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Abstract

Quantile (and, more generally, KL) regret bounds, such as those achieved by
NormalHedge (Chaudhuri, Freund, and Hsu 2009) and its variants, relax the
goal of competing against the best individual expert to only competing against
a majority of experts on adversarial data. More recently, the semi-adversarial
paradigm (Bilodeau, Negrea, and Roy 2020) provides an alternative relaxation of
adversarial online learning by considering data that may be neither fully adversarial
nor stochastic (i.i.d.). We achieve the minimax optimal regret in both paradigms
using FTRL with separate, novel, root-logarithmic regularizers, both of which
can be interpreted as yielding variants of NormalHedge. We extend existing KL
regret upper bounds, which hold uniformly over target distributions, to possibly
uncountable expert classes with arbitrary priors; provide the first full-information
lower bounds for quantile regret on finite expert classes (which are tight); and
provide an adaptively minimax optimal algorithm for the semi-adversarial paradigm
that adapts to the true, unknown constraint faster, leading to uniformly improved
regret bounds over existing methods.

1 Introduction

We focus on the setting of learning with expert advice [V90; LW94], where in each round the learner
selects a probability distribution over experts, observes the loss of each expert, and incurs the average
loss of the experts under the learner’s selected distribution. The learner’s objective is to minimize
regret against some mixture of the experts, which is the difference between their cumulative loss and
the cumulative loss of the expert mixture over 71" rounds.

The classical “worst-case” online learning paradigm assumes that the losses are adversarial—that
is, they are chosen to make the learner perform as poorly as possible—and demands that the learner
competes against the best-performing expert. However, there are many real-world settings where
this assumption is too pessimistic, and consequently we focus on designing algorithms with provable
guarantees that adapt to easier notions of both data and performance measures. A non-exhaustive list
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of work on “easy data” includes Freund and Schapire [FS97], Cesa-Bianchi, Mansour, and Stoltz
[CMSO07], van Erven, Griinwald, Koolen, and de Rooij [v+11], and Gaillard, Stoltz, and van Erven
[GSv14], all of which use variants of the Hedge algorithm [FS97] to obtain regret bounds in terms of
data-dependent quantities. Ideally, such quantities are small when the data are “easy” to predict.

In this work, we focus on two paradigms beyond the classical worst-case: first, we consider relaxing
the performance measure to quantile (KL) regret, which measures the ability of an algorithm to
compete against an unknown mixture of the experts that potentially performs worse than a point-mass
on the single best expert, and second, we consider regret within the semi-adversarial paradigm,
which defines a spectrum of constraints on the permissible data distributions between stochastic and
adversarial. The concept of e-quantile regret was introduced by Chaudhuri, Freund, and Hsu [CFH09],
in which the player competes against the | eV | best experts (out of N total) rather than the single best.
The authors demonstrated empirically that Hedge does poorly in this paradigm, and introduced a new
algorithm NormalHedge with an upper bound on quantile regret of /(7 + (log N)?)(1 + log(1/e)).
Later algorithms improved it to 1/T'(1 4 log(1/¢)) [CV10; OP16], removing the dependency on N.
The semi-adversarial paradigm considers constraining the adversary’s choice of data distributions,
which was first motivated by Rakhlin, Sridharan, and Tewari [RST11]. Bilodeau, Negrea, and Roy
[BNR20] extended this idea, defining adaptive minimax regret with respect to such constraints and
providing an efficient algorithm with corresponding regret bounds.

Contributions While the best known algorithms for the above two paradigms are intrinsically
different, we show that the follow-the-regularized-leader (FTRL) algorithm with new root-logarithmic
regularizers achieves minimax optimal performance for both quantile and semi-adversarial regret.
First, we provide the first FTRL algorithm with minimax optimal quantile regret guarantees, and
do so without using the additive normalization step of previous algorithms [CL06, Section 2.1].
We achieve root-KL bounds that hold uniformly over target distributions on (possibly uncountable)
expert classes with arbitrary priors, and reduce to the optimal quantile regret for discrete uniform
priors. Moreover, we prove matching lower bounds for quantile regret with finite expert classes,
demonstrating the optimality of known upper bounds (including our own) for the first time. Finally,
in the semi-adversarial paradigm, we improve the dependence on the number of experts in the regret
bound, obtaining uniformly improved upper bounds over previous work.

We achieve the above results through a novel local-norm analysis of FTRL with linearly decomposable
regularizers on general (possibly uncountable) expert spaces. We use this analysis in conjunction
with basic conditions on the first and second derivatives to design and analyze the root-logarithmic
regularizers. We believe that this approach is fundamentally different from existing ones and could
lead to further advances in obtaining optimal algorithms. In fact, there exist results stating if a regret
bound is achievable by some algorithm, then that same bound is nearly achievable by mirror descent
with some potential function (see, e.g., Srebro, Sridharan, and Tewari [SST11, Thm 9]). However, it
is not clear how to design such a function in practice. In contrast, our general FTRL bound reduces
the choice of regularizer to a single univariate function, and clarifies how fundamental properties of
this function lead to trade-offs in the regret bound.

Related Work Chernov and Vovk [CV10] first discussed the fact that the e-quantile regret corre-
sponds to the KL divergence between a uniform prior and the uniform mixture of the top |eN |
competitors, and such KL bounds have consequently quickly followed quantile regret bounds. Luo
and Schapire [LS14; LS15] provided a variant of NormalHedge along with a data-dependent KL
regret bound at the cost of an additional log T factor; a similar but even tighter result was obtained
by Koolen and van Erven [Kv15]. Orabona and Pal [OP16] showed that these algorithms can be
obtained with a reduction to optimal coin-betting online algorithms, yet none of them can be reduced
to an FTRL algorithm. Independently, Harvey, Liaw, Perkins, and Randhawa [H+20] proved that a
similar strategy allows one to achieve the optimal anytime regret for the setting with NV = 2 experts.

The first alternative to additively normalized algorithms in the (bandit) learning with experts setting
was the INF algorithm [AB09], which was later recast as online mirror descent [ABL11]. Alquier
[A21] also did not use additive normalization, and first introduced FTRL with f-divergences (focusing
on the y2-divergence) along with regret bounds for continuous distributions with certain unbounded
loss functions. For the specific case of Hedge (and its online mirror descent analogue), an analysis
on continuous spaces was given by Krichene, Balandat, Tomlin, and Bayen [K+15] and then more
generally by van der Hoeven, van Erven, and Kottowski [vvK18], while a coarser analysis for f-
divergences was given by Alquier [A21]. Finally, choosing regularizers that are tuned to minimize



regret for specific tasks has recently led to advances in the online learning literature, both with bandit
feedback [A+17; WL18; F+16] and in the full-information setting [LWZ18].

The best known asymptotic lower bound for learning with expert advice is by Cesa-Bianchi, Freund,
Haussler, Helmbold, Schapire, and Warmuth [C+97], while a finite-time lower bound that asymptoti-
cally matches the leading constant was proved by Orabona and Pl [OP15a]. We are not aware of
lower bounds for the quantile regret, with the notable exception of Koolen [K13], who proved a lower
bound on the regret of learning with two experts based on the KL divergence against some prior.

2 Notation

To analyze FTRL beyond the finite setting requires some more care, and we rely on the language
of measure theory to handle finite and uncountable expert classes simultaneously. Let (O,3)
be a measurable space, M>(0,3) and M (O, X) denote the collection of finite and probability
measures respectively, and v € M (0O, X) be arbitrary. A measure ¢ € M>(0, ) is absolutely
continuous with respect to v (denoted ¢ < v) if ¢(A) = 0 for all A € ¥ such that v(A4) = 0.
Let M, (0,%) = {g € M(0,%) : ¢ < v} be the set of probability measures that are absolutely
continuous with respect to v. For any integer N, let [N] = {1,..., N}, and simp([N]) = {p €
0,1V : SN pi=1}. Let Ry = [0,00) and R | = (0, 00), and define M = M((6, X), (R, R))
to be the space of measurable functions from (0, X) to (R, R), where R is the Borel o-field on R.
Define sets of bounded measurable functions

L ={teM: sup|l(f)|< oo} and L ={{€M: 0<¢ <1},
0cO

sets of integrable functions
LYv)={z eM: [|z(0)|v(df) < oo} and L} (v) = {z € L'(v): = >0},
and the set of Radon—Nikodym derivatives (w.r.t. /) of probability measures
Xw)={zeLl(v): [z(O)r(do) =1}.

For every z € X(v), let v(*) € M,(0,%) denote the unique probability measure satisfying
dv®) /dv = z. For every z, z € L, let Conv(z, 2) = {az + (1 — a)z : « € [0,1]} denote their
convex hull. For every ¢ € £ and & € L1(v), define

= o

Prediction with expert advice We consider the following setting of online linear optimization. For
each round ¢ € [T, the player selects 1y € M (O, X)) based only upon information available prior
to round ¢, and then observes ¢, € L£°°. Performance is measured using the regret against some
probability measure ¢ € M(©, X), which is defined by

Z EGNM gt Z]anq gt

The player’s goal is to select p; so that the cumulative loss is not much larger than that of the average
loss of an expert under ¢, and consequently to have small regret.

The elements of © can be regarded as experts for some prediction problem, and the learner aggregates
the predictions of the experts by selecting an expert at random according to u; at round ¢. For
concreteness, note that the usual prediction with expert advice setting for [V experts corresponds to
M(6,%) = simp([N]). Note that, for any convex loss, applying online linear optimization to the
gradients of the losses provides an upper bound on the performance of online convex optimization.

