A Proofs of Theorems

In this section, we prove the theoretical results in the Section 4.1.

A.1 Proof of Theorem 1

Lemma 1. Let (2, F,P) be a probability space and let (A;);c{1...n) be a partition of Q0. Let C be
the set of partitions of Q) whose elements have the same probabilities as (Az‘)ie{l.i.n}’ that is:

C={Udiefr..ny / UU & V,j),i#5,UinU; =25 Vi,P(U;) =P(4:)}. (8)

Ifn=2o0rP(Ay) > 1/2 then:
ZPBHA)>2><P(A1) 9)

min
(Bi)ie{1..n} EC

Proof. If n > 2 and P(A;) > 1/2, then we can write A} = A; and A5 = (|J,_, ,, 4s) and reason
similarly as in the case where n = 2 with (A4}, A%) and (Bf, B5).

In the case n = 2, we have:

P(A1NBy)+P(A2NBy)=1—-P(A;1 N By) —P(A3 N By)
> 1—P(B) — P(42)
>1-2x (1-P(A))
>2xP(A;) -1

The intuition is that no matter how the partitions are built, if P(A;) > 1/2 and P(By) > 1/2, there
is necessarily an overlap between the two subsets such that A; N By # &. O

Theorem 1. If we assume that:
AL
c (Z|Ys=k) L (Z|Y! =k),Vke{l,. . K}

then the accuracy of the main task classifier is lower-bounded:

1
P(rn(Z2)=Y]) > ZP = y,) max{O,Z <maxP(Ym =Y | Vo =ys) — ) } . (10)
Ym 2
Proof. Using that |J, {Y; = ys} = (2, we obtain using the law of total probability that:

Accuracy

POTm(Z/) - Ym/) - ZP(Wm(Z/) = Y;n/ | Y;/ = ys)P(Y;, = ys)

: (1D
= PV ZP{W ) = Ym} OV {Y =y} | VS = ys).
Ys
Let us introduce Aym ={Y! =ym | Y] = ys} and B ={mn(Z") = ym | Y] = ys}. Itis
important to note that P(Ag(ffj )= P(BZ(, )) Indeed, we know that:
P(BY)) = P(tn(Z') = ym | Y = y,)- (12)
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Moreover, we assume conditional distribution to be aligned, and 7, not to be retrained, as a result
equation (T2) can be written as:

P(BJ)) = P(mm(Z) = ym | Vs = 1s)
=P Ym = Ym Ys = Ys
e ) (13
=P(Yo = 4m | Y = 4)
— (ys)
- P(Ayz;jn )
Then, we can rewrite equation (IT]), namely the accuracy, as:
Accuracy
P(rm(2') = Yy') =Y P(Y) =y, Y P(AP:) N B, (14)
Ys Ym
Finally, without loss of generality, we can assume that the indexes of (A?(ﬂ,f))ym and (Bézfj))ym are

ordered such that:
L Ve € {L.K.}, PAP)) > P(AP)) > . > P(A));
2. Vys € {1..K,}, Vi e {1..K,,,}, P(AEyS)) _ P(Bi(ys))~

Let us now define C¥=), the set of partitions of £ whose elements have the same probabilities as

(Agys))ie{lme}. That iS,

C) = {(Uieqrney | JUi=9 V(i) #5000 =25 Vi PU;) = P(4")}
z (15)

It is clear that: (B‘(yS))ie{l...Km} e OWs),

7

Hence, it is also clear that:

SR =) S PAX N B > ST R(Y =) _min S PP nui*) (16)
Ys i Ys (U;*e)ects)

Therefore, we can lower bound the accuracy in equation (T4) using the inequality (T6) above, such
that:

Accuracy
——
P(tm(Z') = Yu') > Y PV = y,) min S PP nui) (17)
(U¥syeCws)
Ys i

Let us now separate two cases:

1. K,, >2and P(AY")) < 1/2;
2. K <20r P(AY)) > 1/2.

We shall henceforth ignore the index (y,) for better clarity.

