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Appendix A Detailed Notations and Definitions

* n: the sequence length.

* z, z: a n-dimensional vector representing states in a model.

* D: the vocabulary with size |D| = d.

o 2% 2% € D: the i-th token of data z, z.

* m(z): the number of mask tokens in z.

* (pt(2))tef0,1]: the DPF that connects a simple distribution py(z) and a data distribution
p1(2) = q(2).

* pyj1(z|w1): the conditional probability flow conditioned on the data.

* p1je(21|2): the posterior distribution conditioned on time ¢.

¢ «;: The mask schedule function.

* Q¢ The transition rate matrix of the unmasking process of MDM at time ¢.

* (y)1: The conditional rate matrix of the unmasking process of MDM at time Z.

* (J¢: The transition rate matrix of the masking process of MDM at time ¢.

* 0y The transition rate that uniquely determines ¢Q; in MDM settings.

* 7;: The interpolation schedule function of the geodesic curve on the high-dimensional sphere.
Also the weight function we choose in three energy functionals for energy minimization.

* B(a,b): Beta distribution with parameters a and b.

e CDF: cumulative distribution function

Appendix B An Intuitive Explanation of Geodesics

This appendix provides an intuitive introduction to geodesics and exponential maps to clarify the
geometric interpretation of MDM in [42]]. Readers seeking formal mathematical definitions of these
differential geometry concepts may refer to [5]] for complete technical specifications.

Manifolds and Tangent Spaces. A manifold is a smooth high-dimensional surface, such as a
D-dimensional sphere SP~!. In our scenario, the embedding Eq. (8) maps the per-token conditional
probability flow Eq. (3) onto SP~1, as shown in Sec. On every point y on the manifold, there
exists a tangent space 7Ty, containing all vectors starting from ¥, and tangent to the manifold.

Exponential Map and Geodesics. The exponential map is denoted as exp,, (v), which maps a
tangent vector v € Ty, to a point y; on the manifold. Geometrically, this represents moving from yq
along the "direction" of v at constant speed until reaching y;. This movement follows a geodesic
path, which is both the "shortest path" and the "straight path" between two points on a manifold,
generalizing straight lines in Euclidean space. For example, great circles are geodesics on spheres.

Inverse Exponential Map and Parameterized Geodesic Trajectory: The inverse exponential map
is denoted as exp,, 01 (y1), which maps a manifold point y; back to a tangent vector v € 7,,. This
vector encodes both direction and distance from yq to y;. Therefore, given start/end points yg and ¥
on the manifold, a geodesic trajectory parameterized by ~y; (strictly increasing with vy = 0, 71 = 1)
can be expressed as:
exp,, () = e - expy, (y1), t€[0,1] (19)
This formulation implies:
. exp;)1 (y1) is the tangent vector encoding the direction and scale that generates the geodesic
curve from yg to y;.
* 7, is the interpolation schedule and v, = ¢ means constant-speed motion along the geodesic.
Recent theoretical advances [42]] reveal that MDM’s conditional probability flow in Eq. (3) forms
exactly the geodesic curve in spherical geometry (see Fig. [6). The interpolation schedule ~; is

uniquely determined by the mask schedule oy as v, = %arcsin oy, which is equivalent with
Condition 3.4
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Figure 6: The per-token conditional probability flow in MDM generates exactly the geodesic curve.

Appendix C Proof of Auxillary Lemmas

In this section, we provide complete proofs for the auxiliary lemmas referenced in the main text for
completeness.

C.1 Derivation of the relationship between o; and o; in MDM

Lemma C.1. The mask schedule o relates to the rate o via expression

1
ap = exp (—/ asds) . (20)
t

Proof. From the definition of mask schedule in Eq. (3), it suffices to prove
1
P(z! = 2%|x;) = exp (—/ O'Sd8> . (21)
t

Consider infinitesimal time intervals (¢, ¢ — At] where each token experiences masking probability
oAt + o( At). The preservation probability therefore satisfies the following product bounds:
L(A—t)/At]+1 ' ‘
H (1 = o(—kanAt +o(At)) <Pz = x7|z1) (22)
k=0
L(A—t)/At]
[T (-oca—ranlt+o(At).  (23)
k=0

IN

Analyzing the upper bound through logarithmic transformation, we get
L(1—t)/At] L(A—t)/Ay]
H (1 = o(—kanAt + o(At)) = exp Z log(1 — o1-pat At + o(At)) (24)

k=0 k=0
L(1—-t)/A¢]
= exp Z (—o1-kat At + o(At)) (25)
k=0
) =
= exp(—/ 01—y du) (26)
0

1
(:2) exp (—/ O‘Sds) y (27)
t
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where in (1) follows from Riemann sum convergence as At — 0 and (2) applies the variable
substitution s = 1 — u to align integration limits.

