Groebner basis for three correlated
classifiers

Code

il J:= piRules = {Pl,a = e+ foya,a* fa,a,8 + Faup,a + Foyp,85 Prs = 7i,s + Fa,a,0+ Ta,0,8 + T,8,0 + Ta,8,85
P2,a = 72,0 + Ta,a,a *+ Ta,a,8 + Fo,0,a + Ta,0,85 P2,8 2 72,8 + Ta,p,a + Tu,p,8 + Fp,8,0 + T,8,85

P3,a > 73,0 + fa,a,a + Ta,8,a + Fo,a,0 + Fa,8,a5 P3,8 = 73,8 + Fa,a,8 + Ta,8,8 + Fo,a,8 + Fs,8,8} 3

i1~ gammaRules = {

T1,2,0 @ ¥1,2,a + Ta,a,a * Fa,a,8 - (fa,a,a + Fo,o,8+ Fa,p,a+ fa,B,B) (fa,a,a +fo,a,8+ fo,a,at fB,a,B) ’
I'1,2,/3 -

¥1,2,8 + Ta,8,0 + T5,8,8 = (Fare,a + Ta,8,8 + To,8,0 + Ta,8,8) (Fo,ara+ Ta,a,8 *+ 5,80+ Fa,0,8) 5
I|1,3,0( nd

¥1,3,a t fa,a,a + fa,/.i,a - (fa,u,a + fa,u,ﬁ + fa,B,a + fu,B,B) (fu,a,a + fu,B,a + f/j,a,a + fB,B,a) ’
I‘1,3’B -

¥1,3,8 % fB,a,B + ffs,/s,rs - (fa,a,rs + fa,rs,rs + fB,a,B + fB,rs,/s) (fﬁ,a,a + frs,a,/s + fls,/s,a + frs,/s,/s) ’
T'2,3,a 2

¥2,3,a t fa,a,a + f/j,a,a - (fa,a,a + fa,a,B + fB,a,a + fB,a,/j) (fa,a,a + fa,fs,a + f[s,a,a + fB,/j,a) ’
I‘2’3’,3 -

72’3’/3 + fa,/S,/S + fﬁ’ﬁ’ﬁ - (fa’aaﬁ + fayﬁaﬁ + fB)aaﬁ + fB)Baﬁ) (fayﬁ’a + fa,B,/S + f[j,[j,a + fﬁaﬁaﬁ) };
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The raw Groebner basis

in[-]:- generatingSet3CorrelatedClassifiers =

{-fa,a,a *+ Pa (Pi,a Pi,a Pi,a + Piya Ti,d,a + Piya Tisk,a + Pija T k,a * T4,5,k,a) +
P ((1-Pi,8) (1-Ps,8) (1-Pi,8) *+ (1-Pw,p) Ti,5,8+
(1-Pj,8) Ti,ie+ (1-Pi,8) Ti,k,8 - Ti,5,k,8) 5
-fa,a,6 +Pa (Pi,a Pj,a (1= Pi,a) + (1= Pi,a) Ti,5,a - Pi,a Ti,ka = Pi,a Tj,k,a = Ti,5,k,a) +
Ps ((1-Pi,8) (1-P3,8) Pu,s+Pi,sT4,5,8 - (1 -Pj,8) Ti,k,8 = (1= Pi,8) Tj,k,6 + Ti,4,k,8) »
-fo,8,a+ Pa (Pi,a (1-Pj,a) Pia = Piya Ti3,0 + (1= P a) Ti,k,a = Pi,a Ti,k,a = T, k) +
Ps ((1-Pi,5) Pi,p (1-Pi,5) - (1-Pw,s) Ti,5,8+Ps,8 Ti,k,8 = (1= Pi,8) T3,k,8 * Ti,5,k,8) »
=fo,8,6*Pa (Pi,a (1-Pi,a) (1-Pi,a) = (1-Pk,a) T4,5,a - (1= Ps,a) Ti,ka * Pi,a Tjk,a*
Ti,i,k.a) +Ps ((1-Pi,8) Ps,s Pk,s = Pk,s Ti,5,8 = Pi,8 Ti,k,8 + (1= Pi,6) Ti,k,8 = Ti,3,k,8) »
-f5,0,0* Pa ((1-Pi,a) Pi,a Pi,a = Piya Ti,3,0 = Piya Tiskoa + (1= Piya) Ti,koa - Ty, koa) +
Ps (Pi,s (1-Pj,8) (1-Pi,8) - (1-Pi,e) Ti,5,8 = (1-Pj,8) Ti,k,8 + Pi,8 T3,k,8 * Ti,5,k,8) »
-fs,0,6+Pa ((1-Pi,a) Pi,a (1-Pk,a) = (1-Pi,a) Ti,5,a+

