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A  SUPPLEMENTAL MATERIALS

A.1 NUMERICAL EXAMPLES

We provide additional details about the experiments we conducted.

Transfer Learning of Nonlinear Heat Equations on Complete Weighted Graphs In this set of
experiments, we utilize the torchdiffeq library Chen et al. (2018) with an adaptive Dormand-Price
solver Dormand & Prince (1980), and extend the code implementation from Poli et al. (2019). We

(z—y)*
202

with n nodes as described in Model 1 in Section 8. For training, we use five graphs with n €
{20, 40, 60, 80, 100} nodes and simulate the nonlinear heat equation on G,, given by:

consider the graphon function W(x,y) = exp (— ) with ¢ = 0.15 to construct graphs G,

Z W, Jij sin(u;(t) — wi(t)), i€ [n]. (18)

Table 2: Initial Conditions for Nonlinear Heat Equation

Dataset Initial Condition F'(u)

s 1 3 1
Training Data Trexn(<10(a=1)) + 15 sin(10u) + 15 sin(40u)

Validation Data  2u + § tanh(5u) + £ sin(25u)

Testing Data 3exp ( 20 (u — 7)2) + exp (730 (u— 0.1)2)
+exp ( 50 (u — 0.9) ) 1 sin(35u) sin(20u)

We simulate the true dynamics over 50 time points within ¢ € [0, 1] for three distinct initial con-
ditions, forming our training, validation, and testing split (see Table 2). These datasets consist of
pairs of observations one time step apart from the respective dynamics. For each n, we construct a
GNDE parameterized by a GCN with L = 2, K = 2, F' = 1 and a hidden dimension of 16. We
train using the ADAM optimizer over 500 epochs with MSE loss between the true training dynamics
and predicted next timestep. We utilize early stopping criteria provided by validation error measure-
ment, which halts training after convergence but before overfitting occurs. Once trained, we transfer
the weights of the GNDEs trained on G,, to a GNDE on the much larger Gy graph with N = 500.
These larger GNDEs are evaluated on next-step dynamics prediction on the test set dynamics on

Gn . Convergence is then assessed through calculation of the relative error W

Transferability of GCNDEs on Checkerboard Graphons with Varying Checkerboard Sizes
We evaluate the transferability of Graph Convolutional Neural Differential Equations (GCNDE:s)
sampled from checkerboard graphons with varying checkerboard sizes ranging from 2 to 200, whose
box-counting dimension falls in (1,2). Checkerboard graphons are {0, 1}-valued and represent a
structured, piecewise-constant connectivity pattern (see Figure 4). Using Model II, we generate
simple graphs from these graphons and apply fixed GNDE parameters with a two-layer GCN (F' =
2, K = 2) to compute model outputs at ¢ = 1 without any additional training. The initial conditions
are random Fourier polynomials of degree D = 10, defined as:

D
G(u) = Z ay, cos(2mku) + by sin(2wku),
k=1
where ay, and by, are independently sampled from a uniform distribution, creating diverse and smooth
signals over graph nodes. We conduct 10 trials for each configuration and report the mean and

standard deviation of the errors. To approximate the graphon solution X, we use a reference graph
with Niargest = 3000 nodes, ensuring a robust evaluation of model transferability across different
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graph sizes. We presented the log-log convergence plot of ||Xn‘|<)1();£.€$§ﬁ§1>||2 for number of nodes

n ranging in 100:100:500.

o
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Figure 4: Top: Checkerboard graphons with sizes 2, 50, 100, and 200. Bottom: Piecewise constant
approximations of checkerboard graphons using the adjacency matrix of graphs with 500 nodes
sampled from the respective graphons.

A.2 GRAPH LIMITS

To measure how similar two graphons are, we use something called the cut-norm. For any graphon
W, its cut-norm is given by:

IW||g := sup
S, TCI

W(z,y) dx dy|, (19)
SxT

where S and T are any subsets of [0, 1]. The cut-norm measures the maximum discrepancy in the
graphon over any pair of subsets.

The cut-distance between two graphons W and U is defined as:

So(U,W) = igf U—W?||g, (20)

where W? (z, ) = W(¢(z), ¢(y)) and ¢ is any measure-preserving mapping of [0, 1]. This ensures
that the cut-distance is not affected by relabeling of the nodes, making it a robust way to compare
graphons.

