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ABSTRACT

Learning an accurate value function for a given policy is a critical step in solving
reinforcement learning (RL) problems. So far, however, the convergence speed
and sample complexity performances of most existing policy evaluation algorithms
remain unsatisfactory, particularly with non-linear function approximation. This
challenge motivates us to develop a new variance-reduced primal-dual method
(VRPD) that is able to achieve a fast convergence speed for RL policy evaluation
with nonlinear function approximation. To lower the high sample complexity limi-
tation of variance-reduced approaches (due to the periodic full gradient evaluation
with all training data), we further propose an enhanced VRPD method with an
adaptive-batch adjustment (VRPD™). The main features of VRPD include: i)
VRPD allows the use of constant step sizes and achieves the O(1/K’) convergence
rate to the first-order stationary points of non-convex policy evaluation problems;
ii) VRPD is a generic single-timescale algorithm that is also applicable for solving
a large class of non-convex strongly-concave minimax optimization problems; iii)
By adaptively adjusting the batch size via historical stochastic gradient information,
VRPD™ is more sample-efficient empirically without loss of theoretical conver-
gence rate. Our extensive numerical experiments verify our theoretical findings
and showcase the high efficiency of the proposed VRPD and VRPD™ algorithms
compared with the state-of-the-art methods.

1 INTRODUCTION

In recent years, advances in reinforcement learning (RL) have achieved enormous successes in a
large number of areas, including healthcare (Petersen et al., 2019; |Raghu et al., [2017b)), financial
recommendation (Theocharous et al.l|2015)), resources management (Mao et al., 2016} |Tesauro et al.}
2006)) and robotics (Kober et al., 2013} [Levine et al., 2016; Raghu et al.| [2017a), to name just a few.
In RL applications, an agent interacts with an environment and repeats the tasks of observing the
current state, performing a policy-based action, receiving a reward, and transition to the next state.
A key step in many RL algorithms is the policy evaluation (PE) problem, which aims to learn the
value function that estimates the expected long-term accumulative reward for a given policy. Value
functions not only explicitly provide the agent’s accumulative rewards, but could also be utilized
to update the current policy so that the agent can visit valuable states more frequently (Bertsekas
& Tsitsiklis, [1995; Lagoudakis & Parr, [2003). In RL policy evaluation, two of the most important
performance metrics are convergence rate and sample complexity. First, since policy evaluation
is a subroutine of an overall RL task, developing fast-converging policy evaluation algorithms is
of critical importance to the overall efficiency of RL. Second, due to the challenges in collecting
a large number of training samples (trajectories of state-action pairs) for policy evaluations in RL,
reducing the number of samples (i.e., sample complexity) can significantly alleviate the burden of
data collection for solving policy evaluation problems. These two important aspects motivate us to
pursue a fast-converging policy evaluation algorithm with a low sample-complexity in this paper.

Among various algorithms for policy evaluation, one of the simplest and most effective methods is
the temporal difference (TD) learning approach (Sutton, |1988)). Instead of focusing on the predicted
and actual outcomes, the key idea of the TD learning is to make the difference between temporally
successive predictions small. Specifically, the TD learning approach learns the value function by
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using the Bellman equation to bootstrap from the current estimated value function. To date, there have
been many algorithms proposed within the family of TD learning (Dann et al.,2014). However, most
of these methods suffer from either a unstable convergence performance, (e.g., TD(\) (Sutton, |1988)
for off-policy training) or a high computational complexity (e.g., least-squares temporal difference
(LSTD) (Boyan, 2002; [Bradtke & Barto, [1996))) in training with massive features. The limitation
of these early attempts is largely due to the fact that they do not leverage the gradient-oracle in
policy evaluation. Thus, in recent years, gradient-based policy evaluation algorithms have become
increasingly prevalent. However, the design of efficient gradient-based policy evaluation algorithm is
a non-trivial task. On one hand, as an RL task becomes more sophisticated, it is more appropriate
to utilize nonlinear function approximation (e.g., deep neural network (DNN)) to model the value
function. However, when working with nonlinear DNN models, the convergence performance of the
conventional single-timescale TD algorithms may not be guaranteed (Tsitsiklis & Van Roy, |1997).
To address this issue, some convergent two-timescale algorithms (Bhatnagar et al.| 2009;|Chung et al.|
2018)) have been proposed at the expense of higher implementation complexity. On the other hand,
modern policy evaluation tasks could involve a large amount of state transition data. To perform
policy evaluation, algorithms typically need to calculate full gradients that require all training data
(e.g., gradient temporal difference (GTD) (Sutton et al.|[2008) and TD with gradient correction (TDC)
(Sutton et al.,2009b))), which entails a high sample complexity. So far, existing works on PE are either
focus on linear approximation (GTD2 (Sutton et al.,[2009b), PDBG (Du et al., [2017), SVRG (Du
et al.,[2017), SAGA (Du et al.,|2017)) or have such a slower convergence performance (STSG (Qiu
et al.,|2020), VR-STSG (Qiu et al., [2020), nPD-VR (Wai et al.| 2019)) (see detailed discussions in
Section. [2). In light of the above limitations, in this paper, we ask the following question: Could
we develop an efficient single-timescale gradient-based algorithm for policy evaluation based on
nonlinear function approximation?

In this paper, we give an affirmative answer to the above question. Specifically, we propose an efficient
gradient-based variance-reduced primal-dual algorithm (VRPD) to tackle the policy evaluation
problem with nonlinear function approximation, which we recast as a minimax optimization problem.
Our VRPD algorithm admits a simple and elegant single-timescale algorithmic structure. Then, we
further enhance VRPD by proposing VRPD™, which uses adaptive batch sizes to relax the periodic
full gradient evaluation to further reduce sample complexity. The main contribution of this paper is
that our proposed algorithms achieve an O(1/K) convergence rate (K is the number of iterations)
with constant step-sizes for policy evaluation with nonlinear function approximation, which is the
best-known result in the literature thus far. Our main results are highlighted as follows:

* By utilizing a variance reduction technique, our VRPD algorithm allows constant step-sizes and
enjoys a low sample complexity. We show that, under mild assumptions and appropriate parameter
choices, VRPD achieves an O(1/K’) convergence rate to the first-order stationary point of a class
of nonconvex-strongly-concave(NCSC) minimax problems, which is the best-known result in the
literature. To achieve this result, our convergence rate analysis introduces new proof techniques and
resolves an open question and clarifies an ambiguity in the state-of-the-art convergence analysis of
VR-based policy evaluation methods (see 2nd paragraph in Section 2.1 for more discussions).

* VRPDT significantly improves the sample complexity of the VRPD algorithm for policy evaluation
with massive datasets. Our VRPD™ (adaptive-batch VRPD) algorithm incorporates historical
information along the optimization path, but does not involve backtracking and condition verifica-
tion. We show that our VRPD™ algorithm significantly reduces the number of samples and the
computation loads of gradients, thanks to our proposed adaptive batch size technique that is able to
avoid full gradient evaluation.

* Our extensive experimental results also confirm that our algorithms outperform the state-of-the-
art gradient-based policy evaluation algorithms, and our VRPD™ can further reduce the sample
complexity compared to the VRPD algorithm. It is worth noting that, although the focus of our
work is on RL policy evaluation, our algorithmic design and proof techniques contribute to the
area of minimax optimization and could be of independent theoretical interest.

2 RELATED WORK

1) TD Learning with Function Approximation for Policy Evaluation: TD learning with function
approximation plays a vital role in policy evaluation for RL. The key idea of TD learning is to
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Table 1: Algorithms comparison for solving policy evaluation. M is the size of the dataset; K is the
total iteration.

Algorithm Function Approx. Problem Step-size Convergence Rate
GTD2 [Sutton et al. (2009b) Linear - 0(1) -
PDBG Du et al |[(2017) Linear Convex-Concave  O(1) O(1/K)
SVRG Du et al| (2017) Linear Convex-Concave o) O(1/K)
SAGA Du et al.| (2017) Linear Convex-Concave  O(1) O(1/K)
STSG|Qiu et al.| (2020) Nonlinear Stochastic/NCSC ~ O(1) O(1/K/?)
VR-STSG Qiu et al.{(2020) Nonlinear Stochastic/ NCSC  O(1) O(1/K?/3)
nPD-VR [Wai et al[(2019) Nonlinear  Finte-Sum / NCSC O(1/M) Conjectured’ O(1/K)
VRPD [Ours.] Nonlinear  Finte-Sum /NCSC O(1) O(1/K)
VRPD™ [Ours.] Nonlinear  Finte-Sum/NCSC O(1) O(1/K)

! Whether nPD-VR achieves O(1/K) convergence rate remains an open question. See the detailed discussions
in SectionsRland @

minimize the Bellman error for approximating the value function. So far, most existing TD learning
algorithms with theoretical guarantees focus on the linear setting (e.g., (Sutton et al.,|2009a} [Srikant
& Yingl [2019; Xu et al., [2020bj Stankovic & Stankovic, 2016} Touati et al., |2018)). [Doan et al.
(2019), Liu et al.| (2015), [Macua et al.[(2014), and |[Zhang & Xiao| (2019) provided a finite-time
analysis for the proposed distributed TD(0) and showed that the convergence rate of their algorithm is
O(1/K). It was shown in|Du et al.| (2017) that policy evaluation with linear function approximation
by TD(0) can be formulated as a strongly convex-concave or convex-concave problem, and can be
solved by a primal-dual method with a linear convergence rate. However, the linearity assumption
cannot be applied in a wide range of policy evaluations with nonlinear models. TD learning with
nonlinear (smooth) function approximation is far more complex. |[Maei et al.| (2009) was among
the first to propose a general framework for minimizing the generalized mean-squared projected
Bellman error (MSPBE) with smooth and nonlinear value functions. However, they adopted two-
timescale step-sizes but only obtained a slow convergence performance. Other TD methods with
nonlinear function approximations for policy evaluations include (Wang et al.| [2017; [2016). [Qiu
et al.|(2020) also investigated nonlinear TD learning and proposed two single-timescale first-order
stochastic algorithms. However, the convergence rate of their STSG and VR-STSG are O(1/K /%)
and O(1/K'/3), while our VRPD algorithm achieves a much faster O(1/K) convergence rate.

In policy evaluation with non-linear function approximation, the state-of-the-art and the most related
work to ours is (Wai et al.,[2019), which showed that minimizing the generalized MSPBE problem
is equivalent to solving a non-convex-strongly-concave (NCSC) minimax optimization problem
via the Fenchel’s duality. However, their best convergence results only hold when the step-size is
O(ﬁ), where M is the size of the dataset. This is problematic for modern RL problems with a
large state-action transition dataset. More importantly, although their convergence theorem appears
to have a % factor (K being the total number of iterations), their convergence rate bound is in the

form of % (cf. Theorem 1, Eq. (26) in Wai et al. (2019)). Notably, the F(5) term in

the denominator in Eq. (26) inherently depends on the primal and dual values 0% and w®) in
the K-th iteration, respectively. It is unclear whether w) can be bounded in (Wai et al., 2019),
hence leading to an ambiguity in guaranteeing an O(1/K) convergence rate. Thus, whether an
O(1/K) convergence rate is achievable in single-timescale policy evaluation with nonlinear function
approximation and constant step-sizes remains an open question thus far. The key contribution and
novelty in this paper is that we resolve the above open question by proposing two new algorithms,
both achieving an O(1/K) convergence rate. To establish this result, we propose a new convergence
metric (cf. Eq. (9) in Sectiond.T)), which necessitates new proof techniques and analysis. For easy
comparisons, we summarize our algorlthms and the related works in Table[T]

2) Relations with NCSC Minimax Optimization: Although the focus of our paper is on RL policy
evaluation, our algorithmic techniques are also related to the area of NCSC minimax optimization due
to the primal-dual MSPBE formulation (cf. Eq. () in Section [3). Early attempts in (Nouiehed et al,
2019; |Lin et al.,|2020b) developed gradient descent-ascent algorithms to solve the NCSC minimax
problems. However, these methods suffer from a high sample complexity and slow convergence
rate. To overcome this limitation, two variance-reduction algorithms named SREDA (Luo et al.|
2020) are proposed for solving NCSC minimax problems, which shares some similarity to our work.
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Later, Xu et al.|(2020a)) enhanced SREDA to allow bigger step-sizes. However, our algorithms still
differ from SREDA in the following key aspects: (i) Our algorithms are single-timescale algorithms,
which are much easier to implement. In comparison, SREDA is a two-timescale algorithm, where
solving an inner concave maximization subproblem is needed. Thus, to a certain extent, SREDA can
be viewed as a triple-loop structure, and hence the computational complexity of SREDA is higher
than ours; (ii) In the initialization stage, SREDA uses the PISARAH, which is a subroutine that
aims to help the SREDA algorithm achieve the desired accuracy at the initialization step and can be
seen as an additional step to solve an inner concave maximization subproblem. Thus, SREDA has
a higher computation cost than our paper. (iii) The number of parameters in SREDA are far more
than ours and it requires the knowledge of the condition number to set the algorithm’s parameters
for good convergence performance. By contrast, our algorithms only require step-sizes « and 3 to
be sufficiently small, which is easier to tune in practice. (iv) SREDA does not provide an explicit
convergence rate in their paper (it is unclear what their convergence rate is from their proof either).
Yet, we show that our VRPD in theory has a lower sample complexity than that of SREDA.

