98%. But when only
sample x2 ∼ Uniform(V), the attention sink still always appears on the first token (Sinkϵ1 = 20.99%).
Additionally, we find with more random tokens during pre-training, attention sink tends to disappear.

Fixing token in a specific position. Xiao et al. (2023b) considered a learnable token in the first token
position within each chunk, which can be considered as x1 ∼ I(x = xfix). We also consider fixing
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Figure 6: (Left) Shifted window attention pattern. (Middle) In LMs with window attention, attention
sink appears on the first token, but not on the “first token” within each window. (Right) Attention
sink tends to emerge when the window size is large enough.

the token xfix in the second/third token position during pre-training. Consequently, the attention sink
always appears in the fixed token instead of the first token, as shown in Table 10(Right).

Takeaways: 1. Attention sink emerges after LMs are trained on sufficient training data. 2. At-
tention sink could be shifted to other positions rather than the first token if modifying pdata.

6 EFFECTS OF LOSS FUNCTION L ON ATTENTION SINK

Weight decay. The loss function becomes L =
∑C

t=2 log pθ(xt|x<t) + γ ∥θ∥22 when introducing
weight decay ratio γ. As indicated in Table 2, even γ = 0 in the loss function, attention sink
still emerges in LMs. Then a larger γ encourages more heads to have attention sink. But further
increasing weight decay hurts the optimization, leading to less obvious or even no attention sink.

Prefix language modeling. Since the first token is not predicted in the auto-regressive loss function,
it could be considered as the prefix token. Then the original auto-regressive loss can be generalized
into the formula L =

∑C
t=p+1 log pθ(xt|xp+1:t−1,x1:p), with the prefix length p = 1. Motivated by

Wang et al. (2022), we consider p > 1 and the casual mask visualized in Figure 5(Left). Although this
design does not affect the emergence of attention sink, it shifts the sink position. In Figure 5(Middle),
the attention sink only appears on one token. But it appears among these prefix tokens instead of
on the first token only. Massive activations also appear on the corresponding sink token.

Shifted window attention. Motivated by the shifted window attention adopted in Mistral-7B, we
further explore the effects of window size on attention sink. With shifted window attention, the loss
function becomes L =

∑C
t=2 log pθ(xt|xt−w:t−1), where w refers to the window size. As shown

in Figure 6(Left) and (Middle), with shifted window attention, we find that if t ≤ w, the t-th token
can still “look at” the first token, and LMs still have attention sink on the first token. When t > w,
the t-th token can only attend up to the t− w + 1-th token. Although this token is the “first token”
for the t-th token, typically it has no attention sink. We have similar observations in Mistral-7B.
Additionally, from Figure 6(Right), smaller window size prevents the emergence of attention sink.

Takeaways: 1. Weight decay encourages the emergence of attention sink. 2. With prefix
language modeling, attention sink appears among the prefix tokens rather than the first token
only. 3. With shifted window attention, attention sink appears on the “absolute”, not the
“relative” first token. Smaller window size prevents the emergence of attention sink.

7 EFFECTS OF MODEL ARCHITECTURE pθ ON ATTENTION SINK

In this section, we mainly explore the effects of positional embedding, pre-norm or post-norm struc-
ture, and attention design on the emergence of attention sink. In Appendix D, we also show that vary-
ing activation functions in the FFN, multi-head design do not affect the emergence of attention sink.

7.1 POSITIONAL EMBEDDING

Attention sink always appears on the first token, which motivates us to explore where such a position
property is brought by positional embedding (PE). Therefore, we attempt to replace the original Rotary
with other PEs, as shown in Table 3. We differentiate these PEs through the calculations of the hidden
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Table 3: Positional embedding does not affect the emergence of attention sink.

PE H0 ⟨qi,kj⟩ Sinkϵ
1(%) valid loss

NoPE XWE qik
⊤
j 20.35 3.81

Absolute PE XWE + Pabs qik
⊤
j 32.73 3.74

Learnable PE XWE + Plearnable qik
⊤
j 33.13 3.79

Relative PE XWE qik
⊤
j + grelative(i− j) 35.53 5.45

ALiBi XWE qik
⊤
j + galibi(i− j) 20.78 3.71

Rotary XWE qiRΘ, j−ik
⊤
j 18.18 3.73
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Figure 7: ℓ2-norm ratio of hl
1 and mean of hl

t̸=0. (Left) Massive activations exist not in hidden states in
post-norm LMs, but in the features before LN. (Middle) LMs with KV biases or K biases have no mas-
sive activations, while LMs with a learnable sink token or V biases have massive activations. (Right)
Massive activations emerge when increasing the ℓ2-norm of fixed v∗l, h for the setup of K biases.

states H0 before the first transformer block and the dot product between queries and keys ⟨qi,kj⟩.
The detailed formulations are delayed to Appendix B. From the same Table, we observe that only the
model with relative PE is difficult to train while other models have comparable performance under our
setup. Then we note that all these LMs, even the one without explicit PE (NoPE), have attention sink.

7.2 PRE-NORM AND POST-NORM STRUCTURE

Layer normalization (LN) (Ba et al., 2016; Zhang & Sennrich, 2019) regularizes the hidden states
in LMs by re-centering and re-scaling, which may affect the massive activations. This motivates
us to explore the effects of LN location on attention sink. In the pre-norm structure, as stated in
Equation 2, hidden states from the earlier blocks could be retained by the later blocks through residual
connections (He et al., 2016). Therefore, if massive activations appear in a specific block, they will
likely be retained in the subsequent blocks. Within a post-norm structure, the hidden states will be
normalized before being fed into the following blocks, as present in Figure 1(Left).

When replacing the pre-norm structure with the post-norm structure, Sinkϵ1 becomes 13.54%. This
indicates that the attention sink still exists in post-norm LMs. After further investigations, as visualized
in Figure 7(Left), massive activations exist in the hidden states before the post LN instead of hl

1.

7.3 ATTENTION BIASES

Learnable biases in attention. In Section 3.1, we have shown that the first token acts as a bias: its
key kl, h

1 is distributed in a different manifold and its value vl, h
1 has small ℓ2 norm. Xiao et al. (2023b)

considered a learnable sink token in each chunk before the input tokens during LM pre-training.
As this token is fixed in the first token, this could be considered as implicitly introducing biases k∗l,h,
v∗l,h, q∗l,h in attention, as shown in the second row in Table 4. These biases are the MLP output
of x∗WE . Sun et al. (2024) directly introducing k∗l,h and v∗l,h as learnable parameters in attention
(KV biases). They found that this design could alleviate the massive activations. Considering the
important role of k∗l,h and small ℓ2-norm of v∗l,h , we propose introducing only the key biases k∗l,h

and fix value biases v∗l,h = 0 (K biases). As a control, we also consider only adding value biases
(V biases). The formulations of all these attention designs are shown in Table 4.

LMs need key biases. After evaluating the LMs with setups in Table 4, we first observe that
these LMs have comparable model performance. Moreover, as long as there are key biases k∗l, h,
attention sink disappears on the first token but on the biases. From the setup of K biases, we reaffirm
that the sink token acts as key biases, storing extra attention scores, which could be completely
non-informative and not contribute to the value computation. It is worth mentioning that the
introduced learnable sink token, KV biases, and V biases become part of model parameters in LMs.
Removing them will lead to no attention sink in the first position, but a significant drop in model
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Table 4: With comparable performance, LMs with sink token, KV biases, and K biases could shift
attention sink from the first token to key biases’ position. Value biases cannot affect attention sink.

Attention in each head Sinkϵ∗(%) Sinkϵ
1(%) valid loss

Softmax
(

1√
dh

Ql,hKl,h⊤ +M
)
V l,h - 18.18 3.73

Softmax
(

1√
dh

[
q∗l,h

Ql,h

] [
k∗l,h⊤ Kl,h⊤

]
+M

)[
v∗l,h

V l,h

]
74.12 0.00 3.72

Softmax
(

1√
dh

Ql,h
[
k∗l,h⊤ Kl,h⊤

]
+M

)[
v∗l,h

V l,h

]
72.76 0.04 3.72

Softmax
(

1√
dh

Ql,h
[
k∗l,h⊤ Kl,h⊤

]
+M

)[ 0
V l,h

]
73.34 0.00 3.72

Softmax
(

1√
dh

Ql,hKl,h⊤ +M
)
V l,h + v∗l,h - 17.53 3.73

Table 5: Larger ℓ2-norm of fixed v∗l,h results in LMs allocating more attention on x1 instead of k∗l,h.

v∗l,h 0 v′ 5v′ 20v′ v′′ 5v′′ 20v′′

Sinkϵ∗(%) 73.34 70.03 44.43 1.51 69.74 27.99 0.00
Sinkϵ1(%) 0.00 0.06 3.71 25.88 2.15 5.93 11.21
valid loss 3.72 3.72 3.72 3.71 3.72 3.72 3.73

performance. In Figure 7(Middle), we also find that the LM with a learnable sink token has massive
activations in x∗. While LMs with KV biases and K biases have no massive activations.

Beyond all zeros in V biases. In the setup of K biases, we fix v∗l,h = 0. We wonder whether the
fixed values of v∗l,h could affect the attention sink. We consider, v∗l,h = mv′ or v∗l,h = mv′′,
where m is the controllable ℓ2 norm and v′ = [1, 0, 0, .., 0] and v′′ = [1, 1, 1, .., 1]/

√
dh. As shown

in Table 5, with larger ℓ2-norm of v∗l,h, attention sink shifts from k∗l,h to the first token. Intuitively,
it is difficult for LMs to remove the effects of v∗l,h with larger ℓ2-norm in model predictions. Then
they opt to optimize the keys and values of the first token to save extra attention.

Design space of biases. In Table 12(Right), the LM with head-sharing KV biases tends to shift the
sink from k∗l,h back to the first token. While the one with head-sharing K biases is less affected.
In Table 13, even with small learnable dimensions for key biases, they can still absorb large attention.

7.4 ATTENTION OPERATION

General formulation of attention. In the last section, we realize that LMs need key biases to
save extra attention. This motivates us to explore whether such a property is related to the depen-
dence among attention scores due to the softmax operation. First, the attention output for the i-th

token can be generalized as: v†
i =

(∑i
j′=1 sim(φ(qi),φ(kj′))

)−1∑i
j=1 sim(φ(qi),φ(kj))vj =

Z−1
i

∑i
j=1 sim(φ(qi),φ(kj))vj , where we omit the PE, and block/head indexes for simplicity. Zi

is a normalization term and φ(·) is a kernel function. Normally, Zi =
∑i

j′=1 sim(φ(qi),φ(kj)). For
softmax attention, φ(·) is an identity kernel and sim(qi,kj) = exp(qik⊤

j /
√
dh).

