A Omitted Related Work

Neural Kernel Bandits. [66] initiated the study of kernelized linear bandits, showing regret
dependent on the information gain. The work of [76, [73]] specialized this to the Neural Tangent
Kernel (NTK) [54} 24140, 27, [10], where the algorithm utilizes gradient descent but remains close
to initialization and thus remains a kernel class. Furthermore, NTK methods require dP samples to
express a degree p polynomial in d dimensions [31]], similar to eluder dimension of polynomials, and
so lack the inductive biases necessary for real-world applications of decision-making problems [[60]].

Neural Bandits. For bandits with practical neural networks (instead of overparameterized NTKs)
as the function approximator, we are not aware of any previous paper that gives provably efficient
bandit algorithm for this case. Our paper gives the first provably efficient algorithm for neural bandits
with noiseless reward and deterministic activation. We note that however, previous paper has already
solved neural bandits when the neural network happens to be convex [21]].

Concave Bandits. There has been a rich line of work on concave bandits starting with [26] 146]]. [4]
attained the first v/7T regret algorithm for concave bandits though with a large poly(d) dependence.
In the adversarial setting, a line of work [38| 14} 49] have attained polynomial-time algorithms with
/T regret with increasingly improved dimension dependence. The sharp dimension dependence
remains unknown.

Noiseless Bandits. In the noiseless setting, there is some investigation in phase retrieval borrowing
the tools from algebraic geometry (see e.g. [69]). In this paper, we will study the bandit problem
with more general reward functions: neural nets with polynomial activation (structured polynomials)
including phase retrieval. [45] study similar structured polynomials, also using tools from algebraic
geometry, but they only study the expressivity of those polynomials and do not consider the learning
problems. [21] study noiseless bandits with bounded Sequential Rademacher Complexity, but focus
on attaining local optimality.

Concurrent work. [50] address the phase retrieval bandit problem which is equivalent to a sym-

metric rank 1 variant of the bilinear bandit of [43]] and attain 6(\/ d?T) regret. Our work in Section
[3.1) specialized to the rank 1 case attains the same regret.

Matrix/Tensor Power Method. Our analysis stems from noisy power methods for matrix/tensor
decomposition problems. Robust power method, subspace iteration, and tensor decomposition that
tolerate noise first appeared in [37, [8]. Follow-up work attained the optimal rate for both gap-
dependence and gap-free settings for matrix decomposition [58, 16]. An improvement on the problem
dimension for tensor power method is established in [70]. [63] considers the convergence of tensor
power method in the non-orthogonal case.

B Additional Preliminaries

In this section we show that adapting the eluder UCB algorithms from [62] would yield the sample
complexity in Theorem [2.1] Especially we give the rates in TableI]for our stochastic settings.

The algorithm [62] consider Algorithm [2|for the stochastic generalized linear bandit problem.
Assume that 6* is the true parameter of the reward model. The reward is r, = fg+(a;) + n; for
fo~ € F. Let N be the a-covering-number (under ||-|| ) of F, dg be the a-eluder-dimension of F

(see Definition 3,4 in [62]). Let C = sup |f(a)|. We set & = 7 in the algorithm.
f A

eF,a€

The regret analysis Choosing o = 1/7°2, proposition 4 in [62] state that with probability 1 — J,
for some universal constant C, the total regret R(T") < 7 + Cmin{dg, T} + 4/dgBrT < 1+

CVdgT + 4/dgBrT = O(\/dg(1 + Br)T). In our settings with « = 1/T2, B = 8log(N/§) +
2(8C + +/81n(472/6))/T = O(log(N/d)) where log(N) = (1) for our action sets, and thus

R(T) = O(\/dgTlog N).
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Algorithm 2 Eluder UCB

1: Input: Function class F, failure probability , parameters o, N, C.
2: Imitialization: F, < F.
3: for ¢t from 1 to 7" do
: Select Action:
a; € argMaXqec 4 SUDsocr, , fo (a)
Play action a; and observe reward r;
Update Statistics:

975 € arg min@ Zi:l(f@(a’s) - TS)Q
Bi < 8log(N/8) + 2at(8C + +/81n(4t2/95))
10: Fo {fo: 4oy (fo— f5,)%(as) < B}

X D 0R

Applications in our settings We show that in our settings Theorem [2.1 will obtain the rates listed
in Table [Tl

The covering numbers

Lemma B.1. The log-covering-number (of radius o with oc < 1, under ||-|| ) of the function classes
are: log N (Fsyy) = O(dklog £), log N (Fasyu) = O(dklog £), log N (Fgy) = O(dklog £), and
log N (Fir) = O(dk log g)

Proof. Let S¢ denote a minimal &-covering of S~ (under |[|-[,) for 0 < ¢ < 15, and [S¢| =

O(dlog1/¢) (see for example [62]]). Then we can construct the coverings in our settings from Sg' :

e Fsym: let & = %, and for k copies of Sg, we can construct a covering of Fsym

with size |Sg\k. Specifically, let the covering be Ssym = {g(a) = Zle Aj (ujTa)p :
(wp,ug, -, up) € S x S¢ x - x S}, then for each f(a) = S AWl a)? € Fsyms

j=1 J
as we can find u; € Sg that [Ju; — vj||, <&,

k p—1

suplf(a) — g(a)] < sup[>_ [\jl[u] a — o] all Y (u] @)?(v] )P~ *1)] < phe = o
a @ =1 q=0

o Fasym: let & = k%, and for kp copies of Sg, let the covering be Sasym = {g(a) =
i A Tz (uy (@) Ta(@) ¢ (wa(1),wn(2), -+ s (p),uz(1), -+ up(p)) € S¢ x
S¢ x -+ x S} with size [S¢|". Then for each f(a) = Z?zl A TTo_1(vi(q) Talq)) €
Fasym, as we can find u;(q) € Sg that [Ju;(q) — v;(q)|, <&,

supg[f(a) — g(a)] < sup, (Y5 N3P Jui(g)Ta —v;(q) al:
1T, (4 () Ta) TT,o (05 (r) T )]
< pké = a;

* Fgv: the construction follows that of Fsym by taking p = 2;

e Fir: taking the construction of Fgym with p = 2 and £ = %, for N =
ij:l )\jujujT and M = Z‘?:l )\jfvj'v; with [|u; — v, <& weknow [N — M|, <

k k k
HN =D =1 )\jujvaHF + 112 j=1 )\j'u,j'ujT — MHF < 2o1210l€ £ a. Then

supa[fa(A) = fn(A)] < supy [M = N - [[Allp <o

Then we can bound the covering numbers in Theorem[2.1] Notice that in the settings the log-covering
numbers are only different by constant factors. O
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The eluder dimensions

Lemma B.2. The e-eluder-dimension (e < 1) dg of the function classes are: dg(Fsyy) = O(dP)

(for k > p), dg(Fasym) = é(dp) dr(Fry) = @)(dQ), and dg(Fir) = é(d2). In the settings WLOG

we assume the top eigenvalue is r* = A1 = 1 as we are mostly interested in the cases where ™ > €.

Proof. The upper bounds for the eluder dimension can be given by the linear argument. [62] show
that the d-dimension linear model { fo(a) = 6 " a} has e-eluder-dimension O(dlog ). In all of these
settings, we can find feature maps ¢ and ¢ so that F = { fe(a), fo(a) = ¢(0) "¢ (a), |6(0)||, <
k,||1»(a)|ly < k}. Then the eluder dimensions will be bounded by the corresponding linear dimension
as an original e-independent sequence {a;} will induce an e-independent sequence {¢(a;)} in the
linear model. Therefore for matrices (g and Fgy) the eluder dimension is O(d2 log %) and for the

tensors (Fsym and Fasym) it is O(dP log %)

Then we consider the lower bounds. We provide the following example of O(1)-independent
sequences to bound the eluder dimension in our settings up to a log factor.

* Fsym: the sequence is {a; = (e, €, - ,€;,) : i = (i1,i2,--- ,ip) € [d]P}. For
fila) = TT5-, equa(q), fj(a;) is only 1 when ¢ = j and O otherwise. Then each a; is
1-independent to the predecessors on f; and zero, and thus the eluder dimension is lower
bounded by dP.

» Fasym: for p < d and k > p, the sequence is {a; = %(eil tey,+--te)i=
(1,42, ,1p) € [d]P,4i1 < iz < --- <ip}. There are tensors f; and g; of CP-rank k that
(fi—gj)(a) = Zzl(e;[]a) where j1 < jo < -+ < jp, (fj —gj)(a;)isonly 1 wheni = j

and O otherwise. Then each a; is 1-independent to the predecessors on f; and g;, and thus
the eluder dimension is lower bounded by (Z)

» Fgv: the sequence is {a; = %(eil +e;,) 1 i = (i1,42) € [d]?,i1 < ia}. For fj(a) =
lC”T(ejl + ej2)(ej1 + ej2)Ta and gj(a) = %G’T(ejl - ej2)(ej1 - ej2)Ta with j1 < ja,
8 fi — g;)(a;)is only 1 when ¢ = j and 0 otherwise. Then each a; is 1-independent to the
predecessors on f; and g;, and thus the eluder dimension is lower bounded by (g)

* Fir: the sequence is {A; = je; el + ey el i = (i1,i2) € [d? i1 < iz} For
fi(A) = (3(ej €], + ej,el), A) with j; < ja, f;(A;) is only 1 when i = j and 0
otherwise. Then each A; is I-independent to the predecessors on f; and zero, and thus the
eluder dimension is lower bounded by (g)

O

Then we are all set for the results in the first line of |1} Notice that when we choose o = O(1/7?) and
€ = O(1/T?) in our analysis of Algorithm the regret upper bound would only expand by log(7T')
factors.

C Omitted Proofs for Quadratic Reward

In this section we include all the omitted proof of the theorems presented in the main paper.