Follow-the-regularized-leader Let R = R U {+00}. Follow-the-regularized-leader (FTRL) [S07;
AHRO8; HK10] forms a broad class of algorithms for online convex optimization. For a finite measure
v € M*(0,%) and a sequence of regularizers (¢; : X'(v) — R )i}, (¥¢)¢[r)-regularized FTRL
is defined by selecting 1y, = v("++1) using

21 € argmin{(Ly, x), + Yip1(x)}, 1)
zEX (V)



where Lo =0and L; = 22:1 L.

As mentioned above, a classical algorithm for prediction with expert advice on a finite class of N
experts is Hedge. While originally analyzed using potential functions, Hedge also corresponds to
FTRL where v is the counting measure and 1), (-) = —n; ' H(-) for the Shannon entropy H (z) =
Ziem 2 (1) log(1/x(i)) with any sequence of regularizer scalings (7:)reny C Ry 4.

Depending on whether the space is continuous or discrete, the range of elements of X (v) will
change, and consequently also the minimal domain on which regularizers must be defined. Let
v = inf{v(A): AeX,v(4) >0}, and let S(v) = [0,1/v] if v > 0 and R, otherwise. By
definition, v({§ € © : 2(0) € S(v)}) = 1forall z € X(v).

Concretely, when v is counting measure then S(v) = [0, 1], when v is uniform on [N] then S(v) =

[0, N], and when v is a continuous distribution then S(v) = R,.. In this work, we consider linearly
decomposable regularizers of the form ¢, (z) = 7, 1\1’}’ (x), where

W (o) = [ fa)p(a0) @

for some f : S(v) — R. We refer to the algorithm that selects 11 using Eq. (1) with a regularizer
of the form in Eq. (2) as W -regularized FTRL with regularizer scaling 7.

3 Applications of FTRL with linearly decomposable regularizers

In Section 5, we provide a general analysis of FTRL with linearly decomposable regularizers for
arbitrary f. First, we motivate such a general analysis by demonstrating the benefits of studying
choices of f beyond traditional FTRL regularizers with multiple examples, including quantile regret.
To do so, we state the following corollaries of our general FTRL regret bound (Theorem 2 in Section 5)
that achieve “root-KL” and variance bounds respectively. Proofs are deferred to Appendix B.

Corollary 1. Suppose v € M(0,%) and f : R, — R satisfies:
1 f(1) =0;
2. f is twice continuously differentiable, " > 0 on R, 4, and f"”(0+) > 0;
3. either f or 1/ f" is increasing on R . ;
4. there exist c¢1,co > 0 such that f" - (f + ¢1) > ca.

For any sequence (£1)en C ﬁfoo 14 € M, (©,%), and T, Vi -regularized FTRL with regularizer
scaling ny = \/ca/t achieves

Rr(q) < /5 W7 (dg/dv) + VT

The regret bound above can be easily turned into a uniform root-KL bound under the following
additional assumption (the result follows from Lemma 3 in Appendix B).

Corollary 2. If, in addition to the assumptions of Corollary 1, there exist k1 € R and ko € R with

f(z) < k1 + koxn/log(1l + x), then
Rr(q) < /T (b + ke /T KL [ M) + VT

Under different conditions on f, we also derive variance bounds with respect to the (intermediate)
predictive distributions, similar to AdaHedge [v+11] and AdaFTRL [OP15b], or with respect to a
“prior”, as in [A21]. We state the conditions on the regularizer and the corresponding regret bounds in
the following corollary.

Corollary 3. Suppose v € M>(0,%) and f : S(v) — R satisfies:

1 f(1/v(©)) = 0;
2. f is twice continuously differentiable, f" > 0 on interior(S(v)), and f"(0+) > 0.

For any sequence ({1)ien C LSy ae M, (0,%), and T, Uy -regularized FTRL achieves
L If1/f"(z) < Ca, ey = (C[1/2+ Y071 Var,cain £6(0)]) ™Y gives

Rr(q) < [0 (dg/dv) + 1)/ Cl1/2+ X7, Var, o0 4(0)):
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2. If1/f" < C, i1 = (Cr(O©)[1/4+ 3, Vargwgés(e)])flﬂforﬁ =v/v(0) gives

Rr(q) < [W}(dg/dv) + 1],/ Cv(©)[1/4 + X1, Varg.s £,(6)].

3.1 Examples of f-divergence FTRL

We now apply all three of these corollaries to more concrete choices of f. Note that in the setting of
Corollary 1, since v is a probability distribution and f is convex with f(1) = 0, the regularizer corre-
sponds to an f-divergence, which we denote by ¥/ (dg/dv) = Dy (q||v) for any ¢ € M, (6, X).
In this case, we call v a prior and refer to the algorithm as f-divergence FTRL. To demonstrate the
utility of Corollary 1, we now show how our result recovers the classical analysis for Hedge and
applies to our new root-logarithmic regularizer, both examples of f-divergence FTRL. We also use
our general expression for the solution to FTRL with linearly decomposable regularizers, given by
Lemma 1 in Section 5, to obtain explicit, novel expressions for some solutions of f-divergence FTRL.
Example 1 (Hedge). The regularizer corresponding to Hedge (and the Gibbs posterior from Bayesian
inference) is given by f(x) = xlog x, which satisfies D¢ (-|| m) = KL (- || 7) for any 7 € M(©, ).
This choice satisfies the assumptions of Corollary I with ¢y = 1+ 1/e and co = 1, since 1/ f" is
increasing, but does not satisfy the conditions of Corollary 2. Thus, we do not obtain uniform root-KL
bounds for Hedge,; we conjecture this is in fact a limitation of Hedge and not merely an artifact of
our analysis. We can, however, apply Corollary 3 with C = 1 to obtain

Re(a) < [KL(q | 9) + 1] 1724 S, Varg_ e 4(6).

Further, by Lemma 1, f-divergence FTRL with regularizer scaling 141 recovers the familiar formula
N exp(—ni41L:(0))
Ti41 (9) = .
Jexp(=ne11Le(9))v(d)
Example 2 (\2-divergence). Alquier [A21] analyzed f-divergence FTRL with constant regularizer
scalings, obtaining variance bounds (Theorem 2.1) that require knowledge of the variance to tune the
regularizer scaling. He specifically focused on the KL-divergence, covered by the previous example,

and the x*-divergence, corresponding to f(x) = x> — 1. This f clearly satisfies the conditions of
Corollary 1 with ¢c1 = co = 2, so we match the optimized bound of Alquier [A21, Corollary 2.4] with

Rr(q) < VT x*(q||v) + V2T.

Further, the conditions of Corollary 3 are satisfied with C = 1/2, so we obtain the novel, potentially
much smaller variance bound (without requiring advance knowledge of the variances)

Re(g) < 25 [(allv) + 1] y/1/4+ SL, Vargo, 6,(6).
By Lemma 1, the x?-divergence FTRL solution with regularizer scaling 1 1 is
2e11(0) = 5 (Kis — mer1Le(6))

where kj,, € Rsolves [[5(kiyy — ms1Li(0)) Jv(d8) = 1, which matches the formula obtained
by Alquier [A21, Example 3.2]. N
Example 3 (abNormal). We call f-divergence FTRL with any f satisfying the conditions of Corol-
lary 2 abNormal. One such example is f(x) = |, f v/2log(1 + s) ds, which satisfies the conditions
of Corollary 1 with ¢ = 2 and cy = 1//2 since f is increasing, and satisfies the conditions of
Corollary 2 with k1 = 0 and ko = /2. Thus, we obtain

Rr(q) <2/(T+1)(1+KL(q || v)) + V8T.

<

The f-divergence FTRL solution with regularizer scaling n.y1 is given by
* 2
2141(0) = exp { (Kir = maaLu(0)) /2} — 1,

where ki, € R solves [[exp{(kj,, — nt+1Lt(9))j_ /2} — 1|v(d@) = 1. Note that this formula is
heuristically similar to NormalHedge when |©| = N, which assigns weights to experts according to

wii) o [ (les w0) = Lea ()] exp (IS0 (G w0) = L (), /2e1-1)

where ¢y solves 3,y exp([Si2] (Cs, ws) — Lt—l(i)]i_ /2¢i_1) = eN. N



3.2 Lower bound for quantile regret

Bounds for quantile regret and KL regret can be related by observing a) that for d;_) denoting a
point-mass on the ¢.th best expert with respect to L,

Rr(di.)) < Rr(ue),

where € = i /N and u. = % Z;.;l d(;) is the uniform distribution over the top 7. experts, and b)
that KL (u. || Unif([N])) = log(1/e€). Thus, KL upper bounds are also upper bounds on quantile
regret and quantile regret lower bounds are also lower bounds on certain KL regrets. With this in
mind, we provide the first general lower bound for quantile regret on N experts. Our lower bound is
matching (up to lower order terms) the leading term in our upper bound for quantile regret achieved
by abNormal (Example 3) when v is uniform on [N] and ¢ is uniform on only the top quantile of

experts, establishing the minimax rate of quantile regret as /71 log(1/¢).

Theorem 1. For all N € N there exists a probability distribution p on [0,1]" such that for any
sequence of player predictions (w)ien C simp([N]), i € {1,...,|N/4]}, and T € N,

Ep, pmper Rr(3.) = V/(T/2) (log(1/€) — 2log2 + 1/7) — \/2/7 — 2log N — log 2,

where J; y is the point-mass on the i.th best expert with respect to Lt and € = i./N.

