A Upper Bound with Gap-dependent Analysis

We begin with the proof of thresholding technique. In this section, definitions are restated for
completeness.

A.1 Definitions

We first restate the notations.

Definition A.1 (Pessimistic algorithms). An offline learning algorithm with output policy 7 is
pessimistic if with probability at least 1 — 0, the following arguments hold,

1. It maintains a pessimistic estimate Q of the true Q*.

2. Q is the optimal Q function of an imaginary MDP M = (S, A, H,P,po,r), where
ri(s,a) <rp(s,a)forall (h,s,a) € [H xS x A

3. m is the greedy policy with respect to Q.

Definition A.2 (Pessimistically estimated MDP). For a given successful pessimistic algorithm
execution instance, where the arguments in Definition are simultaneously satisfied, we call
M = (S, A H,P,po,r) the pessimistically estimated MDP. At the same time, V, Q are the
corresponding value functions and Q functions. We use w to refer to the returned policy, which is
optimal over M.

And sometimes we use Q = Q™, V. = V™ without superscript indicating the policy. We’ll show that
this notation matches the definition in Algorithm|[T so there is no need worrying about any possible
confusion.

Definition A.3 (Deficit). For a pessimistically estimated MDP M = (S, A, H, P, po,r), we define
deficit to be

Eu(s,a) £ ri(s,a) —r;,(s,a).
Definition A.4 (Not-so-pessimistic MDP). For a given set of €, (s, a), a pessimistically estimated
MDP M = (S, A, H,P, po,r), define
Ph(s,a) = ri(s,a) — max{0,Ey(s,a) — ex(s,a)}.

Then we call M = (S, A, H, P, po, V) not-so-pessimistic MDP. At the same time, V is the corre-
sponding value functions.

A.2 Main Theorem

For conciseness, we will use a* and ¢ to stand for 7 (s) and 7, (s) respectively when it introduces
no confusion. To formally present the deficit thresholding technique, we define a event £,,,.

Definition A.5 (Gap restriction event). For a given set of €;,(s, a), event &y, is defined to be the
event such that for all optimal policy 7*, h € [H] and s € S,

Vils) < Vi(s) + S0,

Note that &, depends on the value of €, (s, a), and the definition of €}, (s, a) may involve randomness.
In the following proof of Corollary we will set e, (s, a) = EDmin,
Theorem A.1 (Deficit thresholding). When event £,,,, happens, there exists an optimal policy 7*,

such that replacing Vg with VS only harms the difference up to a constant factor,

Vi — Vi <2(Vi— Vi),

Rigorous proof is deferred to Appendix[A.4]

Corollary A.1. For a pessimistic algorithm running instance, there exists a deterministic optimal
policy 7*, such that

£aPmin }

H
Vi —-V5<2 ZE’T* [max{O,Eh(sh, ap) — S5

h=1

14



Proof. With Theorem we just need to prove that e (s, a) = £5Pmi= indicates £gqp.

Note that Ej, (s, a*) < Ej(s,a*) +ex(s,a*) = Ej (s, a*) + 8win | Therefore, for all optimal policy
7*, we have

H
Vii(s) = Vi(s) = D Ere gums[=Ens (507, anr) + Ens(snr, ap )]
h'=h
z gap
< . _ min
> Z ETr ,sh,fs[ 2H ]
h'=h
< 83D in .
- 2

A.3 Value/Q Function Ranking Lemma

The following lemmas will be frequently used throughout the proof of Theorem and upper
bounds.

Lemma A.1 (Overall size relationships of value functions). When {44, happens, different value
functions satisfy that for any optimal policy 7*, we have

\/'EZ\/E . gaP i
VE> < - >VH>vVvr -2,
(o Ly

Here V > V' means V,(s) > V},(s) forall (h,s) € [H] x S.

Proof. We study each inequality one by one:
V* > VI 7* is a optimal policy over M.
VZ > VT this follows from r < r,
H H
Vi(s) = Z Ex[rh (shr,an) | sp = 8] > Z Exlrp (snyan) | sp = s] = Vi (s).
h'=h h'=h
VI > V*: 1 is a optimal policy over M.
V* > V*: this follows from # < r,

I H
Vils) = 3 Erelrw(swryan) | s =] = 3 Bl (swsan) | sn = 5] = Vi (s).
h'=h =h
V* > V*: this follows from r < #,
I H
Vi(s) = Z Er« [P (s, ans) | sn = 8] > Z Bre[rp (snryan) | sn = s] = Vj,(s).
h'=h h'=h
V* > V* — 8%8min: this is just the definition of &y [

Lemma A.2 (Overall size relationships of Q functions). When 44, happens, different Q functions
satisfy that for any optimal policy 7*, we have

Q;(s,a") > Qj(s,a) > Qp(s,0) > QX(s,a) > QF(s,a”) > Q; (s,a").

Proof. We study each inequality one by one:
Qj(s,a*) > Qi (s,a): a* is the optimal action at (h, s) over M.
Q;,(s,a) > Qj (s, a): this follows from V* > VT in Lemma A.ll,
Qi (5,0) =Eynp, . o[Via (s 2 Evnp, . L [Via (8)] = Qils, a).
> Q%(s, a): this follows from VX > V™ in Lemma
1 (s,a) > Q(s,a”): ais the optimal action at (h, s) over M.
o (s,a) > Q; (s,a”): this follows from V* > V* in Lemma A.l}

Q;(s,0") =Egwp, , - [Vii 1 (8)] = Boap, .- Vi ()] = Q) (s.a”).
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A.4 Proof of Theorem|[A.T]

Proof. In this proof, we choose the 7* according to the given 7,
i (s) = m5(5) my(s) is optimal,
R arbitrary optimal action 7, (s) is not optimal.
So that every time 7* disagrees with 7, the choice made by = must be suboptimal. The intuition is
that we only consider the cases where 7* and  have different opinions. To begin with, we define
a set of prefix trajactories for any two given deterministic policies over MDPs that only differ in
rewards:
U(my,ma) ={(s1,a1, -+ ,8%) | mi(si) = m2i(si) = a;,Vi=1,2,- -k — 1,
m1(sg) # ma(sg)ork = H}.