A graph sequence is convergent if and only if it is Cauchy with respect to the cut-distance. This
means that the graphs in the sequence get closer and closer to each other in terms of structure. We
define a graph limit as the equivalence class of graphons:

W] :={UecW,:0og(U,W) = 0}. (21)
In other words, two graphons are equivalent if they represent the same “limit” behavior.

We typically refer to both a graphon W and its equivalence class [W] simply as a “graphon”. The
set of all graphon equivalence classes, y = {[W] : W € W)}, forms a compact metric space under
the cut-distance dg Lovasz (2012). The sequence of graphs we constructed in Models I and II in
Section 3 is convergent to graphon W Ruiz et al. (2020).
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A.3 FUNCTION SPACES

We define function spaces

LX) :={G: I = R: |G| pe(r) 1= esssup,¢;|G(u)| < 0o},

L¥(LRYT) = {G: T = R 1 ||G| poe (117 = esssup,,er[|G(u)]|2 < oo},

LA (1) := {G I = R:|Gl 2y = </1 |G(u)|2du>2 < oo},

3
LY (I;RYF) .= {G I = RYF |G| p2(rpixry = (/ |G (u ||2du> <oo}.
We remark that for G = [G : f € [F]] € L?(I; R**F), it is clear that

G ermenry = [ IGWIEI= 3 [ IGr@Pdu= 3 16 22)

felF] felF]
For p € [1, o0], we define

C(LP(LRY>F)) = {X:Tx Q=R for X = [X;: f € [F]], X¢(u,-) € C(Q) foreach u € I,
X(-,t) € LP(I;R*F) foreach t € Q,
1Xllc@iregrixry) = sup [XCo )| Lo (rmixry < oo}
S

and a subspace of C'(; LP(I; R 1)) as

CHYLP(LRYE) = {X: I x Q= RF for X = [X; : f € [F]], Xy(u,-) € C*(R) foreachu € I,
X(-,t) € LP(I; R F) for each t € Q}.

A.4 PROOF OF THEOREM 3.1

In this subsection, we provide the proof of Theorem 3.1. We recall that, for a convolutlonal ﬁlter
h = [hg : k € Zk], by h we denote the polynomial determined by h, thatis, h(z) = >, ., hxz”,

x € R. By |h| we denote the polynomial |h|(z) := >, ;- |hi|x®, z € R. We proceed to present
a helpful lemma to prove Theorem 3.1.

Lemma A.1. Suppose that AS1 holds. Let T > 0 and Xy, Xs € C([0, T); L>=(I; R**¥)). Then for
allt € [0,TY, it holds that

1D (W; Xy (-, 1); H(t)) — ®(W; Xa (-, 8); H(E)[| oo (110 my < (FM1)P X0 (-, 1) = X (- )| e (1)
where

M1 = g (||W||LOO(12)) (23)

max ’ 0
f,9€[F],£€[L],t€[0,T]

Proof. Lett € [0,T] be arbitrary but fixed. Let X, := X;(-,¢) and Yo, := Xa(-,t). For each
f € [F], we denote by X, = [th cfe[F], Yo = [Yzft : [ € [F]] the output of ¢-th layer in
Graphon neural network with inputyfeature functions X ; and Y, respectively. It is clear that for
each ¢ € [L], we have Xy, Y, € L>(I; RlXF). According to the updating formula 5 and AS1,
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for each f € [F], ¢ € [L], we obtain that

F F
[t~ = o (S tremmnt ) = (S iz,
9=t Lo (1)
F
< [>onfsrw) (X0, - )
g=1 Lo (1)
hf%(Tw), [ =i
*ZH wo(D)sLoo(n) I 70t Lt poo(
hfg X9 2
<
= H HLoc (I)—L>(I ZH Fae =Yl Los (1)

M= 1 M"’

fa 2
[z

Xy 1t — Yo 1 il oo 24
Lm(IHLm(Ull t—1,t = Yoor|lpeermixry  (24)

Q
Il
—

Since hgt is a polynomial for each f,g € [F], £ € [L], with noting || Tw||z~(r)—r~1) <
HWHLOO([?), it is clear that

b4 (Tw) < 21 o r2))-

HLOO(I)%LOO(I)
Substituting the above inequality into 24, with the constant M defined by 23, we obtain that

Hle,t - Y/jt <VFM | Xy 1, — Yoot poo(rr1xry,

Le=(I)
which further implies

2
”X@,t - ZHXM Zt

Lee(I)

SFM [ X—16 — Yooutllpoo(rymixr).

