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Abstract

We initiate the study of contextual dynamic pricing with a heterogeneous population1

of buyers, where a seller repeatedly (over T rounds) posts prices that depend on the2

observable d dimensional context and receives binary purchase feedback. Unlike3

prior work assuming homogeneous buyer types, in our setting the buyer’s valuation4

type is drawn from an unknown distribution with finite support K⋆. We develop a5

contextual pricing algorithm based on Optimistic Posterior Sampling with regret6

Õ(K⋆

√
dT ), which we prove to be tight in d and T up to logarithmic terms.7

Finally, we refine our analysis for the non-contextual pricing case, proposing a8

variance-aware Zooming algorithm that achieves the optimal dependence on K⋆.9

1 Introduction10

In online learning for contextual pricing, a learner (aka seller) repeatedly sets prices for different11

products with the goal of maximizing revenue through interactions with agents (aka buyers or12

customers). Concretely, in each round t = 1, . . . , T , nature selects a product with a d-dimensional13

feature representation ut (context) and the seller selects a price pt ≥ 0. In the simplest variant, the14

linear valuation model, customers have a fixed intrinsic valuation model (type) that is unknown to15

the learner; this has a d-dimensional representation θ⋆ whose coordinates reflect the valuation that16

each product feature adds, i.e., the customer’s valuation is vt = ⟨θ⋆, ut⟩+ εt where εt is a noise term.17

The customer makes a purchase only when their valuation is higher than the price, i.e., vt ≥ pt. The18

learner’s goal is to maximize revenue, i.e., the sum of the prices in rounds when purchases occur. An19

equivalent objective is to minimize regret, which is measured against a benchmark that always selects20

the customer’s valuation as the price for the given round.21

One key difficulty is that the learner faces both an infinite action space (i.e., all possible prices)22

and a discontinuous revenue function, hence causing sharp revenue loss for the learner. However,23

the problem offers a richer feedback structure than classical multi-armed bandits: a non-purchase24

indicates that all higher prices would also be rejected by the buyer, while a purchase confirms that all25

lower prices would be accepted too. The two primary approaches from the literature to tackle this26

problem involve estimating the unknown parameter θ⋆ through online regression or multi-dimensional27

binary search (see Section 1.1 for further discussion).28

A crucial limitation for both approaches is that they require all customers to behave homogeneously29

according to a single type θ⋆ (see related work for results robust to small deviations from this30

assumption). Moving beyond this homogeneity assumption, we pose the following question:31

How can one design contextual pricing algorithms with a heterogeneous population of customers?32
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1.1 Our contribution33

Our setting (Section 2). To study contextual pricing with a heterogeneous buyer population, we34

assume that the type θt in round t is drawn from a fixed, unknown distribution D⋆. When D⋆ is35

supported on a single type θ⋆, we recover the homogeneous setting. In our model, the number of36

distinct buyer types K⋆ = | suppD⋆|(> 1) reflects the degree of heterogeneity.37

There are several obstacles to applying existing algorithms from the literature. First, canonical38

contextual pricing algorithms based on linear regression either compete against (simple) linear39

policies or assume context-independent and identically distributed (i.i.d.) valuation noise. In contrast,40

the optimal policy in our setting may best respond based on a context-dependent type rather than41

a fixed type, and the stochasticity due to heterogeneity is inherently context-dependent and thus42

non-i.i.d. Second, given that the buyer types are not observable, one cannot connect the observed43

feedback to shrinkage of type-dependent uncertainty sets; this rules out running canonical multi-44

dimensional binary search / contextual pricing algorithms for each buyer type in parallel. Third,45

since in our setting there is a continuum of actions, any canonical contextual bandits algorithm whose46

regret scales with the discretized action count (e.g., EXP4) will suffer suboptimal performance.47

Our contextual pricing algorithm (Section 3). To tackle the above challenges, we employ recent48

advances in the contextual bandit literature that attain a better scaling with the number of actions,49

thus evading the shortcomings of EXP4 with naïve discretization. In particular, we build on the50

Optimistic Posterior Sampling (OPS) approach [29] which, in our setting, maintains a posterior µt51

over all candidate type distributions. We call these candidate type distributions models and refer to52

their (possibly infinite) family as D. At a high level, in every round, OPS best responds to a model53

sampled from µt. As typical in online learning, the posterior update penalizes models that disagree54

with the observed feedback (model mismatch) aiming to converge to the model D⋆. To encourage55

exploration in the absence of full information, this penalty is reduced by an optimism bias term that56

rewards models with the highest potential to positively contribute to the revenue. The OPS approach57

enables regret bounds of
√

T · c · log |D|, scaling with a disagreement coefficient c that measures58

the structural complexity of the reward functions and captures the tension between exploration and59

exploitation. Note that c can be significantly smaller than the number of actions.60

Our main technical contributions in adapting OPS to heterogeneous contextual pricing are twofold.61

First, to bound the disagreement coefficient c, we observe that, for any fixed context, the aggregate62

demand function induced by D⋆ has at most K⋆ “jumps”,1 thus creating K⋆ + 1 intervals. Over each63

interval, we bound the disagreement coefficient by a factor of 2. Combining these arguments with a64

novel decomposition lemma for the disagreement coefficient of functions with K⋆ breakpoints, we65

show that c ≤ 2(K⋆+1). When K⋆ is known, we apply a variant of OPS over a finite covering of the66

class D containing all possible distributions over K⋆ types, of log cardinality dK⋆ log T . Second, to67

extend our sublinear regret guarantee to the infinite model class D, we modify OPS to conservatively68

perturb its recommended prices (which cannot overly impact regret due to one-sided Lipschitzness69

of the revenue function). We then construct a coupling between the actual trajectory of OPS and70

one where D⋆ belongs to the finite cover, allowing us to transfer regret bounds. Finally, we adapt to71

unknown K⋆ by initializing OPS with a non-uniform prior over models. These technical contributions72

enable us to show a regret guarantee of Õ(K⋆

√
dT ). Finally, we show that this guarantee is optimal73

(up to logarithmic terms) with respect to the dependence on both the contextual dimension d and the74

time horizon T , establishing a lower bound of Ω(
√
K⋆dT ) for sufficiently large T = Ω(dK3

⋆).75

Non-contextual improvements (Section 4). The above upper and lower bounds raise a natural76

question on the optimal dependence on the number of buyer types K⋆; we resolve this question in the77

non-contextual version of the problem (d = 1) by providing an algorithm with an upper bound of78

Õ(
√
K⋆T ). Our algorithm, ZoomV, combines zooming (i.e., adaptive discretization) methods from79

Lipschitz bandits [13] with variance-aware confidence intervals [2]. We show that the regret of ZoomV80

scales with a novel variance-aware zooming dimension that can be significantly smaller than the81

standard measure of complexity for Lipschitz bandits. For pricing, this variance adaptation unlocks82

our Õ(min{
√
K⋆T , T

2/3}) bound (versus O(T 2/3), obtained via the standard zooming analysis).83

We note that the non-contextual version of pricing for heterogeneous buyers has been previously84

studied by [4], who establish a matching upper and lower bound if all types are “well separated” from85

1Each “jump” corresponds to a change of type from (say) type i to type i+ 1.
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each other. Although our algorithmic approach towards this guarantee is very different, our result can86

be viewed as a strengthening of theirs by removing this separation assumption.87

Stronger type observability (Section 5). Finally, we consider contextual pricing under the as-88

sumption that the learner can identify each arriving type, i.e., where the learner observes ex-post89

information about the sampled type θt. We analyze two observability models: one where the learner90

receives a discrete identifier zt ∈ [K⋆] —under which a computationally efficient pricing algorithm91

matches the Õ(K⋆

√
dT ) bound of OPS— and another where the full type vector θt ∈ Bd is observed92

— for which we reduce the dependence on K⋆ and d to achieve regret Õ(
√
min{K⋆, d}T ). These93

results demonstrate how richer feedback reduces complexity in dynamic pricing.94

Related work. We briefly review three existing lines of work, deferring full discussion to Appendix A.95

The closest to ours is contextual pricing/search, where a learner interacts with nature to learn a96

hidden vector θ⋆ ∈ Rd while receiving single-bit feedback [5, 18, 21, 17, 12, 11, 6, 19]. Under97

an appropriate pricing loss, this setting reduces to ours with a homogeneous buyer population, i.e.,98

K⋆ = 1. However, the deterministic nature of the feedback leads to aggressive search policies via99

cutting planes that do not lend themselves to the heterogeneous case. Although some works tolerate100

i.i.d., context-independent valuation noise [12, 11, 6, 19], their methods do not treat our non-i.i.d.,101

context-dependent noise due to heterogeneity. Next is the case of non-contextual dynamic pricing102

where d = 1, originally treated with multi-armed bandits methods by [14]. The closest non-contextual103

work is [4], whose finite-types model reduces to ours with d = 1. We improve upon their regret104

bound, but neither our improvement nor the existing methods generalize readily to the contextual105

setting. Finally, our setting relates to Lipschitz bandits. Although revenue is not fully Lipschitz, it106

satisfies a one-sided Lipschitzness, enabling the use of zooming [13] when d = 1 (see, e.g., [24]).107

We successfully refine these for the non-contextual case, but contextual variants of zooming [26, 15]108

scale with complexity parameters which admit no direct bounds for heterogeneous pricing.109

2 Setup and Preliminaries110

Notation. Let ∥ · ∥ and ⟨·, ·⟩ denote the Euclidean norm and inner product on Rd. Let Sd−1,Bd ⊆ Rd111

denote the unit sphere and ball, respectively. Let ∆(S) denote the set of all probability measures on112

a measurable set S ⊆ Rd, and let supp(D) denote the support of D ∈ ∆(Rd). We use ∆k(S) for113

those D ∈ ∆(S) with | supp(D)| ≤ k. For a positive integer m, let [m] := {1, 2, . . . ,m}.114

Setup. We consider T rounds of repeated interaction between a seller, a population of buyers, and115

an adversary. At each round t ∈ [T ], the seller posts a price pt ∈ [0, 1] for an item to be sold and a116

buyer, sampled from the population, decides whether or not to buy the item based on their valuation117

vt ∈ [0, 1]. We denote the indicator of their purchase by yt = 1{vt ≥ pt}. The valuation of the buyer118

is determined by two factors: their type θt (encoding their intrinsic preferences), and an external119

context ut, which describes the current item to be sold and any relevant environmental factors. The120

learner does not know θt, but they do know ut. We use a linear valuation model: i.e., θt and ut lie in121

d-dimensional spaces Θ ⊆ [0, 1]d and U ⊆ Sd−1, respectively, and take vt = ⟨θt, ut⟩. We assume122

that ⟨θ, u⟩ ∈ [0, 1] for all θ ∈ Θ and u ∈ U . We impose no further assumptions on the contexts,123

allowing them to be generated (potentially adaptively) by the adversary. On the other hand, we124

assume that each θt is sampled independently from a fixed distribution D⋆∈∆(Θ) that describes the125

buyer population, unknown to the seller. All together, the following occur at each round t ∈ [T ]:126

1. the adversary selects a context ut ∈ U ;127

2. a buyer arrives with type θt ∈ Θ sampled independently from D⋆, with valuation vt = ⟨ut, θt⟩;128

3. the seller observes ut and posts price pt ∈ [0, 1] for the item;129

4. the seller observes the purchase decision yt = 1{vt ≥ pt} and receives revenue ptyt.130

Benchmark. The seller’s goal is to maximize their cumulative revenue compared to that which they131

could have achieved with knowledge of D⋆. To express this concisely, we introduce some additional132

notation. Each distribution Q over valuations in [0, 1] induces the following:133

• a demand function demQ(p) := Pv∼Q[v ≥ p],134

• an expected revenue function revQ(p) := p · demQ(p),135
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• a revenue-maximizing best response brQ := argmaxp∈[0,1] revQ(p) (breaking ties arbitrarily),136

• and a gap function gapQ(p) := revQ(brQ)− revQ(p).137

Note that each type distribution D ∈ ∆(Θ) and context u ∈ U induce a value distribution Q =138

proj(D,u), where proj(D,u) is defined as the probability law of ⟨θ, u⟩ when θ ∼ D. We then set139

demD(p, u) := demQ(p), revD(p, u) := revQ(p), brD(u) := brQ, and gapD(p, u) := gapQ(p),140

accordingly. We abbreviate a subscript of D⋆ by “⋆” alone, writing, e.g., dem⋆(p, u) and br⋆(u).141

A seller policy A is a (potentially randomized) map from a history {uτ , pτ , yτ}t−1
τ=1 and the current142

context ut to a posted price pt. An adversary policy B is a (potentially randomized) map from a143

history {uτ , θτ , pτ , yτ}τ∈[t−1] to the next context ut. We then define the seller’s pricing regret by144

RA,B(T ) =
∑

t∈[T ] gap⋆(pt, ut) =
∑

t∈[T ]

(
rev⋆(br⋆(ut), ut)− rev⋆(pt, ut)

)
,145

where {ut, pt}t∈[T ] are selected according to A and B. We will omit the policies from the subscript146

when clear from context. We focus on controlling the pricing regret in expectation, and will say that147

A satisfies a regret bound f(T ) if E[RA,B(T )] ≤ f(T ) for all B.148

Our guarantees will scale with context dimension d and the degree of heterogeneity, which we quantify149

via the support size K⋆ := | supp(D⋆)| (that may be infinite). We do not assume that K⋆ is known to150

the seller. Designing an effective seller policy is challenging because D⋆, K⋆, and the realized buyer151

types are unknown to the seller, who must carefully balance exploration and exploitation given only152

the current context and the history of purchase outcomes.153

Basic pricing facts. Finally, we provide some basic properties of the pricing problem, with proofs154

in Appendix B. Essential for this work is the one-sided Lipschitzness of the expected revenue function.155

This is an immediate consequence of the monotonicity of demand functions, and it has previously156

been used to apply techniques from Lipschitz bandits to non-contextual pricing [24].157

Lemma 2.1 (One-sided Lipschitzness). Fix any distribution Q ∈ ∆([0, 1]) and let 0 ≤ p < p′ ≤ 1.158

We then have revQ(p
′)− revQ(p) ≤ demQ(p)(p

′ − p) ≤ p′ − p.159

Throughout this work, we must handle distributional uncertainty over value distributions. To compare160

two distributions P,Q ∈ P([0, 1]), we employ the Levy metric defined by161

dL(P,Q) := inf{ε > 0 : demP (x− ε)− ε ≤ demQ(x) ≤ demP (x+ ε) + ε ∀x ∈ R}. (1)

This quantity is at most 1 and equals the side length of the largest square which can be inscribed162

between the graphs of demP and demQ (equivalently, the CDFs of P and Q). For type distribu-163

tions D,D′ ∈ P(Θ), we use the Levy distance between their projected value distributions, taking164

dL(D,D′) := supu∈Sd−1 dL(proj(D,u), proj(D′, u)). We use this metric because, if D and D′165

are close under dL, then there exists a policy which performs well on both of them; this property166

motivates the use of the Lévy metric throughout the dynamic pricing literature (see, e.g., [23]).167

Lemma 2.2 (Pricing implication of Lévy metric bound). Suppose that D,D′ ∈ ∆(Θ) satisfy168

dL(D,D′) < ε. Then the conservative best-response policy π(u) = max{brD(u)− ε, 0} satisfies169

revD(π(u), u) ≥ revD(brD(u), u)− ε and revD′(π(u), u) ≥ revD′(brD′(u), u)− 3ε for all u ∈ U .170

3 Contextual Algorithm with Optimal Dependence on d and T171

In this section, we develop statistically efficient algorithms for contextual pricing. In Section 3.1, we172

treat the simpler setting where D⋆ belongs to a finite model class D and K⋆ is known. In Section 3.2,173

we remove these two assumptions and prove a lower bound with matching dependence on d and T .174

3.1 Warm-Up: Heterogeneous Contextual Pricing with a Finite Model Class175

As a warm-up, we consider pricing when D⋆ belongs to a known, finite model class.176

Assumption 3.1. Assume that D⋆ ∈ D, where D ⊆ ∆(Θ) is finite and known to the seller.177

This realizability assumption simplifies our analysis, and the resulting algorithm extends naturally to178

infinite classes. We employ optimistic posterior sampling (OPS), originally studied for contextual179
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bandits under the name “Feel-Good Thompson Sampling” [29]. In our instantiation for contextual180

pricing, OPS (Algorithm 1) maintains a posterior distribution over models, initialized at prior µ1 ∈181

∆(D). At round t with context ut ∈ U , we sample a model Dt ∼ µt, play the best-response price182

pt = brDt
(ut), and observe purchase feedback yt. Then, for each candidate model D ∈ D, we183

update its posterior weight µt+1(D) according to the loss ℓλ(proj(D,ut), pt, yt), defined by184

ℓλ(Q, p, y) := (y − demQ(p))
2︸ ︷︷ ︸

model mismatch

−λrevQ(brQ)︸ ︷︷ ︸
optimism bias

.