And we use PJ to denote the probability that we can get a prefix trajactory Y = (s1,a1,- - ,8k)
with a deterministic policy 7,

k-1

P} £ po(s1) [ pa(snsma(sn), snia)-

h=1
Notice that for any given trajectory £ and policy 71, 72, there is exactly one prefix trajectory ¢ €
U (7, o) being the prefix of £, which ends at the first time 7 disagrees with 5. Denote the length
and the last state of a trajactory to be 2h,, — 1 and s, and set the cumulative reward over 1) under a
given deterministic reward function (s, a) to be 7y, we can write the value function in the form

it= Y PR (e Vi)
YEW(my,m2)

Also, notice that because 71 and 7o agrees on all the decisions in ¢ € (71, 72), we always have
Pgl = PJQ for ¢p € ¥(my, m2). Now we have

Vo-Vi= > Pl (Vi (s0) = Vi, (s9)
YeW (m*,m)
= Y PI(Qj,(sy,a) +gapy, (sy, @) — Vi (s4))-
YeEW(m*,m)
Then we prove a statement that Vi) € ¥(7*, x),
. - . 1 .
Qh, (sy, @) + gapy, (s, a) =V} (sy) = Qp (¢, @) + igaphw(swvg) =V, (sp). 3

When a = a*, the only possibility is that hy, = H, then RHS=0. While the LHS is always non-

negative because Qj, (sy,a) =V} (sy) = V;‘Lw (sy) (Lemma é.l ).
When g # a*, event {4, guarantees that
£aPmin

Qi (53, a) + gapy, (5, @) = Vi, (53) > Qi (59, @) + gapy,, (53, 0) = Vi (sy) = ==

* 1 ™
2 Qhw (S(IMQ) + §gaph,w (Sl/h@) - ng) (S’l[))

The inequality uses that gap,i, < gapy,, (sy,a) and that V" < VE < VZ. At the same time, we

can decompose V{; — V in a similar way,
Vi-Vi= Y Pl (re—iv+ Vi, (s) = Vi, (s0)

YeV(r*,m)
> Y Pr(Q,(sy,a) +gapy, (s9,a) — Vi, (sy)) &)
YEV(r*,m)
> PT(Q: L VI 5
> Y PI(Qf,(s0.0) + ggaps, (sv,) = VT, (54)) )
eV (m*,m)
1 S x
>S5 Y. PIQi,(sy,0) +gapy, (su,0) = Vi (54)) ©6)
eV (m* )

1, -
= §(Vo - Vo).
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(@) results from the fact that r is always larger than or equal to 7. (5) just makes use of (3). (6) uses
Q; (s,a) > Qj(s,a) = V;(s)(LemmalA.2). 0

B VI-LCB based analysis

B.1 Algorithm Sketch and Notations

Algorithm used here is Lower Confidence Bound Value Iteration(VI-LCB)[Xie et al., 2021b] with
subsampling trick and Berstein-style bonus. The basic idea of LCB is to pessimistically estimate
the Q function so that the algorithm won’t over estimate some hardly seen suboptimal actions in
dataset. The subsampling trick introduced by |Li et al.|[2022]] helps solve the independence problem

between P, and A% 1> which avoid separating the dataset into H parts, resulting in one H dependency
removed in final complexity.

Here we understand dataset as a set of transitions in the form (h, s, a, s’) that allows duplicates. When
we say that the dataset contains a trajactory (s1, a1, -+ , S, ap), it means that the dataset contains all
the decomposed transitions {(h, sy, @, Sh+1) }h=1,.... Also note that M has deterministic rewards
in our setting, so the reward function can be easily derived as long as the (h, s, a) tuple is visited for
at least once. And if (h, s, a) is not contained in D, the algorithm output wouldn’t be influenced by
the value of 74 (s, a), and we can set r(s,a) = 0. So we assume that the reward function is known
from the beginning.

Algorithm 3: VI-LCB
input :Dataset Dy, reward function r
1 set Q%H(s,a) =0
2 set Vi (s,a) =0
3 forh+ Htoldo

4 compute the empirical transition kernel P,
s | Phsals’) = 202 with 0/0 = 0
6 fors € S,a € Ado
Var 5 (Vi) X

7 br(s,a) < Cpy/ PEZ”(“S,Q)H +Cy Nﬁs,a), where Nj (s,a) = Np(s,a) V¢
8 | Qj(s,a) ¢ max{0,r4(s,a) + P}IS)GX%_H —bp(s,a)}
9 for s € S do
10 Vi, (s) « gleaj( QE(S, a)
1 m,(s)  argmax Qjx(s, a)

L acA T

oatput :policy

Algorithm 4: Subsampled VI-LCB
input :Dataset D, reward function r

1 Split D into 2 halves containing same number of sample trajectories, D™ and D>"*

2 Do ={}

3 for (h,s) € [H] x S do

4 | Nfm(s) < max{0, N2 (s) — 104/ N#(s) log £}

5 Randomly subsample min{ N}*'™(s), N (s)} samples of transition from (h, s) from
D™an (o add to Dy

6 7 + VI-LCB(Dy, r)

output : policy m
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Notations in VI-LCB. In the algorithm, N}, (s, a) refers to the number of sample transitions starting
from state s, taking action @ at time step i of some given dataset, and Nj,(s) = >, 4 Ni(s,a).
Superscripts stand for the dataset. See|Li et al.|[2022] for a more detailed description of the algorithm.

The proof of independence between samples with different & in Dy is omitted here, and we will not
need it directly because the proof of Lemma|[B.T suggests it.

