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A APPENDIX

A.1 PROPERTIES OF EQUIVARIANT MAPS

Theorem 15 (Degree of Freedom of Equivariant Maps). Let a group G act on sets S and T, and
B C T a base space. Then, a G-equivariant map F : RS — R7 can be represented using its
generator as

Flz)(t) = Fslg; " - 2](P5(t), ©)

where g, € G is an arbitrary element which satisfies g, - Pg(t) = t. Conversely, for an arbitrary
map F : C(S) — C(B), a map F defined by (9) is an equivariant map whose generator equals F.

[Proof] . For any z € RS and t € T, the following holds:

Fglg; ' - 2](Ps(t)) = Fulg; ' a](g; "+ t)
= Flg; " 2l(g; " t)

=(g; " Flz])(g; " 1)
= Fz](1), (10

where g; € G is an arbitrary element which satisfies g; - Pg(t) = ¢ and the third equality follows
from the equivariance of F.

Conversely, for an arbitrary map Fjs : C(S) — C(B), a map F defined by (9) is an equivariant map
whose generator equals Fjz as follows:

where we used gg-1.4 = gg; * in the forth equality because (g~ 'g;) - Pg(g~ ' -t) =g~ - t. |

Theorem 15 clarifies the rigidity and flexibility of the class of equivariant maps. That is, equivariant
maps are completely rigid given generators in the sense that the generator determines those. On the
other hand, the generators of equivariant maps are entirely flexible because they have no restrictions
on constructing equivariant maps.

From the following proposition, the distance between equivariant maps is calculated from their
generators.

Proposition 16 (Isometric Restriction). Let a group G act on sets S and T, and B C T an arbitrary
base space. The restriction Rg onto B is isometry from equivariant maps. That is, for two G-
equivariant maps F and F : RS — R7,

|F — Flloo = | F5 — Fgllco- (11)

[Proof] . We note that, for any base space B C T, g € Gand T € B,

Flz](g-7) = Fglg~" - z] o Pa(r) = Fglg~" - z](7).
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Thus,

HF - FHOO ::xs;lﬂgs ?:”Ir) Flz](t) — F[x](t)’

= sup sup|Flal(g-7) — Flal(g-7)|
zERS TEB,gEG

sup sup |Fglg™" -a)(r) = Fslg ™ -al(7)
RS TEB,gEG

= sup sup |Fg[z](T) — FBM(T)‘
z€RS TEB

Fs — FBH .
This completes the proof of Proposition 16. |

We immediately obtain the following corollary from Proposition 16.

Corollary 17 (Identity Condition). Let a group G act on sets S and T, and B C T an arbitrary
base space. Let F and F' : RS — R7 be G-equivariant maps. Then, F = F if and only if Fg = Fg.

A.2 PROOF OF THEOREM 13

Guss & Salakhutdinov (2019) derived the following theorem in infinite-dimensional settings.

Theorem 18 (Universal Approximation for Continuous Maps by FNNs, Guss & Salakhutdinov
(2019)). Let an activation function p : R — R be continuous and non-polynomial. Let S C R?
and T C RY be compact domains. Let F : C(S) — C(T) be a continuous map. Then, for any
compact E C C(S) and € > 0, there exist N € N and a two-layer fully connected neural network
¢p = Ayopo Ay € Nenn(p,2;S, T) such that Ai[] = W]+ . B — C([N]) = RV,
A ] = WL+ b3 : RN — C(T), pgy is the Lebesgue measure, and ||[F|g — ¢ple < €

Thus, any continuous function can be approximated by an FNN whose neurons in the hidden layer
is finite. Krukowski (2018) derived the following theorem'.

Theorem 19 (Arzela-Ascoli Theorem for Cy(S), Krukowski (2018)). Let S be a locally compact
Hausdorff space. A subset E C Cy(S) is relatively compact if and only if the following three
conditions hold:

(Al) E is point-wise bounded, i.e. for any s € S, the inequality sup |z(s)| < oo holds,
relE

(A2) E is equicontinuous, i.e., for any € > 0 and s € S, there exists a neighborhood U around
s, for any § € U, the inequality sup |z(8) — x(s)| < € holds,
zeE

(A3) E is equivanishing, i.e., for any € > 0, there exists a compact set K C S, for any s ¢ K,

the inequality sup |z(s)| < € holds.
rck

Note that E' in Theorem 13 is relatively compact since any compact set is relatively compact in an
arbitrary metric space, and thus, we can use Theorem 19.