The lower bound converges identically through analogous arguments. This completes the proof. [
C.2 Proof of the Invariance of Training Loss to the Mask Schedule
Different equivalence expressions of the training loss of MDM has been proved invariant to the choice

of a; in multiple works [12, |38} 36]. We adapt a proof from [[36] by examining the negative evidence
lower bound (NELBO) through token-level denoising components:

1
— O
ExBLBO = By (20) o s1) /O o os{we 1), m)dt (28)
1 . n
—O i n 3
= Epl(an),pm(z\mA T > log(wp(27,t), @)t (29)
=1

Despite the apparent dependence on «ay in its parametric form, the loss exhibits fundamental invariance
as formalized below.

Proposition C.2 (Schedule Invariance, Proof Adapted from [36]). Lygrpo is invariant to oy’s
functional form, depending only on its boundary values oy = 0,1 = 1.

Proof. The invariance emerges through variable substitution via the chain rule. Let v = log(1 — o),
then

t=1 12

LneLBo = Ep, (21),p01 (2 \zl)/ 1:aa log(we(2¢,t), z)dt (30)
(1) t=1
= Em(m,pm(zm)/ log(zg (21, t), x)d[f(t)] (3D
2 =
= By (@1),per (2l21) . 10g zo(2p-1(y), f 1 (7)), x)dy (32)
3) e
= EPl (z1),pe1(2]21) /y log(Zg ZW’V)aC@d’Y (33)

Here (1) applies the substitution f(¢) = log(1 — ax). (2) applies change of variable v = f(¢). In
(3) we let z, = Zf1(y)s Z9(Zy,7) = wg(Z,, f~1(7)). The final expression contains no explicit
dependence on o ’s trajectory between its fixed endpoints, thereby establishing the claimed invariance.

O

C.3 Derivation of Conditional Rate Matrix of MDM

Although explicit sampling through @ (2, 2|21 ) remains unnecessary in MDM, establishing closed-
form representations proves valuable for theoretical characterization.

Lemma C.3 (Conditional Rate of MDM). The following conditional rate matrix generates MDM’s
unmasking process:

pej1 (z]21) fi(;*t Z—> T =T
T >0 ¢
Q (Z .1?‘.131) _ @(xaz)pﬂl(»ﬂfl) pl\t(fﬂl!z) — ,Zwiz Qt(z,xlzl) =z .
0 otherwise .
0 otherwise

(34)
Here z — x denotes single-token unmasking transitions defined in Sec[2.1jand x = x, denotes that
x1 can be generated from x through one or several steps of unmasking.

Applying Bayes’ theorem establishes the posterior relationship:

P (2]@1)p1(21)

35
() (35)

put(ﬂh\ z) =
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we know that the positivity condition p;¢(x1]2) > 0 consequently requires py;(z|z1) > 0 and
z = x1, ensuring the rate matrix’s well-posedness.

Proof. To verify that Q;(z, z|z1) generates MDM’s demasking dynamics, we confirm the consistency
condition in Eq. (6) holds. We verify this through the following derivation:

ZQt z, lz1)prje(21]2) ZQt z,zlz 1)W (36)
pt|1 |$1)Pt\1(z|$1)P1($1)

726 pt|1 zlz)  pilz) GD

= 25 PRSP xZ(l)?l(xl) (38)

= @(m, Z)pi(z) = Q¢(z,x). (39)

We subsequently derive its closed-form of Q;(z, z|x1). If x % x4, then pyj; (z]x1) = 0, yielding
Q+(z,z|x1) = 0. If z — x = x1, on the other hand, we have
Pt|1($i|x?1)

V.
Qt(Z,l’kL’l) _Qt(x’Z)pt‘l(Z”mli) (40)

Qi

9

¢ 1-— Qg
thus completing the proof. O

C.4 Decomposition of Conditional Kinetic Energy along Sequence Dimension

In this section, we show that under many DPF frameworks such as MDMs, the conditional kinetic
energy can be decomposed along sequence dimension as following:

5C(pt\1’ Qt|1; V) = Et:m(wl)mm(zul) xgz m@ﬂl(zv x‘xl)Q 41
pt|1(2\961) 2
=E , (z — z,z|T 42)
t,p1(x1) . wZZ?éz 7tpt\1($|I1)Qt|1( | 1)
W e (2'|21) L
Et pl(ml)ZC Z 7”1 Qt‘1(21,$1|$1)2 (43)

Yipe1 (z*]x1)

zt itz

= ZCEt’Pl(ml)vpt\l(zi‘zl) Z

=1 ILf# i

Q Zi,l'il' 2 (44)
Fepepr (@] 21) th 1)

The pivotal decomposition in (1) leverages two structural properties: (i) The conditional probability
flow (Eq. (3)) exhibits token-wise independence, and (ii) The conditional rate matrix (Lemma|C.3)
nullifies transitions altering multiple tokens simultaneously. These enable reduction of full-sequence
transitions to single-token operations, with remaining n— 1 tokens contributing constant combinatorial
factors. This structural property persists across various DPF implementations including MDM and
Discrete Flow Matching [32} [37]], validating the conditional kinetic energy as theoretically sound
surrogate objective. Notably, standard kinetic energy £ lacks such decomposition due to p¢(z)’s
dependence on cross-token correlations.