C.1 Omitted Proofs of Main Results for Stochastic Bandit Eigenvector Problem

Proof of Theorem[3.3] Notice in Algorithm I] for each iterate a, its next iterate y satisfies
ng

1
= 24 2,/2)TM(a/2 + z;/2)z; + niz;
Y ng;(a/ +2;/2) M(a/2+ zi/2)z; +n;z

Mg 1 1
= (ZaTMa+§aTMz¢+m)zi.
S =1
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Therefore Ey] = 1 Ma. We can write 2y = Ma + g where g := 2= 3" (1a” Ma + 2;)z;.

n

With Claim [D.12|and Claim [D.11|we get that ||g|| < C’\/ms 1°g2("{f) l0g(d/9)d " Therefore with

s

our choice of ng > é(m) we guarantee ||g|| < es(A1 — |A2]). Therefore it satisfies

the requirements for noisy power method, and by applying Corollary [C.4] we have with L =
O(klog(d/e)) iterations we will be able to find ||@a —a*|| < e. By setting & < 0.1/L in the algorithm
we can guarantee the whole process succeed with high probability. Altogether it is sufficient to take

Ln, = O(kd?/(sA)?) actions to get an e-optimal arm.

Finally to get the cumulative regret bound, we apply Claimwith A= d;—;‘ and a = 2. Therefore

_ 1/2.1/4
we set e = AVAT-1/4 = Lm0 and get:

2
Reg(T) <TY2AY 2 = A—/;Tr* = Vd?k3T.

O

Corollary C.1 (Formal statement for Corollary . In Algorithm by setting o = 1 — €2 /2, one
can get -optimal reward with a total of O(d*\} /e*) total samples to get a such that r* — f(a) < e.
Therefore one can get an accumulative regret of O()\?/ q2/54/5 ).

Proof of Lemma([3.6] In order to find an arm with A1£2-optimal reward, one will want to recover
an arm that is €/2-close (meaning to find an a such that tan (V;, a) < €/2) to the top eigenspace
span(vy, - - - v;), where [ satisfies \; > A\; — £ and \j;1 < \; — &. Here we set £ := \1e2/2. We
first show 1) this is sufficient to get an A;e-optimal reward, and next show 2) how to set parameter to
achieve this.

To get 1), we write V; = [v1,---v] € R and Vi = [vj41,---vg]. When tan6(Vj,ar) =
[V%tal||/||[Val <e/2,fromthe proofofClaim we getr* — f(a) < min{\;, \12(/2)2+2} =
)\152.

Now to get 2), we note that in each iteration we try to conduct the power iteration to find an
action tan §(V;, @) < £/2 and with eigengap > & := \1£2?/2. Therefore it is sufficient to let
llg|l < 0.1g¢ and |v{ g| < 0.1?%, and thus n, > @(85};) < O(d?/A\3e®). Together we need
A1 /Elog(2d/e)n, = ©(d2 /A2¢8) samples to get an A e2-optimal reward. Namely we get Z-optimal
reward with O(d?)\?/2*) samples.

Finally by applying Claim[D.7] we get:
R(T) S (d2A2FTING < O P@2/5T/7),

O

Theorem C.2 (Formal statement of Theorem . In Algorithm if we set n = (:)(ﬂ)7 m =

732
2Ny

dlog(n/d),L = ©(log(d/e)),d = 0.1/L, we will be able to identify an action @ that yield at
most e-regret with probability 0.9. Therefore by applying the standard PAC to regret conversion

as discussed in Claim we get a cumulative regret ofé()\i/gkl/g(EdT)Q/g)for large enough T,
where & = A1 /| Ak

On the other hand, we set n = é( d?f ) and keep the other parameters. If we play Algorithm|3| k
times by setting k' = 2,4,6, - - -2k and select the best output among them, we can get a gap-free

cumulative regret ofé()\i/gk‘l/?’(dT)z/S)for large enough T with high probability.

Proof of Theorem[3.7) First we show the first setting identify an e-optimal reward with O(r2d2ke2)
samples.

Similarly as Theorem when setting n > ©(d2/ (07€?)), we can find X, that satisfies
(XL X] — DU]| <€ and therefore we recover an Y7, = M X1 + G, with |G| < o4& and

19



Algorithm 3 Gap-free Subspace Iteration for Bilinear Bandit

1: Input: Quadratic reward f : X — R generating noisy reward, failure probability J, error e.

2: Initialization: Set k' = 2k. Initial candidate matrix X, € R>* | Xo(j) e RY,j =1,2,--- K
is the j-th column of X, and are i.i.d sampled on the unit sphere S*~! uniformly. Sample
variance m, # sample per iteration n, total iteration L.
for Iteration [ from 1 to L do
for s from 1 to k' do
Noisy subspace iteration:
Sample z; ~ N (0,1/mly),i =1,2,---n
Calculate tentative rank-1 arms @; = (X;_1(s) + 2;).
Conduct estimation Y;(s) < 4m/n ZZ L(F(@) +mi)zie (Y € RPXF

Let Y; = X R; be a QR-factorization of Y;
Update target arm @; <— arg maxjq aTY}XlT_la.

,_
TOeY ke

—

: Output: ar.

1YL X] | — M= ||MX, 1X]_ 1—M+GLX _1ll2 < (A1 +|Ak|)€. Therefore by definition
ofar,a] Y X[ _ 101 = MaX|q|=1 @ T(MX, 1 X] (+GrX] _)a > \1—(\1+|A\x|)E There-
fore a] May, > A1 —2(\1 + | \x|)E. Therefore we set 2(A\; + |A\i|)E = €, i.e., € = 0.5¢/ (A1 + | Ax])

which will get a total sample of T = O(kn) = ©(d2%2ke~2). Then by applying Claim we get
the cumulative regret bound.

Next we show how to estimate the action with (’)v(d2 k*e=2) samples. To achieve this result, we need to
slightly alter Algorithm 3] where we respectively set &’ = 2, 4,6, - - - 2k and keep the best arm among
the k& outputs. We argue that among all the choices of &/, at least for one | € [k], k' = 2, we have

IXt| = |Aig1] > A1 /k. Notice with similar argument as above, when we set n = ©(d?\;2672) <
O(d2k2A72272) we can get ||G|| < &), as required by Corollary [C.4} the total number of iterations
L = 0(01/(01—0141) log(2d/€) = O(k). Finally by setting & = ¢/(4\;) we get the overall samples
we required is O(k2n) = O(d2k*e2).

For both settings, directly applying our arguments in the PAC to regret conversion: Claim[D.7] will
finish the proof. O

C.2 Omitted Details of Main Results of Low-Rank Linear Reward

Algorithm 4 Subspace Iteration Exploration for Low-rank Linear Reward.

1: Input: Quadratic function f : A — R with noisy reward, failure probability d, error ¢.

2: Initialization: Set k' = 2k. Initial candidate matrix X, € R¥>* | Xo(j) e R%,j =1,2,-- -k
is the j-th column of X and are i.i.d sampled on the unit sphere S%~! uniformly. Sample
variance m, # sample per iteration n, total iteration L.
for Iteration [ from 1 to L do
Sample z; ~ N (0,1/mly),i =1,2,---n.
for s from 1 to &’ do
Noisy subspace iteration:

Calculate tentative rank-1 actions Al = X,_ 1( )zzT .
Conduct estimation Y;(s) < m/n 321, (M, A;) 4 n;.4)zi. (Y; € R9K)

Let Y; = X R; be a QR-factorization of Y
Update target action A; + Y, X' .

Outiputﬁ =AL/||ALllF

H
DY e kAW

Ju—

Theorem C.3 (Formal statement of Theorem [3.8). In Algorithm [} for large enough constants
Cp,Cr,Cy, let n = Cyd?log?(d/8)oy 22, m = Cyndlog(n/d), and L = Crlog(d/e), X1,
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satisfies ||(I — X1 X )V || < €/4, and the output A satisfies | A — A*||p < | M || pe. Altogether
to get an e-optimal action, it is sufficient to have total sample complexity of T < O(ko)\ 2 e72).

Proof of Theorem[3.8]. Let M = VEVT. From Claim we get that for each noisy subspace
iteration step we get Y; = M X, + G; with 5G| < eop and |[VTG| < opVk/3Vd <
ox(V/2k — Vk)/2V/d. Therefore we can apply Corollary and get |[V(X. X, —I)|| <¢e/4
with O(log 2d/€) steps. Therefore we have:
AL = M|p =[(MX, +Gr) X, —M|r =V EV(X, X[ 1))+ GLX] ||r
<[IM|pllV(XL X[ — D]+ IGLlIXL]lr
<(IM|lr + or)e/4 < || M| re/2.

Meanwhile, notice |A*||z = 1,|| M|z = v* and |A||p = 1. ||AL/r* — A%||p < /2. || A —
A*|lr=[|AL/I|ALllF — A*[|F = [[vec(AL)/|[vec(AL)l2 — vec(A™)|.

Write 64 := 6(vec(AyL), vec(A*). The worst case that makes ||vec(A) — vec(A*)]|| to be larger than
|[vec(ArL/r*) —vec(A*)| is when ||vec(Ay /r*) —vec(A*)|| = sinf4 and ||vec(A) —vec(A*)|| is

always 2sin(6 4 /2). Notice trivially 2 sin(64/2) < 2sin(64) Therefore we could get | A — A*||r <
21|AL/r* — A*||F <e.