Note that different from the notation in Algorithm |1, we use V™ and Q™ instead of V and Q in
Algorlthml We do this to emphasize that V and Q in Algorlthml dlrectly satisfies the definitions
of V- and Q™ in thresholding technique (Deﬁmtlon , which will be rigorously proved in Lemma
- B.3| To avoid unnecessary confusion or reading di ty, V and Q without superscript stands for
the true optimal Q/value functions of M, i.e., VT and QT, in the following proof.

B.2 Proof Preparation

To warm up, we first prove that VI-LCB perfectly matchs our definition of LCB-style algorithm.
From the original paper of VI-LCB [Li et al., 2022], we quote a slightly modified version of their
lemma 6, where constants and notations are changed, and V is replaced with X% -

Lemma B.1 (Transition estimation bound). For any 1 < h < H, with probability at least 1 — %,
we have

A Var (Vi) H.

Phsa—Phsa) Vil <bu(s,a) = C Phoa =04V 4 V(s,a) € Sx.A.
|(Ph.s, hsa) Vil < bo(s,a) b\/ Na(s, ) bNh(s,a)’ (s,a) X

Proof for Lemma|B.T is omitted here. With the union bound, we have the inequality in Lemma[B.T
holds for all h € [H] with probability over 1 — g. Also, Lemma 1 from original paper helps with the
guarantee of the sample number.

Lemma B.2. With probability over 1 — %, we have

Ni(s,a) > Cata(Ndy(s,a) — \/ Ndi (s,a)e), V(h,s,a) € [H] xS x A,
for some positive constant Cygq.

Proof of this lemma is also omitted, which is a direct result of Binomial concentration. Then we can
prove the concentration lemma, which serves as the basis of following analysis.

Lemma B.3. If we run VI-LCB on a offline learning instance (M, 1), with high probability (over
1 —9), the following event E.on. happens for some positive constant Cy:

1. the execution instance satisfies the three arguments in Deﬁnition and 0 < Ep(s,a) <
2bi(s,a) forall (h,s,a) € [H] xS x A

2. Nj(s,a) = Np(s,a) V1> CqyNdl(s,a) forall (h,s,a) € [H) xS x A

Proof. We just need to prove that both statements are true with probability over 1 — g respectively,
and then we can finish the proof by applying union bound.

Proof of statement 1: Q in the definition of pessimistic algorithm matches the Q in VI-LCB. We
first prove that M exists. With Q given, we can actually get a closed form of r,

Kh(sva) = Qh(S a) - Eﬂ\sh—h ah—a[Q (S}L+1; ah—&-l)]

thsa h+1(8/’g)

s'eS
T
= gh(sv a‘) - Ph,s,aXthl'

Then we can find that the definition of V in the algorithm agrees with the one in Definition and
we won’t distinguish between these two definitions in following induction. It remains to show that

0 < En(s,a) £ rp(s,a) —r),(s,a) < 2by(s, a). 7
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Both inequalities follow from Lemma E Recall that Q, (s, a) = max{rx(s,a) + ]ADhT saVhi1 —
bu(s,a), 0},
gh(s,a) = max{0, ry(s,a) + I:’,I&azhﬂ —bp(s,a)}
= max{0, PIIs,aXthl +7rh(s,a) + (Ph,s’a - Ph,S,a)TXthl —bu(s,a)}
S maX{O? PIIS,QXthl + Th(S’ a)} = PIIS,aXthl + Th(S, a)'
Simple transformation of above inequality leads to
T'h(S, a) - Eh(s7 a) 2 gh(sa a) - PiIs,aXthl - zh(S’ a’) =0.

The second inequality is also straight forward. We first unfold the definitions of r and r, then apply
Lemma[B.T to get

Th(S,(L) - Eh(&a) < gh(&a) - Plzs,aXthl + bh(37a’) - (gh(s7 (l) - PlIs,aXthl)
= bh(saa) - (ph,s,a - Ph,s,a)TMh_t,_l
< 2bp(s,a).

Proof of statement 2: We prove over the assumption of event: Ny, (s,a) > Cgqata(Nd) (s,a) —
Nd(s,a)) for all (h,s,a) € [H] x S x A, which is proved by Lemmato happen with

probability over 1 — g.

When Ndj/(s,a) — \/Nd},(s,a)t < w~—, simple calculation leads to

Caata’

14+ /1+ 52—
\/Ndﬁ(s,a) < fm\ﬂ: XV
1+V 1+Cdita
2

where \ = is a constant larger than 1. Therefore
Np(s,a)Vie>1> %Nd’,i(s,a). (8)
When Ndj (s, a) — \/]W > & simple calculation leads to
14+ /14 57—
N (5,0) > —Y T i = AV
< Ndj(s,a) — /Ndi(s,a)e > (1 — %)Ndﬁ(s,a)

1
= Np(s,a) V> Caaa(Nd, (s,a) — 1/ Ndj, (s,a)t) > Cagra(l — X)Nd’}t(s,a). 9)

Then together with and @[), and letting Cy = Cyara(1l — %) A 1, we finish the proof of statement
2. L]

Lemma B.4. When 0 < x <y, fore >0

2

max{0,z — e} < v
€
Proof. When z < ¢, max{0,z — e} =0 < %
When = > ¢,
2
maX{O,x—e}gygyfg Ly
€ €

19



B.3 Proof of Upper Bound with Relative Optimal Policy Coverage(Proof of Theorem [5.1)

This analysis is actually made with Hoeffding bonus for simplicity. Because Berstein bonus is larger
than Hoeffding bonus up to log term,

Varp, (X%Jrl)b CyH. H?2,2
b =C Lo <20py | ——- 10
n(s,a) b\/ N/ (s,a) + N (s,0) = 2O N (s,0) (10)
With Corollary [A.T]and Lemma[B .4,
H .
Vi - VE< QZE [max{0, E;(s,a) — & Qp;m 1] (Corollary A1)

= QZdh ) max{0, Ep(s,a) — %}

s Sl (remmaBand Gone)

3,2
S GO R ey
Nh S a )gapmin

. H3 2
Z d H— (§COHC)
1 H3C*,2
< = n(s) (relative optimal coverage assumption)
N 25 g e
1 H*SC*/2
B N €3Pmin '

Therefore, under relative optimal policy coverage, the sample complexity bound can be
H*SC*/?
€ 8Dy

A similar proof in Section can be applied to prove this result by replacing all the NP 2> H.
requirements with Ny, (s,a)’ = Ny (s,a) V ¢ > 1. So the strict bound without extra + can be derived.
To avoid redundancy, we omit the proof.

