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1 Review on Multivariate Hawkes process

There are other approaches in using Hawkes process to model continuous-time edge data. For example,
Multivariate Hawkes processes [} 9} 16, 110 4} 13, 18]]. regard each node’s activities (e.g. sending or
receiving messages) as the events in one particular dimension. For a total N nodes, we have an
N-dimensional Hawkes process. The edges between nodes are inferred through the dimension-
wise endogenous matrix. These models miss some important aspects of information. For example,
their observations simply records the one-way direction of nodes sending out edges and does not
record the information of receiving edges, whereas the observations for the ConTIM model and the
models described above also record the receiver node’s information. Even more restrictively, these
multivariate models also usually infer a static network structure.

2 Experiments

2.1 Initial results on synthetic data

We first provide initial model fitting results on synthetic data to validate the effectiveness of our
model. We use NP-PP as the fitted model, focusing on exogenous functions and the corresponding
latent exogenous features. We set N = 50,7 = 5, K = 2 and use Gaussian process to generate
random functions to form the exogenous functions.

Figure[I] shows the average groundtruth exogenous functions and our fitted exogenous functions. It is
easy to see that our model can correctively identify the peak regions of the exogenous functions.
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Figure 1: Average exogenous function values on synthetic data.
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Table 1: Testing log-likelihood and Area Under ROC Curve (AUC).

Testing Log-Likelihood
Models Email College Overflow Ubuntu
Poisson-IRM —62320 £ 769 —58552 + 575 —90786 797 —96630 £ 1107
Hawkes-IRM —58341£334 —5H9461 1448 —88746+1043 —90435=£ 376
Hawkes-DLS —59810£ 859  —56237+1207 —97505 + 332 —93485 + 299
HawkesNetOC | —57483 £ 550 —57706 + 424 —88193 582  —89850 £ 1022
NP-PP —68475£1274 —T11544+549 —133839£829 —136830 £ 810
NP-HP —53121 + 964 —55729+ 813  —1142774+985 —120419 + 796
NP-HP-C —50126 £ 568 —53968 £475  —125387£376 —134027 £ 394
Models Email College Overflow Ubuntu
Poisson-IRM 77.46 = 0.87 79.18 £ 1.07 83.14 +0.93 83.20 £ 0.74
Hawkes-IRM 79.42 +£0.41 80.14 +1.28 85.16 £ 0.85 84.14 £ 0.97
Hawkes-DLS 80.15 £ 1.02 80.16 £ 1.07 81.63 £ 0.46 80.19 £1.03
HawkesNetOC 83.17£1.30 81.38 £0.89 83.48 £0.79 82.24 £0.94
NP-PP 78.16 +0.94 79.71 £ 0.92 89.15£0.74 86.77 £ 0.90
NP-HP 81.78 £ 0.97 81.57 £0.64 89.58 £ 0.98 86.78 £ 0.85
NP-HP-C 85.29 £+ 0.88 82.17 £ 0.65 89.91 + 0.83 88.02 £+ 0.38
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Figure 2: Visualisations for latent features  on synthetic data.

Figure 2] also shows the corresponding latent exogenous features. Nodes with large values of latent
exogenous features are also identified through our NP-PP.

2.2 Link Prediction performance (with standard error reported)

Table [T] provides the link prediction performance, with the standard error reported.

2.2.1 Variable visualisations on all the edges

We provide visualisations for random variables, which are not shown in the main content, of our
NP-PP, NP-HP, NP-HP-C.

Figure [3] visualises the triggering factors of follow-up edges, which contains historical oppositely-
directed edge. We first remove the initial edges within nodal pairs, which are the ones without
historical oppositely-directed ones. Then, we displays the probabilities of remaining edges instantiated
by the exogenous rates for all these approaches. We can see that, for NP-PP and NP-HP-C, the
instant-response datasets (Email, College) contain more follow-up typed edges than the slow-response
datasets (Overflow, Ubuntu). For all these datasets, the probabilities of the follow-up typed edges
belonging to the exogenous rates are usually very small (i.e. P(b,, = 0) < 0.05). That is, almost all
these follow-up typed edges are triggered by its historical oppositely-directed edges for NP-PP and
NP-HP-C.

Figure E| visualises average values of the latent label vector P(z,,), which is the mean of 50 con-
secutive edges. The instant-response datasets have larger variance in latent labels, whereas the
slow-response data usually have smaller variance in latent labels. Especially, we find that our NP-HP-
C seems favours one dominate latent label in the slow-response datasets, which is likely because its
clusters edges mechanism.

Figure |5| shows 5 exogenous functions (o (f;(¢))) for all the three approaches. Firstly, we can
see that there isn’t much variations for the latent features’ proportions, which is calculated as
Do 2§ TikTjk DD 4; TikTjk, as all these values are around the average proportion of 20%. The
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Figure 3: Row 1: NP-PP; row 2: NP-HP-C. Moving average values (with lags = 100) of P(b,, = 0)
for the edges with historical oppositely-directed edges in the datasets Email, College, Overflow and
Ubuntu (from left to right). z-axis represents the edge number m = 1,...,10000.
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Figure 4: From top to bottom: NP-PP, NP-HP, NP-HP-C. Visualisations of {¢,,, },, for Email,

College, Overflow and Ubuntu. ¢,,, = 5—10 Zfr?”r’nZSOm’— 19 P (zm) represents averages values of
P(zy,) in each 50 observations.

scaling differences of o( fi(¢)) may be presented by themselves. Secondly, we find almost all these
functions presents some periodicities. This periodicities in instant-response datasets are much clearer
than those in slow-response datasets. Finally, our NP-HP-C seems favours one dominate function
and suppress others in representing the model, whereas all the exogenous functions seem to present
the patterns for the other two approaches. This may possibly due to that we are clustering edges and
using the edge’s latent label to determine its endogenous functions.

