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Abstract

We study a constructive algorithm that approximates Gateaux derivatives for sta-
tistical functionals by finite differencing, with a focus on functionals that arise
in causal inference. We study the setting where probability distributions are not
known a priori but need to be estimated from data. These estimated distributions
lead to empirical Gateaux derivatives, and we study the relationships between em-
pirical, numerical, and analytical Gateaux derivatives. Starting with a case study
of the interventional mean (average potential outcome), we delineate the relation-
ship between the empirical Gateaux derivative (via finite differencing) and the
analytical Gateaux derivative. We then derive requirements on the rates of nu-
merical approximation in perturbation and smoothing that preserve the statistical
benefits of one-step adjustments, such as rate double robustness. We further study
more complicated functionals such as dynamic treatment regimes and the linear-
programming formulation for policy optimization in infinite-horizon Markov de-
cision processes. The ability to approximate bias adjustments in the presence of
arbitrary constraints in these more complicated settings illustrates the usefulness
of constructive approaches for Gateaux derivatives. We also find that the statisti-
cal structure of the functional (rate double robustness) can permit less conservative
rates for finite-difference approximation. This property, however, can be specific
to particular functionals; e.g., it occurs for the average potential outcome (hence
average treatment effect) but not the infinite-horizon MDP policy value.

1 Introduction

Inferential targets in causal machine learning often take the form of statistical functionals of the
data distribution. Examples include average treatment effects or average policy values for infinite-
horizon offline reinforcement learning. Estimation of these statistical functionals can be vulnerable
to the first-stage bias introduced by the estimation of nuisance functions such as outcome regressions
or transition probabilities. However, by leveraging the causal structure, it is possible to derive bias-
adjusted estimators that weaken the need for accurate estimation of these nuisance functions. The
celebrated doubly robust estimator is one such bias adjustment, and there are general frameworks
for deriving such estimators, including semiparametric efficiency, double robustness, Neyman
orthogonality, and “debiased/double” machine learning [7, 12, 13, 35, 52, 53, 56, 62]. These
general frameworks can also be applied to more complicated functionals in longitudinal causal
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inference and offline reinforcement learning (also known as offline policy evaluation/learning)
[5, 11, 43, 4649, 67, 68, 71].

A drawback of these general frameworks is that significant analytic effort is often necessary to ob-
tain concrete estimators that are appropriate for particular situations. Indeed, a practitioner may be
interested in novel variants of an estimand, or be working within a constrained class of functionals
that are appropriate for a particular class of problems. For example, in constrained Markov Deci-
sion Processes (MDPs) [3], or optimization-based estimators more broadly, a practitioner can easily
avail themselves of custom convex-optimization solvers that are computationally efficient and easy
to deploy to add additional constraints. Unfortunately, such choices may require case-specific re-
analysis to establish the desired statistical properties, and deriving the actual estimator that yields
bias adjustment may require significant analytical effort. It is therefore important to develop a suite
of constructive, numerical or algorithmic methods that yield desired forms of bias adjustment. Such
a suite would be complementary to analytic derivations.

To this end, we develop off-the-shelf procedures for estimating the statistical functionals for bias
adjustment in causal inference. We do so via numerical approximation of the Gateaux derivatives
that underlie the general analytic frameworks, building on prior work in this area. We focus on
interventional effects. [57] suggested numerical differentiation to estimate Gateaux derivatives of
functionals unavailable in closed form but approximated by computational procedures, such as the
solution to a system of differential equations; this approach is later used in [34]. Recent pedagogical
surveys of [35, 53] also emphasize the usefulness of Gateaux derivatives for deriving influence
functions, an approach which is directly applicable for discrete data and generalizes to continuous
distributions via a smoothing argument as discussed in [10, 39]. In this spirit, we build on the line
of work of Carone et al. [10], Frangakis et al. [24], Ichimura and Newey [39], Newey [57], which
proposes a constructive procedure by numerical approximation of a Gateaux derivative (in the sense
of Hampel [32], Huber [38]) by finite differences.

Evaluating influence functions by numerical differentiation can be useful because it only requires
black-box evaluation of the functional. In other areas such as optimization, numerical differentiation
underpins common subroutines that enable analysts to use optimization algorithms without special-
ized training in a particular modeling language or paradigm.” Although more advanced paradigms
compute exact gradients, they can require specialized training to use. In addition, the numerical
differentiation viewpoint connects the conceptual interpretation of influence functions as qualitative
sensitivity analysis (i.e. sensitivity of a functional to perturbations in the distribution) to the use of
influence functions in causal inference. Typical presentations of the latter framework are not con-
cretely connected to the former notion. We provide a concrete connection, which can be interesting
independent of computerized estimation for algorithmic, pedagogical, or conceptual reasons.

