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ABSTRACT

Real-world machine learning applications often involve deploying neural networks
to domains that are not seen in the training time. Hence, we need to understand the
extrapolation of nonlinear models—under what conditions on the distributions and
function class, models can be guaranteed to extrapolate to new test distributions.
The question is very challenging because even two-layer neural networks cannot
be guaranteed to extrapolate outside the support of the training distribution without
further assumptions on the domain shift. This paper makes some initial steps
towards analyzing the extrapolation of nonlinear models for structured domain
shift. We primarily consider settings where the marginal distribution of each
coordinate of the data (or subset of coordinates) do not shift significantly across
the training and test distributions, but the joint distribution may have a much bigger
shift. We prove that the family of nonlinear models of the form f(x) = >_ fi(x;),
where f; is an arbitrary function on the subset of features z;, can extrapolate to
unseen distributions, if the covariance of the features is well-conditioned. To the
best of our knowledge, this is the first result that goes beyond linear models and the
bounded density ratio assumption, even though the assumptions on the distribution
shift and function class are stylized.

1 INTRODUCTION

In real-world applications, machine learning models are often deployed on domains that are not seen
in the training time. For example, we may train machine learning models for medical diagnosis on
data from hospitals in Europe and then deploy them to hospitals in Asia.

Thus, we need to understand the extrapolation of models to new test distributions — how the model
trained on one distribution behaves on another unseen distribution. This extrapolation of neural
networks is central to various robustness questions such as domain generalization (Gulrajani &
Lopez-Paz|(2020); Ganin et al.| (2016)); Peters et al.| (2016) and references therein) and adversarial
robustness (Goodfellow et al., 2014; Kurakin et al., | 2018)), and also plays a critical role in nonlinear
bandits and reinforcement learning where the distribution is constantly changing during training
(Dong et al.l2021; | Agarwal et al., [2019; |[Lattimore & Szepesvaril, 2020; Sutton & Barto), 2018)).

This paper focuses on the following mathematical abstraction of this extrapolation question:

Under what conditions on the source distribution P, target distribution Q, and function class F do
we have that any functions f,qg € F that agree on P are also guaranteed to agree on Q)?

Here we can measure the agreement of two functions on P by the /5 distance between f and g under
distribution P, that is, || f — g||p 2 Exup[(f(z) — g(x))?]*/2. The function f can be thought of
as the learned model, g as the ground-truth function, and thus || f — g|| p as the error on the source
distribution P.

This question is well-understood for linear function class F. Essentially, if the covariance of ) can
be bounded from above by the covariance of P (in any direction), then the error on () is guaranteed
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to be bounded by the error on P. We refer the reader to|Lei et al.|(2021); Mousavi Kalan et al.| (2020)
and references therein for more recent advances along this line.

By contrast, theoretical results for extrapolation of nonlinear models is rather limited. Classical
results have long settled the case where P and () have bounded density ratios (Ben-David & Urner,
2014} Sugiyama et al., 2007). Bounded density ratio implies that the support of ) must be a subset of
the support of P, and thus arguably these results do not capture the extrapolation behavior of models
outside the training domain.

Without the bounded density ratio assumption, there was limited prior positive result for characterizing
the extrapolation power of neural networks. Ben-David et al.| (2010) show that the model can
extrapolate when the H A7 -distance between training and test distribution is small. However, it
remains unclear for what distributions and function class, the HAH-distance can be boundedﬂ In
general, the question is challenging partly because of the existence of such a strong impossibility
result. As soon as the support of @ is not contained in the support of P (and they satisfy some
non-degeneracy condition), it turns out that even two-layer neural networks cannot extrapolate—there
are two-layer neural networks f and g that agree on P perfectly but behave very differently on )
(See Proposition 5 for a formal statement.)

The impossibility result suggests that any positive results on the extrapolation of nonlinear models
require more fine-grained structures on the relationship between P and () (which are common in
practice Koh et al.| (2021); [Sagawa et al.|(2022)) as well as the function class F. The structure in the
domain shift between P and () may also need to be compatible with the assumption on the function
class F. This paper makes some first steps towards proving certain family of nonlinear models can
extrapolate to a new test domain with structured shift.

We consider a setting where the joint distribution of the data can does not have much overlap
across P and () (and thus bounded density ratio assumption does not hold), whereas the marginal
distributions for each coordinate of the data does overlap. Such a scenario may practically happen
when the features (coordinates of the data) exhibit different correlations on the source and target
distribution. For example, consider the task of predicting the probability of a lightning storm from
basic meteorological information such as precipitation, temperature, etc. We learn models from some
cities on the west coast of United States and deploy them to the east coast. In this case, the joint test
distribution of the features may not necessarily have much overlap with the training distribution—
correlation between precipitation and temperature could be vastly different across regions, e.g., the
rainy season coincides with the winter’s low temperature on the west coast, but not so much on the
east coast. However, the individual feature’s marginal distribution is much more likely to overlap
between the source and target—the possible ranges of temperature on east and west coasts are similar.

Concretely, we assume that the features x € R®1 752 have Gaussian distributions and can be divided
into two subsets x; € R®! and x2 € R*2 such that each set of feature z; (i € {1,2}) has the same
marginal distributions on P and ). Moreover, we assume that x; and - are not exactly correlated
on P—the covariance of features x on distribution P has a strictly positive minimum eigenvalue.

As argued before, restricted assumptions on the function class F are still necessary (for almost any P
and () without the bounded density ratio property). Here, we assume that F consists of all functions
of the form f(x) = f1(x1) + fa(x2) for arbitrary functions f1 : R* — R and fo : R®2 — R. The
function class F does not contain all two-layer neural networks (so that the impossibility result does
not apply), but still consists of a rich set of functions where each subset of features independently
contribute to the prediction with arbitrary nonlinear transformations. We show that under these
assumptions, if any two models approximately agree on P, they must also approximately agree on ()
— formally speaking, Vf,g € F, ||f — gllo < IIf — gllp (Theorem4).

We also prove a variant of the result above where we divide features vector 2 € R? into d coordinate,
denoted by x = (x1,...,x4) where z; € R. The function class consists of all combinations
of nonlinear transformations of x;’s, that is, 7 = {25:1 fi(xz;)}. Assuming coordinates of z
are pairwise Gaussian and a non-degenerate covariance matrix, the nonlinear model f € F can
extrapolate to any distribution () that has the same marginals as P (Theorem 3).

'In fact, the HAH-distance likely cannot be bounded when the function class contains two-layer neural
networks, and the supports of the training and test distributions do not overlap —when there exists a function
that can distinguish the source and target domain, the HA#H divergence will be large.
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Figure 1: Visualization of three different training distributions P;, P,, P3 and a test distribution @),
where the orange color blocks marks the support. (a) and (b): distributions P, P» that do not satisfy
our conditions and cannot extrapolate. (¢): a distribution Ps that satisfies our conditions even though
the support of Pj is sparse. (d): the test distribution.

These results can be viewed as first steps for analyzing extrapolation beyond linear models. Compared
the works of |Lei et al.|(2021)) on linear models, our assumptions on the covariance of P are quali-
tatively similar. We additionally require P and @) have overlapping marginal distributions because
it is even necessary for the extrapolation of one-dimensional functions on a single coordinate. Our

results work for a more expressive family of nonlinear functions, that is, 7 = {Z?Zl fi(z;)}, than
the linear functions.

We also present a result on the case where x;’s are discrete variables, which demonstrates the key
intuition and also may be of its own interest. Suppose we have two discrete random variable z; and
xo. In this case, the joint distribution of P and () can be both presented by a matrix (as visualized in
Figure[T), and the marginal distributions are the column and row sums of this joint probability matrix.
We prove that extrapolation occurs when (1) the support of the marginals of () is covered by P, and
(2) the density matrix of P is non-clusterable — we cannot find a subset of rows and columns such
the support of P in these rows and columns lies within their intersections.

In Figure[T] we visualize a few interesting cases. First, distributions P, P, visualized in Figures la
and 1b, respectively, do not satisfy our conditions. Fundamentally, there are two models that agree on
the support of distribution P; (or P,), but still differ much on the non-support. In contrast, our result
predict that models trained on distribution Ps in Figure 1c can extrapolate to the distribution ) in
Figure 1d, despite that the support of Ps is sparse and their support have very little overlap.

We also note that the failure of P; and P, demonstrate the non-triviality of our results. The overlapping
marginal assumption by itself does not guarantees extrapolation, and condition (2), or analogously
the minimal eigenvalue condition for the Gaussian cases, is critical for extrapolation.

Our proof technique for the theorems above is generally viewing ||h||% as K p(h, h) for some kernel
Kp : F x F — R. Here h is a shorthand for the error function f — g. Note that the kernel
takes in two functions in JF as inputs and captures relationship between the functions. Hence, the
extrapolation of F (i.e., proving ||h|lqg < ||k||p for all A € F) reduces to the relationship of the
kernels (i.e., whether K (h,h) S Kp(h,h) for all h € F), which is then governed by properties of
the eigenspaces of kernel K p, K. Thanks to the special structure of our model class F = > filxs),
we can analytically relate the eigenspace of the kernels K p, K to more explicitly and interpretable
property of the data distribution of P and Q).