Figure 6] provides the endogenous function visualisations for NP-HP, as the related visualization for
NP-HP-C is provided in the main content. We find that the endogenous functions in NP-HP seems
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Figure 5: From top to bottom: NP-PP, NP-HP, NP-HP-C. Visualisations on the 5 exogenous functions
for our three approaches. The legend for each exogenous function presents its proportion of global
latent feature value 3, m;,,k7;,,k. Row 1: Poisson Processes with nodal pair-specific intensity
functions; row 2, Hawkes Processes with nodal pair-specific exogenous functions and nodal pair-
specific endogenous functions; row 3, Hawkes Processes with nodal pair-specific exogenous functions
and clustered endogenous functions.

perform a bit different from our expectation. The values do not always have a sharp decrease in
the beginning period. The patterns also seem less regular as those in NP-HP-C. This may affect the
prediction capability for NP-HP, as shown in the performance table in the main content.
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Figure 6: Endogenous functions {0 (gx(t)) }r for NP-HP. The legends in each panel represents their
proportions in the endogenous function triggered edges, i.e... > > . Fir o (tm) Um,m/Pm, k- In

order to better visualise the “main” endogenous functions, we transparent the exogenous function if
its weight are less than 10%.



3 Variational Inference for Poisson Processes with X random functions

Likelihood of observation The likelihood of the time observations {t, },, for ConTIM can be
expressed as:

P({tm}m‘—) = H HefOT mikmiko (fe(t))dt | HH [ﬂ—imkﬂjmka—(fk(tm))]lz:k(z’n) (1)
k m

ko |i#)

In Eq. (1), the sigmoid function o(-) and the Gaussian process function { fi(-) }, make it difficult
to form convenient format to enable mean-field variational inference. Thus, we use the technique
of [2] to overcome these issues. In general, [2] would use latent marked Poisson processes and
Polya-Gamma random variables to augment the model.
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We make the following adjustments to make the method of [2] fit in our model. For fi(t), we
incorporate auxiliary Polya-Gamma variables (wg,)k ~ Ppg(wl|1,0)) [7] for each edge (i, jm,tm)

and N2 — N marked Poisson processes for all the potential nodal pairs (each with the intensity
function ;,, 7,k Prc (w1, 0)dtdw).



By using standard method of the mean-field variational inference method [1]], we can obtain each
random variable’s optimal variational distribution through the following equations:

In gy, (zi) = Bq,. [In L(D, {x;};)] + const (5)
Eq. (129) will be used in deriving the optimal variational distribution for all the random variables.

Optimal Polya-Gamma density q(w(f ) )

m,k
log q(w,;, (f) w) = Om kEq [ff,f (t7n)wr(7{7)k/2} + log Ppg(wﬁrf7)k|1, 0) + const (6)
Thus, we get
Q(Wr(r]:,)k) X exp [7¢m7k']Eq(flz(tm»wm,k/ﬂ : PPG(nyj:,)kHv 0) @)
which leads to
Q(wfi,)k) = P (wg,)ML </>m,qu(f;f(tm))> (8)
We can let c(f Gm By (f2(tm)).

Optimal Poisson process q(H,(Cf 2 j) Using the mean-field update equation, we get the rate functions

for the latent marked Poisson processes as:

exp(Eq [log mikmjk] — w)

A/(cfm( w) = C(f>(t) Peg(wl1, C(f)( t) )

2 cosh(=+5—)
where c,(C = /E,[fx(t)?]. Again, we emphasize that the support of A;f Z) (t,w)is (0,7] x RT.

Optimal latent label ¢(z,,)
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m)]  Elfu(tm)”
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Optimal feature vector ; The optimal density of 7, is a Gamma distribution as:
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where
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in which we have the following equations for the above integration:
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By using sparse Gaussian process methods, we get the sparse posterior distribution for the function
values at the inducing points as:

¢ =N (p, ) (19)

where the covariance matrix and mean is expressed as:

-1
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T

Given the sparse solution, we can obtain the point estimation as

p(t) =k (K p® (22)
(s(t)” = k(t,t) — k] (K T = > K7V ka(t) (23)

Update the hyper-parameters of the Kernel functions in the Gaussian process Given Ag(z,w) =
APpc (w1, 0)dzdw, the lower bound for the original paper is:
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The gradient of the Evidence lower bound to the hyper-parameters (we let <I>(f (H(f 0y () ) in the
kernel functions of the Gaussian process) is:

S (-l e)
6JE2[£;§$)] _ Zl;?)) (£:5) 27)
= o (47 () e

+r(@)T (S + py (uéf’s))T> (Z;éfx)) (28)

where k(z) = kq(z) " K and k(t,t) = k(x,z) — ky(x) K k(). The remaining two terms
are:

k k k. (t
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00, 00, 00, 09,
T
K.
a”ﬁff = %5(@) Kot (o) K ks (30)
09, 00, 00,
After each variational step, the hyper-parameters are updated by
0 — o) 4 ¢ 0L(q) 31)

where € is the stepsize.

4 Variational Inference for nodal pair-specific Exogenous and Endogenous
functions

Likelihood of observation The likelihood of the time observations {t,, } ,, latent label {z, }.,, for
ConTIM can be expressed as:

P({tmazm}’m|_)
_H He fo mikmiko (fi(t))dt H KT kO fk( ))]lz:(u,k)(Z'm)

k |i#£]

JTIT [ for=m otonnar. I [irvjro(oe(tn - b)) 1= 0 )

m’:m’'€F,,



where Fy,, = {m/ : (im,jm) = (j,i) Nty < tm}. In Eq. , the sigmoid function o(-) and
the Gaussian process function { fi(-), gx(-) }x make it difficult to form convenient format to enable
mean-field variational inference. Thus, we use the technique of [2] to overcome these issues. In
general, [2] would use latent marked Poisson processes and Polya-Gamma random variables to
augment the model.

(£) (9) (£) (9)
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where h(w,r) = 2/2 — wz?/2 —log 2, wf?{)k,wfzzn, e ~ Prg(wl]1,0), H;Cfi)j is the marked Poisson
(9)

process with intensity ;,, 7,k Pec(w|1, 0)dtdw in the support of (0, 7] x R* and II,;"; is the
marked Poisson process with intensity v;, xv;,. k Pec(w|1, 0)dtdw in the support of (0,7 —t,,,] x R,
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We make the following adjustments to make the method of [2] fit in our model. For fy(¢), we
incorporate auxiliary Polya-Gamma variables (wff: )k ~ Ppg(w|1,0)) [7] for each edge m (under the

10



case of b,, = 0, z,,, = k) and N2 — N marked Poisson processes for all the potential nodal pairs (each
with the intensity function ; 7,k Prc(w]|1, 0)dtdw). For gi(t), we incorporates auxiliary Polya-
Gamma variables (wfﬁr)n,’k ~ Ppg(w|1,0)) for m (under the case of b, = m’, 2z, = k) and K
marked Poisson processes for the potential edges initiated or triggered by the kth label (with the
intensity function v;,, xv;,, ks Peg (w|1, 0)dtdw).