For MDM’s binary mask dynamics (x4 vs. [MASK]), the combinatorial constant becomes C' = 2"~ 1:

Ecla, 1) = 2t ZEt,p1(x1)7pt\1(Zi\f61) Z

i=1 rhixpitzt

_ 24t z)? (45)
Sepan (i) S 5717
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This decomposition permits notational relaxation where &, analysis considers tokens z,x € D
independently of sequence context, a slight abuse off notation adopted in Appendix [D.2]s equivalence
proof.

Appendix D Proof of Main Results

D.1 Proof of Theorem [3.1]

Theorem 3.1 (Kinetic-conditional equivalence in MDMs). For any weight function v, and MDM
with mask schedule o, the marginal and conditional kinetic energies are proportional:

gk(an%) = Clgc<ataryt)a (46)

where C is a scalar depending only on the sequence length n and vocabulary size d. As a result, the
two objectives share the same minimizers:

argmin & (ay, v) = argmin (v, V¢). 47)
i [e27

Our argument leverages a foundational decomposition from [44] regarding concrete score representa-
tions:

Lemma D.2. for z = (21, ..., 2" = [M],..2"), @ = (2}, ...,2% # [M], ...2"), we have

pe(z) A i\, UM
= p1(x'|z , (48)
pt (Z) 1 _ Oét 1 ( I )
where 2UM is the vector consists of all unmasked tokens of .

We now prove the main theorem:

Proof. Let m(z) quantify the masked positions in z, assumed w.l.o.g. to occupy initial sequence
positions. The key summation decomposes as:

m(z)

Pt j Z Z pi(z) (49)

x: z—)w = Tt z—>m pt (Z)
ziAzt=
m(z)
= ——po(a’[=") (50)
i=1 zi£[M]
m(2)
o
= 17ta Z po(zt[2VM) (51)
i=1 b riAM
Qi
= . 52
m(z) 17— o (52)
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& =E P pi(a) )’
k= Lt pi(2) . Ot (53)

e pt(x)% pe(z)
2
pi(z 2pt (z)
_—) (54)
22 "
o} pe(w
=Ey > (55)
zZ Tiz—T ’Yt pt
o8 Z (z) 2 "? (56)
! 1—ary
2
Zm e T (57)
1 —ar
0.2
£ Cy - Ky = (58)
1 - g

Here we define Cj, = ), m(z). On the other hand, the conditional kinetic energy can also be break
down as

1 pep (@l )>2
Ee = Bt pi(a1)pes (22 - < (59)
tp1(w1),p4)1 (2] 1)90;:]0 pup (|71) pt|1( 2|z1)
o pe(]a1)
= Et,pl(zl) Z i He (60)

Tt pt|1(z\~T1)

Z,L:Z—T=T

2
(0% g.
=Eipy(a) P, T—— (61)

l1—«
Z,QT:Z—>IE=>ZC1 t ’Yf

<Z Y n ))Etl_atf (62)

T1 2, Z2—T=T1

2
=02 (Y pu(ar) | Bt 70 (63)
o 1—ar

2
= n2" 1R, ¢ (64)
— Qg %
2
20, Byt Tt (65)
1—oy

This expression of &, is equivalent to the decomposition in Appendix [C.4]by plugging in the explicit
form of Qy),. The proportionality constant C; = C}/C.. emerges from comparing both expressions,
with C, C, depending solely on architectural parameters n and |D| = d. The minimizer equivalence
follows directly from the strict positivity of scaling constants.

O

D.2 Proof of Theorem[3.2]

Theorem 3.2 (Conditional-geodesic equivalence in MDMs). For any weight function v, and MDM
with mask schedule o, the conditional and geodesic energies are proportional:

gc(Oét77t) = 0259(041&771‘,)7 (66)

where Csy is a scalar depending only on the sequence length n. This implies that they share the same
minimizers:
argmin & (ay,v:) = argmin & (o, ). (67)
ot Qi
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Proof. The geodesic energy is inherently defined using the token-wise independent conditional flows
in Eq. (3), therefore it admits straightforward decomposition along sequence dimensions. In MDM
case where all tokens follows the same mask schedule «;, we further have

4

Eq (P13 =EE o) (2] ————— g1 (2" ]w1)? (68)
9( t|1 ,Yt) P t,p1(x1),p¢)1 (2% l)vtpt|1(2’l|fljl) yt|1( | 1)

—n E A i) 69

T Bt ,p1 (21),pe)1 (27 \wl),ytp |1(Zl|x1) ytll(z |(E1) (69)

4

—_— Zi xZ 2 70
TEE R 7

A
= Cg By p(@1)pe (2]21)

On the other hand, through dimensional decomposition established in Appendix [C.4] the conditional
energy admits:

n
Ec(pe1, Quisye) =271 ZEt,pl(m)mm(Zi\zl) Z

i=1 wiritz

=Ce- Et,Pl(ﬁl)»Pm(Z”ml) Z

zhipitzt

Q2 z)? (7D
S @) (2 z'|zr)

1

7@ Zi,l‘i x 27 (72)
’Ytpt‘l(xl‘xl) tll( ‘ 1)

Where we define C. = n2"~! as in Appendix Therefore, The equivalence proof reduces to
n = 1 analysis through notational relaxation, treating z, x € D as individual tokens.