The “model mismatch” penalty captures the extent to which the observed demand yt differs from185

that predicted by D when pt is played. In particular, as a function of D ∈ D, the expected model186

mismatch Eyt
[(yt − demD(pt, ut))

2 | pt] is minimized only by models D which make the same187

prediction as D⋆, i.e., those for which demD(pt, ut) = dem⋆(pt, ut). The “optimism bias” reduces188

the loss for models which have the potential to provide large revenue, ensuring that we still explore.189

ALGORITHM 1: OPS: Contextual Pricing with a Finite Model Class
1 Input: finite model class D ⊆ ∆(Θ), support size K ≥ 1;
2 initialize uniform prior µ1 = Unif(D) and optimism strength λ =

√
log(|D|)/KT ;

3 for each round t ∈ [T ] do
4 observe context ut;
5 sample model Dt ∼ µt;
6 play pt = brDt

(ut) and observe yt;
7 update µt+1(D) ∝ µt(D) exp

(
−ℓλ(proj(D,ut), pt, yt)

)
for each D ∈ D;

190

Theorem 3.2. Under Assumption 3.1, OPS with K = K⋆ achieves regret Õ(
√
K⋆T log |D|).191

The requirement of known K⋆ is imposed for simplicity and will be removed in Section 3.2. To192

prove Theorem 3.2, we employ a disagreement coefficient that controls the per-context complexity of193

balancing exploration and exploitation. In general, for an arbitrary measurable space X and function194

class F : X → R, we define the disagreement coefficient of F by195

dis(F) := sup
ε,δ>0

sup
ν∈∆(X )

δ2

ε2
Pp∼ν

(
∃f ∈ F : E

q∼ν
[f(q)2] ≤ ε2 ∧ |f(p)| > δ

)
. (2)

Variants of this quantity have previously been used to analyze a variety of structured bandits and
active learning problems (see Remark 3.7). The δ2/ε2 scaling was historically chosen so that
dis(F) can be directly bounded by the domain size |X |. For our application, X = [0, 1] is the
(infinite) price set and each function f ∈ F , induced by a model D ∈ D and context u ∈ U ,
measures the discrepancy between the demand functions of D and D⋆ after projection onto u, i.e.,
f(p) = demD(p, u)− dem⋆(p, u). In particular, we set

dis(D, D⋆) := sup
u∈U

dis
(
{demD(·, u)− dem⋆(·, u) : D ∈ D}

)
.

By this definition, if dis(D, D⋆) is small and the seller plays price p ∼ ν when faced with context u,196

it is unlikely for a model D to disagree with D⋆ at p if it is close to D⋆ under the L2(ν) norm, i.e., if197

Eq∼ν [(demD(q, u)− dem⋆(q, u))
2] is small. The regret of OPS is bounded by dis(D, D⋆) as follows.198

Lemma 3.3. Under Assumption 3.1 with optimism strength λ > 0, OPS (Algorithm 1) achieves regret199

Õ
(
λ dis(D, D⋆)T + log(|D|)/λ

)
.200

The proof in Appendix C.3 combines the OPS analysis of [29] with a decoupling lemma due to201

[8]. To control dis(D, D⋆), we show that each function of the form demD(·, u) − dem⋆(·, u) can202

be decomposed into K⋆ + 1 non-increasing pieces. In Appendix C.4, we prove the following203

disagreement coefficient bound for non-increasing functions.204

Lemma 3.4. Let F : [0, 1]→ R be the set of nonincreasing functions. Then dis(F) ≤ 2.205

Next, we examine a useful notion of composite function classes. A function class G : Z → R is called206

an N -composite of F : X → R if there exists a disjoint partition Z = Z1 ∪ · · · ∪ ZN and mappings207

{hi : Zi → X}i∈[N ] such that each g ∈ G can be decomposed as g(x) = fi(hi(x)) for all x ∈ Zi208

and i ∈ [N ], for some choice of {fi : X → R}i∈[N ]. We show the following in Appendix C.5.209
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Lemma 3.5. If G is an N -composite of F , then dis(G) ≤ Ndis(F).210

Proof of Theorem 3.2. For each u ∈ U , the function dem⋆(·, u) is piecewise constant with K⋆ + 1211

sections, since jumps can only occur at the projections of the K⋆ types. For any D ∈ D, the demand212

demD(·, u) is monotonic, since increasing price always reduces demand. Thus, demD(·, u) −213

dem⋆(·, u) is non-increasing on each of the K⋆ + 1 sections, and so the function classes defining214

dis(D, D⋆) are (K⋆ + 1)-composites of the non-increasing function class. Applying Lemmas 3.4215

and 3.5 then implies that dis(D, D⋆) ≤ 2(K⋆ + 1). The theorem then follows by the regret bound of216

Lemma 3.3 and our choice of λ.217

Remark 3.6 (Comparison to Thompson sampling). Standard Thompson sampling corresponds to the218

alternative choice of log losses: ℓ(Q, p, y) = logPz∼Ber(demQ(p))[z = y] = y log demQ(p) + (1−219

y) log(1− demQ(p)). In comparison, OPS uses the squared loss (this is not essential but simplifies220

analysis) and an optimism bias towards models under which the seller can attain large revenue. This221

is crucial for obtaining frequentist (rather than Bayesian) regret bounds, as outlined in [29].222

Remark 3.7 (Relation with existing results). Variants of the disagreement coefficient and the related223

Alexander capacity are well-studied in the active learning and empirical process theory literature224

[9]. The version above was first considered by [7]. [8] proved a regret bound which translates to225

Õ(
√
dis(D)T log |D|) in our setting, matching Theorem 3.2. However, the estimation-to-decisions226

(E2D) meta-algorithm which they employ is non-constructive, hence we apply OPS instead. In [29],227

the regret of OPS is controlled by a distinct “decoupling coefficient.” Our proof of Lemma 3.3 shows228

that a (slightly modified) decoupling coefficient is bounded by the disagreement coefficient.229

3.2 The General Case230

We now seek to eliminate the assumptions that D⋆ belongs to a finite class D and that the support231

size K⋆ is known to the seller. For the first point, we loosen the requirement that D⋆ belongs to232

D and take D to be a large, finite cover of the full distribution space ∆(Θ). Then, we replace the233

uniform prior µ1 with a non-uniform prior that places less weight on models with large support sizes.234

Ultimately, this will enable a choice of optimism strength λ that is independent of K⋆, achieving our235

second goal. Unfortunately, if D⋆ is close but not equal to a model in D, our analysis of OPS fails.236

To remedy this, we employ perturbed OPS (POPS, Algorithm 2), an OPS variant with conservatively237

perturbed and discretized prices. This modified algorithm and its analysis require some new notation.238

Given a value distribution Q ∈ ∆([0, 1]), define the ε-smoothed demand function demε
Q by239

demε
Q(p) := E

δ∼Unif([0,ε])
[demQ(p− δ)].

Similarly, we let revεQ(p) := p demε
Q(p). Define contextual extensions demε

D(p, u) and demε
D(p, u)240

as in the non-smoothed case. To incorporate discretization, write Pε := εN ∩ [0, 1] for prices which241

are multiples of ε and define brεQ := argmaxp∈Pε
revε(p) (lifting to brεD(u) as before).242

Now, at each round t ∈ [T ], POPS samples a model Dt ∼ µt from the current posterior µt ∈ ∆(D)243

and computes its (discretized) best response p̂t = brεDt
(ut). Instead of posting price p̂t directly,244

POPS posts pt = max{p̂t − δt, 0}, where δt ∼ Unif([0, ε]) is a small random perturbation. Due to245

this perturbation and discretization, we employ the modified loss ℓ ελ(proj(Dt, ut), p̂t, yt), where246

ℓ ελ(Q, p̂, y) :=
(
demε

Q(p̂)− y
)2 − λrevεQ(br

ε
Q).

The perturbations allow us, in the analysis of POPS, to couple its trajectory when run with D⋆ ̸∈ D to247

a trajectory where D⋆ ∈ D. The discretization is needed to bound a modified disagreement coefficient248

which appears in the analysis. All together, we obtain the following.249

Theorem 3.8. POPS (Algorithm 2) achieves regret Õ(K⋆

√
dT ) with appropriately tuned parameters250

and without prior knowledge of K⋆. Moreover, even for known K⋆ ≥ 2 and stochastic contexts, no251

contextual pricing policy can achieve expected regret o(
√
K⋆dT ) for all instances if T ≥ d ·K3

⋆ .252

For the upper bound, our analysis views the perturbation at Step 5 as performed by nature, rather than253

the seller. Treating the seller’s action as p̂t, they then observe a purchase (yt = 1) with probability254

E
δt
[dem⋆(max{p̂t − δt, 0}, ut) | p̂t, ut] = E

δt
[dem⋆(p̂t − δt, ut) | p̂t, ut] = demε

⋆(p̂t, ut),
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ALGORITHM 2: Perturbed OPS (POPS) for Contextual Pricing with Infinite Model Class
1 Input: discretization error ε ∈ [0, 1), finite model cover D ⊆ ∆(Θ),

model prior µ1 ∈ ∆(D), optimism strength λ > 0;
2 for each round t ∈ [T ] do
3 observe context ut;
4 sample model Dt ∼ µt and perturbation strength δt ∼ Unif([0, ε ]);
5 play pt = max{p̂t − δt, 0}, where p̂t = brεDt

(ut) and observe yt;
6 update µt+1(D) ∝ µt(D) exp

(
−ℓ ελ(proj(D,ut), p̂t, yt)

)
for each D ∈ D;

justifying the definitions above. Through this lens, POPS can viewed as OPS for an alternative,255

smoothed demand model. To bound regret, we apply a three-step argument. First, we show that256

POPS maintains our OPS regret bound when D⋆ ∈ D. This requires bounding a modified decoupling257

coefficient and is the only step where discretization is used. A direct application of the previous OPS258

analysis provides a regret bound with respect to a smoothed and discretized benchmark. Fortunately,259

one-sided Lipschitzness of revenue (Lemma 2.1) ensures that this modified regret benchmark is260

within O(εT ) of the original benchmark, as we prove in Appendix C.6.261

Lemma 3.9. Under Assumption 3.1, using prior µ1 ∈ ∆(D), discretization error ε ∈ [0, 1), and262

optimism strength λ > 0, POPS (Algorithm 2) achieves regret Õ
(
λK⋆T + log(1/µ1(D⋆))/λ+ εT

)
.263

Next, we show that, if there exists D ∈ D whose smoothed demand function uniformly approximates264

that of D⋆, then the trajectory of POPS under D⋆ can be coupled with that under D, such that the265

trajectories coincide with high probability. See Appendix C.7 for the proof.266

Lemma 3.10. If there exists D ∈ D for which ∥demε
D − demε

D⋆
∥∞ ≤ ε, then the trajectory267

{ut, p̂t, yt}Tt=1 of POPS with type distribution D⋆ can be coupled with that {u′
t, p̂

′
t, y

′
t}Tt=1 of POPS268

with type distribution D, such that the two trajectories are identical with probability 1− εT .269

Finally, we show that, to obtain a uniform ε-cover of the smoothed demand functions, it suffices to270

find a O(ε2)-cover of the type distributions under the Lévy metric dL, as defined in (1). Moreover,271

we show that the family of all type distributions with support size at most K, ∆K(Θ), admits an272

appropriately small Lévy cover. For notation, we write N(X,d, τ) for the size of the smallest subset273

X ′ ⊆ X which covers set X under metric d up to accuracy τ (i.e., for each x ∈ X , there exists274

x′ ∈ X ′ such that d(x, x′) ≤ τ ). A proof of the following appears in Appendix C.8.275

Lemma 3.11. If D,D′∈∆(Θ) satisfy dL(D,D′)≤ε2/2, then ∥demε
D − demε

D′∥∞ ≤ ε. Moreover,276

we have logN
(
∆K(Θ), dL, ε

)
= Õ(dK log 1/ε).277

In Appendix C.9, we combine these lemmas to obtain the upper bound. For the lower bound, we278

modify a construction of [4] for the non-contextual case so that it can be tensored into d-dimensions279

without leaking information between orthogonal contexts.280

4 Non-Contextual Refinements via Zooming281

Our results from Section 3 leave a key open question: what is the optimal regret dependence on K⋆?282

We resolve this question for the non-contextual setting, where d = 1 and, without loss of generality,283

ut ≡ 1 for all t. To do so, we employ adaptive discretization (aka zooming) methods from Lipschitz284

bandits [13] with novel variance-aware confidence intervals and achieve a regret bound of Õ(
√
K⋆T ).285

Throughout, we label the K⋆ types supp(D⋆) = {θ(1) < θ(2) < · · · < θ(K⋆)} and set θ(0) = 0.286

Our algorithm, ZoomV, mirrors standard zooming [13] with two key adjustments. First, since revenue287

is only one-sided Lipschitz, we use a dyadic price selection rule inspired by [24]. Second, our288

confidence intervals incorporate empirical variance, a method previously used for variance-aware289

K-armed bandits [2]. In more detail, ZoomV maintains a set S of active prices in [0, 1] and a variance-290

aware confidence interval for the expected revenue at each p ∈ S. Each active price “covers” an291

interval of neighboring, larger prices, with the width of this covering interval scaling proportionally292

to that of the confidence interval. The intuition is that a small increase in price can only marginally293

increase expected revenue, so it is not worth exploring such covered prices. Initially, every price in294
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[0, 1] is covered by some point in S. At each round, ZoomV optimistically chooses a price in S and295

updates its confidence and covering intervals. If after the update there exists an uncovered price, then296

we add a new point to S which covers it, maintaining the invariant that every price is covered.297

Theorem 4.1. ZoomV (Algorithm 4) achieves regret Õ
(
min

{√
K⋆T , T

2/3
})

for non-contextual298

pricing with heterogeneous buyers, without knowledge of K⋆.299

To bound regret, we employ a variance-aware zooming dimension which controls its performance.300

For comparison, we first recall the definition of the standard zooming dimension, which characterizes301

a certain complexity of the expected reward function rev(p). For each δ > 0, write Xδ := {p ∈ [0, 1] :302

gap⋆(p) ≤ δ} for the set of δ-approximate revenue maximizers. Write N(X, δ) := N(X, | · |, δ) for303

the smallest δ-covering of a set X ⊆ R. Then, for each c > 0, define the zooming dimension304

ZoomDim(c) := inf{z ≥ 0 : N(Xδ, δ/10) ≤ cδ−z ∀δ > 0}.