Another related work in terms of NCSC minimax optimization is (Zhang et al., [2021]), which also
provided sample complexity upper and lower bounds. However, there remains a gap between
the sample complexity lower and upper bounds in (Zhang et al., 2021). By contrast, the sample
complexity of our VRPD algorithm matches the lower bound O(M + +/Me~?) in (Zhang et al.,
2021)), which is the first in the literature. Furthermore, the algorithm contains an inner minimax
subproblem (cf. Line 6 of Algorithm 1 in|Zhang et al.|(2021)). Solving such a subproblems in the
inner loop incurs high computational costs. Due to this reason, the algorithm in (Zhang et al., [2021)
had to settle for an inexact solution, which hurts the convergence performance in practice. In contrast,
our algorithm does not have such a limitation.

3 PRELIMINARIES AND PROBLEM STATEMENT

We start from introducing the necessary background of reinforcement learning, with a focus on the
policy evaluation problem based on nonlinear function approximation.

1) Policy Evaluation with Nonlinear Approximation: RL problems are formulated using the
Markov decision process (MDP) framework defined by a five-tuple {S, A, P,~, R}, where S denotes
the state space and .A is the action space; P : S x A — S represents the transition function, which
specifies the probability of one state transitioning to another after taking an action; R denotes the
space of the received reward upon taking an action a € A under state s € S (in this paper, we assume
that the state and action spaces are finite, but the numbers of states and actions could be large); and
v € [0,1) is a time-discount factor.

For RL problems over an infinite discrete-time horizon {¢ € N}, the learning agent executes an action
a; according to the state s; and some policy 7w : S — A. The system then transitions into a new
random state s;11 in the next time-slot. Also, the agent receives a random reward R™ (s, a;). The
trajectory generated by a policy 7 is a sequence of state-action pairs denoted as {s1,a1,59,a9,. . .}. The
goal of the agent is to learn an optimal policy 7* to maximize the long-term discounted total reward.
Specifically, for a policy 7 (could be a randomized policy), the expected reward received by the
agent at state s in any given time-slot can be computed as R” (s;) = Eqr(.|s) [R’T (¢, a)] . The value
function V™ (sg) = E[>_;2,¥* R (s¢) | so, 7] indicates the long-term discounted reward of policy
7 over an infinite horizon with the initial state at so € S. Also, the Bellman equation implies that
V7 (): V(s)=T"V(s), where T™ f(s) = E[R™(s) + vf(s')|a ~ 7(-|s), s’ ~ P(:|s,a)] denotes the
Bellman operator. In RL, the agent’s goal is to determine an optimal policy 7* that maximizes the
value function V™ (s) from any initial state s.

However, the first obstacle in solving RL problems stems from evaluating V7 (-) for a given 7 since
P(:|s,a) is unknown. Moreover, it is often infeasible to store V™ (s) since the state space S could be
large. To address these challenges, one popular approach in RL is to approximate V™ (-) using a family
of parametric and smooth functions in the form of V™ (-) ~ Vg~ (-), where 8™ € R? is a d-dimensional
parameter vector. Here, © is a compact subspace. For notational simplicity, we will omit all
superscripts “m” whenever the policy 7 is clear from the context. In this paper, we focus on nonlinear
function approximation, i.e., Vg(-) : S — R is a nonlinear function with respect to (w.r.t.) 8. For
example, Vp(-) could be based on a f-parameterized nonlinear DNN. We assume that the gradient and

Hessian of Vj(-) exist and are denoted as: gg(s) := VgVa(s) € R, Hg(s) := ViVp(s) € RI¥4,
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Our goal is to find the optimal parameter 8* € R? that minimizes the error between V- (-) and V (-).
This problem can be formulated as minimizing the mean-squared projected Bellman error (MSPBE)
of the value function as follows (Liu et al., 2018)):

MSPBE(6) := %H]ESNDw(.)[(T Vo(s)Va(s)VoVa(s) [
= e (— %ESND’f(o[(nge(S))z] + (W, Esopr () [(T™Va(s)=Va(s))ga(s)])), (D)

where D™ () is the stationary distribution of under policy 7 and D = Eg.p=[ge(s)gq (s)] € R?*.

2) Primal-Dual Optimization for MSPBE: It is shown in (Liu et al., 2018)) (cf. Proposition 1) that
minimizing MSPBE() in (1)) is equivalent to solving a primal-dual minimax optimization problem:
i L(0,w), 2
i S M6 ) @
where L(0,w) £ (w,Eswpr() [(T™Va(s) — Va(s))ge(s) " |) — 3Eswp=([(w ga(s))?]. Since the
distribution D™ (+) is unknown and the expectation cannot be evaluated directly, one often considers
the following empirical minimax problem by replacing the expectation in L(0,w) with a finite
sample average approximation in the stochastic objective function based on an M -step trajectory, i.e.,
. . 1 M
mingera Maxy,cra £(6,w)=mingcrs Maxy,era 57 »;—q Li(0,w), where

Li(0,w) = (w,[R(si,ai, si+1) + YVa(sit1) — Vo(si)] X go(si)) — %(nge(Si))2~ 3)

Solving the above empirical minimax problem for MSPBE constitutes the rest of this paper.

4 SOLUTION APPROACH

As mentioned in Section based on an M-step trajectory {si,a1 -+ , Sar, anr, Spr4+1 ) generated by
some policy 7, our goal is to solve the empirical primal-dual and finite-sum optimization problem:

M
1
. 72 ‘ . 4

where W is assumed to be a convex constrained set (Problem (@) becomes Problem (2) when
W = R%). In our Appendix, we also discussed the min-max problem while # € ©. © is a convex
constrained set. See details in Appendix. [I2] Note that Problem (@) could be non-convex (e.g.,
DNN-based nonlinear approximation). Let J(6) £ max,ey £(6,w). Then, we can equivalently
rewrite Problem (4) as follows: mingcps maxg,ew £(0, w) = mingegra J(0).

Note from (3) that £(6, w) is strongly concave w.r.t. w, which guarantees the existence and unique-
ness of the solution to the problem max,,cyy £(6,w), V0 € RY. Then, given 8 € R, we define the
following notation: w*(0) := argmax £(0,w). Thus, J(0) can be further written as:

wew

J(0) = L(O,w") = max L(0,w). (5)

The function J () can be viewed as a finite empirical version of MSPBE. We aim to minimize J(6)
by finding the stationary point of £(0,w). To simplify the notaion, we use w* to denote w*(8). Note
that if D in Eq. (I is positive definite, Problem () is strongly concave in w, but non-convex in 6 in
general due to the non-convexity of function Vg. Thus, the stated primal-dual objective function is a
NCSC optimization problem. In this paper, we make the following assumptions:

Assumption 1 (u-Strongly Concavity). The differentiable function £(0,w) is u-strongly concave in
w:if £(8,w) < L(0,w') + Vo L(0,w) (w—w') — §lw - w'||%, Vw,w' € R, 1 > 0 and any
fixed @ € RY. The above mentioned condition is equivalent to : ||V, L(0,w) — V,L(0,w")| >
pljw — W', Yw,w’ € RZ. Similar proofs can be found in Lemma 2 and 3 in Zhou (2018).
Assumption 2 (L s-Smoothness). Fori =1,2,..., M, both gradient VgoL£;(8,w) and V,,L;(0,w)
are L y-smooth. That is, for all 8, 0’ € R? and w,w’ € R?, there exists a constant L > 0 such that
IVLi(0,w) = VL(6',w)| < Ly (/|0 — 0| + [[w — o).




Under review as a conference paper at ICLR 2023

Algorithm 1 The Variance-Reduced Primal-Dual Stochastic Gradient Method (VRPD).

Input: An M -step trajectory of the state-action pairs {s1, ai, S2, ag, - , Sy, aar, Sar+1 ) generated
from a given policy; step sizes a, 3 > 0; initialization points 8% € R%, w® € W.
Output: (8% w(K)) where K is independently and uniformly picked from {1,--- , K'};
1: fork=0,1,2,--- ,K—1 do
2: If mod(k, ¢) = 0, compute full gradients G(ek), G% asin Eq. (6).
3: Otherwise, select S samples independently and uniformly from [MT], and compute gradients as
in Eq. (7).
4: Perform the primal-dual updates to obtain the next iterate 1) w(*+1) a5 in Eq. .
5: end for

Assumption 3 (Bounded Variance). There exists a constant o > 0 such that for all 8 € R?, w € R¢,
LS IVeLi(0,w) — VoL (8,w)|? < o®and & SF | [V Li(8,w) — VLL(8,w)|? < o>

In the above assumptions, Assumption [I]is satisfied if the number of samples M is sufficiently large
and coupling with the fact that the matrix D is positive definite. To see that, note that u = Amin (D) > 0,
where D = E, [VoVa(s)VoVs(s) '] € R**? and D tends to be full-rank as M increases. Thus, as
soon as we find a ;4 > 0 when M is sufficiently large, this x is independent of M as M continues to
increase. Assumption [2]is standard in the optimization literature. Assumption 3]is also commonly
adopted for proving convergence results of SGD- and VR-based algorithms, or algorithms that draw a
mini-batch of samples instead of all samples. Assumption [3]is guaranteed to hold under the compact
set condition and common for stochastic approximation algorithms for minimax optimization (Qiu
et all 2020; [Lin et al.| [2020a). Assumptions[TH3|are also general assumptions often used in temporal
difference (TD) problems (see, e.g., (Qiu et al., [2020; [Wai et al.,2019))). With these assumptions, we
are now in a position to present our algorithms and their convergence performance results.

4.1 THE VARIANCE-REDUCED PRIMAL-DUAL METHOD

In this section, we first present the variance-reduced primal-dual (VRPD) algorithm for solving policy
evaluation problems, followed by the theoretical convergence results. Due to space limitation, we
provide a proof sketch in the main text and relegate the proof to the supplementary material.

1) Algorithm Description: The full description of VRPD is illustrated in Algorithm[I] In VRPD,
for every g iterations, the algorithm calculates the full gradients as follows:

k 1 . . 1
Gy = il > VeLi(0M,w®); G = ol > VL (00, w®). 6)
€M iceM

In all other iterations, VRPD selects a batch of samples S and computes variance-reduced gradient
estimators as:

G = Dics (TaLi(0®,w) = Vali(0® 0w D) £ G (o
G = Sies (Vulil0),0) - Vuli0D,00-0) 1 6870

The estimators in (7) are constructed iteratively based on the previous update information
VoLi(0%=1D wk=1) (resp. (V,L;(0%D wk=1) ) and Gék_l) (resp. G&~). VRPD up-
dates the primal and dual variables as follows:

otk+1) = (k) — gGM. (8a)
WD = Py (w®) 4 aGgf)) = argmin|@ — (w® + 04G‘(f>)\|27 (8b)
weN

where the parameters o and 3 are constant learning rates for primal and dual updates, respectively.
2) Convergence Performance: In this paper, we propose a new metric for convergence analysis:
m* = |VI(0W) |° +2)w™ —w*(6™)|2. )

The first term in (9) measures the convergence of the primal variable 8. As common in non-
convex optimization analysis, |[V.J(0)||? = 0 indicates that @ is a first-order stationary point
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(FOSP) of Problem @) The second term in @) measures the convergence of w(*) to the unique
maximizer w®)x for £(6y,-). Note that if Problem (4) is unconstrained in dual (i.e., w € R%),
it follows from Assumptionand |V L£(0F) w*(85))[|? = 0 that MF) > [|[V.J(OF) ||? +
L%HVWL(B(’“), w)||2. We now introduce the notion of the approximate first-order stationary

points. We say that point {0, w} is an e-stationary point of function £(0,w) if M < e is satisfied.