2 PROBLEM SETUP

We use P and @ to denote the source and target distribution over the space of features X =
Xy X -+ x Xy, respectively. We measure the extrapolation of a model class 7 C RY from P to
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by the F-restricted error ratio, or #-RER as a shorthandﬂ

o . Eollf(z) ~ g(@)?
TPQF) = s F@) —g@))

When 7(P,Q, F) is small, if two models f,g € F approximately agree on P (meaning that
Ep[(f(z) — g(x))?] is small), they must approximately agree on @ because Eq[(f(z) — g(z))?] <

7(P,Q. F)Ep|(f(z) — g(x))2]. -

The F-restricted error ratio monotonically increases as we enlarge the model class JF, and eventually,
7(P,Q, F) becomes the density ratio between ) and P if the model F contains all functions with
bounded output. To go beyond the bounded density ratio assumption, in this paper we focus on the
structured model class F = {Zle fi(x:) : Ep[fi(z:)?] < oo,Vi € [k]} where f; : X; — Ris
an arbitrary function. Since F is closed under addition, we can simplify Eq. (I) to 7(P,Q, F) =

SUpfe %. For simplicity, we omit the dependency on P, (), 7 when the context is clear.

(D

If the model class F includes the ground-truth labeling function, 7 (P, @, F) upperbounds the ratio
between the error on distribution ) and the error on distribution P (formally stated in Proposition|I)),
which provides the robustness guarantee of the trained model. This is because when g corresponds to
the ground-truth label, Ep[(f(z) — g(z))?] becomes the /5 error of model f.

Proposition 1. Let 7 be the F-RER defined in Eq. (1). For any distribution P, Q) and model class F,
if there exists a model * in F that can represent the true labeling y : X — R on both P and Q:

Eipigly(@) — f*(2))°] < er, )
then we have

VfeF, Eqlly(z) - f(2))*] < (87 + d)ex + 47Ep[(y(z) — f(2))’]. 3)

Proof of this proposition is deferred to Appendix
Relationship to the 7 A7{-distance. Compared with the H AH-distance (Ben-David et al.,[2010):

dan(P, Q) = 2s5upg ye 7 [Pronp[f(z) # 9(x)] = Pranglf(z) # g(2)]], )

our differences are: (1) we consider ¢5 loss instead of classification loss, and (2) 7 focuses on the ratio
of losses whereas dy; A% focuses on the absolute difference. As we will see later, these differences
bring the mathematical simplicity to prove concrete conditions for model extrapolation.

Additional notations. Let I [E] be the indicator function that equals 1 if the condition F is true, and
0 otherwise. For an integer n, let [n] be the set {1,2,--- ,n}. For a vector z € RY, we use [z]; to
denote its i-th coordinate. Similarly, [M]; ; denotes the (i, j)-th element of a matrix M. We use
M®™ to represent the element-wise n-th power of the matrix M (i.e., [M®"]; ; = ([M]; ;)™). Let
I; € R¥*4 pe the identity matrix, 14 € R the all-1 vector and e; 4 the i-th base vector. We omit
the subscript d when the context is clear. For a square matrix P € R%*?, we use diag(P) € R4
to denote the matrix generated by masking out all non-diagonal terms of P. For list oy, - - - , 04, let
diag({o1,- - ,04}) € R4*? be the diagonal matrix whose diagonal terms are oy, - - - , 0.

For a symmetric matrix M € R¥>%Jet A\; (M) < Xo(M) < --- < X\g(M) be its eigenvalues in
ascending order, and Apax (M), Amin(M) the maximum and minimum eigenvalue, respectively.
Similarly, we use 1(M), - -+ , Omin(dy,45) (M) to denote the singular values of M € R%1 x4,

3 MAIN RESULTS

In this section, we present our main results. Section@] discusses the case where the features have
discrete values. In Section [3.2]and we extend our analysis to two other settings with real-valued
features.

?For simplicity, we set 0/0 = 0.
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3.1 FEATURES WITH DISCRETE VALUES

For better exposition, we discuss the case that x = (x1,x2) here and defer the discussion of the
general case to Appendix [A.5] We assume that z; takes the value in {1,2,--- ,7;} for i € [2]. Hence,
the density of distribution P can be written in a matrix with dimension r; X 73.

We measure the (approximate) clusterablity by eigenvalues of the Laplacian matrix of a bipartite graph
associated with the density matrix P € R"**"2, which is known to capture the clustering structure of
the graph (Chung, [1996} [Alon|, [1986)). Let G p be a weighted bipartite graph whose adjacency matrix
equals the density matrix P € R™*"2—concretely, U = {u1,- - ,u } and V = {vy, -+ v, }
are the sets of vertices, and the weight between u;, v; is P(x1 = 4, z2 = j). To define the signless
Laplacian of Gp, let d; € R™ and dy € R" be the row and column sums of the weight matrix P
(in other words, degree of the vertices), and Dy = diag(d;) € R™*™ Dy = diag(ds) € R™2*"2
the diagonal matrices induced by d1, dg, respectively. The signless Laplacian K p and normalized
signless Laplacian K p are:

D,y P = . _ . -
Kp = (P% Dz) , Kp=diag(Kp) /?Kpdiag(Kp)~'/%. &)
Compared with the standard Laplacian matrix, the non-diagonal terms in the signless Laplacian K p
are positive and equal to the absolute value of corresponding terms in the standard Laplacian matrix.
In the following theorem, we bound the F-RER from above by the eigenvalues of K p and the density
ratio of the marginal distributions of @, P.

Theorem 2. For any distributions P, Q) over discrete random variables x1, xs, and the model class
F ={fi(z1) + fa(z2)} where f; : X; — R is an arbitrary function, the F-RER can be bounded
above:

Qr; =1t)

< > -1 _—
T(P7 Q7]:) = 2)\2(KP) Ze[g]l,?é([n] P(l'l = t) (6)

Compared with prior works that assumes a bounded density ratio on the entire distribution (e.g.,
Ben-David & Urner| (2014)); Sugiyama et al.|(2007))), we only require a bounded density ratio of the
marginal distributions. In other words, the model class f(z) = f1(z1) + f2(x2) can extrapolate to
distributions with a larger support (see Figure ). In contrast, for an unstructured model (i.e., f(x)
is an arbitrary function of the entire input z), the model can behave arbitrarily on data points outside
the support of P.

Qualitatively, Theorem 2] proves sufficient conditions under which the structured model class can
extrapolate to unseen distributions (as visualized in Figure [[)—In particulary, Theorem [2]implies
that for non-trivial extrapolation, that is, 7(P, @, F) < oo, we need (a) max;c(a] tc[r] % < 0
(i.e., the support of the marginals of () is covered by P), and (b) )\2(1_( p) > 0. To interpret condition
(b), note that Cheeger’s inequality implies that Ao (/K p) > 0 if and only if the bipartite graph Gp
is connected (Chung} (1996; |Alon, 1986 that is, there does not exist non-empty strict subsets of
vertices U' C U, V' C V, such that P(zy € U’z € V') = 0and P(z; € U',z9 € V') = 0.
Equivalent, we cannot shuffle the rows and columns of P to form a block diagonal matrix where each
block is a strict sub-matrix of P. In other words, the density matrix P is non-clusterable as discussed

in Section[1l

Proof sketch of Theorem 2] In the following we present a proof sketch of Theorem[2} We start with
a high-level proof strategy and then instantiate the proof on the setting of Theorem [2}

Suppose we can find a set of (not necessarily orthogonal) basis {by, - - - , b, } where b; : X — R, such
that any model f € F can be represented as a linear combination of basis, that is, f = >_._, v;b;.
Since the model family F is closed under subtraction, we have

r 2 T
1£1% Eq[( i, vibi(x))”] > i =1 [0 [V]; Eq[bi ()b ()]
7(P,Q,F) = sup 5 = su 5= = SUP —7 .
rer Mfllp verr Ep[(S0_ vibi(x))"]  verr 20 j=a[]ilv]Ep[bi(2)b; (2)]
)
3Cheeger’s inequality measures the clustering structure of a graph by the eigenvalues of its standard Laplacian.

However, the signless Laplacian and standard Laplacian have the same eigenvalues for bipartite graphs /Cvetkovic
et al.|(2007); |Grone et al.|(1990).
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If we define the kernel matrices [Kp|; ; = Ep[b;(2)b;(z)] and [Kql; j = Eq[bi(x)b;j(x)] (we use
the same notation for the kernel matrix and signless Laplacian because later we will show that the
kernels Kp, Kg equal to the signless Laplacian of the bipartite graphs G'p, G with specific choice
of the basis b;) , it follows that

21 g1 ViviEq[bi(x)b; (x)] vTKgu
Sup 7’" = Sup Ti (8)
vERT Zi,j:l Uﬂ)j]Ep [bi (I)bj (x)] vERT U KPU

Hence, upper bounding 7(P, @, F) reduces to bounding the eigenvalues of kernel matrices Kp, K.

Since the model has the structure f(z) = fi(x1) + f2(22). we can construct the basis {b;};_;
explicitly. For any ¢ € [2],t € [r;], with little abuse of notation, let b; ;(z) = I[x; = t]. We can
verify that the set {; s }ic|2),+c[r,] is indeed a complete set of basis. As a result, the kernel matrices
K p can be computed directly using its definition:

, , _ [P(z;=t,xj=s), wheni#j,
Bl = { pi g 0 et ©

which is exactly the Laplacian matrix defined in Eq. ().