To address variance, write σ2(p) = p2dem⋆(p)(1 − dem⋆(p)) for the revenue variance when p is305

played. We then define the variance-weighted covering number Nv(X, δ) := min
{∑

x∈X′ σ2(x) :306

X ′ is a δ-cover of X
}

. Finally, for each c > 0, we define the variance-aware zooming dimension307

ZoomDimV(c) := inf{z ≥ 0 : Nv(Xδ, δ/10) ≤ cδ−z ∀δ > 0}.

Note that ZoomDimV(c) ≤ ZoomDim(c), since σ2(p) ≤ 1.308

We prove the following regret bound, mirroring standard zooming guarantees (see Theorem 1.3 of309

13), but with ZoomDim improved to ZoomDimV. The proof can be found in Appendix D.1. Then in the310

lemma afterwards, we bound our modified zooming dimension for the pricing problem.311

Lemma 4.2. For c > 0, ZoomV achieves regret Õ
(
c1/(2+z) T 1−1/(2+z)

)
, where z = ZoomDimV(c).312

Lemma 4.3. We have ZoomDimV(10K⋆) = 0 and ZoomDimV(10) ≤ ZoomDim(10) ≤ 1.313

Proof. For each δ > 0 and type i ∈ [K⋆], let X(i)
δ denote the set of activated arms p with gap⋆(p) ≤ δ314

that lie in the interval (θ(i−1), θ(i)], to the left of type i. Since revenue is linearly increasing within315

each such interval, with slope di = dem(θ(i)), the gap condition requires that each p ∈ X(i)
δ also316

satisfies p ≥ θ(i) − δd−1
i . Moreover, for p ∈ X(i)

δ , we have σ2(p) ≤ di. Thus, we obtain317

Nv(Xδ, δ/20) ≤
∑

i∈[K⋆]

Nv(X
(i)
δ , δ/20) ≤

∑
i∈[K⋆]

10d−1
i · di ≤ 20K⋆,

implying the first bound. For the second, we note that N(Xδ, δ/20) ≤ N([0, 1], δ/20) ≤ 20δ−1.318

Proof of Theorem 4.1. The
√
K⋆T bound follows by Lemma 4.2 with c = 4K⋆ and z = 0, using319

Lemma 4.3. Similarly, the T 2/3 bound follows by taking c = 2 and z = 1.320

Remark 4.4 (Comparison to [4]). The non-contextual setting was previously studied by [4], whose321

Algorithm 1 achieves regret Õ(
√
K⋆T )+V (V +1), where V = maxi∈[K⋆]

(
θ(K⋆)

)4(
θ(i)−θ(i−1)

)−5
.322

They maintain a set of intervals which contain all types with substantial probability mass, gradually323

refining these intervals until they are all of width O(T−1/2), at which point they employ UCB over324

the intervals’ left endpoints. Unfortunately, the instance-dependent term V (V + 1) can blow up to325

infinity for worst-case realizations of D⋆ ∈ ∆K⋆([0, 1]), in contrast to our guarantee.326

Remark 4.5 (Performance of standard zooming). Although original zooming bounds were for two-327

sided Lipschitz rewards, [24] noted that these extend to the one-sided case. In particular, Corollary328

3.1 of [24] implies the regret bound of Lemma 4.2 with z = ZoomDim(c). Inspecting the proof of329

Lemma 4.3, we have ZoomDim(10K⋆d
−1
min) = 0, where dmin is the smallest demand at any of the K⋆330

types. This gives regret Õ(
√
K⋆T/dmin), which can be arbitrarily larger than

√
K⋆T . One could331

hope that there is still some room for improvement, since small demands for near-optimal prices332

imply that the best achievable revenue is also small. However, even when K⋆ = 1 and the analysis is333

the simplest, this leads to an unsatisfactory regret bound of Õ(min{
√

T/dmin, dminT}) = Õ(T 2/3).334
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5 Improved Performance with Ex-Post Type Observability335

We study dynamic pricing with heterogeneous buyers, assuming the learner can identify each arriving336

type. After setting a price pt, the learner observes the pricing feedback 1{⟨ut, θt⟩ ≥ pt} and some337

information about the sampled type θt. We consider the two models of observability. In the first338

model, the learner only observes an identifier zt ∈ [K⋆] that specifies which of the K⋆ candidate339

types was drawn. In practice, the learner need not know K⋆ a priori. Here, we design an algorithm340

that matches the Õ(K⋆

√
dT ) regret bound of POPS and can be implemented efficiently, using a341

contextual search algorithm for K⋆ = 1 as a subroutine. In the second model, the learner observes342

the full type embedding θt ∈ Θ. Here, we show that best-responding to a simple plug-in estimate for343

D⋆ achieves an improved regret bound of Õ(
√
min{K⋆, d}T ).344

Observed type identifiers. Our algorithm for the model where the learner only observes the identifier345

uses a K⋆ = 1 contextual search algorithm, ProjectedVolume [18], as a subroutine. We maintain346

a separate instance of this ProjectedVolume algorithm for each observed type and keep track of347

the empirical type frequencies along with the number of times we’ve explored each type. It then348

adaptively chooses which types to explore (or exploit) based on confidence estimates for the type349

distribution. We present the full algorithm and prove the following regret bound in Appendix E.1.350

Theorem 5.1. Consider contextual dynamic pricing with ex-post type observability where the learner351

observes which type zt ∈ [K⋆] arrived. Then, Algorithm 5 achieves regret Õ(K⋆

√
dT ) and takes no352

more than time poly(K⋆, d, T ) per round.353

Observed type vectors. If the full type vector θt is revealed at the end of each round, we can achieve354

improved regret with a simpler algorithm. Indeed, writing D̂t =
1
t

∑t
τ=1 δt for the empirical type355

distribution after round t, we take each pt as the best response to D̂t−1 along the current context.356

Theorem 5.2. Consider contextual dynamic pricing with ex-post type observability where the learner357

observes θt ∈ Θ at the end of each round. Then the algorithm which plays p1 = 1/2 and best358

response pt = brD̂t−1
(ut) for remaining rounds achieves regret Õ(

√
min{K⋆, d}T ). Each price359

can be computed in time poly(K⋆, d).360

The proof in Appendix E.2 observes that the empirical revenue function revD̂t
converges uniformly in361

both arguments (price and context) to the true revenue function rev⋆. This occurs at rate
√
V/t, where362

V is the VC dimension of the function class {θ ∈ supp(D⋆) 7→ 1{⟨u, θ⟩ ≥ p} : u ∈ Θ, p ∈ [0, 1]}.363

This is a family of linear thresholds in Rd, so V ≤ d+1. Moreover, the domain has size K⋆, so V ≤364

K⋆. We thus obtain the claimed regret bound of Õ
(∑T

t=1

√
min{K⋆, d}/t

)
= Õ

(√
min{K⋆, d}T ).365

6 Discussion366

In this work, we have introduced contextual dynamic pricing with heterogeneous buyers. Our main367

algorithm achieves a regret bound of Õ(K⋆
√
dT ), which is optimal up to

√
K⋆. Our analysis bounds368

the disagreement coefficient by leveraging a novel decomposition lemma for aggregate demand369

functions with K⋆ breakpoints. Additionally, we propose a variance-aware zooming algorithm for370

the non-contextual pricing case and improve regret dependence on K⋆ by incorporating adaptive371

discretization methods from the Lipschitz bandits literature. Finally, under stronger observability372

assumptions on the buyers’ types, we develop efficient algorithms that significantly reduce regret to373

Õ(
√
min{K⋆, d}T ), demonstrating the benefits of richer feedback in dynamic pricing settings.374

There are several research questions that stem from our work. The first question revolves around375

computation. Our algorithms are dependent on the size of the model class, which is exponential in376

K⋆, d, T . It would be interesting to know if polynomial dependence can be achieved at the same377

regret rate. The second question is around the optimal dependence on K⋆ for the general, contextual378

case. While in Section 4 we showed how to optimize the dependence of our bounds on K⋆ it is379

unclear how to scale this approach for the contextual version of the problem. One starting point380

could be the results on Zooming techniques for contextual bandits (see e.g., [26]). Finally, it would381

be interesting to see if our results can be applied to broader settings where a learner tries to learn382

from heterogeneous agents while receiving only binary feedback: for example, it is unknown if the383

approach presented in this work generalizes to general contextual search settings (i.e., with ε-ball or384

symmetric loss) or if it generalizes for settings that share some core properties with pricing, but differ385

in the fundamental techniques used to address them (see e.g., [10]).386
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• The answer NA means that the abstract and introduction do not include the claims464

made in the paper.465

• The abstract and/or introduction should clearly state the claims made, including the466

contributions made in the paper and important assumptions and limitations. A No or467

NA answer to this question will not be perceived well by the reviewers.468

• The claims made should match theoretical and experimental results, and reflect how469

much the results can be expected to generalize to other settings.470

• It is fine to include aspirational goals as motivation as long as it is clear that these goals471

are not attained by the paper.472

2. Limitations473

Question: Does the paper discuss the limitations of the work performed by the authors?474

Answer: [NA]475
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applicability of the results477
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• The answer NA means that the paper has no limitation while the answer No means that479

the paper has limitations, but those are not discussed in the paper.480
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will be specifically instructed to not penalize honesty concerning limitations.504
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by formal proofs provided in appendix or supplemental material.519
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4. Experimental result reproducibility521
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of the paper (regardless of whether the code and data are provided or not)?524

Answer: [NA]525
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• The answer NA means that the paper does not include experiments.528

• If the paper includes experiments, a No answer to this question will not be perceived529
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whether the code and data are provided or not.531
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to make their results reproducible or verifiable.533

• Depending on the contribution, reproducibility can be accomplished in various ways.534

For example, if the contribution is a novel architecture, describing the architecture fully535

might suffice, or if the contribution is a specific model and empirical evaluation, it may536

be necessary to either make it possible for others to replicate the model with the same537

dataset, or provide access to the model. In general. releasing code and data is often538

one good way to accomplish this, but reproducibility can also be provided via detailed539

instructions for how to replicate the results, access to a hosted model (e.g., in the case540

of a large language model), releasing of a model checkpoint, or other means that are541

appropriate to the research performed.542

• While NeurIPS does not require releasing code, the conference does require all submis-543

sions to provide some reasonable avenue for reproducibility, which may depend on the544

nature of the contribution. For example545

(a) If the contribution is primarily a new algorithm, the paper should make it clear how546

to reproduce that algorithm.547

(b) If the contribution is primarily a new model architecture, the paper should describe548

the architecture clearly and fully.549

(c) If the contribution is a new model (e.g., a large language model), then there should550

either be a way to access this model for reproducing the results or a way to reproduce551

the model (e.g., with an open-source dataset or instructions for how to construct552

the dataset).553

(d) We recognize that reproducibility may be tricky in some cases, in which case554

authors are welcome to describe the particular way they provide for reproducibility.555

In the case of closed-source models, it may be that access to the model is limited in556

some way (e.g., to registered users), but it should be possible for other researchers557

to have some path to reproducing or verifying the results.558

5. Open access to data and code559

Question: Does the paper provide open access to the data and code, with sufficient instruc-560

tions to faithfully reproduce the main experimental results, as described in supplemental561

material?562
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versions (if applicable).582
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parameters, how they were chosen, type of optimizer, etc.) necessary to understand the587

results?588
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Justification: The paper does not contain any experimental work.590
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• The answer NA means that the paper does not include experiments.592

• The experimental setting should be presented in the core of the paper to a level of detail593

that is necessary to appreciate the results and make sense of them.594

• The full details can be provided either with the code, in appendix, or as supplemental595

material.596
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Answer: [NA]600
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• The answer NA means that the paper does not include experiments.603

• The authors should answer "Yes" if the results are accompanied by error bars, confi-604

dence intervals, or statistical significance tests, at least for the experiments that support605

the main claims of the paper.606

• The factors of variability that the error bars are capturing should be clearly stated (for607

example, train/test split, initialization, random drawing of some parameter, or overall608

run with given experimental conditions).609

• The method for calculating the error bars should be explained (closed form formula,610

call to a library function, bootstrap, etc.)611

• The assumptions made should be given (e.g., Normally distributed errors).612

• It should be clear whether the error bar is the standard deviation or the standard error613

of the mean.614
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• It is OK to report 1-sigma error bars, but one should state it. The authors should615

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis616

of Normality of errors is not verified.617

• For asymmetric distributions, the authors should be careful not to show in tables or618

figures symmetric error bars that would yield results that are out of range (e.g. negative619

error rates).620

• If error bars are reported in tables or plots, The authors should explain in the text how621

they were calculated and reference the corresponding figures or tables in the text.622

8. Experiments compute resources623

Question: For each experiment, does the paper provide sufficient information on the com-624

puter resources (type of compute workers, memory, time of execution) needed to reproduce625

the experiments?626

Answer: [NA]627

Justification: The paper does not contain any experimental work.628

Guidelines:629

• The answer NA means that the paper does not include experiments.630

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,631

or cloud provider, including relevant memory and storage.632

• The paper should provide the amount of compute required for each of the individual633

experimental runs as well as estimate the total compute.634

• The paper should disclose whether the full research project required more compute635

than the experiments reported in the paper (e.g., preliminary or failed experiments that636

didn’t make it into the paper).637

9. Code of ethics638

Question: Does the research conducted in the paper conform, in every respect, with the639

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?640

Answer: [Yes]641

Justification: We abide by the Code of Ethics.642

Guidelines:643

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.644

• If the authors answer No, they should explain the special circumstances that require a645

deviation from the Code of Ethics.646

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-647

eration due to laws or regulations in their jurisdiction).648

10. Broader impacts649

Question: Does the paper discuss both potential positive societal impacts and negative650

societal impacts of the work performed?651

Answer: [NA]652

Justification: This is a theoretical work without any clear and immediate social impact.653