Remark. Several important remarks on the connections between our metric 9t(*) and the conven-
tional convergence metrics in the literature are in order. A conventional convergence metric in the
literature for NCSC minimax optimization is || V.J () || (Lin et al.,[2020a; Luo et al., 2020;|Zhang
et al.| [2021), which is the first term of 91(*) and measures the convergence of the primal variable 0
under a given dual variable w. This is because ||[V.J(0)||* = 0 implies that 8 is a FOSP. The novelty

in our convergence metric is the second term in 9*), which measures the convergence of wy, to the
unique maximizer wj; for £(6y, ).

Another conventional convergence metric in the literature of minimizing the empirical MSPBE
problem is || Vo £(0,w)|? + ||V L(0,w)||* (Tsitsiklis & Van Royl [1997). Since the nonconvex-
strong-concave minimax optimization problem is unconstrained in dual (i.e., w € R%), it follows from
Lipschitz-smoothness in Assumption 2 and ||V, £(8%) | w*(8()))||> = 0 that ||w®) —w*(8*))||2 >
L% [V £(0%), w*))||2. Therefore, the second term in our 9tF) (2[|w®) — w*(6*))||?) is an upper

bound of the second term in this conventional metric (|| V,,£(0,w)]||?). Thus, 2[|w® — w*(8*))|?
is a stronger metric than ||V, L(6,w)||? in the sense that an O(1/K) convergence rate under
o) implies an O(1/K) convergence rate of the conventional metric, but the converse is nof true.
Moreover, the benefit of using 2||w®) — w*(0%))||? in our M™*) is that its special structure allows
us to prove the O(1/K) convergence, while the second term in the conventional metric fails. O

With our proposed convergence metric in (9, we have the following convergence result:

Theorem 1. Under Assumptions , choose step-sizes: a < min{ﬁ and § <

2 }
’ 34L?c +2p2

: 1 1 [e] _ _ : .
mm{m, oAz ymE 8\/{17@, 8;37&? }. Let g=v'M and S=+/M, it holds that:

K-1 2
1 1 16L 2 1
— ElonF < f Z - —
Kkzzo [ ]_Kmin{l,L?p}[ ap C2+601 © K)’
where C; £ E[J(6)] — E[J(8™))] and C5 2 (E|jw*(6(0)) — w(©)[2).

Corollary 2. The overall stochastic sample complexity is O(v M r2e =1 + M). Note that k = L/
denotes the condition number.

Remark. Theorem |I|states that VRPD achieves an O(1/K) convergence rate to an e-FOSP. The
most challenging part in proving Theorem [I| stems from the fact that one needs to simultaneously
evaluate the progresses of the gradient descent in the primal domain and the gradient ascent in the
dual domain of the minimax problem.

Toward this end, the nPD-VR method in (Wai et al., 2019) employs ||V, £(8*), w(¥))||2 in their
metric to evaluate convergence. However, this approach yields a term F'(%) & E[£(0<0>, w(o)) —
L(65) wF))] in their convergence upper bound in the form of O(F)/K) (cf. Theorem 1,
Eq. (26) in (Wai et al.,[2019)). Since F' (&) depends on K, it is unclear whether or not the nPD-VR
method in (Wai et al., [2019) can achieve an O(1/K) convergence rate. This unsatisfactory result
motivates us to propose a new metric 9t*) in Eq. @) to evaluate the convergence of our VRPD
algorithm. The first part of our convergence metric ||V.J(8*)) ||? measures the stationarity gap of
the primal variable, while the second part 2||w®) — w*((¥))||?> measures the dual optimality gap.
Consequently, we bound per-iteration change in .J(8) instead of the function £(8®*), w(*)). This
helps us avoid the technical limitations of (Wai et al.,|2019) and successfully establish the O(1/K)
convergence rate, hence resolving an open problem in this area. [
Remark. VRPD adopts a large O(1) (i.e., constant) step-size compared to the O(1/M) step-size
of nPD-VR (Wai et al.l 2019), where M is the dataset size. This also induces a faster convergence.
Also, VRPD’s estimator uses fresher information from the previous iteration, while VR-STSG (Qiu
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Algorithm 2 Adaptive-batch VRPD method (VRPD™).

Input: A trajectory of the state-action pairs {s1, a1, $2, ag, -e 8 M, ap, s M+1} generated from a
given policy; step sizes « ﬁ > 0; initialization points 8° € @ w? € RY,

Output: (H(K ), wE )), where K is independently and uniformly picked from {1,--- , K};
1: fork—0,1,2,~-~ ,K—1 do
2: If mod(k, g) = 0, select NV, indices independently and uniformly from [M] as in Eq.
and calculate stochastic gradients as in Eq. (TT));
3: Otherwise, select S independently and uniformly from [M]; Compute gradients as in Eq. ;
4: Perform the primal-dual updates as in Eq. (§).
5: end for

et al.| 2020) and nPD-VR (Wai et al.,|2019) only use the information from the beginning of ¢-sized
windows. Collectively, VRPD makes a considerably larger progress than state-of-the-art algorithms
(Qru et al.} 2020; |Wai et al., 2019). O

4.2 THE ADAPTIVE-BATCH VRPD METHOD (VRPD™)

Note that VRPD still requires full gradients every q iterations, which may entail a high sample
complexity. Upon closer observations, we note that accurate gradient estimation plays an important
role only in the later stage of the convergence process. This motivates us to further lower the sample
complexity of VRPD by using adaptive batch sizes. Toward this end, we propose an adaptive-batch
VRPD method (VRPD™) to lower the sample complexity of the VRPD algorithm in Algorithm

1) Algorithm Description: The full description of VRPD™ is illustrated in Algorithm In VRPDT,
our key idea is to use the gradients calculated in the previous loop to adjust the batch size N; of the
next loop. Specifically, VRPD™ chooses N, in the k-th iteration as:

N, = min{c,0?(v") 7L co?et, MY, (10)

where c,, ¢ > c for certain constant ¢, M denotes the size of the dataset and o2 is the variance bound,

(%)
and (1) = Zf:(nrl) q HGq I* s the stochastic gradients calculated in the previous iterations. In

VRPD™, for every q iterations, we select NV samples independently and uniformly from [] and
compute gradient estimators as follows:

G(k) Z Vol w(k)); G(k)
i€ENG

> VoL (0% w ™). an
i€ENs

w\ WI

For other iterations, VRPD™ is exactly the same as VRPD. Next, we will theoretically show that such
an adaptive batch-size scheme still retains the same convergence rate, while achieving an improved
sample complexity.

2) Convergence Performance: For VRPD™, we have the following convergence performance result:

Theorem 3. Under Assumptions , choose step-sizes: a < min{ﬁ, ﬁ} and 8 <
¥

min {ﬁ, 2(Lf+1L?/#), Mﬂm?, 8;31&? }. Let q=+v/M,S=+/M and ¢, > (288L3/u? + 8) in
VRPD*, where ¢, > ¢ for some constant ¢ > 4K + 5. With constants C1 = E[J(6)] —
E[J(6¢)] and C2 (E[[|w*(8©) — w®]2]), it holds tl21at:

Zu«:[m“ ﬁ {K i fif Cs + %01] = 0(%) + %
Corollary 4. The overall stochastic sample complexity is O(vVMk3e~! + M). k = Ly /p denotes
the condition number.

Remark. From Theorem [3] it can be seen that VRPD™ achieves the same convergence rate as that
of VRPD. Since we choose the subsample set N instead of full gradient calculation in VRPD™,
it achieves a much lower sample complexity com];(ared to VRPD. Additionally, the convergence
performance of VRPD™ is affected by the constant £¢, which is due to the use of the adaptive batch
size in each outer-loop of VRPD™. Also, it can be observed that the algorithm convergence rate is
affected by the carefully chosen step-sizes « and 3, because either a too small or too large step-size
may have negative impact on the convergence of the algorithm. [
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Figure 3: MountainCar-v0 environment.

Figure 4: Cartpole-v0 environment.

Remark. The proof of Theorem [3| follows from a similar approach to the proof of Theorem
The key difference and most challenging part of proving Theorem 3| stem from the relaxation on
Vo Ll(0F) wk)) — G(ek) |2 and ||V, L(8F), wk)) — G ||?. Thanks to the bounded variance in
Assumption 3]and the selected N in Eq. (I0), we are able to derive outer-loop bounds for primal and
dual gaps, respectively. We refer readers to the Appendix for the details of the complete proof. [

5 EXPERIMENTAL RESULTS

In this section, we conduct numerical experiments to verify our theoretical results. We compare our
work with the basic stochastic gradient (SG) method (Lin et al., [2020b)) and three state-of-the-art
algorithms for PE: nPD-VR (Wai et al.,[2019), STSG (Qiu et al.,|2020) and VR-STSG (Qiu et al.,

2020). Due to space limitation, we provide our detailed experiment setting

Mountaincar-v0

Numerical Results: We set the constant learning rates « = 1073, 3 =
10—, mini-batch size q= [\/M 1, constant ¢ = 32 and solution accuracy
e = 1073, First, we compare the loss value and gradient norm per-
formance based on MountainCar-v0 and Cartpole-vO with nPD-VR, SG,
STSG, and VR-STSG in Figs.[[and[2] We set the constraint W = [0, 10]"
and initialize all algorithms at the same point, which is generated ran-
domly from the normal distribution. We can see that VR-STSG and
nPD-VR slowly converge after 40 epochs, while STSG and SG fail to
converge. VRPD converges faster than all the other algorithms with
the same step-size values. As for Cartpole-v0, we clearly see a trend
of approaching zero-loss with VRPD. These results are consistent with
our theoretical result that one can use a relatively large step-size with
VRPD, which leads to faster convergence. Also, we compare the sample
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Figure 5: MSE compari-

complexity of VRPD and VRPD™ in MountainCar-v0 and Cartpole-v0,
and the results are shown in in Figs. 3] and [} respectively. We can see
that VRPD™ converges to the same level with much fewer samples than VRPD does. Next, we
compared the mean squared error(MSE) between the ground truth value function and the estimated
value function over 10 independent runs with linear approximation and nonlinear approximation. In
Fig.[3] with the same amount of parameter size, nonlinear approximation always achieves smaller
MSE than linear approximation (Du et al.,2017). Further experiments on the performance of .J(8)
are shown in the supplementary material.

6 CONCLUSION

son with 10 trials.

In this paper, we proposed and analyzed two algorithms called VRPD and VRPD™ for policy
evaluation with nonlinear approximation. The VRPD algorithm is based on a simple single-timescale
framework by utilizing variance reduction techniques. The VRPD algorithm allows the use of constant
step-sizes and achieves an O(1/K) convergence rate. The VRPD™ algorithm improves VRPD by
further applying an adaptive batch size based on historical stochastic gradient information. Our
experimental results also confirmed our theoretical findings in convergence and sample complexity.
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Supplementary Material

7 ADDITIONAL RELATED WORKS.

7.1 VARIANCE-REDUCED STOCHASTIC GRADIENT APPROACHES

The study for solving large-scale statistical learning problems with the basic stochastic gradient
descent (SGD) algorithm dates back to[Robbins & Monro| (1951). Variance-reduced (VR) techniques,
such as SVRG [Johnson & Zhang| (2013), SAGA |Defazio et al.| (2014), SCGD (2017),
SPIDER [Fang et al.| (2018)) and SpiderBoostWang et al.| (2018), have been shown to improve the
convergence rate of vanilla SGD for both convex and non-convex optimization problems. However,
one major limitation of variance-reduced approaches is that most of them require a double-loop
structure, where each outer loop iteration requires a full gradient evaluation, thus inducing high
sample complexity. Recently, researchers studied the use of adaptive batch sizes to further lower the

sample complexity for VR-based methods. For example, Babanezhad et al.|(2015) and [Le1 & Jordan
(2020) used exponential increasing batch sizes in each outer-loop iteration for SVRG and SCSG,

respectively. [Sievert (2019) and [Ji et al| (2020) proposed to adapt the batch size to historical gradient
information. Besides traditional supervised learning, this paper shows that our VR-based algorithms
with adaptive batch size can also be used to attain substantial performance improvements for policy
evaluation with nonlinear value function approximation in reinforcement learning.

