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Appendix A Synthetic Data Study and Results

In this section, we are interested in understanding the performance of estimators under various sets of
assumptions (A.5(a) to A.5(c)). In particular, we are interested in understanding the potential gains as
(1) total number of units, n, increases, (ii) the dimensionality of X, denoted as p, increases and (iii)
P(S5=1)
P(5=0)
First, we discuss our data generative procedures, and then we present and discuss our results.

the log of the ratio of number of units in the auxiliary to primary dataset, log ( ), increases.

Data Generative Procedure. The data generation procedure (DGP) in this study is designed to
simulate a complex causal structure. We begin by generating covariates X = (X1, Xo,...,X,)
from a multivariate normal distribution with zero mean and identity covariance matrix where p is the
number of covariates. The binary study indicator S is then generated as a Bernoulli random variable,
where the probability of assignment to the auxiliary study (i.e., S = 1) is Pr(S = 1| X) = expit(agp +
a1 X1 + a2 Xs), where expit(x) = H% The treatment assignment 7' is also generated as a study
and covariate-dependent Bernoulli variable Pr(7' = 1|X,5) = (1 — S) x 0.5+ S x expit(¢1 X1).
The auxiliary outcome W, observed only in the auxiliary study (S = 1), is defined as follows:

W =puw(X,T,8)+ 3 = (o + X1 +72X2) - T+ 1 X1 + B2 Xo + B3X3 + Bo + 0,

where vectors v and 3 define the treatment and baseline effects on W. This equation includes
both linear and interaction terms, capturing treatment-covariate dependencies. In the primary study
(where S = 0), the primary outcome Y is modeled as: Y = o(X) - pw (X, T, S) + where a(X) =
p1X1-+po. This outcome depends on the treatment effect modulated by covariate-driven heterogeneity
in a(X), capturing treatment-mediated effects of covariates on Y.

Here the true ATE in primary is given as 0y = E [(po + p1X1) - (Yo + 11 X1 +72X2) | S =0].

Analysis and Results. We use mean-squared error (MSE) to compare the performance of the
following three estimators: (i) efficient estimator only using primary data (éo), (ii) efficient estimator
augmented with auxiliary score (6y) and (iii) efficient estimator with known « integrating auxiliary
data (d,). The simulation results are compiled in Figure 2. As expected, the performance of all
three estimators improves as n increases and deteriorates as p increases. Further, éa dominates éo
and 6, especially for scenarios with large p and/or large log (%) — indicating that in scenarios
where the primary study is relatively small and the problem is high-dimensional leveraging auxiliary
data yields more benefits. This aligns with our theoretical results showing that knowing « can yield
efficiency gains. For, 0, (which uses auxiliary data), we observe that it yields benefits relative to 6 in

small n scenarios especially when p and log (%) are large. However, these benefits diminish

relative to 6 as n grows. This is consistent with our theoretical result showing that there are no
asymptotic benefits if a is unknown. However, there are some finite sample benefits of using the
auxiliary score even when « is unknown.

Appendix B  Efficiency Score Functions Derivation (Theorems 1-4)

Following the above mentioned procedure we derive the EIFs and correspond-
ing efficiency bounds under the three sets of assumptions. As Y*(0;0p,m0) =

{E[R*(O; 09, n0) R* (O; Ho,no)T]}fl R*(0;600,m0), and the semiparametrically efficient asymp-

totic variance (i.e., efficiency bound) is equal to {E[R*(O; 6y, n0)R*(O; o, nO)T]}_l, we only
present the efficient score function R* instead of the EIF ¢*. However, note that deriving the EIF
from R* is straightforward in our context.
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Figure 2: Simulation Study Results. Mean squared error rates for three different estimators 6o, 6, and
0y based on R, R, and R;

ess  In our case, O = (X, S,T,V), (O=00,n)=PX=x)P(S=s|X=x)P(T=t|X =
o6 x,S=85)P(V=0v|T=tX=ux5=s)and L(0;0,n) =logP(O = 0;0,n). Thus,
L(0;0,n) =logP(X =xz)+1logP(S=s| X =z)+logP(T=t]|S5S=s5X =1x)
+logP(V=v|T=t5S=sX=n1)
= logP(X = x) +log(Sps(x) + (1 = S)(1 — ps(z)))
+log(Thr(x,5) + (1 =T)(1 - pr(z,5)))
+l09( ( _U|T_t)S_S7X_$))a
We know that V =SW + (1 - S)Y andY = a(X)W + B(X) + ¢
Thus,

PV=v|T=tS=sX=2)=PSY-3(X)—e)+a(X)(1-S)Y =a(X)v|T=t5=s5X =1x).