Normalization. In Table 14(Left) and Figure 29, we show that modifying normalization may
result in less obvious attention sink but does not stop its emergence. So we consider removing the
normalization. Since the exponential function in softmax tends to explode without normalization,
we replace it with sigmoid or elu plus one. When evaluating the attention sink, we compute the
proxy attention scores by using the term Zi =

∑i
j′=1 sim(φ(qi),φ(kj′)) for attention sink metric

Sinkϵ1. As shown in Table 6, without normalization, LMs still have comparable validation loss but
no attention sink. With normalization, attention sink also emerges in LMs with sigmoid attention.

Kernel functions. Motivated by linear attention (Katharopoulos et al., 2020), we consider different
kernel functions φ(·), including elu plus one, identity, and MLP. It is noted that sim(φ(qi),φ(kj′))
could be minus for identity and MLP kernels. This brings intrinsic difficulty for normalization
during the training and calculation of Sinkϵ1. For normalization in the training, we consider
Zi = max

(∣∣∑i
j′=1 sim(φ(qi),φ(kj′))

∣∣, 1
)
. When computing Sinkϵ

1, we consider the proxy
attention scores |sim(φ(qi),φ(kj))| /

∑i
j′=1 |sim(φ(qi),φ(kj′))|. From Table 6 (a full version in

Table 15), we find that the LM with MLP kernel have no attention sink with or without normalization.
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Table 6: Normalization and selections of kernels in attention significantly affect the emergence of the
attention sink. We use “*” to mark that the metric Sinkϵ1 is computed by proxy attention scores.

sim(φ(qi),φ(kj)) Zi Sinkϵ1(%) valid loss

exp(
qik

⊤
j√

dh
)

∑i
j′=1 exp(

qik
⊤
j′√

dh
) 18.18 3.73

sigmoid(
qik

⊤
j√

dh
) 1 0.44∗ 3.70

sigmoid(
qik

⊤
j√

dh
)

∑i
j′=1 sigmoid(

qik
⊤
j′√

dh
) 30.24 3.74

elu(
qik

⊤
j√

dh
) + 1 1 0.80∗ 3.69

(elu(qi)+1)(elu(kj)+1)⊤√
dh

∑i
j′=1

(elu(qi)+1)(elu(kj′ )+1)⊤√
dh

53.65∗ 4.19
qik

⊤
j√

dh
1 0.00∗ 3.99

mlp(qi)mlp(kj)
⊤

√
dh

max
(∣∣∣
∑i

j′=1

mlp(qi)mlp(kj′ )
⊤

√
dh

∣∣∣ , 1
)

0.19∗ 3.85
mlp(qi)mlp(kj)

⊤
√
dh

1 0.74∗ 3.91

Block

sigmoid, w/o norm.
elu plus one, w/o norm.
identity kernel, w/o norm.
MLP kernel, w/o norm.
MLP kernel, w/. norm.
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Figure 8: We visualize the ℓ2-norm ratio of hl

1 and mean of hl
t̸=0. (Left) Massive activations exist

in LMs with attention scores that are non-negative and added up to one. (Middle) Massive activations
do not exist in LMs with independent attention scores. (Right) When scaling the model size to 1B,
LLMs with sigmoid attention (no normalization) still have no massive activations.

Inner dependence on attention scores. We note that the LMs with no attention sink typically relax
tokens’ inner dependence on attention scores. Their attention scores during pre-training could be
negative or not add up to one. This indicated that attention sink (at least partially) stems from such
inner dependence. Besides the attention metric computed by proxy attention scores, we also observe
that the above LMs also have no massive activations, as shown in Figure 8(Middle).

Scale up to 1B parameters. We compare model behaviors of 1B LMs with softmax attention and
sigmoid attention (without normalization). Specifically, the latter achieves a validation loss of 3.10,
slightly larger than the 3.07 achieved by the former. However, the attention sink metric significantly
drops from 45.11% to near zero: Sinkϵ1 = 2.46% using the proxy attention scores. Meanwhile, as
present in Figure 8(Right), LLMs with sigmoid attention have no massive activations. Furthermore,
they have no issues of training stability during continued supervised fine-tuning in Appendix E.

Takeaways: 1. Positional embedding, FFN design, LN location, and multi-head design do
not affect the emergence of attention sink. 2. Attention sink acts more like key biases, storing
extra attention and meanwhile not contributing to the value computation. 3. When relaxing
tokens’ inner dependence on attention scores, attention sink does not emerge in LMs.

8 FUTURE WORK

This work focuses on the sink token in the first position. Sun et al. (2024); Yu et al. (2024) showed
that attention sink can also appear on certain word tokens, e.g., period and newline tokens. However,
these sink words may vary in different LMs and typically have no fixed positions. In the future,
we will extend the research scope to explore how these sink tokens are related to the pre-training.
Additionally, it remains unclear whether attention sink benefits LM downstream performance.
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A RELATED WORK

A.1 ATTENTION SINK PHENOMENON

Although the term attention sink was introduced by Xiao et al. (2023b), similar observations have
been reported in prior studies. Among them, Zhai et al. (2023) demonstrated that attention weights
in Transformer models (Vaswani et al., 2017) collapse into one-hot vectors, a phenomenon termed
attention entropy collapse. This issue has been identified as attention logit growth by Wortsman
et al. (2023); Dehghani et al. (2023). Furthermore, Bondarenko et al. (2023) observed the emergence
of strong outliers in Transformer models, linked to attention heads that learn not to update residuals.
Although not explicitly using the term attention sink, Han et al. (2024) highlighted the significance
of the first few tokens in language models (LMs), noting their distinct representational space. In
vision transformers (ViTs), Darcet et al. (2023) identified high-norm outlier tokens as artifacts in
attention maps. Overall, the attention sink phenomenon is prevalent across Transformer models,
including ViTs, encoder-only LMs, such as BERT (Devlin et al., 2019), and auto-regressive LMs.
Notably, in auto-regressive LMs, attention sink consistently occurs on the first token in addition
to tokens with limited semantic information in the middle context (Sun et al., 2024; Yu et al., 2024).

A.2 ATTENTION SINK AND ACTIVATION OUTLIERS

Cancedda (2024) found that early FFNs in LLaMA2 blast off the large norm of hidden states for
the first token, leading to attention sink in later layers. This is referred to as massive activations (very
few activations exhibit disproportionately large values) in Sun et al. (2024) and token-wise activation
outlier in outlier literature (Lin et al., 2024). Similar observations were made by Bondarenko et al.
(2023). In contrast, channel-wise activation outlier (Dettmers et al., 2022; Xiao et al., 2023a) refer
to that outliers appear in specific channels across all token positions. A concurrent study (Kaul et al.,
2024) found that these two types of outliers are distinct and require different mitigation strategies.
Despite the high magnitude in hidden states, Bondarenko et al. (2023); Guo et al. (2024b) observed
the values associated with sink tokens are typically smaller than those of other tokens.

A.3 UNDERSTANDING AND MITIGATE ATTENTION SINK

To understand the attention sink phenomenon in general Transformer models, Bondarenko et al. (2023)
hypothesized that the interplay among softmax, residual connections, and LayerNorm encourages
models to learn not to update residuals. In auto-regressive LMs, Sun et al. (2024) attributed attention
sink at the first position to implicit biases in keys and values. A concurrent work by Guo et al. (2024a)
provided empirical and theoretical analyses of attention sink in very simple Transformer LMs on the
Bigram-Backcopy (BB) task, identifying a mutual reinforcement mechanism as the underlying cause.
Their findings on the BB task indicated that (i) replacing softmax with ReLU removes attention sink;
(ii) switching the optimizer Adam to SGD eliminates massive activations but attention sink remains.

Besides the above literature, Xiao et al. (2023b); Kaul et al. (2024) found that replacing softmax with
softmax-off-by-one (Miller, 2023) alleviates attention sink at the first position, though Xiao et al.
(2023b) noted its potential emergence at other initial token positions. Yin et al. (2024) proposed refin-
ing the casual mask with pseudo-attention values on the “future tokens”, which could reduce attention
sink. Though not explicitly targeting attention sink, methods such as σReparam (Zhai et al., 2023) and
qk-norm (Dehghani et al., 2023) were introduced to address attention entropy collapse. To mitigate
activation outliers, He et al. (2024) developed an outlier-protected block and also highlighted the role
of optimization in mitigating the outliers. Besides, Bondarenko et al. (2023) proposed clipped softmax
and gated attention, while Kaul et al. (2024) introduced OrthoAdam to reduce activation outliers.

A.4 APPLICATIONS OF ATTENTION SINK

Sink tokens in LMs are functionally important and absorb significant attention. This enables com-
putational savings by prioritizing initial and recent tokens over middle-context tokens in attention
calculations. Token-wise activation outliers pose challenges for quantization, necessitating special-
ized handling to facilitate quantization processes. These insights have motivated various applications,
including streaming/long context generation (Xiao et al., 2023b; Han et al., 2024; Yang et al., 2024),
KV cache optimization (Ge et al., 2023; Wan et al., 2024; Wu & Tu, 2024), efficient inference (Zhang
et al., 2024b; Chen et al., 2024), model quantization (Liu et al., 2024b; Huang et al., 2024), and others.
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B DETAILED FORMULATIONS OF POSITIONAL EMBEDDING

In this section, we provide detailed formulations of positional embedding (PE) in LMs. PEs could
be classified into two categories. NoPE, absolute positional embedding, and learnable positional
embedding belong to the same category since they are added to the initial hidden states: H0 =
XWE +P . Here P = {p1,p2, · · · ,pT } ∈ RT×d. Meanwhile, the dot product between each query
and key is computed as ⟨qi,kj⟩ = qik

⊤
j .

NoPE. NoPE (Kazemnejad et al., 2024) refers to no positional embedding. Therefore, P = 0.

Absolute PE. Each position vector pt in absolute positional embedding is a periodic function of
token position t following Vaswani et al. (2017):

pt =
[
sin(ω1t) cos(ω1t) sin(ω2t) cos(ω2t) · · · sin(ωd/2t) cos(ωd/2t)

]
, (5)

where ωi = 1/100002(i−1)/d.

Learnable PE. Each position vector pt in learnable positional embeddings is a learnable parameter.