O

Proof of Corollary[3.9) The corollary uses a special property of the strongly convex action set that
ensures: A* = M /r*. With A that satisfies | A||z = 1, we have

= fu(A) =1 — (A, M) =" — (A,1" A")
r* n * r* i * " *
=5 (2-2(4,47) = S (IA]F + [|47]7 — (4, 47))
’I"* . . T*€2
=5 lA-A"E < @
Therefore, with first Ty = O(d2k); 2e~2) exploratory samples we get 7* — f(A) < r*e?/2 =
r* /‘\ig k= (Ti\)g;zk. Together we have:
T T R
RT) =D r" = f(A)+ D "= f(A)
t=1 t=Ty +1
<r*T) + Tr*e?
<O(/Ph(r*)2A;T).
[
Proof of Theorem[3.10] We find an [ to be the smallest integer such that Zz 1410 2| M||3..

Then we have o; > ¢/vk — 1 > ¢/Vk.

Notice that in Algorithm El, we set n > é(%) large enough such that |Gl <
O(| M| re?/VE) < e(op — 0) and [UTG||z < ||M||Fe/\f\/P . (This comes from the
argument proved in Claim[C.6])

Therefore by conducting noisy power method we get with O(nk) = O ((7‘12)7’“:84) samples we can get

an action A that satisfies:

k
IM - X, XT M%< Y o? 410} < 2| M2
1=l+1
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Therefore we could get | A* — A|| < 2¢, and with similar argument as () we have r* — f (A) <
M| pe?.

Therefore if we want to take a total of 7" actions, we will set €5 = é(%) and we get:
T T R
RT) =D r" = f(A)+ D "= [(4)
t=1 t=T,+1

<r*Ty + Tr*e?
Sé(d2/3k2/3(r*)1/3T2/3).

C.3 Technical Details for Quadratic Reward

Noisy Power Method.

Corollary C.4 (Adapted from Corollary 1.1 from [37]). Let k' > 1. Let U € R¥*! represent the top
l singular vectors of M and let o1 > --- > oy > 0 denote its singular values. Suppose X is an
orthonormal basis of a random k'-dimensional subspace. Further suppose that at every step of NPM
we have

5HG|| §6(Ul - Ul+1),
VE —VI—1
2/d

for some fixed parameter € < 1/2. Then with all but 2~ QK +1-1) 4 oQ(d) probability, there exists an
L = O(=—2— log(2d/¢)) so that after L steps we have that ||(I — X, X/ )U| <e.

Ol —01+1

and 5HUTGH §(O'l - 01+1)

Theorem C.5 (Adapted from Theorem 2.2 from [L1]). Let U; € R4*! represent the top 1 singular
vectors of M and let 01 > --- > o, > 0 denote its singular values. Naturally | < k. Suppose X is
an orthonormal basis of a random k'-dimensional subspace where k' > k. Further suppose that at
every step of NPM we have

|G| <O(ear),
VE — k- 1)
2/d

for small enough €. Then with all but 2K +1-k) 4 0(d) probability, there exists an L =
O(log(2d/e€)) so that after L steps we have that ||(I — X1 X[ )U|| < e. Furthermore:

and |U/ G|l <O(oy

k
IM - X, X M|} < Y o} +lo%t.
i=l+1

Concentration Bounds.
Claim C.6. Write the eigendecomposition for M as M = USU . In Algorithm when n >

O(d?/(\2€?)), the noisy subspace iteration step can be written as: Y, = M X,_1 + Gy, where the
noise term satisfies:

5G| <e|Ax|
NI

51UT G| <e|A .
| || <e k:|3\/8

with high probability for our choice of n.

Proof. For compact notation, write vector 1; := [1;1, 7,2, - - nmf]T € R¥'. We have:

n

Gi(s) :% Z(z:MXl(s))zi + % Z ni,s2i — M X;(s), therefore
i=1 i=1

m m ~

=1 i=1
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First note that for orthogonal matrix X;, |[MX;|| < Ay, and [|[23" [z2[] — I| <

i=11%i%;
O(y/ %(1/5)). The bottleneck is from the second term and we will use Matrix Bernstein to

concentrate it. Write S; = Zz;n,". We have ||S;|| < O(¥mh 1oe(n/9) ) \ith probability 1 — § and

n

E[Y; S:S]] = ™K' [, and E[Y", ST Si] = ™1, Therefore with matrix Bernstein we can get that
[ 3; Silli < O(y/ ™2 log(d/5)) with probability 1 — 4.

Therefore for n > Q(d2/(X\2e2), we can get that 5||G,|| < e[ A].

Similarly since U z; ~ N(0, L I;,/), with the same argument one can easily get that [U T G, || <
O(y/ ™k 1og(d/5)). Therefore with the same lower bound for n one can get 15[|U G| <
k

elhely/E. 0
C.4 Omitted Proof for RL with Quadratic Q function
Algorithm 5 Learn policy complete polynomial with simulator.

1: Initialize: Set n = O(R2d2H3 /2), Oracle to estimate T}, from noisy observations.

2: forh=H,...1do

3: Sample ¢(s},,a},),i € [n] from standard Gaussian N (0, 1)

4: foric[njdo

5: Query (s},a},) and use mp41,...,7H as the roll-out to get estimation

QZIL_H’MJTH (527 az)

6: Retrieve M, from estimation @Zh“"”’m’ (sh,at),i € [n]

7: Set Qn(s,a) < [z,

8: Set m(s) < argmax,cgs Qn(s,a)

9: Return 7y,..., 7y

Proof of Theorem[3.13] With the oracle, at horizon H, we can estimate M that is ¢/ H close to
M3, in spectral norm through noisy observations from the reward function with O(k?d? H? /&%)
samples. Next, for each horizonh = H — 1, H — 1,--- ,1, sample s; ~ P(:|s,a), we define n; =
n{laxai fﬁhﬂ(s;, a') = Egup(.|s,a) MaXqr fﬁhﬂ(s’,.a’). 7; is mean-zero and O.(l).-sub-gaussmn
since it is bounded. Denote M}, as the matrix that satisfies fas, := T f My which is well-defined
due to Bellman completeness. We estimate M, from the noisy observations y; = 7,(s,a) +
max, f f7 . (sh,dY=TFf Vs T = faa, +mi. Therefore with the oracle, we can estimate M,

such that H]T/[\h — M2 < ¢/H with ©(%2d*k? H? /€?) bandits. Together we have:

1£57, = faz:lloo =[1Mn — M|
<|| My, — My || + || M}, — M ||
<e¢/H+|Tfzz,., — Trmp,, lloo

<¢/H +|f55,,, — g, lloo
<2¢/H + ||f3z,,, = Im; oo

A

<(H — h)e/H.

Finally for h = 1 we have | M; — M*|| < € if we sample n = O(R2d2k2H? /¢?) for each h € [H].
Therefore for all the H timesteps we need O (£2d2k*H? /€?).

O
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Technical details for General Tensor Reward

Algorithm 6 Phased elimination with zeroth order exploration.

1:

W

12:

13:
14:
15:
16:
17:

18:

YRR DN

Input: Function f : A — R of polynomial degree p generating noisy reward, failure probability
0, erTor €.
Initialization: Lo = Cpklog(1/§); Total number of stages S = Cgs[log(1/e)] + 1, Ay =

{aé ,a(()z)7 S aéLo)} where each agl) is uniformly sampled on the unit sphere S9!, &5 = 1.

for s from 1 to S do )
8y E4_1/2, ng  CrdPlog(d/6)/N3E2) s < ny - log®(ng/8), ms « Cpudlog(ns/d),
As = a.
for [ from 1to Ly,_1 do
Zeroth-order optimization:

P l
Locate current action a = agzl.

for [(1/(1 — @))log(2d)] times do
Sample z; ~ N (0,1/m Id) z_1,2,-
Take actions a; = (1 — —)a + 5 zl and observe ri = T(a;) + i, € [ns]; Take

;pzl) + 7]1,1 € [ns).
Conduct estimation y <— 1/ng Y " (r; — %) z;.
Update the current action a < y/||y||.
Estimate the expected reward for a through n, samples: 7, (a) = 1/ns >, (T'(@)+n;).
Candidate Elimination:
if r, > \1(1 — p?) then
Keep the action A; « A; U {a}
Label the actions: L = | A, As = {a(l) . -agLS)}.

Run UCB (Algorithm 7)) with the candidate set Ag.

5 z; and observe 7} = T'(

actions 5
P

D.1 Technical Details for Symmetric Setting

Lemma D.1 (Zeroth order optimization for noiseless setting). Forp > 3, suppose 0.5a " v > \aTv]—|
forall j > 2, we have:

tanf(G(a),v1) < %tanﬁ(a v1).

Proof. We first simplify G(a) = >, j=1Ajv; - S, where

L(p—3)/2] (1-— %)p—ZS—l(%)Qs-}-l »
_ P P
G(a) B Z ms <2$ +1

s=0
L(p—3)/2] (1— L)p72sfl(i)2s+1
_ 2p 2p p T —2j—1,
= > — <23 N 1) Z)\J(vj a)P~% 1y,
S,._

) T(I®s+1 ® a®p—2s—1)

Jj=1

=

L(p—3)/2] (1 _ i)p—Qs—l(%)Qs—i—l (
14

k
=> A D S

j=1 s=0

p T \p—2s—1
25+1)(" a)
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Notice for even p,

p/2-2 (1- %)p—2s—1(2i)25+1 »
— T 1\3 14 14 T 25—4
55 =Ai(v; @) ;0 ms (25 + 1) (vj a)’~
p/2-2 (1- )2r+3( )P= 3—2r
o\ (0T N3 2p 2p p T _\2r
=\;(v]a) ; — e (p o 3) (v @)
(let2r =p—4—2s)
p/2-2 (1 _ 1\2r+3 3—2r
S; — Z (1 217) (2p)p p (v] @)
Ai(vja)d = mp/2—2-r p—2r—3J)""7
(Divide both sides by A; (v]—'— a)?)
/2-2 2r+3 3-2r
Sy R r el
- mp/2-2-r p—2r—3) 1 '
(Since the first term is constant and [v; a| < v{ a forr > 1)
__ 5
Ar(v]a)®

Therefore for even p > 4:

I\ o] al? 1|v] al .
S < == - S1,Vj > 2. 3
|]|_)\1 |vfa\3 4|v;ra| 1LV = )

Similarly for odd p, we have:

(p—3)/2 (1 1 )p 25— 1 2s+1
S =Ai(vja)’- 7] <2s 1) q)p~23

s=0
(p—3)/2 (1— L )27‘+2 )P 2-2r
. (T a)2. P T _\2r
=Ai(v;a) Zo m(P—3) /2 r (p 27‘) (v; @)™,
(Letr=(p—3)/2—3)
(p=3)/2 2r+2 2-2r
S] _ b (1 217) * (2p)p p (fvTa)2
Aj(v) a)? ~ m(p=3)/2=r p—2—2r
(Divide both sides by A; ('vaa)Z)
(p—3)/2 (1— )2r+2( )P 2-2r
2p 2p p T _\2r
<
= ; m—8)/2—r (p - zr) (vi @)
(Since the first term is constant and [v; a| < v{ a forr > 1)
— Sl
S M (v a)?