Guidelines:654

• The answer NA means that there is no societal impact of the work performed.655

• If the authors answer NA or No, they should explain why their work has no societal656

impact or why the paper does not address societal impact.657

• Examples of negative societal impacts include potential malicious or unintended uses658
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(e.g., deployment of technologies that could make decisions that unfairly impact specific660

groups), privacy considerations, and security considerations.661
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to particular applications, let alone deployments. However, if there is a direct path to663

any negative applications, the authors should point it out. For example, it is legitimate664

to point out that an improvement in the quality of generative models could be used to665
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generate deepfakes for disinformation. On the other hand, it is not needed to point out666

that a generic algorithm for optimizing neural networks could enable people to train667

models that generate Deepfakes faster.668

• The authors should consider possible harms that could arise when the technology is669

being used as intended and functioning correctly, harms that could arise when the670

technology is being used as intended but gives incorrect results, and harms following671

from (intentional or unintentional) misuse of the technology.672

• If there are negative societal impacts, the authors could also discuss possible mitigation673

strategies (e.g., gated release of models, providing defenses in addition to attacks,674

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from675

feedback over time, improving the efficiency and accessibility of ML).676

11. Safeguards677

Question: Does the paper describe safeguards that have been put in place for responsible678

release of data or models that have a high risk for misuse (e.g., pretrained language models,679

image generators, or scraped datasets)?680

Answer: [NA]681

Justification: The paper poses no such risks.682

Guidelines:683

• The answer NA means that the paper poses no such risks.684

• Released models that have a high risk for misuse or dual-use should be released with685

necessary safeguards to allow for controlled use of the model, for example by requiring686

that users adhere to usage guidelines or restrictions to access the model or implementing687

safety filters.688

• Datasets that have been scraped from the Internet could pose safety risks. The authors689

should describe how they avoided releasing unsafe images.690

• We recognize that providing effective safeguards is challenging, and many papers do691

not require this, but we encourage authors to take this into account and make a best692

faith effort.693

12. Licenses for existing assets694

Question: Are the creators or original owners of assets (e.g., code, data, models), used in695

the paper, properly credited and are the license and terms of use explicitly mentioned and696

properly respected?697

Answer: [NA]698

Justification: The paper does not use existing assets.699

Guidelines:700

• The answer NA means that the paper does not use existing assets.701

• The authors should cite the original paper that produced the code package or dataset.702

• The authors should state which version of the asset is used and, if possible, include a703

URL.704

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.705

• For scraped data from a particular source (e.g., website), the copyright and terms of706

service of that source should be provided.707

• If assets are released, the license, copyright information, and terms of use in the708

package should be provided. For popular datasets, paperswithcode.com/datasets709

has curated licenses for some datasets. Their licensing guide can help determine the710

license of a dataset.711

• For existing datasets that are re-packaged, both the original license and the license of712

the derived asset (if it has changed) should be provided.713

• If this information is not available online, the authors are encouraged to reach out to714

the asset’s creators.715

13. New assets716

Question: Are new assets introduced in the paper well documented and is the documentation717

provided alongside the assets?718
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Answer: [NA]719

Justification: The paper does not release new assets.720
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• The answer NA means that the paper does not release new assets.722

• Researchers should communicate the details of the dataset/code/model as part of their723
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limitations, etc.725
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asset is used.727

• At submission time, remember to anonymize your assets (if applicable). You can either728

create an anonymized URL or include an anonymized zip file.729
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Answer: [NA]734
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or other labor should be paid at least the minimum wage in the country of the data743
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approvals (or an equivalent approval/review based on the requirements of your country or749

institution) were obtained?750

Answer: [NA]751

Justification: The paper does not involve crowdsourcing nor research with human subjects.752
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• The answer NA means that the paper does not involve crowdsourcing nor research with754

human subjects.755

• Depending on the country in which research is conducted, IRB approval (or equivalent)756

may be required for any human subjects research. If you obtained IRB approval, you757

should clearly state this in the paper.758

• We recognize that the procedures for this may vary significantly between institutions759

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the760

guidelines for their institution.761

• For initial submissions, do not include any information that would break anonymity (if762

applicable), such as the institution conducting the review.763
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important, original, or non-standard components.771
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Supplementary material for777

Contextual Dynamic Pricing with Heterogeneous Buyers778

A Extended Discussion on Related Work779

Our work relates closely to three lines of work outlined below.780

(I) Contextual pricing/search. The closest line to our work is contextual pricing/search. In781

contextual search, there is a repeated interaction between a learner and nature, where the learner782

is trying to learn a hidden vector θ⋆ ∈ Rd over time while receiving only single-bit feedback.783

Mathematically, at each round t ∈ [T ], the learner receives a (potentially adversarially chosen) context784

ut ∈ Rd and decides to query yt ∈ R. The learner receives feedback σt = sgn(⟨ut, θ
⋆⟩ − yt) ∈785

{−1,+1} and incurs loss ℓt(yt, ⟨ut, θ
⋆⟩) [5]. The learner does not observe ℓt(yt, ⟨ut, θ

⋆⟩); only the786

binary feedback σt. Under this framework, contextual pricing corresponds to the case where the787

buyer population is homogeneous and the loss function ℓt corresponds to the lost revenue as a result788

of posting price yt (aka the “pricing loss”). Contextual search works have also considered two other789

loss functions: the symmetric/absolute loss ℓt(yt, ⟨ut, θ
⋆⟩) := |yt − ⟨ut, θ

⋆⟩|; and the ε-ball loss790

ℓt(yt, ⟨ut, θ
⋆⟩) = 1{|yt − ⟨ut, θ

⋆⟩| > ε}, which are motivated by settings other than the pricing one.791

There have been two approaches in the literature for learning in contextual pricing and contextual792

search (for homogeneous agents/buyers). The first approach (e.g., 5, 18, 21, 17) employs a version793

of multidimensional binary search: specifically, the algorithms maintain a “knowledge set” with794

all the possible values of θ⋆ which are “consistent” with the feedback that nature has given thus795

far. Similar to traditional binary search, the query point is chosen to be the point that (given the796

nature’s feedback) will eliminate roughly half of the current knowledge set. As the knowledge set797

shrinks, the learner ends up with a small knowledge set for the possible values of θ⋆; this is enough798

to guarantee sublinear regret. The series of works in [5, 18, 21, 17] optimized regret bounds for the799

three different loss functions (i.e., symmetric, ε-ball, and pricing). The specific algorithms were800

different at each paper, but they all maintained this “binary search” flavor. Most of the algorithms801

employing a multidimensional binary search approach can be “robustified” to very little noise in802

the agents’ responses; since the learner will irrevocably shrink the knowledge set according to the803

feedback received from nature, they can only afford very few mistakes.804

The second approach (e.g., 12, 11, 6, 19) focuses exclusively on pricing settings. This approach uses805

regression-based algorithms for learning the correct price and needs to assume stochastic noise in806

the buyers’ responses. There have also been works studying other aspects of contextual pricing (e.g.,807

strategic agents [1] and unknown noise distribution [28]). Apart from the methodological differences808

with our work, both streams of literature focus on a homogeneous agent population and cannot be809

readily adapted for a heterogeneous population setting.810

Moving closer to the heterogeneous agents problem, Krishnamurthy et al. [16] studied “corruption-811

robust” contextual search, where the agent population is mostly homogeneous, except for C = o(T )812

corrupted agent responses. Their regret bounds were subsequently strengthened in [22], but the latter813

only works for contextual search with absolute and ε-ball loss (i.e., does not cover the pricing loss).814

This model has been also studied with a Lipschitz target function [30]. Learning with corruptions815

can be seen as a first step towards learning from heterogeneous agents, but the approaches above816

do not scale appropriately for truly heterogeneous agent populations. In contrast, we focus on fully817

heterogeneous settings, where we do not constrain the number or the size of the different buyer types.818

(II) Non-contextual pricing. The special case d = 1 was introduced by [14], who studied non-819

contextual dynamic pricing for a homogeneous, stochastic, and advetrsarial buyer population. For the820

adversarial buyer population, the authors assumed that there can be T different valuations and showed821

tight regret bounds of Õ(T 2/3). In contrast, in our setting, we assume that users are “clustered” in822

K⋆ types), and so the lower bound of Ω(T 2/3) of Kleinberg and Leighton [14] does not apply.823

The closest to our work is the work of [4], who consider pricing a heterogeneous agent population824

with an unknown number of types, but the types are still limited to be less than o(T ). Throughout825

the paper, we discuss how their bounds relate to ours for the special case of d = 1. None of the826

aforementioned techniques readily generalize to contextual pricing settings.827
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(III) Lipschitz bandits. Finally, our work is related to the literature on Lipschitz bandits. Although828

the pricing loss is not fully Lipschitz, it has recently been observed that it satisfies a one-sided829

Lipschitzness. This allows us to leverage techniques from adaptive discretization [13] to obtain830

improved bounds for d = 1. Zooming had previously been applied to pricing (see, e.g., [24]), but831

these algorithms are insufficient for the K⋆-types setting. Indeed, their performance scales with832

a zooming dimension ZoomDim that is too large here. Our ZoomV uses variance-aware confidence833

intervals so that its performance scales with a smaller, variance-aware zooming dimension ZoomDimV.834

Finally, [15] consider contextual bandits with continuous action spaces, which encompasses the835

setting of this work. Their regret bounds cover the setting where, for a fixed context, the expected836

reward is Lipschitz in the learner’s action. Although their analysis can be adapted to the one-sided837

Lipschitz setting of contextual pricing, their results either require stochastic contexts or incur large838

regret due to naïve discretization. Even in the stochastic case, their regret bound scales with a policy839

zooming coefficient which does not appear to admit a useful bound in terms of K⋆.840

B Proofs for Section 2841

B.1 Proof of Lemma 2.1842

We simply bound revQ(p
′) − revQ(p) = p′demQ(p

′) − pdemQ(p) ≤ demQ(p)(p
′ − p) ≤ p′ − p,843

using monotonicity of demand functions.844

B.2 Proof of Lemma 2.2845

By the definition of dL, it suffices to prove the lemma when d = 1. The first revenue lower bound846

holds by Lemma 2.1. For the second, omitting the context u and writing [x]+ = max{x, 0}, we use847

the Lévy metric guarantee to bound848

revD′(π) = [brD − ε]+ demD′([brD − ε]+)

≥ [brD − ε]+ demD′(brD − ε) (demand equals 1 for p ≤ 0)
≥ [brD − ε]+ (demD(brD − 2ε)− ε) (dL bound)
≥ [brD − ε]+ (demD(brD)− ε) (monotonicity of demD)
≥ revD(brD)− 2ε

≥ revD(brD′)− 2ε (brD maximizes revD)
= brD′ demD(brD′)− 2ε

≥ brD′ (demD′(brD′ − ε)− ε)− 2ε (dL bound)
≥ brD′ demD′(brD′)− 3ε

= revD′(brD′)− 3ε,

as desired.849

C Proofs for Section 3850

To unify analysis of Sections 3.1 and 3.2, we introduce a more general problem setup and algorithm.851

C.1 Generalized Problem Setup852

To start, we replace the price set [0, 1] with a subset P ⊆ [0, 1], which will remain [0, 1] in Section 3.1853

but will be restricted to a finite set for Section 3.2. Then, instead of selecting a type distribution D⋆,854

we have the adversary choose a demand function f⋆ which maps price p ∈ P and context u ∈ U to855

a purchase probability f⋆(p, u) ∈ [0, 1]. Then, at round t, if the adversary selects context ut ∈ U856

and the learner posts price pt ∈ P , purchase decision yt ∈ {0, 1} is sampled independently from857

Ber(f⋆(pt, ut)). This abstracts away our previous notions of buyer types and values and will also858

model the smoothed environment of Section 3.2. We impose the corresponding notion of realizability.859

Setting C.1 (realizability, general). Under the setup described above, the demand function f⋆ belongs860

to a known, finite class F of measurable functions from P × U to [0, 1].861

20



Often, we shall fix a context and consider univariate (non-contextual) demand functions. Given862

a univariate demand function g : [0, 1] → [0, 1], we define the corresponding revenue function863

revg(p) = p · g(p), best-response brg = argmaxp∈P revg (breaking ties arbitrarily), and gap864

gapg(p) = revg(brg) − revg(p). For a contextual demand function f : [0, 1] × U → [0, 1] and a865

context u ∈ U , write proj(f, u) for the induced univariate demand function p 7→ f(p, u). We define866

revf (p, u) = revproj(f,u)(p), brf (u) = brproj(f,u), gapf (p, u) = gapproj(f,u)(p), and proj(F , u) :=867

{proj(f, u) : f ∈ F}, along with rev⋆ := revf⋆ , br⋆ := brf⋆ , and gap⋆ := gapf⋆ . Finally, we define868

dis(F , f⋆) := sup
u∈U

dis
(
{f(·, u)− f⋆(·, u) : f ∈ F}

)
,

generalizing the definition in Section 3.1. Regret is defined as the sum of gaps
∑T

t=1 gap⋆(pt, ut).869

C.2 Generalized OPS and its Regret Guarantee870

We now present a extension of OPS and POPS to the generalized setup of Appendix C.1. Both can871

be recovered for appropriate choices of F and P , which we will discuss later. First, for a univariate872

demand function g : P → [0, 1], price p, and purchase decision y, we define loss873

ℓλ(g, p, y) := (g(p)− y)2 − λrevg(brg). (3)

We now adapt OPS to this setting, introducing GOPS (Algorithm 3).874

ALGORITHM 3: GOPS: Generalized OPS for Contextual Pricing with Finite Model Class
1 Input: finite demand function class F , model prior µ1 ∈ ∆(F), optimism strength λ > 0;
2 for each round t ∈ [T ] do
3 observe context ut;
4 sample demand function ft ∼ µt;
5 play pt = brft(ut) and observe yt;
6 update µt+1(f) ∝ µt(f) exp

(
−ℓλ(proj(f, ut), pt, yt)

)
for each f ∈ F ;

875

We prove the following regret bound.876

Lemma C.2. Under Setting C.1, with model prior µ1 ∈ ∆(F) and optimism strength λ ≥ 4/T ,877

GOPS (Algorithm 3) achieves regret 25λ(dis(F , f⋆) ∨ 1)T log2(T ) + log(1/µ1(f⋆))/λ.878

Our proof employs the following decoupling lemma.879

Lemma C.3 (8). Let G be a finite family of univariate demand functions and fix g⋆ ∈ G. Then, for880

any ν ∈ ∆(G) and γ > 0, we have881

E
g∼ν

[
|g(brg)− g⋆(brg)|

]
≤ 6

dis(G) log2(γ ∨ e)

γ
+ γ E

g̃,g∼ν

[
(g̃(brg)− g⋆(brg))

2
]
.