3.3 Intuition for f-divergence FTRL in the KL regret paradigm

The conditions on f in Corollary 1 are essentially the minimal conditions needed for the summation
terms in Theorem 2 to cancel with each other regardless of the actual losses. Intuitively, to achieve
f-divergence regret bounds with f-divergence FTRL using the bound of Theorem 2, these terms must
cancel so that there is no dependence in the final bound on the regularity of the distributions actually
selected by the algorithm. The condition on f in Corollary 2 is essentially the minimal condition
needed for Jensen’s inequality to imply Dy (|| -) < /KL (- || -). That it is possible to satisfy both
of these conditions simultaneously is the crucial observation that enables our result.

All regularizers to which both Corollaries 1 and 2 apply are essentially equivalent to f(z) =
J 1‘70 v/2log(1 + s)ds, meaning they have the same asymptotic growth rate. To see this, first observe
that this f has the minimum amount of curvature needed to satisfy f” - (f + ¢1) > co since
(zv/logz) - (z+4/log )" is asymptotically constant. Second, this f has the largest asymptotic growth

rate that still satisfies f(x) < k1 + kax+/log(1 + x). These two facts together constrain the shape of
f to the root-logarithmic choice.

4 Semi-adversarial regret bounds

We now turn to a another perspective on prediction with expert advice for which FTRL with linearly
decomposable regularizers is optimal. The semi-adversarial paradigm (introduced by [BNR20])
consists of a family of constraints on the adversary’s choice of loss distribution, and the goal of the
player is to learn as well as possible for the true constraint without having to know the constraint
in advance. More precisely, the setting is characterized by an unknown time-homogeneous convex
constraint on the adversary’s choice of loss distribution, which is formally represented by a convex
set of probability distributions on Lﬁil], denoted by D. At each round ¢, the adversary is free to select
any distribution from D to sample ¢, from. Note that when D is the set of all probability distributions,
the worst-case adversarial setting is recovered, and when D is a singleton, the stochastic setting is
recovered. In this section, we describe a new FTRL algorithm (FTRL-CARL) that achieves minimax
optimal expected regret without requiring knowledge of D in advance.

4.1 Adaptive minimax optimality

Minimax regret in the semi-adversarial paradigm is quantified using a few key objects that summarize
D. The first is the collection of effective stochastic gaps, defined for each expert ¢ € [N] by

A; = inf max E;, [0(i) — £(i')].
p€ED i’€[N]



Using these, Bilodeau, Negrea, and Roy [BNR20] define the stochastic gap
Ag :mln{Al NS [N],AZ > 0}

The second object Bilodeau, Negrea, and Roy [BNR20] define is the set of effective experts, which is
a subset of [N] defined by
={ie[N]: A, =0}.

This is the set of all experts who are optimal in expectation for some element of D (or possibly in the
limit along some sequence in D). The number of effective experts is then Ny = |Zg|.

In this paradigm, the goal is to compete against the best expert. Letting §; denote a point-mass on
expert ¢, for notational simplicity we set Ry = max;¢/ N R (9;). Further, although the player does
not expect to have knowledge of D in advance, the goal is to develop methods that do as well as they
possibly could have if they had access to properties of D in advance. To characterize this, we say
an algorithm (which only has knowledge of N in advance) is adaptively minimax optimal if there
exists a constant C' such that, for all N and (Ny, Ay) pairs, the expected regret of the algorithm is
within a factor of C' from the minimax regret had the algorithm had access to (NVy, Ag) in advance,
for sufficiently large T" (where sufficiently large may depend on N, Ny, and Ag). For a precise
mathematical formulation of this concept, see Section 3.1 of Bilodeau, Negrea, and Roy [BNR20].

When Ny = 1, Proposition 4 of Mourtada and Gaiffas [MG19] shows that the minimax regret
is of order no smaller than (log N)/Ap, and when Ny > 1, Theorem 2 of Bilodeau, Negrea,
and Roy [BNR20] shows that the minimax regret is of order no smaller than /7 log Ny. Bilodeau,
Negrea, and Roy [BNR20] prove that Hedge is not adaptively minimax optimal in the semi-adversarial
paradigm, and their argument applies to other similar Hedge-based algorithms, such as prod [CMS07],
AdaHedge [v+11], and Adapt-ML-Prod [GSv14]. Further, they provide an algorithm that achieves

log N log N)3/2
]ERT§\/TlogN0+H[NO:1]% +H[N0>1]%. 3)
0 0

Since I[Ny > 1](log N)?/2Ay ! is lower order when N, > 1, this algorithm is adaptively minimax
optimal. We now present a new algorithm, FTRL-CARL, which is also adaptively minimax optimal
and achieves a better regret bound for small 7'

4.2 Semi-adversarial regret bound for FTRL-CARL

Let he : [0, 1] — R be given by

ho(x) xv/2log(1/x) — /7 erf (\/log 1/1:)) (N -1)/F ze(0,1]
C =
—\/7/2 x =0,
set Ho(w) = > 2;¢iny he(w(i)), and define FTRL-CARL to be FTRL with v defined as counting

measure, regularizer ¥, (w) = —Hc(w), and regularizer scaling 7, = 2/ Vt. Note that this
corresponds to FTRL with a linearly decomposable regularizer, and an intuitive explanation for this
choice of regularizer can be found in Subsection 4.3. We then have the following regret bound for
FTRL-CARL, which removes the term I[Ny > 1](log N)?/2A; ! from Eq. (3).

Corollary 4. For any time-homogeneous convex constraint D, FTRL-CARL achieves:

Forall T,
ERr < /2T 1log N,

and if T > 8(log No)Ay 2,

log N
ERy < /2T log Ny + 25 Og .

Corollary 4 follows from Theorem 3 in Appendix D, which is a more refined regret bound.

4.3 Intuition for FTRL-CARL in the semi-adversarial paradigm

The CARL regularizer can be motivated by the following intuition from the Hedge algorithm. For i.i.d.
losses, the upper bounds for Hedge [Theorem 2, MG19] are only optimal with regularizer scaling



n: = +/(log N)/t, and matching lower bounds for the adversarial setting suggest this regularizer
scaling constraint is actually necessary for optimal performance. Such a regularizer scaling ensures
that the weights of each suboptimal (in expectation) expert decay fast enough. In the semi-adversarial
paradigm with more than one effective expert, FTRL-CARE (of [BNR20]) can be interpreted as
Hedge with an adaptive regularizer scaling that asymptotically satisfies 1; = +/(log Ny)/t. This
smaller regularizer scaling applied to the effective experts is necessary to incur asymptotically
v/1'log Ny regret. However, since this regularizer scaling is smaller, when there are two or more
effective experts the weights assigned to the ineffective experts seemingly are slightly too large.

To rectify this, heuristically, it would be ideal to have expert-specific regularizer scalings of size

v/ (log Ny)/t for the effective experts and +/(log N) /¢ for the ineffective experts. Since the effective
experts will have weights on the order of 1/ Ny and the ineffective experts will have weights smaller

than 1/ N, the expert-specific regularizer scaling n; (i) = cy/log(1/w¢(7))/t may plausibly achieve
the desired behaviour.

The weights of Hedge are defined by the equation log(1/w(z)) = n:(Ls—1 (%) + A¢), where X, is
chosen to ensure the weights are normalized. Replacing 7; with our heuristic yields log(1/w¢ (7)) =

c/log(1/w(3))/t (Li—1(4) + A¢), which can be rearranged to obtain
Vlog(1/wy(i)) = %(Lt—l(i) + ).

By Lemma 1, this is exactly the formula for the weights produced with FTRL for the regularizer
— H¢ and regularizer scaling 1; = ¢/+/1.

As Theorem 3 shows, our modification to the Hedge algorithm is sufficient to yield semi-adversarial
regret bounds with expected regret contribution of size (log N)/A( from the ineffective experts,
improving on the order of the regret bound for FTRL-CARE when Ny > 1.

5 FTRL analysis for general expert spaces

Finally, we analyze the general performance of FTRL with a linearly decomposable regularizer. First,
Lemma 1 provides a closed-form expression for the FTRL solution on general spaces. Specifically, it
reduces solving the FTRL optimization problem of Eq. (2) to finding a root of a one-dimensional
equation (Eq. (4)), rather than solving a complex, possibly infinite dimensional, optimization problem.
Second, Theorem 2 provides our fundamental regret bound for FTRL with such regularizers, which
we have used to obtain the results in Sections 3 and 4. It generalizes the well-known results involving
local norms from the finite dimensional case [AR09; ZS19; O19], and retains an additional summation
term (usually uniformly bounded in FTRL analyses) that is crucial both for tight root-KL regret
bounds and for tight bounds in the semi-adversarial paradigm. All results in this section are proved in
Appendix A. For the remainder of this section, let v € M (0, X) be fixed and arbitrary.

5.1 Computing FTRL with linearly decomposable regularizers

For continuously differentiable f : S(v) — R, letmy = inf,c 5, f'(z), My = sup,es() f'(2),
and 74/ (y) = max(min(y, M), my ). We focus on the setting where f is strictly increasing, and
thus 74/ (y) truncates its argument to the domain of [f/] 1.

Lemma 1. Suppose f : S(v) — R is twice continuously differentiable with f"” > 0 on
interior(S(v)) and f"(0+) > 0. Forany L € L>™ and n > 0,

@™ (0) = [f'17" (y (=1L (0) + k"))
satisfies ©* € argmin, ¢ v\ {(L, ), + 17" Of (z)}, where k* € R solves
JU o) + 1) vido) = 1. @
Further, this solution is unique up to modification on a set of v-measure 0.