Therefore for odd p we have:

| o] al? 1|v/al ,
Sl < 2L — L __5,.¥j>2. 4
|J|_)\1 |v1Ta\21_2|v1Ta|1 )= @)
Write V' = [vg,v3, -+ ,v;] € R¥* be the complement for v;. Therefore for any = without

normalization, one can conveniently represent |tan 6(z,vy)| as |V T z||2/|v] z|.
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VT Gla)l* = 252 )

2
_Z |U al S? (from @),(3))

7 4o a|2
1
=1 tan? 0(vy, a)(v] G(a))?. (6)
Therefore for p > 3, tan 0(G(a),v1) < 3 tanf(a,v1). O

D.1.1 Proof Sketch of Theorem 3.14]

Definition D.2 (Zeroth order gradient function). For some scalar m, we define an empirical operator
G, : A — Athatis similar to the zeroth-order gradient of f through n samples:

n ®p
Gn(a) ::% > (T (((1 - %)a + ;p > ) - T(lezi)> zi + (i — )z

i=1

where z; ~ N(0, %I ) and 7);, )} are independent zero-mean 1-sub-Gaussian noise. Therefore we
have:

E[G,(a)] :mE[Z (?) T((1 - %)pfla@)(pfl) @ (i

)lz®l)z}
=0 2]9

(Due to symmetry of Gaussian only for odd [ =: 2s + 1 expectation is nonzero)
1 lp/2—-1]

_os—1, L - p —2s5—1 ®s+1
7)1) 2s 1(7)25-{-1[ Z m s( )T(a®(p s—1) ® I®3 )]
2p 2p pors 2541

Note that for even p the last term (when s = p/2 — 1) is T'(a ® I®P/?) = Z?Zl Aj(av;)v;. While
all other terms will push the iterate towards the optimal action at a superlinear speed, the last term
perform a matrix multiplication and the convergence speed will depend on the eigengap. Therefore
for p > 4 we will remove the extra bias in the last term that is orthogonal to v, and will treat it as
noise. (Notice for quadratic function s = 0 = p/2 — 1 is the only term in E[G,,(a)]. This is the
distinction between p = 2 and larger p, and why its convergence depends on eigengap.)

We further define G(a) as the population version of G, (a) by removing this undesirable bias term
that will be treated as noise:

(L)1 (1-L)p . .
G(a) = E[G,] — WZJ 2 Aj(vj @)v;,  whenpiseven
E[G.], when p is odd.
L(p=3)/2] (2 )2s+1 » 1
P T I®s+1 1— — Qp—2s—1
= () rue e ey
1 1
=—(1—-—)! ®p—1 1/m).

We define G(a) to push the action a towards the v, direction with at least linear convergence rate.
More precisely, their angle tan §(G(a), v1) will converge linearly to 0 for proper initialization with
the dynamics @ — G(a). An easy way to see that is when p = 2 or 3, G is conducting (3-order
tensor) power iteration. For higher-order problems, this operation G is equivalent to the summation
of p,p —2,p —4,----th order tensor product and hence the linear convergence.

The estimation error Gy, (a) — G(a) will be treated as noise (which is not mean zero when p is even

but will be small enough: O((2p)~Pm~(P~1)/2)). Therefore the iterative algorithm with @ — G, (a)
will converge to a small neighborhood of v; depending on the estimation error. This estimation error
is controlled by the choice of sample size n in each iteration. We now provide the proof sketch:
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Lemma D.3 (Initialization for p > 3; Corollary C.1 from [[70] ). For any n € (0,1/2), with
L = O(klog(1/n)) samples A = {a™"),a?, - --a")} where each aV) is sampled uniformly on the
sphere S=1. At least one sample a € A satisfies

mﬁ15<|vjfra| < 0.5/v] al, and |v] a| > 1/Vd. )
j

with probability at least 1 — n.
Lemma D.4 (Iterative progress). Let o« = 1/2 forp > 3in Algorithm@ Consider noisy operation
a™ — G(a) + g. If the error term g satisfies:

0.025

gl <min{ A (v] @)P2,0.10 8}

+0.03)\;|sin O(vy, a)|(v] a)P~2,
lv] g| <0.05); (v, @)P~ L.

Suppose a satisfies 0.5|v{ a| > max;>o |vaa, , we have:

tanf(a®,v;) < 0.8tand(a,v;) + £.

We can also bound g by standard concentration plus an additional small bias term.

Lemma D.5 (Estimation error bound for G). For fixed value 6 € (0,1) and large enough universal
constant ¢y, Ca, Cm,, Cn, when m = c,dlog(n/d),n > ¢,dlog(d/d), we have

lgll = [Gn(a) - G(a)| <cl\/d2 logg(”/s) 108(d/0) | o3,/ sin6(a, v)],

T gl = [T G (a) — o7 Gla)| <es \/dlog3(n/6)log(d/5).

n

with probability 1 — 6. e = 0 for odd p and e = (2p)~P~Vm~=/2=1 for even p.

Together we are able to prove Theorem [3.14}

Proof of Theorem[3.14] Initially with high probability there exists an ag € Ay such that Eqn. (7)
holds, i.e., v ag > 1/v/d and v{ ag > 2|v] ag|,Vj > 2.

Next, from Lemma|[D.5] the extra bias term is bounded by e)s|sinf(a,v1)|

< 0.03)1 (v @)P~2|sinf(a,v1)| since e = (2p)~P+'ms?/*™ and with our choice of variance
ms > d > (v{a)72, plus p > 3. Next with our setting of ny, = O(dP/(\2€?)), the error term
|E[G(a)] —Gn(a)| is upper bounded by O(1/ L) < 0.025)\,d~®=2/2&, /p+0.1\&,. Meanwhile

o7 gl < O(\/:) < 0.05M (v) @)P~ .

This meets the requirements for Theorem|[D.4]and therefore tan 6(G., (ag), v1) < 0.8 tan (ag, v1)+
0.1\ &5. Therefore after [ steps will have

1
tan 0(G! (ag),v1) <0.8' tan 8(ag,v1) + Z 0.8°-0.15,
i=1
<0.8! tan 0(ap,v1) + 0.5¢5.

Notice initially tan 6(ag,v1) < 1/(v{ ag) < v/d. Therefore after at most
I = O(logy(tan6(ag,v1))) < O(logy(d)) steps, we will have tan (Gl (ag),v1) < &/2 = &1.
With the same argument, the progress also holds for s > 0 with even smaller /. O

Proof of Lemma([D.5] We first estimate G, (a) — E[G,(a)], which is want we want for even
p. For odd p we will need to analyze an extra bias term that is orthogonal to v;, e :=

Gp)" U—g;)p Z?:z \j(v]a)v;; and we have Gy, (a) — E[G,(a)] = G,(a) — G(a) + e.

mp/2—1 J
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We decompose G(a) as Gn(a) = SF_ G + N, where G = L N (VA (O
0.5/p)a)®?~° @ (2;/(2p))®*)z;. The noise term N := = 3" ¢; z;.

n

G ::% 2 <§)T(((1 —0.5/p)a)?" ™" @ (2:1/(2p)) ")z

i=1
m 1 p—s 1 s(P ~ ~ T p—s(.T s
:E(l - 2*) (2*) s ZZM(G v;)P "% (2 ;) 2.
P P i=1 j=1
1 1. ()<
iG] =m(1 - o0~ (7) o Al 0l Ty
j=1
—s s k —5
_) - ﬁ)p (%) m(?) > i1 Aj(aTv;)P W(s)!!vj, for odd s,
0, for even s
—s s s!! k —s
_) - ﬁ)p (%) m(Sl'l)/Q (%) 2j=1 Tv;)P~*w;,  forodd s,
0, for even s

1. .1 p _ .
(s) _ E (s)] — _ _~ \p—s s § (T oy \P—S
Gn [Gn } m(]' 2p) (2p) (3> = )\] (a ’U]) gnys(])v

where g, s(j) == L 321 (2 v;)°z; — E[(zTv;)*2].
Notice the scaling in each G is (1 — 3507 % (35)°(2) < (55)°p°/(s!) < 27* decays exponentially.

In Claim we give bounds for g,, 5(j). We note the bound for each g, s also decays with s.

Therefore the bottleneck of the upper bound mostly depend on g,, ¢ and vy g,, o, and we get:

(d +1log(1/6))dlog(n/d) L

N

)

G — EIG| sml\/

! G, — E[o] Gr]| <Cohi \/dlog(”/a)(f log(1/9) | 7.

Next from Claim [D-T1} the noise term

)

NSCg\/mlog(n/é)(d—i—1og(n/5))10g(d/5)

n

o N| < C4 ¢ o8’ (n/6) log(d/6)

n

?