This is simply Lemma E.2 of [8] with function class {g−g⋆ :g ∈ G} and ∆→0. In our proof, G and882

g⋆ will be the projections of F and f⋆ onto a fixed context u ∈ U .883

The remainder of our analysis is a slight modification to that of [29], which we provide for complete-884

ness. For each round t ∈ [T ] of OPS, we adopt the following notation:885

• history up to round t: St := {uτ , fτ , pτ , yτ}tτ=1,886

• true univariate demand function: g⋆t := proj(f⋆, ut),887

• univariate demand function posterior: νt := proj(µt, ut) := Lawf∼µt
(proj(f, ut)),888

• sampled univariate demand function: gt := proj(ft, ut), so that pt = brgt ,889

• independently sampled univariate demand function (for analysis): g̃t ∼ νt,890

• regret: REGt := rev⋆(br⋆(ut), ut)− rev⋆(pt, ut) = revg⋆
t
(pt)− revg⋆

t
(pt),891

• least-squares errors: LSt(g) := (g(pt)− g⋆(pt))
2,892

• “feel-good” (optimism) bonuses: FGt(g) := revg(brg)− revg⋆
t
(brg⋆

t
),893
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• loss discrepancies: ∆Lt(g) := ℓλ(g, pt, yt)− ℓλ(g
⋆
t , pt, yt),894

• potential function: Zt := ESt logEf∼Unif(F) exp
(
−
∑t

τ=1 ∆Lt(proj(f, ut))
)
.895

Our proof requires several supporting lemmas. The first is a basic concentration result.896

Lemma C.4. For c ≥ 0 and a random variable X supported on [0, 1], we have logE exp(−cX) ≤897

( 12c
2 − c)EX . For X supported on [a, b], we have logE exp(cX) ≤ cEX + 1

8 (b− a)2c2.898

Proof. For the first inequality, we bound899

logE exp(−cX) ≤ E[exp(−cX)− 1] ≤ E[−cX + 1
2c

2X2] ≤ E[−cX + 1
2c

2X] = ( 12c
2 − c)EX.

The second inequality is exactly Hoeffding’s lemma.900

The next lemma mirrors Lemma 4 of [29]. This is a consequence of the definition of ∆Lt and the901

sub-Gaussianity of its components.902

Lemma C.5. For round t of GOPS (Algorithm 3), we have903

log E
g∼νt

E
yt|ut,pt

exp
(
−∆Lt(g)

)
≤ −1

4
E

g∼νt

LSt(g) + λ E
g∼νt

FGt(g) +
3

2
λ2.

We note that this lemma does not rely on how pt is selected.904

Proof. Let g ∼ νt and y ∼ Law(yt|ut, pt) = Ber(gt(pt)) be independent. Let ε = y − g⋆t (pt)905

denote the discrepancy between the observed and expected demand. Since demands lie in [0, 1],906

Lemma C.4 with X = ε gives907

E
y
exp
(
−2ε

(
g⋆t (pt)− g(pt)

))
≤ exp

(
1
2

(
g⋆t (pt)− g(pt)

)2)
= exp

(
1
2LSt(g)

)
. (4)

Moreover, we have908

−∆Lt(g) = −
(
ε+ g⋆t (pt)− g(pt)

)2
+ ε2 + λFGt(g)

= −2ε
(
g⋆t (pt)− g(pt)

)
− LSt(g) + λFGt(g).

Combining with (4) gives909

E
y
exp
(
−∆Lt(g)

)
≤ exp

(
− 1

2LSt(g) + λFGt(g)
)
.

Therefore, we have910

log E
g,y

exp
(
−∆Lt(g)

)
≤ logE

g
exp
(
− 1

2LSt(g) + λFGt(g)
)

≤ 2

3
logE

g
exp
(
− 3

4LSt(g)
)
+

1

3
logE

g
exp
(
3λFGt(g)

)
,

where the last inequality follows by Hölder’s inequality. For the first term, we use Lemma C.4 with911

X = LSt(g) and c = 3
4 to bound912

2

3
log

(
E
g
exp
(
− 3

4LSt(g)
))
≤ 2

3

(
1

2
c2 − c

)
E
g
LSt(g) = −

5

16
E
g
LSt(g).

For the second term, we apply the lemma with X = FGt(g) and c = 3λ to obtain913

1

3
logE

g
exp
(
3λFGt(g)

)
≤ λE

g
FGt(g) +

3

2
λ2.

Combining, we have914

log E
g,y

exp
(
−∆Lt(g)

)
≤ − 5

16
E
g
LSt(g) + λE

g
FGt(g) +

3

2
λ2,

implying the lemma.915

Our last helper lemma mirrors Lemma 5 of [29].916
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Lemma C.6. For round t of GOPS (Algorithm 3), we have917

1

4λ
ELSt(g̃t)− EFGt(gt) ≤

3

2
λ+

1

λ
(Zt−1 − Zt).

This lemma also does not rely on how prices are chosen.918

Proof. Recall that µ1 = Unif(F). Defining Wt(f | St) := exp
(
−
∑t

τ=1 ∆Lτ (proj(f, uτ ))
)
, we919

have Zt = ESt logEf∼µ1 Wt(f | St). Note that920

µt(f) =
Wt−1(f | St−1)

Ef∼µ1
Wt−1(f | St−1)

µ1(f).

We then bound921

Zt = Zt−1 + E
St

log
Ef∼µ1

Wt(f | St)

Ef∼µ1
Wt−1(f | St−1)

= Zt−1 + E
St

log
Ef∼µ1 Wt−1(f | St−1) exp

(
−∆Lt(proj(f, ut))

)
Ef∼µ1

Wt−1(f | St−1)

= Zt−1 + E
St

log E
f∼µt

exp
(
−∆Lt(proj(f, ut))

)
(a)

≤ Zt−1 + E
St−1,ut,pt

log E
yt|ut,pt

E
g∼νt

exp
(
−∆Lt(g)

)
(b)

≤ Zt−1 −
1

4
ELSt(g̃t) + λEFGt(gt) +

3

2
λ2,

where (a) uses Jensen’s inequality and (b) uses Lemma C.4. Rearranging gives the lemma.922

Now, we return to Lemma C.2, where we will finally incorporate our price selection rule and the923

decoupling lemma.924

Proof of Lemma C.2 For each round t ∈ [T ], we recall that pt = brgt and decompose925

REGt = revg⋆
t
(brg⋆

t
)− revg⋆

t
(pt)

=
[
revgt(pt)− revg⋆

t
(pt)

]
−
[
revgt(brgt)− revg⋆

t
(brg⋆

t
)
]

=
[
revgt(pt)− revg⋆

t
(pt)

]
− FGt(gt).

Conditioning on St−1 and ut, we bound with Lemma C.3 using γ = 1
4λ926

E
[
revgt(pt)− revg⋆

t
(pt)

∣∣St−1, ut

]
= E

g∼νt

[
revg(brg)− revg⋆

t
(brg)

]
≤ E

g∼νt

[
|g(brg)− g⋆t (brg)|

]
≤ 24λ dis(F , f⋆) log2(4λ−1 ∨ e) +

1

4λ
E

g̃,g∼ν

[
(g̃(brg)− g⋆t (brg))

2
]

= 24λ dis(F , f⋆) log2(4λ−1 ∨ e) +
1

4λ
E
[
LSt(g̃t)

∣∣St−1, ut

]
.

Taking expectations over St−1 and ut, we bound927

EREGt ≤ 24λ dis(F , f⋆) log2(4λ−1 ∨ e) +
1

4λ
ELSt(g̃t)− EFGt(gt)

≤ 24λ dis(F , f⋆) log2(4λ−1 ∨ e) +
3

2
λ+

1

λ
(Zt−1 − Zt),

using Lemma C.6. Summing over t ∈ [T ] and noting that Z0 = 0, we bound928

E[R(T )] ≤ T

(
24λdis(F , f⋆) log2(4λ−1 ∨ e) +

3

2
λ

)
− 1

λ
ZT .
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Moreover, by realizability, we have929

ZT ≥ E
St

log(µ1(f
⋆)WT (f

⋆ | St)) = log(µ1(f⋆)).

Combining, we obtain930

E[R(T )] ≤ T

(
24λ dis(F , f⋆) log2(4λ−1 ∨ e) +

3

2
λ

)
− log(µ1(f⋆))

λ

≤ T
(
25λ(dis(F , f⋆) ∨ 1) log2(4λ−1 ∨ e)

)
− log(µ1(f⋆))

λ
,

≤ T
(
25λ(dis(F , f⋆) ∨ 1) log2 T

)
− log(µ1(f⋆))

λ
,

as desired.931

C.3 Proof of Lemma 3.3932

Under the general setup of Appendix C.1, we take F to be the class of demand functions induced933

by D, set P = [0, 1], and fix µ1 = Unif(F). By these choices, GOPS coincides exactly with OPS, as934

does our notion of regret. Thus, Lemma C.2 gives the desired regret bound of935

T
(
25λ(dis(D, D⋆) ∨ 1) log2 T

)
− log(µ1(D⋆))

λ
= Õ

(
λTdis(D, D⋆) + log(|D|)/λ

)
.

C.4 Proof of Lemma 3.4936

Fixing f ∈ F , ν ∈ ∆([0, 1]), and p ∈ [0, 1], suppose that Eq∼ν [f(q)
2] ≤ ε2 and |f(p)| > δ. If937

f(p) > δ, then f(q) > δ for all q ≤ p by monotonicity. Thus, Pq∼ν(q ≤ p)δ2 ≤ Eq∼ν [f(q)
2] ≤ ε2.938

Otherwise, if f(p) < −δ, we analogously have Pq∼ν(q ≥ p)δ2 ≤ Eq∼ν [f(q)
2] ≤ ε2. Thus, for939

ν ∈ ∆(X ), we have940

Pp∼ν

(
∃f ∈ F : E

q∼ν
[f(q)2] ≤ ε2 ∧ |f(p)| > δ

)
≤Pp∼ν

(
Pq∼ν(q ≤ p) ≤ ε2

δ2
∨ Pq∼ν(q ≥ p) ≤ ε2

δ2

)
≤Pp∼ν

(
Pq∼ν(q ≤ p) ≤ ε2

δ2

)
+ Pp∼ν

(
Pq∼ν(q ≥ p) ≤ ε2

δ2

)
≤ 2

ε2

δ2
.

Plugging this into the definition of dis finishes the proof.941

C.5 Proof of Lemma 3.5942

For any distribution ν ∈ ∆(Z), write νi = hi ◦ ν|Zi for law of hi(p) when p ∼ ν, conditioned on943

p ∈ Zi, and let µν(i) = Pp∼ν(p ∈ Zi). We then bound944

dis(G) = sup
ε,δ>0

sup
ν∈P(Z)

E
i∼µν

δ2

ε2
Pp∼ν|Zi

(
∃g ∈ G : E

q∼ν
[g(q)2] ≤ ε2 ∧ |g(p)| > δ

)
≤ sup

ε,δ>0
sup

ν∈P(Z)

E
i∼µν

δ2

ε2
Pp∼νi

(
∃f ∈ F : µν(i) E

q∼νi

[f(q)2] ≤ ε2 ∧ |f(p)| > δ
)

≤ sup
ε,δ>0

sup
ν∈P(Z)

δ2

ε2
E

i∼µν

[
ε2

δ2µν(i)
dis(F)

]
= Ndis(F),

as desired. Here, the first inequality uses that Eq∼ν [g(q)
2] ≥ µν(i)Eq∼νi

[f(hi(x)] for some f ∈ F ,945

and the second uses that νi ∈ ∆(X ) and the definition of dis.946
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C.6 Proof of Lemma 3.9947

POPS as generalized OPS. We observe that POPS is an instance of GOPS (Algorithm 3), with948

discretized price set P = Pε and smoothed demand function class F = {demε
D : D ∈ D} (where949

each f ∈ F is viewed as a function on Pε × U rather than [0, 1]× U ). Here, we view each p̂t as the950

posted price instead of pt. Indeed, taking f⋆ = demε
⋆, we have951

E[yt|p̂t, ut] = f⋆(p̂t, ut)

and, for value distribution Q ∈ ∆([0, 1]) with smoothed demand function g = demε
Q, we have952

ℓελ(Q, p̂t, ut) = ℓλ(g, p̂t, ut),

where ℓλ on the right hand size is defined in (3). We do note, however, that the regret benchmark953

with smoothed demands and discretized prices differs slightly from the original benchmark.954

Fixing the regret benchmark. Applying Lemma C.2 for this choice of P and F , we have that955

E

[
T∑

t=1

revε⋆(br
ε
⋆(ut), ut)− revε⋆(p̂t, ut)

]
≤ T

(
25λ(dis(F , f⋆) ∨ 1) log2 T

)
− log(µ1(D⋆))

λ
.

Note that956

E

[
T∑

t=1

revε⋆(p̂t, ut)

]
= E

[
T∑

t=1

rev⋆(pt, ut)

]
,

so the regret bound above measures cumulative revenue in line with our original regret definition.957

Although the benchmark does not match that in the original definition, we have |revε⋆(br
ε
⋆(ut), ut)−958

rev⋆(br⋆(ut), ut)| = O(ε) for all t ∈ [T ] due to one-sided Lipschitzness (Lemma 2.1). Consequently,959

the regret of POPS is bounded by960

E[R(T )] = Õ

(
Tλ(dis(F , f⋆) ∨ 1)− log(µ1(D⋆))

λ
+ εT

)
.