By using standard method of the mean-field variational inference method [1]], we can obtain each
random variable’s optimal variational distribution through the following equations:

Ing,, (z;) = Eq,, [In L(D, {x;})] + const (35)
Eq. (I29) will be used in deriving the optimal variational distribution for all the random variables.
Optimal Polya-Gamma density ¢(w,, (f ) s a(w fgfn k)

log (@) = By |~Lamo (zm) - S (Em)ol1) /2] +10g Pr(w(l)[1,0) +const  (36)

Thus, we get
A o exD [~ G o kBl fE(En))w] /2] - Pra(wiI)[1,0) (37)
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g@)) = Prg (w;{}ku, NCRo f,g(tm))) (38)
Similarly, we get
20 = o (0 LA S B GR0 — t)) (9)

We can let cgi)k = \/0m,0kEq(f2(tm)) and Ciﬁlu,k = /P kEq(G2 (tm — tu)).

Optimal Poisson process q(HEC{c Z) i) q(HSTgL’)k) Using the mean-field update equation, we get the rate

functions for the latent marked Poisson processes as:
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where c(f)( t) = VE([fr(t)?]. ¢ = /Eq[gx(t)?]. Again, we emphasize that the support of
A,(Cfl)](t w)is (0,7] x Rt and the support of A( ) ( ) (0, T —t,] x RT.

Optimal latent label ¢(z,,)

IOg ¢m,0,k :]Eq |:10g(77imk7TJm ) + h( m, ka fk( m):|

2 .
Q[fk;tm)] . Eq{ka(tm) ]Eq [wr(r{,)k] —log 2:|

= [Eq logm;,,x) + Eqllogm;, k] +

vYm' :m' € F,,
1Og Qsm,m’,k :Eq [IOg(UimkUjm ) + h( mm/’ kvgk(tm - tm’):|

Eqlgk(tm — tm')] _ Eqlgk (tm — tm)?]
2 2

= {Eq [logvi,, kvj,.k] +

11



Optimal feature vector m;,v; The optimal density of 7;; is a Gamma distribution as:

(@) _ (q)
q(min) oc [mig) =L e Pria ik (42)

T
where al), = Y0 [T (Mii (1) + Mija(0)dt + X i Zis =i mook + i, b0 = b +
Q(Zj:j;éi )T
The optimal density of v, is a Gamma distribution as:

(@) _ (q)
q(vik) B8 [Uik]a;{ik bv ik Vik (43)
(2)

T
where a,, = ar + Zm:im:iujm:i fo Ag,m (t)dt + Zm:im:iujm:i Zm’eFm P, ks bi'f?k =
by + Zm:jm:i Vi k(T —tm) + Zm:im:i Ujmk(T —tm).

Optimal Gaussian processes f(t)

log q(fr) o< exp(U(fr)) (44)
U(fy) is defined as:

U(fk)
B |2 X bkl ekl | + B (Lo e iltn))]

i#] (z,w)n €l

1
—— 5 [ A0 [ Bk @s)
T T
where
A t) = Z (z)m,O,k]Eq (f) t —tm + Z/ WAk 1] t OJ (46)
m i#]
Zq&mokétft ,,Z/ A tw (47)
i#]
in which we have the following equations for the above integrations:
(n)
1 g
E[w{] = ok h( ; ) (48)
/ A, w)dw = Ay (8) (49)
-
o 1 C1 (t)
/TwAl(t,w)dw 0] tanh ( ) > Ay (t) (50)

By using sparse Gaussian process methods, we get the sparse posterior distribution for the function
values at the inducing points as:

¢ =N ne) (C1))
where the covariance matrix and mean is expressed as:
-1
») = [K;l/ A(t)ks(t)k] dtEK +K;1} (52)
T
) = 5O (K;1 / B(t)ks(t)dt) (53)
T

12



Given the sparse solution, we can obtain the point estimation as

p(t) =k (K u® 54

(s())” = k(t,t) = kS (KT = K ko(1) (55)
Optimal Gaussian processes gy (t) For the triggering Gaussian processs gy (t), we can re-formulate
the likelihood related to g (t) as
P(D|ga Vky Zms bm)

_H [ e o I 11 [eh(wfi?ﬂ/,mk(tm—tm/»

H(g) m m’:m’€F,,
m€ m,k

12:(7n/,k) (2m)
} (56)

" (xw)

where Hsrgl’)k denotes a marked points process defined in (0,7 — t,,,] x R*, with intensity function
v Prg(w|1,0)dtdw.

log g(gx) o< exp(U(gx)) (57)
U(gy) is defined as:
Ul(gr)
=Y B > A —a(@?h)
m (z,w)neﬂﬁj?k
+Omm b Eq | D h(wﬁfﬁ/,kvgk(tm—tm'))]}
m’:m’€F,,

- {_; /rA(t)gi(t)df + /T B(t)gk(t)dt}

(58)
where

Z/ WA (L) +3 S [qﬁmm/k]E [fnﬁn/k} 5(t—(tm—tm,))} (59)

m m m’:m’'€F,,

Z/ AY (twydw + > Y qum,m,,ké(t— (tm —tm/))} (60)

m m’:m’'€F,,

in which we have the following equations for the above integration:

" 1 9 .
E 9 L] = h _mm’,k 1
Q[o‘)mm ,k] 20557)_”,716 tan ( 9 ) (6 )
/A9> (t,w)dw = ALY, (2) (62)
(9)
1 Cp o (t
/ WAL, (¢, w)dw Ttanh G () A9 (1) (63)
T 2c (1) 2 ’

By using sparse Gaussian process methods, we get the sparse posterior distribution for the function
values at the inducing points as:

¢ =N (@, (64)

13



where the covariance matrix and mean is expressed as:

S

-1
() — {Kl/ A(t)ks(t)k] dtK ! +K51} (65)
T

L = £ <K;1 / B(t)ks(t)dt) (66)
T

Given the sparse solution, we can obtain the point estimation as

p(t) =k (K pt (67)

(s(1)* = k(t,t) = k] (VKT =D K k(1) (68)

Update the hyper-parameters of the Kernel functions in the Gaussian process Given Ag(z,w) =
APpc (w1, 0)dzdw, the lower bound for the original paper is:

c@= {W 7 [ (athto= o] + Byl mm o] — Ealog A2 0]~ B tog cosn(242)