7.2 MIN-MAX OPTIMIZATION PROBLEM

In the nonconvex-nonconcave setting in min-max learning, research has focused on the convergence
properties of learning algorithms |Wang et al.| (2019); [Mangoubi & Vishnoi|(2021)), when the goal is
only to compute locally optimal solution. One of the recent work of [Daskalakis et al.|(2021) shows
that, for general smooth objectives, the computation of even approximate first-order locally optimal
min-max solutions is intractable. Lateral, the method in[Song et al| achieves the convergence
rates O(1/y/K) , which under the assumption that an Minty variational inequality(MVI) solution
exists. In the nonconvex-concave setting in min-max learning, research have emerged as a focus in

optimization problem Jin et al.| (2020)); [Nouiehed et al.| (2019); [Lin et al.| (2020Db)); |Lu et al.| (2020).
p p

However, these methods still suffers high sample complexies, where O (e_") gradient evaluations
and O (e~®) stochastic gradient evaluations.

8 FURTHER EXPERIMENTS AND ADDITIONAL RESULTS

Simulation Environment: We tested our stated algorithms across multiple tasks from the OpenAl
Gym benchmark (Brockman et al., 2016), including the simulation environments MountainCar-v0
and Cartpole-v0. Note that the state spaces in MoutainCar-v0 and CartPole -v0 are not tabular and
both contain a continuous state space, which means that there are an infinite number of state action
pairs in both environments. All experiments were performed using Python 3 on a 2.3 GHz Dual-Core
Intel Core i5 desktop.

8.1 STOCHASTIC ALGORITHMS FOR COMPARISONS:

1) SGLin et al|(2020b)): Stochastic gradient method randomly picks one data sample &; from the
whole data set and updates both primal and dual variables with stochastic gradients Vg £ and

VL in each iteration.

2) nPD-VR : nPD-VR is a SAGA-type algorithm proposed for minimax opti-
mization. The method employs unbiased gradient estimates. In each iteration, it computes a

stochastic gradient vector as the average of stochastic gradients evaluated at the previous iteration.
Specifically, at iteration k, an approximated gradient of each function has been stored and is
iteratively updated to build an estimate with reduced variance.

3) STSG|Qiu et al|(2020): The single-timescale and stochastic gradient algorithm (STSG) for non-
convex primal-dual problem implements momentum updates for both primal and dual variables.
The update requires only one data sample §; at each iteration. In particular, the stated algorithm
leads the updated gradient to be a recursive average of the historical stochastic gradients.

14
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4) VR-STSG|Qiu et al.|(2020): The updates of the parameters 6 and w follow similar rules as those
in STSG, but apply variance reduction on the primal-dual momentum updates. The associated
stochastic gradients are evaluated with the previous parameters and current ones.

8.2 ALGORITHMS COMPARISON

VR-STSG|

\
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Figure 6:  Algorithm performance under Figure 7: Algorithm performance under Cartpole-
Mountaincar-v0. vO0.
Figure 8: J-function comparison.

VRPD- \ 005l VRSTSG

Fig[6] Fig[7]and Fig[9]show the additional results of the experimental
settings in Section |5} The data size is fixed at M/ = 1000. Recall that

J(0) = L(6,w*) = maxe,ew L£(0, w). We note that minimizing J(0) WS retcsan

is the same as finding the stationary point of £(0,w). We can see that | i N

VRPD converges faster than other algorithms with the same step-size £ 10| = oW

values on both Mountaincar-v0 and Cartpole-v0. Besides, VRPD™ NC‘*-..

converges to the same level with much fewer samples than VRPD does. 10" ——=eee

For additional experiments, we compare Mean Squared Error with the 02 04 06 08 10
. . . data size 1e3

ground truth value function and the estimated value function over 3 Ei . .

. . . igure 9: MSE compari-
runs. The ground truth can be calculated using tabular policy evaluation son

and the estimated value function is learned by our stated algorithm
SRVR. We apply the same experimental settings as our paper. The MSE under Mountaincar-v0 is
0.0484 + 0.0026 and MSE under Cartpole-v0 is 0.0653 + 0.0031. In Fig.[9] we compare the MSE
value with nPD-VR, SG, STSG, and VR-STSG under Mountaincar-v0 enviroment. We can see that
VRPD and VRPD™ achieve smaller MSE than all other algorithms and the MSE value decreases as
the training data size increases. We can thus see that VRPD™ outperforms all other algorithms in
terms of J(0).

Figs. show the convergence performance of VRPD with different learning rates « and 3 via
MountainCar-v0 and Cartpole-v0. We first run SARSA to obtain a good policy and then generate
M = 500 state-action pairs. Next, we parametrize Vp(+) using a 2-hidden-layer neural network with
50 hidden neurons and apply the Sigmoid activation function at each unit. We set the constraints
W = [0, 10]" and randomly initialize the same point from the normal distribution. Since excessive
learning rates will result in larger fluctuations in loss value function, we fixed a relatively small
learning rate 3 = 10~ while varying «, and fixed o = 1072 while varying 3. In this experiment,
we observe that the obtained curves by applying VRPD and VRPD™ with a smaller learning rate
have a smaller slope in the figure, which leads to a slower convergence.
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Figure 10: Algorithm performance under different Figure 11: Algorithm performance under different
step-size a. step-size [3.
Figure 12: Trajectory of the VRPD under MountainCar-v0 dataset.

Furthermore, we apply our algorithms to the Navigation task in[Brockman et al.| (2016). We note
that the state space under the Navigation task has 30 dimensions. We initialize the parameters from
the normal distribution for all the algorithms and learning rates are fixed at 0.1. The convergence
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Figure 13: Algorithm performance under different Figure 14: Algorithm performance under different
step-size a. step-size f.
Figure 15: Trajectory of the VRPD under Cartpole-v0 dataset.
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Figure 16: Performance comparison in Navigation task.

performance are shown in[T6] Thus, our stated algorithm VRPD also has better converges performance
in high-dimensional tasks.

9 SUPPORTING LEMMAS

To prove Theorem 13| we need the following lemmas.

Lemma 1. (Lemma 4.3 in|Lin et al| (2020b).) Under the stated Assumptions[I{2] the gradient of the
Sfunction J(0) = max,,ecq L£(0,w) wrt. 0 is L j-Lipschitz continuous, i.e.,

IV.7(6) = VJ(8)] < L,]|6 — /]|, 8,6’ € ©, (12)

where the Lipschitz constant is

L2
LJ:Lf+7f. (13)

Lemma 2. (Lemma 4.3 in 2020D).) Under the stated Assumptions the mapping
w*(0) = argmax,,cqL(0,w) is L,-Lipschitz continuous, i.e.,
[w™(8) —w™ (") < Lo||0 — 6|, V0,6 € ©, (14)

where the Lipschitz constant is

L,=—. (15)

Lemma 3. Under Assumption 2| the function J(0) = L(0,w*(0)) satisfies that VJ(0) =
VoL(6,w*(0)).

Proof. Let 0L(0,w)/00 and OL(0,w)/0w be the partial differential of £(6, w) with restpect to 6
and w, respectively. According to the chain rule, we have

0L(0,w) 0L(6,w) 0" (8)
WO =56 oo @t 00 lewro) 00

- de. (16)
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Since w*(0) = argmax, ., L(0,w), it follows that 8[:(9“’ lw=w=(0) = 0 for all 8. Also, from
Lemma |2} we have Ow*(0)/080 is bounded. Thus,we have dJ( )= M’ . d@, which is
VJ(0) = VeLl(0,w*(0)). O

Lemma 4. Under the stated Assumptlonsfor all (n, — 1)g+ 1 < k < ngq— 1, with the update
rule of Variance-Reduced Primal-Dual Stochastic Gradient Method (VRPD) in Algorithm[I} we have

E||VeL(0®, w®)) — G2 < E|| VoL (8D ((nu—Da)) _ qlne=Da) 2
2 k-1 2 k-1

) ) L ) )
Ellgi+D) — g2 L 2L Fllw+tD) _ ()2 17
+ X E P X Bl e, (7)
i=(ni—1)q i=(nr—1)q
E||VL L0, w®) — G012 < BV, L0 DD ((ne=Da)y _ G(ne=1)a)) 2
iz A . 4 Ly Aol , .
15 > RO — W2 + 9] > Ellwlt — 0@, (18)
i=(nk—1)g i=(nk—1)q
Proof. To show (I7), we have:
Eknvez:(e“) w®) -G
(a) _
< 157 [BeIVaL(O). ) = ToL(0 D, ol =) 2|+, Vo6, wt )Gy |2
(b) L

[Ekng(k (k—1)||2_|_]EkHw(k) _w(kfl)HQ} +Ek”v9£(0(k4 (k— 1)) G(k 1) ”2
(19)

= s

where (a) follows from the gradient update rule and Lemma 1 in[Wang et al{(2018), and (b) follows
from L-smoothness of VgL and VL. Next, using the iterated law of expectation and telescoping
over k from (n; — 1)g + 1 to k, where k < njq — 1, we obtain that

E||V9£(0(k) w(k)) — G2 < B VoL(0(m—10) y((n—Da)y _ ns—Da))2

2 , 2 . .
|5| Z E[[00+) — 9|2 + ﬁ S E[wtt) — @2, (20)
i=(nr—1)q i=(nr—1)q

This proves the first part of Lemmafd} Similarly, to show (I8), we have
E|[Vor(0™, w®) - 6L

\;“l [ELlIVo£(8%), w®) — Vo £, wk=1)|2]
+ B[V £(0* ), WD) — G2
;| [EkHO (kil)H2 + Ek||w(k) _ w(kfl)”Z}
+ By |V £(@FD w1y — gl=1)2, 1)

Telescoping over k from (ny — 1)g + 1 to k, where k < nyq — 1, we obtain that

E|V,L(O0H), w®) — )2 < E||V,L(0 DD ,(ne=Da)y _ Gl(n=1)a) 2

2 k—1 2 k-1 ) )
+ ﬁ Z EHQ (i+1) 0(z ”2 |S| Z ]E”w(erl) _ w(z)”2. (22)
i=(nr—1)q i=(np—1)q
This completes the proof. O
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Lemma 5. Under the stated Assumptions and the update rule of in (§). Letting 0 < 8 <

L o, we have:

2(Ls+-5)
J(OFFDY — J(")

B B Ak « k
< = SIVIOM)P = ZIGE7 P + L38llw™ (0W) — w™|? + 8| VoL (0™, w™®) — G|,

(23)
where J(0) £ max,eq £(0,w) and w*(0) = argmax,, . L(0, w).
Proof. From Lemma J (@) has as Lipschitz continuous gradients, which implies
TOWD) — 1(00) — (7I(0), 601 — o) < EL gl g2 4
By rearranging the terms, we have
J(OFFD) — J(e"k)
<(vJ(6M), 0k+1) _ g(k)y | %Hg(kJrl) _ g2
- LIvae®)E - § - 2yl — g2
5 IvI6%) — cp
L Oiw a0 - (8 - L) e
y CIVI(0%) ~ Vor(0®,w®) + Vol (6®), w®) — 4P
< ywaenne - & - B e e
+BVI(0F) — VoL (0™, w<k>>||2 +BVeL(0®,w®) — GJ|I?
< Bymaemye - (& - g
+ L2Bw*(0®) — w®|2 + B[ VeL(0®,w®)) — G512, (25)

where (a) is follow from the Young’s inequality, and (b) follows from the L s-Smoothness assumption.
We can simplify the coefficient as

B L;p?