Finally e is very small: |le| < XV Tal = X sinf(a, vy).

-1 -1
mp/2-1(2p)(p—1) mp/2=1(2p)(p—1)

leTvy| = 0.

Together we can bound G, (@) — G(a) and finish the proof. O
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ProofofLemma From Lemma [D.1] we have: [tan6(G(a),v1)| < 1/2|tanf(a,v1)|. Let
V = [vg, - - - vy]. Forany p > 2, we have:

[V a* |l

v at|
_IV'(G(a) +9)|
v/ (G(a) +9)|

AVIG@l+ Vgl
= v/ G(a)] - |v/ g
_1/2[tan6(a, v1)[lv] G(a)| + |lg|
- v G(a)| - [v{ g

S gl
—JoTgll " 5 Tl

|tanf(a™,vy)| =

=q| tan(‘)(a,vl)|5

)p 25— 1( )25+1

where S := v/ G(a) = v] G(a) = A S LE3/2 (=2 — (2 (0] a)yp=2-1 >

M(1 = 5P (55)p(v] @)P~! > 3t (v a)P~". The inequality comes from keeping only the first
term where s = 0. With the assumpt10n that |v; g| < 0.05\;(v{ @)P~1, we have |[v] g| < 0.25;.

Therefore

lgll
|tanf(a™, v1)| <1.25/2|tanf(a,v)| + —2F=—
S1 — v/ g|

lgll
S

gl
M (”1 a)r—1 .

<1.25/2| tanf(a,vy)| + 5/4 5+
<1.25/2|tanf(a,v1)| + 5

Notice when 5%{%1)_1 < max{0.125| tan 6(a, v1)|, €}, which will ensure | tan 0(G(a), v1)| <
1

(1.25/2 + 0.125)| tan §(G(a), v1)| + €. (We will prove this condition is satisfied when ||g|| <
min{ %32\ (v{ @)?~?,0.1A1£}. We will handle the additional term in the upper bound of [|g|| later.)

We divide this requirement into the following two cases. On one hand, when |[v{ a| <1—-1/(p — 1),
[VTa| >+/1-(1—1/(p—1))% > 1/p, therefore | tan 6(a,v1)| > 1/p|v{ a|. Therefore

lgl
A1 (v a)p—1

lgl
A(v] a)r—t
&gl < 0.025) (v] a)?~2/p.

< 0.125| tan (@, vy )|

<5 <0.125/ (plv{ al)

On the other hand, when |v/a| > 1 — 1/(p — 1), [0~ > 1/4 when p = 3. Therefore

5% < 20||g||/A1. Therefore we will need ||g|| < 0.05\;€, and then the requirement that
1
5ol < Zis satisfied.

A1(v]a)p—1

Altogether in both cases we have: |[tanf(G(a),v1)] < 0.75|tanf(G(a),v1)| + € Fi-
nally if we additionally increase ||g|| by 0.05\;(v{ @)?~1 we will have: |tan6(G(a),v;)| <
0.8|tan (G (a),v1)| + € O

Proof of Corollary[3.16]. As shown in Theorem at least one action a in As, |As| < O(k)
satisfies tan 6(a, a*) < ¢ with a total of O(-%% ) steps. Therefore with Claimwe have to get

)\2 2
g-optimal reward we need O( ) steps. Notice the eluder dimension for symmetric polynomials is

dP and the size of Ag is at most O( ) Then by applying Corollary-we get that the total regret is
at most O(VdPET + /| As|T) = O(VdPET). O
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D.2 PAC to Regret Bound Relation.

Claim D.6 (Connecting angle to regret). When 0 < tan(a,v1) < (, we have regret v* — r(a) <
r* min{2, p(?}.

Proof.
|cosB(a,v1)| =|av,| =:b,
V1-1b2 1
[tanf(a,v1)| =—— < (S b > —(———.
b VEE+1

=" —r(a) <A\ — AW
<M(1—(C+1)77?)
(@12 -1
(¢ + 1)/
<M ((C+1)P/%2 1) (since denominator (¢2 + 1)P/2 > 1)
<Aip¢?, when ¢ < 1/p.

:>\1

Additionally by definition 7* — 7(a) < A\; — (=A1) = 2); and thus r* — r(a) < A\; min{2, p¢?}.
We now derive the last inequality. When ¢ > 1/p it is trivially true. When ¢ < 1/p, we have
(14 ¢%)P/2 < 1 4 p¢? for any p > 2. Since the LHS is a convex function for ¢ when p > 2 and
when ¢ = 0 LHS=RHS and when (2 = 1/p LHS is always smaller than RHS (=2).

Notice the argument is straightforward to extend to the setting where the angle is between a and
subspace V; that satisfies Vv € V1, T(v) > A —¢, thenone also get r* —r(a) < A; — (A1 —€)bP <
min{ Ay, \;p¢? + eb?} < min{A;, \p¢? + €} O

Claim D.7 (Connecting PAC to Cumulative Regret). Suppose we have an algorithm alg(() that finds
C-optimal action @ that satisfies 0 < tan 6(a,v1) < ¢ by taking A~ actions. Here A can depend
on any parameters such as d, \1, probability error 0, etc., that are not (. Then for large enough T, by
calling alg with ¢ = Aw T_leﬁp_a%r2 and playing its output action @ for the remaining actions,
one can get a cumulative regret of:

R(T) < Tarzpats Azvep®,

Similarly, if an oracle finds e-optimal action @ that satisfies r* — r(a) < e with Be~° samples, then

1
by setting ¢ = (Br*/T) ™%, and playing the output arm for the remaining actions, one can get
cumulative regret of:
1

R(T) < BT T4 15

Proof. For the chosen (, write T} = A(~* be the number of actions that finds (-optimal action.
Therefore T} = A%HTﬁp#r?. First, when T' > Ap®/2, ¢? < 1/p, namely r* — r(a) < r*p¢>.
We have:

o T
R(T) < Z 2r* + Z r*p¢?
t=1 t=Ty+1
< Ty + Tr*p¢?
SST#{D#?Aﬁr*.

a 2

When T' < Ap®/2, it trivially holds that R(T') < 2r*T < 2T a2 pa+z Atz p*, O

Theorem D.8 (Theorem 5.1 from [3]]). With UCB algorithm on action set with size K, we have with
probability 1 — 6,

R(T) = O(min{VKT} + K).
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Algorithm 7 UCB (Algorithm 1 in Section 5 of [5])

1: Input: Stochastic reward function f, failure probability 4, action set A with finite size K.
2: fortfromltoT —1— K do

3:  Execute arm [; = arg max;¢ g (ﬁt(z) + w). Here N'(a)=1+Y'_ 1{I, =

Nt(2)

a}; and it (a) = ﬁ@ (ra 3 L= a}ri> .
4: Observe 77,

Corollary D.9. With the same setting of Claim @ except that now the algorithm alg(e) finds a set
A of size S where at least one action a € A satisfies v* — f(a) < e. Then all argument in Claim

@still hold by adding (5(\/ ST) on the RHS of each regret bound.
Proof. Suppose we run alg for T} steps and achieve e-optimal reward.

Let r. := maxge4 f(a). Therefore with UCB on mutiarm bandit we have: ZtT:Tl e — flay) <
O(V/ST) by Theorem

From the statement r. > r* — (. Therefore ZZ:TI_H r* — f(ay) < O(VST)+e(T —Ty). Therefore

T
R(T) <> 2" +&(T —T1) + O(VST).
t=1
With the same choices of T} in Claim[D.7} the same conclusion still holds with an additional term of
O(VST). O

For symmetric tensor problems the set size is 6(k) and therefore we will have an additional v kT’
term which will be subsumed in our regret bound.

D.3 Variance and Noise Concentration

Lemma D.10 (Vector Bernstein; adapted from Theorem 7.3.1 in [65]). Consider a finite sequence
{xy}1_, be i.i.d randomly generated samples, vy, € R%, and assume that E[zy] = 0, ||zx| < L,
and covariance matrix of xy, is X.. Then it satisfies that when n > log d/d, we have:

n . 2
[Ehaz| < o) [T PTe s
n

n

with probability 1 — 6.

Claim D.11 (Noise concentration). Let independent samples z; ~ N(0,1/mly) and ¢; ~ N(0,1).
With probability 1 — 6,6 € (0,1):

n
m
*E €%
n <

i=1
m n
— E GZ‘ZZ-T’Ul
n

i=1

SC\/mlog(n/é)(d + log(n/d))log(d/d)

n

o \/ mlog?(n/8) log(d/)

n

Proof. We use the Vector Bernstein Lemma The covariance matrix for x; = ¢;z; satisfies
Elx;x;] = 1/ml,. x; is mean zero. |le;z;[> = €2|z%. Notice €2 ~ x(1) < 1 + log(1/6)
and mz;' z; ~ x(d) < d +log(1/6). Therefore by directly applying Vector Bernstein [|e;z;| <
C\/ (1+1og(1/6))(d+log(1/5))

m

with probability 1 — §. By union bound we have: for all i,

€:zi|]| <

C\/ log(n/ 6)(‘2’1033(”/ 9) with probability 1 — &. Therefore

o wogm/s)(d T log(n/5)) log(d/3)

mn

n

% Z €;Z;

=1

i
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with probability 1 — 4. Similarly
1 n

— E GiZ;rvl
n

i=1

SC\/log(n/5)(1 + log(n/4)) log(d/9)

mn

o \/ log? (/) los(d/9)

mn

)

Claim D.12. Let {z;}, be i.i.d samples from N'(0,1/mlIy). Let gy, 5(j) :== 2 >0 | (2] v;)*z; —
E[(z"v;)*2z]. We have:

lano()l Sy ZELD),
w7 g o /14 log 1/5
07 g1 )] < lgna I S %gn”‘” when n > dlog(1/6),
07 90 < 905 Sy 5L shon > tog(d/5), m > exdon(n/5) 5 > 2.

