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(e) Did you discuss whether the data you are using/curating contains personally identifiable
information or offensive content? [N/A]

5. If you used crowdsourcing or conducted research with human subjects...

(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A]

(b) Did you describe any potential participant risks, with links to Institutional Review
Board (IRB) approvals, if applicable? [N/A]

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A]
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Appendix

7 Proof of Theorem 2

Proof. Leteq, = ¢¢(g;;6:) be the query embedding, e, = ¢p(2;;6;) be the document embedding,
and e,, = ¢p(zs;0:). Recall that &1, s, . .., &y, be the (potentially stale) embeddings in the cache.
Let s™ =eq, - €., 8; = €q, - OD(2j:01), 5 = eq, - Ej.

Recall that

Lok, (0:) = —log ( exp(fsT) ) .

exp(Bst) + 32,4, exp(Bs;)

For simplicity, we use V and V to denote VLc g, (6;) and VL g, (6;) respectively. We first observe
that

V =Eg] = -BVsT + Zﬁgﬂvs]w
J

This follows as simple consequence of the Gumbel-Max sampling. Furthermore, we have
V=-BVst+> p;BVs;.

J
From the above expression, we have that

IV = V2= 81> (p; — 5 Vsl
j
<8 lp; = bill Vsl
i
< BM|p - plx.

The last inequality follows from bounded nature of the score ||Vs;|| < M. Consider a term p; — pj.
We have that

i = exp(Bs;)  exp(Bs;))
TN Y exp(Bs) Yo exp(B5)
__exp(Bs;)  exp(B(s; + (55 — 55)))
doexp(Bs) > exp(B(si+ (51— s1)))
exXp(Bs)) o ane
< 5 exp(ﬁsl)(l exp(—4|| o))

= pi(1 —exp(=26][5 — s]|))
< 2p;Bl[5 — oo
Similarly, we have that
pj — pj < 20; BI85 — 8o
Thus we have that |p; — p;| < 28|35 — s||o(p; + Pi) and thus
lp = Bl < 48115 — 5]l
We bound ||§ — ||~ as follows. Suppose it is at most k updates since any embedding in £ has been
updated. In particular, let ¢; denote the time step when j was last updated in £. Then, we have
|§j - Sj| = ‘elh 'gj — €q; 'ezj|
< ||6¢Ii 2 ||gj — €z
<& - erHQ
= HQDD(Zj;et) - ¢D(Zj;9tj)H
<L ||9t — 0y, || <nBLM(t —t;)

I,

Thus we have that |V — @Hg < 4733 LM?k. When using the refresh fraction of p, it can be shown
the £ is in expectation of the order % — 1, which completes the proof. O
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8 Proof of Theorem 3

To prove Theorem 3, we start with the following result.
Lemma 6. Let L = -3 | Lcg,. Assume that a loss function Lc g, (0) satisfies:

o (Bounded Gradients) We have that ||Lcg, (0)]] < 2M for all parameters 6 € RP.
o (Smoothness) We have that |V Lcg, (0) — VL, (0')|l2 < S0 — ¢'||2.

Furthermore, suppose we run an approximate stochastic gradient descent with stochastic gradient
with bounded bias, ||Elg: | 0:] — VL(0:)||2 < Ay, and additionally ||g:|| < M forallt € [T]. If we
update our parameters with a stepsize 1, we have that

T T

1 9 L(6p) — L(6%) 1 9 9
< — 7 _— .

- tEZO:E[Hw:(et)M S B ;:()j A} +2nSM

Proof. From the Lipschitz continuous nature of the function £, we have

E[L(f:41)] <E {E(@t) + VL(O:) - (041 — 04) + §||9t+1 - 6,5%}

7725 2
=E |L(0;) —nVL®O:) - gt + T”Qt“z

4n?SM?
E[£(00) = nll VL3~ nVLO:) - A + =5

E [£(0;) — nl[VL(O:) 3 + nA:|VLO,)||2] + 20° SM.

The second inequality follows from bounded nature of g,. The above inequality can be further
bounded in the following manner:

E[L(0:+1)] < E [L(8:) = nlIVLO)I3 + 1A VLB, 2] + 20°SM?
< E[L(0)] - JEIIVLEI3) + JA7 + 20°SM>.

The second inequality follows from the fact that ab < (a? + b%)/2. Summing over all ¢ € [0, T'] and
using telescoping sum, we have

T T

1 L(6y) — L(6 1

7 2 ElIVLO)IE] < (O)nT(T) + 57 2 AT+ S M. 3)
t=0 t=0

This completes the proof of the lemma.

We now focus on the proof of Theorem 3..