Relative positional embedding, ALibi, and rotary belong to another category since they consider the
relative distance among tokens. Therefore, the initial hidden states are H0 = XWE but how to
compute the dot product between each query and key is modified.

Relative PE. The relative positional embeddings are adopted in T5 models (Raffel et al., 2020). A
bias term is adopted for the dot product: ⟨qi,kj⟩ = qik

⊤
j +g(i− j), where the definition for distance

function g(·) is:

g(i− j) =





i− j if i− j < B/2
B
2 + ⌊ log( i−j

B/2
)

log( D
B/2

)
⌋ × B

2 if B/2 ≤ i− j < D
B − 1 if i− j ≥ D

(6)

Here B and D refer to the number of buckets and maximum distance, respectively. In T5 models,
B = 32 and D = 128.

ALiBi. Similarly, ALiBi (Press et al., 2021) also adds a bias term to the dot product: ⟨qi,kj⟩ =
qik

⊤
j + g(i− j), where g(i− j) = −(i− j) ·m. m is a head-specific slope fixed:

m = 2−h·2− log2 H+3

, (7)
where 1 ≤ h ≤ H is the head index and H is the number of heads in the multi-head self-attention
(MHSA). This slope m is a geometric sequence. For instance, when H = 8, the sequence is
1
21 , 1

22 , · · · , 1
28 . When H = 16, the sequence is 1

20.5 , 1
21 , 1

21.5 , · · · , 1
28 .

Rotary. Rotary (Su et al., 2024) is the most adopted position encoding approach in the LLM
community. It projects queries and keys into another space through rotations:

⟨qi,kj⟩ = (qiRΘ, −i) (kjRΘ, −j)
⊤
= qiRΘ, −iRΘ, jk

⊤
j = qiRΘ, j−ik

⊤
j , (8)

where RΘ, (·) is a pre-defined rotation matrix:

RΘ,m =




cosmω1 − sinmω1 0 0 · · · 0 0
sinmω1 cosmω1 0 0 · · · 0 0

0 0 cosmω2 − sinmω2 · · · 0 0
0 0 sinmω2 cosmω2 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · cosmωdh/2 − sinmωdh/2

0 0 0 0 · · · sinmωdh/2 cosmωdh/2




.

(9)

Here ωi = 1/100002(i−1)/dh and dh = d/H is the hidden dimension in each head. From
the above definition, it is noted that the rotation matrix Rdh

Θ,m satisfies R⊤
Θ,m = RΘ,−m and

RΘ,iRΘ,j = RΘ,i+j .
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C ATTENTION SINK IN OPEN-SOURCED LMS

C.1 HOW POSITIONAL EMBEDDING RELATES TO ATTENTION SINK

In Section 3.3, we have shown that Mistral-7B, LLaMA2-7B Base, and LLaMA3-8B Base, which
adopt rotary as PE, have no attention sink for repeated token sequences. While GPT2, which adopts
learnable PE, has the attention sink in such a scenario. To further understand this, we explore how
positional embedding plays a role through a theoretical perspective.

Activations. Suppose the repeated sequence is X = {x1,x2, . . . ,xT } and each xt = x. For LMs
with NoPE/relative PE/ALiBi/Rotary, we have the initial hidden states h0

t = xWE , which are the
same among all the token positions since P = 0. Then for the first transformer block l = 1, we
know that k1,h

t = LN(h0
t )W

1,h
K = LN(xWE)W

1,h
K , q1,h

t = LN(h0
t )W

1,h
Q = LN(xWE)W

1,h
Q ,

v1,h
t = LN(h0

t )W
1,h
V = LN(xWE)W

1,h
V . Then all tokens have the same k1,h

t , q1,h
t , and v1,h

t . Then
the attention output is

v†1, h
t =

t∑

i=1

A1, h
ti v1, h

i = v1, h
t (10)

Then o1
t = ConcatHh=1(v

1, h
t )W 1

O, we have the hidden states after the first block:

h1
t = FFN(LN(o1

t + h0
t )) + o1

t + h0
t (11)

= FFN(LN(ConcatHh=1(v
1, h
t )W 1

O + h0
t )) + ConcatHh=1(v

1, h
t )W 1

O + h0
t (12)

= FFN(LN(ConcatHh=1(LN(h0
t )W

1,h
V )W 1

O + h0
t )) (13)

+ ConcatHh=1(LN(h0
t )W

1,h
V )W 1

O + h0
t . (14)

Since h0
1 = h0

2 = · · · = h0
T , we have h1

1 = h1
2 = · · · = h1

T based on the above equation. Using this
induction, we could prove that

hl
t = FFN(LN(ConcatHh=1(LN(hl−1

t )W l,h
V )W l

O + hl−1
t )) (15)

+ ConcatHh=1(LN(hl−1
t )W l,h

V )W l
O + hl−1

t , ∀ 1 ≤ l ≤ L. (16)

hl
1 = hl

2 = · · · = hl
T , ∀ 0 ≤ l ≤ L. (17)

Typically, the hidden states of the first token hl
1 in specific blocks have massive activations. Due to

the above equality, all the repeated tokens have massive activations. Furthermore, we could derive
the closed form or upper bounds for attention scores under the repeated token sequence.
Proposition 1. For LMs with NoPE, the attention scores for t repeated tokens are t−1 uniformly, i.e.,
there is no attention sink.

Proof. We have that

Al, h
ti =

e⟨q
l,h
t , kl,h

i ⟩
∑t

j=1 e
⟨ql,h

t , kl,h
j ⟩

=
eq

l,h
t kl,h

i

⊤

∑t
j=1 e

ql,h
t kl,h

j

⊤ =
eq

l,hkl,h⊤

teql,hkl,h⊤ =
1

t
. (18)

Therefore, the attention scores follow a uniform distribution over all previous tokens.

Proposition 2. For LMs with relative PE, there is no attention sink for t repeated tokens.

Proof. For LMs with relative PE, the dot product between each query and key is

⟨ql,h
t ,kl,h

i ⟩ = ql,h
t kl,h

i

⊤
+ grel(t− i) = ql,hkl,h⊤ + grel(t− i), (19)

then we have the attention scores

Al, h
t, i =

e⟨q
l,h
t , kl,h

i ⟩
∑t

j=1 e
⟨ql,h

t , kl,h
j ⟩

=
eq

l,hkl,h⊤
+grel(t−i)

∑t
j=1 e

ql,hkl,h⊤+grel(t−j)
=

egrel(t−i)

∑t
j=1 e

grel(t−j)
. (20)
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Considering grel(t− i) is a monotonic non-increasing function of t− i and grel(t− i) = B − 1 when
t− i > D, then Al, h

t, 1 = Al, h
t, 1 = · · · = Al, h

t, t−D are the largest values. Therefore, there is no attention
sink on the first token.

Proposition 3. For LMs with ALiBi, there is no attention sink for t repeated tokens.

Proof. For LMs with ALiBi, similar to relative PE, the dot product between each query and key is

⟨ql,h
t ,kl,h

i ⟩ = ql,h
t kl,h

i

⊤
+ ghalibi(t− i) = ql,hkl,h⊤ + ghalibi(t− i), (21)

then we have the attention scores

Al, h
t, i =

e⟨q
l,h
t , kl,h

i ⟩
∑t

j=1 e
⟨ql,h

t , kl,h
j ⟩

=
eq

l,hkl,h⊤
+gh

alibi(t−i)

∑t
j=1 e

ql,hkl,h⊤+gh
alibi(t−j)

=
eg

h
alibi(t−i)

∑t
j=1 e

gh
alibi(t−j)

. (22)

Here ghalibi(t− i) is monotonic decreasing function of t− i, so there is no attention sink on the first
token.

Proposition 4. For LMs with Rotary, there is no attention sink for t repeated tokens when t is large if
∥ql,h∥ · ∥kl,h∥ ≤ ξ for a constant ξ.

Proof. For LMs with Rotary, the dot product between each query and key is

⟨ql,h
t ,kl,h

i ⟩ = ql,h
t RΘ, i−tk

l,h
i

⊤
(23)

= ql,hRΘ, i−tk
l,h⊤ (24)

=
∥∥ql,h

∥∥∥∥kl,hRΘ, t−i

∥∥ cos

(
ql,hRΘ, i−tk

l,h⊤

∥ql,h∥ ∥kl,hRΘ, t−i∥

)
(25)

=
∥∥ql,h

∥∥∥∥kl,h
∥∥ cos(βt−i), (26)

where βj−t is the angle between the rotated query and the rotated key. Then the attention scores are

Al, h
t, i =

e⟨q
l,h
t , kl,h

i ⟩
∑t

j=1 e
⟨ql,h

t , kl,h
j ⟩

=
eq

l,hRΘ, j−ik
l,h⊤

∑t
j=1 e

ql,hRΘ, j−ikl,h⊤ =
e∥ql,h∥∥kl,h∥cos(βt−i)

∑t
j=1 e

∥ql,h∥∥kl,h∥cos(βt−j)
. (27)

Suppose the norm of multiplication for query and key
∥∥ql,h

∥∥∥∥kl,h
∥∥ = ξ. Considering −1 ≤

cos(βt−j) ≤ 1, then we have

Al, h
t, i =

eξcos(βt−i)

∑t
j=1 e

ξcos(βt−j)
=

1

1 +
∑

j ̸=i e
ξcos(βt−j)

eξcos(βt−i)

≤ e2ξ

e2ξ + (t− 1)
(28)

Then the attention scores for each token are upper-bounded and decrease to 0 as t grows.

For LMs with absolute PE/learnable PE, the initial hidden states h0
t = xWE+pt. Although the word

embeddings are the same for repeated tokens, pt for different token positions t is different. Therefore,
GPT2 models have no the above equality. From Table 1(Left), GPT2-XL still allocates significant
attention to the first token even with repeated tokens, which motivates us to explore whether attention
sink is related to these learned positional embedding vectors p1:T after LM pre-training.

Therefore, we conduct two experiments on GPT2-XL. Firstly, we replace the first positional embed-
ding vector p1 with other vectors pt ̸=1. In Table 7, we find that the amplitude of attention sink on the
first token is significantly reduced. Then we also consider swapping the first positional embedding
vector p1 with another position pt ̸=1. Consequently, the t-th token becomes the new sink token.
Therefore, attention sink in GPT2-XL is strongly attached to the first positional embedding vector p1.
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Table 7: In GPT2-XL, replacing or swapping the first positional embedding vector p1 with another
position pt̸=1 significantly impact the amplitude and position of attention sink.