42,2 ) A ))dwdqu[mmmm]-T}

! ; {/OO /T_tm (Eq [P, =9 (@)] + Bq[log vip, £V k] = Eq[log A<g) (@) — Eqlog cosh(mgc))

+Eq[cl(§) ]+1) ALY, (2,0))dwdw—Eq[viy, 10, 1] - (T —tm)]
>

(9)
Cmm’,k
+ Z Z |:<Z>m7m/7k (Eq[log vg] + Eg[h(w mzn/ o Gk (tm — tm/))]) —Eqlog cosh(i2 )

m m’:m/EF,

(c (9) , )2w(g) ,
-H&;[W ]} ZZ Z Prn,m k108 Py &

m m’:m’€F,

) (@D )20

Ci'n c ij,n wm
Dm0 (Eallog Tiyy kT 1] + Bq BTy, Fi(tm))]) — By log cosh( 225 + B[00tk

1 s s s s 1 s 1 s
{ 5 K<f N7 + w5 ) ))filogdetK,if‘>+§logdet2,(€f’)

f%Tr (&1 0 + o g S>]T)) Zlogdet K 4 = log det B S>} + KN,
+>° {am log b™ —log I'(a'™) 4 (a'™ — 1)E, [log 7ik] — b Eq[mik]

T,

ES

—i—a(Tr 2 _1og b(7r 2 4 log I'(a;;, (,2) ) + (1= az(.;‘m)F(az(.;‘m)}
+ Z {a(v) logb™) —logT'(a'”) + (a'”) — 1)E,[log vir] — b Eq[vik]

_l’_a(ﬂ ,2) log bEz,Q} + logl—‘(agz,Q)) + (1 — 0,5252))/‘ (052’2))} (69)

14



OEq[h(wp] ), fi(tm))]
a0y,

T OEq[h(w, —fr(2))] \ (1)
i#£] m

S s ,8 s 1 ,8
([K(f Ui (E(f UM )) —ilogdetK]if )

OEq[h(w, — fr(2))] O q[h(wS )y, fi(tm))]
_g/ / 80(f) k A;C{l.)j(CL"w))dIdW"_%:d)m,Ok 89;})

1 o1 0K 9 . o1 (Fs 1 o1 0K
+§Tr ([Klif’ )] 1 89(1‘) [ K I (E(f )+“(f >[:u'(f )] )) 2TI‘ ([K]ifx )] 1 k

06"
(70)
Tt OEq[h(w, =gk (2))] , (0)
9(9) Z/ / 9(9) Aik(:ﬁ,w))dmdw
OB [h(w?) , 1s 0 (tm — )]
+Z ZF (z)m,'m’k: 89[2‘9)
m m’:m/€F,

1 (0-1 O g0y (0:5) | (951, (57T 1 (g1 OK ")
=T Kga Kg Zg’ g, g, i Kga k
+2r([k ) ag(g)u Y ) | = 5T ) 269

(71)

The gradient of the Evidence lower bound to the hyper-parameters (we let <I>(f ), (9(f 0y (f )) in the
kernel functions of the Gaussian process) is:

Eq[h(w, fi(2))] _ 1 [ 0Eq[fi(z)] OEq [fi(x)’]
R P Y 72
OEq[fe(@)] _ Ok(x) (1.5
o) a8)) 7
OBy [fe(2)?]  Ok(zm,x)  Ok(@)" ((fs) | (£) (. (Fo)) |
a0 aplY) i 20 (ZQ s <”2 )>K(x)
T (), (s () ) K@)
+ (@) (5 4 (us) ) o0 (74)

where k(z) = kq(z) T K and k(t,t) = k(x,z) — ky(2) K k(). The remaining two terms
are:

Ok(x, x) _ Ok(z,r) Ok(x) Ok (t)

0D gD g ) T e 7
Ontr) _ Okel0) ] oot gy oyt DB g (76)
a0 oo a6
After each variational step, the hyper-parameters are updated by
L ) (77)

where ¢ is the stepsize.
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5 Variational Inference for K exogenous functions

Likelihood of observation The likelihood of the time observations {t,, }., latent label {z, }., and
the branching variable {b,;, } , for ConTIM can be expressed as:

P({tmvbma Zm}m|_)

_H H ST mimjno(fult HH i kT kO fk( ))]lz:k(zm)lb:o(bm)

k [i#)

HHefoT tm oo (gr(t))dt-1,— k(zm)) . HH H [Uka(gk(tm . tm,))]lb:m/(bm)lz:k(zm’)

kK m m/:m'€F,,

where Fy,, = {m’ @ (im,jm) = (j,1) Nty < tm}. In Eq. (78), the sigmoid function o(-) and
the Gaussian process function { f(-), gr(- )}  make it difficult to form convenient format to enable
mean-field variational inference. Thus, we use the technique of [2] to overcome these issues. In

general, [2] would use latent marked Poisson processes and Polya-Gamma random variables to
augment the model.

(€3] (9) ) (9)
P ({t"'“ Zm, bm}m ) {wm,k}k.’m ’ { Winm! k}k,m,m’ ’ {Hij’k}k,iqég {Hm k km ‘_)

(f)
:HH |: (Triy T k€ h(w,, ks fk(tm))) 2=k (2m)1p=0(bm) Pro(w ‘Er{,)k|170):|
k m

h“"(g)/ s m 7 (by —k(z, 7
gisl! [me Comm 980 Dyl G e ’Ppo<w£;i’3n/,k|170>}

k. m m/:m'€F,,

() )
HH H ( e fk<Ik’”‘"))mkﬂjkppc(wk gl L 0)> B

A | wnen),

HH H ( h(w("') —Qk(:v(g> ))lz:k,(zm)kaPG(w(g)ku 0)) e vk(T—tm) (78)
kE m '

(z,w)m, El'[(g)

m,k

where h(w,r) = 2/2 — wz?/2 —log 2, wfrf)k,wfzzn, e ~ Prg(wl]1,0), H;Cfi)j is the marked Poisson

process with intensity m;, 7, xPec(w|1,0)dtdw in the support of (0,7] x R* and ng?k is the
marked Poisson process with intensity vg Ppg(w|1, 0)dtdw in the support of (0,7 — ¢,,] x R™.
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lOgP({tm,Zmabm}m’{ »5,{}]@ & a{ Srfzn/ k}k /,{Hii) }k » {H(g) |7>
m m,m i#j m
:Z Z [1z=k(2m)1b=0(bm) (log(mmk%mk) + h(w) m, k7 fk(tm))) + log Ppc(wm,kh, 0)]