Leveraging the rate matrix expression from Lemma[C.3] we have

1 Py (zlz1)
Ec(pejrs Quprsve) = Et,pl(wl)% Z mQt|l(zax|$1)2 (73)
2, 2—T=T]
1 Pey1(2]71) ( [of1e% >2
=E ) (74)
t,p1 ( 1)% Z—[M]Zz—a:l pt\1($|$1) 1—oy
1 1 — Ot ( OOt >2
=Et pi(e1) = — | (75)
b 1)% z—[l\%;r—zl o 1— oy
1 Jzat
=Ein@) 5 T o (76)

which is equivalent to the expression in Appendix [D-I|by letting n = 1. Applying the relationship
&+ = ooy deduced from Eq. (ED, we get &, = oy oy, therefore we further have

.2
1 ay

_ 77
Ve at(l—at) n

EcPeyrs Quus ) = By py(a) =+

On the other hand, applying Eq. @) &y inn = 1 case can be expressed as

4 d 2
5g(pt\1§%) Etpl(zl)7 Z(dt“p“ |£C1)> (78)

Ep(en Z 5;1 'j;l (19)

- Et’pl(zl)% zz: atztl((%)lf)(l_—dl;g()sﬁzz) (80)

*Et’p‘(x‘)vl Z + Z 1_at (81)
foml 2=[M]

- Et%(zl)% (fi + (1(_13%) . (82)
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-ttty Tt 83
af(l—op) o + (1—ay)’ ®3)

the functional equivalence in scalar case is established, extended to n-dimensions through the
dimensional scaling factor Cy = C./C, = 2"~'. The minimizer equivalence follows from strict
positivity of scaling relations. O

D.3  Proof of Example

Example 3.3. When n = 1, the kinetic, conditional kinetic, and geodesic energies all reduce to:
o a2

) = [ — —2
(@0,7) o Fe ou(l—oy)

dt. (84)

Proof. Inthe n = 1 case, we have

Cr =y m(z) =m((M])) = 1; (85)
C.=n2""1t=1; (86)
C,=n=1 (87)

Therefore, we have C = C = 1 and the three energy functions share the same form Eq. (I4). O

D.4 Proof of Lemma[3.3]
Lemma 3.5. Under Condition the schedule o minimizes the geodesic energy.

Since the geodesic energy (Definition is defined by summing the token-wise conditional proba-
bility flow, we only need to focus on the one-dimensional case. Therefore, we abuse notation slightly
by regarding z € D:

5g(pt|1;%) = Et,p1(l’1)7pﬂ1( |zl)m yt\1(2|$1)2 (88)
4 .

=Bt py (a1) Z = Gip1 (2]21)? (89)

=E, Lo 3 ||yt|1|| (90)

Here Y1 denotes the d-dimensional embedding vector induced by the embedding Eq. (§ . Therefore,
the minimizing problem becomes:

1
IOl
vy ) o
st ly(®)]] = 1,9t (92)

For baseline case v; = ¢, we construct the augmented functional with Lagrange multiplier A(¢):
1
Lly] = /O (g1 =A@ (ly@OI* — 1)) dt. (93)

The Euler-Lagrange formalism yields:

— - —— =0, 94
dy dt Jy ©4)

from which we derive the critical differential relationship:
i =Ay. (95)
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from ||y||? = 1 we have yij + ||7||> = 0, therefore we have
=1911* = yii = Allyll* = A (96)
Plugging this expression of X into Eq. (93), we get

i =~y (97)

which corresponds to the uniform circular motion with its acceleration pointing towards the center of
the sphere. Therefore, the route follows the great circle connecting yo and y;. In MDM case where
Yo = Opn) and y; represents clean data without mask token, we have yq - y1 = 0. Therefore, the angle
between yg and y; is 7/2 and the curve shares the following simple form:

y(t) = yo cos(=

S0+ sin(gt). 98)

Now we generalize to arbitrary v; schedules through temporal reparameterization:

1 2 1y 2
argmln/ 91l dt = arg min / Mdt 99)
y(t) A(t) y(v(1)) ¥(t)
= ar mln 23 (100)
s min [ 19205
fargmm/ ||Ch (101)

Therefore in ordinary ~; cases, the optimized route is the geodesic curve rescheduled by interpolation
schedule v;:

™ . ™
y(t) = vo 608(5%) + 51n(5%)- (102)

By squaring both sides of Eq. (I02)), we further recover MDM’s conditional probability flow:

1 s o T
Py (1) @ Do 0052(5%) +m Sln2(§7t) (103)
=a;p1 + (1 — af)po, (104)

where (1) leverages orthogonality py - p1 = 0. Therefore, we proved that MDM with schedule
schedule o} generates the minimal-length curve as well as minimal-energy conditional probability
path, validating and generalizing the conclusion in [42] from a energy perspective.

D.5 Proof of Theorem 3.6

Theorem 3.6 (Kinetic energy minimization). Under Condition[3.4} the MDM schedule o} simultane-
ously minimizes all three energy functionals.