To prove Eq. (), we need to upperbound the eigenvalues of K. Since the eigenvalues of the
normalized signless Laplacian K is universally upper bounded by 2 for every distribution @, we
first write K p, K in terms of Kp, K. Formally, let Dp = diag(Kp) and Dy = diag(K¢) and
we have
UTKQU ’UTDEQ/QRQDgQU < )\max(KQ) ”Dé)mv”%
sup = sup — < _<~ g .
verr V1 Kpv  yerr vTD}D/QKpD}D/Qv Amin (Kp) verr ||D11D/2v||%

(10)

However, this naive bound is vacuous because for any P we have )\min(l_( p) = 0. In fact, Kp and
K share the eigenvalue 0 and the corresponding eigenvector « € R™#72 with [u]; = (—1)'>7),
Therefore we can restrict to the subspace orthogonal to the direction u, and then )\min(f( p) becomes
Dy ?vll3

1D 2ol —

A2(Kp) in Eq. (T0). Finally, by basic algebra we also have Apax(Kg) < 2 and sup,cgr

max;e(2],¢c[r;] %, which complete the proof sketch. The full proof of Theoremis deferred to

Appendix [A.3]
3.2 FEATURES WITH REAL VALUES

In this section we extend our analysis to the case where x1,x2, - -+ , x4 are real-valued random

variables. Recall that our model has the structure f(z) = Zf.l:l fi(x;) where f; is an arbitrary
one-dimensional function.

When d = 2, we can view this setting as a direct extension of the setting in Section [3.1| where each
x;’s has infinite number of possible values (instead of finite number), and thus the Laplacian “matrix’
becomes infinite-dimensional. Nonetheless, we can still bound the /-RER from above, as stated in
the following theorem.

bl

Theorem 3. For any distributions P, Q) over variables x = (x1,- - - ,xq) with matching marginals,

assume that (x;,x;) has the distribution of a two-dimensional Gaussian random variable for every
i,j € [d). Let & = (%1, ,&q) be the normalized input where #; £ (x; — Ep|x;])Var(x;)~"/? has

zero mean and unit variance for every i € [d), and Xp £ Ep[ii "] the covariance matrix of . Then

(PO, F) < —9 (11)
Amin (EP)
For better exposition, we first focus on the case where every x; has zero mean and unit variance,
hence 7 = z and 3 p=Yp2Ep [xasT] Compared with linear models, Theoremproves that the
structured nonlinear model class f(x) = Zle fi(x;) can extrapolate with similar conditions—for
linear models Fiipear = {v' 7 : v € R?} we have

||UT$||%3 v Eglzz v
P,Q, Fi = su = e < Apin(ZP) T = Ain(Zp) T
T( ;Q» hnoar) Ue]lgd ||'UT$H2P el ’UTEP[.’I?J?T]U ~ mm( P) mln( P) 5
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which equals to the RHS of Eq. (1)) up to factors that does not depend on the covariance ¥ p, Xg.

We emphasize that we only assume the marginals on every pair of features x;, x; is Gaussian, which
does not imply the Gaussianity of the joint distribution of z. In fact, there exists a non-Gaussian
distribution that satisfies our assumption.

Proof sketch of Theorem@ On a high level, we treat the features x;’s as discrete random variables,
and follow the same proof strategy as in Theorem[2] For better exposition, we first assume that z; has

zero mean and unit variance for every i € [d], hence Xp = Xp £ EplaxT].
First we consider a simplified case when d = 2. Because z1, 22 are continuous, the normalized

I A
AT I) , where A
is an infinite dimensional “matrix” indexed by real numbers =1,y € R with values [A]y, », =
P(z1,22)/+/P(x1)P(22), and [ is the identity “matrix”. Recall the proof of Theorem gives

max Qi =1)
icl2l,t P(x; =1t)

signless Laplacian Kp is infinite dimensional, and has the form Kp =

T(P,Q,F) < 2X\(Kp)~" (12)

By the assumption that P, ) have matching marginals, we get max;c(g] ; PE;L—Q = 1. As result,

we only need to lowerbound the second smallest eigenvalue of K p. To this end, we first write A
in its singular value decomposition form A = UAVT, where UU " = I, VVT — Tand A —
diag({on }n>0) With og > 01 > . Then we get

= (1 A\ (U 0 I A\ /(UT o0
Kp = (AT I) = (o V) (AT I) ( 0 VT) ' (13)
Since the matrix K p £ ( AT ?) consists of four diagonal sub-matrices, we can shuffle the rows

on 1

result, the eigenvalues of K’p are 1 £ 09,1 = 01,---. Because 1 = o9 > 01 > --- > 0, the
smallest and second smallest eigenvalues of K p are 1 — og and 1 — o1, respectively, meaning that
Xo(Kp) = Ao (K' p) = 1—07. By the assumption that (z1, x2) follows from Gaussian distribution, the
“matrix” A is a Gaussian kernel, whose eigenvalues and eigenfunctions can be computed analytically—

Theoremproves that o1 = |Ep[x122]| if 21, 2 have zero mean and unit variance. Consequently,
)\Q(Kp) =1- g1 = 1-— |EP[IE11'2H = )\min(zp).

Now we briefly discuss the case when d = 3, and the most general cases (i.e., d > 3) are proved
similarly. When d = 3, the normalized kernel will have the following form

and columns of K p to form a block-diagonal matrix with blocks { ( 1 a") } .Asa
n=0,1,2

I A B
Kp=[AT 1 C]. (14)
BT CT 1

By the assumption that =1, x5 are zero mean and unit variance with joint Gaussian distribution, matri-
ces A is symmetric because [A]y, », = P(21,22)/v/P(x1)P(z2) = P(z2,21)//P(21)P(22)
[A] 3,2, Similarly, matrices B, C' are symmetric. In addition, Theorem 11|shows that the elgenfunc—
tions of the Gaussian kernel is independent of the value Ep|[z;z;]. Hence, the matrices A, B, C
shares the same eigenspace and can be diagonalized simultaneously:

B I A B U o0 0 I Aq Ap ur o0 0

Kp=|AT 1 C (0 U o) Ay I Ac o U o). @13
BT CT 1 0 0 U/ \A) AL T o o0 UT

By reshuffling the columns and rows, the eigenvalues of K p are the union of the eigenvalues of

following matrices

. 1 on(4) on(B)
(K5 o1, 2 { <an(A> 1 an(0)> } : (16)
n n=0,1,2,
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Theorem [11] implies that 0, (A) = ([Xp]1,2)",0n(B) = ([Epl1,3)" and 0,(C) = ([Epl2,3)™

Consequently we get K 1(3") = X9™. Then, this theorem follows directly by noticing )\min(E%”) >
Amin(Zp) forn > 1 (Lemma

Finally, the general case where x; has arbitrary mean and variance can be reduced to the case
where x; has zero mean and unit variance (Lemmal(8). The full proof of Theorem [T1]is deferred to

Appendix[A.6

3.3 Two FEATURES WITH MULTI-DIMENSIONAL GAUSSIAN DISTRIBUTION

Now we extend Theoremto the case where z; € R% , X9 € R% are two subset of features with
dimensions dq, ds > 1, respectively, and the input = (1, z2) has Gaussian distribution. Recall
that the model class is F = {f1(x1) + fa(z2) : Ep[fi(7;)?] < 0o,Vi € [2]}. In this case, we can
still upper bound the 7-RER by the eigenvalues of the covariance matrix 3 p, which is stated in the
following theorem.

Theorem 4. For any distributions P, Q) over variables x = (x1,x2) where x1 € R4 , X € R [et
Yp = Ep[zz ). If v = (x1,22) has Gaussian distribution on both P and Q with zero mean and
matching marginals, and Ep|x ]| = I,Ep[rox] | = I, then

2

T(P7 Q7 ]:) S Amin(EP) '

amn

We defer the proof of Theorem {]to Appendix

Compared with Theorem [3| where the features x1, - - - , 24 are one-dimensional, our condition for the
covariance is almost the same: Ap,in (Xp) > 0. However, the model class considered Theoremis
more powerful because it captures nonlinear interactions between features within the same subset. As
a compromise, the assumption on the marginals of P and () is stronger because Theorem [ requires
matching marginals on each subset of the features, whereas Theorem [3] only requires matching
marginals on each individual feature.

Remarks. Our current techniques can only handle the case when the input is divided into k = 2
subsets. This is because for £ > 3 we must diagonalize multiple multi-dimensional Gaussian kernels
simultaneously using the same set of eigenfunctions, as required in the proof of Theorem[3] However,
these multi-dimensional Gaussian kernels do not share the same eigenfunctions because the rotation
matrix U, V' depends on the covariance E p [mzij] Hence, the proof strategy for Theorem fails for
the case k > 3.

4 LOWER BOUNDS

In this section, we prove a lower bound as a motivation to consider structured distributions shifts.
The following proposition shows that in the worst case, models learned on P cannot extrapolate to )
when the support of distribution () is not contained in the support of P.

Proposition 5. Let the model class F be the family of two-layer neural networks with ReLU acti-
vation: F = {3, a;ReLU(w] = + b;) : w; € R%, a;,b; € R} . Suppose for simplicity that all the
inputs have unit norm (i.e., ||z||2 = 1). If Q has non-zero probability mass on the set of points
well-separated from the support of P in the sense that

Je >0, Q{z:|zl2=1,dist(z,supp(P)) > €}) > 0, (18)
we can construct a model f € F such that ||f| p = 0 but || f||q can be arbitrarily large.

A complete proof of this proposition is deferred to Appendix [A.8] On a high level, we prove this
proposition by construct a two-layer neural network g; that represents a bump function around any
given input t € S?71. As a result, when ¢ is a point in supp(Q) \ supp(P), the model g;(z) will
have zero ¢ norm on P but have a positive /2 norm on (). This construction is inspired by [Dong
et al. (2021}, Theorem 5.1).
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5 RELATED WORKS

The most related work isBen-David et al.| (2010), where they use the HAH-distance to measure the
maximum discrepancy of two models f, g € F on any distributions P, (). However, it remains an
open question to determine when HA7-distance is small for concrete nonlinear model classes and
distributions. On the technical side, the quantity 7 is an analog of the HAH-distance for regression
problems, and we provide concrete examples where 7 is upper bounded even if the distributions P, ()
have significantly different support.