Replaced position t no 5 10 15 20 25 25

Sinkϵ
1(%) 62.28 0.20 2.36 7.73 10.63 10.97 10.21

Sinkϵ
t(%) - 0.00 0.00 0.00 0.00 0.00 0.00

Swapped position t no 5 10 15 20 25 25

Sinkϵ
1(%) 62.28 1.44 3.73 6.78 8.95 9.42 9.73

Sinkϵ
t(%) - 57.63 54.48 52.81 51.70 51.13 50.22

C.2 ATTENTION SINK UNDER DIFFERENT DATA DOMAINS

There are 17 available data domains in the Pile dataset (Gao et al., 2020), including Pile-CC, PubMed
Central, ArXiv, Github, FreeLaw, Stack Exchange, USPTO Backgrounds, Pubmed Abstracts, Guten-
berg (PG-19), Wikipedia (en), DM Mathematics, Ubuntu IRC, EuroParl, HackerNews, PhilPapers,
NIH ExPorter, and Enron Emails. We sample 100 data from each domain and then evaluate the
attention sink metric for GPT2-XL/Mistral-7B/LLaMA2-7B Base/LLaMA3-8B base. As shown in
Figure 9, the evaluated attention sink metrics Sinkϵ

1 are similar across different domains when ϵ = 0.2
and ϵ = 0.3. Small fluctuations appear when ϵ = 0.4.
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Figure 9: Input domains have negligible effects on attention sink metric Sinkϵ
1 for (left) ϵ = 0.2 and

(middle) ϵ = 0.3. There are small fluctuations for (right) ϵ = 0.4.

C.3 ATTENTION SINK UNDER DIFFERENT PRE-TRAINED LMS

Relation to LM performance. We leverage the platform (Gao et al., 2024) to evaluate the perfor-
mance of open-sourced LMs, including LLaMA2/LLaMA3/OPT/Pythia/GPT2 families, on down-
stream LM task, e.g., HellaSwag (Zellers et al., 2019). The results are visualized parallel with our
attention sink metric in Figure 10, including both accuracy (Acc) and accuracy under normalization
(Acc_Norm). We find that within the same LM family, with the increase of model scale, both attention
sink amplitude and downstream LM performance are increasing. However, across different LM
families, stronger attention sink does not always correlate with better performance. For instance, the
OPT family has stronger attention sink than Pythia under the comparable model scale. However, the
downstream LM performance is comparable.

ℓ2-norm. We first show that large ℓ2-norm of hidden states hl
1 and small ℓ2-norm of keys kl, h

1 and
values vl, h

1 (especially for values) universally exist in open-sourced LMs, including LLaMA2-7B
Base (Figure 11), GPT2-Large (Figure 12), Mistral-7B (Figure 13), and Pythia-1B (Figure 14). It
is noted that for the final transformer block l = L, we take the hidden states before LN. We note
that different LMs may have different starting blocks where massive activations appear.
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Figure 10: Attention sink and downstream performance for various pre-trained LMs.
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<latexit sha1_base64="1NZz5lp+NW6YsdvwARYjTtfJIUw=">AAACBXicbVC9TsMwGHT4LeUvgMTCYlEhMUUJQoWxgoWxSJRWakLkOE5r1XEi26lUhQy8CgsDjIiVd2DjbXDaDNBykuXT3ffJ5wtSRqWy7W9jaXlldW29tlHf3Nre2TX39u9lkglMOjhhiegFSBJGOekoqhjppYKgOGCkG4yuS787JkLShN+pSUq8GA04jShGSku+eegGCQvlJNZXPi783Ckeclb4ZsO27CngInEq0gAV2r755YYJzmLCFWZIyr5jp8rLkVAUM1LU3UySFOERGpC+phzFRHr5NH8BT7QSwigR+nAFp+rvjRzFsoyoJ2OkhnLeK8X/vH6moksvpzzNFOF49lCUMagSWJYBQyoIVmyiCcKC6qwQD5FAWOnK6roEZ/7Li8Q9s5ym1bQc27ac2/NG66oqpQaOwDE4BQ64AC1wA9qgAzB4BM/gFbwZT8aL8W58zEaXjGrnAPyB8fkD32CYEw==</latexit>

vl
1

<latexit sha1_base64="VT+iunVTCDNCwulJ5I4u37i4Jhg=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0iKVI9FLx4r2FpoQtlsJ+3azW7Y3Qgl9D948aBH8eqf8ea/cdvmoK0PBh7vzTAzL0o508bzvp3S2vrG5lZ5u7Kzu7d/UD086miZKQptKrlU3Yho4ExA2zDDoZsqIEnE4SEa38z8hydQmklxbyYphAkZChYzSoyVOgFw3q/3qzXP9ebAq8QvSA0VaPWrX8FA0iwBYSgnWvd8LzVhTpRhlMO0EmQaUkLHZAg9SwVJQIf5/NopPrPKAMdS2RIGz9XfEzlJtJ4kke1MiBnpZW8m/uf1MhNfhTkTaWZA0MWiOOPYSDx7HQ+YAmr4xBJCFbO3YjoiilBjA6rYEPzll1dJUHf9httwfc9z/buLWvO6CKWMTtApOkc+ukRNdItaqI0oekTP6BW9OdJ5cd6dj0VrySlmjtEfOJ8/wa+QIQ==</latexit> ` 2
-n
or
m

Figure 11: ℓ2-norm of hidden states/keys/values of the first token/other tokens in LLaMA2-7B Base.

<latexit sha1_base64="cpzyia10td2AmVd5LZ5+8JiIszI=">AAACA3icbVA7T8MwGHTKq5RXeGwsFhUSU5QgVBgrWBiLRGmlJkSO47RWHSeyHaQSRfwVFgYYESt/go1/g9NmgJaTLJ/uvk8+X5AyKpVtfxu1peWV1bX6emNjc2t7x9zdu5NJJjDp4oQloh8gSRjlpKuoYqSfCoLigJFeML4q/d4DEZIm/FZNUuLFaMhpRDFSWvLNAzdIWCgnsb7yUeE79zkrfLNpW/YUcJE4FWmCCh3f/HLDBGcx4QozJOXAsVPl5UgoihkpGm4mSYrwGA3JQFOOYiK9fJq+gMdaCWGUCH24glP190aOYlkG1JMxUiM575Xif94gU9GFl1OeZopwPHsoyhhUCSyrgCEVBCs20QRhQXVWiEdIIKx0YQ1dgjP/5UXinlpOy2pZjm1bzs1Zs31ZlVIHh+AInAAHnIM2uAYd0AUYPIJn8ArejCfjxXg3PmajNaPa2Qd/YHz+AO99lvk=</latexit>

hl
1

<latexit sha1_base64="GmjTPswhi5+XK+YPvLFwdbHXUDg=">AAACC3icbVC7TsMwFHV4lvIKMMJgUSExRQlChbGChbFIlFZqQuQ4TmvVcYLtIFVRFhZ+hYUBRsTKD7DxNzhtBmg5kuWjc+7VvfcEKaNS2fa3sbC4tLyyWlurr29sbm2bO7u3MskEJh2csET0AiQJo5x0FFWM9FJBUBww0g1Gl6XffSBC0oTfqHFKvBgNOI0oRkpLvnngBgkL5TjWXz4s/Fy5nNxDp7jLWeGbDduyJ4DzxKlIA1Ro++aXGyY4iwlXmCEp+46dKi9HQlHMSFF3M0lShEdoQPqachQT6eWTKwp4pJUQRonQjys4UX935CiW5aK6MkZqKGe9UvzP62cqOvdyytNMEY6ng6KMQZXAMhIYUkGwYmNNEBZU7wrxEAmElQ6urkNwZk+eJ+6J5TStpuXYtuVcnzZaF1UoNbAPDsExcMAZaIEr0AYdgMEjeAav4M14Ml6Md+NjWrpgVD174A+Mzx9JOJp1</latexit>

hl
t 6=1

<latexit sha1_base64="7keXtUzEJvU0CrEcbZdiTIadQ+k=">AAACBXicbVC9TsMwGHTKXyl/ASQWFosKiSlKECqMFSyMRaK0UhMix3Faq44T2Q5SFTLwKiwMMCJW3oGNt8FpM0DLSZZPd98nny9IGZXKtr+N2tLyyupafb2xsbm1vWPu7t3JJBOYdHHCEtEPkCSMctJVVDHSTwVBccBILxhflX7vgQhJE36rJinxYjTkNKIYKS355oEbJCyUk1hf+bjwc6e4z1nhm03bsqeAi8SpSBNU6PjmlxsmOIsJV5ghKQeOnSovR0JRzEjRcDNJUoTHaEgGmnIUE+nl0/wFPNZKCKNE6MMVnKq/N3IUyzKinoyRGsl5rxT/8waZii68nPI0U4Tj2UNRxqBKYFkGDKkgWLGJJggLqrNCPEICYaUra+gSnPkvLxL31HJaVstybNtybs6a7cuqlDo4BEfgBDjgHLTBNeiALsDgETyDV/BmPBkvxrvxMRutGdXOPvgD4/MHzg+YCA==</latexit>

kl
1

<latexit sha1_base64="r90eyKsJHqIZjK/GpPo6+SrJkdI=">AAACC3icbVC7TsMwFHV4lvIKMMJgUSExRQlChbGChbFIlFZqQuQ4TmvVcYLtIFVRFhZ+hYUBRsTKD7DxNzhtBmg5kuWjc+7VvfcEKaNS2fa3sbC4tLyyWlurr29sbm2bO7u3MskEJh2csET0AiQJo5x0FFWM9FJBUBww0g1Gl6XffSBC0oTfqHFKvBgNOI0oRkpLvnngBgkL5TjWXz4q/Fy5nNxDp7jLWeGbDduyJ4DzxKlIA1Ro++aXGyY4iwlXmCEp+46dKi9HQlHMSFF3M0lShEdoQPqachQT6eWTKwp4pJUQRonQjys4UX935CiW5aK6MkZqKGe9UvzP62cqOvdyytNMEY6ng6KMQZXAMhIYUkGwYmNNEBZU7wrxEAmElQ6urkNwZk+eJ+6J5TStpuXYtuVcnzZaF1UoNbAPDsExcMAZaIEr0AYdgMEjeAav4M14Ml6Md+NjWrpgVD174A+Mzx9OA5p4</latexit>