It remains to bound the disagreement coefficient by O(K⋆), giving the lemma. Our argument below961

mirrors that in the proof of Theorem 3.2 but takes into account the smoothing and discretization.962

Bounded disagreement coefficient. For each u ∈ U , the function demε
⋆(·, u) with domain Pε is963

piecewise constant with O(K⋆) sections. Indeed, the unsmoothed demand function dem⋆(·, u) is964

piecewise constant with O(K⋆) sections, and smoothing can only introduce new sections at the965

O(K⋆) prices in Pε that are within distance ε of a previous section boundary. Moreover, smoothing966

preserves monotonicity of demand functions. Hence, the function classes defining dis(F , f⋆) are967

O(K⋆)-composites of the nonincreasing function class. Applying Lemmas 3.4 and 3.5 then implies968

that dis(F , f⋆) = O(K⋆), giving the lemma.969

C.7 Proof of Lemma 3.10970

Fix any round t with context ut and best-response price p̂t. Since ∥fε
D − fε

D⋆
∥∞ ≤ ε, feedback971

yt coincides with that which would have been obtained if D⋆ = D with probability at least 1− ε,972

conditioned on ut and p̂t. Since the update to µt is only a function of ut, p̂t, and yt (notably, not the973

realized price pt), we can iterate through all rounds and apply a union bound to obtain the lemma.974

C.8 Proof of Lemma 3.11975

For part one, fix D,D′ ∈ ∆(Θ) with dL(D,D′) ≤ ε2/2. Then, for all u ∈ U and p̂ ∈ [0, 1], we have976

fε
D(p̂, u) = E

δ∼Unif([0,ε])
[demD(max{p̂− δ, 0}, u)]

Note that the maximum is unneeded since proj(D,u) is supported on [0, 1] and places no mass on977

negative values. Writing Q = proj(D,u) and Q′ = proj(D′, u), we then have978

|fε
D(p̂, u)− fε

D′(p̂, u)| =
∣∣∣∣ E
δ∼Unif([0,ε])

[demQ(p̂− δ)− demQ′(p̂− δ)]

∣∣∣∣
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≤ 1

ε

∣∣∣∣∫ 1

0

demQ(p̂− δ)− demQ′(p̂− δ) dδ

∣∣∣∣
≤ 1

ε

∣∣∣∣∫ 1

0

demQ(t)− demQ′(t) dt

∣∣∣∣
=

1

ε

∣∣∣∣∫ 1

0

demQ(t)− demQ′(t) dt

∣∣∣∣.
Writing τ = ε2/2, we further have979 ∫ 1

0

demQ(t)− demQ′(t) dt =

∫ 1+τ

τ

demQ(t− τ)−
∫ 1

0

demQ′(t) dt

≤
∫ 1

τ

demQ(t− τ)− demQ′(t) dt+ τ

≤ 2τ,

where the last step uses the fact that dL(Q,Q′) ≤ τ . A symmetric argument gives the reverse bound.980

Consequently, we have |fε
D(p̂, u)− fε

D′(p̂, u)| ≤ 1
ε · 2τ = ε, as desired.981

For part two, let C = {C1, C2, . . . , Cn} denote the intersection of the standard partition of Rd into982

cubes of side length ε/
√
d with Θ ⊆ Bd. Denote the lexicographically smallest vertex of each983

Ci by ci, and note that log(n) = O(d log(d/ε)). Given any D ∈ ∆K(Θ), we define the initial984

discretization D̂0 =
∑n

i=1 D(Ci)δci . We obtain the final discretized measure D̂ by rounding each985

weight to a neighboring multiple of ε/K (choice doesn’t matter so long as we maintain unit mass,986

this is always possible). Then, for any context u ∈ Sd−1 and price p ∈ [0, 1], we have987

Pθ∼D(⟨u, θ⟩ ≤ p)− Pθ∼D̂(⟨u, θ⟩ ≤ p+ ε) ≤ ε

Pθ∼D̂(⟨u, θ⟩ ≤ p− ε)− Pθ∼D(⟨u, θ⟩ ≤ p) ≤ ε,

using that each cube in C has diameter ε and that the mass in each cube was perturbed by at most988

ε/K (so with K cubes the probability of any event is shifted by at most ε). Thus, dL(D, D̂) ≤ ε.989

Using balls and bins, we can thus bound990

N(∆K(Θ), dL, ε) ≤ nK

(
K +K/ε

K

)
≤ nK(2K/ε)K = exp(O(Kd log(d/ε) +K log(K/ε)),

as desired.991

C.9 Proof of Theorem 3.8992

Fix ε = T−2 and λ =
√
d/T . We now construct D and µ1. Write M = ⌈log T ⌉, and, for i =993

1, . . . ,M , take Di to be a minimal (ε2/2)-cover of ∆2i(Θ) under the Lévy metric. By Lemma 3.11,994

we have log |Di| = Õ(2id log 1/ε). Now set D = D1 ∪ · · · ∪ DM and take µ1(D) ∝ (2i|Di|)−1 for995

D ∈ Di. This ensures that log(1/µ1(D)) = Õ(2id log T ) for D ∈ Di.996

Assume without loss of generality that M ≥ logK⋆; otherwise, the regret bound is vacuous. Then,997

there exists D̂ ∈ D⌈logK⋆⌉ ⊆ D such that dL(D̂,D⋆) ≤ ε2/2 and ∥demε
D − demε

D⋆
∥∞ ≤ ε, again998

using Lemma 3.11. Thus, by Lemma 3.10, the realized trajectory of POPS {ut, p̂t, pt, yt}Tt=1 can be999

coupled with an alternative trajectory {u′
t, p̂

′
t, p

′
t, y

′
t}Tt=1 of POPS with type distribution D̂, such that1000

{ut, p̂t, yt}Tt=1 = {u′
t, p̂

′
t, y

′
t}Tt=1 with probability at least 1− εT . By Lemma 3.9, we have1001

E

∑
t∈[T ]

revD̂(brD̂(u′
t), u

′
t)− revD̂(p′t, u

′
t)

 = Õ
(
K
√
dT −

√
T/d · logµ1(D̂)

)
= Õ(K⋆

√
dT ).

At this point, we can use the coupling guarantee and the bound dL(D̂,D⋆) ≤ ε2 to show that the left1002

hand side above and the true expected regret differ by O(ε2T ) = O(1), giving the theorem.1003
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The sketch in Section 3.2 was precise until the last paragraph. To formalize the remainder, we note1004

that, by the coupling guarantee,1005

E[R(T )] ≤ E

[
T∑

t=1

rev⋆(br⋆(ut), ut)− rev⋆(pt, ut)

∣∣∣∣∣ E
]
+ εT 2

= E

[
T∑

t=1

rev⋆(br⋆(u
′
t), u

′
t)− rev⋆(pt, u

′
t)

∣∣∣∣∣ E
]
+ 1

Since dL(D̂,D⋆) ≤ ε2, Lemma 2.2 implies that rev⋆(br⋆(u′
t), u

′
t) ≤ revD̂(brD̂(u′

t), u
′
t) +O(ε2) for1006

all rounds t. We further have1007

E[rev⋆(pt, u′
t) | u′

t, p̂t] = revεD⋆
(p̂t, u

′
t)

≤ revε
D̂
(p̂t, u

′
t) + ε

= E[revD̂(p′t, u
′
t) | u′

t, p̂
′
t = p̂t] + ε

≤ E[revD̂(p′t, u
′
t) | u′

t, p̂
′
t, E ] + ε+ εT.

Combining the above, we obtain1008

E[R(T )] ≤ E

[
T∑

t=1

rev⋆(br⋆(u
′
t), u

′
t)− rev⋆(pt, u

′
t)

∣∣∣∣∣ E
]
+ εT 2

≤ E

[
T∑

t=1

revD̂(brD̂(u′
t), u

′
t)− rev⋆(pt, u

′
t)

∣∣∣∣∣ E
]
+O(εT 2)

= E

[
T∑

t=1

revD̂(brD̂(u′
t), u

′
t)

∣∣∣∣∣ E
]
− E

[
T∑

t=1

E[rev⋆(pt, u′
t) | u′

t, p̂t]

∣∣∣∣∣ E
]
+O(1)

≤ E

[
T∑

t=1

revD̂(brD̂(u′
t), u

′
t)

∣∣∣∣∣ E
]
− E

[
T∑

t=1

E
[
revD̂(p′t, u

′
t) | u′

t, p̂
′
t, E
] ∣∣∣∣∣ E

]
+O(1)

≤ E

[
T∑

t=1

revD̂(brD̂(u′
t), u

′
t)−

T∑
t=1

revD̂(p′t, u
′
t)

∣∣∣∣∣ E
]
+O(1)

≤ E

[
T∑

t=1

revD̂(brD̂(u′
t), u

′
t)−

T∑
t=1

revD̂(p′t, u
′
t)

]
+O(1)

= Õ(K⋆

√
dT ),

as desired.1009

Finally, we seek to understand the fundamental barriers to effective pricing. The following lower1010

bound shows that our Õ(K⋆

√
dT ) guarantee for POPS has optimal dependence on d and T .1011

Theorem C.7. Fix K⋆ ≥ 2 and T ≥ d ·K3
⋆ . For any d-dimensional contextual pricing algorithm1012

A, there exists a problem instance with K⋆ types and stochastic contexts such that E[RA(T )] =1013

Ω(
√
K⋆dT ).1014

This result holds even when the seller knows K⋆. Previously, [4] proved a lower bound of Ω(
√
K⋆T )1015

for the non-contextual case. Our proof modifies their one-dimensional construction so that it can be1016

cleanly tensored into d dimensions. We defer the proofs of some minor claims to Appendix C.10.1017

Proof of Theorem C.7 Starting in 1D, we define valuations 1
2 ≤ v1, . . . , vK⋆ ≤ 1 by vi :=1018

1
2+

i−1
4K⋆−2i−2 . Define the base distribution Q0 on {v1, . . . , vK⋆} as follows: ∀i ∈ [K⋆−1], Q0(vi) :=1019

1/(2K⋆ − 2), and for i = K⋆, Q0(vi) := 1/2. Observe that each valuation vi has the same expected1020

revenue of 1/2. That is, revQ0(vi) = viPV∼Q0(V ≥ vi) = 1/2 for all i ∈ [K⋆]. Now, for1021

j ∈ {2, . . . ,K⋆ − 1} , we define distribution Qj by slightly lowering the probability of vj−1 and1022

increasing the probability of vj by the same amount. That is, Qj(vi) := Q0(vi) − ε for i = j − 11023

27



and Qj(vi) := Q0(vi)− ε for i = j, where ε > 0 is a small constant to be determined. In contrast to1024

the family of instances specified in [4], our Qj distributions share the same multiset of probability1025

weights, differing only in the locations of the perturbed valuations. This difference allows us to1026

tensor these problem instances into a d-dimensional instance without leaking information between1027

instances.1028

Tensoring one-dimensional instances. To extend these one-dimensional distributions into d-1029

dimensional space, define the base distribution D0 ∈ ∆([0, 1]d) as follows. For each i ∈ [K⋆],1030

let θi = [vi, . . . , vi] ∈ Rd, wi = Q0(vi), and take D0 =
∑K⋆

i=1 wiδθi . Thus, θi is a d-dimensional1031

vector with all entries equal to vi, and wi is the probability D0 places on θi, taken to match Q0 at1032

vi. Now, for a selection j = (j1, . . . , jd) ∈ {2, . . .K⋆ − 1}d, define the perturbed instance Dj by1033

starting from D0 and modifying it as follows:1034

• Adjust the probabilities w1 and w2 by w1 ← w1 − ε and w2 ← w2 + ε.1035

• For each dimension ℓ ∈ [d], adjust the θi vectors so that the marginal distribution of their ℓth1036

coordinates coincides with Qjℓ . Specifically, swap θjℓ−1[ℓ] with θ1[ℓ] and θjℓ [ℓ] with θ2[ℓ].1037

This construction ensures that for each dimension i, the marginal distribution of Dj is Qji (see1038

Lemma C.8).1039

Lower bounding the regret. First, we show that no one-dimensional pricing algorithm can achieve1040

regret o(
√
KT ) for T ≥ K3

⋆ when D⋆ is sampled uniformly at random from the Qj distributions in1041

a similar fashion to [4]. For completeness, the full argument (including the tuning of ε) appears in1042

Lemma C.9. For the contextual setting, we sample a selection j = (j1, . . . , jd) ∈ [K]d uniformly at1043

random and set D⋆ to the perturbed instance Dj . Then we split the time horizon T into d contiguous1044

epochs of length T/d. During epoch l, we choose the contexts to be the standard basis vector for1045

dimension l. This means the algorithm interacts with a “new” one-dimensional problem instance1046

during that epoch and thus incurs regret Ω(
√
KT/d) when T ≥ d · K3

⋆ . Summing this over the1047

d epochs gives the desired result. To achieve this lower bound with stochastic contexts, we forgo1048

epochs and instead sample each ut uniformly at random from the d standard basis vectors; a similar1049

argument still applies (see Lemma C.10 for details).1050

C.10 Missing Lemmas from Proof of Theorem C.71051

Lemma C.8. For each coordinate ℓ ∈ [d], in the instance Dj , the marginal distribution of the ℓth1052

coordinate is precisely Qjℓ . That is, for every valuation vk,1053

Pθ∼Dj

(
θ[ℓ] = vk

)
= Qjℓ(vk).

Proof. Recall that in the base instance D0 =
∑K⋆

i=1 wi δθi , each type i occurs with probability1054

wi = Q0(vi) and, in every coordinate, its value is vi. Thus, the marginal distribution on any1055

coordinate is Q0. For a fixed coordinate ℓ, the construction perturbs D0 as follows:1056

1. In the ℓth coordinate, we swap the entries of the following types:1057

• Replace the ℓth coordinate of type 1 by vjℓ−1 and that of type jℓ − 1 by v1.1058

• Replace the ℓth coordinate of type 2 by vjℓ and that of type jℓ by v2.1059

2. The probability weight of type 1 is decreased by ε and that of type 2 is increased by ε. All1060

other weights remain unchanged.1061

After these modifications, the marginal on coordinate ℓ is obtained by “reassigning” the masses as1062

follows:1063

• The mass originally at v1 (from type 1) is now associated with vjℓ−1 (since type 1 now has1064

coordinate vjℓ−1); however, due to the probability adjustment, the effective mass at vjℓ−11065

becomes1066

Q0(vjℓ−1)− ε.
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• Similarly, the mass originally at v2 (from type 2) is now associated with vjℓ , yielding an1067

effective mass1068

Q0(vjℓ) + ε.

• For all other values vi (with i /∈ {1, 2, jℓ − 1, jℓ}), the coordinate remains unchanged and1069

the mass is Q0(vi).1070

This exactly corresponds to the definition of the perturbed one-dimensional distribution Qjℓ , which is1071

given by:1072

Qjℓ(vjℓ−1) = Q0(vjℓ−1)− ε, Qjℓ(vjℓ) = Q0(vjℓ) + ε,

with Qjℓ(vi) = Q0(vi) for all i /∈ {jℓ − 1, jℓ}. Thus, for any coordinate ℓ, the marginal distribution1073

of the ℓth coordinate of Dj is exactly Qjℓ , as required.1074

Lemma C.9 (Regret of one dimensional family). Fix any number of types K⋆ ≥ 3 and T ≥ K3
⋆ , the1075

distribution over problem instances described in Appendix C.9 ensures that the expected regret of any1076

pricing strategy is Ω(
√
K⋆T ).1077

Proof. This proof follows the same steps in the lower bound proof of [4], albeit with a different set1078

of problem instances. First we recall the construction: we define valuations 1
2 ≤ v1, . . . , vK⋆

≤ 1 by1079

vi =
1

2
+

i− 1

4K⋆ − 2i− 2
.

Define the base distribution Q0 on {v1, . . . , vK⋆
} as follows:1080

Q0(vi) =

{
1

2K⋆−2 ∀i ∈ [K⋆ − 1]
1
2 i = K⋆

.