For finite expert classes, solving the normalizing equation provided by Lemma 1 to a given precision
is essentially the same difficulty as normalizing the weights for the classical Hedge algorithm. For



example, for FTRL-CARL the range of the normalizing constant scales with log N, and solving
this using the bisection method would require only O(loglog N) times more computation than
normalizing Hedge. For uncountable expert classes, many of the general algorithms for prediction
with expert advice from previous work are not easily modified to apply, and the standard analyses
of regret bounds rely heavily on a finite V. In this setting, solving the FTRL normalizing equation
is essentially as difficult as normalizing the posterior distribution for Bayesian inference. That is,
often computationally intractable, yet regularly studied for its theoretical properties. Extending
approximation techniques for Bayesian inference to approximate the solution to this optimization
problem is an interesting question for future work.

5.2 Choosing f to obtain specific regret bounds

In order to state our generic decomposition for the regret of FTRL algorithms on abstract spaces,
we rely on the definition of the one-dimensional Bregman divergence, which is defined for any
continuously differentiable, strictly convex f : R — R by

By(z;y) = f(z) = f(y) = f'(y)(= —y).

Theorem 2. Suppose f : S(v) — R is twice continuously differentiable with f” > 0 on
interior(S(v)) and f"(0+) > 0. For all sequences ({)1eny C L and (mi)ien C R, there
exist 241 € Conv(xy, xiy1) and Zip1 € Conv(wmy, Teq1) such that for all ¢ € M, (0,%),
(Zi+1)ten € {(Zis1)ten, (Ze+1)ten}, and T, U -regularized FTRL achieves

1 dq 1
Rr(q) < W”()— min UY(x
7(q) P\aw) o 7 ()

m (0(0) —m)® (L 1
/2 I"(Ze41(0)) (d6) <77t+1 Ut)wf(ﬁl)],

(5)

where

1
Tyaq € argmin{(ﬁt —mil, z), + —/Bf(a:(H);xt(H))u(dH)}.
zeLl (v) Mt

Further, if infgcg €4 (0) > my, then Z;1 < x; pointwise.

Theorem 2 is a general result that can be used to prove regret bounds for a variety of settings under
the general FTRL framework we describe, as we have already done in Sections 3 and 4. Furthermore,
we highlight that the functional form of Theorem 2 makes it clear how to select the regularizers for
both the quantile regret and semi-adversarial paradigms. Specifically, in the former, the terms in
summation in Eq. (5) are balanced to cancel, while in the latter, the terms in summation in Eq. (5) are
balanced to contribute the same order to the regret. These two cases correspond to the relationship

[ f =+ (6)

Since the generic bound we obtain in Theorem 2 yields components based upon integrals of both f
and 1/f”, balancing these terms without free tuning parameters requires Eq. (6) to approximately
hold. Heuristically, trying to balance these terms with tuning parameters rather than by the choice of
f seems to lead to non-adaptive or non-uniform bounds. Hedge provides an example of this for both
the semi-adversarial and KL regret cases. In the semi-adversarial paradigm, Bilodeau, Negrea, and
Roy [BNR20] showed that Hedge cannot be tuned in a way that is minimax optimal and agnostic to
the semi-adversarial constraint that prevails. Similarly, without tuning the regularizer scaling to be
dependent on the comparator distribution (equivalently, the quantile of interest), KL (and quantile)
regret bounds for Hedge are suboptimal.

5.3 Applications of root-KL regret bounds for continuous experts

We now briefly discuss two applications that highlight the immediate benefits of our general analysis
(and consequently results of Section 3) applying beyond finite expert spaces.



Predicting as well as the terminal posterior using f-divergence FTRL A reasonable choice of
distribution to measure regret against is the posterior distribution 77 after having seen 7" rounds of
data. A consequence of Corollaries 1 and 2 is that, for bounded log-likelihoods, the total loss incurred
by making predictions according to f-divergence FTRL for suitable f is bounded by the loss incurred
by the terminal posterior 77 plus an excess regret of the order /T KL (7 || 7). This excess loss is
smaller than T + KL (77 || 7), which is the best available bound for excess loss when predicting
according to the posterior 7; at each round ¢ € [T, and smaller than v/T KL (77 || 7), which is the
best available bound for the excess loss when predicting with Hedge if it is not tuned with a priori
knowledge of KL (77 || ). These worse excess loss bounds follow from the analysis contained in
Zhang [Z06], although he only compares against the “true” data-generating parameter.

Model selection using f-divergence FTRL Extending the interpretation of Orabona and Pl
[OP16] by Foster, Krishnamurthy, and Luo [FKL20] to countable union model classes, we can
consider an infinite sequence of disjoint finite expert classes (note any nested sequence can be made
disjoint), ©1,05,...,and let © = |, ,~; O, Assigning to © the prior 7(0) % for each
0 € O,,, we recover the following regret bound for f-divergence FTRL with regularizer scaling
1 oc 1/+/t from Corollary 2:

Rr(dp) <O (\/T(log |©,,| + log m)) forall € ©,, and all m € N.

6 Limitations

One limitation of our results, which is common in the online learning literature, is that they only
apply to bounded losses. The extension of learning theory to unbounded losses has seen increased
interest in recent years [GM20; A21; MVZ21], although it remains a major open problem to achieve
guarantees for arbitrary losses. In particular, log loss for many nonparametric learners is not covered
by the current unbounded loss literature, and will have important implications in statistical learning
and density estimation when resolved.

A second limitation of our work is that finding the implicit normalizing constant—k&* in Lemma 1—is
computationally difficult, as was also observed by Alquier [A21]. It is at least as costly as finding
the normalizing constant for a Bayesian posterior (or running Hedge), which corresponds to one
evaluation of the left-hand side of Eq. (4). For Hedge, where f(x) = xlog(x), one evaluation of that
equation is sufficient, but in general finding the root of Eq. (4) to a fixed precision will take a number
of evaluations depending on the desired precision and the range of possible values, and so FTRL
with a general f will be that marginally more computationally expensive than Hedge. Variational
approaches for Bayesian inference, which avoid direct normalization of the posterior, may also be
applicable for FTRL with a general f, and that line of inquiry may lead to novel, efficient, and
high-performance learning algorithms.

A final limitation is that we do not obtain variance bounds together with uniform root-KL bounds,
although our approach leads to both separately (Corollary 3 and Corollary 2), so we are optimistic
our techniques can lead to such bounds, which would resolve multiple open problems.
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A Proofs for FTRL analysis for general expert spaces

We first prove the formula for the FTRL solution prescribed by Lemma 1, which we recall next.

Lemma 1. Suppose f : S(v) — R is twice continuously differentiable with " > 0 on
interior(S(v)) and " (0+) > 0. Forany L € L> and n > 0,

a*(0) = 17 (rp (=L (0) + k7))
satisfies ™ € argmin, ¢ y,){(L, ©), + n_lllff(x)}, where k* € R solves

JU a6 + 1) vido) = 1. @
Further, this solution is unique up to modification on a set of v-measure (.

In the proof below, we treat the formula for the optimal solution as an educated guess (inspired by
the finite-dimensional case using Lagrange multipliers). The proof then verifies that the proposed
solution is well-defined and in fact achieves the optimum. It is also possible to derive the optimal
solution directly using a version of the Lagrange multiplier method for convex optimization problems
on Banach spaces with cone constraints (see, for example, [L69]). However, to apply such a result,
one must still verify the existence of Lagrange multipliers. For example, existence of the Lagrange
multiplier for the constraint “z integrates to 1” exactly corresponds to existence of a solution to
Eq. (4). Thus it is not significantly more or less laborious to take such an approach over the “guess
and check” method we have employed.

Proof of Lemma 1. Let L = infycq L(f) and L = supgeg L(#). Since f” > 0, f is strictly
increasing and restricted to a non-negative domain, so [f’]~! exists, is strictly increasing, and
is non-negative. Let a = f'(1/v(0)), and note that since 1/v(©) € S(v), 7p/(a) = a. Let
g:R—=v(0)-S(v) be given by

k) =[5 ((=nL(6) + ) ().

First, note that for all &k, g(k) < v(O) Sup@e@[f’}_l (r4/(—nL(0) + k)). So, since L > L, g(k) <
v(O)[f]7" (14/(—=nL + k)). Thus,

1= / ] (@) (d6)

< [ (=nL(©) + 1L + (o) @
=g(nL +a)
<v(©)f1 (7 (n(L — L) + a)),
where the second inequality follows since L < L. Further, non-negativity of [f’] ! gives
0<g(nL+a)

- / )My (L — L(8)) + a))(d6)

< [ @ptan)
=1.

(8)

By Leibnia rule and the inverse function theorem, Eqs. (7) and (8) imply that, for all k£ €
[nL+a,nL+a],

o [ 1My > L)+ k> mp)
9= [ g T (2 (0) + k)4
/(6)

—info (o 11y (n(T- L)) I (0)

< 00.
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Hence, g is (Lipschitz) continuous on this interval, and then, by the intermediate value theorem, there
exists k* solving Eq. (4).

Let F: L} (v) — R be given by

1 v
F(z)=(L, x), + ;\Ilf (x).

To avoid notational clutter, for the remainder of the proof all statements involving 6 implicitly hold
only v-a.s. Let z(6) = [f/]7! (r¢/(—mL(#) + k*)) and note that the definition of k* implies that
J z(8)r(df) = 1. We now argue that —nL + k* < M.

If v = 0, then My = oo, so trivially —nL + k* < M.