Forany j € [k].

We mostly care about the correct concentration for smaller s. For larger s a very loose bound will
already suffice our requirement.

Proof of Claim[D.12] For s = 0, nm||1 Szl ~ x(d), therefore H%Z?:l =)
%ﬂg/‘s)_ nm(%Z? 1Z1T 1)? ~ x(1). Therefore |%Z? 1% To| < \/@.

For s = 1, due to standard concentration for covariance matrices (see e.g. [65, 22]] ), we have:

1 1
mll(2 ZZZ E[z2T])[ < ma {/d—i— 0g2/5 d+ 0g2/5

Therefore when n > d log(l /9), both results

~

d+ log(l/&)

lgn1 (DI S oI,

d+ log(l/é)
2

d + log(1/4)
m2n

d +log(1/9)
m2n

, and

1oy gn 1 (I [[oa[flv;

~

hold.

For larger s > 2, with probability 1 — 8, |2, v;| < C+/log(n/d)/m = Ccy/v/d < 1/v/d. When
m > codlog(n/d), for small enough ¢y we have |z, v;| < 1/v/d and ||z;]| < 1 forall i € [n].
Therefore ||(2;' v;)*z;|| < d=/? We can use vector Bernstein, i.e., Lemma to get:

‘ log(d/0)

< _
lgn,s (DI <C1yf =
Therefore we have:
. log(d/9)
T
<
Igns(j) 'U1| ¢ dsn



D.3.1 The asymmetric setting

Now we consider the asymmetric tensor problem with reward f : A — R. The input space
A consists of p vectors in a unit ball: @ = (a(l),a(2),---a(p)) € A, a(s)|| < 1,Vs € [p].
f(@) = T(®?_,a(s)) + n. Tensor T' = Z?Zl Ajvi(1) @ vj(2)--- ®vj(p). Foreach s € [p],
{v1(8),v2(s), - -vr(s)} are orthonormal vectors. We order the eigenvalues such that A; >
|A2| -+ > |Ak|. Therefore the optimal reward is A; and can be achieved by a*(s) = v1(s), s € [p].
In this section we only consider p > 3 and leave the quadratic and low-rank matrix setting to the next
section.

Theorem D.13. For p > 3, by conducting alternating power iteration, one can get a e-optimal
reward with a total O ((2k)P log?(p/8)dP X[ "e~1) actions; therefore the regret bound is at most

O(VkPdPT).

This setting is actually much easier than the symmetric setting. Notice by replacing one slice of
a by random Gaussian z; ~ N(0,2/dlog(d/d)), one directly gets T'(a(1),--a(s — 1), I,a(s +
1),---a(p)) oneachslice with1/n ). f(a(l),---a(s—1),z;,a(s+1),---a(p))z; which is tensor
product. We defer the proof to Appendix [D.4]

D.4 Onmitted Details for Asymmetric Tensors

Algorithm 8 Phased elimination with alternating tensor product.

1: Input: Stochastic reward r : (B{})®? — R of polynomial degree p, failure probability &, error &.

2: Initialization: L, = Cpklog(1/§); Total number of stages S = Cg[log(1/e)] + 1, Ay =
{aél), a(()z)7 - aéLO)} C (B{)®P where each aél)(j),j € [p] is uniformly sampled on the unit
sphere ST1. &y = 1.

3: for s from 1 to S do

4: &y Es_1/2, ng < CndPlog(d/d)/?, ny < ny, -log®(ns/d), ms < Cpdlog(n/é),
A, = @.

5 for [ from1to L,_; do

6: Tensor product update:

7 Locate current arm a = aglll.

8: for [(A\1/A)log(2d)] times do

9: for j from 1 to p do

10: Sample z; ~ N(0,1/mgly),i = 1,2, - ns.

11: Calculate tentative arm a; < a,a;(j) = (1 — €5)a(j) + €52

12: Conduct estimation y «— 1/ng Y=, 7, (a;) 2.

13: Update the current arm a(j) < y/||y||-
14: Estimate the expected reward for @ through n, samples: 7, = 1/ng Y .2 re, (@).
15: Candidate Elimination:

16: if 1, > A1(1 — pEy) then

17: Keep the arm A; <+ A; U {a}

18: Label the arms: L = | A, Ar =: {agl), e agLs)}.
19: Run Algorithm [7| with Ag.

Lemma D.14 (Asymmetric Tensor Initialization). With probability 1 — o, with L =
O((2k)P log? (p/5)) random initializations Ay = {al”,al?, - aS"}, there exists an initialization
ag € Ay that satisfies:

aao(s) "ol > lao(s) v |,V > 2&;j € [k], Vs € [p], (8)
ao(s)Tv§5) > 1/Vd.

with some constant o < 1.

Proof. This lemma simply comes from applying Lemma|[D.3]for p times and we need > 2k log, (pd)
to ensure the condition for each a(s), s € [p] holds. Therefore together we will need (2k log, (p/9))?
samples. O
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Lemma D.15 (Asymmetric tensor progress). For each a that satisfies Eqn. (8) with constant o < 1,
we have:

tan (T (a(1),---a(s — 1), I,a(s + 1),---a(p)),v\”) < atanb(a;, v{"),

for any j that is in [p] but is not s. When n. > ©(dP log(d/5) log®(n/d) /22) and m = ©(dlog(n/s)),
we have:

tan 0(T(a(1), - a(s — 1), L,a(s + 1), a(p)), v}
<(1+ a)/2tanb(a;,v\") + 7,V € [p|&j # s.
The remaining proof is a simpler version for the symmetric tensor setting on conducting noisy power
method with the good initialization and iterative progress.

Finally due to the good initialization that satisfies (8) and together with Lemma[D.T5|we can finish
the proof for Theorem[D.13]

E Proof of Theorem 3.21]

E.1 Additional Notations
Here, we briefly introduce complex and real algebraic geometry. This section is based on [56, 64 [12}
69].

An (affine) algebraic variety is the common zero loci of a set of polynomials, defined as V' =
Z(S)={xeC": f(x)=0,Vf € S} CA™ =C" for some S C C[z1,---,x,]. A projective
variety U is a subset of P = (C"*1\ {0})/ ~, where (xq, -+ ,x) ~ k(zo, -+ ,2y,) for k # 0
and S is a set of homogeneous polynomials of (n + 1) variables.

For an affine variety V, its projectivization is the variety P(V) = {[z] : z € V} C P"~!, where [z]
is the line corresponding to x.

The Zariski topology is the topology generated by taking all varieties to be the closed sets.
A set is irreducible if it is not the union of two proper closed subsets.
A variety is irreducible if and only if it is irreducible under the Zariski topology.

The algebraic dimension d = dim V' of a variety V' is defined as the length of the longest chain
Vo c Vi C -+ C V=1V, such that each V; is irreducible.

A variety V is said to be admissible to a set of linear functions {/,, : C? — C} ez}, if for every £,,
we have dim(V N {x € C?: {,(x) = 0}) < dim V.

Amap f = (f1, -, fm) : A" — A™ is regular if each f; is a polynomial.

A algebraic set is the common real zero loci of a set of polynomials.

For a complex variety V' C A", its real points form a algebraic set V.

For an algebraic set Vg, its real dimension d = dimg Vg is the maximum number d such that V4 is
locally semi-algebraically homeomorphic to the unit cube (0, 1)?, details can be found in [12].

E.2 Proof of Sample Complexity

Lemma E.1 ([69], Theorem 3.2). Fori=1,...,T, let L; : C™* x C™ — C be bilinear functions
and V;; be varieties given by homogeneous polynomials in C". Let V. =V x -+ x Vo C (C")N. Let
W C C™ be a variety given by homogeneous polynomials. In addition, we assume V; is admissible
with respect to the linear functions {f*(-) = L;(-,w) : w € W\ {0}}. When T > dim W, let
0 =T —dimW + 1 > 1. Then there exists a subvariety Z C V withdim Z < dim V' — ¢ such that
forany (z1,...,x7) € V\Zandw € W, if L1(z1,w) = --- = Ly(zr,w) =0, then w = 0.

Lemma E.2 ([69], Lemma 3.1). Let V be an algebraic variety in C4. Then dimg Vg < dim V.

Lemma E.3. Let W be a vector space. For vectors xi,--- ,xrp, if the map f : w —
(@1, w), ..., (xr, w)) is not injective over W —W := {w1 — ws : w1, wa € WY}, then there exists
v € W such that f(v) = 0.
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Proof. Suppose f(wi) = f(ws). Let v = wy; — wy. Thenv € W — W and f(v) = f(w1) —

Definition E.4 (Tensorization). Let f be a polynomial of x1, - - - , x4 with degree deg f < p. Then
every p-tensor W satisfying (Wy, X;) = f(x) is said to be a tensorization of the polynomial f,
where X, is the tensorization of x itself:

®p
X, — (i) . )

Let F be a class of polynomials. A variety of tensorization of F is defined to be an irredicuble closed
variety defined by homogeneous polynomials W, such that for every f € F, there is a tensorization
W, of f, such that W > W/ contains its tensorization. Note that neither tensorization of f nor
variety of tensorization of F is unique.

We define the variety of tensorization of « as follows. (Note that this is uniquely defined.) Consider
the regular map

R 1 ®p
@1 : C4 — Ccld+D”, x (m) , (10)

the tensorization of « is defined as V; = P(Im ).

Note that V; is irreducible because ¢ is regular and C? is irreducible. By [56, Theorem 9.9], its
dimension is given by

dimV; < dimTmp; +1 < dimC? + 1 = d + 1. (11)

Lemma E.5. For any non-zero polynomial f # 0 with deg f < p. Let Wy be a tensorization of f.
Then V; is admissible with respect to {L;(-) = (-, W) }.