D IEDD [Tz (O )L () (1080m0) + BTN 90t — )

m m’:m/€F,

+10g Pro (w2, ,/1,0)]

+Y > S b~ fe@) ) +log(minm - Pea(wl’, ,[1,00) | = minmiT

ke i# | \@wneny?),

+3°% ST Lcw(zm)h(@E, —gr(@2))) +log(vk - P (@ [1,0)) | — vr(T — tm)
k m

(z,w)n EH(Q)

m,k

:ZZ [lz:k(zm)lbzo(bm) (log(ﬂ—im,kﬂ—jnzk) + fk(gm) - (fk(gm)) wir{)k - log(Q))
k m
+ log Peg (wﬁr{?k |1, 0)}

OHNDD [t e ) (1og<mk> y Gellm ~ tot)

m m’:m’'€Fy,

_M (9) log(2)) + log PPG( m’ k|1 O)}

2 Yinm! k

Fltdl ) et 0))
+ZZ > ( 2] - . wl) . —log(2) + log(mmn - Pea(w), ,[1,0)) | = mixmnT
Bt | @wmeny),

29 ) 2
+;Z Z (lzk(zm)(—gk( /;m n) _ (gk( k2m n)) w;(f,)n’n —log(2))

_(w,w)n,eﬂ(g?k

+10g(vk - Poc(@f), ,11,0)) ) = v(T = tm)] (79)
(! (@) () (9) _
Eq |:logp ({twL7 Zn“ m m? { ’ mm/’k}k,m,m’ ’ {H”’ k,i#j {H k,m | ):|
tm tm))?
=22 [¢m,k¢m,oEq (log(ﬂimkﬂjmk) + fk(z ) _ (fk(2 ) wl, - 10g(2)> + Eqllog PPG(wir{,)Ml’O)]}
k m

+ZZ 2. {%"’“wm’m'Eq <log(mk)+w

m m’:m’'€Fy,

ol 200 tg)) + By fog Pl 1.0

(fel(®))?
n ; ; {/ / ( — =5 w — 1og(2) + log(mirmjn Pea (w] 1, 0)))) A (¢ w)didew — Eq[mkﬂjk]T]
—E 0T — t) (*0

We make the following adjustments to make the method of [2] fit in our model. For fy(¢), we
incorporate auxiliary Polya-Gamma variables (wv(f:?k ~ Ppg(w|1,0)) [7] for each edge m (under the
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case of b,, = 0, z,,, = k) and N2 — N marked Poisson processes for all the potential nodal pairs (each
with the intensity function ; 7,k Prc(w]|1, 0)dtdw). For gi(t), we incorporates auxiliary Polya-
Gamma variables (wfﬁr)n,’k ~ Ppg(w|1,0)) for m (under the case of b, = m’, 2z, = k) and K
marked Poisson processes for the potential edges initiated or triggered by the kth label (with the
intensity function vy, Ppg(w]|1, 0)dtdw).

By using standard method of the mean-field variational inference method [1]], we can obtain each
random variable’s optimal variational distribution through the following equations:

In gy, (z;) = By, [In L(D, {z;};)] + const (81)
Eq. (I29) will be used in deriving the optimal variational distribution for all the random variables.

(9) )

mm/k

Optimal Polya-Gamma density q(wy(,{?k), q(w

log a(w$f %) = By | ~Lock(zm)Loo(bm) - S (L)1 /2] + 108 Ppa (@l [1,0) + const (82)

Thus, we get

A o exD [~ G om0 By ([E(tm)0S) /2] - Pralwl,11,0) (83)
which leads to
g(wil)) = P (wf,{?kl, VB kb 0B (2 (tm))) (84)
Similarly, we get
q(wi‘iﬁn/,k) = Prg (wfi%@/,klly \/ Gont s B (G b — tm/))> (85)
We can let ¢\, = /G km0Bq (FZ(tm)) and i) = \/ G st Bg (92 (b — tor)).

Optimal Poisson process q(Héf 3 i) (qui)k) Using the mean-field update equation, we get the rate

functions for the latent marked Poisson processes as:

2y 0 g mamy) 00

2 cosh(-25—= c’if) ®) )

AV, Peg(w|1, ¢l (1)) (86)

Pm,kEq (gx(t)) )
2

(t7)
(t)
)

where c(f )( t) = VEq[fr(t)?] cigzn \/ Om kEqlgr (£)?]. Again, we emphasize that the support

of Affﬁj (t,w)is (0, 7] x Rt and the support of Ain)k( t, ) is (0,7 — t,,] x RT.

E, [l
A, (1) = S Eallost] = Pro(wl1. 2, (1) )

, M

2¢m,k cos h(

Optimal branching variable ¢(b,,)

108 Ym0 = 3 o kEq [108(iub ) + ALy f(tm)]
k

- Z P ke { qllog i, k] + Eqllog 7, k] + By [fk;tmﬂ _ 5 [fkétm)Q]E

vym':m' € F,,,

1Og wm,m’ = Z ¢m’,qu [log(vk‘) + h(w.gi)n’mk’ 9k (tm - tm’)
k

E tin — iy E t — tm?)?
_Z¢m'k[ [log vi] + ol 5 I Eolonl B )}EQ[wfgq)n’,k]_log2:|
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Optimal latent label ¢(z,,)

IOg ¢m,k

=By [Loo(bm) (108(Ti,, k) + BTy fi(tm))]
0 By { Lo (b [log(vr) + R o 9t — t)| }

NEF/

+EBy | Y h(wm,—gk(wm))

(9)
(z,w)n €I,

2
=m0 [Eq[log k) + Eqllog 7, k] + Elfu(tm)] _ E[fk(;m) ]Eq[wg}k] —log 2]

2
_ )2
+ Z Pt (Eq[logvk] + Eq{gk(tn;” tm)] . ]Eq[gk(th tm) }Eq[ww(i/)'m,k] _10g2)
mi'eFy,
T—tm 2
[ [P e o a0+ (B2 oge) 4B 0] o
0

where F) = {m/ : (g, jmr) = (J,8) Nt >t}

Optimal bound variable v;, The optimal density of v is a Gamma distribution as:
alk) (R,
C](Uk) x [Uk} m 1 = vk (89)

Where afgn) - am+2 Zm m/EF,, djnL kwm m’ +Z fT fm A(g) dt b(k) = bm+z (T_
tm).