Pj,a Ti,ka = (1= Pi,a) Tj,ka + Ti,5,k,a) +

Ps (Pi,8 (1-Pj,8) Pk,s - Pi,s T4,5,8 + (1= Pj,8) Ti,k,8 = Pi, Ti,k,8 ~ Ti,5,k,8) » = Fa,p,0+
Py ((1 P a) (1-Pj,a) Pi,a+ Pi,a Ti,3,a = (1= Pi,a) Ti,kea = (1= Pi,a) Ti,ka* T4, k) +
Ps (Pi,8P3,8 (1-Pi,8) + (1-Pk,p) T4,5,8 = P48 Ti,k,6 = Pi,8 Ty,k,8 = T,9,k,8) » ~Fa,p,8+
P, ((1 P1 a) (1-Pj,a) (L-Pr,a) + (1-Pi,a) Ti,5,0* (1= Pj,a) Ti,ia*+ (1 - Pi,a) Tj,k,a -

Ti,5,ka) +Ps (Pi,8 Pi,6 Pi,s + Pi,s T4,5,8 + Pi,6 Ti,k,8 + Pi,8 Tj,k,6 + T4,5,k,8) } 3

inl-1:= vars = Variables /@ generatingSet3CorrelatedClassifiers // Flatten //

Out[e]=

Cases[#, Except[f_]] & // DeleteDuplicates // Sort //
SortBy[#, {Lengthe#, Laste#, Firste#} &] &

{P(x; PB: P'i,ou Pj,ou Pk,ou P‘i,B; Pj,B, Pk,B’

F-i)jya’ F-iyk)a’ ijk)a’ T.iajyﬁ’ Pﬁ’kyﬁ’ ijk;B’ Fiyj’kaa’ Fﬁyj;kyﬁ}

Variable and monomial orderings are crucial to Groebner basis calculations. Using standard monomial
orderings such as Lexicographic or Reverse Lexicographic do not return from this calculation or take a
large time to do so. The following monomial ordering is exploiting our knowledge

of the symmetries in the variables and the polynomials.
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ini)- elimType = {{1, 1,0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},
{e’ _l’ 0’ 0’ 0’ e’ 0’ 0’ o’ 0’ 0’ G’ 0’ 0, 0’ 0}’ {0’ 0’ 1’ 1’ 1’ 1’ 1’ 1’

0,
{9,
0,
{0,
1,
{9,
0,
{9,
0,

0,
o,
0,

o,

,0,0,0,0,0}, {0,0,0,0,0,0,0,-1,0,0,0,0,0,0,0,0},
@, 0,0,0,-1,0,0,0,0,0,0,0,0,0}, {,0,0,0,0,-1,0,0,
0’ Q’ 0’ 0’ 0’ 0}’ {0’ 0’ 0’ 0’ _1’ 0’ 0’ Q’ 0’ 0’ 0’ 0, 0’ 0’ Q’ 0}’
e, -1,0,0,0,0,0,0,0,0,0,0,0,0}, {,0,0,0,0,0,0,0,
i,1,1,1, 0, 0}, {0,0,0,0,0,0,0,0,0,0,0,0,0,-1,0, 0},
@, 0, 0,0,0,0,0,0,0,0,-1,0, 0, 0}, {6,0,0,0,0,0,0,0,0,
_1’ 0’ 0’ 0! 0}’ {0’ 0’ 0! 0’ 0’ 0’ 0’ 0’ 0, 0’ _1’ 0’ 0’ Q, 0’ 0}’

0, 0,0,0,0,0,0,-1,0,0,0,0,0,0}, {,0,0,0,0,0,0,0,0,
0, 0,0,1,1}, {0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,-1}};

in[-1:= Timing[gb = GroebnerBasis[generatingSet3CorrelatedClassifiers, Reversee@vars,

MonomialOrder -» elimType, CoefficientDomain - RationalFunctions];]

Out[e]=

(2.76233, Null}

in[-1:= Lengthegb

Out[e]=
29

The variables in each of the basis polynomials
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In[+]:=

Out[s]=

Inf+]:=
Out[e]=

Column[Map[Variables, gh] // Map[Cases[#, Except[f_ |] &, #] & // Sort /e &]

i,009 P‘i,B: Pk,ou Pk,B}

j,os Pi,8s Pk,as Pk,[j}

as Pw’,a: Pj,/j, T'4,9,0 Ti,j,B}

i,a5 Pi,85 Pi,e5 TH,4,00 Ti,j,ﬁ}

i,a09 Pj,ou Pj,/i: Ti,9,a0 T'i,j;ﬁ}

1,05 Pi,a Pi,es Pryas Pioss Tig,a T4,5,6)
o P'i,ou Pk,B’ T‘i,k,ot’ T‘i,k,B}

i,as Pi,gs Pr,gs T4 k,as Ti,k,/j}

1,05 Pi,a0 Pj,es P,ss T4 k00 Ti,k,8)

{P

{p

{p

{P

{p

{P

{p

{p

{P

{p

{P

{p

{p

{P

{Pi,a5 Pi,as Pi,ss Ti,k,as T,k,6)
{Pas Pi,as Pyss T3,k,as T3,k,5)

{Pi,a5 Pi,85 Pi,as Pi,85 Pk,ss Ti,k,as Tj,k,5}

{P3,05 P3,85 Pk,ss Tj,kas Tj,k,8)

{P3,a5 Pr,as Pis T3,k,00 T9,k,6)