Proof. Theorem 3.1} Theorem [3.2] and Lemma [3.5]collectively establish that o} optimizes the three
functionals over all mask schedules «;. This conclusion forms the theoretical foundation for our
data-driven schedule tuning framework presented in Section[3.3]

However, & and &, are defined on both probability flows and rate matrices. Therefore, it remains to
be further proved that when the probability flow uniquely induced by « is fixed, the conditional rate
matrix, which is also determined by «, still minimizes the energy functionals, i.e.

Qu(ar) € arggli‘ngc(pt\vaﬂl;'yt)v (105)
t|1

where Q) (af) refer to conditional rate matrix in MDM case derived in Appendix under
Condition [3.4] We adapt the following key result from prior analysis [37]of the v; = t case:
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Lemma D.7. The following conditional rate matrix minimize the conditional kinetic energy E. when
the probability flow pi(x) and weight function vy, = t is fixed, i.e.

&y

arg Ig?lfi‘lllgc(pﬂthu;% =t) = Q1 (2 zlr1) = (62, () = 62()), (106)

1—Oét

where the arg min is taken over any possible Qy|, that generates the fixed probability flow.

Here o is defined using the conditional probability flow under Discrete Flow Matching (DFM)
settings, resembling the MDM case (see Eq. (3)) by conditioning on both ends (t = 0 and ¢ = 1)
of the flow. In the case when po(z) = dpy(2), it coincides with the mask schedule defined in our
work. The notation is also slightly abused by regarding z, x € D justified by the decomposition of
conditional kinetic energy in Appendix

We now demonstrate a non-trivial result: MDM under Condition [3.4] inherently achieves optimal
conditional rate matrices for arbitrary -y, despite structural constraints.

First, consider v, = ¢t where Appendix yields the conditional rate matrix. We demonstrate that
MDM achieves the optimal velocity specified by the RHS of Eq. (D.7). For n = 1, the conditional
rate matrix simplifies to:

{ﬁz’; z=[M],z = ) 1(—%&“ z=[M],x =1
Qui(z,zlz) =4 —12% z=[Mlz=2 =q{-125 2=[Mlz=2z , (107)
0 otherwise 0 otherwise

where (1) follows from the identity ¢&; = «;0, established in Eq. , thus completing the v, = ¢
case.

For general +;, we reformulate the conditional kinetic energy using Definition 2.2}

EQuuin) =Eiz- Y fem,m)Qua(aale) (07 (108)

t z,x,x1€EA

where f and A are independent of (). We first establish the following key lemma:

Lemma D.8. If

Q*(t) €argminE, Y f(z,2,21)Qyu(1)?, (109)
Qen zZ,x,x1 €A
then we have
. . 1
Q*(n) € arginE, — > fea)Quu(t) (110)
|1 t
z,x,x1EA

where the arg min is taken over any possible Qy|, that generates the fixed probability flow.

Proof of the lemma follows via the substitution W, = Qy1(t). Let

N : P2
W*(t) € arg‘I/Ir}%gEt Z f(z,x,21)W(t)7, (111)

z,x,x1€A

then W*(t) = Q*(t). Therefore, we have
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argmlnEt— Z fzx $1)Qt\1() (112)

Qi Tt z,x,x1EA
d
=— |ar mlnE — 2@, 21 ) WP (113)
dt g t’yt z:v%l:GAf 1) '
= — |arg min E;— 2, @, 21 ) (—2)? (114)
dt gWW(n t% ”zz;eAf 1)( dt )
d AWy /dt
= — argmmE’y flz,x,x (115)
z|Epn B 2, S
d aw,
== argmlnE Z flzyx,21)( . 72 (116)
L z,x,x1EA
d . " .
5 S0V = @ (e )

proving this lemma. Given MDM’s optimality under v, = t, i.e.

msin(5t) cos(5t) ™
= = mtan(=t 118
cos?(5t) T an(2 ), (118)

&y

Q*(t) = Qt\l(a:)

1—Ott

Ye=t ye=t

it remains to prove that the conditional rate matrix in MDM in general ; cases satisfies the LHS of
Eq. (IT0). Since we have

msin(§ye) cos(5ye)Ye
= Y = 7 tan(
o cos?(5t)

vy

™ .
*’Yt)’th (119)

Quilaf) = -

l—ozt

thus Q41 (a;) = Q*(7¢)¥: and MDM’s intrinsic optimization across arbitrary ; is obtained. Remark-
ably, this result transcends geodesic energy &, (defined solely through py;), demonstrating MDM’’s
dual optimization of both probability flows and sampling matrices despite structural constraints. [

D.6 Proof of Proposition 3.7
Proposition 3.7. Linear and squared cosine schedules correspond to specific beta parameterizations:

ar=t <& v =CDFpys5,0.5)(), (120)
a; = sin? (gt) & g =t=CDFg(1(t). (121)

Proof. The probability density function (PDF) of the Beta distribution B(a, b) is defined as:

xa—l (1 _ x)b—l

;a,b) = 122
p(‘r’ a7 ) B(CL7 b) b ( )
where B(a,b) = I'(a)I'(b)/T'(a + b) is the normalizing constant.
For the case a = b = 0.5:
I'(0.5)I'(0.
B(0.5,0.5) = L©5r05) _ (123)
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The cumulative distribution function (CDF) is therefore given by:

CDFg(0.5,0.5 (124)

t 1
@) :/0 T

1) arcsin v/t 1
i / —————(2sinf cos Hdh) (125)
0

7 sin 6 cos 6

2
= Z arcsin V1. (126)
s
where step (1) employs the trigonometric substitution = sin®#. Therefore, when , =
CDFB(()_5,(].5) (t), we have
o = sinz(g'yt) — ¢ (127)
Forthecasea = b = 1:
rra)
B(1,1)= —=—+=1. 128
LY =—F5 (128)
Therefore the CDF simplifies to
CDFp(1,1)(t) = / 1dt =t, (129)
0
inducing o = sin®(Z%t). This completes the proof. O

Appendix E Experimental Details

E.1 Standard Benchmarks and Evaluation Settings

In this section, we briefly introduce the evaluation benchmarks and describe the experimental details.

Building upon established practices in LLM evaluation [30} 41} [43[], we evaluate performance across
key dimensions including: general ability (BBH [28]]), mathematics (GSMS8K [10]], Hendrycks
MATH [11]], Minerva MATH [18]]), and code generation (MBPP [7], HumanEval [9]). Evaluation
follows the conditional generation paradigm, where models produce completions given task prompts,
with performance quantified through exact match or other domain-specific evaluation metrics.

Our implementation leverages the open-source pretrained weights and evaluation toolkit from
LLaDA [43]], modifying only the mask schedule that governs the iterative unmasking process.
The mask schedule affects the number of tokens unmasked at each step, with certain schedules
permitting zero-token unmasking during the process. Therefore, generation quality discrepancies
occur even when sampling steps are set as the sequence length. All experiments can be efficiently
conducted on a single NVIDIA A800 GPU.

E.2 Additional Results and Raw Data

Fig. shows the result of our main experiments on benchmark BBH [28] and GSM8K [10]], where our
beta-parameterized schedules exhibit comparable yet not better performance than the linear schedule.

Tab. [T}{6] shows the raw data of all our main experiments. We highlight entries matching or exceeding
the highest mean within statistical variance (£ 1std) in bold.

E.3 Additional Samples
We present comparative samples from identical tasks and sampling steps under different schedules.

Fig.[7illustrates how optimized schedules produce mathematically coherent outputs, while Fig.[§]
provides code generation examples demonstrating better quality.
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Figure 7: Performance evaluation of energy-optimized schedules on BBH [28] and GSMS8K [10] where our
beta-parameterized schedules exhibit comparable yet not better performance than the linear schedule.
Each panel corresponds to a distinct benchmark. The x-axis displays sampling steps on a logarithmic scale,
while the y-axis quantifies task performance, where higher values denote superior generation quality.

Table 1: Performance evaluation of beta-parameterized schedules on MBPP [7]] benchmark. All experiments
fix generation length at 256 and higher values indicate better sampling quality.

Interpolation Schedule \ Mask Schedule \ 8 16 32 64 128 256
Manually Designed Schedules

CDF(B(0.5,0.5)) t 0.20+£0.20 2.00+0.63 6.40+1.10 16.4+1.66 28 +2.01 40.6 £2.2
- sin(5t) 0204+0.20 0.440.28 3.84+0.86 104+1.37 19.8+1.78 28 +£2.01
CDF(B(1,1)) sin®(Zt) 144053  4.8+0.96 13.8+1.54 206+1.81 352+214 40.2+2.19
Beta Reparameterizing Schedules
CDF(5(0.3,0.9)) - 0.204+0.20 0.20£0.20 0.204+0.20 0.20£0.20  0.20 £0.20 1.6 £ 0.56
CDF(5(0.9,0.3)) - 444092 144+157 234+19 348+213 398+219 40+2.19
CDF(B(1,0.2)) - 58+1.05 154+162 238+191 324209 362+215 38.8+2.18
CDF(5(0.9,0.9)) - 1.6 +£0.56 5+0.98 11.6+143 206+181 354+214 39.8+2.19

Table 2: Performance evaluation of beta-parameterized schedules on HumanEval [9] benchmark. All
experiments fix generation length at 256 and higher values indicate better sampling quality.

Interpolation Schedule | Mask Schedule | 8 16 32 64 128 256
Manually Designed Schedules
CDF(B(0.5,0.5)) t 1.83 £1.05 1.83 +£1.05 5.49+1.78 11.59+£2.51  25.61+3.42 32.32+3.66
— sin(%t) 1.83 £1.05 1.83£1.05 3.06 £1.35 7.32 £2.04 17.07 +£2.95 25.61 + 3.42
CDF(B(1,1)) sin2(%t) 4274158 11.594+251 13414267 2256+3.27 27.44+349 31.3+£3.63
Beta Reparameterizing Schedules

CDF(B(0.3,0.9)) — 1.83+1.05 1.83 +1.05 1.83+1.05 1.83 +1.05 1.83+1.05 1.83 +1.05
CDF(B(0.9,0.3)) — 4.88 +1.69 12.8+262 1768+299 2439+336 31.71+364 31.1£3.63
CDF(B(1,0.2)) - 10.37£2.39 14.02+2.72 20.73+3.18 26.83+3.47 28.66+3.54 29.88+3.59
CDF(B(0.9,0.9)) — 3.05+1.35 7.93+2.12 10.37+£2.39 24.39+3.36 28.66+3.54 32.32+3.66

Table 3: Performance evaluation of beta-parameterized schedules on BBH [28] benchmark. All experiments
fix generation length at 128 and higher values indicate better sampling quality.