kl
t 6=1

<latexit sha1_base64="NLPJSw2Uyz3wgI7raN6UVw0Q4IM=">AAACC3icbVC7TsMwFHXKq5RXgBEGiwqJKUoQKowVLIxForRSEyLHcVqrjhNsp1IVZWHhV1gYYESs/AAbf4PTdoCWI1k+Oude3XtPkDIqlW1/G5Wl5ZXVtep6bWNza3vH3N27k0kmMGnjhCWiGyBJGOWkrahipJsKguKAkU4wvCr9zogISRN+q8Yp8WLU5zSiGCkt+eahGyQslONYf/mo8HPlcvIAneI+Z4Vv1m3LngAuEmdG6mCGlm9+uWGCs5hwhRmSsufYqfJyJBTFjBQ1N5MkRXiI+qSnKUcxkV4+uaKAx1oJYZQI/biCE/V3R45iWS6qK2OkBnLeK8X/vF6mogsvpzzNFOF4OijKGFQJLCOBIRUEKzbWBGFB9a4QD5BAWOngajoEZ/7kReKeWk7DaliObVvOzVm9eTkLpQoOwBE4AQ44B01wDVqgDTB4BM/gFbwZT8aL8W58TEsrxqxnH/yB8fkDX5aagw==</latexit>

vl
t 6=1

<latexit sha1_base64="1NZz5lp+NW6YsdvwARYjTtfJIUw=">AAACBXicbVC9TsMwGHT4LeUvgMTCYlEhMUUJQoWxgoWxSJRWakLkOE5r1XEi26lUhQy8CgsDjIiVd2DjbXDaDNBykuXT3ffJ5wtSRqWy7W9jaXlldW29tlHf3Nre2TX39u9lkglMOjhhiegFSBJGOekoqhjppYKgOGCkG4yuS787JkLShN+pSUq8GA04jShGSku+eegGCQvlJNZXPi783Ckeclb4ZsO27CngInEq0gAV2r755YYJzmLCFWZIyr5jp8rLkVAUM1LU3UySFOERGpC+phzFRHr5NH8BT7QSwigR+nAFp+rvjRzFsoyoJ2OkhnLeK8X/vH6moksvpzzNFOF49lCUMagSWJYBQyoIVmyiCcKC6qwQD5FAWOnK6roEZ/7Li8Q9s5ym1bQc27ac2/NG66oqpQaOwDE4BQ64AC1wA9qgAzB4BM/gFbwZT8aL8W58zEaXjGrnAPyB8fkD32CYEw==</latexit>

vl
1

<latexit sha1_base64="VT+iunVTCDNCwulJ5I4u37i4Jhg=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0iKVI9FLx4r2FpoQtlsJ+3azW7Y3Qgl9D948aBH8eqf8ea/cdvmoK0PBh7vzTAzL0o508bzvp3S2vrG5lZ5u7Kzu7d/UD086miZKQptKrlU3Yho4ExA2zDDoZsqIEnE4SEa38z8hydQmklxbyYphAkZChYzSoyVOgFw3q/3qzXP9ebAq8QvSA0VaPWrX8FA0iwBYSgnWvd8LzVhTpRhlMO0EmQaUkLHZAg9SwVJQIf5/NopPrPKAMdS2RIGz9XfEzlJtJ4kke1MiBnpZW8m/uf1MhNfhTkTaWZA0MWiOOPYSDx7HQ+YAmr4xBJCFbO3YjoiilBjA6rYEPzll1dJUHf9httwfc9z/buLWvO6CKWMTtApOkc+ukRNdItaqI0oekTP6BW9OdJ5cd6dj0VrySlmjtEfOJ8/wa+QIQ==</latexit> ` 2
-n
or
m

Figure 12: ℓ2-norm of hidden states/keys/values of the first token/other tokens in GPT2-Large.

<latexit sha1_base64="cpzyia10td2AmVd5LZ5+8JiIszI=">AAACA3icbVA7T8MwGHTKq5RXeGwsFhUSU5QgVBgrWBiLRGmlJkSO47RWHSeyHaQSRfwVFgYYESt/go1/g9NmgJaTLJ/uvk8+X5AyKpVtfxu1peWV1bX6emNjc2t7x9zdu5NJJjDp4oQloh8gSRjlpKuoYqSfCoLigJFeML4q/d4DEZIm/FZNUuLFaMhpRDFSWvLNAzdIWCgnsb7yUeE79zkrfLNpW/YUcJE4FWmCCh3f/HLDBGcx4QozJOXAsVPl5UgoihkpGm4mSYrwGA3JQFOOYiK9fJq+gMdaCWGUCH24glP190aOYlkG1JMxUiM575Xif94gU9GFl1OeZopwPHsoyhhUCSyrgCEVBCs20QRhQXVWiEdIIKx0YQ1dgjP/5UXinlpOy2pZjm1bzs1Zs31ZlVIHh+AInAAHnIM2uAYd0AUYPIJn8ArejCfjxXg3PmajNaPa2Qd/YHz+AO99lvk=</latexit>

hl
1

<latexit sha1_base64="GmjTPswhi5+XK+YPvLFwdbHXUDg=">AAACC3icbVC7TsMwFHV4lvIKMMJgUSExRQlChbGChbFIlFZqQuQ4TmvVcYLtIFVRFhZ+hYUBRsTKD7DxNzhtBmg5kuWjc+7VvfcEKaNS2fa3sbC4tLyyWlurr29sbm2bO7u3MskEJh2csET0AiQJo5x0FFWM9FJBUBww0g1Gl6XffSBC0oTfqHFKvBgNOI0oRkpLvnngBgkL5TjWXz4s/Fy5nNxDp7jLWeGbDduyJ4DzxKlIA1Ro++aXGyY4iwlXmCEp+46dKi9HQlHMSFF3M0lShEdoQPqachQT6eWTKwp4pJUQRonQjys4UX935CiW5aK6MkZqKGe9UvzP62cqOvdyytNMEY6ng6KMQZXAMhIYUkGwYmNNEBZU7wrxEAmElQ6urkNwZk+eJ+6J5TStpuXYtuVcnzZaF1UoNbAPDsExcMAZaIEr0AYdgMEjeAav4M14Ml6Md+NjWrpgVD174A+Mzx9JOJp1</latexit>

hl
t 6=1

<latexit sha1_base64="7keXtUzEJvU0CrEcbZdiTIadQ+k=">AAACBXicbVC9TsMwGHTKXyl/ASQWFosKiSlKECqMFSyMRaK0UhMix3Faq44T2Q5SFTLwKiwMMCJW3oGNt8FpM0DLSZZPd98nny9IGZXKtr+N2tLyyupafb2xsbm1vWPu7t3JJBOYdHHCEtEPkCSMctJVVDHSTwVBccBILxhflX7vgQhJE36rJinxYjTkNKIYKS355oEbJCyUk1hf+bjwc6e4z1nhm03bsqeAi8SpSBNU6PjmlxsmOIsJV5ghKQeOnSovR0JRzEjRcDNJUoTHaEgGmnIUE+nl0/wFPNZKCKNE6MMVnKq/N3IUyzKinoyRGsl5rxT/8waZii68nPI0U4Tj2UNRxqBKYFkGDKkgWLGJJggLqrNCPEICYaUra+gSnPkvLxL31HJaVstybNtybs6a7cuqlDo4BEfgBDjgHLTBNeiALsDgETyDV/BmPBkvxrvxMRutGdXOPvgD4/MHzg+YCA==</latexit>

kl
1

<latexit sha1_base64="r90eyKsJHqIZjK/GpPo6+SrJkdI=">AAACC3icbVC7TsMwFHV4lvIKMMJgUSExRQlChbGChbFIlFZqQuQ4TmvVcYLtIFVRFhZ+hYUBRsTKD7DxNzhtBmg5kuWjc+7VvfcEKaNS2fa3sbC4tLyyWlurr29sbm2bO7u3MskEJh2csET0AiQJo5x0FFWM9FJBUBww0g1Gl6XffSBC0oTfqHFKvBgNOI0oRkpLvnngBgkL5TjWXz4q/Fy5nNxDp7jLWeGbDduyJ4DzxKlIA1Ro++aXGyY4iwlXmCEp+46dKi9HQlHMSFF3M0lShEdoQPqachQT6eWTKwp4pJUQRonQjys4UX935CiW5aK6MkZqKGe9UvzP62cqOvdyytNMEY6ng6KMQZXAMhIYUkGwYmNNEBZU7wrxEAmElQ6urkNwZk+eJ+6J5TStpuXYtuVcnzZaF1UoNbAPDsExcMAZaIEr0AYdgMEjeAav4M14Ml6Md+NjWrpgVD174A+Mzx9OA5p4</latexit>

kl
t 6=1

<latexit sha1_base64="NLPJSw2Uyz3wgI7raN6UVw0Q4IM=">AAACC3icbVC7TsMwFHXKq5RXgBEGiwqJKUoQKowVLIxForRSEyLHcVqrjhNsp1IVZWHhV1gYYESs/AAbf4PTdoCWI1k+Oude3XtPkDIqlW1/G5Wl5ZXVtep6bWNza3vH3N27k0kmMGnjhCWiGyBJGOWkrahipJsKguKAkU4wvCr9zogISRN+q8Yp8WLU5zSiGCkt+eahGyQslONYf/mo8HPlcvIAneI+Z4Vv1m3LngAuEmdG6mCGlm9+uWGCs5hwhRmSsufYqfJyJBTFjBQ1N5MkRXiI+qSnKUcxkV4+uaKAx1oJYZQI/biCE/V3R45iWS6qK2OkBnLeK8X/vF6mogsvpzzNFOF4OijKGFQJLCOBIRUEKzbWBGFB9a4QD5BAWOngajoEZ/7kReKeWk7DaliObVvOzVm9eTkLpQoOwBE4AQ44B01wDVqgDTB4BM/gFbwZT8aL8W58TEsrxqxnH/yB8fkDX5aagw==</latexit>

vl
t 6=1

<latexit sha1_base64="1NZz5lp+NW6YsdvwARYjTtfJIUw=">AAACBXicbVC9TsMwGHT4LeUvgMTCYlEhMUUJQoWxgoWxSJRWakLkOE5r1XEi26lUhQy8CgsDjIiVd2DjbXDaDNBykuXT3ffJ5wtSRqWy7W9jaXlldW29tlHf3Nre2TX39u9lkglMOjhhiegFSBJGOekoqhjppYKgOGCkG4yuS787JkLShN+pSUq8GA04jShGSku+eegGCQvlJNZXPi783Ckeclb4ZsO27CngInEq0gAV2r755YYJzmLCFWZIyr5jp8rLkVAUM1LU3UySFOERGpC+phzFRHr5NH8BT7QSwigR+nAFp+rvjRzFsoyoJ2OkhnLeK8X/vH6moksvpzzNFOF49lCUMagSWJYBQyoIVmyiCcKC6qwQD5FAWOnK6roEZ/7Li8Q9s5ym1bQc27ac2/NG66oqpQaOwDE4BQ64AC1wA9qgAzB4BM/gFbwZT8aL8W58zEaXjGrnAPyB8fkD32CYEw==</latexit>