Using induction, we get
< (FM)*|[Xo, = Youllze ()

The proof is complete by noting that Xy, ;, = ®(W;X1(-,¢); H(t)), YL = O(W; Xa(-,¢); H(2)),
Xo,t = Xi(+t) and Yo = Xa(-, 7).

XLt = YLl poo(ririxr

O

Proof of Theorem 3.1. The proof is based on the Banach contraction mapping principles. We in-

clude the details for completeness. Let 7' > 0 be arbitrary but fixed, and 0 < 7 < W We
define a subspace Sg of C([0, 7]; L>(I; R**F")), associated with T, by
G = {X:X e C([0,7]; L=(I; R"*")),X(-,0) = G} .
Moreover, we define an integral operator K : Sg — Sg by
t
[KX](u,t) := G(u) + / O(W; X(u, s); H(s))ds. (25)
0

It follows that we can rewrite the IVP for 6 as the fixed point equation X = KX. We show
below that K is a contraction. For any X;,Xs; € Sg, according to the definition of norm in
C([0, 7); L= (I; RY*F)), we have

KXy — KXallse = ax [EX1 () = KXo (-, 8)|| poe (rimixr)

/ O(W; X1 (-, 5);H(s)) — @(W; Xa(-, 5); H(s))ds

= max
te[0,7] Lo (I;RIXF)
< ma | B(W; X, (-, £); H(t)) — D(W: Xa(o, £ HO) | risry - (26)

tel0,7]
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It follows from Lemma A.1 that
12(W5 X1 (-, 8); H(t) = @(W; Xo (-, 1) HO) | oo 1y < (FM1)E X1 () =Ko 8) | o (11
where the constant M7 is defined in 23. By substituting the above estimate into 26, we obtain that

KXy — KXslsq < 7(FM;)* e 1X1(+ ) = Xo (- )| Loo (ryrrxr)

= 7(FM) X~ Xallse < 5%~ Xollsc
where the last inequality follows from the definition of 7. Therefore, the operator K is a contraction.
By the Banach contraction mapping principle, there exists an unique solution X € Sg of the IVP
6. Taking X(7) as the initial condition, we repeat the argument to extend the solution to [0, 27].
In such a way, we can keep doing until the solution extends to [0, 7], and get a unique solution
X € C([0,T); L*°(I; R™F)).  According to ASO and AS1, it follows that ®(W;X(u,-); H(-))
is continuous, that is, the integrand in 25 is continuous. Therefore, by fundamental theorem of
calculus, we see that KX is continuously differentiable about the second variable t. As KX = X,
we conclude that X € C1([0, T]; L>(I; R**¥")). This completes the proof. O

A.5 TRANSFERABILITY OF SOLUTIONS FOR GRAPHON-NDES

In this subsection, we prove that the solution of 15 converges to the solution of 6 as the number of
nodes tends to infinity. Such result serves as the basis for proving our main result Theorems 3.2
and 3.3. We proceed with several helpful lemmas for showing the transferability of graphon neural
networks.

Lemma A.2 (Werner (2006)Satz VII.1.4). Let H be a Hilbert space and A € B(H) be normal. Let
h : R — C be a continuous function, then ||h(A)||%—2 = [[Xo(a)hl Lo (®), Where X, (a) is the
indicator function of o(A).

Suppose that # is a separable Hilbert space and an operator A : H — 7H is compact and self-
adjoint. For 1 < p < oo, the Schatten p-norm || - [|s, of the operator A is defined as the ¢,
norm of the sequence of its eigenvalues. It is known (Theorem 7.3 Weidmann (2012)) that the £,
norm of the sequence of its eigenvalues equals to the operator norm of A. Therefore, it holds that
lAlls.. = ||Allop- The following statement is a direct corollary of the monotonicity of ¢, norm.

Lemma A.3. Suppose that H is a separable Hilbert space and an operator A : H — H is compact
and self-adjoint. Then, for 1 <p <p’ < oo, || Alls, > [|Alls, > ||A||5p/ > || Allop = |1 All s -

Lemma A.4 (Potapov & Sukochev (2011)Theorem 1,Maskey et al. (2023)Lemma A6). Let H be a
Hilbert space and S(H) C B(H) be the space of bounded self-adjoint operators with the operator
norm topology. Let h : R — C be a continuous function. Then the mapping

S(H) = B(H), A — h(A)

is continuous. In addition, if function h is Lipchitz continuous on R with Lipchistz constant Lip(h),
then for p € (1,00), there exits a constant K, > 0 such that ||h(A) — h(B)||s, < Lip(h)K,||A —
Bl|s, for any self-adjoint operators A and B satisfying ||A — Bl|s, < oc.