In case 1, we simply use that:

V(U'(ys))ie{lme} c C(yS)’ZP(AZ('yS) n Ui(ys)) > 0. (18)
i

In case 2, we show that (cf. Lemmal[T):

(Bi)ie{l...Km}eCEi: ( ) ( 1) ( )
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The final result comes from the fact that:

P(A,) <1/2 = P(4;))—1/2<0

Hence the two cases are summarized by the formula:

min ZP(BiﬂAi) > maX{O,Q (miaxP(Ai) - ;)}

(Bi)ief1... km ) €EC

BN

(Y, ,Y!]), it comes

m? S

Finally, as the joint laws are assumed equal in distribution, namely (Y, Ys)
that:

P(A})) = maxP(Y;, = ym | Y] = u1)

(20)
=maxPY,, = ym | Ys = ys)-
Ym
O
A.2  Proof of Theorem 2
Lemma?2. IfY UL X | Z and X,Y,Z are discrete random variables then,
V(z,y,2) € (X( QU xY(Q) x Z(Q)) with P(X=znNZ=2)>0,
PY=y|X=2,Z2=2)=PY =y|Z=2)
Proof. ¥(z,y,2) € (X(Q) xY(Q) x Z(Q)) suchthatP(X =2NZ =2)>0:
PX=zY=y,2=2)
YV=ylX=22=2 PX =2,7=2)
cf. Assumption
B PX=x2|Y=yZ=2)PY =y, Z=2%)
B P(X=x,7Z=2)
CPX=2|Z=2)PY =y Z=2)
N P(X =2,Z=2)
 PX=2|Z=2PY =y|Z=x)
PX=xz|Z=2)
PY=y|X=2,Z=2)=PY =y|Z=2)
O
Theorem 2. If we assume that:
czLy;
c (Z|Ye=k)L(Z|Y! =k)Vke{l,. . K}
« 2V LY | Y
then the accuracy of the model is:
P(mn(Z') = Yn/'L) = Z P(Ys = ys) Z PYi =ym | Ys = y8)2 . 2n

Ys Ym
Proof. Let (2, F,P) be a probability space. Let ¥,,(Q) = Y, (Q) = {1,..., K;,} and Y5(Q2) =

Y!(Q) = {1, ..., K;}. In the following, for the sake of clarity we shall try to omit writing Y;(2) and
Y7, (€2). Thus,when no confusion is possible we shall write | J, instead of U, cy(q) -
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Using the law of total probability, with [J, {Y; = ys} = €2, it comes that:

Accuracy

—N—
P(rm(Z') =Yy5) =Y P(rm(Z') = Yy, | Y] = y,) P(Y) = y). (22)
Yo A(yg)

Similarly, we reformulate A(¥+) with the law of total probability, using that Uy, Y =ym | Y =
ys} = , and it comes that:

A(lls) = Z P(ﬂ-m(zl) = Ym | }/;/ = yvam/ = ym)P(Ym/ = Ym | Y;I = ys)
Ym

We now replace A¥<) in equation which is the accuracy, and it comes that:

Accuracy
——lN—
P(”M(Z/) = Yéz) = Z P(Ys/ = Ys) Z P(ﬂ'm(Z/) = Ym | Y =y, Yo' = ym)P(Ym/ = Ym | Y, = Ys)-
Ys Ym

(23)
If Y, 1 Z'|Y/ (assumption 3), it can easily be shown (cf. Lemma[2) for all (ys, ys,) such that
P(Y! =vys,Y, = ym) > 0, we have:
P(Wm(Z/) =Ym | Ysl = ys;le = ym) = P(']Tm(Z/) =Ym | Y;/ = ys) (24)
Furthermore, it is clear that

P(Ys/zys,Yn/T:ym):O = P(YS/:yS|YT/n:ym):O.

Hence, we can rewrite equation [23] namely the accuracy, using equation 24| for all (ys, ¥, ), and it
comes that:

Accuracy
—_——~
P(ﬂ-m(Z/) = Ym/) = ZP<YSI = ys) Z P(ﬂ-m(Z/) = Ym | }/s/ = ys)P(Ym/ =Ym | YS/ = ys)
Ys Ym

(25)

From assumption 2 on conditional features alignment, namely Vk € Y;(Q), (Z | Ys = k) < (Z' |
Y] = k), and given that the classifier 7, is fixed, it comes that:

V(Ym,Ys)s  P(mm(Z') = ym | VS = ys) = P(min(Z) = ym | Ys = ys). (26)
We assumed that the classifier 7, is perfect on the training set, such that:

Hence, combining equality [27]and equality [26] it comes that:

v(ymays); P(’/Tm(Z/) = Ym ‘ Ys/ = ys) = P(Ym = UYm ‘ Y, = ys)~ (28)

We now rewrite the accuracy, that is equation [25] using the equality 28] above, and it comes that:

Accuracy

—
P(Trm(Z/> = Ym/) = Z P(Ys/ =Ys) Z P(Ym =Ym | Ys = yS) P(Ym/ = Ym | Yy = Ys) -
Ys Ym

Joint distributions of labels

(29)
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We assumed that the joint distributions of the labels were constant over time, i.e., (Y, N Yy) 4

(Y, NY!). Consequently, we replace the test time joint distribution by their training counterpart in
equation [29] such that:

Accuracy

P(Wm(Z/) = Ym/) = Z P( s, = ys) Z P(Ym =Ym | Y, = ys)P(Ym = Ym | Y, = ys)- (30)

Ys Ym

Prior distribution

Finally, we assumed that the prior distributions of the labels are constant over time, i.e., Y 4 Y!
Therefore, we replace the test time prior by the training time prior in equation [30|and it gives:

P(mn(Z') = Y') =Y P(Ys =4s) > P(Yon =t | Vs = 1,)*. (31)

Ym

O

B Implementation Details

Joint Training. We use the same hyper-parameters as [44] to train the ResNet-50 on the classifica-
tion and contrastive tasks jointly. We set the batch size to 256 and the weight of the self-supervised
task A to 0.1 in all experiments. We train the model for 1,000 epochs on CIFAR-10 and CIFAR-100
from scratch. On VisDA, we reduce the number of epochs to 100 and warm start the training from a
pre-trained ResNet-50 due to limited training data.

Test-Time Adaptation. At test-time, we adapt the encoder using stochastic gradient descent with
a learning rate of 0.001 and momentum of 0.9. We use a batch size of 256 for the self-supervised task
and online feature alignment. Our experiments are conducted on GeForce RTX 3090.

Contrastive Task. We use the same data augmentation strategy as [[12]]. For random cropping, we
first create crops of random size and aspect ratio from raw images and subsequently resize them to
the original size. For color distortion, we set the strength of color jitter to 0.5. We set the temperature
parameter to 0.5 for CIFAR-10, CIFAR10-C, CIFAR-100 and CIFAR100-C, and 0.1 for the VisDA
dataset.

C Additional Experiments

C.1 Additional Results on Common Corruption Datasets

In addition to the bar plot in Figure 3 from the main paper, we summarize the classification errors on
CIFAR10-C with different severity levels of corruptions in Tables[C.IHC.3] Across all three levels,
our proposed TTT++ outperforms other strong baselines [8} 135} 36] by a clear margin. Specifically,
our method leads to ~23% lower classification errors on average than prior state-of-the-art methods.

C.2 Additional Results with Different Random Seeds

We follow the evaluation protocol of previous work [6, 3] and run all methods on the same pre-trained
model with the same seed. As shown in Table [C.4] the variance across different random seeds is
minimal. We therefore report our main experimental results with only one random seed.

C.3 Additional Qualitative Results

In addition to Figure 3 from the main paper, we visualize the learned representation of test images on
three other types of corruption in Figures[C.I] These qualitative results confirm that while TTT-C
itself leads to semantically more separated feature clusters, it cannot resolve the distributional shifts
in the feature space. In comparison, the full version of our proposed TTT++ is able to improve both
the feature alignment and the discriminative power of the test-time representations simultaneously.
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Table C.1: Classification error (%) on CIFAR10-C, level-5 corruptions.

brit contr defoc elast fog frost gauss glass impul jpeg motn pixel shot snow zoom Average
Test 7.01 1327 11.84 2338 2941 2824 4873 50.78 57 19.46 23.38 47.88 44 2193 10.84 29.14
BN [35] 822 827 9.66 1954 1995 195 17.11 2595 277 13.67 1372 1150 16.17 15.88 7.93 15.65
TENT(8] 7.14  7.16 828 16.86 1449 11.99 14.64 2139 22.1 12.01 11.28 9.6 1334 1216 7.15 12.64
SHOT 801 795 951 1893 1888 13.15 1642 2474 2627 1355 1339 1123 1538 1555 7.74 14.71
TFA 744 740 889 1573 12.82 1149 1294 1846 19.13 11.66 10.77 993 1267 11.73 7.03 11.87
TTT-C 5.32 5.7 8.05 1537 839 11.11 1463 19.87 1241 9.54 876 1193 13.06 991 7.1 10.74
TTT++ 520 543 773 13.08 8.09 973 1273 1570 1245 1039 852 887 11.07 875 6.31 9.60