Optimal feature vector ; The optimal density of 7, is a Gamma distribution as:

(a) (q)

q(ﬂ'lk) X [ﬂ‘ik]aw k1 eibﬂ'q’zkﬂ-ll\/ (90)

where o9, = o [T (A (1) + Agga(t)dt + 3 B R
ik Jaséz 0 \t1k,ij k.ji j/’EE?/) i’ e Vig’ 0 L

Z e E("> q)j 1 k%(nz)o» bSquk = b + Q(Zj:j;éi k)T

Optimal Gaussian processes f(t)

log q(fi) o< exp(U(fx)) oD
U(fx) is defined as:
U(fk)
:E‘Z Z Z h( I(cfz)]n7_fk xkfmn +Z]E [ z=k Zm lb O(b ) ( (f) fk( ))
i#£] (z,w)n €y m
5 [0+ [ Bk ©2)
T T
where
= qum’kwm,O]Eq[ (f) 5(t —tm) +Z/ WAEC’:)] t,w)dw (93)
m i#j

Z ¢m kwm 06 Z/ k Zj (94)

i#]
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in which we have the following equations for the above integrations:

(n)
(Hy_ 1L !
]Eq [Wm,k] = fgn) tanh <2> (95)
/ Al(t,w)dw = Al (t) (96)
T
1 ci(t)
/TwAl(t,w)dw = %00 tanh ( 5 ) A (t) 97)

By using sparse Gaussian process methods, we get the sparse posterior distribution for the function
values at the inducing points as:

¢ = N(p®,x) 98)

where the covariance matrix and mean is expressed as:

-1
n) = [Ksl / Ak dtK 7Y + Ksl} (99)
T

pt®) = xn6) <K51 / B(t)k, (t)dt) (100)

T

Given the sparse solution, we can obtain the point estimation as

p(t) =k (Kt (101)
(s(8)* = k(t,t) — k] (VKT =Y Kk (t) (102)

Optimal Gaussian processes g;.(t) For the triggering Gaussian processs gy, (t), we can re-formulate
the likelihood related to g () as:

P(D|ga Vks Zm; bm)
— H H eh(wmu_gk (mnz))lz:k:(znl)
m (r,w)m,el—lgg?k

Ly (0m) Lok (27)

(9)
' H H [Ukehwmm/,wgk(tmtmf» (103)

m m’:m’'eF,,

where Hfg?k denotes a marked points process defined in (0,7 — t,,,] x RT, with intensity function
UkaG(wll, O)dtdw

log q(gr) o< exp(U(gr)) (104)
U(gy) is defined as:

Ul(gr)

=N bmaBe | Y W (=)

- (9)
(Lw)nEHWZ,k

Z h(wﬁgsngkagk(tm - tm’))‘| }

m’:m’€F,,

:{—;/TA(t)g,%(t)dt—&—/TB(t)gk(t)dt}

+1/)m,m/ ¢m’ 7ICIE:(;(

(105)
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where
A(t)
:Z Gmk - /o wAfg?k(t,w)dw

0 [ b B [0 ] 800 = (1 — )

m m’:m’eF,,

B(t)
1 oo
=3 > k- /0 A, (8, w)dw

DI DI L )

m m’:m’'eF,,

in which we have the following equations for the above integration:

(9)
1 Conm K
Eq[w(g) el = tanh (’ )
mm/, ( )
QCrgm’,k 2

/T AD, (1, w)dew = A9, (1)

(9)
wA (tw)dw =
/7— & 20(9)

k,m

A9 (¢
o 0 tanh <]”;( )> Aig?k(t)

(106)

(107)

(108)

(109)

(110)

By using sparse Gaussian process methods, we get the sparse posterior distribution for the function

values at the inducing points as:
¢ = N(p®,2®)

where the covariance matrix and mean is expressed as:

-1
() _ [Ks—l / Ak, (DR dtK Y + K 1}
T

pt) =5 (Ksl / B(t)k, (t)dt)
T
Given the sparse solution, we can obtain the point estimation as

p(t) =k (K 'p®

(5(8))" = k(t,0) = k] (VK T =Y K k()

(111)

(112)

(113)

(114)

(115)

Update the hyper-parameters of the Kernel functions in the Gaussian process Given Ag(z,w) =

APpc (w1, 0)dzdw, the lower bound for the original paper is:
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ci(x

(Q):;{W [ [ (Balhto= o] + Eullog mima] — Eqllog AL 0] By log cosh (25

+Eq[cl("”) ]+1) AY) (z, ))dmdw—Eq[mmek]-T}

k,ij

ci(x)

+ Z {/Oo/ —tm (d)m,k]Eq[h(w, —gk(z))] + Eq[logvi] — Eq[log Aiz)k(x)] — Eq log cosh( 5 )

+, 2 1) A, o Byfun] - (7= )]
+2.

(9)
2 [¢”"k¢m’m'( 108 0k] + Eg A2, 40 98 (tm — t0))]) — Eq log cosh( 2%

m m’m/€F,

ij,m,k

S om0 (Ballog Wiy 05,06] + Eql B fie(tn))]) — By log cosh(“2E) 4 B, |

(c (9) , )2w(g) ,
+EQ[W]:| } - Z Z (ZS”TLJC IOg ¢m,k - Z Z wm,m’ IOg wm,m’

k m m m’:m’'€Fy,

1 S S S S 1 s 1 S
{ 5 K(f’ )] (E,(Cf’ ) +llz§€f’ )[Il»;f’ >]T)) - ElogdetK]if’ ) 4 §logdet2,(€f’ )

%Tr ( K(g S)]_ Z(g’ —|—y,(g’s>[;t(g’s>] )) = log det K(g’S> + = logdet E(g S)} + KN,

+>° {a(") log b™ —log D(a™) + ('™ — 1)Ey[log mix] — b Ey [mik]