Observe that each valuation vi has the same expected revenue of 1/2. That is, revQ0(vi) =1081

viPV∼Q0(V ≥ vi) = 1/2 for all i ∈ [K⋆]. Now, for j ∈ {2, . . . ,K⋆ − 1}, we define distribu-1082

tion Qj by slightly lowering the probability of vj−1 and increasing the probability of vj by the same1083

amount:1084

Qj(vi) =


Q0(vi) i ∈ [K⋆]\{j − 1, j}
Q0(vi)− ε i = j − 1

Q0(vi) + ε i = j

Here ε > 0 will be determined later. Observe that if the buyer valuations are drawn from Qj , the1085

valuation vj achieves expected revenue at least 1/2 + ε, whereas all other v ̸= vj achieve about 1/2.1086

Let J be uniformly distributed over [K⋆], and let the valuations V1, . . . , VT be i.i.d. from QJ . This1087

means that we first select J ∈ [K⋆] uniformly at random (the “good” valuation index), and then,1088

given J = j, each Vt is drawn independently from Qj . A pricing strategy A is a sequence of prices1089

(X1, . . . , XT ) that may depend on past observations. The regret of A over T rounds is1090

RA(T ) = max
k∈[K⋆]

T∑
t=1

rt(vk) −
T∑

t=1

rt(Xt),

where rt(·) is the realized revenue in round t.1091

We first argue that whenever the algorithm A does not pick the “good” valuation vJ , it loses at least ε1092

in expected revenue at that round. Concretely, define1093

Nj =

T∑
t=1

1{Xt = vj}

as the number of times the algorithm posts price vj . Because picking vJ yields zero regret on those1094

rounds and any other price yields at least ε of regret, we obtain1095

EJ,V

[ T∑
t=1

rt(vk)−
T∑

t=1

rt(Xt)
]
≥ ε

(
T − EJ,V [NJ ]

)
. (5)
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(The expectation is over both the random choice of J and the random draws of valuations V1, . . . , VT .)1096

Next, we control EJ,V [Nj ] by coupling the distributions Qj and Q0 and applying Pinsker’s inequality.1097

Let Yt = 1{Vt ≥ Xt}, and write qj(·) and q0(·) for the induced distributions on the entire sequence1098

Y T = (Y1, . . . , YT ) under Qj and Q0, respectively. For any deterministic function f : {0, 1}T →1099

[0,M ],1100

EV∼Qj
[f(Y )]− EV∼Q0

[f(Y )] ≤ M
√

1
2 KL

(
q0 ∥ qj

)
.

By a chain rule argument, whenever Xt ̸= vj , the local conditional distributions for Yt coincide under1101

Q0 and Qj , thus incurring zero KL divergence. The only deviation comes from the rounds t where1102

Xt = vj . For all vj ≥ 3/4 and ε < 1/6, using the fact that KL(x||x+α) ≤ α2(x+α)−1(1−x−α)−11103

KL

(
1

2vj
∥ 1

2vj
+ ε

)
≤ 18ε2

Therefore,1104

KL
(
q0 ∥ qj

)
≤ 18 ε2

T∑
t=1

Q0(Xt = vj) = 18 ε2 T Q0(vj) = 18 ε2 EV∼Q0 [Nj ]

This allows us to bound the difference in expectations of any deterministic statistic of Y. In particular,1105

since Nj itself is a deterministic function of Y under a fixed strategy,1106

EV∼Qj [Nj ] ≤ EV∼Q0 [Nj ] + ε T
√

18EV∼Q0
[Nj ].

Taking expectation also over J , one gets1107

EJ,V [NJ ] ≤ EJ

[
EV∼Q0

[NJ ]
]
+ ε T

√
18EJ

[
EV∼Q0

[NJ ]
]
.

Since
∑K

j=1 Nj = T and J is uniform over [K], it follows that
∑K

j=1 EV∼Q0
[Nj ] = T , while on1108

average EJ [EQ0
[NJ ]] cannot exceed some fraction of T. Putting these together in (5)1109

EJ,V

[ T∑
t=1

rt(vk)−
T∑

t=1

rt(Xt)
]
≥ ε

(
T−EJ

[
EV∼Q0 [NJ ]

]
− ε T

√
18EJ

[
EV∼Q0

[NJ ]
])

. (6)

Substituting into the above expression and choosing ε to be 1
6
√
18

√
K⋆/T as long as T ≥ K3

⋆ yields1110

a final lower bound on the regret of the form1111

E[RA(T )] ≥ εT

(
1

3
− ε

√
18

T

K⋆

)
≥ Ω

(√
K⋆T

)
,

as desired.1112

Lemma C.10 (Stochastic Contexts). Fix any number of types K⋆ ≥ 2 and time horizon T ≥ d ·K3
⋆ .1113

For any d-dimensional contextual pricing algorithm A, there exists a problem instance with K⋆ types1114

and stochastic contexts such that E[RA(T )] = Ω(
√
K⋆dT ).1115

Proof of Lemma C.10 We sample a selection j = (j1, . . . , jd) ∈ [K]d uniformly at random and set1116

D⋆ to the perturbed instance Dj . For each time step t ∈ [T ], we sample a coordinate ℓ ∈ [d] and set1117

ut to be the basis vector in the direction of ℓ. After T rounds, with probability at least 1− o(1), each1118

coordinate ℓ is sampled at least T/d −
√
T/d log T times by a Chernoff bound. The regret of the1119

one dimension instance corresponding to ℓ during these rounds is at least Ω(
√

K⋆T/d). Summing1120

across dimensions gives the desired result.1121

D Proofs for Section 41122

Since our analysis exclusively reasons about the true type distribution D⋆, we abbreviate dem = dem⋆,1123

rev = rev⋆, gap = gap⋆, and br = br⋆. For each price p ∈ [0, 1] and round t ∈ [T ], we define1124
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ALGORITHM 4: ZoomV: Variance-Aware Zooming for Non-Contextual Pricing

1 Initialize: active price set S ← { 2
i

T : i = 0, 1, . . . , ⌊log2 T ⌋} ∪ {1};
2 for each round t ∈ [T ] do
3 play pt ∈ argmaxq∈S indext(q);
4 observe yt = 1{θt ≤ pt} and update nt+1(pt);
5 if a price p > 1/T becomes uncovered then
6 q ← min{q′ ∈ S : q′ > pt};
7 S ← S ∪ {(pt + q)/2}

Tt(p) := {τ ∈ [t − 1] : pτ = p} as the set of previous rounds where p was played, and let1125

nt(p) := |Tt(p)| denote the count of these rounds. We define µt(p) := 1
nt(p)

∑
τ∈Tt(p)

pyt as1126

the average revenue during these rounds, Vt(p) :=
1

nt(p)−1

∑
τ∈Tt(p)

(pyt − µt(p))
2 as the sample1127

variance, and σ2(p) := p2dem(p)(1− dem(p)) as the population variance, which remains unknown1128

to the seller. When nt(p) = 0, we set µt(p) = 0 = Vt(p) = 0, and when nt(p) = 1, we take1129

Vt(p) = ∞. The confidence radius is given by rt(p) :=
√

10Vt(p) log T
nt(p)

+ 12 log(T )
nt(p)−1 , which is taken1130

as +∞ if nt(p) ≤ 1. A variant of Bernstein’s inequality ensures that |µt(p) − rev(p)| ≤ rt(p)1131

with high probability (see Lemma D.1). Defining the upper confidence bound as UCBt(p) :=1132

µt(p) + rt(p), it follows that rev(p) ≤ UCBt(p) with high probability. A price p is said to be1133

covered by some q ∈ S if p ∈ [q, q + rt(q)] and q is the largest active price no greater than p, i.e.,1134

q = max{q′ ∈ S : q′ ≤ p}. The one-sided Lipschitz property of the revenue function (Lemma 2.1)1135

implies that rev(p) − rev(q) ≤ rt(q) with high probability. Finally, we define the index of a price1136

q ∈ S as indext(q) := UCBt(q) + rt(q), ensuring that any price p covered by some q ∈ S satisfies1137

rev(p) ≤ indext(q).1138

D.1 Proof of Lemma 4.21139

We begin with a few helper lemmas. Throughout, we assume that T ≥ 3 (otherwise the regret bound1140

holds trivially). Our proofs mirror those of similar lemmas in [27], with small adjustments to handle1141

the variance-adjusted confidence radii and the dyadic price selection rule.1142

Lemma D.1 (Concentration). Write Eclean for the event that1143

|µt(p)− rev(p)| ≤ rt(p) ≤

√
10σ2(p) log T

nt(p)
+

126 log(T )

nt(p)− 1

for all t ∈ [T ] and for all p ∈ [0, 1]. Then Pr(Eclean) ≥ 1− 8T−2.1144

Proof. For fixed p ∈ [0, 1] and t ∈ [T ], Theorems 10 and 11 of Maurer and Pontil [20] imply that1145

|µt(p)− rev(p)| ≤ rt(p)∣∣σt(p)−
√
Vt(p)

∣∣ ≤√ 11 log T

nt(p)− 1

with probability 1− 8T−5. We note that similar bounds appear in [2], which inspired our adjustments1146

to the confidence intervals. Under this event, we further bound1147

rt(p) =

√
10Vn(p) log T

nt(p)
+

12 log T

nt(p)− 1

≤

√
10σ2(p) log T

nt(p)
+

√
10 log T

nt(p)

√
11 log T

nt(p)− 1
+

12 log T

nt(p)− 1

≤

√
10σ2(p) log T

nt(p)
+

126 log T

nt(p)− 1
.
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Taking a union bound over t, the above must hold for all t ∈ [T ] with probability at least 1− 8T−4.1148

Now, the same Chernoff bound argument used in Claim 4.13 of Slivkins et al. [27] implies that1149

|µt(p) − rev(p)| ≤ rt(p) for all p ∈ [0, 1] and t ∈ [T ] with probability at least 1 − 8T−2. One1150

technical observation is that Claim 4.13 requires that the set of arms every played by the algorithm is1151

finite. This holds for ZoomV due to our dyadic arm activation rule.1152

Lemma D.2 (Covering invariant). At the beginning of each round, every price p ≥ 1/T is covered1153

by some active arm.1154

Proof. At round 1, rt(q) =∞ for all active arms q ∈ S, and so all arms larger than 1/T are covered1155

by our choice of S. Now, suppose that the lemma holds up to round t, and that playing pt causes a1156

price p ∈ R to become uncovered. Then, by the definition of covering, we must have1157

pt ≤ pt + rt+1(pt) < p < q ≤ pt + rt(pt),

where q is the nearest active price to the right of pt, selected at Step 6. First, verify that the1158

added price, p′ := (pt + q)/2, is less than p. Since rt+1(pt) must be less than one, we must have1159

nt+1(p)− 1 = nt(p) ≥ 12. Thus, we can bound1160

Vt+1(p) =
p2

nt+1(p)(nt+1(p)− 1)

∑
τ1∈Tt+1(p)

∑
τ2∈Tt+1(p)

(yτ1 − yτ2)
2

≥ p2

(nt(p) + 1)nt(p)

∑
τ1∈Tt(p)

∑
τ2∈Tt(p)

(yτ1 − yτ2)
2

=
nt(p)− 1

nt(p) + 1
Vt(p)

≥ 11

13
Vt(p).

Consequently, one can show that1161

rt+1(pt) =

√
10Vt+1(p) log T

nt(p) + 1
+

12 log(T )

nt(p)
≥ 3

4

√
10Vt(p) log T

nt(p)
+

12 log(T )

nt(p)− 1
=

3

4
rt(pt).

Combining, we find that p′ = (pt+ q)/2 ≤ pt+
1
2rt(pt) < pt+ rt+1(pt) < p, as desired. Moreover,1162

p′ could not have already been active at round t; otherwise, pt would not have been covering p.1163

Finally, once p′ is added, it covers p since rt+1(p
′) =∞.1164

Lemma D.3 (Gap bound). Condition on Eclean. Then gap(p) ≤ 5rt(p) and nt(p) ≤ 252σ2(p) log T
gap(p)2 +1165

504 log T
gap(p) for all p ∈ [0, 1] and t ∈ [T ].1166

Proof. Write p̂ = max{br, 1
T }, and fix any price p ∈ [0, 1]. Consider some round t at which p is1167

played. By Lemma D.2, we know that p̂ was covered at the beginning of round t by some price q ∈ S,1168

and that p had a higher index than q. Hence,1169

indext(p) ≥ indext(q) (since p was played)
= UCBt(q) + rt(q) (by definition of index)
≥ µ(q) + rt(q) (concentration guarantee)
≥ rev(p̂). (p̂ covered by q)

Moreover, indext(p) ≤ µt(p) + 2rt(p) ≤ rev(p) + 3rt(p). Thus,1170

gap(p) = rev(p⋆)− rev(p) ≤ 1

T
+ rev(p̂)− rev(p) ≤ 1

T
+ 3rt(p).

Now, if nt(p) ≤ 12, gap(p) ≤ 1 < rt+1(p). Otherwise, the bound above implies that gap(p) ≤1171

5rt+1(p). Since rt(p) only changes when p is played and gap(p) ≤ 5rt(p) when t = 1, this guarantee1172

holds for all t. For the other bound, we apply concentration to obtain1173

gap(p) ≤ 5

(√
10σ2(p) log T

nt(p)
+

126 log(T )

nt(p)− 1

)
.

Rearranging and solving the quadratic inequality in nt(p) gives the stated result.1174
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Compared to the standard gap bound lemma for zooming (see, e.g., Lemma 4.14 of 27), Lemma D.31175

is adapted to the variance of each price p. We can now prove the regret bound.1176

Lemma D.4 (Active arm separation). Conditioned on Eclean, consider any three consecutive active1177

arms x < y < z which did not belong to S at initialization. Then z − x > 1
10 min

{
gap(x), gap(y)

}
.1178

Proof. If y was activated before z, then z must have been added as the midpoint of active arms y and1179

y + 2(z − y) = 2z − y at round τz , when y must have not covered 2z − y. Thus, by Lemma D.3, we1180

would have 2(z − x) > 2(z − y) = (2z − y)− y > 1
5gap(y). On the other hand, if y was activated1181

after z, then it must have been added as the midpoint of x and z at round τy, when x must have not1182

covered z. Again, by Lemma D.3, this would imply z − x > 1
5∆(y).1183

Proof of Lemma 4.2 We freely condition on Eclean, since the complement has negligible probability1184

O(T−2). For each δ > 0, let Yδ ⊆ X2δ denote the set of activated prices p with gap(p) ∈ [δ, 2δ). In1185

what follows, we say that two prices are adjacent if they are neighboring within Yδ . Note that at most1186

O(log T ) of the prices in Yδ were activated at initialization. Consider the set Y 0
δ which, for each such1187

price, contains this price and up to two neighboring prices, such that the remaining prices Yδ \ Y 0
δ1188

can be split into triples of neighboring prices. We then decompose1189

Yδ \ Y 0
δ = {p1,1 < p1,2 < p1,3 < p2,1 < p2,2 < p2,3 < · · · < pn,1 < pn,2 < pn,3},

where pi,1, pi,2, pi,3 are neighboring for each i ∈ [n]. By Lemma D.4, we have pi,3 − pi,1 > δ/101190

for all i ∈ [n], and so pi,k − pj,k > δ/10 for all k ∈ [3] whenever i < j − 1. Thus, we can1191

partition Yδ \ Y 0
δ into at most 6 packings, each of which has separation at least δ/10. Of course any1192

(δ/10)-packing of Yδ ⊆ X2δ is contained within a (δ/5)-cover of X2δ . Consequently, we have1193 ∑
p∈Yδ

σ2(p) ≤ 6Nvar(X2δ, δ/5) +O(log T ) ≤ 6cδ−z +O(log T ).