Table C.2: Classification error (%) on CIFAR10-C, level-4 corruptions.

brit contr defoc elast fog frost gauss glass impul jpeg motn pixel shot snow zoom Average
Test 588 745 832 13.04 13.02 20.07 4331 5234 4378 17.12 1672 2645 3434 1931 8.12 21.95
BN 733 748 819 1346 13.10 11.50 15.63 2536 21.65 12.11 1235 898 1291 1670 7.05 12.92
TENT[8] 671 662 7.08 11.73 9.3 10.66 13.61 2039 17.12 10.77 10.02 856 11.04 1341 6.59 10.90
SHOT 671 690 7.66 1231 1122 10.77 1430 2249 18.68 11.33 11.13 851 11.58 1505 6.68 11.69
TFA 6.55 651 738 1176 9.96 10.03 12.65 1846 1539 1045 1036 836 10.69 12.79 6.47 10.52
TTT-C 4.85 502 6.14 10.17 6.00 847 12.84 1990 1148 10.58 8.17 743 1024 1044 6.15 9.19
TTT++ 434 481 568 952 591 774 12.08 1592 947 934 771 693 926 9.08 580 8.24

Table C.3: Classification error (%) on CIFAR10-C, level-3 corruptions.

brit contr defoc elast fog frost gauss glass impul jpeg motn pixel shot snow zoom Average
Test 564 647 573 7.69 898 1854 3696 3553 26.86 1554 16.68 13.10 28.00 16.89 7.54 16.68
BN [35] 6.95 696 7.03 927 1019 1121 1353 16.53 1584 1091 1220 842 1212 1490 7.26 10.89
TENT[8] 651 644 636 863 790 987 11.88 1426 1299 1038 1058 724 997 11.87 6.67 9.44
SHOT [36] 6.58 6.66 6.80 8.67 9.2 1046 12.14 1517 1406 1040 1093 7.74 1072 1278 6.59 9.92
TFA 632 646 6.63 861 878 1017 11.10 1323 11.54 999 1020 749 1021 12.03 6.70 9.30
TTT-C 451 481 477 679 534 899 1138 1293 863 986 809 649 949 870 595 7.78
TTT++ 426 450 4.68 647 518 7.84 992 1099 806 851 7.66 597 843 7.78 546 7.05

Table C.4: Classification error (%) of TTT+ with different random seeds on CIFAR10-C, level-5 corruptions.

Seed brit contr defoc elast fog frost gauss glass impul jpeg motn pixel shot snow zoom = Average
0 520 543 773 13.08 8.09 9.73 1273 1570 1245 1039 852 8.87 11.07 875 6.31 9.60
1 509 537 747 1262 795 944 1263 16.19 1225 1040 859 851 1122 871 6.12 9.50
2 525 550 7.69 13.04 817 946 1305 1621 1195 1049 857 848 11.14 876 6.34 9.61
std 008 007 014 025 011 0.16 022 029 025 006 0.04 022 008 003 012 0.06

(a) Test

(b) TENT

(c) SHOT

(d) TFA

(e) TTT-C

) TTT++

Figure C.1: T-SNE visualization of the representation for the CIFAR10 images with the level-5 elastic transform
corruption. Top row: per-class feature distribution. Bottom row: marginal feature distribution on the original test

images (red) and corrupted test images (blue).

19



Checklist

1. For all authors...
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(a) Did you include the code, data, and instructions needed to reproduce the main experi-

mental results (either in the supplemental material or as a URL)? [Yes] The code link
is provided in the abstract.

(b) Did you specify all the training details (e.g., data splits, hyperparameters, how they
were chosen)? [Yes] The implementation details are provided in Appendix

(c) Did you report error bars (e.g., with respect to the random seed after running ex-
periments multiple times)? [Yes] We follow the common evaluation protocol in the
test-time adaptation literature. Results of multiple runs are provided in Appendix [C|
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using/curating? [N/A]
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(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A]

(b) Did you describe any potential participant risks, with links to Institutional Review
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