N =0(

H4 *
N = O(& )
€ 8aPmin
B.4 Proofs of Upper Bound with Uniform Optimal Policy Coverage(Proof of Theorem [4.1)

Proof of Theorem does not necessarily involve the deficit thresholding technique introduced
above. We just need to confirm that Q7(s, a*) > Vi (s) — gap, > Vi (s,a’) > Q7 (s, a’), where
a’ is any suboptimal action, to get a optimal policy. We first present the proof applying this idea, and
then present a simpler proof by applying the thresholding technique.

B.4.1 Proof without Deficit Thresholding Technique

First we introduce a new definition,

dZN(h’,s’)(s) £ Eﬂ—*[H{Sh = S} | Spy = S/]7

i sy = (o s (51) ,d}*w(h,’s,)(ss))T for some certain order of states s1, S2, - - Sg.

. . /
And when there is no confusion, we use d;, to denote dZN( B st
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Lemma B.5 (Part Decomposition). V(h',s") € [H] X S, if the event Econe happens, and P > 0, then
Y optimal policy T*,

H3, H?,
szhN h', /) bh,(Sa’ ><C NP+C€ﬁ7

h=h' s
16C2+12C
where C, = %7 b+ 2,1}

With this lemma, we can further limit Q; (s, a*).

Vi (s') — Qh,(s a*) < V;‘L,(s ) — Qh/(s a®) (m is the optimal policy over M)
Z Zdh'\’(hl ’ Eh(S a )
h=h' s
<2 Z dz/ bh(sy a*) (fconc)
h,s

H3, H%
< 7. .
<20\ —= NP +2C, NP (Lemmal[B.5)

When N > /\2P‘ for some A < H,

Setting A = gap,,;,» we get the conclusion that
_4CZH3
gap?ninp

can make sure that the returned policy is one of the optimal policies with probability over 1 — §.

B.4.2 Proof with Deficit Thresholding Technique

By applying the Lemma B.8| which is orginally developed for the proof of Theorem [5.2] we shall
directly prove that the suboptimality would be zero if N > -SH i

B . Lemma B.8|allows us to set
gap

min

Var
en(s,a) = Cpac (W + ) gap i, When N > C gz , for any optimal policy 7*

Varp (V5. )t H
bh(S, a*) = Cb\/ Prosa e + C ‘

Nj (s,a*) " Ni(s.a*)

< Varph,.s,a* (X%'H)L + ﬂ & )
< s NP conc

Varph’sya* (Vii1)8ap5, gapli, (N>C )
< e CL2 Pgapmm

Var (X%H)gapmin gap gaPy;

< s, a* min min b>2 b < H
< QCHQ i —+ CH a—+02=> ﬁ7 gaPmin =
,S €h(8v a*)'

Therefore, with a large enough global constant C, we have Ej, (s, a*) < 2by,(s, a*) < €p(s, a*) holds
for any time-state pair. Together with Theorem[A.1]

V* VI < 9E,. {Eh(&a)] =0.
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B.4.3 Tools for the Proof of Lemma [B.5

We first introduce a modified version of Lemma from [Li et al.|[2022]. Note that the proof of this
lemma didn’t involve any assumption about the data coverage, and is a pure mathmatical analysis. So
the original proof is valid, and to avoid redundancy, we won’t prove this lemma again.

Lemma B.6. Vh € [H|, and any vector V € RS independent of Py, obeying ||V ||oc < H. With
probability at least 1 — §, one has

5H?,
Varp (V) <2Varp, (V) + W

simultaneously for all (s,a) € S x A obeying Ny(s,a) >0

Modification lies in that we use N} (s, a) to replace N, (s, a) in original version, for when N, (s, a) <
L, the inequalities hold trivially. Also we introduce the lemma needed to limit the overall variance.

This lemma differs from Li et al.|[2022]’s work from the definition of d;‘l/ to support our theorem.

Lemma B.7 (weighted variance sum). V(h',s’) € [H| x S, if the event Econc happens, we have

szwh' o (s)Varp, (Vi <4szdh~ w5y (8)bn (s, 0*) + 2H?.

h=h' s h=h’ s

Proof. Here we use P;; € R®*® to denote the transition kernel of optimal policy, where Py, is

the probability of transfer from s, to s,, at step h while applying the optimal policy 7*. A o B refers
to the Hadamard product of A and B.

Z Zdh (s)Varp, _, h+1 Z dj, T (P V h+1 V%H - (PhVFH) (PhVEH))
=h' s h=h/
H
Z dj T(thﬁﬂ Vi — VoV + VoV — (PrVy ) o (P VL))
h=h'

Mm

(dh+1VTL+1 Vh+1 dy, TX%OM}EL) Z dp, VﬁOVE (PthH) (Pth-H))

h=h’ h=h’
H
= O—dZ,TX%, o Vi + Z d;kLT( V§+1) (X%"‘PhVﬁJﬂ)
h=h'
H
< Z dy (Vi = iV ) o (Vi + PrVi,). (11)
h=h’

The above induction mainly uses the equality that d;/ Py = d;‘L/H and non-negativity of d;;/. Because
the concentration events {onc guarantees that by, (s, a) > [(pn(s,a) — pa(s,a))" V4],