7(2 2

2
by setting 3 < i Since Ly > p > 0 and recall that L; = Ly + % from Lemma we obtain
J(OF+D) — j(o™)
B , (k k
= DIwa0®) 2 = BIagP + 1wt 0W) — O 1 81 TeL(0®, w) — G,

1
) < =35 (26)

27
This completes the proof. O
Lemma 6. Under the stated Assumptions with the update rule in (8), letting 0 < a < 57— L , we
have
IIW(’““) - *(9('“))”2
< - IIW('“+1 2+ *IIV L™, w®) — PP+ (1 - %)Ilw*(G(k)) - M2,
(28)

where w*(0) = argmax,,cpe £(0,w).
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Proof. First, we expand the ||w**1) — w*(9*))||? as follows:
* (a) *
o4 — (02 2 o) 1 (4 — ) — w8
=[lw® —w (@) + (@ — 0|2 4 2((@* D — w), w® —wr(6™)),  (29)

where () follows from the update rule w*+1 = w®) 4 (W*+1) — (k) Moreover, due to the
strong concavity of £(8®), w(*))_ it follows that:

£(O®,w) < £OD,w®) + (V.LOW,w®),w - w®) — Dlw —w®]. (30
By rearranging terms, we have:
c<e<k>,w> + Sl w<k>||

<L(O®), w®) + (VL") w®)) Wkt — u®)y 4 (GW) [ — LKD)
+ <Vw/3( ,w(k)) _ G‘(f),w _ w(k+1)>
=L(0" ")) 4 (V,L(0F W™ wE+HD _ Ry 4 (G — o (k+1))
+ (Vo £(OW, ™) - G0, w — w® ) illwmn _ w2 4 inwuﬁl) W ®2,

(€29)
Next, we can simplify —ﬁ”w(k*l) — w2 as
i”w(kﬂ) —w®?
L
< _7f||w(k+1) _ w(k)HQ
< L@, w* D) — £(0® wh)) — (V,£(0W), w®)), Wkt — oK), (32)

by setting the parameter o < 7~
Summing both sides of the two inequalities in (31)) and (32), we have:
£, w) + Gl —w®]

(a)

<LOPF) [ *HDY o Z () y(R) (5 — (R H1))

(WD — k) o0 )y o L) ) k0
«

1
(6
1
+ <Vw£(0( w® ) G ) w— w(k+1)> + THw(k'H) _ w(k)H2
(0%
—£(OW, k) 4 L
(6

1
+(V,L(0 0" w )) fo),w _ w(k+1)> + Euw(k-&-l) _ w(k)HQ
1

—£(0%), DY Z (U D) _ )y k)
a b
3
+ (Vo (0, w®) = GE) w — 0+ — =D — w2, (33)

where (a) follows from the optimality condition for the constrained optimization that(w*+1) —
(W) + aG((f)),w — WY > 0,Vw € Q. Let w = w*(0*)). We obtain:
Sl (01) —w®)
( )1

e

(Vo L0, w®)) = G r (9 — k4D _ %Hw("’*” — w2

Lt o ®) o (@H)) _ (k)
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1 3
(k1) (K) xg(k)y (k) 2 (k+1) _ (k)2
~ (@) — W), W (0%) — W) - 2 D — )]

+ (Vo £(0® w®) — G (0" — w®)y 1 (v, L0 w®)) — Gk F) kD)
®)1 3

D) _ ) k(@)Y _ Ry _ (k+1) _ (k)2

S fw W™, W (0) — W) — o~ w w ™|

1
+ =V l(0®) w®y — k)12 4 %Hw*(ﬂ(k)) OTE
%

1
190, w) =GP + w® — Wt

1, , 3
== (WD — ) gk — LRy — EHw(k+1) — w2

(07

2 ,
+ ;||vwc(9<k>,w<k>) — G+ Ll (8%) — w2 4+ Ll — w2, (34)

where (a) follows from £(8®) w*(0*))) > £(8*) w#+1)) due to strong concavity and w*(8) =
argmax,,cpe £(0, w) and (b) follows from Young’s inequality.

Next, multiplying both sides by 2« and rearranging the terms, we obtain
2w FHD — o ®) () _ y*(9(k)))

: 3
< - O‘MHw*(B(k)) _ w(k)H _ §||w(k+1) _ ""(k)”z

4 . , ,
VW00, w®) =GR + T e (0%) — M2 4 ER o) — w2
7]

~( = S B + 27,60, ) - G - P (6V) —
(35)
Combining (33) and (29), we have
o) — " ()
<w®) - w @) + kD — W) + (5 = Dwtt) - w2
+ VL0, )~ G = " (6%) —
—lo® — W @D + (B — D)l - w®?
+ VL0, )~ GO = " (6%9) - ). G6)

Next, we can simplify the above inequality as
lo®+Y — @™ (8™)2
1 4o oL N
< Gl w2 4 ZETLL(00, w0) - G 4 (1= et (0) —
(37

by setting o < 2% With the fact that y < Ly, setting o < i also yields the above inequality. This

completes the proof. O

Lemma 7. Under the stated Assumptions with the update rule in @, letting o < i, we have

17

1
Hw(k—H) _ w*(a(k—i-l))HQ < _in(k-H) _ w(k)||2 + 4auLiH0k+l _ 0k||2
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1
L IVLLOW, 0 ®) — GBI + (1 - 2 e (69) - ), (38)
m

where w*(0) = argmax cra £(0,w).

Proof. First, decompose the term ||w*+1) — w* (0% +1))||2 as follows

”w(k+l) o w*(e(kJrl))”Q _ Hw(kJrl) _ w*(a(k)) + w*(e(k)) _ w*(a(k+l))|‘2

<1+ )™ —w (W) + (1 + o)l (6™) —w*(6"+))]?

o N 4
SO+ TPl = ot @W) 7 + (14 Lo - 64, (39)

where (a) follows from Young’s inequality, and (b) follows from the Lipschitz continuity property of
w*(9*)) as shown in Lemma 2}

From Lemma[6] we have

Hw(k+1) _ w*(e(k))HZ < _inw(k‘—i-l) _ w(k)HQ

4 .
+ 190, 0 =GP + (1= S5 (0) — WM,

(40)
Therefore, plugging (@0) into (39), we obtain the following inequality
oo~ (BT < 31+ B — WP 4 (14 )12 64 — 6
1+ B2 VLL(0M, ) = G + (1+ 51 = Pl (6V) — w2,
(41)
According to the conditions o < ﬁ < ﬁ, we have
L EE R L S o
(H%)%s”—;, 1+EHa-)<1-28 (42)
Plugging ([@2) into (I yields:
o) w0t (BT <~ o) — WP + 126 - 6%
+ o ITw (00, 0) = GO + (1= )l (00) — w2 43)
This completes the proof, O

Lemma 8. Under the stated assumptions, with the update rule of Adaptive-Batch Variance-Reduced
Primal-Dual Stochastic Gradient Method (VRPD™ ) in Algorithm Sforall (np —1)g+1<k<
nrq — 1, we have

E|VeL(0®),w®) — G2

I(/\/’ A L? k-1 - S L? k-1 i1 N2
<oy LN R0 @24 L N Efelt) w2, @4
N, et 151, _ o~
i=(nr—1)q i=(nx—1)g
E[VoL0®,w®) —cl|?
2 k—1 2 k-1
Twe<rry o, B 1) _ g2 4 L1 (1) _ ()2
<, +|5’\ Z E||6 09| +\S| Z E|jw W= 45
s i=(nr—1)q i=(nx—1)g
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Proof. To show ({@4)), we have:

(@)
E[[ Vo0V, w®) - G| < ﬁ [ExIVoL(®D),w) — ToL£(0"1, w1)|?]
+ Ei[Vo£(0*V,w ) — G|
(b) L2
<75 [Er10%) = 04V 4 Bl — 0]

+ B[ VoL (0% D, w1y — G132, (46)

where (a) follows from the gradient update rule and Lemma 1 in|Wang et al|(2018)), and (b) follows
from L-smoothness of VgL and VL. Next, using the iterated law of expectation and telescoping
over k from (ng — 1)q + 1 to k, where k < ngq — 1, we obtain that

E|VeL(8W, w®) — G |12 < B||VeL (=19 y((ne=Da)y _ qUne—Da)|2

L?c k—1 ) ) L? k—1 ) )
+ |§| Z E”0(1+1) _ 0(1)”2 + E Z EHw(z+1) _ w(z)”Q
i=(nk—1)q i=(nk—1)q
(a) I/\/g L2 k—1 ,- '. L2 k—1 ,- ,-
< (A;M)02+ﬁ Z EHB(LH) _B(L)Hz_’_ |5f| Z EHw(t-&-l) _w(t)HQ, (47)
s i=(ng—1)q i=(nk—1)g

where (a) follows from Lemma B.2 in|Lei et al.|(2017). This proves the first part of Lemma. Similarly,
to show (@3), we have

1
S|
+ Ei|| Vo £(8F Y k=) — k=12

B[V £(0®, 0 M) = GO < [By|Vu£(0®,w®) - Vo £0" 1, w=1)|?]

L2 ,
<rgp (B0 =000 4 Byl - D)

+ Ei|| Vo £(0F D, k=) — gk=1)) 12, (48)

Telescoping over k from (nj; — 1)g + 1 to k, where k < ngq — 1, we obtain that

Evaﬁ(g(l@),w(k)) _ G‘(f)”? < Euvwﬁ(g((nrl)q),w((nrl)q)) _ Gf‘gnrl)q)HQ

L2kl , , L2 k! , ,
+ ﬁ Z IE||0(1+1) _ 9(1)||2 + ﬁ Z EHw(”l) _ w(1)||2
i=(ng—1)q i=(nk—1)gq
@ Ivoarry 5, L3 &3 . . L = . .
< s i E 0(1+1) _ 0(1) 2 f E (i+1) _  ,(3)2 49
< St Y E| g X Bt w0 @)
i=(np—1)q i=(nr—1)q
where (a) follows from Lemma B.2 in|Lei et al.[(2017). This completes the proof. O

10 PROOF OF THEOREM [II

Proof. Taking expectation on both sides of Lemma 5| with respect to the randomness of the algorithm,
we have

E[J(0"1) - J(0™)]
<~ ZEIVIOW)|? - TEIGY | + L3 BE|w" (0W) — w | + BE| VoL 0D, w®) — 64|

(@) _
< B[E||VoL(0( D) (D)) _ GYre=)) 12
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= , 2 k=l , ,
- DM CLe R Ea- S DR Bl

i=(ng—1)q i=(nx—1)g
I

EHGW + L2BE[w* (6W) —

2 k—1
B[|S|62 Z E\\G()||2 |S‘ Y Bl - w@)2]

’I’L]c 1)

(k)||2
(b)

- 5E||VJ<0<’“>>||2 - ZEHGQ P+ L3BE et (0P) — w1,

(50)

where (a) follows from Lemmad]and (b) follows from the update rule of stated algorithm in (7) and
Evag(@((nrl)q), w((ne—1)g )

)) — Gé(mc_l)q)||2 = 0. Next, telescoping over k from (n; — 1)g+ 1
to k, where k£ < npq — 1, we obtain that

E[J (8% ) — J(O(”’“’”q)]
L2 ) S i1 , .
sg[ﬁm Z Z EGY %+ |Sf| YooY Bt —w®)]
j=(nr—1)qi=(nr—1)q (nk—l)qi*("k—l)q
L3p Z Ellw® — w*(0@)]2 - ﬂ Z E||Gg|”
i=(nr—1)q =(nr—1)q
B -
5 > EVI69))?
i=(nx—1)q
(a) L2-ﬁ2 k k ] 1 k _

f @p2 _ * (O
Sﬂ[—w | > | > E|GY 5 > E[VJ(6Y)]
j=(nr—1)gi=(nr—1)q i=(np—1)q

Lz ¢ k , ,
+@ > > Ellwt ) —w®)?]
j=(nr—1)qi=(nr—1)q
k
, , 1 ’
136 3 Elw® -w@)F-16 >0 EIGy|?
i=(ng—1)q j=(nk—1)q
fﬂ2 ‘ w1 % !
[15| > EIGYIP -5 Y EIVIED)P
i=(nr—1)q i=(nr—1)q
L GH1) _ ()2
1+ 1
+@q. Z Elw — w7
i=(nr—1)q
k k
2 G _ g2 _ L ()12
L3 Y Elw® —w (0 e > EIGy|
i=(nr—1)q j=(nr—1)q
B33 d ge B ;
~(gra-30 X EIGIIP-5 X EIVJED)
i=(nx—1)q i=(nk—1)q
L3 k , ,
+/3|S > Elw) WO
=(nr—1)q
B Z Ellw® — w*(0)2,
’I’Lk 1)

&1y
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where (a) extends the summation of second term from j — 1 to k&, and (b) follows from the fact that
k < ngxq — 1. We continue the proof by further deriving

EJ(0F)) —EJ(0©)
=EJ(07) — ]EJ( (°>) +EJ (03D ) - EJ(G@) + EJ(0F)) —EJ(O(mx D)

K—
e, ZEIIG(”IIQ o mewuwuw
B 57 ISI =

ﬁZEHw W (697 - ﬁZEHVJ 9|2, (52)

where (a) follows from (51).