If v # 0, then v is purely atomic and, since f’ is increasing, M = f’(1/v). By definition of 7/,
x <1/v.Ifx <1/v, then 7y (—nL(0) + k*) < My, so —nL(0) + k* < Mjy. Otherwise, there
exists an atom A € X for v such that x(0) = 1/y for § € A. Since x € X(v), we must have

x(0) = 1[0 € A]/v; equivalently x is the Radon—Nikodym derivative of a single-atom probability
measure completely concentrated on A. Without loss of generality, A = {6 : x(0) = 1/v} and

f'(@(0)) = myp + (Myp —myg)I[0 € A

Then, any k* that satisfies
—nL(0)+k*> My, €A
—nL(0)+k*<myp, 06&A

is valid and gives the same solution. In particular, since there is some k™ satisfying this, then
k* = My + nlv-esssuplocaL(0) < k* < myp 4 n[v-essinflog L(6), which implies &* is a valid
solution. Finally, we claim that L. must be constant on A. To see this, suppose otherwise there is
some L such that for € A C A, L(A) < L,and for§ € A\ A, L(6) > L. Then the inverse images
of (oo, I~/) and [f/, 00) must partition A since L is measurable, but one of them must have v measure
zero since A is an atom. Thus, it is also true that k* = My + n[v-essinf]gca L(6), so we have
argued that, without loss of generality, in all cases —nL + k* < M.

With this in mind, consider any z € X' (v). Since f is continuously differentiable and convex,

F(z) = Fla) + (L, 2 — ), + = /[f( (0)) — f(«(6))]v(d0)

> F(z)+ (L, z—x) /f z(0)] v(do)
/ 2(6) — 2(8)] v(d6) + / L(6) [(6) — (6)] v(d)
9)>0 z(0)=0
1 1 )
; / o OO O] via0) + / o EOVEO) 2@ (@)

/ L(0) [2(0) — z(0)] v(db) —|—/ L(9)[z(0) — z(0)] v(d9)
(6)>0 (6)=0

= F(x) +/ L [2(0) — 2 (0)] v(dO) + /(9)_0 (L(@) + W) [2(0) — x(0)] v(d)

z(0)>0 7 n
k* k*
2re) s [ TR0 @)+ [ S0 - 0)] @)

= F(z),

)
where in the second last step we have used that if x(f) = 0 then —nL(#) + k* < my and
z(0) — 2(0) > 0. Thus, « is a solution to the FTRL equation. Further, since f is strictly convex,
equality can only hold in Eq. (9) if v(x = 2) = 1.
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To prove Theorem 2, we need the analogue of the finite-dimensional first-order optimality condition.
Forany V C £1(v) andany F: V — Rand z € L!(v), the Gateaux derivative (in the direction of
z e LY (v))is

F — F
0F[z;z] = lim (z +a2) (:v)
a—0 «
The following result is straightforward: we include a proof for completeness.

Lemma 2. IfV C L(v) is convex and x = argmin, o, F(z), then §F[x;z — x] > O forallz € V
where the limit exists.

Proof of Lemma 2. Towards a contradiction, suppose there exists z € V with 6F[z;z —z] < 0.
Define z, = az + (1 — a)z for all & € [0, 1]. By definition,

§Flz; 2 — 2] = lim Flx +a(z —x)) — F(z) b M
a—0 Q@ a—0 (%

By assumption, this implies that for some « > 0, F(z,) < F(x). However, since z, € V for all
a € [0, 1] by convexity, this contradicts the optimality of x. O

Next, define the functional Bregman divergence for any convex V C £!(v) and any F: V — R and
x,z € LY(v) by
Bp(z;2) = F(x) — F(z) — §F|z;2 — z].

We are now able to prove our generic FTRL bound, Theorem 2, which we recall here for completeness.

Theorem 2. Suppose f : S(v) — R is twice continuously differentiable with f” > 0 on
interior(S(v)) and f"(0+) > 0. For all sequences ({;)ieny C L and (my)ien C R, there
exist 211 € Conv(zy,xiy1) and Ziy1 € Conv(xy, Tyq1) such that for all ¢ € M, (0,%),
(Zt41)ten € {(Zt41)ten, (Zt41)ten}, and T, U -regularized FTRL achieves

1 dg 1
Rr(q) < \Il”<>— min VY (z
7(q) F\a) o 7 (2)

m (0(0) —m)® (L 1
/2 I"(Ze41(0)) (d6) <77t+1 nt>‘1/f(t+1)])

(5)

where )
Tpqq € argmin{(ﬁt —mel, z), + —/Bf(:v(H);xt(H))V(dH)}.
zell (v) Tt
Further, if infgcg €4 (0) > my, then Z; 1 < x; pointwise.
Proof of Theorem 2. For all t, let
1
Ft(x) = <_Lt,17 .’L'>l, + 77\:[/}{(1’)
t

By the trivial extension of Orabona [O19, Lemma 7.1] beyond R<, we have

T
Rr(u) < ! oy (i‘j) - Y (x) + 3 [Ful(wi) = Fopa (o) + (b, 24)].

CNT4+1 M zex(v)
Then,
Fy(xt) — Frya(xegr) + (G, x4)
11y (10)
= Ft(itt) — Ft(xt+1) + <€ta Ty — 1't+1> — (7 — 7)\I/f ($t+1)~
Nt+1 uh

By Lemma 2 and the definition of x,

Bp, ($t+1§fﬂt) < Ft+1($t+1) - Ft(fﬂt)~
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Thus, substituting this into Eq. (10),

Fy(xt) — Frpa(@eg1) + (b, @)
1 1

— — U (x ,
P~ m) ¥ (T141)

where we have used linearity of the functional Bregman divergence.

1
< —;Bq;fv(-)(ﬂﬁtﬂél‘t) + (U, 2 — Tpq1) — <
¢

Next, for any z, z € X (v),
5V ()]s — 2] = lim [f(2(0) + a(=(6) — 2(0))) — f(Z(9))]V(d9).

a—0 «

For any § € © and « € (0, 1), since f’ is increasing, by the mean value theorem

i (min{ inf 2(0') + a(x(0)) — 2(9)), inf 2(9’)})

0'cO 0'cO
< [Fz0) + a(z(6) — 2(9))) — F(=(0))]
<f (max{es/té%z((‘)’) +a(z(0") — 2(0")), ;lé%z(e/)}).

(1)

Recall the form of z; given by Lemma 1. For each round ¢, supycg {—m:Lt—1(0) + k*} < oo so
Supgece max {z4(0), x;41(0)} < oco. Thus, since by continuity f” is finite on S(v), for = x4
and z = x; the upper bound of Eq. (12) is finite. If f'(0+) > —oo, the lower bound is also finite.
If f/(0+) = —o0, then since L;_; is bounded, z; is bounded away from 0 uniformly and thus the
lower bound of Eq. (12) is still finite. Thus, for any f satisfying the conditions of the lemma, we can

apply the bounded convergence theorem to Eq. (11) to obtain

B\pf!'(.)(ﬂft+1;.ft) = /Bf(xt+1(9);xt(0))y(d9).

Thus,
Fi(ze) — Fraa(zeg1) + Gy )

< /(ét(a) —my) (24(0) — ze41(0)) — %Bf(xtﬂ(@);xt(@))

_< ; _1) f(@e41(0))v(d0),

M+1 Mt
where we have used that any m, can be added since z, € X'(v) for all ¢.

We split the proof now to consider the two choices of intermediate points.

Intermediate Point A

By the mean value remainder form of Taylor’s theorem there exists 2,41 (6) € Conv(z:(0), x¢+1(6))

such that 1
By (@i4+1(0);24(0)) = §f”(5t+1(9)) (e(0) — 2141(0))° .
That is,
Fy(z¢) — Fiya(@eq1) + (Gey 24),

< /(Et(e) —my) (2¢(0) — x411(0)) — %mfﬁ(éﬂrl(e)) (z+(0) — xt+1(9))2

- (1 - 1) F (01 (6))0(d6).

Tt+1 Mt

(13)

Since f” is bounded away from zero, we can apply Fenchel-Young point-wise for each # € © to

obtain
(L) —me)® 1

Tt
(6(0) = me) (220) —2en 0)) < 5 —y + 3,

17
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Substituting into Eq. (13) and summing over ¢ gives the result.

Intermediate Point B
Alternatively, let

1
Foor € argmax{fwt —mel, @) — —/Bf(z(G);xt(H))y(dG)},
zeLl (v) ui
SO
Fi(zt) — Frpr(xeg1) + (b, @)y

< / (4(6) = me) (4(8) — Fe41(0))

11
M1 77t) f(@e11(0))v(d0).

_ %Bf(.fprl(e);xt(e)) - (

Again by the mean value remainder form of Taylor’s theorem, there exists Z;;1(0) €
Conv(z¢(6), Z411(0)) such that

By(F41(0); 24(0)) = f (Z141(0)) (2e(0) — Ze41(0))°.

The statement follows from the same point-wise application of Fenchel-Young as for intermediate
point A.

Finally, note that for each t and 6 € O, solving the gradient equation and applying a very similar
argument to the proof of Lemma 1 gives

Te1(0) = [F]7 1 (mpr (= (e(0) = me) + f'(24(9)))) < 2 (0),

as long as infy g £4(0) > my. O

B Proofs for f-divergence FTRL bounds

Corollary 1. Suppose v € M(0,%) and f : Ry — R satisfies:

1. f(1)=0;

2. f is twice continuously differentiable, " > 0 on R, 4, and f"”(0+) > 0;
3. either f or 1/ f" is increasing on R | ;

4. there exist c¢1,co > 0 such that f" - (f + ¢1) > ca.