Vi(s) = pu(s,a*) ' Vi,
= Vi(s) — Qf(s,a") +ru(s,a”) = bp(s,a*) + (bn(s,a") = pu(s,a*) " Vi,
>040—0bu(s,a") —bp(s,a™) = —2by(s,a”).
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Then we can continue from (11]) to get

Z D di ()Vare, (Vi) <D 0di T (V7 = PiVEL, ) o (Vi + PiVEy)

=h’ s h,s
H

<> dy (Vi = PN+ 2ba(s,a%)1) o (Vi + PV, )
h=h'

H
<2H Y dy (Vi — PiVE, + 2by(s,a*)1)
h=h'

H(d, "V, — di 1 Vi) —|—4HZ Zth(h, o (8)br(s,a*)

H
S 2H2 +4H Z Zdz,\/(h/,s/)(s)bh(s,a*).

h'=h s

B.4.4 Proof of Lemma[B.5

Proof. This proof is similar to the one in|L1 et al. [2022]. The difference lies in that we generalize
the conclusion to any part decomposition, while the original version only cares about the optimal
policy distribution.

First, it follows from Lemma'liand inequality v/a + b < \/a + /b that

Varp, Vit H.
—b h,s 1+
n(s,0) \/ N’ (s,a) +N}’1(s,a)

\J 2Varp, , (V) + 31\5/{@2% H

IN

N7 (s,a) A

2Varph s,a h+1) \/g H.
1 2y
N (s,a) a4+ 3)N,’L(s,a)

Var H
P}L s,a h-‘rl) + /3 L ) (12)
N/ (s,a)
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Note that the concentration event {qone guarantees that Ny, (s, a*) > CqyNd) (s,a*) > C4N P. Then
we can use Cauchy-Schwarz Inequality to limit the variance term,

*/ VarPh,,s a* (Vﬁ )
Zdh (5)\/ N;L(s,a )thl

h,s

L « s
< \/ C,NP %; dy, (s) \/Varph,s,a* (V1) (§conc)

< \/ ﬁ \/ Z d;'(s) Z dy/(s)Varp,  ..(Vy.,) (Cauchy-Schwarz’s Inequality)
d
h,s

H.
< 4H ! )+ 2H? L B.
< W/CdNP\/ hzgdh (8)br(s,a*) + (Lemma|B.7)

4H?, 2H3,
CdeZd* 5)bn (s, a*) \/CdNP (Va+b<a+vb
4C,H?, 2H3,

(vV2ab < a +b)

= C.NP chhz;dh(s)bh(s’“H CNP"

At the same time, we can limit the sum of W’

" « H?,
Zd Zd CdNP CyNP’

By connecting these inequalities to (12), we get

Varp, . (Vi) 3H.
d* $)bp( ) < C 2ds’ . C d* —_
Z (s, a” bz 5 ( \/ NI (s,a") + bz N,’l(s,a*)

h,s
H% H3,
d;; (s)bn( 2 2 :
Z Yon(s,a”) + (8C; +6Cb)CNP+ Cyp C,NP
Rearranging the terms, we finish the proof of Lemma[B.5. O

B.5 Proof of Upper bound with both assumptions (Proof of Theorem5.2)

When we have access to both P and C*, we can derive the bound
H3SC*r H
N=0 ( n ) .
€gaPmin P
To prove this, we need a specially designed € (s) in Theorem By setting ¢,(s) =

Varﬁ,} - (2%4»1) 1 .
Cpac(—"5f7——— + 77)8aPpin. We will first prove that ., happenes, and then calculate

the suboptimality gap.

B.5.1 Tools for the Proof of Theorem [5.2]

Varg (Vi)

Lemma B.8. If we set €5,(s,a) = Cpac <H2 + Ig) gap,i, for some small enough

constant Cpqe, and N > C’g% for some constant C3, {conc indicates &gqp,

V(hs) € [H] xS Vi(s) < Vi(s) + S0,
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Proof. We have proved in the proof of Corollary [A.T]that

g pmln gapmln
Zdh < 4

where d;‘; =dj | (B, which is the state distribution of time step h under 7* conditioned on having
reached (h/, ) before. So it remains to show that

Var (V1
j{jd* Afgffggggglgapmnlisgapmny (13)

This follows from a similar analy51s with the proof of uniform optimal policy coverage assumption

case.

Zdh s)Var (Vi )

" 5H?,

< Zd <VaI‘P( ) + ?W> (Lemma|[B.6)

< Zd* )Varp (Vi) + H? (N} (s,a*) > C4NP > Hu)

< 4HZdh Vbu(s,a”) + 3H? (Lemma|B.7)

H3, H?%

< i 2

N4H< NP+NP>+3H (Lemma|[B.5)

< B2, (NP 2 Ho)
Then we can finish the proof

Vi(s) Zdh (En(s,a*) — Ep(s,a*))
< Zd?l (s)en(s)
h,s

*/ Varp (K%-‘rl) 1
SJ Ccap Z dh <H2 + E 8aPmin

S CeapaPrin-
We can let C..q, be small enough to limit the difference between V7 (s) and V7, (s) within Eluin O

Lemma B.9.

Var (Vi 1) [ by(s,a*) H.
< 4 P h+1 h\9 )
Ba(s,07) 400 e PO NG )

)

Proof. When E,(s,a*) < e, (s), Ex(s,a*) = 0.
When Ej, (s,a*) > (s )

< 2by(s,a)
Var (V5. )t H.
_9 P\ NV 9
NN TN
Var , (VE .
<40, ar}/,(ilﬁl)L (bh(s,a )) L0, /HL
N, (s,a%) en(s) Nj,(s,a*)
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B.5.2 Main Proof

Proof. We treat the first term in the RHS of Lemma With basic inequality a + b > 2+/ab, we
can first lowe bound €, (s, a),

Val‘ph sa (V%-H) 1 Var[:,h . (X%_H) Varph » (X%_H)

Eh(sa a) = Cpac < ‘Hg + H) £€aPmin Z max YI;IQ ) \/ YIY{3 £aPmnin-

(14)