. Simplifying it further,

PV=v|T=tS=sX=12)=P(54+a(X)(1-9))Y =S = a(X)v+B(X)S | T =t,5 =s,X =z).
657 Substituting Y with (X)T + g(X) + ~:

PV=v|T=tS=sX=n1)

=P((S+a(X)(1-9)O0X)T+g(X)+7) —Se=a(X)v+p(X)S|T=t5=5X=ux)

(
=sP(y—e=a(X)(v—pw(X,1)) = 0(X)(T — pr(X,1)) | T=t,5=s5,X =x)
+ (I =s)P(y=(v—py(X,0) = 0(X)(T — pr(X,0)) [T =t,5=sX =2)

— sP(a(X)0 = a(X)(v — pw (X, 1)) — 6(X)(T — pr(X,1)) | T = 1,5 = 5, X = )
(1= )Py = (v — pr(X,0)) — 0(X)(T — pr(X,0)) | T = 1,8 = 5, X =)

= 5P = (0w (X, 1)) = £ 3 (T = (X)) | T = 4.5 = 5.X =)

+ (1= 8)P(y = (v = py (X,0)) — 6(X)(T = pr(X,0)) | T = 1,5 = 5, X = a).
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658 Assuming «y and  are normally distributed with mean 0 and homoskedastic variances 0?/ and 02
659 respectively,

logP(V=v|T=t,S=sX =1)
< ((w=pw (2,1)) = L& (t—pr (2,1)))
sexp | —

205

= log

+(1—s)exp (— ((%W(m’o))fgz(f?(tf”ﬂx’o)))z)

sc0 Efficient score function using only primary data (Result of Theorem 1). Now, we first show the
661 efficient score function for the case that only uses primary data. This works as a baseline case for us
es2 and the subsequent efficiency bounds are compared with this case. The efficient score function under
663 assumptions A.2. and A.4. is given as:

Ri(Ostom) = (1) (= e (X,0) = 00T = pr(x,0) - L)),
Let Ay - (((V = iy (X,0)) = 6QX)(T — (X, 0))) - LoEEED) - then

[(Ro(O 6o,10))

(R5(0;60,m0))] =E [(1 — S)2AZ], and the asymptotic variance
. -1
( [ R5(0;60,m0) )(RO(O;QO,UO))T]) =

1
E[A]S=0,X]p(S=0]X)

e+ Efficient score function under assumptions A.1.-A.4. and A.5(a) (Result of Theorem 2). Under
665 this assumption, only 6 is unknown and would be estimated using the data while « and 3 are known
666 a priori. Thus, the efficient score function under A.5(a) is:

S ((a(X)(V — (X, 1)) — 0(X)(T — pr(X,1))) - %>
+(1-5)- (((V — uy (X,0)) — 0(X)(T — pr(X,0))) - M)

Let A, = ((a(X)(V — (X, 1)) — 0(X)(T — pr(X,1))) - %) . Then, the asymp-

R:(0;00,m0) =

totic variance

VAX) = (BIRL 030, ) (2 Ostom)” 1 X)) = (S50 S AT )

s67  V9(X) is always smaller than or equal to V§(X) because E [A? | S=1,X]p(S =1 | X) is
668 non-negative.

e69 Efficient score function under assumptions A.1.—A.4. and A.5(b) (Result of Theorem 3). Here,
670 along with 6, « is an unknown parameter. Thus, the efficient score function is given as:

5 ((@(XV = (X, 1)) = O(X)(T — (X, 1)) - L5£50)

R (03 {60,00},m0) = | \+(1 =)+ (((V = py (X,0)) = 0(X)(T = i (X,0))) - THrX00 )
g. ((G(X)(T—uT(X,l))—a(X)(V—uw(X,l))) ) Q(X)(t_HT(le)))
a?(X)o?2 a(X)

E[(Ry(Ry)") | X] =

SA; b (1 — S)Ag o)
() - )1

a(X)

ULEIA | X, S =1]P(S = 1] X) TR | X, S =1P(S=1]| X)

_<E[A%X,S=1] (S=1|X)+E[AZ| X,5=0lP(S=0]X) 9<X>E[A?|X,5:1]p(5:1X)>

671 The asymptotic variance-covariance is then

_( VUX)  Covp*(X)\ _ .
2X) o= (b St i) = T 1)

-1

1 ao(X) 1

_ E[AZ]|X,S=0]P(S=0|X) " 00(X) E[A2[X,S5=0]P(5=0]X)
= | a0 1 (ao<x>>2 ( 1 n 1 )
00(X) E[AZ]X,S=0]P(S=0]X) 00(X) E[AZ[X,S=0]P(5=0[X) ' E[A?[X,S=1]P(S=1]X)
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From this, we see that the asymptotic variance for the efficient estimator of 6 is V{(X) =
]E[Ang,S:%J]P(S:O\X)' Note, that this asymptotic variance Vg (X) = Vg(X). This highlights that
under assumption A.5(b) there are no efficiency gains from leveraging auxiliary data compared to
the baseline which only uses the primary study.