Lemma A.5. Let T > 0 and graphon W € L (I?). IfASO holds, then the function Jyw : [0, T] — R
defined by

2

Jw®) =max | B Oxemo ()| . tel0.T], @)
elr] f.9€lF] F=®

is Lipschitz continuous with Lip(Jw(-)) = FK A,.

Proof. Since o(Tw) C [~ |[Twllop, [ITwllop] and [[Twllop < [[Twlls, = [[Twllus = [WIl22) <1,
we have o(Tw) C [—1, 1] and hence function Jy is well-defined. Let t1, t5 € [0, 7] be arbitrary but
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fixed. It follows from the reverse triangle inequalities of norms || - ||o0, || - [|2 and L°°(R) that

2

[w(t2) = Jw(t)] < max| | D7 [ERORRENIO]

hfg . H
celt] L= (R) s O Xomw ()

f,9€[F] f, 96 L= ®)

2
< ) h)% ()Xo H _thg IXo H
= reir) 1.9€F] (H i o O] oy~ [P X O]

2

< | 2 (0880 -08.0) v
e[F

Le[L] fa

2

) 2

f,9€[F]

K—-1
(Z (Inf7)x(t2) = [Bf*)u(t0)) <->k> Xo (7 ()

k=0

L (R)

2
< irel?ﬁ <Z ‘ hfq hfq t1 ‘ H Xa Tw) HLOO(]R))
f.9€lF]

where the equation follows from 7 and the last inequality follows from the triangle inequality of

norm || - ||zee(r). According to o(Tw) C [—1,1], we have H(')kXU(Tw)(')HLoc(R) < 1 for all
k € [K]. Therefore, with assumption ASO, we have
K—1 2
[Tw(t2) = Jw(tr)] < max | 3° (Z [1Rf]1(t2) - [hz‘glk(to\)
SN foetm \ k=0
§max Z <2A0|t2t1> —FKAo‘tgftﬂ.
telr] \ f,9€[F]
Therefore, Jw is Lipschitz continuous with Lip(Jw) = F KA. O

We remark that the Lipschitz constant in Lemma A.5 is independent of the graphon W. This implies
that Jy is equicontinuous for different graphons W.

Lemma A.6. Let T > 0, X € C([0,T); L>=(I; R**¥)), and graphon W € L>(I?). Let function
Jw be defined by 27. If ASO and AS1 hold, then

[@(W; X(-, )s H) | o (1 mrxry < MIXC, 8| p2ermxey,
where

Mw := sup Jw(t). (28)
t€[0,T)

Proof. With assumption ASO, according to Lemma A.5, the function Jy is continuous, and hence
the supremum My can be obtained over the interval [0, T]. Let ¢ € [0, T be arbitrary but fixed. Let

Xo,t := X(-, t). For each f € [F], we denote by X, ; = [le,t : f € [F]] the output function of ¢-th
layer in Graphon neural network with input feature functions Xg ;. It is clear that for each ¢ € [L],
we have X, ; € L (I; R, It follow from AS1 that the activation function p satisfies

lp(x)| < |z|, z€R. (29)

18



Under review as a conference paper at ICLR 2024

For f € [F], ¢ € [L], according to the updating formula 5 and inequality 29, we have

HXJJ L2(1) - (Zh @ 1 t) Zh TW ng 1¢
L2(I) L2(I)
F
(T R END S L) Xertlzmr
Z:: H (-2 11 8t Ly — Z L2(I)—L2(1) X1l )
Therefore,
F F
2
HXK t||L2(IR1><F S Z:Z:Hh ’ LZ(I)—>L2(I) ||XZ—1,t||L2(I;R1><F) (30)
It follows from Lemma A.2 that thg TW)’ o Hh{fi(')){o(Tw)(‘)HLOQ(I) . Then, with
My defined by 28, we have
F F
h/¢ ‘ < M. 31
>3 o, ., = an
Substituting 31 into 30, we obtain that
2 2
||XZ=tHL2(I;R1><F) S M\%\I ||X€—17tHL2(];]R1><F) )
followed by
||XL,t||L2(I;R1><F) S MVI\} ||X0,t||L2([;R1><F) .
The proof is complete by noting that X, , = ®(W; X(-,¢); H(¢)) and X, = X(-, 7). O

Below, we show transferability of graphon neural networks.