Therefore we have,

VarP( h+1) (bh(sa )

N (s,a* en(s, a*
VarP(Vthl)L "
< VarP h+1 - Ni(set) + Ny, (s,a) 1
~ N (s,a* Varp(Vh+1) Var,(VE, ) | 88Pmin
H3
H2, F5/2,3/2
TN 1 (s,a*)ga NEYEE
88Pmin N, "(s, a*)gapmyin

2
< 2H=. .
~ N;L(Sv a*)gapmin
The first inequality is gained by expanding by, (s, a*) and €, (s, a). The second inequality results from
the inequality that INj (s, a*) > C4N P 2 H. Therefore, we can further write Lemma@ as
.. 02,
E D e e —
SRS VT

Then with Lemma B.8, we have event &,,,, hold. Then Theorem [A.T|further indicates that for some
deterministic optimal policy 7%,

Vi - Vi SV -V
= ZdZ(S)Eh(Sva*)
~ Z N’ (s, a*

)8aPmin

C Gap-dependent Lower Bounds

We begin by restating the formal version of lower bounds.

Definition C.1 (offline learning algorithm). For an algorithm ALG, we call it an offline learning
algorithm if

1. ALG takes a dataset D and optionally a reward function R as input,

2. ALG output a valid policy .

Notice that ALG can be stochastic.
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C.1 Main Results

Theorem C.1. There exists constant Cy, s.t. forany A > 3,85 >2 H>2 1< %, A< %, A > 2
and algorithm ALG, if the number of sample trajectories

HS)\

NSClb'?7

there exists some MDP M and behavior policy p with gap,;, = 7, P > SA)\I , C* < A1 such that
the output policy 7 suffers from a expected suboptimality
MNHT

12
Corollary C.1 (lower bound for uniform optimal policy coverage). Given A > 3,5 > 2, H >
3, Pe (0, %], € < 1/12,gap, € [25€, L] and any offline learning algorithm ALG returning a

Empavc[Vi — Vil >

H 2
policy 7, there exists a constant Cy such that if the number of offline sample trajectories
H
N<Cr 55—,
Pgapmin

then there exists a MDP instance M and behavior policy p such that the output policy 7 suffers from
expected e-suboptimality

EM,[.L,ALG[VS — Vg] Z €.

Proof. Let A = 1/3, \; = 335 and 7 = gap,,;,, in Theorem I(Z, we get the proposition. O

Corollary C.2 (lower bound for relative optimal policy coverage). Given A > 3,5 > 2, H >
2,C* > 2/e < 1/12,gap, i, € [%, %] and any offline learning algorithm ALG returning a policy
w, there exists a constant Co such that if the number of offline sample trajectories

H2SC*

N S 02 : )
8aPmin€

then there exists a MDP instance M and behavior policy p such that the output policy 7 suffers from
expected e-suboptimality

EM,M,ALG[VS — Vg] > €.

Proof. Let A = Hglaif —, A1 = C™" and 7 = gap,,,;,, in Theorem ICE, we get the conclusion. O

C.2 Proof of Theorem
C.2.1 Construction of the MDP Family and Behavior Policy

We construct a MDP family and calculate the average minimum suboptimality.
First, we construct the prototype MDP M with S + 2 states, horizon of 2H + 1 and A actions.
There are 3 kind of states
1. good state s;. An absorbing state. Reaching this state means a total reward of H.
2. bad state s;. An absorbing state. Reaching this state means a total reward of 0.
3. true states si, S2, -+, Sg. Actions chosen in these states determine the probability being
transfered to s4 and sp.

The initial state distribution pg(s) is

% 56{517827"'783}7
pO(S): % S = Sp,
5 s=s
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For any A € [0, 1]. The avaliable action set is {a;};1,. The only non-zero rewards in this MDP are
rp(sg,a) = 1for h > H + 2 and any a. The transmon probability of M in the first H + 1 steps is,

pu(sisazs) =1 7 V(hei. ) € [H]  [S]  [4],
Ph(sisaj,84) = pr(si,aj,s) = % V(h,i,j) € [H] x [S] x [A],
Pr+1(8i,05,5¢) = Pr41(8i, a5, 8p) = % V(i, j) € [S] x [A].

For all the other (h, s, a) tuples not mentioned, py, (s, a, s) = 1, px(s,a,s’) = 0, where s’ is any state
other than s.

Then we construct the MDP family M on the basis of M. For each matrix ¢ € [1,2]7*5, we define
M to be the MDP almost the same as M, except for that

1
ph(5i7a¢h,i359) 2H(1 +27—)

1
ph(5i7a¢h,ms ) 2H(1 727—)

In other words, we make the action ag, , the unique optimal action by lifting it’s expected reward
by 7. The behavior policy i chooses a;, as with probability 1/); respectively and choose a3 with
probability 1 —2/A; at {s; | i = 1,2,--- S}, and always choose a; at s, and s,. We will prove the
following lemmas in Section[C.2.4]

Lemma C.1. For any MDP constructed above and u, we have both assumptions hold with

A
cr _)‘17P> S/\ —ay 2 8Pmin = T

Lemma C.2. For a given algorithm ALG, define the expectation of mistakes made by 7 at step h,
state s; over the uniform distribution v of ¢ to be

Ini(ALG) = Ep(my ), ancl{7n(si) # ag, . }-
Then expected suboptimality with respect to the randomness of My and i can be lower bounded by

A
Epm,panclVe— Vil > 57 Z Ini(ALG).
(h,3)€[H]X[S]

Lemma C.3. For any MDP constructed above, we have,
max Vi — Vi < AHT.
T

C.2.2 Main Proof

Proof. To avoid making the proof prolix, we strengthen ALG by letting ALG know that the only
thing influencing the value function of a state is the probabilities of transferring to s, and s, and
the total reward after getting to s, is exactly H, which assumption is conventionally made for the
lower bound proofs in MDPs. In this setting, any reasonable algorithm ALG would only consider
the visitation counts Ny ; = {Ny(s;,a,s’) | a € A, s’ € S} at step h when determining the value of
s h (Si ) . B

