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Abstract

Neural surrogate models can predict the dynamics of physical systems and general-
ize across different structures. However, they typically rely on generic representa-
tions that are not physically motivated. The dynamics of many physical systems, in
contrast, can be efficiently described through a mode superposition. Accordingly,
any system state can be decomposed into fundamental modes, where the influence
of each mode is determined by a time-varying amplitude. Directly predicting such
a decomposition with neural surrogate models could serve as an efficient and mean-
ingful representation of the system’s dynamical behaviour. In this work, we present
an implementation of this idea – the Mode Operator Network (MODEONET). We
apply it to predicting velocity fields of rectangular plates with indentation patterns,
a dynamical system in which vibrations can be described through a superposition
of eigenmodes of the plate. Our network learns the structure-dependent mode
shapes and frequency dependent coefficients to construct the plate’s velocity field.
MODEONET achieves on-par accuracy with the state-of-the-art method, is 18 times
faster, and allows for easier interpretability of the system’s behaviour, which could
enable future applications to design optimization. Code can be found here 1.

1 Introduction

Structural vibrations can affect material integrity and are prone to radiate noise. Therefore, engineers
work on minimizing them in systems such as cars, trains or airplanes. Structural vibrations are
typically numerically simulated via the finite-element method (FEM), which is compute-intensive.
Performing many-query tasks like design space exploration, optimization or uncertainty quantification
poses a high computational cost. To mitigate this high cost, researchers have explored using neural
surrogate models, trading the expense of data generation and training for fast inference [1].

In this paper, we consider linear structural vibrations induced by a harmonic excitation. In such a
system, the vibrations can be factorized into a spatial component (mode shapes) and a frequency-
dependent component (modal frequency responses). The modes can be identified by resonance peaks
in the system’s frequency response function. If the modes and modal frequency responses are known,
the velocity field for any excitation frequency can be computed via mode superposition [2]. We
introduce the Mode Operator Network, a neural network architecture for predicting a factorized
representation of physical system behaviour, where both the spatial component (mode shapes) and
the frequency component (modal frequency responses) depend on the structure. We evaluate the
MODEONET architecture on the vibrating plates benchmark dataset, which consists of 50,000
rectangular aluminum plates with varied indentations alongside their corresponding velocity fields

1https://github.com/ecker-lab/modeonet
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given an harmonic excitation [1, 3]. MODEONET reaches on-par accuracy to the current state-of-the-
art method, speeds up inference by more than an order of magnitude and facilitates interpretation.

2 Related work

Discovering low-dimensional patterns in the behaviour of systems is a long-time goal of data-driven
engineering research. For single systems, powerful data-driven decomposition methods have been
developed, such as proper orthogonal decomposition (POD) [4], and dynamic mode decomposition
(DMD) [5], that aim to discover modes [6]. Some deep learning based extensions have been
proposed to address issues such as complex domains or partial observations [7, 8]. These methods
are constrained to a single structure or domain. In contrast, a range of deep learning methods
have been developed that are able to predict field quantities for a variety of dynamical systems
and generalize across structures. [1, 9–13]. Few methods aim to combine factorization as well
as generalization across structures based on the DEEPONET framework [14], that factorizes the
surrogate modelling task into separate networks for general geometry encoding and spatial/temporal
querying (like predicting modal responses or mode shapes) [15–18]. However, in these methods
either the predicted quantity was not factorized into a spatial and temporal part [15–17] or one of
the factorization components is independent of the structure [18], limiting the transferability to
vibroacoustic systems.

3 Physical Model

In the following, we give a brief overview of the physical model. Please refer to van Delden et al. [3]
for a more detailed definition. We consider thin aluminum rectangular plates that are harmonically
excited at a point p ∈ R2 by a force with an excitation frequency ω ∈ R+. The plate is discretized
by a mesh with N vertices. A beading pattern g ∈ RN is pressed into the plate. As a boundary
condition, a rotational stiffness of r ∈ R is applied. The vibration characteristics are modelled with
the Mindlin plate theory [19]. By solving a linear partial differential equation, we can derive the
velocity field v(ω) ∈ CN . Let us consider the ith vertex of the mesh. It vibrates with an angular
frequency ω, where the amplitude and direction of the velocity orthogonal to the plate are given by
vi(ω). Due to the linearity of the partial differential equation, we can represent the velocity field v by
a mode superposition [2]:

v(ω;g, r, p) =

N∑
k=1

Φk(g, r) qk(ω;g, r, p) (1)

where Φk(g, r) ∈ CN denotes the kth mode shape, and qk(ω;g, r, p) ∈ C are frequency dependent
coefficients, in the following referred to as modal frequency response. Both the mode shapes Φk

and the modal frequency response functions qk depend on the geometry g (and boundary condition
r), whereas only the modal frequency response depends on the excitation point p. The modal
response corresponds to the shape of a harmonically driven oscillator and has a single peak at the
eigenfrequency [2]. If a mode is excited, the eigenfrequency of this mode can be identified as a peak
in the system frequency response function Lv(ω). The system frequency response is defined by the
spatial average over the velocity field and a transformation to the decibel scale:

Lv(ω;g, r, p) = log10 ∥v(ω;g, r, p)∥
2
+ const (2)

4 Mode Operator Network

MODEONET predicts a set of K mode shapes Φ̂(g, r) ∈ CN×K and their corresponding modal
frequency response functions q̂(ω;g, p, r) ∈ CK (Fig. 1). The number of predicted modes, K, was
chosen based on an empirical analysis of our dataset. Analytically, the velocity field contains as many
modes as vertices in the mesh (denoted by N). However, within the data frequency range the solution
is usually dominated by a small number of modes. When inspecting the system frequency responses
in our dataset, we found a maximum of 12 distinct resonance peaks within the 1–300 Hz range. We
therefore chose to predict K = 16 modes to provide a conservative buffer.
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Figure 1: Our MODEONET predicts mode shapes and modal responses, from which the velocity field
can be computed.

Architecture. MODEONET uses an encoder-decoder architecture based on the Frequency Query
Operator (FQO) [1]. The encoder, identical to that of the FQO, takes the plate height map, excitation
point, and rotational stiffness as input, encoding them into a latent feature representation. The
decoder is conditioned on a mode index k ∈ {1, . . . ,K} via a FiLM layer [20] to predict a single
mode, consisting of a mode shape Φ̂k and the corresponding modal response q̂k. To generate all K
modes, the decoder is evaluated separately for all indices. The decoder consists of two interconnected
branches. The mode shape branch, structured as a U-Net decoder, predicts the spatial mode shape Φ̂k.
Concurrently, the modal response branch is an MLP and predicts a feature vector representing the
modal frequency response q̂k. This feature vector is then conditioned on a specific query frequency ω
via a FiLM layer to predict the final value q̂k(ω). This design does not enforce the analytical structure
of the modal frequency response functions q to provide more flexibility during the training. Both
branches are interconnected, since mode shapes and eigenfrequencies are interdependent. The modal
response branch conditions the mode shape branch via a FiLM layer, while the features of the modal
response branch cross-attend to the feature volumes of the modal shape branch.

Loss. MODEONET learns to predict the mode shapes and modal frequency responses indirectly
using a loss on the velocity field computed via Eq. 1 and an additional sparsity constraint loss. We do
not provide ground truth mode shapes and responses during training. Our loss for the velocity field
is inspired by the STFT loss in speech models [21]. We split the loss of reconstructing the velocity
field into a magnitude Lmag and phase Lphase loss. In addition, we encourage the model to use the
smallest possible number of modes by adding a sparsity loss Lsparse, which is a group lasso on the
modal frequency response functions. The final loss is given by:

L = λmagLmag (v̂, v) + λphaseLphase (v̂, v) + λsparseLsparse(q̂) (3)

where v̂(z) are the predicted velocity fields, constructed with the predicted mode shapes Φ̂ and modal
responses q̂ via the mode superposition (Eq. 1). For the sparsity loss to be effective, we normalize the
mode shapes, s.t. ∥Φ̂i∥ = 1. A detailed definition of all loss terms is given in the Appendix A.

5 Experiments

Dataset. We make use of the vibrating plates benchmark dataset [1], in the version employed in [3].
It contains a training dataset of 50,000 plates with indentations, where for each plate 15 frequencies
are sampled in an interval of 1 Hz to 300 Hz. The dataset includes variations in indentation patterns,
excitation points, and rotational stiffness at the boundary of the plates. For testing, an additional
dataset is available with 500 plates and full solutions from 1 Hz to 300 Hz.

Training. We train the model using the AdamW optimizer [22] for 500 epochs with a weight decay
of 0.001. The learning rate is varied via cosine scheduling [23]. After a warm-up of 50 epochs, the
learning rate decays from 5 · 10−4 to 10−5.
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Figure 2: Frequency response curves with predictions from our method as well as the FQO method
for three random samples. We observe a close alignment between ground truth (FEM) and prediction.
Our MODEONET produces an excitation curve per mode, whose peaks directly match to the peaks in
the ground truth frequency response function. The residuals to the FEM solution are shown in Fig. 5

Table 1: Test results for frequency response prediction. The peak error EPEAKS quantifies whether
the correct number of peaks is predicted, while the peak frequency distance error EF measures the
deviation between the predicted and actual peak locations. For detailed definitions, please refer to [1].