Another closely related settings are domain adaptation (Ganin & Lempitskyl, 2015} |Ghifary et al.,
2016; \Ganin et al., 2016) and domain generalization (Gulrajani & Lopez-Paz, 2020 |Peters et al.,
2016), where the algorithms actively improve the extrapolation of learned model either by using
unlabeled data from the test domain (Sun & Saenko, [2016 [L1 et al.| 2020a3b; Zhang et al.l 2019), or
learn an invariant model across different domains (Arjovsky et al., 2019; |Peters et al., 2016} |Gulrajani
& Lopez-Paz, [2020). There are also algorithms that learn features whose distributions on the source
and target domain have a small discrepancy measured by the maximum mean discrepancy (Donahue
et al.,[2014; |Long et al.| [2015), or the Wasserstein distances (Shen et al., 2018} Courty et al., 2017). In
comparison, this paper studies whether a model trained on one distribution (without any implicit bias
and unlabeled data from test domain) extrapolates to new distributions. There are also prior works
that theoretically analyze algorithms that use additional (unlabeled) data from the test distribution,
such as self-training (Wei et al., 2020; |Chen et al. [2020)), contrastive learning (Shen et al.| 2022
HaoChen et al.| 2022), label propagation (Cai et al.,[2021), etc.

6 CONCLUSIONS

In this paper, we propose to study domain shifts between P and () with the structure that each
feature’s marginal distribution has good overlap between source and target domain but the joint
distribution of the features may have a much bigger shift. As a first step toward understanding the
extrapolation of nonlinear models, we prove sufficient conditions for the model f(z) = Zle filxs)
to extrapolate where f; is an arbitrary function of a single feature.

Even though the assumptions on the shift and function class is stylized, to the best of our knowledge,
this is the first analysis of how nonlinear models extrapolate when source and target distribution do
not have shared support in concrete settings. There still remain many interesting open questions,
which we leave as future works:

(a) Our current proof can only deal with a restricted nonlinear model family of the special form
flz) = Zle fi(z;). Can we extend to a more general model class?

(b) In this paper, we focus on regression tasks with ¢5 loss for mathematical simplicity, whereas
majority of the prior works focus on the classification problems. Do similar results also hold
for classification problem?
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A MISSING PROOFS
In the following, we present the missing proofs.

A.1 PROOF OF PROPOSITION[I]

In this section, we prove Proposition [T}

Proof of Proposition[l] By the definition of 7, for any f € F we get
Eql(f(z) — f*(=))?]

Erl(f() = F@)?) = 1

Or equivalently,
Eq[(f(z) — f*(2))%] < TEp[(f(z) — f*(2))?]. (20)

As a result,

Eolly — f(2))!) < 2Eq[(y — f*(2))*] + 2Eq[(f(x) — f*(2))?] 21)
<der +27Ep[(f(x) — [*(2))’] < der +47 (Ep[(y — f(2))2] + Eplly — f*(2))?]) (22)
< (87 +4)er +47Ep[(y — f(z))?. (23)
O

A.2 PROOF OF PROPOSITIONI6]

In this section, we state and prove Proposition [f]

Proposition 6. Let P(x1,x2) be a distribution over discrete random variables x1 € X1, x9 € Xa,
and recall that F = {f1(x1) + fa(x2)}. If there exists subsets Uy C Xy,Us C X such that (1)
0 < U] < |X1]and 0 < |Us| < |Xsl, and (2) P(x1,x2) = 0 when [z, € U] # 1z € Uy (e.g.,
the distribution visualized in Figure|lp), then we can construct models f,q € F and xt € X1 x X
where || f — gl|p = 0 and f(z") # g(aT).

Proof. Since the model class F is closed under addition, we only need to construct h € F such that
|h|lp = 0but h(zT) # 0.

Let hy(z1) = (=1)=1€U1) and hy(zy) = —(—1)"#2€V2], Consider the model h(z) = hi(z1) +
ha(x2). Forany a1, xo where I [z1 € U] = I [z € Us], we get h(z) = 0. Combining with condition
(2) we get ||h||p = 0.

On the other hand, let 27 = (2], 21) with 21 € U} and 2l € X, \ U. Such ! exists because of
condition (1). Then h(z') = —2. O
A.3  PROOF OF THEOREM[Z]

In this section, we prove Theorem 2]

Proof of Theorem[2] Let

be(z1,x2) {

Then for any f, f' € F, we can always find v € R™"2 such that f(x1,22) — f'(z1,22) =

T2 b (21, 22) for all z1, zo. Indeed, for any f, f’ € F the architecture of our model implies

(f Zjlf’)(wh@) = (fi — fi)(@1) + (f2 — f3)(22). Therefore, we can simply set v; = (f1 — f1)(t)
forl1 <t <rjandv; = (fo — f)(t —ry) forry <t < ro.

Iz, =1], when t < 7y,

24
Iz =t—m1], whenry <t <ry+ra. &4

Consequently,

e Ball) @ Eol(SE bl )
fif'eF Ep[(f(fl,‘) - fl(x))2] veERM T2 EP[(Z:;—;TZ bi<.’171, xg)vi)Q]

(25)
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221]4_7”12 v;v;Eqbi(21, 2)bj (21, 72)]

= sup —— . (26)
vERT1ITT2 Zzg 1 ViVj p[b (.Z‘l,mg)b ((El,xg)}
The definition of b;(x1, x2) implies that for any distribution P,
I[i=j]P(x1 =14), whenl<i,j <y,
I[i =j])P(xe =j), whenr <i,j<ri+re,
Ep[b; b = 27
plbi@, 22)bj (@1, 72)] P(xy =d,20 =j), whenl <i<ry <j<r)+ry, @7
P(xzy =j,z0=1), whenl<j<mr <i<r]+rs.
Then we have [Kp]; ; = Ep[bi(z1,x2)b;(21, 22)]. Consequently,
r1+7r2
v;0;Eq|bj (21, 2)bj (21,7 v K,
F = swp 2t viviEqlbj(z1, 22)b; (21, 22)] sup QU 28)

vERT1HT2 2:1]+T12 UZUJEP[[) (1‘171‘2)b (:L‘l,xg)] vERT1+2 U KP'U
Let u € R™ 72 gyuch that

1, when ¢ < rq,
[u] = :
—1, whenr; <1t < ro.

We claim that u is a eigenvector to both K and K p with eigenvalue 0. To see this, for any distribution
P and i € [r1] we have

[Kpul; = P(zy = i)[ul; + Y _ Pla1 =i,22 = j)[ul, + (29)
j=1
=Pz =i)— Y Ploy =i,z =j) =0. (30)
j=1

Similarly for ¢ € [ry] we have [Kpu],,+; = 0. Combining these two cases together we prove
Kpu =0.

Then, by algebraic manipulation,

v Kgu vTKqu vT DY’ KDy v
sup sup sup 73 172, 3D
veERT1+r2 U TKpv vERT1IHT2 yly U TKpv veR™+2 wlu v DY / KpDY /
_ 1/2 _
Amax (K Dgv )\max K i=1t
(7 Q)sup | ?2 I3 < (7 e) max M (32)
M(Kp) v ||Dp/ V|2 Xo(Kp) iel2ltelr) Plx; =1)
As aresult, we only need to prove )\max(f( Q) < 2. To this end, note that
B TR oK
Amax(K@Q) = sup wT%Qw = sup QY (33)
weRr+ra W W verr+r2 U1 Dou
. Yicimlielr P@1 = tx2 = j)([v]; + [v]r,45)? 34
vERT1HT2 Zie [r1] P(xl = Z)[”]z + Zje [r2] P(zy = j)[’v]?lﬂ
2226[7‘1],]6[7‘2] P(Il - Z IQ - j)([ ] [ ]T1+])
< sup (35)
vERT1F72 Zie [r1] P(xy = i)[v]7 + Zje [r2] P(zg = j)[v ]’r‘1+]
<2. (36)
O]

A.4 PROOF OF COROLLARY ??

In this section, we prove Corollary ??.
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Proof of Corollary ??. Recall that Theorem [2| proves

— _ Q(le = t)
<22 (Kp)~t - 37
T= 2( P) 7,6[%1,??[7"1] P(l’l = t) (37
As a result, we only need to prove conditions (a) and (b) implies the RHS of Eq. (37) is finite.

First of all, by definition condition () implies max;c(2) t[r;] % < 00. Secondly, we prove that

Xo(Kp) =0 implies the negation of condition (b), which is equivalent to the statement “‘condition
(b) implies A2 (K p) > 0”. By Cheeger’s inequality (Eq. (??)), A2(Kp) = 0 implies that ¢(Gp) = 0.
By the definition of ¢(G p), there exists subsets Uy C [r1], Uz C [ro] such that

(@) P(x1 = uj,x2 = ug) = 0whenwu; € Up,us & Us, and
(b) P(xl = U1, To = UQ) = 0 when uq ¢ Ui, us € Us.

Then, we can reorganize P(xz1, x2) by listing the rows corresponding to U, first, and the columns
corresponding to Us first. As a result, P(z1, z2) will be a block diagonal matrix where the first block
has dimension |U7| % |Uz| and the second block (11 — |Uy|) x (r2 — |Uz|). Consequently, we prove
that A2 (K p) = 0 implies the negation of condition (b).