Lemma A.7. Let T > 0, X1, Xy € C([0,T]; L*°(I; RY™™F)), and graphons W1, Wy € L>°(I?). If
ASI and AS2 hold, then for any 1 < p < oo, we have

[ (W1 X1 (-, 1); H(E)) — @ (Wa; Xo (-, £); H(E)) | L2 (1m0 xr)
L+1 -
< (V2M)P X0 (1) = X )| aqrmory + V2 Lup M5 T, = Tw, lls, [ Xa (-, )|z iy

where
Ch = te[ol?ll“%}é(e[u gg Hh“ X[ 11]()HL"O(]R) oY

and
Iy, K \/ qze: Lip?(hf4(-)) (33)

Proof. Lett € [0,T] be arbitrary but fixed. Let X, := X;(-,¢) and Yo, := Xa(-,t). For each
f € [F], we denote by X, ; = [let cfe[F). Yo = [Yeft : f € [F]] the output function of ¢-th
layer in Graphon neural network with input feature functions Xy,¢ and Y 4, respectively. It is clear
that for each ¢ € [L], we have Xy, Yy, € L®(I;R™F). For f € [F], £ € [L], according to the

19



Under review as a conference paper at ICLR 2024

updating formula 5 and AS1, we have

f f _
HXe,t_Ye,t L2 (tht Tw,) X7 1t> _P<Zh (Tw,)Y;. “)
L2(1)
< Zh (Tw,) X7, Zh (Tw,)YY
L2(I)
F
< hfg T HXg _ys
_;H Z,t( W1) L2(I)—L2(I) l—1,t =1t L)
F
hfg Tw ) — h/9(T HYg
“F‘;H ( Wl) Z,t( WQ) L2(I)—L2(I) -1, L2(1)
- fg 2
< = th,t(Twl) L2(I)—L2(I) Hxé—l,t _Y€—17t||L2(I;R1><F)
- 2
h (Ty _nlim v, N
+ ;H w,) = bl3(Tw,)| L P
Therefore,

F F
||Xft th”LZ(IRle S ZZHh TW1

5 ||XZ71,t _Yffl,tHiQ(];Rle)

LA(D)—L*(T)

(34)
2
fg 2
’ 2;:1;:1 Hhi HTw,) — 1} (Ti.) P b P
(33)
It follows from Lemma A.2 that Hh (Tw,) L)L () = thi(.)xa(Twl)(.)HLOO(I) . Note that
o(Tw,) C [-1,1]. Then, with Cy defined by 32, we have

Z Z [ <G} (36)

it L2(I)—L2(I)

According to Lemma A.6 and again o(Tw,) C [—1, 1], we obtain that
IYellF2rmixry < CRIY 0172700y (37)

Additionally, it follows from AS2, Lemmas A.4 and A.3 that there exists K,, > 0 such that

|t (w,) — wf(Tw,) | < KoLip (b50)) [T, — T s,

< |[Bf8(Tw,) — bf4(Tw,)

L2(I)—L2(I)
Then, with Ly ,, defined by 33, we have

S5 ) - Wit |

=19—1 L2(I)—L>?(I)

Plugging the estimates 36, 37, 38 into 35, with M defined by 32, we obtain that

< L | Tw, — Tw, [I5, - (38)

X = Yeullizminry < 2CA1Xe-1,6 = Y1l farmixry + 20" [ Tw, — Tw, |15, G2 Y 06172 110y -

Solving the recurrence equation, we obtain that

Xz =Y el 2o rminry < QCRE Ko Yol 2o raner +2L0p 1T, — T, I3 [ Youtl2ogrmicr Ci (25 -1).
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yielding

L+1 _
IXLa=Y il remicry < (V200 Ko =Youll L2amixcry V2 il Tw, —Tw, lls, [ Yo,ell 2 (rmixry Gy

By noting that XLﬁt = fI)(Wl, Xl(', t), H(t)), YL,t = (I)(Wg, XQ(-7 f,), H(t)), XO,t = Xl(', t) and
Y.+ = Xa(+,t), we obtain the desired result from the above inequality. O

The following lemma is a direct consequence of Arzela—Ascoli theorem.

Lemma A.8. Let ) C R be an interval. Let {f, : Q — R},en be an equicontinuous sequence of
Sunctions. If im,,_, oo frn(x) = f(x), for all x € Q, then the sequence { fy, } nen uniformly converges
to f.