Let L > 0 be the Lipschitz constant of F'. By (A3) of Theorem 19, for any ¢ > 0, there exist a
large r > 0 and a small § > 0, for any 7 > r — §, a compact ball B7 := {z € S|||z||ga <7} C S
centered at 0 € R with radius 7 satisfies

sup |z —x - 15, ||eo < (12)

€

=g 4L ’
where 1p._ is the indicator function on Br. Here, although = - 1. approximates x, it may not be
included in Cy(S). Then, we can take a continuous approximation function 15 € Co(S) of the

10 Although Arzela-Ascoli Theorem for functions on compact Hausdorff spaces is well-known, here we re-
quire its non-compact version.
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indicator function 1p_ such that the support equals B,, 0 < 1 B, <1, 1 B, = lon B,_s and it
satisfies

~ €
sup ||[z-1p, —%-1B, |00 < —. (13)
l_ég” B Bl < 77
From (12) and (13), we obtain
~ €
3 —xz-1 < —. 14
Zlelgllx -1, |l < o7 (14)

Since E is assumed to be compact and F' is continuous, the image F'(F) is also compact in Co(T ).
Thus, using (A3) of Theorem 19 again, for any € > 0, there exist 7/ > 0 and ¢’, for any 7, a compact

ball By := {x € T|||z||ger <7} C T centered at 0 € R with radius 7 satisfies
€
sup [|[Fz] — Flz] - 15, [ <

p 1 (15)
(A

Then, we can take an continuous approximation function 1 B,, € Co(T) of the indicator function
1p_, € C(T) such that the support equals B,, 0 < iBT, <1, iBT, =1 on B, _s and it satisfies

~ €
sup ||Flz] -1, — Flz] - 1p || < T (16)
zelE

From (15) and (16), we obtain

sup ||Flz] — F[z] - 15, ||e < 3 (17)
x€EFE

We define the smoothed restriction function Rp, : Co(S) — Co(S) as Rp, (z) := = - 1p, and
Rp, :Co(T) = Co(T) as Rp,, (z') := 2’ - 1 ,. Then, for any = € E, we obtain

IF|gla] = Rp,, o F o Rp, [2]]

< ||F[z] — Flz-15,] 15, ||

< ||Fle] = Fla] - 1p, |loo + |Fla] - 15, — Flz-15,] - 15, |l
< ||F[e] = Fla] - 1B, |loo + |F[z] = Flz - 15, ]|l

< || (] = Fla] -1, oo + Lllz — 2 - 15, ||

< 2 v L=

From the above discussion, we can approximate F'| g by R B, oFo R B,.- Thus, it is enough to show
that R B, oFo R B, can be approximated by an FNN.

For a compact set K C S, let C(K)|ox=0 := {z € C(K)|r|sx = 0}, where 0K is the boundary
set of K. Then, we define the inclusion tx : C(K)|sx =0 — Co(R%) as

x(s se K
L (z)(s) = { E)) ((s ¢ K))
We can verify that ¢x is a bounded affine map. Moreover, we define the restriction function Ry :
Co(S) = C(K) for asubset K C S as Rx () := x|k. Using the above notions, we have
Rp,oFoRp =up,0(Rp,oRp,0Foup)o(Rp, oRp,). (13)

Thus, in order to approximate R B, oFo R B, by an FNN, we show that both Rp , oR B, oFouLp, | &/
and Rp, o Rp, can be approximated by FNNs, where E' :== Rp_o Rp_(E).

First, we prove that Rp , o }NBBT, o F o 1p,|g can be approximated by a two-layer FNN. Since
Rp, o Rp, : E — C(B,)|ap,—o is continuous, the image E’ is compact in C(B,.)|o5,—~0 C C(B,)
because of the compactness of £. Then, using Theorem 18, Rp , ORBT, oFoup |p : E' = C(B)
is approximated by a two-layer FNN with any precision.
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Next, we prove that Rp_o R B, can be approximated by a bounded affine map. We denote by 0y the
Dirac delta function at t € S. Let w(t, s) := 1, (5)d;(s) and b(t) = 0 in (2). Then, the following
holds:

Alz](t) = /Rd @(s)1p,, (5)0¢(s)du(s) = 2(t)1p,, (t) = R, o Rp, [2](t).

Thus, Rp, o RBr is exactly represented by a bounded affine map if the Dirac delta function is
allowed. However, the Dirac delta function is not a function but a generalized function. Here, the
Dirac delta d; can be approximated by a smooth function 6, called a mollifier with any precision.
Thus, instead of 15 ,(s)d;(s), taking 15, (5)0:(s) as w(t,s), we can verify that R, o Rp, is
approximated by a bounded affine map with any precision.