By taking expectation on both sides of Lemma[7] with respect to the randomness of the algorithm, we
have

Bllol+) — (00| < B+ — w4 ST LB+ — 6t

4o
17a ap N
+ 7EIIV £(O®,w®) = GE I+ (1 - = )Ellw* (6) — w2
(a) 17
2 - 1Bl — o7+ X2 2 Gh + 1 - e 0) - o)
17
+T§[E”V L6 (nk—1>q>’w((nk—1>q))_ngk—1>q)||2
L c . . 2 = . .
+ @ Z ]E”B(z-‘rl) _ 9(1)”2 + m Z EHw(z-‘rl) _ w(z)||2]
i=(nr—1)q i=(nr—1)q
® 1 1732 QL o n(k
< = JEfw Y —w®2 4 LQ]EIIG I+ (1= P )Elw(0") — ™2
17 = Lz = , ,
[|S|52 Y. EIGIF g > Ellet —w@, (53)
i=(nr—1)q i=(nr—1)q

where (a) follows from Lemma 4] and (b) follows from the update rule of stated algorithm in
and ||V, £(0((:=D9) y((e=Da)y _ G{"+ =212 — 0 Next, summing up both sides of (53) from
t=ktoi= (ng — 1)qyields

E|jw® Y — (0% D) |2 — E|w* (1) — (me=Da|2

1< : 175 k @
-3 2 Bl -oOPe ol Y EIGE)
i:(nk_l)q 1= (nk—l)q
an (g (i))2
Y Ewr ) - w)
i=(nk—1)gq
17a[Lfﬂ2 i Z EHG( ”2 i JZI E||w(i+1)_w(i)||2]
IS _ \S|
j=(nr—1)qi=(nr—1)q =(nr—1)qi=(nr—1)q
@ 1 & . 175 k @z
So3 X BTV -oOPs Tz 3 EIGY
i=(nr—1)q i=(nr—1)q
k
- Y Elw(09) -0
i=(nr—1)q

170 2L & u (2 L} (i+1)
t e X X EIGEIP+ |5| S Y B O

j=(nr—1)qi=(nr—1)q =(nr—1)gi=(nr—1)q

24



Under review as a conference paper at ICLR 2023

® 1 & . 1732 k _
<1 Y Bt 0P 2 S Ee)
i=(ng—1)q " i=(nx—1)q
k
ap * i 7
— > Eller(0") -
z:(nkfl)
17a 52 il ; ;
+ 5 e Z E|Gy’|I* + |5\ > Bl -], (54)
i=(nr—1)q i=(nr—1)q

where (a) extends the summation of second term from j — 1 to k, and (b) follows from the fact that
k < nkq — 1. We continue the proof by further driving

Ew™ —w*(0")|? — E|w*(8©) — w@|?
=E|w@ —w*(0)|* ~ Ellw*(8) - V| + E[w®? — w* (8¢9

—Ellw*(07) 0?4 ... + E|w™) — w052 — E[|w" (87 D7) — w* (6D |2
K-1 K-1

< L W g SR o
i=0 aH
K- 2 2 K—
ap @2 4 17a 5 (i) (12
szgﬂznw —wOl+ T gt Z e
2 K- . )
|—f ZIEHw(’“) — w2 (55)
=0

K—1
26L% Y E[w(87) —w@|?

i=0
L?K 1 : 53 iy )
S-S L B O Y EIGy1
=0
8BL2 % *
— o Bl = (09 — Ellw (0) — %)
34pL3 p2L3 Ly &
i ZIEIIG( I”+ |S|qZE||w< M (56)

Plugging (56) into (52) yields that

83L>
EJ(6)) ~EJ(0) + @ (Enw““ w092 ~ E[lw(8) — )

]' 2 i %
<(t \5| ZEIIG(”IIQ |5| ZE||w< O
ZEHW 0] - LBZEIIw (0) — w0
=0

2 K—-1 3 K-1
26[’ E||w(i+1) . w(i)”Q 346°L fL2 Z EHG( )”2
aH =0 'u =0

34,8L2 ,BQLQ K-1 2 ; ;
ralare ZEHG I+ T ZE||w<“ — w7,
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(57)
Choose the following parameters:
C1 2EJ(0)) —EJ(0U)),
Co 2(E[lw*(8©) — w @2 — E[|w®) — w*(8U5)2). (58)
Next, multiplying both sides of by %, and rearranging the terms, we obtain
K—1
> E[VI(OD)]? + 2L Z Ellw*(0®) — w2
=0
2 34L56% 1 34L§53 B3L2 T 4
= L2 f o+ E G(l) 2
5(—2 |5|+ o Sq 17) 2 EIGS
2, 2038 345 L4 ? ~ ,
il (R [ ]E (i+1) _ (92
IGL? _ 9 _
< o Cy + BCL (59)
We note that L, = ﬂ from Lemma. Based on the parameter settings, we have
0= VS = Vo < min{ sty
ALy’ 34L7% + 22
1 1 JTRtey
f < min {—, (60)
{4Lf 2(L; Jr ) SfLQ 8v34 LZ}
It follows that
2 34L4 ﬂS 3412 53 B3L2 1
( 2 q+ L2 fq - 75)
TB T 87T e 5] 4
1 68L4 62 68> 62
__ L2 9 2L2
5 —( MQ e ot B2L%)
1 268L4 52L2 2 272
=— - 68L%) — 2687 L%
5~ gt~ e (esLy) 2
R I N DO
—2 16 32 8
2 212 4 L4 L2 4L2%  68L%
S 35 Py = T o
B pucx \S 197 8] po
4 68L2
=L} (— —2- )>2L2 (61)
Mo I
In addition, we have
© =
2 —
M%H—Kgﬁ\ ,
K-
(+1) _ @2 = — (i+1) _ ()2
Elw w7 = 4 ;0 Efjw w7,
1| =
E[[VJ(O) |I* = 4 Z V762, (62)

=0
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where ¢ is selected uniformly at random from {0, 1, .., K — 1}. By choosing ¢ = v/m, S = \/m, we
have

2 34L4p° 1 34L%p3° grz o Kl ,
VJ(OD))? L2 Fo_ = EIG@ |2
K ZH H ( /~L2 |S‘ q+ 2N2 w T S] q 4/8); [ 0 [
2, 2L3B 345 L} L3 ,
“ = - f + Ellw (i+1) (z) 2
5 S A s Z | I"
K-—1 2 2
1 2L ﬂ 345L 6L
<— VJ(ON]2 = Z i Ellw(tD — @
[ 2 IVIEDI - e = TR Z || 1]
1 K—-1 K-—1 )
<z [ D IVTOD) + 227 3 Bt - w®]
1=0 1=0
1 L2
<+ 02-1- C1, (63)
ap B
where (a) follows from (61). Since 71 > 0,75 > 0, we have
1 16L%2 _ 9 _
V12 2 2721lw® — wH (@@ 2] <« L1225 2
E[IVI(09) I + 2030 — o (0] < L[~ L Cat 501 (©4)
Thus, we have
K-—1 2
1 1 16L45 _ 2 _
— N Emm®)] ! Za. 65
— [ Kmln{l L2 }[ G2+ ﬁcl] (65)

We note that C'; and C5 cannot be negative. This is because C; is always upper bounded by

E[J(8©)] — E[J(6*)] and J(0™)) > J(6%), Vk. Thus, C; is non-negative. Also, the term

E[lw®) — w*(0U5))||? in Cy vanishes as the algorithm converges. Thus, Co £ E[jw*(8(9)) —
012 - El|w™) — w*(8F))|]2 = E||w® — w*(8©)||2, which implies C to be non-negative.

Let’s choose C; = E[J(8Y)] — E[J(0™))] and C2 £ (E[|w*(6(?)) — w(©[|2), we have

K- 2
1 16L 1
()] I _ (L
z:: [ Kmm{l L2 }{ G2+ ﬂcl} O(K)

Lastly, to show the sample complexity, the number of amples in the outer loops can be calculated
as: [%1 - M. Also, the number of samples in the inner loop can be calculated as K S. Hence, the

total sample complexity can be calculated as: [%1M +K-5< %M + KvM = KvM +

M + KvVM = O(vVMe™! + M). Thus, the overall sample complexity is O(v/ Me~! + M). This
completes the proof.

O

11 PROOF OF THEOREM 3]

Proof. By taking expectation on both sides of Lemma [5] with respect to the randomness of the
algorithm, we have

EL7(61+)) — 7(61)
B s
- §||w<e<’“>>u2 = CIGEPIE + 138w (0%) — w2 + B VoL (W, w®) — GJP |

@ T <o L = L &
< g[-WNa<M) ~f Z ElloC+t) — 9|2 + Z Ellw(TD — @2
i=(ng— nk

27



Under review as a conference paper at ICLR 2023

IO - UG + 138wt (609) — w7, (66)
where (a) follows from Lemma 3]

Recall that Ny = min{c,o?(y*®))~1 c.a2¢~1, M}. Then we have

Iy, <o) < 1

Ns 7 min{c.o?(e)71, c 02 (yF) 1}

(k) (k)

) S et S
Cy0“ CcO CyO CeO

Next, telescoping over k from (ng — 1)q + 1 to k, where k < nyq — 1, we obtain that
BLI(60+D) — J(8+ )
(a) BQLQ k J—1 . L2 k j—1 ; ;
Bl X X EIGIPtg X Bl -wf)]

j=(nr—1)qi=(nr—1)q 151 Jj=(nk—1)qi=(nr—1)q

k k
In,<m f NG
+8 Y %JML% S E[w® - wr(8@))?

i=(nr—1)q ° i=(nk—1)q

k k
B : 1 i
—5 2 IvIeP -8 Y EIGY|?
i=(nr—1)q i=(nr—1)q
) ﬁ2L2 k k ; L2 k k .
Sl X X EIGIg 3L D Rl et
j=(nr—1)gi=(nr—1)q

j=(nr—1)qgi=(nr—1)q
k

Q] ) .
eo > EDUL G s Y B0 —weo?

i=(nr—1)q v i=(nkr—1)q

k k
8 oz L ;
—5 > IVIEDIP -8 X0 EIGYI
i:(nk—l)q i_(”k—l)q
BL} o2, L :
=8l g7 ¢ 2 BIGS I + gt Z Bl — w@?]
i(nk 1)q i=

nkl

(%) ) )
+8 Z E[Z] +8 Z =+ L3p Z Elw® —w*(6W)|?

=(nr—1)q v =(nr—1)q i=(nr—1)q

k
B i i
-5 > IvIeDP - Z e

i=(nr—1)q =(nr—1)q

(63)
where (a) follows from (66), and (b)follows from (67). We continue the proof by further deriving
EJ(05)) —EJ(6©)
:EJ(B(Q)) _ IEJ(H(O)) + EJ(g@q)) —EJ(OD) + ... + EJ(@(K)) —EJ (@1
52 12 K- L2 7(1
|S| Z ]EHG( )”2 ‘Slq Z ]EHw (i+1) z)H2 + Z

+BK +L B ZEHw “(0W)]12 - 5 Z [VJ(0D)]? -

where (a) follows from (67).