Lemma A.9. Suppose that ASO-AS2 hold. Let T' > 0, graphon W,, and initial graphon feature
Sunction G, be defined by 13 and 14, respectively. Let Jw, be defined by 27 with W replaced by
W,.. Let X,, be the solution of 15. Then it holds that

IXnllcqo )z (mixmy) < (Gl p2(rrixey exp(MET), (39)
where
M, = sup Jw, (). (40)
t€[0,T]
Moreover, if
nlL}H;O ||Gn - G||L2(I;R1><F) == 0, nlL)H;O ||Twn — TW||L2(I)—>L2(I) = 0, (41)

then there exists a positive constant B (depending on W, G, F, K, L and T') such that
1Xnllcqo,m;p2 (1rixFy) < B. 42)

Proof. Lett € [0,T] be arbitrary but fixed. It follows from 47 that
/@(Wn;Xn(u,t); H(t)) " X, (u, t)du

.
10 / X Ty
I ot I

5 5 X Ol argonry =
< [|R(Wo; X (-5 £); HE)) L2 () [ X (5 £) [ 2 rima
which combining with Lemma A.6 and constant M, defined by 40 yields

0
57 X Ol ey < 2ME X (D) [ 2

It follows from Gronwall’s inequality that for all ¢ € [0, T,
X (o Ol 2o g ry < 1% (5 0) 1 () exp(2MT),

which combining with the initial condition of 15 yields

IXnllcqo,1);2(1m1xFy) = SE%PT] ||Xn('7t)”2L2(1;R1xF) < ||Gn||iz(1;R1XF)eXP(QM#T),
te|0,

which proves 39. Moreover, if 41 holds, then

nlgroloHGnHLQ(I;RIXF) = ||GHL2(1;R1><F) (43)

and for any f,g € [F], ¢ € [L] and ¢ € [0,T], it follows from Lemma A.4 and continuity of the
function hggt that

)

tim_ [0/ (7w, ) — 1l (Tw)|

n—00 L2(I)—L2(I) B
and hence
I thgT :thgT ’ .
i |[Be (T, ) L2(I)—L2(1) i (Tw) L2(I)—>L2(1)
According to Lemma A.2, we obtain that
tin [0/ 00w O ) = [BEOXe@ O -
A ([0t COXoaw) O] o = [P OXe@n O o
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This implies that for each ¢ € [0, T, lim,, o0 Jw, (t) = Jw(t). Moreover, we notice from Lemma
A5 that Jw and Jw,, n € N are Lipschitz continuous functions with the same Lipschitz constant
FKAj. And hence the sequence {Jw, }nen is equicontinuous. Therefore, according to Lemma
A.8, we obtain that {Jw, }nen uniformly converges to Jw. That is, for any € > 0, there exists
N > 0, such that when n > N, for all ¢ € [0, T, it holds that |Jw, (t) — Jw(t)| < €, or

sup [ Jw,, (1) — Jw(t)| <e.
telo0,T

Therefore, we have

[Mw, — Mw| = | sup Jw,(t) — sup Jw(t)| < sup |Jw, (t) — Jw(t)| < e.
te[0,T) te[0,T) te[0,T]

This implies that
lim MW Mw. (44)

n—oo
Combining 43 and 44, we conclude that there exists a positive constant B (depending on W, G, F,
K, L and T') such that for all n € N, there holds

IGnllL2(rmrxr) eXp(M,fT) < B,
which combining with 39 yields 42. O

We remark that condition 41 is satisfied for Models I and II. In fact, we will further present the
specific convergence rates of 41 in next subsection.

Lemma A.10 (Generalized Gronwall’s inequality). Let a, b and c be non-negative constants. Let
u(t) be a non-negative function that satisfies the integral inequality

u(t) <c+ /075 (au(s) + bzﬁ(s)) ds,

then we have
exp(at/2) — 1b)2
I .

u(t) < (céexp(at/Q) +

Proof. This result is a special case of Perov (1959) (also see Theorem 21 in Dragomir (2003)). [

We now show that the solution X,, of IVP 15 converges to the solution X of IVP 6 as the number n
of nodes goes to infinity.