Then we can rewrite [, ;(ALG) 2 E4, [l1;(ALG)],

Ihi(ALG) = By Ep(m, p),anc{7n(s:) # ag, ,}]
= E¢NVENh,iN(M¢7M)7ALG[]I{ﬁ-h(s") 7é Ay, 1}]

Because the KL divergence between the transition kernel P,f\’;‘) ., and Ph vy satisfies
i
1 1 1 1 1,1 1.1
KL(1- =, —,— H 1— =, —=(=+27),=(=—2
(( H'2H 2H) < a2 T EG T)>>
1 1 472
lo < — 15
Tom 14 = H (13)

28



We have
Ihi(ALG) = B4 En, (Mg, anc {7 (s:) # ag, ,}]
> Epn B, ~(Moop),aLG [{Th(5i) # ag, . }]
= Epnw [TV(Nnsi [ Moos Nhi [Mgo00)]
2 En, im(Mow), ALGE g ({70 (51) # ag, ,}]

1
- ]Ed,NV\/QKL(N;m- | Mo [ NRi M) (Pinsker’s inequality)
1
> En, i~(Mo,n) [5] (a1 and ay can not be distinguished in M)

1
- E¢NV\/2 ZEM();H [Nh (s, )]KL(P,?;‘O " ||P,f\;l“5 .) (KL decomposition)
acA

1 1 "
9 E¢NV\/2EM0,M[Nh(Slv )}KL(Ph s?,a¢ || h s“ad,h )
1 272
> 3 ]EqSNV\/EMO,u [Nn(s4, ath,i)]f (statement (L13))
1 272 , . .
23 Z E g, u[Ni(sis a)]? (Jensen’s inequality)
a=ay,az
1 272
=—-—4/E Np(8i)|—=—-
2 \/ MO,N[ h(Sl)] H)\l

Pa=a; a9 BMg.u[Nr(si,0)]
(Zemep N = o | s) + nas | ) = )

This further indicates that the expectation of overall mistakes can be lower bounded by

> hi(ALG) > Z — \/]EMO’H[Nh(SZ)}PQIfl

(h,i)€[H] x[S] h,i
HS 272
>——-VH E E Np(s;
f 2 S MOvM[ h(sl)] H)\l

hyi

(Cauchy Schwarz’s Inequality)

1 272
= HS(5 = | Erton ZzNh 5:) H2SA1) (16)
Because state s; can be reached at step h only when the initial state is s;,
Enonl D Ny S0-4
(hi)E[H]X[S] hyi
A
<N — =NHM.
- Z s
Therefore, continue from inequality (16)),
- 1 272
I, (ALG) > HS | = — (/N ,
_ 2 Ini(ALG)> 2 HS\,
(h,i)€[H]X[S]
Now we can lower bound the suboptimality of #- with Lemma|C.2 by
AT AHT [ 1 272
Es o E A2 —~ VI >E | lhi(ALG)] > —
o BM, uaLG] 0] 2 B[ > )] 5 TSN

hi
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Then we reach the conclusion that when

HS\
N < ——
- 32A72’
the average suboptimality of 7 must be large
AHT 1 1
E¢~VEM¢,M ALG[V VO} > e (5 - Z)’

AHT
:>3¢73tEM¢,M ALG[V Vﬂ] P

C.2.3 Constant probability version of main theorem

Theorem [C.1is stated in the form of expectation, which is not directly consist with upper bound.
Here we restate it in the language of probability,

Theorem C.2. There exists constant Cyy, s.t. forany A > 3,5 > 2, H > 2,7 < 3 Lo <3 L >2
and algorithm ALG, if the number of sample trajectories
HS\

Ar2
there exists some MDP M and behavior policy p with gap,;, = 7, P > s 57 CF < A1 such that
the output policy 7 suffers from a expected suboptimality

- AHT
v -vi>2
0 0= 24 )

N < Cy -

with a probability over 2—14.

Proof. From the last line of the proof of Theorem [@, we know that there exists a MDP M, such

that \H
* T T
En,arelVo = Vil 2 =2,

and it follows from Lemma@that the random variable V; — V& < AHr. Therefore
AHT

15 S Emiuare[Vo - Vi
< AHTP[V) — Vi > AZT] + %ng —- Vi< AZT]
< M?(uﬂb[vg Vi A;f] + %)
= P[V} — Vi > ’\ZT] > i

C.2.4 Proof of Lemma[C.1]

Proof. From the construction we see that the policy doesn’t influence the probability of reaching s;
at any time step. And the uniform random behavior policy makes sure that there is a chance of 1/A4
to visit action a; at any state. For s, and s3, because each of them has a initial probability of 1/3, the

probability of reaching one of them at ant time step would be in [3, 3} By letting a optimal policy

always choose a; in s, and s; as p does, we make dué?; < f% = 2 < C*. Therefore C* = \;
As for P, we see that the probabality to reach s, and s with behavior policy at step A is
1—X_ A A
2 T 27 eSN
1—X _ A A

f > T > >_~
diy(s0,@) 2 — =97 SN

A 1 1 A
1 (1= )= > )
di(sia) = 5= )" 3 = oo



The part for gap,,;,, is direct calculation,

8aPmin = 20

1 1
(1+2T)H+0772HH7077'
C.2.5 Proof of LemmalC.2]

Proof. Because 7 only makes mistakes in s;, and each mistake results in a expected 7 decrease in
final cumulative reward, we can directly calculate the expected loss with the performance difference
lemma for finite-horizon MDP ,

Enmyanc[Ve — Vil = Bz, [gapy, (sh, an)]