From the above discussion, for any € > 0, there exist a bounded affine map A and a two-layer FNN
¢ suchthat |Rp, o Rp, — Al < 57 and [|[Rp , o Fotp, |p — @lo < 5. Thus, we have

|Rp, oFoRp, —tp,odo Al
s, o (Rp, oRp, oFoup)o(Rp, oRp,)—1tp, opo A«

< |[(RB,, © RBT, oFoup)o(Rp, o RBT) —¢o Al

< ||(RBT, oFoup,)o(Rp, o RBr) — (RBT/ oFoup.)oA|w
+ ||(RB,,,, oFoig)oA—¢oA|x

< L|Rp, o Rp, = Al + |Rp,, 0 F o tp, — o

< e

Since A and ¢ , are affine and ¢ is a two-layer FNN, the map ¢ := 15, 0 ¢ o A is also a two-layer
FNN. Thus, this concludes the proof. |

B PROOF OF CONVERSION THEOREM

In this section, we prove Theorem 9. Since ¢ : E — Co(B7) is a fully-connected neural network,
there exist topological spaces By for £ = 1,...,L — 1 and affine maps A; : E — Co(B1), Ay :
Co(Be—1) — Co(By) for ¢ = 1,...,L — 1, and A, : Co(Br—1) — Co(B7) such that the FNN
¢=ApopoAp_10---0poAy: E— Cy(Br). Here, we note that the sets B, for{ =1,...,L—1
does not relate to the action of the group G while Bs and B are defined via the action of a group
G. When we define as Sy := G/Hy x By for{ = 1,..., L — 1, the action of G on Sy is naturally
defined by the action of G on G/H. Then, the sets B, for = 1,..., L — 1 become the base space
by the definition of S,. For brevity, we denote 3+ by By, and 7 by Sy.

In the following, for the fully-connected neural network ¢, we show the existence of a group-
convolutional neural network ® := CL opoCr_j0---0poCy suchthat C; : E — Cy(S1)
and Cy : Co(Se—1) — Co(Se) for £ = 2,. .., L are biased G-convolutions and  satisfies (7).

First, we construct C;. Since A; : E — Co(B,) is affine, there are w")(7,-) € C(S) and bV (1) €
R for each 7 € By such that A;[-] = WM [] + b)), where W) : E — Co(B;) satisfies

Imeﬂzéw@m@ﬂwwww

From the assumption (C1) of Theorem 9, there exists a G-invariant measure ; such that u(l) is
absolute continuous with respect to ;. Thus, we can set in (6) as

_ dp®
Ul((ga7)75) = w(l)(T7g : 8) dl/1 g ! ©S5),

bi(g,7) := b(1)<7'),

where g € G/H7, and t € B;y. Then, one can easily verify that these functions are G-invariant.
Then, C; : E — C(S) is given by

QM@J%=LUM%ﬂ£W@¢M@+h@J%

15



Under review as a conference paper at ICLR 2021

where x € E. Moreover, the following holds for arbitrary x € E and 7 € By:

_ du(l) B
R61 o (1 [:E](T) = / :E(S)w(l)(T, 1 1, S) (1 1, S)dl/(s) + b(l)(T)

s diy

= / w (7, 8)z(s)dp™ (s) + b (1) 19)
S

= Ay [z](t).

Thus, we obtain
R81 o(Ci = A. (20)

Next, we construct C; for £ € {2,...,L}. Since A; : C(By—1) — C(By) is affine, there are
w®(7,¢) € Rand b¥)(7) € R for each 7 € By and ¢ € By_; such that Ay[-] = WO [] + b,
where W) : C(By_1) — C(B,) satisfies

WOR)(r) = /B 2(8)w® (r, )du®(s),

where 2 € C(B;—1) and 7 € B,. For ¢ € {2,...,L}, we set as vy := vg/p, X ﬂ(e),
ve((g,7), (h,5)) := 6(h, 9)w ¥ (1,¢) and by (g, 7) := b) (1) in (6), where h, g € G/Hr,s € By_1,
T € By, and 6(h, -) is the Dirac delta function at h € G/H7. Then, C; : C(Se—1) — C(S;) is given
by

Coelz)(g,7) = /G/H . 2(h, <)ve((g,7), (h,<))dvgmy (h)dp' (<) + by(T)

- / 2(h,)3(h, g0 (7, <)dve 2, (W) AuO () + bO(7)
G/H7'><6271

N / (g, )0 (7,9)u' (<) + 0O (7)
Bi—1

= WOl )(r) +0(7)
= Af [$g] (t)v

where z € C(Sp—1) and z4(s) := (g, ). Then, the following equation holds for ¢ € {2,...,L—1}
by the definition of Rp,:

Rp,0Cy—AyoRp, , =0.