Hence, with condition (b) we get A2(Kp) > 0. It follows that Ao (Kp) ™t < 0.

Combining everything together we have 7 < co. O

A.5 EXTENDING THEOREMTO MULTIPLE DIMENSIONS (k > 2).

In this section, we extend Theoremto the case where x = (21,22, -
the same approach, we first define the (signless) Laplacian matrix Kp.

,xx) with k > 2. Following

Without loss of generality, we assume that z; takes the value in {1,2,--- ,r;} for all ¢ € [k]. Define
r = Zle r;. For a distribution P, define the matrix P;; € R™*" with entry [P;;],, equals the
probability mass P(z; = a,z; = b) when ¢ # j, and diagonal matrix P;; € R"*" with entry
[Pii]a,q €quals the probability mass P(x; = a). In addition, let Kp, Kp € R™*7 be the matrices
defined as follows:

Py P - Py
Py Py - Py _ ) 12 ) 1/

KP = : : . . s Kp = dlag(Kp) Kpdlag(Kp) . (38)
Py Py -+ P

Then the extrapolation power of the nonlinear model class F is summarized in the following theorem.

Theorem 7. For any two dimensional distribution P,(Q) over discrete random variables
T1,%9, - , Tk, we have
v Kgu Q(a:i = t)

< -1 7.

T = sup
verr U Kpv

Proof of Theorem[/] As discusses in the proof sketch, we first construct a set of basis for the model
class F = {Zf 1 fi(z;)}. For any t € [r], let «(t) € [k] be the index such that Z;(:t)fl r; <t<
Z;(t) r; and define 7(t) = t — Z;(:t)fl r;. Then we define

be(z) =1 [z, = 7(1)] - (40)

Then for any f € F, we can always find v € R” such that f(z) = Z 1[]ibi(x) forall x € X.
Indeed, for any f € F the architecture of our model implies f(x) = ZZ 1 fi(zx;). Therefore, we can
simply set vy = f,(4) (7(t)) for t € [r].

Since F is closed under addition, we get

Eq[(f(x) — f'(x))’] Eq[(f(2))’]

T = sup = sup

rrer Epl(f(@) — f(@)%]  rer Epl(f())?]

(41)
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o Bol(iy bi(x)[v])?]
" uex Ep[(Z1 b(@)p))?)
2 j=1[Vi[v];Eq [bi(x)b; ()]
=5 i 43
S LB ER B @b, (] “
The definition of b;(z) implies that for any distribution P,
EP[bZ( )b] (x)] - P(xb(z) - T(Z)7 Ty(5) = T(.])) (44)
Then the kernel matrix is given by [Kp]; ; = Ep[b;(x)b;(x)], which is exactly the definition in
Eq. (38). Consequently,

(42)

i =il Eolbi(x)b(@)] v Kqu
T e v Kpv

T = sup

veER” Z i,j= 1[
which proves the first part of Eq. (39).

(45)

=
=
=
&=
T
>
®
=
8

Now we prove the second part the theorem. To this end, we first characterize the shared eigenvectors
of Kp and K.
For any 1 <t < r — 1, define the vector u; € R" where
1, when (i) = t,
[uﬂi = —17 when L(Z) =t+1
0, o.W.

We claim that wu; is a eigenvector to both K and Kp with eigenvalue 0. To see this, for any
distribution P and i € [r] we have

[Kpuy); = Z Pz, = 7(i), 20 = 7(j)) — Z Pz, = 7(i), 2141 = 7(5)) (46)

Ju(j)=t jiu(g)=t+1
= P(z,;) = 7(i)) = Pz, = 7(2)) = 0. 47)
Let U = span(uq, - ,u,—1) be the linear subspace of such eigenvectors. It follows that
u Kpu= uTKQu =0, Vuel. 48)

Because U is the linear subspace of eigenvectors of Kp (and K ) corresponding to eigenvalues 0,
which is the minimum eigenvalue of Kp (and K(), we get

v Kqu v Kgu TDéQ/ZK Dl/2
sup = sup - = sup 73 T3 (49)
verr VI Kpv  yerrotv VT Kpv  yerrolu vTDP/ KPDP/ v

_ 1/2 19 _
Amax (K D v Amax (K i =1

— — ma. —_ .
M(Ep) o ||D113/2v||§  M(Kp) iclkltelr] Pz =1t)

i—1

As a result, we only need to prove Apax(Kg) < k. To this end, for any i € [k], let s; = > e Ty
Note that
— u' Kgu v Kgu
Amax (K@) = = 51
(Ke) = —mu = 32 vTDgu oD
2
Zj1€[7’1]7j2€[rz],'“ Ik €[rE] Pr1= 1,22 = ja, o 21 = Ji) (Zizl[v]SiJrjiH [z; = ]ZD
= sup _
vERT Zie[k],je[rk] P(z; = ])[UEi+j
(52)
. . . k .
< k Zjle["'I]JQe[T?]x”' Ik €[re] P(zy = j1,@2 = Jo, - Tk = Jk) (Zi:l [z = jil [U]§i+ji>
< sup -
veR" Yicik e P@i =D 4
(53)
ke e P = D02 45
= sup _ (54)
2 P(z; = j)[v]7
veR Zuiglkl jelr] £ T IVsi4
< k. (55)
O
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A.6 PROOF OF THEOREM 3]
In this section, we prove Theorem@
Proof of Theorem 3] Now consider any fixed model pairs f, f’ € F. Let g;(z;) = fi(xi) — fl(z;)

and g = Z?Zl gi(x;). Recall that we assume the marginals satisfies x; ~ A (0, 1) for every ¢ € [d].

As a result, Lemma 9implies that there exists coefficients {045") Yield),nez, With

gi(z)V/P(@:) = > ol (i), Vi€ [d], (56)

n>0

where {t,,(-) }nez, are a set of orthonormal basis of L?(IR) defined by

Un(z) £ Hy, (\}ix) exp (—leg;2> (2m)~V4(2mnl) 12,

As a result,
d 2 d
(Zg&m)) Z/ > gi(@)g;(x)) P, wa)dws - g (57)
i=1 ij=1

|
\M&

@
Il
-

/gz(x,) P(z;)dz; + 2 Z /gz (@i)g;(z;)P(x;, xj)dz;x; (58)

1<i<j<d

Il
M=

/ S () ) d, (59)

n>0
P(x;,x;
22 Y [ VPG ) P(mmmdw (60)
1<i<j<d z J
d
n n n (mi?x')
= (ag 249 / a; )wn T4 al )il)nx —— 7 _du,xs.
;nzz:o 1<§<d (n§>:0 ><r§) ! ) P(z;)P(x;) ’
(61)
By Theorem|[T1] we have
P(x;,
(x xj Z EP ,j U]n(xz)wn(z]) (62)

VP@)Pl;) =

Continuing the second term of Eq. (61) we get

1<i<j<d n>0 ZT; ey
= > / > o ) (Z of (s ) (Z([EP]L]’)"%(%)%(%))dxifﬂj (64)
1<i<j<d n>0 n>0

Yo > aMal([mel)" (65)

1<i<j<dn>0

As a result,

d d
(Zm(c&-)) ZZ M2e2 ST S aMalM (S 66)

1<i<j<dn>0

Define x = sup,,>( Sup,cg« UT(Z Q)" 1y the following, we prove

(Zp)Or
2

d 2 d
(Z gz($2)> < kEp (Z gi (%)) . (67)
=1 i=1
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For any fixed n > 0, let £ € R%? be the matrix where [£"]; i = ([Sp);;)" (define Zg)

similarly), and (™) € R? the vector where [a@(™)]; = agn). Then

d 2 d 2
Ep (Zm(%)) =Y (@) e, Eq <Zg¢(mi)> =Y @) reyam.
i=1 i=1

n>0 n>0

By the definition of x we get Egl ) = ﬁng) for all n > 0. Consequently,

Z(&W)ng)d‘w < K( Z(&(n))ng)&(n)} (68)
n>0 n>0
which implies Eq. (67).

Now we prove k < 5 Since ¥ is a covariance matrix with diag(EQ) = I, we have

d
Amin (P
HES"HQ < d||28"HOO < d. In addition, Lemmaproves that Apin(55™) > Amin(Zp) for every
n > 1. As a result,

. . T On,\—1 : . On .
;I%fl vlenﬁgd(v (Xp)®"0) ™" > ;I%fl Amin(ZR") > Amin(Zp).

Sincen =0 = (Zp)?" = (Xq)®", we get

T On T On
v (Xq)%" { v (Xq) 1}} { d }
K =8sup sup ——=—— =max < 1l,sup sup —————— p <max<1l, ——— 7. (69)
w20 0ckt U1 (5p)Om0 wo1 gere U1 (Op)C Auin (Cp)
By the fact that Ayin (X p) < d||Zp|lee < d, we prove the desired result. O

In the following, we state and proof Lemma [g]

Lemma 8. For any distributions P, Q with matching marginals, define P’ to be the density of the
random variable t = (ty,--- ,ty) where t; = varp(z;)~"/?(z; — Ep[x;]),  ~ P (and define Q'
similarly). Then we have

T(P,Q, F) =71(P. Q" F). (70)

Proof. Let {h; : R — R};—12,... 4 be any set of invertible functions. Since f =), f;(z;) € F is
equivalentto foh £, fi(hi(z;)) € F, we get

()2 (e ()2
sup EQ[ZZ fl( Z) ] — sup EQ[Zlfﬁ(hZ( 2)) ]

rer Bp[X; filwi)?]  jer Ep[); filhi(z:))?]