Interpolation Schedule | Mask Schedule | 8 16 32 64 128
Manually Designed Schedules

CDF(B(0.5,0.5)) t 12.76 £0.32 15.83+0.34 17.32+0.34 17.91+0.35 19.29+0.35

- Sin(%t) 11.95£0.32 14.58 £0.33 16.36 = 0.34 17.42 £ 0.35 18.06 £ 0.35

CDF(B(1,1)) sin®(Zt) 112942031 14214032 16834£034 17.32+£035  18.6+0.35

Beta Reparameterizing Schedules

CDF(5(0.3,0.9)) - 3.7+0.22 912403 12044031 16824034 17.23+£0.35
CDF(B(0.9,0.3)) - 7714027 1015403 13524033 16134034 1848 +0.35
CDF(B(O.S7 0.5)) — 12.23 £ 0.31 15.87+0.34 17.02+0.35 17.11 £ 0.34 19.124+0.35
CDF(B(0.7,0.7)) - 12.244£0.32 14914033 16664035 17.6+035 19.28 £0.35
CDF(5(0.9,0.9)) - 11674031 14332033  16.73+£034 17624035  18.85+0.35
CDF(B(1.3,1.3)) - 102029 13794032 16362034 17464035  17.88+0.35
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Table 4: Performance evaluation of beta-parameterized schedules on GSMS8K [10] benchmark. All
experiments fix generation length at 128 and higher values indicate better sampling quality.

Interpolation Schedule | Mask Schedule | 8 16 32 64 128
Manually Designed Schedules

CDF(5(0.5,0.5)) t 2.43 +£0.42 18.204+£1.26 40.26+1.35 48.37+1.38 49.20+1.38

— sin(%t) 0.53£0.20 6.44 £ 0.68 27.37+£1.23 45.03 £1.37 47.08 £ 1.37

CDF(B(1,1)) sin?(Zt) 4324056 17594105 3647+133 46.70+£137  47.76 £ 1.38

Beta Reparameterizing Schedules

CDFE(B(0.3,0.9)) - 0.61+£022 091+£0.18  099+027  212+040  8.42+0.76

CDF(B(0.9,0.3)) - 6.14+0.66 1539+0099 20424126 39.20+1.34  46.70 = 1.37
CDF(B(0.8,0.8)) - 4.62+058 19.64+1.09 40.26+1.35 46.02+1.37 48.52+1.38
CDF(B(0.9,0.9)) - 4784053 19944110 3654+1.33 45494137 4814+1.38

Table 5: Performance evaluation of beta-parameterized schedules on Hendrycks Math [[11] benchmark.
All experiments fix generation length at 256 and higher values indicate better sampling quality.

Interpolation Schedule | Mask Schedule | 8 16 32 64 128 256
Manually Designed Schedules

11.5+£0.44 11.58 £ 0.44 12.78 £ 0.46 16.3 £0.51 18.86 £0.54 20.24 +0.56
11.5+0.44 11.5£0.44 11.68 £ 0.45 14.36 £ 0.48 17.9+0.53 18.84 £0.54
12.02 £0.45 16.54 +0.51 18.8 +0.54 19.3 £0.55 20.184+:0.56 20.18 £0.56

Beta Reparameterizing Schedules

Sm( t)

CDF(B(0.5,0.5)) ¢
sin (2 t)

CDF(B(1,1))

CDF(B(0.3,0.9)) — 11.54+0.44 11.54+0.44 11.54+0.44 11.54+0.44 11.484+0.44  11.524+0.44
CDF(B(0.9,0.3)) - 16.32+£0.51 18.76 £0.54 19.5+0.55 19.9+0.55 20.18+0.56 20.08+0.55
CDF(B(1,0.2)) - 18.44+0.54 1888+0.54 19.58+0.55 19.98+0.55 20.02+0.55 19.98+0.55
CDF(B(0.9,0.9)) — 11.64+0.44  15.82+0.51 18.54+0.54 19.28+0.55  20.2 £0.56 20.2 £0.56

Table 6: Performance evaluation of beta-parameterized schedules on Minerva Math [18]] benchmark. All
experiments fix generation length at 256 and higher values indicate better sampling quality.