For any sequence (£;)en C Eﬁ;’ 1 4 € M, (0,%), and T, V{-regularized FTRL with regularizer

scaling n; = +/ca/t achieves
< /Tt Uy (dg/dv) +

Proof of Corollary 1. We start by applying Theorem 2 using the intermediate point Z;; and with
m = 0. Since f” - (f + ¢1) > ¢o and either 1/f” or f is increasing, this simplifies to

2 C1 a 2
nTH\IIf (dg/dv) + me / f(a(0)) (4:(6)) V(d9)+272t:zlm / (£:(0))" v(do)

- Z ( - > Uf (@141)-

Mt+1 Nt

Rr(q) <

Taking 7; = ¢/+/t for some ¢ > 0 gives
1 1 1

_>
M+1 M 2cv/t+1

Finally,



Thus, using that ¢; < 1 and \I/}’(xt) > 0 (by Jensen’s and f(1) = 0),

VvI+1
c

T T
v c y cic 1 y
Rr(q) < WY (dg/dv) + Z i \/Eq/f (2¢) + éﬁ -3 i mqff (Ze1)
t=1

\/T+

Wy (dafdv) + SEVT + Z( W) - o ).

where the last step uses that 1 = v. Taking ¢ = ,/cs makes the final summation over ¢ non-positive
while minimizing the first term. O

We also have the following result, which implies Corollary 2.

Lemma 3. If f : Ry — R and there exists k1 € Rand ko € Ry with f(r) < ky + kary/log(1 + 7)
forallr € Ry, then forall p € M, (0,)

Dy (p||v) <ki+ko/1+KL(p | v).
Proof of Lemma 3.

Dyl = [ £( L)) vtan
<k1+k2/j“<0>¢1+1 (j"w)) V()
“tvts o (14 240) i
<k1+k2w10g e B0))
ot [ o 1+ gw)) a0

<k + ko /T + KL (][ 1)

The first inequality is by assumption, the second is Jensen’s, and the third is because 1 + (rlogr) >
rlog(r + 1) for all + > 0. O

Finally, we restate and prove Corollary 3.
Corollary 3. Suppose v € M*>(0,%) and f : S(v) — R satisfies:

1. f(1/v(©)) = 0;

2. f is twice continuously differentiable, f"” > 0 on interior(S(v)), and f(0+) > 0.

For any sequence ({;)ien C ﬁﬁil], q € My (0©,%), and T, {-regularized FTRL achieves
1 If1/f"(x) < Cx, 1 = (C[1/2 4+ Zt L 1 Vary oo KS(G)D_UQ gives

Rr(q) < [W}(dg/dv) + 1]/C1/2 + X7, Var,_con (0)).

2. If1/f" < Comgr = (Co(O)[1/4+ 2, Varpey £,(0)]) /2 for v = v/v(O©) gives

Rr(q) < [W}(dq/dv) + 1],/ Cv(©)[1/4+ ST, Varg..s £,(6)].

Proof of Corollary 3. Note that, since f(1/v(0)) > 0, Jensen’s inequality implies that for any
reX
1
= [ sa@wtan) = vers (g5 [tomian) >0
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First, suppose 1/f"(x) < Cx. Since 7, is decreasing, Theorem 2 with intermediate point A implies

1 dg r Cne [ . 2
R S vyl — + —Q 2t (9 (Zt(H — mt) 174 d0)
(@ F() + X G [ @ —moy

Nr+1

Taking m; = [ £¢(0)Z¢+1(0)v(d0) gives
e =120 S Var, e £4(0)
w (dq) ﬁi Vary.., G £(6)

t=1 \/zs Vary oo s (9)

where we have used that the variance of a random variable in [0, 1] is bounded by 1/4 (see, e.g.,
Lemma 8 of [BNR20]). By Lemma 4.13 of Orabona [O19], this gives

Rp(g) < WY <3q>

Next, suppose 1/f"”(6) < C. Since 7 is decreasing, Theorem 2 with either intermediate point

Rr(q) <

UT+1

T
+.4/C Var  4;(0).

Gey1)
t=1 O~

1/2+ Z Var /44(0

(2441)
t=1 O~V et

implies
T
dg V(G)Cﬁt/ 2_
R LG + e(0) — de).
vl < vy () + 320 [ e - mt oo
Taking m; = [ £,(0)7(0) gives
dg v(©)C ) Vargz £+ (0)
Rr(q) < T]T+1\Ilf <dy> T

=144 Y1) Vargo £4(6)
dq 1(0)C Varg (4(0)
v =1 \/Zizl Var9~§ Es(e)

77T+1

By Lemma 4.13 of Orabona [O19], this gives

Rr(q) < W <§q> (0)C

+ CZVarEt

O~T

T
14+ Var £,(6)
t=1

C Proof of lower bound for quantile regret

Theorem 1. For all N € N there exists a probability distribution p on [0, 1)V such that for any
sequence of player predictions (wi)ien C simp([N]), ic € {1,...,|N/4]}, and T € N,

Ep,pmper Rr(3.) = V/(T/2) (log(1/€) — 2log2 + 1/7) — \/2/m — 2log N —log 2,

where J; y is the point-mass on the i.th best expert with respect to Lt and € = i./N.

Proof of Theorem 1. Let ®(2) e P(Z < z) for Z ~ Nor(0, 1) be the normal cumulative distribu-

tion function and ®(2) Iy ®(z) be the normal complementary cumulative distribution function.

Let ¢,(i) ~ Ber(1/2) for all t € [T] and ¢ € [N]. For a sequence of real values, S = (sj)je[m],
denote its empirical cumulative distribution function by Fg () = >_jepm) Lz < s;]. For a non-
decreasing cadlag function F (right continuous and left limits exist), let its improper inverse be
Ft(y) =inf{z: F(x) > y}. Let Ly = L; — (t/2)1y be the centred cumulative losses. Clearly,

EZLTNP@T RT((S(zE)) = —EFE/FT (6)
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Without loss of generality, we can enrich our probability space so that there exists i.i.d. standard nor-

mal random variables Z7 () id Nor(0,1) with Lz (1) = Fij, 7.1 9
and Massart [BM89, Lemma 4] this coupling satisfies

Loti) /2= YL 2403

)0 ®(Zp(i)). From Bretagnolle

Zp(i)?
8 )

<1+

which implies

VT

1
Lr(i)—T)/2— 7ZT(@) <1+ -Emax Zp (i)

i€[N]

E max
i€[N]

Now,

1
Emax Zp(i)? < inf ~log Z Eexp(AZ7(i)?)
i€[N] A€(0,1/2) i€[N]

— inf lpeg N
A€(0,1/2) A V1 =2\

= inf <1ogN + 1 log _ )
A€(0,1/2) \ A AT VI=2))
Overapproximating with A = 1/4 gives

E max Z7(i)? < 4log N + 2log 2.
1€[N]

From Ali and Chan [AC65], for € > 3/4
~EF} (¢) =EF*, (1—¢)

> EdT (L(lN_j)le )

o (1 L0-0N),

Then, since the coupling is monotone, transformations of the order statistics are equal to the order
statistics of the transformation, and hence

Ft, (1—¢—Ff
‘ZT( 9 (—%(LT—T/z))(

1-0)

2
< mox | Z2() — (2 (L) - 7/2) ).
i€[N] VT
Thus
~ ~ 4log N + 2log 2
E|FY,,(1-9 - F/ (1-q) < =B
: (E— VT
SO

EFf | 1-
(*ﬁ (LT*T/2)>
which implies

>3 <1_ (16)N> 3 410gN+210g2,
vT

~ VT ——1 N 1
~EFY (6) > 0 | —— —2log N —log 2
2923 <N+1 +N+1> gy e
VI ——
274) 1(26)—210gN—10g2.

Now, applying Lemma 4, for e < 1/4

~ T
—IEF;T(e) > \/2 (log(1/e) —2log2 + 1/m) — \/2/m — 21log N — log 2.
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Lemma 4. For x > 0,

o) > SPWmep(=(@ + v/2/m)%/2)
- 2 )

and for 0 <y < 1/2,

3 ' (y) > V2log(1/y) — 2log2 + 2/m — \/2/.
Proof. The second bound follows from the first, so we will only prove the first. Let ¢(z) denote
®'(z) = exp(—2*/2)/v/2m, and

exp(1/m) exp(—(z + /2/7)*/2)
2
=log ®(x) — 1/m + log(2) + (z + \/2/7)? /2.

h(z) = log ®(z) — log

Then, h(0) = 0 and
W(x) = —¢(x)/®(x) + (x +\/2/7),
so h'(0) = 0 as well.
Next,
W'(x) = wo(x)/B(x) — (6(x)/B(x))” + 1,
soh”(0)=1—-2/m > 0.

Suppose towards a contradiction that k" (x¢) = 0 for some zy > 0. Rearranging gives

20 = B(20) /Do) — (¢(20)/B(0)) ",

SO
= VAt i+
0(0) [B(o) = 0
However, from Birnbaum [B42]?, for all z > 0
= Va4 a2 +x
o(x)/®(z) < ——F—.

2

Thus k" (x) # 0 for all x > 0. Since h” is continuous, " (0) > 0, and A" has no zeros on (0, c0),
by the intermediate value theorem h”(z) > 0 for all z > 0. Finally, since h(0) = 4/(0) = 0 and
h'(z) > 0 for all z > 0, by standard differential inequalities, h(x) > 0 for all > 0. O

D Proof of semi-adversarial regret bound

To analyze FTRL-CARL, we define two more notions to characterize which stage of learning the
algorithm is in. Note that each of these stages occur implicitly while running FTRL-CARL, and
consequently the user does not need to know any of the quantities associated with D.