Theorem A.11. Suppose that ASO-AS2 hold. Let X and X,, denote the solutions of 6 and 15, re-
spectively. Suppose that 41 holds, and let B be the constant appearing in 42. Then for any p > 1, it
holds that
IX = Xulloqo,mzz (ririxryy < PG = Gollpzrixry + Q| Tw — Tw, [|s, » (45)
where
exp((VECH)MT) — 1
Cii

P :=exp((V2CR)*T), Q:= V2Ly,Ci ' B. (46)

Proof. Lett € [0,T] be arbitrary but fixed. Denote Z,, = X — X,,. By subtracting 15 from 6, we
have

9
ot
It follows from 47 that

10 527, (u,t) "
a2, = | [ 22252,

Z, (u,t) = D(W; X(u,t); H(t)) — ®(W,,; X, (u, t); H(2)). 47)

/1( (W: X(u, £): H(E)) — B(W,0: X, (1, £): HE)) T2, (u, £)

< QW5 X (-, 1); H(t)) — @(Wo; Xoo (-, 8); HE) L2 sy 120 (5 D)l 21y
(48)
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It follows from Lemmas A.7 and A.9 that
[@(W; X(,1); H()) — (W3 Xio (-, ) HE)) | p2 (1 g1

L+1 _
< (V2O |Zu o)l ey + V2 Ly Gl Ty — T,

s, B. (49)

L+1 _ .
Let u(t) := ||Z(~,t)||2L2(I;]Rle)’ a:= 2(\/§CH)L, b:=2v2 LH’pCﬁ 1HTW —Tw,||s, B. With

the introduced notation, we combine the estimates 48 and 49, and obtain that
0
Fri

Let T" € [0, T] be arbtrary but fixed. We integrate above [0, 7] about the variable ¢, and get

(t) < au(t) + bu? (t).

T’

w(T") < u(0) + / (au(t) + bu%(t)) dt.

0
We then apply Lemma A.10, and hence

exp(al’/2

) — 1b>2 < (u(O)éeXP(aT/Q) + eXp(aT/2)1b>2_

u(T') < (u(O)éexp(aT’/Q) + B

a
With constants P and () defined in 46, and recalling the definition of u(t), we have
120 Tl 2(rmiry < PlIZn(, 0)l|z2(zmoxr) + QlTw — T, s, -

Noting that Z,,(-,t) = X(-,t) — X, (-, 1), Z,(-,0) = G — G, and the arbitrariness of 7" € [0, T, we
further obtain that

S'[%I;] ||X(,t) — X’ﬂ('7t)||L2(I;R1XF) S PHG — GnHLZ(I;Rle) + QHTW — TwnHSp.
telo,

The proof is complete by noting that

”X_XnHC([O,T];LQ(I;]R“F)) = Ssup ||X(-,t)—Xn(-,t)HLz(I;Rle).
t€[0,T]

A.6 CONVERGENCE RATE

In this section, we establish the convergence rate of the solution X,, of 15 converging to the solution
X of 6. This is done by employing inequality 45 with p = 2. It follows from Conway (1990) that
Schatten 2-norm is Hilbert-Schmidt norm, moreover for integral operator, there holds

|Tw, —Tw, lls, = W — W [|2(s2).
Therefore, inequality 45 with p = 2 gives
||X — Xn||c([07T];L2(1;R1xp)) < PHG — GnHLQ(l;R1><F) + QHW — Wn”LQ(I?)- (50)
The above estimate indicates that it suffices to analyze the convergence rates of |G — G, || 2 (7;r1x7)

and ||[W — W, || 12(72) in order to determine that of | X — X, || ([0, 7722 (1;r1 % F)).-

proof of Theorem 3.2. We set u; := (i — 1)/n, I; := [u;,u;41], for each i € [n]. According to
definition W,, of 13 with 8, we have

||W_W’VLH%2(12) = ‘W(UJ)) _Wn(uav)|2dudv
12

Z / \W(u, v) — W, (u,v)|* dudv
] IiXI]‘

,jEN

S W)~ W) dude
] IiXI]‘

,jENn
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According to AS3, we obtain that

W= W, 20 ) < 42 / =l ly =y dudo
Jn,

INISED

For each i, j € [n], direct computation gives

, 2 1\ 1 11
/Iz.x[j“““i'*'”“j') duto = (3+3) 25 = s

which combining with 51 gives

1147 1147

2 212047 1

HW_Wn||L2(12) =n 12n4  12n2°
We recall that G = [Gy : f € [F]] and G, = [(G,) : f € [F]], and hence

HG — GnH%Q(l;Rle) = Z HGf - (G’ﬂ)f“%z(l)
felF]