Efficient score function under assumptions A.1.-A.4. and A.5(c) (Result of Theorem 4) . As
the likelihood is agnostic of 3, the efficient score function under A.5(c) is identical to that of A.5(b),
ie.,

R:(0;{00, a0},m0) = R;(O; {00, 0}, m0)-

As the score functions are identical under assumptions A.5(b) and A.5(c), the asymptotic variance
is also identical. This indicates that there are no efficiency gains from leveraging auxiliary data
compared to the baseline that uses only the primary study.

Appendix C Proof of Theorem 5 (Misspecification Bias)

Proof of Theorem 5. We begin by defining 0, as the estimator solving the empirical moment condi-
tion P, R%(0;60,,7) = 0. In the population, 6 solves E[R* (O; 6y, m0)] = 0 only under the correct
specification of @ = a*. We now investigate what happens when the analyst assumes & = auy;s,
where ap,;s # o*. Recall, 0, is

Py (X;,0)77(X;,0) Pw (X, 1) P (Xi,1)
5, (1 - ) PO o 5, el )

> (10— 50 HED 4+ 5, )

Thus, E[éa(amw) - éa(a*)] = E[éa(amw) - éa(a*) | S =0]P(S=0)+ E[ (O‘sz)A ( )
S =1]P(S = 1). In the estimator, terms with (1 —.S) do not interact with «. Thus, E[0,(tmis) —
0q(c*) | S = 0]P(S = 0) = 0. Now, consider E[f, (tmis) — Oa(a*) | S = 1]P(S = 1).

]E[éa(a,,m) — 9a(a*) |S=1 = E[E[@ (mis) — é ()| X,8=1]| S =1]
Elfa(cmis) — ful®) | X,5=1] = E[CmsX) -0 <X3> [Pw (X, ViG] g 1}
_ EF2(X, 1)
C [(emia(X) — o (X)) Effy (X, D)ip(X 1)) | o
= E e EREL) 0T 1}
_ —(O‘miS(X) —a*(X)) o
= E o (X) 9(X)|X,S_1}
O

Appendix D Proof of Theorem 6 (Error bound for /iy)

Proof. We analyze the estimation error for both fiy,o and fiy;;, under the given metric entropy
assumptions.

(i) One-stage estimator /iy,o. By assumption A.6., 1y € M, and the metric entropy of M satisfies
log N(e, M, || -||) < Ce™.

From standard results in empirical process theory and nonparametric regression (e.g., Gyorfi et al.
(2006) and Tsybakov and Tsybakov (2009)), it follows that the least-squares estimator [iy,o satisfies

liivio = vl = o (g /) .
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(ii) Two-stage estimator iy;,. By assumption A.5., puy (X) = a(X)pw (X) + 8(X). We estimate
fiw (X) from n; auxiliary samples. Let fiyy be an estimator satisfying

N —1/(2
i = sl = 0, (n /),
under the assumption that pyy € M and satisfies the same entropy bound as 1y

The two-stage estimator is defined as:
fivp(X) = G(X) - fww (X, 0) + B(X),

where (&, B ) minimize the squared error loss over the primary sample:

no

(&, B) = arg aeE&i%eB nio ; (Y; — a( X)) i (X5, 0) — B(X:)) .

We now decompose the error:

ltvs = py || = 6w + B — apw — B

Adding and subtracting intermediate terms:

= [[(& — a)piw + alfw — pw) + (B = B)|-
Applying triangle inequality:

v = v [l < 116 = @)llllaw lloo + lledloo | (B = )l + 113 = Bl

Under the assumption that fiyy is uniformly bounded (which holds if pyy and fiy, are bounded and
consistent), and using the entropy conditions on .4 and 5:

& —«a| = op(nal/(2+w“)) (given A.6.),and, |3 —p]|=0 (given A.5(b)).