We note that the Dirac delta function ¢ used above is not a function but a generalized function. Here,
it can be approximated by a smooth function ¢ called a mollifier with any precision.

Thus, replacing & by ¢ in Cy, we obtain the following inequality for ¢ € {2,...,L}:
|Rp, oCv— Aro Rp,_,|lcc < €. (21)
Since p acts component-wise, the following equation hold:
Rp, 0op=poRg,. (22)
By (20), (21), and (22), we can see the diagram in Figure 2 is ”approximately” commutative.

We note that every A, is Lipschitz because W () is a bounded linear operator. Using (20), (21), (22),
and the fact that A, is Lipschitz, and taking a small €/, we obtain

IRz, ©® — ¢l < €. (23)

Lastly, we show the inequality (8):
[Fle — @l = [[RB, © Fle — Rp, 0 @[ (24)
= |(Fsr|e — &)+ (¢ — R, 0 )|l
<1 Fsrle = dlle + ¢ — Ra, 0 @l
< ||Fsrle =l + ¢ (25)
where we used Proposition 16 in (24) and (23) in (24). |
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oCy oCo oCr_1 L
B0 eo(8) 2 T e (S G Co(T)

N L [ros |,

Co(B1) ——> -+ —=>Co(Br-1) —— Co(B7)

poAsz poAL -1

Figure 2: Approximately commutative diagram.

C PROOF OF UNIVERSALITY OF DEEPSETS

Weset G = S, , H = Stab(1l) := {s € S, | s(1) = 1} and B = {x}, where {x} is a singleton.
Then we can see that Stab(1) is a subgroup of G and its left cosets G/H = [n] .

Lemma 20. As a set, S,,/Stab(1) is equal to [n], and the canonical Sy-action on S,,/Stab(1) is
equivalent to the permutation action on [n)].

[Proof] . Firstly, we can see that Stab(1) is isomorphic to S,,_1 as a group, since Stab(1) can freely
permute any element other than 1. Therefore |S,,/Stab(1)| = [S,/Sn-1] = nl/(n — 1)! =

Next, we confirm that the action on S, /Stab(1) is equal to permutation on [n] as a representa-
tion. To see this, we consider a complete system of representatives of .S, /Stab(1). We can take

(11),(12),...,(1n)asacomplete system of representatives. This is because for any s € S, there
is a decomposition s = (1 s(1)) - ¢ for some ¢ € Stab(1). Here, we note that 5 = (1 s(1)) by this
formula. Finally, we see that the Sy,-actionon {(1 1),(12),...,(1n)} = [n] ((1 j) — j) coincide
with the permutation action. When we take s € .S, and (1 j) € {(11),(12),...,(1n)}, we have
s-(1j4) = (1s(y)) -t for some ¢’ € Stab(1) . This implies that s - (1 j) = (1 s(j)) and this is
equivalent to the permutation action s - j = s(j) by the correspondence above. |

—

Therefore, C(G/H x B) = C([n]) = R™ holds, and the equivariant model of our paper is equal to
the one of DeepSets.

Theorem 12. For any permutation equivariant function F' : R™ — R", a compact set E C R"™ and
€ > 0, there is an equivariant model of DeepSets (or equivalently, our model) ®r : E — R"™ such
that |Pg(z) — Flg(2)|lw < €

[Proof] . Firstly, we see that our model is equal to the equivariant model of DeepSets when S is
[r]. Our group convolution is defined by

Chonla](t) = / ot, $)a(s)dv(s) + b(L).

S

Since S = T = [n], we have

/ v(t, 8)x(s)dv(s) + b(t) = Z v(t, s)z(s) + b(t).

S s€S

Therefore, the map C,, ,, ;, : R — R" is induced by the matrix W = (v(i, j)); je[n) and bias b(t).

Here, since v : S X7 — R is G-invariant, v(3, j) satisfies the condition v((k,1)-7, (k,1)-7) = v(3, j)

for any transition (k,1). This implies the parametrization W = AE + v11T by direct calculation.
|
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