For each i € [N]\ Zo, let T; = [8(log N)/A?| and Ty = maxc 7, Ti- Foreach t € N let
IV =Ty u{i € [N]\Tost. T; >t} and N = |Z{"|. For each j € {0,1,..., N — Ny — 1}, let
T(;) be the decreasing ordered values of T}, so that 7o = T(gy > T{1) = ... > T{n_n,—1)- Let
T(N-n,) = 0. Let A(;y be the corresponding increasing ordered values of A;, so that Ag = Agy <
Ay < SAN-Ny—1)-

We then have the following regret bound for FTRL-CARL, which simplifies to Corollary 4 by lower
bounding all A; by Ay and observing that W; y n, telescopes in the sum. The more refined bound

of Theorem 3 will be significantly tighter for small 7" when only one A; is small, although the
worst-case adversary will choose all A; = A,.

’The stated result has a non-strict inequality, however the proof by Jensen’s inequality clearly leads to a
strict inequality since the function in the application of Jensen’s inequality, ¢ — 1/¢ is strictly convex and the
distribution to which it is applied is not degenerate, it has density proportional to ¢’ (¢) for ¢t > 0.
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Theorem 3. For any time-homogeneous convex constraint D, FTRL-CARL achieves:

Forall T,
ERr < +/2TlogN,

N—No—1

ERp < /2T log Ny + 4(log N) Z WJNNOA

and if T' > Ty,

52, I[T > Tj]
Yo V2paNg=1]) > ="+ logN,
T NVIEN ieN\T

where Wj NN, = o= (\/log(No +j+1) — /log(No + j)).

Proof of Theorem 3. Since N < oo, we wish to apply Lemma 1 and Theorem 2 for v equal to

counting measure and S(v) = [0, 1]. It is straightforward to verify that —h/.(x) = 1/ha(x) > 0
n (0,1). Thus, we can apply Theorem 2 with intermediate point A, so there exists a sequence

veg1 € Conv(wi™, wgff) such that for any sequence (m;):eny C R, it holds almost surely that

Fr < VBN 43 Y [ hatn ) (G0 - m + LT VB )]

t= 1zEN]

where we have used that Ho(w) = 0 for any one-hot w, an application of Lemma 9, and the
expression for h' again.

Let ha(z) = x/2log(1/x) for x € (0,1] and ha(0) =0, and set Ha(w) = >_,c(n) ha(w(i)).
Define  : mmp([N]) — simp([N]) by
(1/Naa1/N)a HA(w):O

T\w) = ha(w(i .
0= () othervise

Letting m; = (¢, v(v¢11)) then gives

T
r<VigN+Y" [z,jiﬂmtﬂ) Var [6(D)] + - (VEFT - x/i>Hc<w€fi>} :

Irry(veyn)

Since 0 < ¢, <1, Var [{(I)] <1/4forany w € simp([N]), which combined with v/t + 1 —

I~y (w)
Vit < 1/(2V/1) gives
T
c 1
< y/log N + ——H + ——He(wih) | . (14)
T = og ;[8\/1? A(vet1) 20/ ( t+1):|

Applying Lemma 9 to Eq. (14) with any p and Zy = [N] gives the worst-case bound of

T
c 1 1
< — < — .
Rr < logN+<4+ > E 2\[\/210gN <4+c> v/ 2T log N

t=1

Next, applying Lemma 9 to Eq. (14) withp = 1/2 and Z, = Iét),
T

c, 1 ®)
Ry < \/logN + ( -~ + 2log N
rE Vs (4 );%f ¢

+t28\/ \/7 Z \/vt+1(i)+H[Nét):1}\f2 Z Vi1 (4)

ie[NN\Z§ ie[NN\Z§P

S|y, A e )

=1 ie[N\z{" €[N\
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Since vy1 € Conv(wi*™, wiy), then /U1 < \Jwi*™™ + /wil, and so

T
C 1 1 (t)
Ry < logN+(4+ > g 2\/\/QIOgN

t=1

T
C 1 e t_ CARL (5
P e o VO =ive 3 e

i€[NN\Z i€[N)\Z§"
1
+ - wCARL(Z’) +1 \[ CARL( )
;(&f 20\[) Vel Z(t)v o [ ] Z(M o
e[NN\T§ i€[N\Zg
Simplifying gives

Rr < 1ogN+<Z+i)zT:2\1/z\/m

=
L S e (L) Vo)
+INo=1]V2 >~ Z J[ CAR'()+<1+Z> wgf{(i)].

1€[N]\Zo t=To+1

For T' > Ty, the first term can be decomposed as

T Ty T
1 ® 1 ®)
log N, ——=1/2log Ny~ + 2log N,
;zt\/go ;2t g t,ZQ\/gO
= = =To+1
T

< Z log N + /2T log Ny — /2T log No

For the second and third terms, applying Lemma 8, for each ¢ € [N] \ Z; we have

c
< Z
-8 t c
t=T;+1 t=T;+2
_ (1, 3¢\ VBR2+o
“\c¢ 8 ) NAyc/logN’
Taking ¢ = 2 and combining these results, we have
min(7T,Top)

1
ERy < (\/QTlog No — /2Ty log NO) [T > Tp] + t:zl m\/?log N

5v/2 _1/2 I[T > T;]
Ny = 1 >0 g N.
T NI N (e 1Ny = 1) ie[Nz]:\Z A, Vi



Next, using summation by parts,

oo \/7
—~_\/2log NV

Zl /i g Nog
N—-Ny T(N-Ng—j+1)

S0y %ﬁﬂogw—j)

J=0 t=T(n-ny-s+1

ZO (\/T(NfNole) - \/T<N7Nofj> + 1) 2log(N — j)

<
=0
= /2T log No = /2T (v, log N
N—No
+ 3 Tovno (VZIog(N =+ 1) - V2log(N — )
j=1
N—No—1
2Ty log Ny + Z N (\/2 log(No + j + 1) — /2log(No +j))
=0
N—No—1
< /2Ty log Ny + 4+/log N Z (\/log(No +j+1) — y/log(No +j)) .
= Ao

In summary, forall 7' > 0

T
| A
ERr < Z Z—t 210gN(§t) + 1og N
t=1
5v2 ( 12 4 i, ) T 0T > T T
" NVIEN ie[N\To

and for T' > T,
N—No—1

ERr < /2T log Ny + 4(log N) Z NN —— A
&)

5v2 (671/2 + I[Ny = 1]) Z LT; T + /log N,

TN NVIogN i€[N\Zo :
where
- _ Vlog(No +j +1) = \/log(No + j)
3:N:No = log N '
Note that ZN No—1 WLN,NO <1. O

D.1 Bounding the weights of ineffective experts

Let I} = argmin, ¢y Lt (i), so () is the one-hot vector with a one on /7. Then, we have the
following control on the weights.

Lemma 5. For any i € [N], w\ satisfies

gj—kf( ) < exp{ (Lt(z) — Lt(It*)) }

2(t+ 1)

Proof of Lemma 5. The Lagrangian corresponding to the optimization problem defining w1 is

vi+1
ﬁ(w;)‘>a1a"'aaN):<Lta w>7 c

He(w) + A (1= (1, w) + > agw(i).

i€[N]
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It is straightforward to verify that hi, (z) = y/2log(1/z), so

o Vi
mﬁ(w,)\,al,..., N) = L(i

g(1/w(i)) — A+ a;.

Setting this to 0 gives

A" = Ly(i trl v 2log(1l/w(i)) + .

Since H is invariant to reordering of the expert indices, w§? is monotonically non-decreasing in

Ly, so wii(If) > 1/N and consequently az» = 0. If w§} (i) = 0, the statement of the lemma

trivially holds. Otherwise, o; = 0, so by definition of A* we have

21081/ w2 (0)) = 21081/ (17)) = 2 (L(0) = LI})).
The result follows by rearranging this equation and using that \/a — vb < v/a — bforalla > b > 0
and wi (4) < wily (IF). O

Next, we extend Theorem 1 of Bilodeau, Negrea, and Roy [BNR20] to depend on the individual
ineffective experts effective gaps.

Lemma 6. For all N > 2, convex sets D C M()}N X V), A >0, t and i € [N]\ Lo, if the
environment is subject to the time-homogeneous convex constraint then

E exp{)\ (Lo(IF) — Lt(i))} < exp{T [A2/2 - A }

Proof of Lemma 6. The argument follows nearly identically to the one given by Bilodeau, Negrea,
and Roy [BNR20]. However, in the second last step in their argument, note that

inf  Eeexp{A[(£(Zo), w) — £()]} < /238,
weEsimp(Zp)

The last step is then applied in exactly the analogous way. O

Using these two results, we control the expected size of the weight of an ineffective expert.

Lemma 7. Foreveryt, i € [N|\ Zo, andp > 0

CARL pCQ 2
E [(wi™ (4))"] <2€Xp{ (\/EJFC\/@QAz}.

Proof of Lemma 7. For any s € (0,1),
E [(wi*™ (0)"] <E [(wi™ (0)": Le(i) = Le(I7) > sAit] +P[Ly(i) — Li(I7) < sAt] .
From Lemma 5,

E [(wi™(0))" © Li(i) — Li(I)) > sAt]

P {pCQ (Lt(iz)(tf tl()I;)) } CLy(i) — Lo(I}) > st

<E

t2
< 2 2A2
_exp{ ps-c 7’2(t+]_)

< exp {—tps’c®A7/4} .
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Next, using the Cramer-Chernoff Method and Lemma 6,
P[Ly(i) — L (L)) < sAgt]

=P[L:(I]) — L (i) > —sAt]

< i B D (L) — Ly(i)}
AS0 exp {—AsA;t}

2 _ .