17

+al7? —logb T +logT(af ™) + (1 - alT*)F (af) }

+ Z {a(m) log 6™ —logT'(a'™) + (a'™ — 1)E,[log vi] — b"™E, [m]
3

kol

+a1(€m’2) —log b;m’g) + log F(aém’m) +(1- aLm’Q))F(alim’Z))} (116)

oL OE,[ OB (W, fr(tm
(@) _Z/ / 0(” fr(@ ))}Aw](x dado + 3 bmstbmo ql (waégﬁ K (tm))]

()
00, Py

1 s)1— ] ,8 ,8 1 ,S
= 5T (1K) 1(25;‘ D)) ) - S log det K

O, | OEg[h(w, fi(tm))]
_Z/ / 89(f) ( ))}A;fl)](:c w d$dUJ+Z¢m,kwm,0 1 waé;:f) t

i#]
1 o1 OK . O (fe 1 o1 0K
+ 5T (S b T Y Y T ) - ST (KT
09, 00y
(117)
oo T—tm
0L(q) :Z/ / Gk OEq[h(w, —gk(z ))]A(Q) ( w))dzdw
009 “—Jo Jo aa<9>
(9)
Q[h(wmm’,k’gk (tm - tm’))]
+ Z Z ¢m’,k¢m,m’ 09(g)
m m’':m’'€F,, k
1 oo 8K(9’S) o . . . 1 o aK(gvs)
(e 2 s ) - (i 2
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The gradient of the Evidence lower bound to the hyper-parameters (we let (I>§€f )= (9,(€f ), 6l(€f )) in the
kernel functions of the Gaussian process) is:

O, [h(w, fu(x 1 [ OEo[fe(x)]  OBq [fu(z)?
6" 6" 06!

OE x ok(x s

q[{ig ) _ Effligﬂ ) (120)

6\ 96!
OB [fu(@)?] _ Ok(z,2)  0k(@)" (((re) | (Fo) (L (F))

Y Y Gb G )>R@

s 5 9\ Ok(x)
+ k()" (Zéf’)wéf H () ) ae,éﬂ (121)

where k(z) = kq(z) " K7 and k(t,t) = k(x,z) — ky(x) K7 ky(z)". The remaining two terms
are:

00, 00, a0, 96
T
Mgz%ﬁ&ﬂhmwﬂﬂ%&* (123)
90y, 06, a0,
After each variational step, the hyper-parameters are updated by
5 _oh . 9L(q)
07 =0 +e o0 (124)
k

where ¢ is the stepsize.

6 Variational Inference for Constant exogenous function

Likelihood of observation The likelihood of the time observations { (7., jm, tm ) }_;, latent label

{zm }M_, and the branching variable {b,, }»_, for ConTIM can be expressed as:

P({('Lm7]m7 tm)7 bm7 Zm}ml_) = H H €_Wi7"kﬂj"'LkT . H [ﬂ'i,’nkﬂ'jmk]lz:k(zm)lbzo(bm)
k i#j m

. H H e f()Tit’m Uko-(gk(t))dt'lzzk(zm)) H [ng(gk (tm _ tm/))]1b=7nl(b"n)lzzk(anI)
k. m

m’:m’€Fy,

(125)

where Fy, = {m/ : (im, Jme) = (4,1) Nty <t}

In Eq. (123), the sigmoid function o () and the Gaussian process function { gy (-) }» make it difficult
to form convenient format to enable mean-field variational inference. Thus, we use the technique
of [2]] to overcome these issues. In general, [2] would use latent marked Poisson processes and
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Polya-Gamma random variables to augment the model.

P ({tmu Zm, bm}m ) {Wfizn',k}k mom! {Hiz’)k k,m |_>
:HH |:677rik7'rjkT} H [(m KT k)lz:k(zm)lb:O(bm)]

k i) m,k

hw(g)/w m — ! 7 (b =k (2,
: HH H [(mke ( mm/ k gr (¢ tm )))1b=1n (bm )1, —( m )PPG(wian’,k|170):|

k. m m/':m'€F,,

(9) (9)
. H H H 6h(“’k‘,}m,nv gz, 1 z=k(zm)kaPG(wl(€92n n|170)) e vk(T—tm) (126)

m (9)
(z,w)n €17’

where h(w,r) = 2/2 — wz?/2 —log 2, w(g) e~ Prg(w|1,0), ng)k is the marked Poisson process
with intensity vy, Ppg(w|1, 0)dtdw in the support of (0,7 — t,,,] x RY.

log P <{t7m Zm, bm}m ) { 7("2"/ k}k ;m,m! {Hg?k k,m |_)
_ ZZ[mmkmka] +Z[lz k(2m)Lo=0(bm ) 108 (i, k75 )]

k i#j

t22. 2 [lbzm«bm)lzzk(zmo(log<mk>+h< s o 91t = ) )

m m’':m/E€F,

+log Ppg(wim,7k|1, O)]

+2};Z Yo Lken)h(@, —gr (@), ) + log(ve - Pea(w[1,0)) | = vk (T = t)

(ZVW)neH(g)

=— ZZ[mmmjka] +Z[1z k (Zm ) Lo=0(bm) 10g(Ti, k75, k)]

k i#j

RR2RPS {lbzm*bm)lz:k(zm(log<mk>+gk<tm2iftm

m m’:m’'€Fy,

g tm - tm’
) 1og(2)) +log Pro(@%),, 1, 0)}

(9) 2

x l’]({:g)
DHHED> (1z_k<zm)<_g’“( tima) _ O Cima) 0 )

H(g)

(z,w)n€

+10g(vk - Poo(wf), ,]1,0)) ) = v(T = tm)] (127)

) (R o N LA W |

=— > E Wzmkﬂgmk]TJrZ{dm Km0 Bq (108 (i, k7 k)] }

k,i#j

+ Z Z {¢m',k¢m,m’Eq |:10g11k + gk(t'm - tm/) _ (gk(tm - tm/)) (9) lOg 2:|

2 2 mm’ k
km m/:m’€F,,

+Eq4[log PPG( mm/ el 0)]}

t2 I / (i (- 252 - e g 2) + log(mFho(w]1,0)) ) AL (o, w)dods

—Eq[vr](T — tm)] (128)
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We make the following adjustments to make the method of [2] fit in our model. For g (t), we
incorporates aux111ary Polya-Gamma variables (wmln, &~ Pro(wl]1,0)) for (iym, jim,tm) (under the
case of b, = m’, zp,y = k) and K marked Poisson processes for the potential edges initiated or
triggered by the kth label (with the intensity function vy Ppg(w]|1, 0)dtdw).