Model EMSE EPEAKS EF FLOPs FLOPs ratio

FQO 0.028 0.037 1.16 1.4 · 1012 18x
MODEONET 0.028 0.043 1.04 7.7 · 1010 1x

Evaluation. We compare our results to the current state-of-the art method, the Frequency Query
Operator (FQO) van Delden et al. [1, 3], which directly predicts velocity fields instead of a modal
decomposition. To assess predictive performance, we compute the mean squared error (MSE) between
the predicted and ground-truth frequency response functions. The data is normalized such that an
MSE of 1 can be achieved by always predicting the mean frequency response. To estimate the number
of floating point operations (FLOPs) required, we predict with both models for one plate, the velocity
field for 300 frequencies. We calculate the FLOPs with pytorch’s internal FLOPs counter.

6 Results

ModeONet matches FQO performance. We first investigate the prediction accuracy of MOD-
EONET on the vibrating plates dataset by comparing to the state-of-the-art model, the FQO [1].
MODEONET achieves comparable accuracy to FQO (Table 1), demonstrating that the factorization
does not compromise predictive quality. MODEONET requires on the order of 18 times less FLOPs
for predicting a full frequency response functions than FQO. This is the case since our method
directly produces the low dimensional mode decomposition, while the FQO method needs to produce
a prediction for every single frequency separately.

Interpretability. Next, we take a closer look at the learned factorization. In a classical eigenmode
decomposition, the modal frequency response functions resemble the response of a harmonically
driven oscillator with a single peak. We observe that the learned modal frequency response functions
follow this expected shape (Fig. 2, Appendix, Fig. 3). The eigenfrequencies of a system, which
correspond to the peaks in the modal response function, are independent of the position of the
excitation point. We investigate whether MODEONET has learned this relationship by evaluating the
model for different excitation points for a single geometry. As expected, the peak positions remain
unchanged, while only their amplitudes vary (Appendix, Fig. 4).

We further observe that MODEONET predicts modal frequency responses with very small magnitudes,
which have little effect on the overall system response. Some of these still show distinct peaks. We
hypothesize that these peaks correspond to eigenfrequencies of unexcited modes. When we vary
the excitation point, these peaks appear in the system frequency response (Appendix, Fig. 4). This
indicates that the model also predicts unexcited modes.
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Appendix

A Loss Definitions

Learning a sparse factorization is closely related to dictionary learning (or sparse coding). In this
setting, the mode shapes act as the dictionary, and the modal frequency responses act as the atoms [24].
The dictionary is fixed for a single plate. However, because the plates vary across the dataset, the
dictionary also changes from sample to sample. This differs from the classical dictionary learning
formulation, where the dictionary remains constant.

As described in Section 4, the reconstruction loss is divided into two components: a magnitude loss
and a phase loss. This allows us to compute the mean squared error (MSE) between the logarithm
of the magnitude of the predicted velocity field v̂(ω;g, p) ∈ CN and the ground-truth velocity field
v(ω;g, p) ∈ CN :

Lmag(v̂, v) = Eg,p,ω

[
1

N

N∑
i=1

(
log

(
|v̂(z)i (ω;g, p)|2 + ϵ

)
− log

(
|v(z)i (ω;g, p)|2 + ϵ

))2
]

(4)

with ϵ > 0. Our evaluation metric is the mean squared error between the frequency response functions,
which are measured in the logarithmic decibel scale. The logarithm in the magnitude loss ensures
that the loss operates on a similar scale as this evaluation metric.

For small magnitude values, the phase is not meaningful. Therefore, instead of computing the cosine
similarity per vertex (i.e., per pixel), we compute it over the entire spatial domain:

Lphase(v̂, v) = Eg,p,ω

[
Re

(
v̂T (ω;g, p)v∗(ω;g, p)

∥v̂(ω;g, p)∥ ∥v(ω;g, p)∥

)]
(5)

where v∗ denotes the complex conjugate of v. This term encourages the predicted and ground-truth
velocity fields at the same frequency to align in phase.

The network should explain the velocity field of a single plate using as few modes as possible. Our
sparsity loss is applied to the modal frequency response function. Instead of the classical ℓ1 sparsity
used in dictionary learning, we employ a group lasso regularizer, which drives the entire predicted
modal response q̂k for a given plate towards zero. Again, we apply a logarithm to keep the loss on
the same scale as the log-magnitude loss:

Lsparse = Eg,p

[
K∑

k=1

log

(√
Eω [q̂2k(ω;g, p)] + 1

)]
(6)

Combining all these terms yields the final loss function (Eq. 3):

L = λmagLmag + λphaseLphase + λsparseLsparse (7)

where we choose the weights as λmag = 1, λphase = 0.1, and λsparse = 0.002.

B Additional Figures
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Figure 4: Variation of the excitation point
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