Noting that a (δ/10)-packing within [0, 1] can have cardinality at most 10δ−1, we further bound1194

|Yδ| = O(log T + δ−1). Thus, by Lemma D.3, the regret incurred due to posting prices in Yδ is at1195

most1196

2δ ·
∑
p∈Yδ

O
(
σ2(p) log(T )δ−2 + log(T )δ−1

)
= O

log(T )δ−1
∑
p∈Yδ

σ2(p) + log(T )|Yδ|


= O

(
log(T )

(
cδ−1−z + log(T )δ−1

)
+ log(T )

(
log T + δ−1

))
= O

(
c log(T )δ−1−z + log2(T )δ−1

)
Now we sum over δ = 1/2, 1/4, . . . , α, where α will be tuned later, giving a total regret bound of1197

log(1/α)∑
j=1

[
c log(T )2j(1+z) + log2(T )2j

]
+ αT = O

(
c log(T )α−(1+z) + log2(T )α−1 + αT

)
.

Taking α = (c log(T )/T )1/(2+z), we obtain the desired regret bound of Õ
(
c1/(2+z)T 1−1/(2+z)

)
.1198

1199

E Proofs for Section 51200

We first recall some standard results from Vapnik–Chervonenkis (VC) theory. Given two distributions1201

D,D′ over a shared spaceX , we define the total variation distance ∥D−D′∥TV := supA⊆X |D(A)−1202

D′(A)|.1203

Lemma E.1 (Section 28.1 of 25). Fix a finite set X , a function family F ⊆ {0, 1}X , a distribution1204

D∈∆(X ), and δ∈(0, 1). Then, for X1, . . . , Xn sampled i.i.d. from D, we have1205

sup
f∈F

∣∣∣∣∣ E
x∼D

[f(x)]− 1

n

n∑
i=1

f(Xi)

∣∣∣∣∣ = O

(√
V log(n/V ) + log(1/δ)

n

)
with probability at least 1− δ, where V is the VC dimension of F .1206
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Lemma E.2 (Theorem 9.3 of 25). The family F = {0, 1}X has VC dimension |X |, and the family of1207

linear thresholds over Rd has VC dimension d+ 1. The former result implies that, under the setting1208

above, we have1209

∥D − D̂n∥TV = O

(√
|X | log(n/|X |) + log(1/δ)

n

)
with probability at least 1− δ.1210

We also recall Bernstein’s inequality for the case of i.i.d. Bernoulli random variables.1211

Lemma E.3 (Theorem 2.10 of 3). For i.i.d. X1, . . . , Xn ∼ Ber(p) and δ > 0,1212

n∑
i=1

Xi ≤ pn+
√

2np log(1/δ) + log(1/δ)/3

with probability at least 1− δ.1213

We now turn to the main proofs.1214

E.1 Observed Type Identifiers (Proof of Theorem 5.1)1215

To state our result for the first setting, we introduce an ε-ball performance metric for contextual1216

search. This is a slight strengthening of the standard ε-ball metric
∑T

t=1 1{|pt − vt| > ε}.1217

Definition E.4 (Strong ε-ball regret). Let A be a contextual pricing algorithm which, at round1218

t ∈ [T ] with context ut, outputs a price pt ∈ [0, 1] along with a confidence width wt ∈ [0, 1]. For1219

ε ∈ (0, 1], we say that A achieves strong ε-ball regret R(T ) for contextual search if, when K⋆ = 11220

and D⋆ = δθ⋆ , we have |pt − vt| ≤ wt for each round t and
∑T

t=1 1{wt > ε} ≤ R(T ), where1221

vt = ⟨ut, θ⋆⟩.1222

That is, A produces ε-accurate estimates for the true values, outside of up to R(T ) rounds for1223

exploration, and it can identify when these estimates are accurate. In practice, this tends to require1224

that A maintain a confidence set around θ⋆ whose width, when projected onto the current context, is1225

greater than ε for at most R(T ) rounds. Fortunately, there are existing efficient algorithms which1226

achieve low ε-ball regret.1227

Lemma E.5 (18). For ε ∈ (0, 1], there exists an ellipsoid-based contextual search algorithm1228

ProjectedVolume(ε) with strong ε-ball regret O(d log(d/ε)) and running time poly(d, 1/ε) per1229

round.21230

We now present our algorithm (Algorithm 5), which uses ProjectedVolume as a subroutine.1231

Overview of Algorithm 5 We maintain a set I of observed types, initially empty, and an accuracy1232

ε (tuned to minimize regret). We will initialize an independent copy Ai of ProjectedVolume for1233

each i added to I. Since these copies are simulated, we are free to query the price price(Ai, ut) and1234

confidence width width(Ai, ut) for a context ut without updating Ai. Moreover, for each i ∈ I,1235

the algorithm maintains a frequency count nt(i), recording the number of rounds which we have1236

followed the recommended price of Ai, along with an exploration count mt(i), recording the number1237

of rounds which we have played the price ofAi due to its lack of confidence along the current context.1238

At each round t, we perform the following:1239

• If there is an observed type i ∈ I such that width(Ai, ut) > ε and that its number of1240

exploration plays mt(i) is below a threshold of εT/K⋆, the algorithm plays price(Ai, ut),1241

observes the outcome and the realized type zt, and updates Ai if zt = i. In addition, we1242

increment nt(i) and mt(i).1243

• Otherwise, it defines active set S = {i ∈ I : width(Ai, ut) ≤ ε}, computes for each i ∈ S1244

the score1245

F (i) =
∑
j∈S

nt(j)

t− 1
1
{
price(Aj , ut) ≥ price(Ai, ut)

}
,

2Although [18] state a slightly weaker guarantee, instead bounding
∑T

t=1 1{|pt−vt| > ε} = O(d log(d/ε)),
this strengthened result is immediate from their proof.
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and plays pt = max{price(Ai∗ , ut)− ε, 0} where i∗ ∈ argmaxi∈S
{
F (i) · price(Ai, ut)

}
.1246

It then observes yt and zt and updates the frequency count nt+1(zt). Here, F is an estimate1247

for the demand at the price suggested by Ai, and so i⋆ is an estimate for the revenue1248

maximizing type. We pull back the price recommended by Ai⋆ by ε to avoid issues due to1249

estimation error.1250

ALGORITHM 5: Contextual Pricing with Ex-Post Type Identification

1 initialize: observed types I = ∅, ε =
√
d log(T )/T ;

2 for each round t ∈ [T ] do
3 observe context ut;
4 if exists i ∈ I such that width(Ai, ut) > ε and mt(i) < εT then
5 play pt = price(Ai, ut) and observe yt;
6 observe type zt ∈ [K⋆];
7 update algorithm Ai with yt if zt = i;
8 increment mt(i) by 1;
9 else

10 let S = {i ∈ I : width(Ai, ut) ≤ ε};
11 define F (i) =

∑
j∈S

nt(j)
t−1 · 1{price(Aj , ut) ≥ price(Ai, ut)} for each i ∈ S;

12 set i∗ = argmaxi∈S F (i) · price(Ai, ut);
13 play pt = max{price(Ai∗ , ut)− ε, 0} and observe yt;
14 observe type zt ∈ [K⋆];
15 increment nt(zt) by 1;
16 if zt ̸∈ I then
17 initialize copy Azt of ProjectedVolume(ε) and set I ← I ∪ {zt};

1251

Bounding exploration regret. Write T1 for the set of exploration rounds. By design, an exploration1252

round is one in which some type i is used with width(Ai, ut) > ε and exploration counter satisfying1253

mt(i) < εT . Trivially, |T1| ≤ εT , so we can incur regret at most εT = Õ(
√
dT ) during exploration.1254

Bounding mass of types which saturate exploration threshold. Next, consider any type i that has1255

been explored sufficiently so that mT (i) = εT after time T ; denote by S ′ the set of all such types.1256

We will show that D⋆ plays small mass on S ′. Fix i ∈ S ′ and write T1,i for the exploration rounds1257

where we follow Ai. Conditioned on T1,i, we note that Xt = 1{zt = i}, t ∈ T1,i, are i.i.d. Bernoulli1258

random variables with Pr(Xt = 1) = D⋆(i). Defining1259

Si =
∑

τ∈T1,i

Xτ ,

our guarantee for ProjectedVolume (Lemma E.5) and the width condition for exploration imply1260

that Si = O(d log(d/ε)). On the other hand, by Bernstein’s inequality (Lemma E.3), we have1261

Si ≥ mT (i)D⋆(i)−
√

2mT (i)D⋆(i) log(T )−
1

3
log(T ).

with probability at least 1 − 1/T . Since mT (i) = εT =
√

dT log(T ), the dominant term is1262

mT (i)D⋆(i) for T greater than a sufficiently large constant. Thus, we deduce that1263

εT D⋆(i) ≤ O

(
d log

d

ε

)
,

or equivalently,1264

D⋆(i) ≤ O

(
d log(d/ε)

εT

)
.

Summing over all types in S ′ (of which there are at most K⋆) and taking a union bound, the total1265

mass in S ′ is at most1266

D⋆(S ′) =
∑
i∈S′

D⋆(i) ≤ O

(
K⋆ d log(d/ε)

εT

)
= Õ

(
K⋆

√
d/T

)
(7)
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with probability at least 1 −K⋆/T . We condition on this bound holding for the remainder of the1267

proof, since doing so contributes a negligible K⋆ to the regret. We also condition on the event that,1268

for each round t ∈ [T ] the empirical frequencies of (all) types deviate from their true masses by at1269

most O
(√

K⋆ log(T )/t
)

in total variation. This is permissible by Lemma E.2 and a union bound1270

over rounds.1271

Bounding exploitation regret. Fix an exploitation round t, and recall the set of accurately estimated1272

types1273

S = {i ∈ I : width(Ai, ut) ≤ ε}.
Write v1, . . . , vK⋆

∈ [0, 1] for the true values at round t. By our construction and the ε-ball guarantee1274

for ProjectedVolume, Ai returns a price that is an ε-accurate estimate of vi, for each i ∈ S.1275

Moreover, by our analysis above, the mass on types outside of S is quite small. We thus bound1276

dem⋆(pt, ut) =

K⋆∑
i=1

D⋆(i)1{vi ≥ pt}

≥
∑
i∈S

D⋆(i)1{vi ≥ pt} − Õ
(
K⋆

√
d/T

)
(Eq. (7))

≥
∑
i∈S

nt(i)

t− 1
1{vi ≥ pt} − Õ

(
K⋆

√
d/T

)
−O

(√
K⋆ log(T )/t

)
(TV bound)

≥
∑
i∈S

nt(i)

t− 1
1{vi ≥ price(Ai⋆ , ut)− ε} − Õ

(
K⋆

√
d log(T )/t

)
(choice of pt)

≥
∑
i∈S

nt(i)

t− 1
1{price(Ai, ut) ≥ price(Ai⋆ , ut)} − Õ

(
K⋆

√
d log(T )/t

)
(i ∈ S)

= F (i⋆)− Õ
(
K⋆

√
d log(T )/t

)
. (choice of F )

Consequently, we bound rev⋆(pt, ut) + Õ
(
K⋆

√
d log(T )/t

)
from below by1277

ptF (i∗) ≥ price(Ai∗, ut)F (i∗)− ε

= max
j∈S

price(Aj , ut)F (j)− ε (choice of i∗)

= max
p∈[0,1]

p
∑
i∈S

nt(i)

t− 1
1{price(Ai, ut) ≥ p} − ε (rev. maximized at jump)

≥ max
p∈[0,1]

p
∑
i∈S

D⋆(i)1{price(Ai, ut) ≥ p} − ε− Õ
(
K⋆

√
d log(T )/t

)
(TV bound)

≥ max
p∈[0,1]

p
∑
i∈S

D⋆(i)1{vi ≥ p+ ε} − ε− Õ
(
K⋆

√
d log(T )/t

)
(i ∈ S)

≥ max
p∈[0,1]

p

K⋆∑
i=1

D⋆(i)1{vi ≥ p+ ε} − ε− Õ
(
K⋆

√
d log(T )/t

)
(Eq. (7))

= max
p∈[0,1]

p dem⋆(p+ ε, ut)− ε− Õ
(
K⋆

√
d log(T )/t

)
= max

p∈[0,1]
rev⋆(p+ ε, ut)− 2ε− Õ

(
K⋆

√
d log(T )/t

)
= max

p∈[0,1]
rev⋆(p, ut)− 3ε− Õ

(
K⋆

√
d log(T )/t

)
.

All together, we see that playing pt incurs regret at most Õ
(
K⋆

√
d log(T )/t

)
. Summing over1278

exploitation rounds and adding the exploration regret gives a total bound of1279

R(T ) =

T∑
t=1

Õ
(
K⋆

√
d log(T )/t

)
+ Õ(

√
dT ) = Õ(K⋆

√
dT ),

as desired.1280
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E.2 Observed Type Vectors (Proof of Theorem 5.2)1281

We first show that revD̂τ
concentrates tightly around rev⋆, using a simple VC bound.1282

Lemma E.6. Fix D ∈ ∆K(Θ) and let D̂t be the empirical measure of t i.i.d. samples from D. We1283

then have1284

sup
p∈[0,1],u∈U

|revD(p, u)− revD̂t
(p, u)| = O

(√
min{K, d} log(t) + log(1/δ)

t

)
with probability at least 1− δ.1285

Proof. We compute1286

sup
p∈[0,1],u∈U

|revD(p, u)− revD̂t
(p, u)| ≤ sup

p∈[0,1],u∈U
|demD(p, u)− demD̂t

(p, u)|

= sup
f∈F

∣∣∣∣ E
θ∼D

[f(θ)]− E
θ∼D̂t

[f(θ)]

∣∣∣∣,
where F is the space of linear threshold functions fp,u : supp(D) → {0, 1} given by fp,u(θ) =1287

1{⟨u, θ⟩ ≥ p}. The result then follows by Lemma E.2.1288

Now, our best response policy ensures that, at each round t > 1, we have1289

rev⋆(pt, ut) = revD̂t−1
(pt, ut) + rev⋆(pt, ut)− revD̂t−1

(pt, ut)

≥ revD̂t−1
(br⋆(ut), ut)− sup

p∈[0,1],u∈U
|rev⋆(p, u)− revD̂t−1

(p, u)|

≥ rev⋆(br⋆(ut), ut)− 2 sup
p∈[0,1],u∈U

|rev⋆(p, u)− revD̂t−1
(p, u)|.

Consequently, regret is at most1290

R(T ) ≤ 1 + 2

T−1∑
t=1

sup
p∈[0,1],u∈U

|rev⋆(p, u)− revD̂t
(p, u)|

= O

(√
min{K⋆, d}

T−1∑
t=1

√
log(t)

t

)
(Lemma E.6 with δ = t−2)

= Õ(
√
min{K⋆, d}T ),

as desired.1291
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