For each f € [F], according to definition G, of 14 with 9, we have

G = Gn)sliany = [ 165w = (Gu)s)Pdu= 3 [ 1Gsta) = (G stu)

I I

J€[n]

=> Gy (u) = G (uj)[*du.

j€[n] I;
It follows from AS4 that for each j € [n], there holds

A2
[ 1650 = Gstw)Pau < 4 [ (- wyan= 2.
I;

J
‘We substitute the above estimate into 54, and obtain that

A3 A3
2 2 2

Therefore, from 53, we have
AZF

IG = Gl 72 (rpixry < 32

We substitute estimates 52 and 55 into 50, and get

X = Xnllcqo,ric2mir)) < PG = Gall2(ricr) + QIIW — W [ 212y

| F /11 1
< — AP —A —
_< 342 + 12 1Q>n
By letting
| F /11
C = §A2P+ ﬁAlQ

= \/§A2€XP((\/§CH)LT) + \/gAl eXp((ﬂCH)LT) — 1\/ELH-,2C|-L|71B

Ci

where CH, Ly, 2 are defined by 32 and 33 with p = 2, respectively, the proof is complete.
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We proceed to examine the convergence rate of graphons for simple graphs. It is important to note
that in this case, assumption AS3 is not met. For a simple graphon W, we recall that the support

of W is denoted by W*. To estimate |W — W,, || £2(r2) appearing in 50, it is necessary to describe

the complexity of the boundary W™ of the support W. We achieve this by utilizing the upper
box-counting dimension from fractal geometry Falconer (2014). Let F' be any non-empty bounded
subset of R? and let N5 (F') be the number of §-mesh cubes that intersect F'. The upper box-counting
dimensions of F' is defined as

— log N5 (F)

dimpF := lim

7
=0 —logd (57)

It is clear that dimg ' € [0, 2] for any non-empty bounded subset F' of R2. As a simple example,
the straight line {(x,0) : = € [0,1]} has an upper box-counting dimension of 1. More intricate
curves will have a larger upper box-counting dimension. Therefore, it is reasonable to assume that
dimp(OW™) € [1,2).
Lemma A.12. Suppose that Q C R% and f € L?(Q). Let || be the volume of 2. Then the constant
function

1

h(u) == —/ flu)du, ueq,
1€ Ja

is the best constant approximation of f, that is,

inf{[|f = cllr2@) : c €R} = If = hll 120 - (58)
Proof. For any c € R, we have

1 = ellZa = /Q |f<u>c|2du|ﬂc22< /Q f(u)du)c+ /Q F)Pdu (59)

which is a quadratic function about c. Therefore, the minimum is obtained at

1
c:@/ﬂf(u)du.

The proof is complete by noting that the minimizers of || f — C||%2(Q) and [|f — c||z2(q) are the
same. O

proof of Theorem 3.3. We begin with estimating |[W — W,, || 72 (;2). Recall that N;5(OW™) denotes

the number of §-mesh cubes that intersect OW ™. We set § = 1 /n, and it follows from definition of
W,, that

W — W, [[72p2) = / (W(u,v) — W, (u, v) Pdudv < Ny, (OW™) (60)
I

1
n2’
According to definition 57 of upper box-counting dimension, for any € > 0, there exists Ny € N

O, + . .« .
Los Nu/mOWT) o o Therefore, N, /n(OWT) < nb*€ which combining

such that when n > Ny, “Tog(1/n)

with 60 yields
bte
IW — W, | 272y < n= (7759, 61)
We proceed to estimate |G — G, || 2 (7;r1xFy. Let G, defined by 14 in the way of 9. It has been
shown in the proof of Theorem 3.2 that, with assumption AS4,

F1
IG = Ghllpamar) < Azyf 5= (62)

n

According to Lemma A.12, we obtain that

IG=GonllFairminey = O I1Gr=(Gu)ilizy < D NG =G fll20y = 1G=G |72 (rmisry
felF] felF]

which combining with 62 implies

F1
IG — Gl L2 (1) gAQ,/gf. (63)

n
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We substitute estimates 61 and 63 into 50, and get

IX = Xulloqo,mz2arixry) < PG = Gollp2amixry + QW — Wa | £2(12)

(/T o)

By letting

C = PAQ\/€+ Q
Fexp((v2Cw)"T)

-1
= exp((V2CH)ET) Ay 3+ ol V2LnCH B
H

where CH, Ln 2 are defined by 32 and 33 with p = 2, respectively, the proof is complete.

26

(64)