Let P’ be the density of the random variable (hy(x1),- - ,hq(xq)) when z ~ P (and define Q'
similarly). Then we have

Eung[Xo; filhi(®:)?]  Eing X, filti)?]

(71

Barl S )] Bar 50, £ 0] 7
Consequently,
EQ fi(wi)?] _EQ[y; filhi(w:))?]
RO = Bl S AT R ER(S, Ailha()] ™
B[ filt)?] ;o
R T S AT IR ™
Finally, this lemma is proved by taking h;(z) = varp(x;)~'/2(z — Ep[x;]). O
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A.7 PROOF OF THEOREM [4]

In this section, we prove Theorem ] We first present a proof sketch of Theorem 4]

Proof sketch of TheoremH] We start by considering a simpler case when d; = dy and X1 =
Ep[z124 ] € R4 has only diagonal terms. In other words, the two dimensional random variable
([x1]s, [22]:) are independent with every other coordinates in the input. In this case, we can decompose
the multi-dimensional Gaussian kernel into products of one-dimensional Gaussian kernels in the
following way

[Alay as 2 P, 22)//Pla1)Plaz) = [, P[] [02]:)//P([21]:) P([wa]))- (75)

Consequently, the singular values of A will be the products of singular values of these one-dimensional
Gaussian kernels: {Hf;l 1= 12)6i 15 ky kg ka, >0- Therefore, the second largest singular value of
A will be max;e(q,] [[X12];,:]. Following the same reasoning as Theoremwe get

2 2
T P7 7-F S =
£Q,F) I —max;eq,) [[Z12)iil 1 — omax(Z12)

where 0,05 (X12) is the largest singular value of ¥15. By noticing that 1 — 01ax(X12) = Amin(Zp)
(Lemmal(T3) we get Eq. (T7).

Now we turn to the general cases where 315 is not diagonal. Recall that our model is f(x) =
fi1(z1) + f2(z2) for some arbitrary functions f1, fo. Hence, we can rotate the inputs 1, x5 without
affecting the model F-RER. Formally speaking, for any orthogonal matrices U € R %41 and
V E RdQXdQ’

o Bl @)+ o)l Eql(fi(Un) + fo(Vira))?]

rer Ep[(fi(z1) + f2(22))?]  jer Ep[(fi(Uz1) + fo(V))?]

If U,V are the orthonormal matrices in the singular value decomposition Y15 = U T A5V where
Ao is a diagonal matrix, we get

EP[(Ul‘l)(Vl‘g)T] = A12, Ep[(UJZl)T(UJ)l)] = I, ]EP[(V.’L'Q)T(V.'L'Q)] =1. (77)

As aresult, reusing the result from the previous case on inputs Uz, V2 proves the desired result. [J

(76)

In the following, we present the full proof.

Proof of Theorem[d] Without loss of generality, we assume dy < d;. Since F is closed under
addition, we have

_ Eol(ei(1) + ga(22))?)
9% Bp((ga(a1) + 92(22)7]

In the following, we first prove
2
T —— (78)
1- Umax(ZIQ)
by considering two cases separately.

Case 1: when g = (g1, 92) € F satisfies Ep[g1(21)] = Eplg2(x2)] = 0. Since P and Q have
matching marginals on z; and x» respectively, we get

Eqlg1 (1) + g2(22)°] =Eq[91(21)%] + Eqlga(w2)’] (79)
=Ep[g1(21)%] + Ep[ga(22)?] = Ep[(91(21) + g2(2))?]. (80)
As aresult, by the definition of 7 we have
Eql(g1(z1) + 92(22))?] _ Eql(g1(21) + 92(22))*] Ep[g1(21)? + ga(22)?]
Ep((g1(z1) + 92(22))?]  Eqlg1(21)? + g2(22)?] Ep[(g1(21) + g2(22))?]
< Eq[2(g1(21)* + g2(22)*)] Ep[g1(21)* + ga(22)°] 9 Eplg1(z1)* + g2(22)?]

Eqlgi(21)? + g2(22)?] Ep[(g1(z1) + g2(22))?]  “Ep[(g91(z1) + g2(22))?]
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Hence, we only need to prove

(1 — omax(E12))Eplg1 (x1) + g2(22)?] < Ep[(g1(x1) + g2(22))?]. (81)

Let ¥15 = UAVT be the singular value decomposition of 3,5, where A € R% %% s a diagonal
matrix with entries oy, -+, 04,.

Following Theorem wedefinet; = Uz € R* ¢ty = V T2y € R%. Consequently, Ep[tit] ] =

A and
I A
(ti,t2) ~ N <07 (AdTl Id2)> . (82)

Let P’(t1,t2) be the density of the distribution of (¢, ¢2), and P’(¢1), P’(t2) the density of corre-
sponding marginals. As a result,

Ep[(g1(21) + g2(22))%] = Epr[(91(t1) + g2(t2))?] (83)
2
= Z/gi(ti)2pl(ti)dti =+ 2/91 (t])gQ(tQ)Pl(tl, tg)dtltg. (84)
i=1
Since g;(t;)+/P’(t;) is square integrable, there exists weights {agm’m ’”di)}nl’ - ,nq, >0 such that
( T
Viel2, gt)VPt)= Y, o " ] vn, (i), (85)
ni,,ng; 20 J=1
where {H?Zl ¥n; ([ti]j)}nr, - ,na, >0 forms an orthonormal basis of L?(R4:). Consequently,
Eplgi(21)? + g2(22)°] = Ep/[g1(t1)” + g2(t2)?] (86)
2 2
_ Z (ag'rn,m Medy )) + Z (agru’--. }nd2)> ) (87)
N, ,Ndy N1, Ny

Now we turn to the RHS of Eq. (81). Continuing Eq. (84) and apply Theorem[I2]we get,

Z/gz 2P (t;)dt; _Z Z (agnl’.“"ndi))Q

i=1ni, " ,Ng;

/91 tl g2 t2 (tl,tg)dtltg

9 d; ds 00
11 Z o) T o (18:)) H(Zanwn ([ta)i ) ([t2): ) H Yolltali)dtats

i=1 \ny nd1>0 7j=1 =1 \n=0 i=da+1

N1, N4 -,0 N1, ,Ng
Z 51 . : ( B 2)1_[ i
ni,-

L My >0

As a result,

EP, [(g1(t1) + g2(t2))?] (88)
2 e (iz

DI S (R D Sl | U
1=1ni, - ,ng; nl,m,ndQZO 1=1

-
(n1,+,ndy,0,:-,0) ds ng (n1,,ndy,0,++,0)
! 1 112,00\ [«
1 i=1"1 1
Z ( (n1,,mdy) (Hd2 (7 1 ) (n1,,ndy)
Ny Qg i=1 Qo

Ny, -,
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+ 3 Tlnagsr+- +na, #0) (a(” ’"di))Q. (90)

Ny, ,Nay

Now for any nq, -+ ,ng, > 0, consider the matrix

e,
Hiil Uz‘m 1

When nq + - -+ + ng, # 0, we have Hfil o;"* < max;e[q,] 05 because Lemmaimplies 0; <1
for every i € [d2]. Therefore in this case,

T
agnh'"»ndwor'wo) 1 Hljil 0’;“ agnlv"'vndgvov'”:O) oD
agnl,m_,ndz) Hjil Uzm 1 a;nlv""”dz)
e 2 1,00 2
> (1 — o (S12)) (<a§" Ty 0, ,0)> N (aé" : ,ndz)) ) ©2)

When ny + - - + ng, = 0, by Eq. (83) we get

d1
al® ) = /91(7?1)\/%1_[%([?51]]‘)(1751 ©3)

d;
_ /g1 NI | D 94)

- / g1(02)P'(t1)dty = Epr[g1 (1)] = Eplgn (21)] = 0. (95)

Similarly, aéo"” 0) 0. As aresult, when n; + - -- + ng, = 0 we have

O[gnh Mdy 50, ,0) 1 H;lil a_;.n,[ Oég y 5 Mdgy 50, ,0) (96)
a;nla”' )ndg) H?il Uzni 1 aénh'" 7nd2)

2 2
_ ((a§n17...7nd270,~~-,())) + (a;’nl,..-,ndg)) ) =0. (97)

Combining these two cases together, we get

e e T e e
Z agm, My 0,0 ,0) ( ) 1 H;lil U;”) agm, Mdy 0, ,0) 08)
a(nlv"'yndQ) H 2 O.Zm 1 a(nlf",ndz)

N1, Ny 2 i=1 2

> (1 _ Jmax(EIQ)) Z (agnh...,n@,o,...,o)f . (aénh...,n@))z . ©9)

N1, Ndy

Plug in to Eq. (90) we get

Epl(g1(21) + g2(22))°] = Ep/[(g1(t1) + g2(t2))?] (100)
omap) )2 naenay) ) 2

> (1= oma(®) | D0 (™" ) > (a8 ) (101)

= (1 — omax(Z12))Ep[g1(71)? + g2(72)?], (102)

which finished the proof for Eq. (81).