6 ZEHG I°, (69)
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From Lemmal(7} by taking expectation with respect to the randomness of the algorithm, we have

Bllwl*+) (00| < B[+ — w2+ IR+ — ¥

1
+EE||V c<9<k>,w<k>>—aﬁ>||2+<1—%)Enw*(e ) —w®)?
(a)
< —Eﬂanw“*”— B2 + 475 L2E||GE|I> + (1 - %)Enw*(m“)—w(“n?
17a v <m L2 k= . . 2kl ) .
4o [N 2 2T Z E[6C+D) — D)2+ L 3" Elw) - w®)?]
4 UN, ST, El
i=(ng— i=(nr—1)q
®) 1 1
QL _ e 4 Y papgrie 4 (1 g ®) - w®)2
4 4o 4
17 E[y®] e L7 — i L; & i i
+ = [max{ R R i Z EIGYIP+ L Y Elflw™) —w®?],
44 PR T T ER
i=(np—1)q i=(nr—1)q

(70)

where (a) follows from Lemma|]and (b) follows from (67). Next, summing both sides of from
t=ktoi= (ng— 1)qyields:

EHw(k—i—l) _ w*(e(k+1))||2 _ E||w*(0("’“_1)q) _ w(nk—l)qHQ

@ 1 & . 4 17432 k .
_Z (+1) _ ,@)2 L 212 g2 (@))12
So71 2 Bl -oOPe gy 3 BIGY
i=(np—1)q i=(np—1)q
op - 10) @2, L7a : ERY] e
T Z Ellw*(6") — || T Z max{ p 7;}
i=(nr—1)q i=(nr—1)q K ‘

2

17a 8% ()2 L 9 S (i+1) _ ()2
it 5 z BIG I+ g7 Z >, B —w|p]

Jj=(nr—1)qi=(nr—1)q =(nr—1)qi=(nr—1)q

® 1 k . _ 1782 k ,
z (+1) _ ,@)2 L 2P g2 (@))2
S-7 X EWOY—wOPs iz 3 I
i=(nr—1)q i=(nr—1)q
k k : k
ap (i i 17 E®] 17« €
- E' Ejw (9())fw()||2+4 EI +4 E: -
i=(n—1)a Hlice-na 9 om0

k k 2 k

17 i L - i i
PTG Y EGIE Y Y et -]

Jj=(nk—1)qi=(nr—1)q Jj=(nk—1)qi=(nrp—1)q

(© 1 k , , 1732 k .
- E (+1) _ ()2 2 E (@2
< 1 ( ., EHw g w'? || + dap Lw » ., EHGO ||
1=nr—1)q 1=(nr—1)q
ap o ./ n(i) e, L7a o6 1Ta &~ E[®)
S met @) w0+ Y fh ey
4 4 4 Cy
i=(nr—1)q i=(nr—1)q i=(nr—1)q
17a 5 e B < g ;
i E E EIGS|1” + |Sf| > Y Efw ) —w®)?],

j=(nr—1)gi=(nr—1)q =(nr—1)gi=(nr—1)q

(71)
where (a) follows from the fact that 3 < /5. (b) follows from extending the summation of the

second term from j — 1 to k, and (c¢) follows from the fact that k& < nyiq — 1. We continue the proof
by further driving

Ew™ — " (0")|? —E|w(8©) - w®|?
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=E|w@ —w*(0'9)|* ~ Ellw*(0) - V| + E[w?? — w*(8¢9)?
~Ellw*(0'7) 0 D|* + ... + E[w™) — w*( N2 - II*leuf*(f9 (re=) — (gt —Da) |2

K-1
<=3 3w - T2 S w2 B0 -
- 41‘:0
K-1 K-1 ; 2
17a e 17a E[y®] 17a 52 9 W2 4
+—— ) -+ — + —[5L7 E||Gy E[jw(tY — w®)12],
PO s (% Z G817 + g Z [ 7]
(72)
By rearranging the terms, we have
K—1
o
Y Elwt(6Y) )
i=0
1 1704[/2 K , 1 7' 2 17045 2 17ﬂ2 2 - (Z) 2
i=0

*'k\

Q

MN
\2/—\

1

7‘“}: +E[w*(0©) —w@ |2 — EJw™) —w* (@52 (73)
4u c

1=0 1=0

Next, multiplying both sides of (7

832
PL ()t — wr (8|2 - E|\w*<e<°>> W)
ap
(B T o 0§ 0
<(= =Lt =) B — w4 Zf

prex K 1] i=0 i—o © i=0

17ﬂ2L2 178 5\ "= o i

Lot (s T 1) S BIGE) - 22 3 Bl (69) w7 (74)

I
=)

)

Plugging (74) into (69) yields that

83L2
EJ(6F)) —EJ(0©) + &(Ellw“{) —w (052 —E[w*(0) — w@?)
52 K—-1 2 ﬂK 1
< qZEnG I+ qZEnw““ —wP] =5 3 v I
| \ 5| 2 =
1 (2) 2 2 1 17/82 z-‘rl) () 2
VL Z E|Gy’|I* +2L35( - fa ‘S| Z Ellw W'l
178203 178% | & ; = .
+ 212 5(—W g+~ ﬂ ZEHG( 1> = BL} > Ellw* (W) — w®|?
=0 =0
17K 34BL 2 A0 K-l )
+6K “+ i Z 1
B0 Ce i—0 v
2L26 34L4 53 L2 K= . g .
— ﬁq E w(z—i—l) (z) 2~ v.J 9(2) 2
(- o m ‘S| |S| ) | | 5 Z VJ(6™)]
K-1 4 3 2 23 312 K-1
. . 34L ﬂ 34L%3 B3L 1 »
_ 32 Ellw* (0@ — @2 f Ly fo o+ E G(z) 2
17" ! 34BL @) K*W(i)

Z

+ﬁK Ezci (75)
i=0 €
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Recall that y(®) = 1 Z GY||2. Then, we have

i=(nk—1)gq I

86L%

EJ(0U)) ~EJ(6) + (EJw™ — w05 ~EJw*(8”) - w|?)
o

2123 34L4ﬁ3 L2 - . i .
f f f (i+1) _ (z) 2 e ()2
<(- E — vJ(0
<(- = e Z oo =5 2 IvI60)]
. . 34L4 ﬁ3 3412 ﬂ?’ B3L2 1 34812
_ L2 Ellw* 9(1) @2 L2 fo 4 f
55 D Bl (00) P 4 (Saima+ =gl I+ gl 0+
=0
K—1
i 17
+ 2 S RIG 4K 4 DK 76)
e pE e
Choose the following parameters:
C1 2EJ(6©) —EJ(81),
Co é(I[<3||<.u*(0(0)) — w(o)H2 — E||w(K) — w*(B(K))H2). (77)

Next, multiplying both sides of by % and rearranging terms, we obtain

2 B4L3B0 B4L 53L2 1 345 g K :
2 12 21 f EIG 2
( 2|S‘ + aglug w+ ‘S| B +C»y)§ || 9”
K-1 2 4 03 2 K-1
, 2, 2035 4L B L ,
+ VION? -2 (- =L 4 L 89) Y EllwtD) — w®)2
; [VJ(O™)] ﬂ( o P \SI Z | [
K-—1 . .
+2L3 ) Ellw (0%)) — w2
=0
34 16L%2 _ 9 _
<2K + K-+ —Lo,+ 20 (78)
Bu* ¢ ap B

Note that L, = % from Lemma Based on the parameter settings, we have

288L2 2/
4=V, S = vim,e, > ( ) S mind
1 1 o
< min{—, 79
= {4Lf 2Ly + ) 8\/>L2 8\/>L2} 7
Similar to (1)), we have
2 B4L4BP L3 53 BLY 1, 34L3
( 2 q L2 fq - -0+ + 5 )
\S| |S| 4 pPey Cy
492 2 2 2
717 (68Lfﬁ ) 68Lfﬁ yog2) - (68Lf +3)
D) 12 a2u2 1i2c -
Y gl
1 68LF B2 68L2 2
=*—52 . /3 (68L2)—262L2 ( - f—l-*)
2 W a?p? Hicy,
1 1 1 1 1
o — = — = 0;
-2 16 32 8 4
o 2028 34L} 53 L2
- Z2(- + —LBq)
B i IS\ 8]
4L%  68L4 4 68L>2
= L ot i — —2- Ly >o1l (80)
o 12 o I
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It then follows that:

= 34 1612 9 _
> VIO +2L7 Z Ellw*(0%) — w®|? < 2K + oKy — 10+ 20
=0 5# c ap 5
(81)
Thus, we have
K—1 2
1 1 34 ¢ 16L
SN EmP < — 9k K- i) C 82
K & ] < Kmm{lL}[ Tt et o 2+5 A (82)

We note that C; and C, cannot be negative. This is because C; is always upper bounded by

E[J(0©)] — E[J(6*)] and J(6™)) > J(6%), Vk. Thus, C; is non-negative. Also, the term

E||w®) — w*(8))||? in Cy vanishes as the algorithm converges. Thus, Cy £ E||w*(8(V)) —
012 - Ellw® — w*(85F))|]? = E||w® — w*(8©)||2, which implies C is non-negative.

Let’s choose C; £ E[J(8Y)] — E[J(0™))] and C5 £ (E[|w*(8®) — w®||2), we have

K- 2
1 1 34 ¢ 16L 1
SN Em < —— 2[( K- ! —0(=).
Kkzo E| I= Kmm{lL} + Bu? c+ afp 02+601 © K

Similar to Theroem I} to show the sample complexity, we note that the number of samples being used
in the outer loops can be calculated as: [K 1-Ns < [ 1 M. Also, the number of samples in the

inner loop can be calculated as K'S. Hence the total sample complexity can be calculated as:

00015 < B VAT = KT 4 M 4 VAT = O 5 A1),

Thus, the overall sample complexity is O(v/ Me~! + M). This completes the proof. O
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12 ADDITIONAL ANALYSIS ON 6 € ©

In this section, our goal is to solve a more general case, where the empirical primal-dual and finite-sum
optimization problem shown as follows:

— 0, 0 83
T Zﬁ “) = iy mag £0.w) =

Compared to the orignial Algorithm. |I|, our new Algorithm. Algorithm: VRPD-constraint-theta
performs the projection operations to cope with the domain constraint set © to ensure the upper-level
variables 6 € ©. Specifically, the update rule of in Egs. (§) was instead by

00+1) = P (0) — 5GYY) = argmin|f — (6P — 5G|,
6co

Algorithm 3 The Variance-Reduced Primal-Dual Stochastic Gradient Method with the proximal
operator on 6 (Prox-6-VRPD).

Input: An M -step trajectory of the state-action pairs {s1, a1, S2, as, -+, Sap, G, Spr+1 ) generated
from a given policy; step sizes a, 3 > 0; initialization points 0° c R4, w0 e W.
Output: (85, w(K )), where K is independently and uniformly picked from {1,--- , K};
1: fork=0,1,2,--- K —1 do

2: If mod(k, ¢) = 0, compute full gradients ch .G asin Eq.
3: Otherwise, select S samples independently and uniformly from [ and compute gradients as

in Eq. (7).

4: Perform the primal-dual updates to obtain the next iterate 1) w(*+1) ag follows:
61 = Po (61 — 5Gy”) = argmin|[§ — (0F — 5G| (84a)
0co
WFTD = Py (w*) 4 afo)) = argmin||@ — (w® + aGgC))HQ, (84b)
weN
5: énd for

Theorem 5. Under Assumptions [TH3] and the update rule of of Algorithm. [3] Lettmg 0 <

1
B < m, choose Step sizes: « < mln{4L 7m} and ﬁ < mln{4L ,W
s+-L

W, 8\/37%? }. Let g=v/'M and S=+/M, it holds that:

1 K-1
L A e P A CA

k=0
1 16L% 2 1
< = B —

= Kmin{l, L3} [ Gz + 501} O(K)’

where C; £ E[J(8)] — E[J(8™))] and Cs 2 (E|jw*(6(0)) — w(©)[2).