Combining all the pieces, we obtain:

—1/(24w)
B T n
||/.A£Y,b - ,U’Y“ =0p | Ny /@) nOZer oo + <n1> 3
0

where the first term reflects the complexity reduction from modeling py via a(X), and the second
term reflects the error propagated from estimating py using auxiliary data. O

Appendix E Implementational Details

We implement the methods and case studies in this paper using Python 3.10. The implementa-
tion relies on following key libraries/packages: PyTorch for tensor operations and gradient-based
optimization, scikit-learn for machine learning models and cross-validation procedures, pandas
for data manipulation, and NumPy for numerical computations. Here is the python code of our
implementation:

import torch

import torch.optim as optim

from sklearn.linear_model import Ridge

from sklearn.ensemble import AdaBoostRegressor,
GradientBoostingRegressor

from sklearn.model_selection import KFold

import pandas as pd

import numpy as np

class ThetaAlphaEstimator:
def __init__(self, data, T_col, S_col, V_col, model_type=’ridge’,
n_splits=5, predefined_alpha=None):
# Store column names and data

self.T_col = T_col
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74020
74121
7422
7433
7444
7455
74626
74727
7488
7499
75030
75131
75232
753

75433
75534
756

75735
758360
7597
760

788"

763
764 1

765 2
766 3
767 4
768 5
769 6
770 7
771 8
7729
77310
774

77511
77612
77713
77814
779

78015
78116
78217
78318
78419
78520
78621
78722
7883
7894
79025
79126
7927
79328

self.S_col = S_col

self.V_col = V_col

self.X_cols = [col for col in data.columns if col not in [
T_col, S_col, V_colll]

# Extract columns from DataFrame
self.data = data

self .X = datalself.X_cols].values # Covariates (numpy array
for compatibility with sklearn)

self . T = datal[T_col].values # Treatment

self .V = datal[V_col].values # Observed outcome

self.S = datal[S_col].values # Study indicator

# Store model type and number of splits for cross-fitting
self .model_type = model_type.lower ()
self .n_splits = n_splits

# Define constants
self.sigma_delta2 = datal[V_col].loc[data[S_col]==0].var()
self.sigma_epsilon2 = datal[V_col].loc[data[S_coll==1].var ()

self.theta_0 = torch.tensor (0.1, dtype=torch.float32,
requires_grad=True)
if predefined_alpha is None:
self.alpha_0 = torch.tensor (0.1, dtype=torch.float32,
requires_grad=True)
self .has_predefined_alpha = False
GILEE §
self.alpha_0 = torch.tensor (predefined_alpha, dtype=torch.
float32, requires_grad=False)
self .has_predefined_alpha = True

Listing 1: Imports and Class Initialization

def _select_model (self):
# Helper method to select and initialize the model

if self.model_type == ’ridge’:
return Ridge (alpha=1.0)
elif self.model_type == ’adaboost’:

return AdaBoostRegressor(n_estimators=50)
elif self.model_type == ’gradientboosting’:
return GradientBoostingRegressor (n_estimators=100)
ellfslel
raise ValueError ("Unsupported model type. Choose ’ridge’,
’adaboost’, or ’gradientboosting’.")

def cross_fit_models(self):

# Initialize KFold for cross-fitting

kf = KFold(n_splits=self.n_splits, shuffle=True, random_state
=42)

# Initialize empty arrays for predictions
mu_Y_pred = np.zeros(len(self.data))
mu_W_pred = np.zeros(len(self.data))
mu_T_pred = np.zeros(len(self.data))

# Perform K-fold cross-fitting

for train_index, test_index in kf.split(self.X):
# Split data into training and test sets for this fold
X_train, X_test = self.X[train_index], self.X[test_index]
T_train, T_test = self.T[train_index], self.T[test_index]
V_train, V_test = self.V[train_index], self.V[test_index]
S_train, S_test = self.S[train_index], self.S[test_index]
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7949
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§33!
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825 1
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# Fit models for each conditional expectation on the
training set

model_mu_Y self._select_model ()

model_mu_W = self._select_model ()

model_mu_T_O0 = self._select_model ()

model _mu_T_1 = self._select_model ()

# Fit mu_Y(X,0) on data with S=0

model_mu_Y.fit(X_train[S_train == 0], V_train[S_train ==

0]1)

mu_Y_pred[test_index] = model_mu_Y.predict(X_test)

# Fit mu_W(X,1) on data with S=1

model_mu_W.fit(X_train[S_train == 1], V_train[S_train ==
11)

mu_W_pred[test_index] = model _mu_W.predict(X_test)