Proof. Since V; is irredicuble and L; is a linear function, it suffices to verify that (X, Wy) # 0691
But according to Definition[E.4] (X, W) # 0 is equivalent to

f(@) = <va (;)®p> £0. (12)

Since f # 0, we must have f(x) # 0 for some x, which gives a non-zero X, # 0 for the above
equation: (X, Wy) # 0, and we conclude that V; is admissible. O

Lemma E.6. Let V' C C" be a (Zariski) closed proper subset, V # C". Then 'V is a null set, i.e. it
has (Lebesgue) measure zero.

Proof. Suppose V' = Z(S) is the vanishing set for some S C C[zy,--,x,]. Since V # C",
let f € S, we have V. C Z(f), so it suffices to show Leb(Z(f)) = 0, which is because
Z(f) = f~1(0),Leb({0}) = 0, f is a continuous function (under Euclidean topology), and
Leb({z : Vf(x) =0}) =0. O

Theorem E.7. Assume that the reward function class is a class of polynomials F. Let W be (one
of) its variety of tensorization. If we sample T' > dim W times, and the sample points satisfying
(1, ,27) € (CH)T\ Z for some null set Z. Then we can uniquely determine the reward function
f from the observed rewards (f(x1), -, f(xT)).

Proof. Letn =m = (d+1)P, L;(x,w) = (z,w),V =V} x -+ x V, where V is as in Definition
By [64, Example 1.33], we have dim V' < (d + 1)T. Since W is a vareity of tensorization, by
LemmaE.5] V; is admissible with respect to {L;(-, W) : W € W}.

We are now ready to apply Lemma |E.1| which gives that when 7" > dim W, there exists subvariety
Z Cc VwithdimZ < dimV < rT, and for any (Xy,---,Xy) € V' \ Z and any W € W, if
(X1, W) = -+ = (Xp,W) = 0, then W = 0. By Lemmal|E.3] we have for every (Xi,---,Xr) €
V\ Z, the map W — ((X;,W),---,(Xp,W)) is injective, so Wy and thus f can be uniquely
recovered from the observed rewards.
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Finally, we show that (7" x --- x @7 1)(Z) is a null set, where ¢, is as in . According to
the proof of Lemma [ET|by [69], we find that Z is also defined by homogeneous polynomials. We
take theslice 7/ ={z € Z : 211 = =am =1}LV ={x eV iz = =z = 1},
(here x;; is the j-th coordinate of ;), then Z’, V' are varieties. Since dim Z < dim V', we have
dmZ' =dimZ - T <dimV —T =dimV’'and Z’ C V.

Now consider the regular map ¢} : V' — (C%)7,

((;7311)@1”_, , (a}l)@w) o (@1, 7). (13)

Then ¢} (Z"), ¢} (V') are both varieties. By [56] Lemma 9.9], we have dim ¢} (Z’) < dim Z.
Since ¢} (V) = (CH)T and dim ¢} (V') < dimV’ = dimV — T < (d + 1)T — T, we have
dimV = dim¢) (V) = dT and as a result, dim ¢} (Z) < dimZ < dimV = dT. By Lemma

©1(Z) is anull set. Since (@1, - ,x7) ¢ ¢, (Z) implies that (p1(x1), - ,v1(x7)) ¢ Z, we
conclude the proof. O

Theorem[E.7is stated for complex sample points. Next we extend it to the real case.

Lemma E.8. In Lemma@ if we assume in addition that dimg Vg = dim V, then the conclusion
can be enhanced to ensure that 7 is a real subvariety and dimg Z < dimg V.

Lemma E.9. Let V' C R" be a (Zariski) closed proper subset, V £ R"™. Then V is a null set.

The proof of Lemma[E-9]is the same as that of Lemma[E.6
Theorem E.10. We can additionally assume x; € R? in Theorem@

Proof. We verify that dim V' = dimg Vg, where V is defined in the proof of Theorem [E.7} but this
follows clearly by [[12l Corollary 2.8.2]. We conclude the proof by applying Lemma |E.8| [

Finally, we apply Theorem [E.I0|to two concrete classes of polynomials, namely Examples [3.22]and
[3:23] For Example [3.22] we construct its variety of tensorization of Ry, as follows. We first construct
the tensorization of each polynomial. We define

r 1\ &P 1 ®(p—pi)
Wr=> a; (w) ® <0) : (14)
i=1
Next we construct the variety of tensorization V. Consider the map ¢, : (C?)" — C@+D",
r 1\ &P 1 ®(p—pi)
et =3 ()2 o) )
i=1

and let Y = P(Im (p9). Similar to V;, we can prove that Y is an irredicuble closed variety defined by
homogeneous polynomials with dim Y < dr + 1. Next consider the map ¢}, : (C%)?" — C(@+1)”,

h(wr, -+, wayr) = a(wr, -+, wy) — Po(Wrg, -+, Wap) (16)

and let W = P(Im ¢). Similar to Y, we can prove that TV is an irredicuble closed variety defined
by homogeneous polynomials with dim W < 2dr 4 1. Together with Theorem|E.10} we can conlude
that the optimal action for Example [3.22]can be uniquely determined using at most 2dr + 1 samples.

For Example [3.23] we construct IV as follows. Let

U= (w - w), q= Z arx’,
IC[k):|I|<p

then we construct the tensorization of each polynomial by

1 1\ @@=1D
W= Y a <w> ® <o) : (17)

IC[k:II<p i€l
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Then we have f(x) = (W, X5). To reduce the dimension of TV and get better sample complexity
bound, we construct in a manner slightly different from what we did for Example [3.22] Consider the
map @3 : (CHF x Ck+D" 5 Cld+D)”,

(w1, ,wg) X (a7 : I C[k],|I| < p)— Wy, (18)

where W/ is as defined in (17). Let Y = P(Tm ¢3) and W = P(Tm @3 — Im p3). We end up with
dimY =<dk+ (k+ 1)? + 1,dim W < 2(dk + (k + 1)) + 1. So we conlude that the optimal
action for Example can be uniquely determined using at most 2dk + 2(k + 1)? + 1 samples.

F Omitted Proof for Lower Bounds with UCB Algorithms

In this section, we provide the proof for the lower bounds for learning with UCB algorithms in
Subsection [G.0.]]

Notation Recall that we use A to denote the subset of the p-th multi-indices A = {(a1,...,a,)[1 <

ap < - < ap < df. Foran a = (ai,...,0p) € A, denote M, = €5, ® -+ ® €q,, Aa =
(€a, + -+ + eq,)®P. The model space M is a subset of rank-1 p-th order tensors, which is defined
as M = {Ma|a c A}. We define the core action set Ag as Ag = {€q, + - + €q, | € A}. The

action set A is the convex hull of Ag: A = conv(Ap). Assume that the ground-truth parameter is
M* = M.~ € M. Atround ¢, the algorithm chooses an action a; € A, and gets the noiseless

reward ry = r(M*, a;) = (M*, (a;)®?) = [[}_; (ear, ay).

F.1 Proof for Theorem

We introduce a lemma showing that if the action set is restricted to the core action set Ay, then at
least [Ap| — 1 = (z) — 1 actions are needed to identify the ground-truth.

Lemma F.1. [f the actions are restricted to Ay, then for the noiseless degree-p polynomial bandits,
any algorithm needs to play at least (Z) — 1 actions to determine M * in the worst case. Furthermore,
the worst-case cumulative regret at round T' can be lower bounded by

R(T) > min{T, (;l) —1}.

proof of Lemma For any o and o, the reward of playing e, + - - - + €4, when the ground-truth
model is M, is

=

(M, (eq, + - +e%)®P> = <ea;,ea1 + - +eaq,)

1

o) € a}

I
=

1

o
Il

1, ifa=d
~ 1 0, otherwise .

Hence, no matter how the algorithm adaptively chooses the actions, in the worst case (2) — 1 actions

are needed to determine M™. Also notice that the reward for e,, + -+ + €q, is zero if « # a*.
Therefore the regret lower bound follows. O

Next, we show that even when the action set is unrestricted, any UCB algorithm fails to explore
in an unrestricted way. This is because the optimistic mechanism forbids the algorithm to play an
informative action that is known to be low reward for all models in the confidence set. We first recall
the definition of UCB algorithms.

37



UCB Algorithms The UCB algorithms sequentially maintain a confidence set C; after playing
actions aq, . . ., a;. Then UCB algorithms play

ai+1 € argmax UCB,(a),
acA

where
UCB,(a) = Inax (M, (a)®?).

proof of Theorem We prove that even if the action set is unrestrcited, the optimistic mechanism
in the UCB algorithm above forces it to choose actions in the restricted action set .Ag.

Assume M* = M. Next we show that for all a € A — Ay (where the minus sign should be
understood as set difference), we have

UCBt (a) < 1.

For all a € A, since A = conv(Ag), we can write

a= Zpa(eal +-- +eap)7
a€eA

where } |\ Po = 1 and p, > 0. Therefore,

UCBt(G) = ﬁgé <M7 (a)®p>

< ®p
< max (M, (a)®)

= max(M,, (a)®P)

p
= max H(eaé ,a).
i=1
Plug in the expression of a, we have

<ea;aa> = Zpa<6a27eal + .- _,_eap>
e
= Zpaﬂ{a; S Oé}
e
é Zpa =1.

Therefore, for any fixed o’ = (o}, ..., q}),
P
H(ea;,a> = (Zpa]l{o/l € a}) e (Zpa]l{a; € a})
i=1 « [eY
<1

where the equality holds if and only if for any p, > 0, a = «/, which is equivalent to a =
o+t €ar. Therefore, if a € A — Ay, forany o/ € A, we have Hfﬂ(eaé,a) < 1. This means

UCBy(a) < 1.