vl
1

<latexit sha1_base64="VT+iunVTCDNCwulJ5I4u37i4Jhg=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0iKVI9FLx4r2FpoQtlsJ+3azW7Y3Qgl9D948aBH8eqf8ea/cdvmoK0PBh7vzTAzL0o508bzvp3S2vrG5lZ5u7Kzu7d/UD086miZKQptKrlU3Yho4ExA2zDDoZsqIEnE4SEa38z8hydQmklxbyYphAkZChYzSoyVOgFw3q/3qzXP9ebAq8QvSA0VaPWrX8FA0iwBYSgnWvd8LzVhTpRhlMO0EmQaUkLHZAg9SwVJQIf5/NopPrPKAMdS2RIGz9XfEzlJtJ4kke1MiBnpZW8m/uf1MhNfhTkTaWZA0MWiOOPYSDx7HQ+YAmr4xBJCFbO3YjoiilBjA6rYEPzll1dJUHf9httwfc9z/buLWvO6CKWMTtApOkc+ukRNdItaqI0oekTP6BW9OdJ5cd6dj0VrySlmjtEfOJ8/wa+QIQ==</latexit> ` 2
-n
or
m

Figure 13: ℓ2-norm of hidden states/keys/values of the first token/other tokens in Mistral-7B.

<latexit sha1_base64="cpzyia10td2AmVd5LZ5+8JiIszI=">AAACA3icbVA7T8MwGHTKq5RXeGwsFhUSU5QgVBgrWBiLRGmlJkSO47RWHSeyHaQSRfwVFgYYESt/go1/g9NmgJaTLJ/uvk8+X5AyKpVtfxu1peWV1bX6emNjc2t7x9zdu5NJJjDp4oQloh8gSRjlpKuoYqSfCoLigJFeML4q/d4DEZIm/FZNUuLFaMhpRDFSWvLNAzdIWCgnsb7yUeE79zkrfLNpW/YUcJE4FWmCCh3f/HLDBGcx4QozJOXAsVPl5UgoihkpGm4mSYrwGA3JQFOOYiK9fJq+gMdaCWGUCH24glP190aOYlkG1JMxUiM575Xif94gU9GFl1OeZopwPHsoyhhUCSyrgCEVBCs20QRhQXVWiEdIIKx0YQ1dgjP/5UXinlpOy2pZjm1bzs1Zs31ZlVIHh+AInAAHnIM2uAYd0AUYPIJn8ArejCfjxXg3PmajNaPa2Qd/YHz+AO99lvk=</latexit>

hl
1

<latexit sha1_base64="GmjTPswhi5+XK+YPvLFwdbHXUDg=">AAACC3icbVC7TsMwFHV4lvIKMMJgUSExRQlChbGChbFIlFZqQuQ4TmvVcYLtIFVRFhZ+hYUBRsTKD7DxNzhtBmg5kuWjc+7VvfcEKaNS2fa3sbC4tLyyWlurr29sbm2bO7u3MskEJh2csET0AiQJo5x0FFWM9FJBUBww0g1Gl6XffSBC0oTfqHFKvBgNOI0oRkpLvnngBgkL5TjWXz4s/Fy5nNxDp7jLWeGbDduyJ4DzxKlIA1Ro++aXGyY4iwlXmCEp+46dKi9HQlHMSFF3M0lShEdoQPqachQT6eWTKwp4pJUQRonQjys4UX935CiW5aK6MkZqKGe9UvzP62cqOvdyytNMEY6ng6KMQZXAMhIYUkGwYmNNEBZU7wrxEAmElQ6urkNwZk+eJ+6J5TStpuXYtuVcnzZaF1UoNbAPDsExcMAZaIEr0AYdgMEjeAav4M14Ml6Md+NjWrpgVD174A+Mzx9JOJp1</latexit>

hl
t 6=1

<latexit sha1_base64="7keXtUzEJvU0CrEcbZdiTIadQ+k=">AAACBXicbVC9TsMwGHTKXyl/ASQWFosKiSlKECqMFSyMRaK0UhMix3Faq44T2Q5SFTLwKiwMMCJW3oGNt8FpM0DLSZZPd98nny9IGZXKtr+N2tLyyupafb2xsbm1vWPu7t3JJBOYdHHCEtEPkCSMctJVVDHSTwVBccBILxhflX7vgQhJE36rJinxYjTkNKIYKS355oEbJCyUk1hf+bjwc6e4z1nhm03bsqeAi8SpSBNU6PjmlxsmOIsJV5ghKQeOnSovR0JRzEjRcDNJUoTHaEgGmnIUE+nl0/wFPNZKCKNE6MMVnKq/N3IUyzKinoyRGsl5rxT/8waZii68nPI0U4Tj2UNRxqBKYFkGDKkgWLGJJggLqrNCPEICYaUra+gSnPkvLxL31HJaVstybNtybs6a7cuqlDo4BEfgBDjgHLTBNeiALsDgETyDV/BmPBkvxrvxMRutGdXOPvgD4/MHzg+YCA==</latexit>

kl
1

<latexit sha1_base64="r90eyKsJHqIZjK/GpPo6+SrJkdI=">AAACC3icbVC7TsMwFHV4lvIKMMJgUSExRQlChbGChbFIlFZqQuQ4TmvVcYLtIFVRFhZ+hYUBRsTKD7DxNzhtBmg5kuWjc+7VvfcEKaNS2fa3sbC4tLyyWlurr29sbm2bO7u3MskEJh2csET0AiQJo5x0FFWM9FJBUBww0g1Gl6XffSBC0oTfqHFKvBgNOI0oRkpLvnngBgkL5TjWXz4q/Fy5nNxDp7jLWeGbDduyJ4DzxKlIA1Ro++aXGyY4iwlXmCEp+46dKi9HQlHMSFF3M0lShEdoQPqachQT6eWTKwp4pJUQRonQjys4UX935CiW5aK6MkZqKGe9UvzP62cqOvdyytNMEY6ng6KMQZXAMhIYUkGwYmNNEBZU7wrxEAmElQ6urkNwZk+eJ+6J5TStpuXYtuVcnzZaF1UoNbAPDsExcMAZaIEr0AYdgMEjeAav4M14Ml6Md+NjWrpgVD174A+Mzx9OA5p4</latexit>

kl
t 6=1

<latexit sha1_base64="NLPJSw2Uyz3wgI7raN6UVw0Q4IM=">AAACC3icbVC7TsMwFHXKq5RXgBEGiwqJKUoQKowVLIxForRSEyLHcVqrjhNsp1IVZWHhV1gYYESs/AAbf4PTdoCWI1k+Oude3XtPkDIqlW1/G5Wl5ZXVtep6bWNza3vH3N27k0kmMGnjhCWiGyBJGOWkrahipJsKguKAkU4wvCr9zogISRN+q8Yp8WLU5zSiGCkt+eahGyQslONYf/mo8HPlcvIAneI+Z4Vv1m3LngAuEmdG6mCGlm9+uWGCs5hwhRmSsufYqfJyJBTFjBQ1N5MkRXiI+qSnKUcxkV4+uaKAx1oJYZQI/biCE/V3R45iWS6qK2OkBnLeK8X/vF6mogsvpzzNFOF4OijKGFQJLCOBIRUEKzbWBGFB9a4QD5BAWOngajoEZ/7kReKeWk7DaliObVvOzVm9eTkLpQoOwBE4AQ44B01wDVqgDTB4BM/gFbwZT8aL8W58TEsrxqxnH/yB8fkDX5aagw==</latexit>
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Figure 14: ℓ2-norm of hidden states/keys/values of the first token/other tokens in Pythia-1B.
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Figure 15: Cosine similarity and ℓ2-norm product between keys and queries in LLaMA3-8B Base.
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Figure 16: Cosine similarity and ℓ2-norm product between keys and queries in LLaMA2-7B Base.

QK angles. Then we further demonstrate that QK angles contribute to attention sink through more
visualizations, including LLaMA3-8B Base (Figure 15), LLaMA2-7B Base (Figure 16), Mistral-7B
(Figure 17), and GPT2-Large (Figure 18).

Block-wise and head-wise property. In the main paper, we mainly discuss the ratio of heads
that have attention sink in the definition of attention sink metric Sinkϵk. Here we visualize the
locations of these attention sink heads in open-sourced LMs, including LLaMA2 family (Figure 19),
LLaMA3/LLaMA3.1 family (Figure 20), Mistral family (Figure 21), GPT2 family (Figure 22), Pythia
family (Figure 23), and OPT family (Figure 24). We visualize the distributions of importance scores
for the first token αl, h

1 across different transformer blocks 1 ≤ l ≤ L and different heads 1 ≤ h ≤ H
before computing the attention sink metric. We find that (1) different pre-trained LMs have various
attention sink distributions but they tend to have less obvious attention sink in earlier transformer
blocks; (2) instruction tuning does not significantly modify such attention sink distributions when
comparing base versions and chat/instruct versions.
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Figure 17: Cosine similarity and ℓ2-norm product between keys and queries in Mistral-7B.
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Figure 18: Cosine similarity and ℓ2-norm product between keys and queries in GPT2-Large.
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Figure 19: Distribution of importance scores for the first token across different blocks and heads
in the LLaMA2 family.
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Figure 20: Distribution of importance scores for the first token across blocks and heads in the
LLaMA3/LLaMA3.1 family.
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Figure 21: Distribution of importance scores for the first token across blocks and heads in the Mistral
family.
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Figure 22: Distribution of importance scores for the first token across blocks and heads in the GPT2
family.

Head

B
lo
ck

Figure 23: Distribution of importance scores for the first token across blocks and heads in the Pythia
family.
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Figure 24: Distribution of importance scores for the first token across blocks and heads in the OPT
family.