# Fit mu_T(X,0) and mu_T(X,1) for T given S

model_mu_T_O0.fit(X_train[S_train == 0], T_train[S_train ==
0]1)

model _mu_T_1.fit(X_train[S_train == 1], T_train[S_train ==
11)

mu_T_pred[test_index] = np.where(S_test == 0, model _mu_T_0O

.predict (X_test), model_mu_T_1.predict(X_test))

# Convert predictions to PyTorch temnsors

self .mu_Y_pred = torch.tensor(mu_Y_pred, dtype=torch.float32)
self .mu_W_pred = torch.tensor(mu_W_pred, dtype=torch.float32)
self .mu_T_pred = torch.tensor(mu_T_pred, dtype=torch.float32)

Listing 2: Model Selection and Cross-Fitting

def R_b_star(self):

# Vectorized computation of R_b~* using cross-fitted
predictions

terml = (torch.tensor(self.T, dtype=torch.float32) - self.
mu_T_pred) * \

(self.alpha_0 * (torch.tensor(self.V, dtype=torch.
float32) - self.mu_W_pred) - self.theta_0 * (torch.temnsor(self.T,
dtype=torch.float32) - self.mu_T_pred)) * \

torch.tensor(self.S, dtype=torch.float32)

term2 = (torch.tensor(self.T, dtype=torch.float32) - self.
mu_T_pred) * \

((torch.tensor(self.V, dtype=torch.float32) - self.
mu_Y_pred) - self.theta_O * (torch.tensor(self.T, dtype=torch.
float32) - self.mu_T_pred)) * \

(1 - torch.tensor(self.S, dtype=torch.float32))

R_O0O = terml + term2

R_1 = torch.tensor(self.S, dtype=torch.float32) * \
(torch.tensor (self.T, dtype=torch.float32) - self.
mu_T_pred) * (self.theta_0 / self.alpha_0) * \
(self.theta_0 * (torch.tensor(self.T, dtype=torch.
float32) - self.mu_T_pred) - self.alpha_0 * (torch.tensor(self.V,
dtype=torch.float32) - self.mu_W_pred))

# Stack R_O and R_1 to form the 2D R_b~* matrix
R = torch.stack((R_0, R_1), dim=1)
return R

def R_a_star(self):

terml = (torch.tensor(self.T, dtype=torch.float32) - self.
mu_T_pred) * \

22




85823
859
860
86124
86225
86326
864
86527
866
867
86828
86929
87030
87131
87232
87333
874
87534
876

882
883 |

884 2
885

886 3
887 4
888 5
889

890 6
8917
892 8
893

894 9
895

89610
89711
89812
89913
90014
90115
90216

g2

(self.alpha_0 * (torch.tensor(self.V, dtype=torch.
float32) - self.mu_W_pred) - self.theta_0 * (torch.temnsor(self.T,
dtype=torch.float32) - self.mu_T_pred)) * \

torch.tensor(self.S, dtype=torch.float32)

term2 = (torch.tensor(self.T, dtype=torch.float32) - self.
mu_T_pred) * \

((torch.tensor(self.V, dtype=torch.float32) - self.
mu_Y_pred) - self.theta_0 * (torch.tensor(self.T, dtype=torch.
float32) - self.mu_T_pred)) * \

(1 - torch.temnsor(self.S, dtype=torch.float32))

return terml + term2

def R_O_star(self):
term2 = (torch.tensor(self.T, dtype=torch.float32) - self.
mu_T_pred) * \

((torch.tensor(self.V, dtype=torch.float32) - self.
mu_Y_pred) - self.theta_0 * (torch.tensor(self.T, dtype=torch.
float32) - self.mu_T_pred)) * \

(1 - torch.temnsor(self.S, dtype=torch.float32))

return term?2

Listing 3: R-star Functions Implementation

def objective(self, R_star_fn):

# Computes the objective function for any R_star function
passed as an argument

R = R_star_fn ()

expectation = torch.mean(R, dim=0) # Approximate expectation

return torch.sum(expectation*#*2) # Minimize this to get as
close to zero as possible

def optimize(self, R_star_fn, 1lr=0.01, num_epochs=1000):
# Set up the optimizer; only optimize for theta_O if alpha_O
is predefined

params = [self.theta_0] if not hasattr(self.alpha_0, ’
requires_grad’) else [self.theta_0, self.alpha_O0]
optimizer = optim.Adam(params, lr=1r)

# Training loop to minimize the objective
for epoch in range (num_epochs):
optimizer.zero_grad() # Zero out the gradients
loss = self.objective(R_star_fn) # Calculate the loss
loss.backward ()
optimizer.step() # Update theta_0O and/or alpha_O

Listing 4: Objective and Optimization Methods
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