Case 2: when g = (g1,92) € F satisfies Ep[g1(21) + g2(z2)] = 0. Let 4 = Ep[g1(21)]. Define
g = (91, 95) where ¢{(x1) = g1(x1) — p, gh(z2) = ga2(x2) + p. By the definition of F we get
¢’ € F,and ¢’ satisfies Ep£g1 (z1)] = Eplg2(x2)] = 0. Because g1(x1) +g2(z2) = g1 (x1) + g5 (z2)
for all z; € R%, 25 € RT%, plugging in the result of case 1 we get

Eql(g1(z1) + 92(2))%] _ Eoql(g1(z1) +95(z2))°] _ 1 (103)
Ep[(g1(z1) + 92(22))?]  Ep[(91(21) + 95(22))*] ~ 1 = Omax(S12)
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Case 3: when g = (¢g1,92) € F. Now we consider the most general case. Let v = Ep[g1(x1) +
g2(x2)]. Since P and ) have matching marginals on x; and x5 respectively, we get

Eqlgi(21) + 92(22)] =Eq[g1(21)] + Eqlg2(2)] (104)
= Ep[g1(21)] + Ep[g2(22)] = Ep[g1(z1) + g2(x2)] = v. (105)
Define ¢ = (g4, g5) where ¢1(z1) = g1(z1) — v, gh(z2) = g2(x2). It follows that
Eollnton) - len)’) _ Bollson o)) o6
Epl(g1(z1) + g2(22))?]  Ep[(g] (a1 +92($2)) ] +v2
Eq[(gi(z1) + g5( $2
< e G T } G (C12)’ (1on

where the last inequality comes from applying case 2’s result to ¢’.

Combining these three cases together we prove Eq. (78). Then Eq. (T7) follows directly from Eq. @)
and Lemma

A.8 PROOF OF PROPOSITION[3]

In this section, we prove Proposition 3]

Proof of Proposition[5] First, for any t € S9! and € > 0 we construct a two-layer neural network
hi,e(x) such that

(a) forallz € S by (7) = 0if ||z — t]|]2 > ¢,
(b) forall x € S41 hy (z) > 1if ||]z — t]2 < €/2, and
(c) forallx € S, hy (z) > 0.

Recall that a two layer neural network is parameterized as Y, a;ReLU(w;' z + b;). Then hy () can
be constructed using one neuron by setting wy = t,b; = —1 + €2/2 and w; = 8/(3¢2).
We can verify the construction as follows. When ||z — t]|2 > ¢, we get

62

lz—t)2>® = 2-22Tt>e = th§1—5. (108)

As aresult, g
a1ReLU(w{ = + b)) = B—QReLU(th —1+¢€%/2)=0.
€

When ||z — t||2 < €/2, we get

2

lo —t)2 < /4 = 2227t < /4 = z't>1— % (109)

As a result,

a1 ReLU(w{  + by) = ReLU( r—1+€/2)>1

3¢2
Now we construct a two layer neural network f such that || f||p = O but || f||g = 0. Let X = {z :
x € S971 dist(x,supp(P)) > €}. By the condition of this proposition we have Q(X) > 0.

Let C be the minimum €/2-covering of the set X, and thus |C| < oco. Consider the 2-layer neural
network f(x) = > . hee. It follows from the definition of X that ||z — c|l2 > e for every
x € supp(P). Consequently, f(x) = > . he = 0 for every x € supp(P), which implies that
Ifllp=0.

Now for every = € X, there exists ¢ € C such that ||z — t||2 < €/2. As aresult, by (z) > 1, which
implies that

= hee > hie(z) > 1. (110)

ceC

22



Published as a conference paper at ICLR 2023

Hence,

Eolf(z)?] > Eg[l[z € X]] = Q(X) > 0. (111)
Since cf(z) € F for every ¢ > 0, we prove the desired result. O

B HERMITE POLYNOMIAL AND GAUSSIAN KERNEL

The Hermite polynomial H,,(x) is an degree n polynomial defined as follows,

d” exp(—t?)

H,(z) = (—1)" exp(x?) 0 =12 (112)
with the following orthogonality property (Poularikas), 2018)):
/exp(fxz/Z)Hn(x/ﬁ)Hn,(x/ﬁ)dx =1[n =m]2"nlv2r. (113)

As a result, we can construct a set of orthonormal basis of square integrable functions L?(R) using
the Hermite polynomial.

Lemma 9 (see e.g., Celeghini et al{(2021)). The set of functions {1, () }s>0 form an orthonormal
basis for L*(R), where

Yn(x) 2 Hp (%x) exp <—lex2> (2m)~ /4 (2nn) 12,

Theorem 10 (Chapter 6.2 of [Fasshauer (2011), also see|[Zhu et al.|(1997)). For any ¢ > 0,a > 0,
the eigenfunction expansion for the Gaussian x,z € R is

exp (=€ (z — 2)?) = > Andn()dn(2), (114)
n=0
where
2n
)\n: ae nt1/2’ TLZO,].,Z,"',
(5 (1+ VI+ Cefa)) + )

2.2

o\ 1/8
o) = LECLD) oy (— (VT ol = 1) O ) i (14 2/0) ).

And the eigenfunctions ¢,, forms an orthonormal basis under weighted L?(R) space:

&GX 70[21'2 xTr = m =n|.
/ G (@)0n(w) = exp(—a®a®)dr = 1fm = 1) (115)

Theorem 11. Forany p € [—1,1], let P(x1, z2) be the density of (x1,x2) ~ N (0, <f17 ?)) and

P(x1), P(xz2) the density of corresponding marginals. Then the Gaussian kernel
P(J?l, l‘g)
P(ay)P(x2)
1 1 3 23
= exp <—2(1_p2)(xf+x§—2p:v1x2)+41—|—42> (117)

V2r(1l—p?)

has the following eigen-decomposition

K,(x1,22) = (116)

Kp(w1,2) = Y pFon(w0)in(w2), (118)

k=0

where Yy,(-) is defined in Lemma|9)
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Proof. We prove this theorem by considering the following two cases separately.

Case 1: p > 0. By algebraic manipulation we get

1 1 o, (=12 5 (p—1)? ,
V21K, (1, 22) = A= exp <_2(1—p2) (p(ml —29)° + 5 71 + J;2)> .

p 2 _ (p=1)? : .
30—72) and o = 2(=p7)> We can equivalent write

Let 2 =

1 a? a?
V2TK,(21,22) = A= exp (—€?(z1 — 22)?) exp (—2x?> exp <—2x§> . (119

By Theorem[I0] we get
exp (—€* (1 — x2)° ZM% (1) (22) (120)

with [ ¢ (2)én () = exp(—a?z?)dxr = I [m = n]. Then we can define the function

a 1/2 a? )
¢mm(wJ ¢4@mp<2x) (121)
such that [ 1, ()¢, ()dz = I[m = n]. Combining Eqgs. (IT9),(I20), and (I21)) we get
1
Kp(xl,xQ) = ; ()\n\/w> 17Z1n(131)¢7L(I2). (122)

Now we only need to prove that ¢, (-) defined in Eq. (I2I) has the same form as those in Lemma@

and /\nﬁ = p".
Recall that
2\1/8 2,2
bn () = M\/;/i?)exp <— ( 1+ (2¢/a)? — 1) “; ) H, ((1 + (2¢/a)?) ! ax) .
nn!l
Plugin €2 = ﬁ and o2 = 2((’)1 1/3)2 we get
1/8 [ « 1/2 1 1/8
(1+ (2¢/@)?) <ﬁ) =7 (o' + 4€%a?) (123)
1 (=1 +ap(p— 12\
/4 ( 41— p2)2 (27T (2m)1/4 (124)
2
exp <—O;a?2) exp | — (\/1 + (2¢/a)? 1) o ) (125)
1 x? + 4p —1)2 22
=exp | —Vat+2e2a2— 5 )= )2 > (126)
2
— exp (2) : (127
4 1/4 1 2 1/2
1+ o) o= (14 5255) - (=) 1
wmﬁw—m)ml 1
_ Lt 12
(@—Wﬂ—ﬂQ Vi V2 (129
As a result,
a \? o
Yn(x) = (ﬁ) ¢n(x) exp (—2962) (130)
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1 1
=H, [ ——=z)exp | —-22) @2r) /42 n) V2. 131
(o) o (~32°) 2/ icmny (131
Now we turn to the eigenvalues. Recall that
a€2n
-, ntl/2"
(% (1 + 1+ (26/&)2) + 62)
. 1
Plugin €2 = 32z and a? = % we get
2 1
— (1—|—\/1—|—(26/a)2) +e2 = 3 (a2+ 044—1—462@2) + €2 (132)
1/ (p-172% 1 P 1
- Z = . 133
2(2(1—p>+2>+2<1—p2> 20— ) (139
Consequently,
o n
1 (2(171)2)) 1
An = =p". 134
V2a(1 — p2)1/2 ( )n+1/2 V2(1 — p2)L/2 p (134)
2(1-p?)
Case 2: p < 0. Recall that
1 1 3 a3
K = —_— = (2 2 _ 2 1 +2 ]
p(T1,T2) T P ( 30— ) (@1 + 23 = 2pz122) + - +
In this case we reuse the results from Case 1 to get
K_p(1,2) =Y (=p) (1)t (2). (135)
k=0
By definition, we get K,(x1,22) = K_,(x1, —22). As a result,
Kp(1,m2) =Y (=) r (1) (—a2) (136)
k=0
= > pPn(an) (), (137)
k=0
where the last equation follows from the fact that ¢ (22) = (—1)*(—x2). O

I, 3
Theorem 12. Forany . € R %4 et P(x1,x5) be the density of (z1,x2) ~ N <O, (Ed% 1, ))
2

and P(z1), P(x3) the density of corresponding marginals, where x1 € R4, x5 € R, Without
loss of generality, assume dy > do. Let ¥ = UAV'" be the singular value decomposition of %,
where U € R41xdz A ¢ Rhaixdz '\ ¢ Rd2Xd2 [t gy, --- 04, be the singular values of %. (i.e.,
[A]i; = 04). Then the Gaussian kernel

