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A PROOFS

Lemma 1. Ler X be a non-negative random variable and ® be a continuous function on [0, ). If
' is integrable on all closed intervals in [0, c0),

{e>t,t>0}

I
&
e
_|_

m)_

8 A
o~
v
(e}
2

I
&
e
_|_

I
&
e
_|_

3
N
C\H

A
/-:
=

Q

Iy

~__
i~}
—~
&
QU
5

(®(x) — ®(0)) p(z)dx (2nd FTC)
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Lemma 2. Under the choice of () above and its associated @/ (-),

E. e~ (0,0) [P, (d(xi, To(25)))] = 7 _/5 Pr(d(xi, Tp(z;)) < t)dt.

Proof. By definition, ®,,(0) = ;.

Bz (0.0) [P (d(%i, Ty (25)))] = @7,(0) + / @7 (t)Pr(d(xi, Tp(z;)) > t)dt (Lemma 1)
0

= 57’1' +/ Z Pr(d(xi,Tg(Z]‘)) Z t)dt
3

Ti

S /5 (1= Pr(d(xi, To(z;)) < 1)) dt

=0+ (1, — 013) — / Z Pr(d(xi,To(z;)) < t)dt
6T

=7 — /;i Pr(d(x;,Th(z;)) < t)dt

Ti
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Lemma 3. Under the choice of () above and its associated ¥/ (-),

I 1 &[T
Ly, (0) = Ezmwi /5 Pr(d(x;, Ty(z;)) < t)dt.
i=1 j=1790Ti
Proof.
1w 1 1 —
E{T'i}i(e) Ez1, Zm~N(0,1) ﬁ E Tzfazq) (d(xj,xz))
i=1 ° j=1
1w 1 1 & -
= 2 ol B E;Ezh...,zmw\/(o,n (@, (d(X;,%:))]
1 -1 1 — ™ -
= 2 o T — E; (Ti - /571- Pr(d(x;,x;) < t)dt> (Lemma 2)
1 n 1 m /Ti B
=— Pr(d(x;,x;) < t)dt
nizlmwi; | Prd(Rs, %) <)
O
Equation 3
Proof.
(1SN 1 1
L1 (0)=E N = — - — d(x;, T, 0T,
(3 (0) =Koy orn(0.) 2 1%( mmaX(]rg[gll] (xi, Ty(z5)) T))]
1 "1 /1
:Ez1,...,szN(O,I) n wi (m max(;g[lﬁ]d(X27T9(Z]))757_i)>‘|
=1 v
[ 1 "’ 1
=E. . zm~N(0,1) pry) wz< — max Jfglgll]d(que(Zg))ﬁTi))]
O
Equation 4.
Proof.

argmax Ly, (0) = argmaxBE., . v,
= arg méix Ezl,...,szN(O,I)
= arg meax Ezl yeeesZm~N(0,1)

= arg mGaX Ezl ..... Zm~N(0,1)

= arg mein E., .z ~N(O,D) [Z

1 1

(Ti — max( min d(x;, T (2;)), m)]

% F€[m]

Z x <T1 — max( min d(X“Tg(Z])),(sTZ')>
= Wi j€[m]

_z": T z”: x max( min d(x;,Ty(z;)),07;)
o Wi = W i€[m] ’

— —max( min d(x;, Ty(z;)), 57’1)1

Swp o elm)

n

L max( min d(x;, Ty(z;)), 571)]
w;

= JE[m]
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Lemma 4. Under the choice of w; = [ 52, VOU(Be(x;))dt = = [ s / Bu( ) dxdt, where B, (x) =
{yld(y,x) < r} is an open ball of radius r centred at X,

{nl—i>%l+} {miti Zpe Xi)
Proof.
Ien 1 &
Liry ’Z Pr (X,%;) < t)dt (Lemma 3)
i} n mw; p J
=1 g j=1 Ti
1 & m /
=0 (x)dxdt
" ; i 557 o Bt(xz)
LSS e
m i=1j=1 Wi Jor; Bt(xl)
_ 7&2 5n th(x po(x)dxdt
gt 571 fB dth
1 <& - xi pg( )dxdt
lim E{T (9) — 72 lim Z 5 Lth( )
{ri—0T}; ii nm = \ ri—0t e th dxdt

n o m o fo ey PO (X )dxdt)

1
nm 2.0 <Tﬁ0+ o S5, () XA

i=1 j=1
_ iz”:i . I (xl)pg(x dx_(;fB(;, (xs) Po(x)dx
nm i =\ Js., ) X~ (SfBaT (x) 9%
1 I 5. (xl)pe( )( = 01p,, (x,)(x))dx
- %;; o0t o L — 01p;, (x,)(x)dx >

:%ZZ lim

n m ( 51{7‘<5ﬂ} f{x|d(xxl) T}pg( )dXd?“)

pr e 7i—0+ (1 - 01 (rcsry(7) f{x‘d (x,x:)=r} dxdr
1 S x|d(x,x;)="T pG( )dX
= ZZ m f{ e =r) I (L'Hopital and 2nd FTC)
i = e St =ry 4%
1 n m
= ZZP@(Xi)
=1 j=1

1 n
T Zp@(xi)
i=1
O

Note that under common metrics like ¢, distances, w; can be found in closed form, i.e.,

I(1+1 i n r(1+1
vol(By(x;)) = (2t)d%, and so w; = [7 vol(By(x:))dt =[] (20D ar =
Q“{gﬁgdﬂ . 1}((11110{ /’2) , where T'(+) denotes the gamma function.
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B PSEUDO CODE FOR IMLE

Algorithm 2 Implicit maximum likelihood estimation (IMLE) procedure

Require: The set of inputs {x;}"_,
1: Initialize the parameters 6 of the generator Tj
2: for k =1to K do
3: Pick a random batch S C [n]

4: Draw latent codes Z < z1, ..., Z, from (0, 1)

5: o (i) < argminepy, d(x;, Tp(z;)) Vi € S

6: for{ =1to Ldo ~

7: Pick a random mini batch § C S _
8: 0 —0—=1Vo (Licsd (xi,To (201))) /151
9: end for

10: end for

11: return 6

C ADDITIONAL RESULTS

We show more interpolation results for Adaptive IMLE on FFHQ subset and Obama in Fig.[5. We
also show randomly generated samples for FFHQ subset and Obama in Fig. [7]and[6]

Figure 5: Interpolation results for Adaptive IMLE (Ours). Each row shows a different interpolation.
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Figure 6: Adaptive IMLE (Ours): FFHQ subset randomly generated samples.
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Figure 7: Adaptive IMLE (Ours): Obama randomly generated samples.
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