In this paper, we build on the previously mentioned line of work on the use of numerical derivatives
to approximate influence functions, focusing on the implications for statistical estimation. We pro-
vide exact characterizations of empirical Gateaux derivatives, in contrast to numerical derivatives
computed based on oracle knowledge of probability distributions. This work is focused on exact
characterizations that can inform statistical and computational trade-offs. Although we expect that
some of these characterizations may be apparent to experts, we also hope that this level of concrete-
ness can be helpful to non-experts. These trade-offs could eventually be practically relevant because
the finer-scaled discretization required for lower approximation error can incur fundamental issues
with floating-point computation that prohibit further gains in accuracy [23, 64].

Our contributions are as follows. We begin with a case study of the average potential outcome. The
average treatment effect is the difference of the average potential outcomes, and our analysis applies
also to the average treatment effect. We discuss the treated mean for simplicity; by symmetry the
same results hold for the control mean. In this setting, we characterize the exact relationship between
finite-differences and the analytical Gateaux derivative. This characterization helps concretize the
proposal of empirical Gateaux derivatives by allowing us to study the rates of numerical approxima-
tion that can preserve statistical performance. Finally, with these concretizations in hand, we turn
to more complicated motivating examples including a finite-horizon dynamic treatment regime and
infinite-horizon reinforcement learning. We illustrate with the case of policy learning in finite-state,

?For example, many data scientists use optimization through the scipy.optimize or r.optim pack-
ages: if they do not provide a gradient function callback, in some configurations, it is by default approximated
by numerical differentiation.



finite-action infinite-horizon Markov decision processes how this constructive approach to Gateaux
derivatives can directly extend also to the case of custom constraints.

2 Problem Setup: From Numerical to Empirical Gateaux Derivatives

We begin by introducing our first example, that of the mean potential outcome, and the canonical
doubly-robust estimator. We then briefly introduce the key objects in the more general framework of
orthogonalizing or debiasing statistical functionals by Gateaux derivative adjustments via the one-
step estimator. We also describe the numerical approximation of these adjustments via perturbed
black-box evaluations of the statistical functional and plug-in estimation. After introducing these
frameworks, we clarify what we mean by empirical rather than numerical Gateaux derivatives and
delineate our specific research questions.

We let O ~ P denote a draw of observations following the distribution P belonging to a statistical
model M. We will focus on the estimation of statistical functionals ¥(P), where ¥ : M — RYis
pathwise differentiable. Throughout, we take as given the assumptions that grant causal identifiabil-
ity (i.e., overlap/positivity, unconfoundedness/ignorability).

The mean potential outcome and augmented inverse propensity weighting. We very briefly
overview the celebrated doubly robust estimate of the mean potential outcome. The average treat-
ment effect is simply the difference of these doubly robust estimators for the treated and control
means; for simplicity, we discuss the treated mean only.

Example 1 (Mean potential outcome). The observation O = (X, A,Y) includes covariate X,
treatment A € {0,1}, and outcome Y € R. The statistical functional corresponding to the mean

potential outcome is:
¥(P) = E[Y(1)] = EE[Y | A=1,X]|.

Plug-in estimation of the conditional expectation is termed regression adjustment. The overall func-
1[A=1]
e(X)
e(r) = P(A =1| X = x) is the propensity score. (We omit explicit discussion of assumptions

such as consistency and ignorability, under which these identification results hold).

tional is also referred to as inverse propensity weighting, ¥(P) = E[Y (1)] = E {Y }, where

Given two identifying functionals for the mean potential outcome, a natural question is: can these
identification approaches be combined in some way to improve estimation? The doubly-robust
estimator of Robins et al. [62] achieves this as follows:

E[Y(1)] =E {%(Y —EY|A=1,X])+E[Y |A= 1,X]]

Appealing properties such as the mixed-bias property and the rate double robustness properoty can
be verified readily from its functional form. This provides a canonical example of one-step adjust-
ment by influence functions that applies more broadly.

Influence function and Gateaux derivative. A functional V¥ is Gateaux differentiable at P if

U'(H;P) 2 %kﬂ exists and is linear and continuous in H for all H.3

Hampel [32] and Huber [38] define the influence function ¢(O; P) as a Gateaux derivative with
respect to perturbations H = 0, — P, where ¢, is a degenerate Dirac measure satisfying the identity
J 06 (0) = o'. That is, we have:
d¥U (P +¢(6, — P))

de e:O.