P(!El, (EQ)

2 138
Ple0)Prs) (3%

Ky(z1,22) =

has the following eigen-decomposition

dso o)
Ks(x1,2) = H(Za%n [t1)i)n ([tals ) H Yo([ta]:) (139)

i=1 \n=0 i=do+1

where t| = U x1,ty = V Tz, and 11,(+) is defined in Lemma@
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Proof. We prove this theorem by decomposing the multi-dimensional kernel into products of several
one-dimensional kernels described in Theorem [T1]

Recall that t; = U'a; € R¥ ty = V'iay € R%, where ¥ = UAV'T is the singular value
decomposition of X. Lett € R%+42 pe the concatenation of ¢;, t5. Then we have

T Iy, A
Epftt'] = ( At (140)
, . I, A : .
Let P'(t1,t2) be the density of (¢1,t2) ~ N | 0, AT I, . By the fact that A is a diagonal
2

matrix, we know that variables {[t1];, [t2];} is independent from {[t1];};-; U {[t2];};2: for every
1 < ¢ < dy, and variable [t1]; is independent from {[t1];},x; U {[t2]; }1<j<q, for every do + 1 <

i < dy. In addition, ([t1], [te]i) ~ N (0, (Ul Uf)) As a result,

P(Z’l ) - Pl(tl,tg)
\/P(l’l (iL’Q) \/P/ tl Pl(tg)

d> P'([t1]:, [t2]
()i, [t2]: ) H VP ([t]:) (142)

P'([t1]i) P ([t2]i) ) ;= dor1

> o ([ta]i) ¥n ([t ) H VP ([t]:) (143)

KE(LC17$2) = (141)

=1

e
1[5,

<.

i=1 i=ds+1
do oo

= H(Zawn [t]:) ¢ ([t]; ) H Yo([ta]s (144)
i=1 \n=0 i=dao+1

where Eq. (T43) follows from Theorem[I2] and Eq. (T44) follows from the definition of 1. O

C HELPER LEMMAS
Lemma 13. Let > € R4 be a positive semi-definite matrix with diag(X) = I. Then we have
VE>1, Auin(E9F) > Anin(E), (145)

where XOF denotes the element-wise k-th power of the matrix .

Proof. Let A = A\yin(sy) and we have S— A1 = 0. As aresult, (=X )% = SOF4(1-X)*T—1 = 0.
Note that 0 < A < 1 because Tr(X — I) = 0 implies A\pin (2 — I) < 0. It follows that for any & > 1,

YOF =T — (1= NI = M, (146)

where the last inequality follows from the fact that 1 — X\ > (1 — \)* when k > 1. Consequently,
Amin(Z°%) > Amin (). (147)
O

Lemma 14. Let ¥ € R %% pe g matrix such that

I, ©
(ET Id2> = 0. (148)

Then we have Apax(X78) < 1

Proof. We prove by contradiction. Suppose otherwise Apax(X7Y) > 1. Let v € R be the
eigenvector of ¥ ¥ corresponds to its maximum eigenvalue. Then

T T -
—Xv I, ¥ AN 0 L TeT T
5 (D) E)-(3) (o e o
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By the assumption that Ap., (2 7X) > 1, we get

'S So+ v v = |21 - Max(ZTE)) <0, (150)
which contradicts to Eq. (T48)). Therefore, we must have Ay, (X 73) < 1. O

Lemma 15. Let M be a positive semi-definite matrix with the following form

_(Ig, X
M = (ET Id2> (151)
for some dy,ds > 0. Then we have
Amin(M) = 1 — 0max(X), (152)

where omax is the largest singular value of 3.

Proof. Without loss of generality, we assume d; > dy. Let ¥ = UAV'T be the singular value
decomposition of 33, with U € R4 xd1 | ¢ R42xd2 A ¢ R4 %92 Then we have

(U 0 I, A ur o
M= (0 V) (AT ,) Lo vT) (153
_ I, A ) _
Let M = ATl 1. ) Because U, V' are orthonormal matrices, we get Apin (M) = Amin (M). Note
l2

that [A]; ; = 0 whenever i # j and [A]; ; = 0;(X). Consequently, the eigenvalues of M is
1+o1(2), 1+ 05(8), -+, 1+ 0q,() (154)

with multiplicity 1, and 1 with multiplicity d; — d2. As a result,

Amin(M) = )\min(M)]- - O—max(z)‘

D EXPERIMENT DETAILS

In this section, we present the experiments that support our theory. In section[D.T] we substantiate the
setting of Theorem 4 using synthetic datasets. Section[D.2]shows empirical evidences that supports
the Gaussianity assumption required by Theorem 3]

D.1 EXPERIMENTS WITH SYNTHETIC DATASETS

We focus on the setting of Theorem 5 where x = (21, x2) and 21 ~ R4, o ~ R%. We compare the
extrapolation of the structured model fi(x1) + fa(z2) (where fi, fo are two-layer neural networks)
and unstructured model f(z) (where f is a two-layer neural network with input [, 73] € R%+d2),
The ground-truth label is generated by a random structured model f;(z1) + f3(x2). Recall that
our theory shows that the structured model provably extrapolates to the target distribution. Indeed,
empirically we found that the structured model has a significantly smaller OOD loss than the
unstructured model (even though the ID losses are comparable), as shown in Table E} Therefore, the
structured model family indeed has a better extrapolation than the unstructured family.

Model Class ID loss | OOD loss
Structured model f1(z1) + fa(z2) | 0.00100 | 0.00118
Unstructured model f(x) 0.00105 | 0.01235

Table 1: The ID and OOD losses of different model classes. The structured model has a significantly
smaller OOD loss than the unstructured model even though the ID losses are comparable.
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D.1.1 IMPLEMENTATION DETAILS.

The synthetic dataset. The features to the dataset is © = (21, x2) where z1 ~ R4, o ~ R, We
set d; = d2 = 256. The ground-truth labeling function is f*(x) = f{(z1) + f5(x2), where 7, f3
are two layer neural networks with ReLU activation, hidden dimension 128, and random initialization.
For simplicity, labels are noiseless. During the training, we draw fresh samples on every iteration.

For both the ID and OOD distribution, the feature vector = has Gaussian distribution with covariance
¥ p, Xq. To match the setting of Theorem 4] the covariance ¥ p, ¥ are generated in the following

way:
_( 1_ 0r _( I 70q
P T

where Op, Oq are two random orthonormal matrices, and v = 0.9. Consequently, ¥ p = O(1)2q.

The model classes. The structured model is of the form f1(x1) + f2(x2), where f1, f2 are two-layer
neural networks with hidden dimension 512 and ReLU activation. The parameters of fi, f5 are
initialized by N'(0,02) with ¢ = 1073. We train the model with batch size 1024, 500 batches per
epoch, and 200 epochs in total. We use SGD with learning rate 3 * 10~% and momentum 0.9.

The unstructured model is a two layer neural network on the concatenation of x; and zo with
hidden dimension 1024 and ReL.U activation. Therefore, the unstructured model is a superset of the
structured model (with hidden dimension 512). We train the unstructured model for 235 epochs to get
a similar ID loss{’| We keep other hyper-parameters exactly the same as the structured model case.

D.1.2 ABLATION STUDY.

The choice of hidden dimensions. We first vary the hidden dimensions of the unstructured model
to test whether the differences of structured and unstructured model come from the number of
parameters. Table 2 summarizes the result — with a smaller model, the ground-truth labeling function
cannot be expressed by the model class (since the ID loss doesn’t converge to 0); with a larger model,
the OOD loss becomes larger.

Model Class ID loss | OOD loss
Unstructured model f(x), hidden dim =256 | 0.26957 0.8759
Unstructured model f(z), hidden dim=512 | 0.01688 | 0.07774
Unstructured model f(z), hidden dim = 1024 | 0.00105 0.01235
Unstructured model f(x), hidden dim = 2048 | 0.00129 | 0.01395

——

Table 2: The ID and OOD losses of unstructured models with different size.

The effect of regularization. We also add ¢; and ¢5 regularization to the unstructured model, since
the structured model is 1/2 sparse when viewed as a unstructured model. However, even though the
regularization helps OOD loss to some extent, the OOD loss of the unstructured model is still far
worse than the OOD loss of the structured model (Table 3).

Model Class ID loss | OOD loss
Unstructured model f(x), ¢; regularization | 0.00116 | 0.00899
Unstructured model f(x), ¢5 regularization | 0.00142 | 0.01623

Table 3: The ID and OOD losses of unstructured models with different regularizations.

D.2 JUSTIFICATION OF THE GAUSSIANITY ASSUMPTION

In this section, we justify the Gaussianity assumption required by Theorem 3]

On the theory side, our pairwise Gaussian assumption is substantially weaker than the joint Gaussian
assumption required by some prior works on the theory of domain shift (e.g., Chen et al.| (2020);

*Because the unstructured model has more parameters, it trains slower than the structured model.
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Figure 2: Visualization of the distribution of random feature pairs (z;, x;).

Kumar et al.| (2020)). Even with the Gaussianity assumption, existing results cannot prove any
positive results for extrapolation to a distribution with different support.

On the empirical side, we can test whether the pairwise Gaussianity assumption holds approximately.
On the iwildcam dataset (Beery et al.,[2021)), we take the output of a Resnet50 pretrained with CLIP
dataset as our features = (Radford et al., 2021), and we visualize the distributions of (x;, xj) for
randomly selected (4, j) pairs in Figure The Gaussianity assumption approximately holds in this
case.
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