12.1 SUPPORTING LEMMA FOR THEOREM [3]
Lemma 9. Under the stated Assumptionsand Algorithm. |3| Letting 0 < < ;ﬁ’ we

have:
J(OFDY — J(")

. 1
<L2B|w*(8%)) — w®|? 4 | VeL(@®),w®)) — GY7|? — @HW“) —0® |2 (85)

where J(0) £ max e £(6,w) and w*(0) = argmax,,,L(0,w).
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Proof. J(0) has as Lipschitz continuous gradients, which implies
L
o+ _ etk _ o)y gk+1) _ glk)y « 2T 1 glk+1) _ g(k)|12. 86
J( )= J(0) = (VJ(6), )= I (86)

By rearranging the terms, we have

J(OF+D) — (o™
L
< (k) gk+1) _ g(k) 2T 1gkt1) _ g(k) |2
<(V.J(60"),0 o) +—-le 0|
=(VJ(OF)) = Vor (8P, w®)), 0F+D) — 9h)y 4 (VoL (0™ w®)) — ch)7 gk+1) _ g(k))

L
+ (G g+ — gy 7””0(’““) — ™2, (87)

Since 1) = Pg (0F) — ﬂGék)) = argmin|| — (8% — BGgﬁ))H2 and the optimality condition
6co

for constrained optimization Nesterov et al.| (2018), we have
(8Gg) + 00+ — 9,9 — 9+ >0, Vo e, (88)
Let @ = 6(F) we have
<5ch> 4+ gl _g(k) g(k) _ 9<k+1)> > 0. (89)

Thus, for (87), we can conclude that
J(OF+D) — j(o™")
<(VIOP) = Vel (0™, w®) gkt — 9"y 4 (Vor(0® wh)) — ch)7 gk+1) _ g(k))

(G0, 6041 —g) 4 Z gk — g2

(00 ~ VoL (0, w9), 604D — 00) 1 (VpL(8%), ) - G o) — g¥)
1 L;
. EHH(kJrl) . B(k)HQ + 7”0(’““) o 9(k)||2

)28 1
< S IVI6%) = VoL (O™, w™)|* + 5167+ — 6]

2/ 1 ,
+ - Ve Ll(0F), w)) — Gg“)HZ + @Hg(k+l) IOIE
1 L
— Z||@®k+h) _ gk))2 =J o+l _ g(k))2
,8” I+ = I

—B[|VI(6™F)) — VL8P, w™)|? 4 B|VeL£(@P), w®) — G2
1 L
_ ekt _ gke)y 2 1 2L gkt+l) _ g(k) |2
2ﬁll P+ [

(c) ) )
<L36)|lw* (6®) — w® |2 + 8| VoL (@™, w®) — GJF|2

1 Ly .
—(— — 2Ly 9kt — gR)2 90
where (a) follows from (89), (b) follows from the Young’s inequality, and (c) follows from the
L y-Smoothness assumption. We can simplify the coefficient as

1 Ly 1

23 oD
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by setting 8 < 57— Since Ly > p > 0 and recall that L; = Ly + f from Lemmal we obtain
J(9<k+1>) — J(O")

% 1
<L2B)|w*(0W) — w2 + B VeL(0®,w®)) — GY |12 — @no(’”“ —60W|2. (92)

This completes the proof.

12.2 PROOF OF THEOREM[3]

Proof. Taking expectation on both sides of Lemma 5] with respect to the randomness of the algorithm,
we have

E[J(§%+D) — J(0"))]
1
‘mlle“““)—0<k>||2+L?ﬂE||w*<e<k> w®|2 4 BE|| VLW, w®) — G|

)
S5[Envgc(g((nk—1)q)7 w(("k_l)‘l)) _ Gé(”rl)‘I) 2

2 a , , 2 , .
Fa D0 EIOCV 00y k3T B - w0
i=(nr—1)q =(nr—1)q
1 X
- SEITIOW)I? - B[O — 6% + LBl (60%) - wih)|?, ©3)

where (a) follows from Lemma [d] Next, telescoping over k from (n; — 1)g + 1 to k, where
k < npq — 1, we obtain that

E[J(g(k+1)) _ J(g(nrl)q)]

k J—1 2 k

L? , . L i 4 ,
Blgr 2o X EIOUU-eOP g 3T 3 Bt -]

j=(nr—1)qi=(nk—1)q Jj=(nr—1)qi=(nr—1)q

k k
: . 1 , ,
2 (D) _ (@MY% — (i+1) _ g(®)2
Lib > EJw® —w (8D el > Ee¢TY — 6
i=(nr—1)gq Jj=(nk—1)q
@ I3 & & Y /- S . - -
<B[|S| > > EoUFY —oW|? + B > > Eflwt ) —w®)7]

=(np—1)gi=(nr—1)q Jj=(nr—1)qi=(nk—1)q

k

) . 1 ) )
2 7 * 7 2 1+1 7)12
135 S B - (00)] “1 2 ElT -6
z—(nk—l)q j=(nr—1)q
®) L% L3 k
<8lige S B0 - g0+ e 2 Ele et
i=(nr—1)q = (nk—l)q
k
) . 1
138 Y Elw? - w89 - Z Bl ) — 62
(1 B
i=(nr—1)q =(nr—1)q
BL? 1 . (i+1) () 2 5 f £ (i+1) (4) 112
:(Wq_iﬁ) Z Elle - 0"+ ||q Z Ellw —w|
i=(ng—1)q i=(nk—1)q
Lip Z Ellw® —w* (09, (94)
nk 1)
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where (a) extends the summation of second term from j — 1 to &, and (b) follows from the fact that
k < ngxq — 1. We continue the proof by further deriving

EJ(0Y)) —EJ(6)

=EJ(0 (q)) — ]EJ( (0)) + IEJ(O(QQ)) — ]EJ(g(LJ)) + EJ(H(K)) — ]EJ(g((nxfl)q))
(o) BLY . 2 .

< Bm Z B0 - 00| + 5L Z () — w2

NG

ﬁZEHw’—

where (a) follows from (94).

(95)

By taking expectation on both sides of Lemma 7] with respect to the randomness of the algorithm, we

have
Bllol*+) — (00| < B[+ — w2+ 1L IR — 6t
1
+ GUEIVLLEW. W) - GO + (1= B (0) — |
(@) 175° ap .
< - EIIw(k“) w2 + MLQH*IIIlel2 (1= = E[w*(8®) — @2
+ % [E[V. L£(0(=1a) y((ne=1)a)y _ Gl(nk—1)a) |2
2 - 2 k-l
+ﬁ Z E|@¢+D _g(i)||2+ﬁ Z E|[w Y _w(i)||2]
|51 5]
i=(nr—1)q i=(nk—1)q
® 1 . 1732 afp .
< — Bl w4 RGP + (1 SElw (0) — )
17a L2 X2 . i L; & i i
f[ﬁ PO e I IR ZL e GRCY
i=(nk—1)q i=(nr—1)q

where (a) follows from Lemma [ and (b) follows from ||V, L(0((m=Da) ((ne=Da)y
G l)q)|\2 0. Next, summing up both sides of fromi = kto i = (ng — 1)q yields

) — w (@) 2 — Ellw (6 11) — wlre D]
k k
1 . 17 ;
<1y mee—wope 2 S gep)e
i=(np—1)q ap i=(np—1)q
k
- X Bl -
i=(nr—1)q
17 I2 k j—1 LQ k Jj—1 . ‘
wls 2, X EOCT-00Prg B3 RO
j=(nr—1)qi=(nkx—1)q =(nk—1)qi=(nr—1)q
@ 1 & . LIRS i
< i Z E||w(/+1) ()HZ o L2 Z ]E||G(o)||2
i=(nn—1)q i=(ne—1)q
k
T (Zl) Ellw*(6) — |
i=(ng—
1 L2 ) L2 k k ‘ .
T XX mee el S S e uope
K Jj=(nr—1)qi=(nx—1)q Jj=(nk—1)qi=(nk—1)q
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®» 1§ (1) _ 2 4 L7 - (i+1) _ )2
-3 > Ellw" I° + aﬂLw >l —
i=(np—1)q i=(nx—1)gq
QL k ) .
- X El0) O
170 2 F
f (i+1) _ p(3) 2 (i+1) ’L)
E|@ 0 E 97
T g S E I+ ge 2 Bl 1], ©7)
i=(nr—1)q i=(np—1)q

where (a) extends the summation of second term from j — 1 to k, and (b) follows from the fact that
k < nkq — 1. We continue the proof by further driving

Bl - w(64))|2 - EJw” (6®) - w1
—EJlw® - " (6)* - B (00) — w ) + B[ — w”(6¢0)]?
= Elw(60) = 0@ + .. + B — w (05| — Ellwr (6~ 17) — (60

1K 1 17 K—-1
<_Z El|w) — @2 4 L2 El10G+D _ ()2
AP [|w w7+ Jap o Z I |
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- Z E||lw* (0 w(z)”Z |S| Z E||0(z+1) (z)H2
=0
2 K—
|—f Z]EHWH) — w2 (98)
=0

K-1
26L? Z Eljw*(0®) — w2

=0
L2 K—-1 2 K—
< f Z ]E||w (i+1) )H2 f Z 0(i+1) _0(1)”2
i=0
8ﬁL2 * *
— o Bl = (0P~ Ellw (0) — %)

3413 L3 A 3 '
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Plugging (99) into (93) yields that
K 0 SﬂL? K K 2 0 0)12
EJ(67)) ~EJ(0) + — (E[w) —w*(099)|2 ~ Ellw*(8) - w|?)

ap

BLQ T . , gLz K-l A ,
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<(4gr 54 ~ 1) ; | I*+ S q; lw w |

K—1
—L}B Z Ellw*(67) — w|?

9 K—1 12 K-
25L EfJw) — 0@ + f Z 100G+ — g2
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(100)
Choose the following parameters:
Ci 2EJ(0) —EJ(05)),
Cs é(IEHw*(B(O)) — w(O)HQ — E||w(K) — w*(B(K))HZ). (101)
Next, multiplying both sides of by %, and rearranging the terms, we obtain
K-1 _ _
2L% Z E|jw*(8®) — w®|?
9 34L483 1 34L% 1 K2l , ,
e 2 B = fLw BLj 7, 1 Z E[[6G+) — g2
TB 2 18T e BT
2 4 2 K-1
B g( 2138 34ﬁL BL% 2 Z Efol) _ ]2
By po 27517 S|
16Lfc
02-‘1- Cl (102)
ap B
We note that L, = L—j from Lemma. Based on the parameter settings, we have
24
= S = < —_—
q= \/> \/705 mln{4L 34L2+M2}
1 JTRtey
£ < min (103)
{4Lf 2(L + ) 8\/>L2 8v/3 LQ}
It follows that
2(34Lﬂ 1 34L38 +5L2 1)
B 18T ez T s 1T B
1.1 68L}5° 68L§62
— [z _ L2 2 2L2
L1 268L4 52Li 2 272
@[* - B 2 072 (68L%) —2B°L%]
S 1 [1 1 1 1] 9
—p22 160 32 32&2’
2 212 4 L4 L2 4L%  68LA
_7(_ fﬂ ?)ﬂ B )_71‘_ f—QL?
B frcx \SI 18] poe p?
4 68L2
=L3(— -2 Ly >o0. (104)
pox ju
In addition, we have
E|jo¢+D) — 92 = Z E Hg i+1) _
;
(€+1) _ @2 = — (i+1) _ ()2
Ellw w7 = o ;0 Efjw w7,
| K=
(€)Y (12 = ()12
E||VJ(0©) |I* = - Z V78], (105)

i=0
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where ¢ is selected uniformly at random from {0, 1, .., K — 1}. By choosing ¢ = v/m, S = \/m, we
have
K—1

9 | |
I B9t _ 9O )2 4 212E " (8D — w2
EO [SQBQ]EHO 0'9|* + 2L3E|w* (8') — 7]

.
Il

LCy+ 20, (106)
ap

where (a) follows from (104). Since 71 > 0,72 > 0, we have

1

16L> 92 _
E [9||9(€+1) — 0|2+ QL?FHw(é) — W O] < = f

K' au Co + BCl]'

e (107)
Let’s choose C; £ E[J(8®)] — E[J(0™))] and C5 £ (E[jw*(6”)) — w(©||2), we have

K-1

1 *

2 2 B0V — 0@ + [lw® —wr (6|7
k=0

1 16L7 2 1
< Co+ 201 =0(=).
= Kmin{Sfﬁz,QLfc}{ ap 2713 1} <K>

We would like to note that instead of ||.J(8)]|? in our proposed convergence metric, the term ||@(*+1) —
6(%)||? measures the convergence of the primal side {0 (k) } x>0 Since there is a condition that § € ©,
the update rule of @ is that 8(*+1) = Pg (0(}“) - 6Gg€)>. Once we have ||[@F+1) — 9(F)||2 — 0, we
can state that there exists a stationary point 6 € ©.

O
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