Meanwhile, we can see that for the action a* = €a; +- -+ €q; € Ao,
* — *\Qp
UCBi(a”) = max (M, (a”)"")
> (M*, (a*)®P) (M~ €Cy)
== <M*,Aa*> == 1

V

Therefore, we see that (A — Ay) N arg max,c 4 UCB¢(a) = @, which means a;1 € A for all
t > 0. Therefore, by Lemma|[F 1] the theorem holds.

O
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F.2 O(d) Actions via Solving Polynomial Equations

Firstly, we verify that the model falls into the category of Example with k = p. For every a € A,
the reward of playing a when the ground-truth model is M, is

<MOM (a)®p> = <e(¥ma>a

—-

=1

which can be written as qo(U,a), where qo(z1, ..., 7,) = 7122 - - - 7, and U,, € RP*9 is a matrix
with e, as the i-th row.

Secondly, we show that since the ground-truth model is p-homogenous, we can extend the action
set to conv (A, 0). This is because for every action of the form ca, where 0 < ¢ < 1 and a € A, the
reward is cP times the reward at a. Therefore, to get the reward at ca, we only need to play at @ and
multiply the reward by cP.

Notice that conv (.4, 0) is of positive Lebesgue measure. By Theorem [3.21] we know that only
2(dk + (p + 1)P) = O(d) actions are needed to determine the optimal action almost surely.

G Proof of Section[3.3.2

We present the proof of Theorem 3.18]in the following.

Proof. We overload the notation and use [d] to denote the set {ey, e, ..., eq}. The hard instances

are chosenin A - [d]?,1.e. (61,...,0,) = A- (51, ...,0,) where (61, ...,60,) € [d]P. For a group
of vectors 61, ..., 0, € [d], we use

supp(01, . ..,0,) := (max(6;)1,...,max(8;)4) € {0,1}*
i€lp] i€[p]

to denote the support of these vectors. We use a(*) € R to denote the action in ¢-th episode.

We use Pg, ... 9,) to denote the measure on outcomes induced by the interaction of the fixed policy

and the bandit paramterised by r = [[}_, (6, a) + e. Specifically, We use PPy to denote the measure
on outcomes induced by the interaction of the fixed policy and the pure noise bandit r = €.

R(d,p,T)

T
AP
= Z <T/Pp/2 —Eo Z H(GNJG(% — TPy —Pg,,... sp)||Tv>
(01,...,8,)EA-[d]P t=1i=1
AP AN
=4 Z (T/pP/Q —Ey ZH(Gl a,(t)) T\/DKL(PO||P(01,...,GP))>
(01,...,0p)EA[d]P t=11i=1
AP Tr r T p
2 = T/pP/? — K, Z H(@Ta(t)) — T, | AP, Z H(é\ira(t))ﬂ
(61,...,0,)EA-[d]P t=1i=1 t=1i=1
T p T p
AP dPT AT (D) z aT
> | o7 > S TI6a)| —TdbAr K ) S T a®
(61,..., 6,)€eld]? t=li=1 (61,...,0p)€[d]P t=11:i=1
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where the first step comes from

Regret > Eg, .. 0,)

T p
TAP 2 =N T 67 a<t>>]

t=1i=1

(the optimal action in hindsight is @ = supp(6,...,6,)/\/p); the second step comes from
(61,...,68,) = A-(6y,...,0,) and algebra; the third step comes from ‘Zthl le(é:ra(t))‘ <T;
the fourth step comes from Pinsker’s inequality; the fifth step comes from

Dk (Pol|P,.....0,) = Eo lz Dy, ( (0,1) |N(H(91Ta(t))’1)>]
i=1
T p
= A2P]E() [Z 0 a(t ‘|
i=1

and the final step comes from Jensen’s inequality and algebra.

Notice that

and

Eo PN (CEUN I DD B | (G0

(B1,...,0,)e[d]r t=1 =1 | (J15-dp) €ld]P t=1 i=1

I
=
o
[~
' iS
EX
o
| I

<T

where we used |la(®)||; < 1,Vt € [T]. Therefore plugging back we have

AP [ dPT
R(d,p,T) = — ( —diT - szAP\F)

dp pz

and finally letting AP = 4T = leads to
R(d,p,T) = O(VarT[p").
O

Remark G.1. Better result O(VdPT) holds for bandits v = [[i_ (8] a;) + € where a; €
R?, [lai]l2 < 1.
For completeness, we show the proof of the above remark.
Proof. We overload the notation and use [d] to denote the set {e1, e, ..., eq}. The hard instances

are chosen in A - [d]?, i.e. (01,...,0,) = A - (517...,010) where (61, .. .7§p) € [d]P. We use
aEt) € R? to denote the i-th action in ¢-th episode, where i € [p],t € [T].
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We use Pg, ... 6,) to indicate the measure on outcomes induced by the interaction of the fixed policy

and the bandit paramterised by r = []%_, (6, a;) + €. Specifically, We use PPy to indicate the measure
on outcomes induced by the interaction of the fixed policy and the pure noise bandit r = e.

R(d,p,T)

(61,...,0,)EA t=1i=1
5 47 ST a®)|
z Z T —Eo ZH(@ a;’)| = T|Py—Pe,,. 0,)llTv
(81,....0,)EA-[d]P Lt=1i=1 J
AP [T »p — T
>— > (T—Eo S T® ) —T\/DKL(IPO|IP(91,___7BP))>
(61,...,0,)EA-[d]P Lt=1i=1 ]
Ap T p ] T p
-5 )9 GERIEENE Do) O
(61,...,0p)EA-[d]? Lt=1i=1 i t=1i=1
Ap T p » T P
S LN D SIS | (RO N D DI | (X

where the first step comes from

Regret > Eo, ... 0,)

t=11=1
(the optimal action in hindsight is a; = @); the second step comes from (61, ..., 0p) = A-
(51, . ,§p) and algebra; the third step comes from ‘Zthl b 1(@# (t))‘ < T; the fourth step

comes from Pinsker’s inequality; the fifth step comes from

D (Po||Ps, ... =Ky [Z Dt ( (0,1) HN(H(@J al), 1))]

i=1

and the final step comes from Jensen’s inequality an

o
[
—
()]
[¢]
g
=
o

Notice that

T T
E, ST =8| > S II(a";)
(B1,...,0,)e[dr t=1i=1 | (J1,--,dp) E[d]P =1 i=1
[T d
=Eo Z H Z(agt))J
| t=14=1 \j=1
S
<Eo |> ]I |a§”||1]
Lt=1i=1
< dp/QT



and

T p T p 9
B Y YII0Ta"?| =k | X SII(@))
(01,...,6p)€[d]p t=1 =1 L (1, dp) Eld]P t=1 i=1
o
=Ko Hmi”n%]
Lt=1 i=1
<T

where we used ||a§t) ll2 < 1,Vt € [T]. Therefore plugging back we have
Ap P D
N(d,p.T) > — (T = di T~ Tab AT

. _ dr
and finally letting AP = 4/ 7= leads to

R(d,p, T) > O(VdrT).

We present the proof of Theorem in the following.

Proof. Denote the optimal action in hindsight as a* = supp(1,...,0,)/,/p. From the proof of
Theorem we know that if T' < ﬁ . g—;, then

P

di'p Z E,.,....0,) [H(aja*) - H(gja(t))]

(01,..-,0p)EA-[d]P i=1 i=1

p D p p
S A7 (d —d? —dzN’\/T)

p2

AV
PN
Sl
=
2
B
D)
-1
—
—
&)
=
S
*
=

(61.....0,) €A-[d]

which indicates the following

G.0.1 Lower Bounds with UCB Algorithms

In this subsection, we construct a hard bandit problem where the rewards are noiseless degree-p
polynomial, and show that any UCB algorithm needs at least {2(dP) actions to learn the optimal
action. On the contrary, Theorem [3.21] shows that by playing actions randomly, we only need
2(dk + (p + 1)P) = O(d) actions.

Hard Case Construction Let e; denotes the i-th standard orthonormal basis of R?, i.e., e; has
only one 1 at the i-th entry and 0’s for other entries. We define a p-th multi-indices set A as
A= {(ar,...,;0p)]1 <y < -+ <@, <d}. Foran o = (a1,...,0p) € A, denote M, =

€q, ® - -®eg,. Then the model space M is defined as M = {Ma la € A}, which is a subset of rank-

1 p-th order tensors. The action set A is defined as A = conv({eq, + -+ e, |a € A}). Assume

that the ground-truth parameter is M* = M,- € M. The noiseless reward r; = r(M*,a;) =
(M*, (a;)®?) = 17—, (eax, a;) is a polynomial of a; and falls into the case of Example
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UCB Algorithms The UCB algorithms sequentially maintain a confidence set C; after playing
actions a1, . .., a;. Then UCB algorithms play a;;1 € argmax,c 4 UCB;(a), where UCB,(a) =
maxpnrec, (M, (a)®P).

Theorem G.2. Assume that for each t > 0, the confidence set C; contains the ground-truth model,
i.e.,, M* € C,. Then for the noiseless degree-p polynomial bandits, any UCB algorithm needs to play
at least (z) — 1 actions to distinguish models in M. Furthermore, the worst-case cumulative regret
at round T can be lower bounded by

R(T) > min{T, (Z) _.

Theorem shows the failure of the optimistic mechanism, which forbids the algorithm to play
an informative action that is known to be of low reward for all models in the confidence set. On
the contrary, the reward function class falls into the form of ¢(Ua), therefore, by playing actions
randomlyﬂ we only need O(d) actions as Theorem suggests.

SCareful readers may notice that A is of measure zero in this setting. However, since the reward function is a
homogenous polynomial of degree p, we can actually obtain the rewards on conv(.A, 0), which is of positive
measure.
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