< inf exp {t (A\%/2 = \A;) }
AS0 exp {—AsA;t}

= inf exp {t ()\2/2 —(1=s)AA;)}
A>0

=exp {—t (1 —s)°A7/2},

where the last step follows from taking A = A;(1 — s). These two terms decay at the same rate if
ps*c? = 2(1 — s); thatis, s = v2/(V/2 + ¢\/p). Using this value,

CARL pCQ 2
E [(wg ())}<Qexp{ (\/§+c\/]3)2Al}.
O

This single-round bound can now be summed to compute the overall regret contribution of ineffective
experts.

Lemma 8. For everyi € [N]\ Zy and p > 0,

s 1 CARL [ :\\P 2\/>(\/>+C\f>
3 B [(w§*(0))"] < NAe/plog V|

t=T;+1

Proof of Lemma 8. Using Lemma 7, we have

oo

i wCARL — 1 ex p762 2
2 il rl<2 2 p{ <mcm2“}

t=T;+1
<2/oo LI R L Az a
< —exp{ —t——— A7} dt.
T, Vit 2(V2 + ¢y/p)?

For any C' > 0, substituting 72/2 = ¢tC and using P(Z > a) < M for Z ~ Nor(0, 1) gives

* 1 o 2
/T Zyexp{—HC}dt = W/mexp{—r /2} dr

exp {—CT;}
V2CT;

_ exp{-CT;}

==

< \/2/C

Thus,

= 1 O ik o ke
Y FE[w@)] <2 =

Ve ey SV
_ 2V2(V2+eyp)

- NAzc\/p logN

t=T;+1
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D.2 Entropic concentration of FTRL-CARL regularizer

We now show that the functions used to define the regularizer for w**" concentrate like an entropy.

This result is the analogue of Lemma 1 of Bilodeau, Negrea, and Roy [BNR20].
Lemma 9. For every w € simp([N]), Zy C [ | with |Zy| = No, and p € (0,1),

Z P+INo=1vV2 > Vw(i).
\Z ZE N\Zo i€[N]\Zo

Proof of Lemma 9. Using the previously observed expressions for the first and second derivatives,
he is concave on (0, 1), so He is concave on simp([N]). Bauer’s maximum principle [B60] says
that a concave function on a convex, compact set .S attains its minimum at an extreme point of S. This
means that H attains its minimum in the set of extreme points of simp([N]), which corresponds to
the set of standard basis vectors. In particular, letting e; denote the ith basis vector,
He(w) > min Heo(e;) = 0.
i1€[N]

0 < Ho(w) < Hy(w) < /2log Ng + ——

For the second inequality, let

o(z) = { V3 et (Viog(1/z) - o(N = 1)/, @€ (0,1]

/2, z=0.
so that
He(w) = Ha(w) — Z g(w(i)).
€[N
Then,
d? (@) 1
—g(x) =— .
dz?? 2v/2zlog®?(1/z)
This is negative for 2 € (0,1), 50 3,y 9(w (7)) is concave. Again, by Bauer’s maximum principle,
we have
Y g(w(@) =0,
€[N
s0

For the third inequality, observe that
Hy(w) =Y wlio)y/2log(1/w(io)) + Y w(i)y/2log(1/w(i)).
10€Zo i€[N\Zo

Consider the convex optimization problem

min {— > w(io) 210g(1/v(i0))}.

UERZO i0€Lo
(1, 0)<1
This has the Lagrangian
LwionAr, .. An,) == Y w(in)y/21og(1/v(io)) + ({1, v) = 1)+ > Aigu(io).

i0€ZLo i0€ZLo
The partial derivatives for iy € Z are

1
Oic L(v;o, A, ..., A = —v/2log(1l/w(ig)) + —m————=t+a+ \;,.
0 ( 1 No) g( / (0)) 210g(1/w(10)) 0
Note that this is undefined at w(ip) = 0, so \;, = 0 for all iy. If & = 0, then for each iy € Z,

w(ip) = e~ /2, and this is only feasible when Ny = 1. In this case,
1

ioezzow(io) 2log(1/w(io)) = 7o
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. . _ 1 . . . .
Otherwise, o > 0, and since 2log(1/x) + W) is monotonic in z, all the w(i¢) are equal.
By the K.K.T. condition, this implies w(ig) = 1/ Ny for each ig, so

Z w(ig)v/21og(1/w(ip)) = v/2log No.

i0€ZLo

That is, if Ny > 2,
Ha(w) </2logNo+ > w(i)y/2log(1/w(i)). (1)
i€[N\Zo
Next, if Zyp = {io}, then we have

Hoaw) = w(io)v/Zoa(uwli)) + Y w(i)y/2loa(1/w(i)
1€[N\Zo

< v2w(ig) log(1/w(io)) + Z w(i)y/21og(1/w(7))
€[N\ Zo

2(1—w(io)) + D w(i)y/2log(1/w(i))

i€[N\Zo

2 3w+ Y w(i)y/2loe(1/w()

1€[N\Zo 1€[N]\Zo

> [V2wG) +wii)y2los(1/u(@)]

i€[N\Zo

where we have used x log(1/z) <1 — z forall > 0 and that /= +y < \/z + \/y forall z,y > 0.

(16)

IA

Finally, for any p € (0,1), let f(x ~P/2log(1/z). Observe that f(07) =0, f(1) = 0, and
F/(@) = (1= )/ log (1) — —
P & 2log(1/z)
Thus, the only critical point of f occurs at zp = e~ T Substituting this gives
1
f(@) € e
e(1-p)

It follows that for = € [0, 1]
P
v/210g(1/7) < ——— a7
e(1—p)
Combining Egs. (15) to (17) gives the third inequality. [

E Experiments

In this section, we provide an empirical evaluation of our proposed algorithms and compare them to
existing algorithms in the respective paradigms. In particular, for the quantile regret paradigm we
implement the version of abNormal proposed in Example 3, while for the semi-adversarial paradigm
we implement FTRL-CARL and compare it to Meta-CARE [BNR20] and Hedge with a decreasing
regularizer scaling [MG19]. In both cases we generate synthetic data, with specific details in the
respective sections. All algorithms use standard tuning for hyperparameters; the specific details can
be found in the code, available at https://github.com/blairbilodeau/neurips-2021.

E.1 Quantile regret

For this experiment, we follow the same setup as Chaudhuri, Freund, and Hsu [CFHO09]. The losses
are generated from the Hadamard matrix of dimension 64, where the row with constant values is
removed, the remaining rows are duplicated with their signs inverted, and all the rows are repeated
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Figure 1: Quantile regret to the top K /n proportion of experts versus number of experts N.

horizontally in order to get 7' = 32768 columns and n = 126 rows. Each row 7 represents the losses
for expert ¢ from¢ = 1,...,T. Next, given a parameter K, which represents the number of good
experts (out of n), the value 0.025 is subtracted from each entry in the first & rows. Each row is then
duplicated N/n times in order to have N total experts. Finally, the values in the matrix are shifted
and normalized in order to be bounded in the range [0, 1]. For more details, see Chaudhuri, Freund,
and Hsu [CFHO09, Section 3]. As noted by Chaudhuri, Freund, and Hsu [CFH09], the replication
factor affects the behaviour of algorithms that are tuned in terms of the total number of experts IV,
such as Hedge with a decreasing regularizer scaling [MG19] or AdaHedge [d+14]. On the other hand,
parameter-free algorithms such as Squint [Kv15], NormalHedge [CFHO9] or CoinBetting [OP16] are
not affected by the replication process. The results illustrated in Fig. 1 show that abNormal follows
the same behaviour as parameter-free algorithms. In particular, we plot the cumulative regret after
T = 32768 time-steps against the best expert. Note that the cumulative loss is equal for the K x N/n
good experts, so we are effectively plotting the regret against the top ¢ = K /n-quantile, which is kept
constant despite the total number of experts N increasing. We adopt an initial uniform distribution
over experts for all the algorithms.

E.2 Semi-adversarial losses

For this experiment, we compare Hedge with decreasing regularizer scaling 7; o 1/+/t, Meta-CARE
[BNR20] and FTRL-CARL from Section 4. In this case, we keep the number of total experts fixed to
N = 1000, and use deterministic losses. When Ny = 1, the best expert has loss 0.4 and the rest have
loss 0.5 on every round. When Ny = 2, expert 1 alternates between loss of 0 and loss of 1, expert 2
alternates (on opposite rounds from expert 1) between loss of 1 and loss of 0, and the rest have loss
0.6 on every round. Thus, both Ny = 1 and Ny = 2 correspond to Ay = 0.1. When Ny = N, the
first half and second half of the experts alternate between loss 1 and loss 0 on opposite rounds.

As the theory of Bilodeau, Negrea, and Roy [BNR20] prescribes, Hedge does well for Ny = 1 but
does equally poorly for Ng = 2 as Ny = N, while Meta-CARE improves on Hedge for 1 < Ny < N.
As Theorem 3 prescribes, FTRL-CARL does well in all settings, improving on Meta-CARE by
adapting faster in the Ny = 2 case.
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Figure 2: Semi-adversarial paradigm: Expected regret versus time for various values of Nj.
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