S H
= Z > dh(s)lni(ALG)T

1=1 h=1
s H 1
i=1 h=1
S Ho
> Z > —57hi(ALG)
1=1 h=1
> A > hi(ALG)
= eST , h,i .
(h,i)€[H]X[S]
O
C.2.6 Proof of Lemma[CJ3|
Proof. The proof is a direct result of performance decomposition lemma.
2H
max Vi — Vi = max Z E [V} (s) — V3 (s)]
h=1
H
= max 3" Er-[Vi(s) - VE(s)]
h=1
H
< Ege[max Vj(s) = Vi(s)]
h=1 "
H 8
=33 di(s)max Vi(s) - Vi(s:)
h=11=1
H S
=D > dils)7
h=1i=1
=\HT
O

D Proof of Necessity of Overall Data Coverage

One may wonder if the Assumption has been too strong, because the minimax bound O( g;‘)
only requires the data coverage over a single optimal policy. Here we give a proof that to derive
e-irrevelant bounds for Algorithm 2] single optimal policy coverage is not sufficient.

We provide a hard instance to prove that if we only have data coverage over one of the optimal
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1
Ber(=,0
er(7,0)

N =

N =

Figure 1: A hard instance with horizon 2, 2 actions and k + 2 states. a; at s leads to sg. The reward

of both actions at s is sampled from Bernoulli Distribution. ay at s leads to a uniformly random

transition to s;,7 = 1,--- , k. The reward of both actions at s;,i = 1,--- ,k — 1 are %. a; at s,

2
receives % — 7 reward and a3 at sj, receives % reward. gap,,;, = 7 in this MDP.

policies, Algorithmmay output suboptimal policy with probability over 1/2. We use P’ to refer to
the single policy coverage coefficient, i.e.,

P'=max min dj(s,a).
T dr (s,a)>0

Here we consider the MDP with horizon length 2, 2 actions and k+2 states, which is illustrated
in FigurelI. The initial state is s, and P(s,a1,s0) = 1, P(s,a2,s;) = 1 fori = 1,2--- k. The
rewards of actions in s;,7 = 1,2--- ,k — 1 are all %, and the rewards of both actions in sy are

sampled from NV (3,1). r(sg,a1) = & — 7, r(sp, a2) = 3.

In this MDP gap,,;, = €, and the only suboptimal action is to take as at sj. Define p,

1
play | s) = ma

k
plaz | s) = m,

wlay | s;) =1 1=0,1,--- k&,
wlaz | s;) =0 i=0,1,--- k.

Then we can see that an optimal policy/route s — a; — so — a; has been covered by p with minimal
coverage distribution P’ = ;- Then we show that for any constant C, the output policy of VI-LCB

~ kfL
with N = P,gs’;)g — = C(fjl) sample trajectories cannot be guaranteed to be optimal with high

probability. For the conciseness of proof, we assume that C' > 10, C, > 16 and let & > 10.

Intuitively, this is because there exists the probability that some not-so-well covered optimal policy
outperforms the covered one in execution process, and no optimality can be guaranteed over the
not-so-well covered one. In this instance, (s, az) is also optimal, but as no information about sy, as
is known by VI-LCB, it will choose a; following the principle of pessimism.

In the following proof, we omit the subscripts indicating the time step because the each state only
appears in time step 1 or 2, which will not incur confusion. Rigorously, we define the event the
{7 (s) = a2} as &pad,

Pl&paa] = P[Q(s,a1) < Q(s,az)]



where )\ can be any positive constant, which will be determined later. We limit these two terms
respectively.

Ch C
[Q(s ay) > % — A7] < P[N(s,a1) > . _:\;] + P[N(s,a1) < kj_N]
c.C 1 C
+P[N(S,a1) S [%7%]7 Q(S al) 2 % )\T]

Because N (s, al) Bio(N, kh) it follows from the asymptotic feature of binomial distribution
that N(s,a1) — =% ~ subG( and then

P[N(s,al) > %] < exp (_2(1(011_/(:2+01))2> < exp(—%(cl - 1)2)7
(Cy — 1)2C? c? )
2(1 —21/(k ¥ 1))2> < exp(=— (G =17,

Let Cy = 1.5,C5 = 0.5. Remember that we assume that C' > 10, and this makes the sum of above

72(k+1))

P[N(s,a1) < CLZC] < exp (—
T

two terms a small constant smaller than 0.1. Because Q(s a1) = —b(s,a1) + 7(so, al) —b(s,a1) <
_ 3G 4o N R
N(s.aD) + 7(s0, a1), and the center limit theorem allow us to use X N(Q, N(SO o )) to replace
h(507a1)7
BN (o) € (20, D) Qa2 L - ar] < Bliso.an) - 2T 5 Ly
)41 72 1 5 < 0,01 o -2
1
<px - L30T
2 C.C
1,3Ch/t

The above term disappears quickly when ¢ = Q(log %) becomes larger. We will choose a A < iCb N
Then we consider Q(s, az),

k
Q(s,a2) = —b(s, a) Z 8, a9, 8:)(r(si,a1) — b(s;, a1))
1 N(s,az,si)r  (k+1)Cu ., [Varp (V)
2 N(s,az) N(s,az) b N(s,a2)

With similar induction, we can prove that event {N(s,as) > 272}ﬂ{N(s as,s;) €

(5%, 2§]}i=1,... & with probability over 0.8. When we have this concentration event true,

1 T Cyr2L
P[Q(s,az) < 3 At] < ]P’[—@ — Oy — 2

< =M1

By taking A\ = k + CpTe + C” +e, where € is a extremely small positive constant, P[Q(s, az) <
= — At] = 0. And further lettmg T < 5 \[, we have A < 1C/z. Putting the above inductions
together,

1

2

This result points out that Algorithm [2 has a chance of over 1/2 to return a suboptimal policy.

Therefore a overall coverage over all the optimal policies is necessary to derive a e-irrelevant bound
for VI-LCB.

Pl€pqa) > 1—0.1-0.2 - eXp(——Cb ) >
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