Proof. We first note that under the assumptions of Theorem 3, ||V Lcg(60;)|| < 2M and ||g;|| < 2M.
This simply follows from the structure of VLcg. Using the above lemma, we have the following:

T 2
1 Lcr(0o) — Ler(07) 1
= E[IVLce(0:)]3] < 8n?BOLPM* (= —1 2SM>.
P [IVLce(0:)]2] < T + 87 p + 2
. . . . . . o A/ Lcr(00)—Lcr(0*)
This follows simply from the bias bounded obtained in Theorem 2. Using = NI,
specified in the theorem, we obtain
T
1 S(Lcr(B) — Lor(0%))  4ABSL2M?(Lcor(b) — Ler(0%)) (1
= E 9,)3] < 4M\/
L (ZOHE — + - ;

This completes the proof of Theorem 3.
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9 Proof of Lemma 4 and Theorem 5

We use the following lemma in the proof of Lemma 4.
Lemma 7 (Lemma 5 in [30]). Given a random variable V> a > 0, we have that

1 1 1 Var(V)
= Fe) s mm e

We now prove Lemma 4.

Proof. Our proof follows the proof approach in Theorem 1 in [30], modified to work with an ¢
bound on the score gradients and simplified for our sampling scheme.

Assume that the positive element is z; and thus the negative elements are zo, . . ., 2.
Let U = exp(fs1)8Vs1 + é ZjeS exp(Bs;)BVs; and V = exp(Bs™) + i EjGS exp(fs;). We

have that —8Vs; + % = VLcg; and E[g] = —3Vs; + E [%] We thus want to show that

1%
Let k1, ko, . .., k. be the c elements of S. We have that
B [U} 5 [exp(581)5V51 +1 > 1 exp(Bsk; ) BV sy,

v exp(fs1) + i 25:1 exp(Bsk,)

=exp(Bs1)BVs1E {1} + 4)

Vv

3 2521 exp(Bsk, ) BV sk,
exp(Bs1) + L Z;Zl exp(Bsk, )

We first bound the first term in Equation (4) from above and below.

We have that V' > mexp(—2) and Var(V') < =228 Thyg by Lemma 7 we have that

o2

1 1 - 1 cexl;i(fﬁ) 1 exp(53)
{ }_ ElV] +m3€xp(—35) EV] ~ am?

This implies that

exp(f3s1)8Vs1
A

®)

< exp(B51)3V5, B [ % } - exp(,eszl)ﬁwl N exp(6£)n€|V51|

‘We now bound the second equation in Equation (4).

Let S.—1 = Z;: exp(Bsk,; ). We have that

a 21 ©P(Bsk,)BVsk, | e { exp(Bsk, ) BV sk, ]
exp(Bs1) + L 25:1 exp(fBsy;) o [exp(Bs1) + 25,1 4+ Lexp(Bsy,)

m

1

- % ; exp(Bs;) BV s; E [

— 1
= i:ZQeXp(ﬂSi)/BVSZ‘E LXP(5$1) Y —— ieXp(ﬂsi)]

(6)

Now we have that
1 1 c—1__ 1
E |exp(fBs1) + ESC,l + o exp(ﬁsi)} = exp(fs1) + TZ + . exp(fBs;)

1 1
=Z - -2 + = exp(Bsi),
C (07
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exp(fs1) + éScfl + éEXP(ﬁsi)
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where Z~ is the partition function restricted to just the negatives.
Using Z > Z~ and mexp(—f) < Z < mexp(f3), we have that
1 1 1 2
2(1—) <Z—Z_+exp(ﬁsi)<Z<1+eXp(B)>,
c c ! c

and thus by Lemma 7 we have that

1 exp(20) !
Z (1 B c> = [exp(ﬁsl) + 5 Se-1+ ieXp(ﬁsi)]

1 1 Var(S._1)
Z(1-1) " a2m3exp(—3P)
PR exp(50)

<

A\

—

+

[

_|_

Q
— T

Q|+

~_

. ~_

_|_

o)

2|5

Swg

‘We conclude that

1 _ 1, exp(0(B)
[exp(ﬂsl) + éSc_l + éexp(ﬁsi)] - Z = am? 7

Continuing Equation (6) by applying Inequality (7), we have that

5 l & 2g=1exD(Bsk, ) BV sk, ] _ i (exp(ﬁsi)ﬁvsi L P (Bsi,)BV sk, eXP@(ﬁ)))

exp(Bst) + L > 51 exp(Bsy;) Z am?

=2
\~ exp(3si) 3V si xp(0(8)) &
- (; exp SZ S ) + & pamQ ;exp(ﬁsi)vsi
_(Nhep(Bs:)8Vsi | | exp(O(8) Nt gy
- (; Z ) + a2 ;Vsz. (8)

Combining Inequalities (5) and (8), we have that

£[Y] - B sonl00) 9,

|4 E[V] am? 2
and thus
Ul EU] _ exp(0(8) v~
HE M TEV, T a2V
_ exp(0(B))M

We can now prove Theorem 5.

Proof. We use Theorem 2 to bound the bias due to the staleness of the cache and Lemma 4 to bound
the bias due to using a sampled cache. We can then apply Lemma 6 to finish the proof. O
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