{Pi,a, Pi,s Pi,es Pi,ss Ti,9,00 T4,3,85 T4,k a0 Fﬁ,k,fi}

{Pi,as Pi,gs Pi,as Pi,ss Pioss Ti,3,00 T4,9,60 Tiskeas Tik,6)

{Pi,a, Pi,ss Pi,as Pi,85 Pk,ss Ti,k,a5 Ti,k,85 Tj,k,as Fj,k,[j}

{Pas Pi,as Pi,ss Pias P, Pi,ss T4,3,00 T kas Ti,koas Ti,3, ka0 T4,3,k,6)

{Pi,05 Pi,85s Pi,as Pi,e5 Pi,ss T30 Tiskoas T kas T3, k00 Ti,j,k,8)

{P'i,a, Pi,ss Pi,as Pi,55 Pk,ss T4,3,00 TH,k,00 T9,k,00 T4,3,k,a0 F-i,j,k,/j}

{Pi,a, Pi,g5 Pi,as Pi,s5 Pk,as Pk,ss T4,4,a Ti,k,00 Tj,k,as 1,5,k a0 Ti,j,k,B}

{Pi,a, Pi,ss Pi,as Pi,85 Pk,ss T4,3,00 T4,3,85 T4i,k,a0 T4,k,89 19,k,00 19,k,89 14,5,k,a0 T-i,j,k,B}
{Pi,a, Pi,85 Pi,as Pi,85 P,y T4,5,00 Ti,kyas Ti,k,85 T9,k,a0 Ti,k,89 1,9,k 00 Ti,j,k,ﬁ}
{Pi,05 Pi,5s Pi,as Pi,e5 Pi,ss T30 Tiskoas T3 ka0 T3,k,85 Ti,d,koas T,5,k,6 )

The first polynomial in the basis asserts that the frequencies must sum to one for the ideal to be well-
defined.

gb // First

Po + Ps = fo,a,a = To,a,8 = To,p,a = Ta,8,8 = To,0,0 = Ta,0,8 = T5,8,0 = T5,8,5

New variables to make highlight the blind spots in the
evaluation ideal
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inl-]:= ((gbr21 /. {i-»1,j-»2, k->3}) /. piRules) // Expand // SimpLlify //
(# 7. {(fs,8,8) » 1~ (Fa,ara + Faya,n * Fa,p,a + Foyn,8 + Fo,ara + Fo,0,8 + Fo,6,q) }) &

Out[e]=

7Tl’/3, - PO( <7Tl,a + 7Tl,/3)

i1~ ((gb51 /. {i=1,3 »2, k=3}) /. piRules) // SimpLlify //
(n /. {(fﬁyﬁ’ﬁ) ->1- (fa,a,a + ftx,a,ﬁ + ftx,ﬁ,a + f‘xaﬁyﬁ + f[_i,a,a + fﬁ,a,B + fﬁ,ﬁ,a)}) & /1 S-imp-l'-ify

Out[+]=
71,3 72,0 t 71,0 72,8
in[-1:= ((gbI8] /. {i>1,3j->2,k->3}) /. Join[piRules, gammaRules]) // Simplify //
(# 7. {(fs,8,8) > 1- (faara * Foya,8 * Fay,a + Ta,8,8 *+ F5,0,0 + Fa,a, + To,8,4) }) & /7 Simplify
Out[+]=
71,0 72,8 = ¥1,2,8 *+ Pa (’Yl,Z,a + Yl,2,/3>
inf-1:= ((gbM91 /. {i->1,3j->2,k->3}) /. Join[piRules, gammaRules]) // Simplify //
(tt /. {(fﬁ,ﬁ’ﬁ) >1- (fa,a,a +Foa,p+ Tap,at Ta,p,8+ To,a,at To,a,8+ fB,B,a) }) & //
Simplify // Factor
out[« ]=

2
1,0 712,8 % 7,0 71,3 712,58 + 711,58 ¥1,2,0 + 71,0 ¥1,2,8

inf-]:= ((gbM11] /. {i->1, j»2, k> 3}) /. Join[piRules, gammaRules]) // Simplify //
(# 7. {(fs,8,8) » 1= (Fo,ara * Faya,n + Ta,p,a + Far,8 + Fo,a0a + Fa,a,8 + F,6,0) }) & /7 Simplify
Out[e]=

71,0 (7T2,a + 7T2,/3> 73,8+ 713,38 ¥1,2,a ¥ 7130 ¥1,2,3

mml-1:= ((gb[20] /. {i>1, j>2, k->3}) /. Join[piRules, gammaRules]) // Simplify //
(# 7. {(fo,8.8) » 1= (Farara * Fayars * Farsa * Farsrs + Fo,a0a + Fo,ar8 + To,6,a) }) & 7/
Simplify // -# &
Out[+ ]=

~-¥1,2,8 ¥1,3,a ~ 71,a (*7T3,/3 ¥1,2,0 t 712, Y1,3,a) - 71,8 (*ﬂz,ﬁ Y1,2,0 T 702, Y1,3,a) +¥1,2,0 ¥1,3,8