By using standard method of the mean-field variational inference method [1]], we can obtain each
random variable’s optimal variational distribution through the following equations:

g, (v;) = Eq,. [InL(D,{x;};)] + const (129)

Eq. (I29) will be used in deriving the optimal variational distribution for all the random variables.

Optimal Polya-Gamma density g(w') , ) We get

mm/,k

«$M>fm@$wmwwwmﬁmmm4mﬂ (130)

We can let cmm, v =V Om kVmm Eq (92 (tm — tm)).

Optimal Poisson process q(H( 9) ) Using the mean-field update equation, we get the rate functions
for the latent marked Poisson processes as:

m kEq(gk
A(g) ( ) B eXp(]E [log 'Uk] Pm,k 2(9A (t)))
m,k - g (t)
2¢m.k cosh(Em)

where c](jsn V Om,kEqlgi (t)]. Again, we emphasize that the support of A(g ) p(tw)is (0,7 —
tm] X RT.

Optimal branching variable ¢(b,,)

logm,0 = Z G kEq [log(Ti,,k7j,,)] = Z G,k {Eqllog mir] + Eq[log 7k} (132)
% k

Poc(w]1, ¢ (1) (131)

vm' :m' € Fy,,

108 Y = D S By [108(0k) + A s g1t — )]
k

E ty — toy E tm — tm )?
_Z¢m/ K |: IOg’Uk] Q[gk( W2L 3 )} _ (I[gk( L2 m ) }]Eq[wfgy)n/,k] _ 10g2

(133)

Optimal latent label ¢(z,,) = ¢, i

log ¢m,k
:]E(I [].b:()(bm) log(ﬂ-imkﬂ'jmk)] + Z Eq {lb:m(bm/’) |:10g(’0k) + h( m’)’m ko gk(t 1 tm):| }

17 1 ’
m’':m'" eF},

+ IEq Z h(wna _gk(xn))

(z,w)n €11 (9)

m,k

=m0 [Eqllog 7, k] + Eq[log 7j, k]|

+ ”.ZGF/ UVm m <Eq[logvk] + 4 5 _ Tq . Eq[w,(,f/),m,k] log?

Tt [Bylgn () 1r (a) (@) Eqlgr(0)] (9)
- [ [Pl e, o) Ao+ (B2 o)) o] @ asw
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where Frln = {m” : (im//,jm//) (j, ) Nty > tm}
Optimal bound variable v;, The optimal density of vj, is a Gamma distribution as:

q(vg) [Uk} all) - Le —bEuy,

where af) = A+ o Dot er,, Pt kmm + 2, fT bm A(g) )dt, b = b,, +> (T —
tn).

Optimal feature vector m; The optimal density of 7, is a Gamma distribution as:

(135)

(@) _ (q)
(k) o< [mig] ikt e bmin ik (136)

where a( )k =D i =ivj. =i Pm kUm0 + ak, b(q)k = b + 202, Tik) T

Optimal Gaussian processes gy (t) For the triggering Gaussian processs g (t), we can re-formulate
the likelihood related to g (t) as

P(D|g7 Uk, zmabm)

"I I eenmetaca T ]] [Ukeh(wi,f;/,wgk(tmtmo)

™ (@ w)men), mmm € P

1y s (b )l amie(2,00)

(137)

where H(g ) denotes a marked points process defined in (0,7 — ¢,,] X R, with intensity function
UkaG(wH O)dtdw

log q(gx) o< exp(U(gx)) (138)
U(gy) is defined as:

Ul(gr)

= Z ¢m,qu Z h(W;(an,n, —9k (-rl(cgr)n n)) + "/Jm,m’ ¢m’,qu Z h(wmm',ka 9k (tm - tm’

(I,w)neﬂg?k m’:m’'eF,,
1
{5 [0+ [ Boata]
T T
(139)
where
A(t)

:Z%k./ WAD (6w + > S [ S kB [50 4] 6 = (b — t))]

m m’:m’'€eF,,
(140)
B(t)
=—-3 Z (bm k- / A(q) t W dw + Z Z |:; : wm,m’qsm/,k(s(t - (tm — )):| (141)

m m/:m’'€F,,

in which we have the following equations for the above integration:

@) 1 (9) n

g _ mm

Eq[Wam 1) = 2@ , tanh (2 ) (142)
/T AY, (1 w)dw = A, (t) (143)
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(9)

c t
7& tant [ ) INONG (144)
26,7 (t) 2 ’

k,m

/ wAffi)k (t,w)dw
-

By using sparse Gaussian process methods, we get the sparse posterior distribution for the function
values at the inducing points as:

¢ = N(p®,5) (145)

where the covariance matrix and mean is expressed as:

-1

{ / Ak (k] dtKT + K } (146)
pt) =56 (Ksl / B(t)k, (t)dt) (147)

T

Given the sparse solution, we can obtain the point estimation as

p(t) =k (K ut (148)
(s(8))" = k(t,t) =k (VK T =Y K ks(t) (149)

Update the hyper-parameters of the Kernel functions in the Gaussian process Given Ag(z,w) =
APpg(w|1,0)dxzdw, the lower bound for the original paper is:

> b ktm 0Bq[log mmkmmk]}
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The gradient of the Evidence lower bound to the hyper-parameters (we let ®(9) := (9(9), 5(9)) in the
kernel functions of the Gaussian process) is:

OBq[h(w, f(2))] _ 1 (0OEqlf(x)] OEq [f(2)’]
0 T2 ( 0@~ oow el (152)
OEq[f(2)] _ OK(z) (g,
20— go@ M2 (153)
OBq [f(2)?]  Ok(z,z)  Ok(x)T [ (o (0,8) (9.5 "
6w~ = 560 T 5p0 (EQQ s () )”(x)
S ,S S T a
()" (26 + ) (us) ) i) (154)

where k(z) = kq(z) " K7 and k(t,t) = k(x,z) — kg(x) K7 k(). The remaining two terms
are:

Ok(z, x) _ Ok(z,r) Ok(x) Ok (t)
0@ — gl oo ks(2) — w(2) oP(9) (155)

Ok(z)  Oky(x)" 4 4, 0K, .
20— gow Kr R S K (156)

After each variational step, the hyper-parameters are updated by
9L(q)
(9) —(9)

&Y =@ +€8<I>(9) 157
3 g 1 2L (158)

08"

where € is the stepsize.
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