Interpolation Schedule | Mask Schedule | 8 16 32 64 128 256
Manually Designed Schedules

CDF(B(0.5,0.5)) t 0.124+£0.05  0.50+0.10 4.70 £0.30 16.54 £0.51 26.68 £0.59 30.10+0.61
— sm(%t) 0.04+0.03 0.26 +£0.07 0.92+0.13 8.74 4+ 0.39 21.70 £0.56  27.26 & 0.60
CDF(B(1,1)) sin (%t) 0.30+0.08 1.84+0.19 6.50 £ 0.34 15.94 £ 0.50 25.8+0.59 29.20 +0.61
Beta Reparameterizing Schedules

CDF(85(0.3,0.9)) — 0.04+£0.03  0.12+£0.05 0.06 £ 0.03 0.20 & 0.06 0.34 £ 0.08 0.90 £0.13

CDFE(B(0.9, O 3)) - 1.40+0.17 5.56+0.32 13.16+0.46 20.84+0.55 26.84+0.59 29.36+0.61
CDF(B(1,0 - 1.28+0.16 4.82+0.30 10644043 17.14+£0.51 23.68+0.57 26.78 +0.59
CDF(B(0.9, 0 9)) - 0.18+£0.06  1.484+0.17 6.90 + 0.35 17.28 £0.51 26.0+0.59 29.54+0.61

E.4 Details of Toy Sampling Experiment in Fig. 4]

The implementation of the toy experiment in Fig. 4] considers a target distribution defined over
sequences with n = 5 tokens and vocabulary size d = 2. This configuration yields 32 distinct
sentences, indexed from O to 31 on the x-axis.

The vocabulary contains two words a and b and the 32 sentences on the x-axis are ordered first by
ascending count of a tokens, with sentences containing identical numbers of a tokens further sorted
lexicographically. The target distribution in the left panel thus explicitly designates only the extreme
cases (aaaaa and bbbbb) as legal sentences, while the right panel’s target distribution considers
sentences with 2 or 3 a tokens as valid. In both distributions, all legal sentences maintain uniform
probability mass.

Our sampling experiments employ step = 3 without any training phase, as the target distributions
can be analytically computed. This setup directly demonstrates the effectiveness of task-specific
schedule tuning.
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Table 7: Comparison of beta reparameterized and manually designed schedules on math-reasoning task
Hendrycks Math [11]. Sampling steps set as 64.

Prompt

In a 8 fluid ounce bottle of Vitamin Water, there are 125 calories. How many
calories would be contained in a 12 fluid ounce bottle? Express your answer
in decimal form.

Beta Parameterized Schedule Manually Designed Schedule
7+ = CDFp(0.9,0.3) (1) ap =1t

find the 12 fluid ounce bottle, we need 187.5
to multiply the number of calories in ~ Solution:

the 8 fluid ounce bottle by 1.5. 125/8 = 187.5
So, the answer to be 125 * 1.5 = 1:8=125.5
187.5.. 1:1=125.5

Therefore, the answer 187.5 calories 1:2 =125.5
are contained in a 12 fluid ounce bottle 1:3 =125.5
of Vitamin Water.input:: 1:4=125.5

1:5=125.5
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Table 8: Comparison of beta reparameterized and manually designed schedules on code-generating task
HumanEval [9]]. Sampling steps set as 64.

Prompt
def bf(planetl, planet2):

999

There are eight planets in our solar system: the closerst to the Sun is Mercury,
the next one is Venus, then Earth, Mars, Jupiter, Saturn, Uranus, Neptune.
Write a function that takes two planet names as strings planetl and planet2.
The function should return a tuple containing all planets whose orbits are
located between the orbit of planetl and the orbit of planet2, sorted by the
proximity to the sun. The function should return an empty tuple if planetl or

planet2 are not correct planet names.

Examples bf("Jupiter", "Neptune") ==> ("Saturn", "Uranus") bf("Earth",
"Mercury") ==> ("Venus") bf("Mercury", "Uranus") ==> ("Venus", "Earth",

"Mars", "Jupiter", "Saturn")

999

Beta Parameterized Schedule
7+ = CDFp(1,0.2)(t):

planets = ("Mercury”, "Venus",
"Earth", "Mars", "Jupiter", "Saturn",
"Uranus", "Neptune")

if = planetl and planet2 and
planets.index(planetl) <  plan-
ets.index(planet2)

return = planetsplan-
ets.index(planet.index  (planetplan
planets.index(planetl) + 1: plan-

ets.index(planet2)
return ()

Manually Designed Schedule
Qy = t:

planets = = ("Mercury", "Venus",
"Earth", "Mars", "Jupiter”, "Saturn",
"Uranus", "Neptune")

planets = = ("Mercury", "Venus",
"Earth", "Mars", "Jupiter", "Saturn",
"Uranus", "Neptune")

planets = = ("Mercury", "Venus",
"Earth", "Mars", "Jupiter", "Saturn",
"Uranus", "Neptune")

planets = = ("Mercury”, "Venus",
"Earth", "Mars", "Jupiter”, "Saturn",
"Uranus", "Neptune")

planets = = ("Mercury", "Venus",
"Earth", "Mars", "Jupiter", "Saturn",
"Uranus", "Neptune")

planets = = ("Mercury", "Venus",
"Earth", "Mars", "Jupiter”, "Saturn",
"Uranus", "Neptune")

planets = = ("Mercury", "Venus",
"Earth", "Mars", "Jupiter", "Saturn",

"Uranus", "Neptune")
planets = =
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