Jamba. Besides the auto-regressive Transformers, we also consider Jamba (Lieber et al., 2024; Team
et al., 2024), a new foundation language model. Both Jamba-v0.1 (Lieber et al., 2024) and Jamba-1.5
Mini (Team et al., 2024) have 4 Jamba blocks, each of which includes 3 Mamba layers (Gu & Dao,
2023), 4 Mamba MoE layers (Shazeer et al., 2017; Fedus et al., 2022), and 1 Transformer layer. This
adds to 32 layers (including 4 Transformer attention layers), 52B available parameters, and 12B
active parameters in total. Firstly, we evaluate the attention sink metric and find that Sinkϵ1 = 88.48%
for Jamba-v0.1 and Sinkϵ1 = 87.88% for Jamba-1.5 Mini, which indicates a strong attention sink
on the first token. Then we visualize attention scores in several heads, as shown in Figure 25 and
Figure 26. We also visualize the distribution of importance scores for the first token across blocks
and heads in Jamba models in Figure 27. We observe that most heads have obvious attention sink,
except for several heads in the 3rd Transformer layer.

Sink Sink Sink Sink
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Figure 25: Attention sink in Jamba-v0.1.
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Figure 26: Attention sink in Jamba-1.5 Mini.
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Figure 27: Distribution of importance scores for the first token across blocks and heads in the Jamba
models.

C.4 HUGGINGFACE LINKS FOR OPEN-SOURCED LMS

Table 8: Huggingface links for open-sourced LMs we used in this paper.

Model Huggingface link

LLaMA2-7B Base meta-llama/Llama-2-7b-hf
LLaMA2-7B Chat meta-llama/Llama-2-7b-chat-hf
LLaMA2-13B Base meta-llama/Llama-2-13b-hf
LLaMA2-13B Chat meta-llama/Llama-2-13b-chat-hf
LLaMA3-8B Base meta-llama/Meta-Llama-3-8B
LLaMA3-8B Instruct meta-llama/Meta-Llama-3-8B-Instruct
LLaMA3.1-8B Base meta-llama/Meta-Llama-3.1-8B
LLaMA3.1-8B Instruct meta-llama/Meta-Llama-3.1-8B-Instruct

GPT2 openai-community/gpt2
GPT2-Medium openai-community/gpt2-medium
GPT2-Large openai-community/gpt2-large
GPT2-XL openai-community/gpt2-xl

Mistral-7B mistralai/Mistral-7B-v0.1
Mistral-7B Instruct mistralai/Mistral-7B-Instruct-v0.1

Pythia-14M EleutherAI/pythia-14m
Pythia-31M EleutherAI/pythia-31m
Pythia-70M EleutherAI/pythia-70m
Pythia-160M EleutherAI/pythia-160m
Pythia-410M EleutherAI/pythia-410m
Pythia-1B EleutherAI/pythia-1b
Pythia-1.4B EleutherAI/pythia-1.4b
Pythia-2.8B EleutherAI/pythia-2.8b
Pythia-6.9B EleutherAI/pythia-6.9b
Pythia-12B EleutherAI/pythia-12b

OPT-125M facebook/opt-125m
OPT-350M facebook/opt-350m
OPT-1.3B facebook/opt-1.3b
OPT-2.7B facebook/opt-2.7b
OPT-6.7B facebook/opt-6.7b
OPT-13B facebook/opt-13b

Jamba-v0.1 ai21labs/Jamba-v0.1
Jamba-1.5 Mini ai21labs/AI21-Jamba-1.5-Mini

25

https://huggingface.co/meta-llama/Llama-2-7b-hf
https://huggingface.co/meta-llama/Llama-2-7b-chat-hf
https://huggingface.co/meta-llama/Llama-2-13b-hf
https://huggingface.co/meta-llama/Llama-2-13b-chat-hf
https://huggingface.co/meta-llama/Meta-Llama-3-8B
https://huggingface.co/meta-llama/Meta-Llama-3-8B-Instruct
https://huggingface.co/meta-llama/Meta-Llama-3.1-8B
https://huggingface.co/meta-llama/Meta-Llama-3.1-8B-Instruct
https://huggingface.co/openai-community/gpt2
https://huggingface.co/openai-community/gpt2-medium
https://huggingface.co/openai-community/gpt2-large
https://huggingface.co/openai-community/gpt2-xl
https://huggingface.co/mistralai/Mistral-7B-v0.1
https://huggingface.co/mistralai/Mistral-7B-Instruct-v0.1
https://huggingface.co/EleutherAI/pythia-14m
https://huggingface.co/EleutherAI/pythia-31m
https://huggingface.co/EleutherAI/pythia-70m
https://huggingface.co/EleutherAI/pythia-160m
https://huggingface.co/EleutherAI/pythia-410m
https://huggingface.co/EleutherAI/pythia-1b
https://huggingface.co/EleutherAI/pythia-1.4b
https://huggingface.co/EleutherAI/pythia-2.8b
https://huggingface.co/EleutherAI/pythia-6.9b
https://huggingface.co/EleutherAI/pythia-12b
https://huggingface.co/facebook/opt-125m
https://huggingface.co/facebook/opt-350m
https://huggingface.co/facebook/opt-1.3b
https://huggingface.co/facebook/opt-2.7b
https://huggingface.co/facebook/opt-6.7b
https://huggingface.co/facebook/opt-13b
https://huggingface.co/ai21labs/Jamba-v0.1
https://huggingface.co/ai21labs/AI21-Jamba-1.5-Mini


Published as a conference paper at ICLR 2025

D MORE EXPERIMENTS IN LM PRE-TRAINING

D.1 OPTIMIZATION

Learning rate. In Section 4, we find that attention sink appears less obvious in LMs trained with
small learning rates. This conclusion holds even if we compensate for more training steps. In our
basic setup, we adopt a learning rate of 4e-4 for 20k training steps. When we scale the learning rate
to half, i.e., 2e-4, we scale the training steps to 2 times, i.e., 40k. As shown in Table 9, when we
keep the multiply between learning rate and training steps constant (highlighted using cyan color),
LMs trained with smaller learning rates tend to exhibit less obvious attention sink. Therefore, we
conclude that small learning rates not only slow down the increase of attention sink but also mitigate
attention sink even with longer training durations.

Table 9: Attention sink appears less obvious in LMs trained with small learning rates even compen-
sating for more training steps.

learning rate training steps (k) Sinkϵ
1(%) valid loss

8e-4 10 23.44 3.79
8e-4 20 32.23 3.70
4e-4 20 18.18 3.73
2e-4 20 11.21 3.78
2e-4 40 16.81 3.68
1e-4 20 2.90 3.92
1e-4 80 6.29 3.67

Batch size. During the pre-training, we consider different batch sizes with other hyper-parameters
fixed. As shown in Table 10(Left), batch size does not affect the emergence of attention sink.

D.2 DATA DISTRIBUTION

Training data amount. In Section 5, we find that with less training data, attention sink also
disappears. Meanwhile, LMs are also prone for overfitting. To disentangle the effects of training data
amount and overfitting on attention sink, we monitor the dynamics of train/valid loss and attention
sink metric during the LM pre-training in a more granular level, as present in Figure 28. With only
50M and 100M training data, LMs overfit at very early stages, between 1k and 2k steps. Meanwhile,
Sinkϵ1 maintains a very small value (less than 1%). While for the setup of 5B training data, Sinkϵ

1
keeps increasing after a certain step. This indicates that the amount of training data, instead of
overfitting, plays an important role in the emergence of attention sink.
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Figure 28: Dynamics of train/valid loss and Sinkϵ1 during LM pre-training under different amounts
of training data: (Left) 50M; (Middle) 100M; (Right) 5B.

Fixing token in a specific position. During the pre-training, we consider fixing the token xfix
in the first/second/third position. Consequently, when evaluating the attention sink metric, in
Table 10(Right), we find that attention sink appears in the appears in the fixed token instead of the
first token.
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Table 10: (Left) Batch size has no effect on the emergence of attention sink. (Right) Attention sink
appears in the appears in the fixed token instead of the first token.

Batch size 0.25M 0.5M 1M 2M

Sinkϵ1(%) 16.45 17.19 18.18 16.19
valid loss 3.92 3.78 3.73 3.68

Fixed position 1 2 3

Sinkϵ1 (%) 74.11 0.00 0.00
Sinkϵ2 (%) 0.00 69.03 0.00
Sinkϵ3 (%) 0.00 0.00 69.64
Sinkϵ4 (%) 0.01 0.01 0.00

D.3 FFN DESIGN

Activation functions. Since FFN in the earlier transformer block blasts off the ℓ2-norm of the first
token, we are wondering whether the choices of activation functions in FFN will affect the attention
sink. Besides the SwiGLU activations used in our default setup, we also consider other activation
functions, as present in Table 11. We observe that different FFN designs do not affect the emergence
of attention sink.

Table 11: Modifying the activation functions in FFN does not affect the emergence of attention sink.

Activation functions F Sinkϵ1(%) valid loss

ReLU ReLU(hW1)W2 16.90 3.82
GeLU (Hendrycks & Gimpel, 2016) GeLU(hW1)W2 14.76 3.79
Swish (Ramachandran et al., 2017) Swish(hW1)W2 17.89 3.80
ReGLU (Shazeer, 2020) (ReLU(hW1)⊙ hW2)W3 13.88 3.75
GeGLU (Shazeer, 2020) (GeLU(hW1)⊙ hW2)W3 17.86 3.73
SwiGLU (Shazeer, 2020) (Swish(hW1)⊙ hW2)W3 18.18 3.73

D.4 ATTENTION DESIGN

Multi-head design in attention. We consider two perspectives in multi-head design in attention.
Firstly, we explore whether the number of heads has an impact on attention sink, especially for H = 1,
which refers to single-head self-attention. Second, attention output from each head is concatenated:
Ol = ConcatHh=1

(
Al,hV l,h

)
W l

O. We replace such concatenation operation with addition operation:
Ol =

∑H
h=1

(
Al,hV l,h

)
W l

O. As shown in Table 12(Left), multi-head design does not affect the
emergence of attention sink.

Table 12: (Left) Modifying multi-head design does not affect the emergence of attention sink. (Right)
Sharing KV biases across heads in each block results in attention sink shifting back to the first token
from K biases.

Multi-head Sinkϵ1 (%) valid loss

H = 8 18.18 3.73
H = 4 10.68 3.74
H = 2 12.95 3.76
H = 1 19.50 3.78
addition 21.76 3.74

Head-sharing ✓ ✓ × ×
Biases type KV KV K K

Sinkϵ
∗(%) 72.76 56.61 73.34 68.31

Sinkϵ
1(%) 0.04 12.44 0.00 0.23

valid loss 3.72 3.72 3.72 3.72

Head-sharing K/KV biases in attention. In the main paper, we consider both KV biases and V
biases in attention. These biases are not shared by different heads in each block. We further explore
whether head-sharing patterns will affect their functionality. As present in Table 12(Right), LMs
with KV biases are more likely affected by the head-sharing pattern: attention sink shifts from the K
biases to the first token. While LMs with K biases are less affected.

Learnable dimensions of K biases. In the setup of K biases, we set all dimensions of k∗l, h as
learnable weights. In Section 3.1, we have shown that K biases are distributed in a different manifold,
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Table 13: Even with very few learnable dimensions for k∗l,h, large attention appears in k∗l,h.

da 1 2 4 8 16 32 64

Sinkϵ∗(%) 32.18 30.88 30.94 31.39 23.30 51.23 69.19
Sinkϵ1(%) 4.74 4.96 4.39 4.54 2.19 1.94 0.04
valid loss 3.73 3.72 3.72 3.73 3.73 3.73 3.72

with low rank. Therefore, we consider only da dimensions of k∗l, h are adjustable/learnable while
the other dh − da dimensions are zeros. As present in Table 13, with very few learnable dimensions,
even for da = 1, k∗l, h are still allocated significant attention. With more learnable dimensions, the
attention sink appears more obvious.

Scaling the normalization in softmax attention. Before our experiments about replacing softmax
attention, we first explore the effects of normalization scales in softmax attention. In the main paper,
the attention output for the i-th output is

v†
i =

i∑

j=1

sim(φ(qi),φ(kj))∑i
j′=1 sim(φ(qi),φ(kj′))

vj =

i∑

j=1

sim(φ(qi),φ(kj))

Zi
vj . (29)

We consider a scale factor α, the normalization term is Zi =
1
α

∑i
j′=1 sim(φ(qi),φ(kj)), and then

the attention score are sum up to α. For default setup, α = 1. As shown in Table 14(Left), with a
smaller normalization scale, attention sink tends to appear in fewer heads. From another perspective,

v†
i =

i∑

j=1

αsim(φ(qi),φ(kj))∑i
j′=1 sim(φ(qi),φ(kj′))

vj =

i∑

j=1

sim(φ(qi),φ(kj))∑i
j′=1 sim(φ(qi),φ(kj′))

hj(αWV ), (30)

o′
i = ConcatHh=1(v

′h
i )WO. (31)

Therefore, this normalization scale can be regarded as the scale for WV or WO. We show that this
normalization scaling could be implemented by scaling learning rates and initialization. We use
the s to represent the optimization step, and s = 0 refers to the initialization. When scaling the
normalization, we have the following SGD update rule (take WO for example):

W s+1
O = W s

O − η∇W s
O
L(αW s

O) (32)

= W s
O − αη∇WL(W )|W=αW s

O
, (33)

where η is the original learning rate. Suppose we only modify the learning rate and initialization, to
ensure each optimization step Ŵ s

O = αW s
O, we need first to ensure Ŵ 0

O = αW 0
O. Suppose that we

have Ŵ s
O = W s

O, then the update rule is:

Ŵ s+1
O = Ŵ s

O − η′∇Ŵ s
O
L(Ŵ s

O) (34)

= αW s
O − η′∇WL(W )|W=αW s

O
, (35)

To ensure Ŵ s+1
O = αW s+1

O , we need the new learning rate η′ meets η′ = α2η. For advanced
optimization algorithms, e.g., Adam (Kingma & Ba, 2014) and AdamW (Loshchilov & Hutter, 2017).
We have the following update rule (take AdamW for example, γ refers to the weight decay ratio):

gs+1 = ∇W s
O
L(αW s

O) = α∇WL(W )|W=αW s
O

(36)

ms+1 = β1ms + (1− β1)gs+1 (37)

vs+1 = β2vs + (1− β2)g
2
s+1 (38)

W s+1
O = (1− ηγ)W s

O − η
ms+1/(1− βt

1)√
vs+1/(1− βt

2) + ϵ
(39)

We denote ĝs+1, m̂s+1, v̂s+1 represents the intermediate counterparts for update of scenario where
we only modify learning rate and initialization. First, we also need to ensure the initialization Ŵ 0

O =

αW 0
O. Then we assume that we have already matched Ŵ s

O = αW s
O. The gradient for each step is

ĝs+1 = ∇Ŵ s
O
L(Ŵ s

O) = ∇WL(W )|W=αW s
O
= gs+1/α (40)
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Then the first and second moment will be m̂s+1 = ms+1/α and v̂s+1 = vs+1/α
2. The updated

weights will be

Ŵ s+1
O = (1− η′γ′)Ŵ s

O − η′
m̂s+1/(1− βt

1)√
v̂s+1/(1− βt

2) + ϵ′
(41)

= (1− η′γ′)αW s
O − η′

ms+1/α(1− βt
1)√

vs+1/α2(1− βt
2) + ϵ′

(42)

Therefore, to ensure Ŵ s+1
O = αW s+1

O , one solution is η′ = αη and ϵ′ = ϵ/α and γ′ = γ/α.

Table 14: (Left) Scaling the normalization in Softmax attention to less than one can mitigate attention
sink but not prevent its emergence. (Right) LMs with sigmoid attention (without sigmoid attention)
trained by different learning rates and weight decay ratios have no attention sink.

Scale α Sinkϵ1(%) valid loss

2.0 29.10 3.72
1.0 18.18 3.73
0.2 9.41 3.72
0.1 3.59 3.76

0.05 4.53 3.78

Learning rate Weight decay Sinkϵ
1(%) valid loss

4e-4 0.0 0.64 3.77
4e-4 0.1 0.44 3.70
4e-4 0.5 0.18 3.76
4e-4 1.0 0.30 4.06
1e-3 0.1 0.81 3.68
1e-4 0.1 0.36 4.08

Normalizer. Besides the normalizer Zi =
∑i

j′=1 sim(φ(qi),φ(kj′)) considered in the main paper,

we consider alternative normalizer: Zi =
(∑i

j′=1 sim(φ(qi),φ(kj′))
p
) 1

p

, which gives us following
attention operation:

v†
i =

∑i
j=1 sim(φ(qi),φ(kj))vj

Zi
=

∑i
j=1 sim(φ(qi),φ(kj))vj

(∑i
j′=1 sim(φ(qi),φ(kj′))p

) 1
p

. (43)

For softmax attention, we have sim(φ(qi),φ(kj)) = exp(
qik

⊤
j√

dh
), then we can derive that

v†
i =

∑i
j=1 exp(

qik
⊤
j√

dh
))vj

(∑i
j′=1 exp(

qik⊤
j′√

dh
)p
) 1

p

=

i∑

j=1




exp(
qik

⊤
j√

dh/p
)

∑i
j′=1 exp(

qik⊤
j′√

dh/p
)




1
p

vj . (44)

This is equivalent to adding a temperature 1/p into the softmax attention logits, and then taking the
p-root of attention scores after softmax. We call this p-normalized softmax attention. p = 1 in regular
softmax attention. Similarly, we construct the LMs with p-normalized sigmoid attention.

We find that when p = 2 or p = 3 or p = 4, pre-training of p-normalized softmax attention diverges
and the loss goes infinity. When p = 1/2 or p = 1/3 or p = 1/4, LM pre-training converges.
As the attention scores are not added up to one, we investigate the massive activations instead, as
visualized in Figure 29(Left). With smaller p, massive activations are mitigated to some extent, but
not as effective as sigmoid attention without normalization. Intuitively, smaller p induces a larger
temperature in softmax operation, which leads to flattened attention logits.

Afterward, we conduct experiments on p-normalized sigmoid attention. There is no training problem
with p larger than 1. As visualized in Figure 29(Right), LMs with p-normalized sigmoid attention still
demonstrate strong massive activations. To conclude, different normalizers may affect the amplitude
of attention sink, but not stop its emergence.

Attention operations. Firstly, we present all attempted attention operations in Table 15. It is noted
that several setups lead to training failure. For LMs with sigmoid attention without normalization,
we vary the learning rates or weight decay ratios γ. Consequently, as shown in Table 14(Right), the
trained LMs still have no attention sink, which further confirms our conclusion in the main paper.
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no norm.

Figure 29: ℓ2-norm ratio of hl
1 and mean of hl

t ̸=0. (Left) p-normalized softmax attention and also
sigmoid attention without normalization (as reference). (Right) p-normalized sigmoid attention and
also sigmoid attention without normalization (as reference).

Table 15: Normalization and selections of kernels in attention significantly affect the emergence of
the attention sink. We use “*” to mark that the metric Sinkϵ1 is computed by proxy attention scores.
We use “-” to represent the training failure under the setup.

sim(φ(qi),φ(kj)) Zi Sinkϵ1(%) valid loss

exp(
qik

⊤
j√

dh
)

∑i
j′=1 exp(

qik
⊤
j′√

dh
) 18.18 3.73

sigmoid(
qik

⊤
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dh
) 1 0.44∗ 3.70

sigmoid(
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⊤
j√

dh
)
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j′=1 sigmoid(
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⊤
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dh
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elu(
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⊤
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dh
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elu(
qik

⊤
j√

dh
) + 1

∑i
j′=1 elu(
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E MORE EXPERIMENTS IN LM AFTER PRE-TRAINING

Training stability in supervised fine-tuning. To investigate the long-term impacts of attention sink
on model behaviors after pre-training, we conduct supervised fine-tuning (SFT) on our pre-trained
1B LMs with softmax attention and sigmoid attention without normalization. Specifically, we utilize
the platform1 to conduct our experiments. The experimental configurations include: the UltraChat
dataset (about 200k training samples)2 (Ding et al., 2023), full-model fine-tuning, a learning rate
of 2e-5 with cosine scheduling, batch size of 64, each of which contains 2048 tokens, one training
epoch. As shown in Figure 30, we monitor the training loss and gradient norm of our two LMs during
SFT. These two models behave similarly in terms of the above two metrics. Additionally, despite no
attention sink, LMs with sigmoid attention without normalization have no issues of training stability
during SFT. Though not from the attention sink perspective, a concurrent work by Ramapuram et al.
(2024) discussed the theory and practices for Transformer models with sigmoid attention in detail.
We refer the readers to Ramapuram et al. (2024) for more analyses.

Figure 30: The training loss and gradient norm in our 1B LMs with softmax attention and sigmoid
attention without normalization in supervised fine-tuning.

1https://github.com/huggingface/alignment-handbook
2https://huggingface.co/datasets/HuggingFaceH4/ultrachat_200k
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