P(0; P) =

Numerical Gateaux derivatives. Although this definition of influence function via perturbation
is not quite enough for semiparametric inference with continuous distributions, Carone et al. [10]
and Ichimura and Newey [39] show how to obtain absolute continuity in semiparametric models by
taking an additional limit as a smoothed perturbation converges to the point mass. They replace the

Dirac delta measure &, with a smoothed distribution 87, (0), a function satisfying [ g(u)dd (u) =1

3 Another way to state the definition is that ¥ is Gateaux differentiable at P if there exists ¢p (H) such that
@0 + cH) — ¥(P) = epp(H) + o(t), as t — 0 [73, p.296]. This statement coincides with the previous
statement when the functional maps to the real line.



and dominated by P. A common choice for 8 has the form 07 (0) = Ky (0 — o), where K is
a bandwidth-normalized kernel function and product kernel We then define a perturbation in the

direction of a generic observation o; as follows: P7 = cA={1—€eP+ 65)\

Carone et al. [10], Frangakis et al. [24] discuss numerical approximation by finite differences: for a

fixed e, A with e < ), evaluate the numerical derivative ¢(0; P) = e (¥(P,.\) — U(P)). Further,
[35, 53] highlight influence function derivations based on the analytic Gateaux derivative.

Carone et al. [10] establish that the limit of PfA when € and A tend to zero is precisely the Gateaux
derivative. and they provided generic approximation rates in (e, \) for a multi-point finite difference
scheme. These rates establish sufficient conditions for approximation error that ensure validity of the
numerical approximation, but can be conservative. For a two-point approximation with a uniform
kernel, the rate from Carone et al. [10, Thm. 5] is (e)\*d) + A2, We later strengthen this result.

Empirical Gateaux derivatives. In the context of statistical estimation, the underlying proba-
bility distributions also need to be estimated. We consider plug-in estimation of the statistical
functional via density estimation of the collection of joint probability estimates p(o) that com-

prise P. For example a plug-in representation of the mean potential outcome is as follows:
A=1,7) ~
ffy yA 15 p( )dydm.
It is important to distinguish between the empirical Gateaux derivative computed by numerical
approximation with estimated probability densities (e.g., P(Y, A = 1, X)), the numerical Gateaux

derivative obtained by finite differencing based on the true probability densities, and the analytic
Gateaux derivative:

€

(0;) = €71 <\IJ(]5’) - \11(15)) empirical derivative at smoothed and estimated distributions,

(0;) = et (¥(P!)—¥(P)) numerical derivative at smoothed and true distributions,

6(0;) = Lw(pr)

q g analytical Gateaux derivative.
€

e=0

It is the first of these representations that is appropriate for serving as a statistical estimator of
influence functions. In particular, the one-step estimator is justified by the following asymptotically
linear representation [60]:

U, =W(P)+ 30, 6(0:),  where 6;(0;) = £ (U(P}) — ¥(P)). (1)

See Appendix A for further discussion of this expansion. Given these definitions, we now turn to
the major mathematical and statistical questions that we address in this paper:

Q1: How exactly does the empirical Gateaux derivative approximate the analytical derivative?

Q2: What are the required rates of numerical approximation in perturbation and smoothing based
on (¢, \) that preserve the beneficial statistical properties of the constructed estimator?

In Section 4, we study these questions in the simple case of our running example: estimation of
the mean potential outcome. In that setting we can provide a fine-grain comparison of the finite-
difference estimator and the classical doubly robust estimator. In Section 5, we study more compli-
cated functionals to highlight more general applicability.

Example 2 (Example 1, continued). The influence function [31, 62] for a mean potential outcome
is:
1[A=1
$(0) = 5T (Y —E[Y [A=1,X]) +E[Y | A=1,X] - ¥(P).
Hence the canonical doubly-robust estimator (augmented inverse propensity weighting, or AIPW)
can be viewed as a one-step adjustment.

We conclude our introductory remarks by noting some limitations of our study. We omit discussion
of semiparametric efficiency since we focus on computing influence functions without the consid-
eration of model restrictions and tangent spaces. That is, we focus on Gateaux derivatives under a
nonparametric model. Throughout, we assume the functional is pathwise differentiable. This as-
sumption does warrant caution, because this condition can pose a fundamental barrier to efforts for



“automation”; hence empirical Gateaux derivatives are intended to augment but not supplant or re-
place analytical expertise. See Appendix D.2 for extended discussion on how stronger smoothness
conditions admit sufficient conditions for asymptotic linearity.

3 Related Work

In this section, we discuss the most closely related directions but do not attempt to provide a survey
or overview of influence functions or semiparametric statistics. See Bickel et al. [7], Fisher and
Kennedy [21], Kennedy [53], Tsiatis [69] or the appendix for a broader overview and further de-
tails. In Appendix D.1, for additional context, we also overview work on numerical derivatives in
optimization and statistical machine learning more broadly.

Numerical approximation of Gateaux derivatives. Recent pedagogical reviews [21, 35, 53] em-
phasize the Gateaux derivative and its use as a heuristic tool for deriving influence functions. While
our point of departure is a finite-difference approach to the former, we also consider more compli-
cated optimization functionals, with a focus on how dual variables characterize the Gateaux deriva-
tives therein. [10] derive high-level sufficient conditions for approximation error via general results
for finite-difference approximations. Relative to those general sufficient conditions, we focus on
specific improvements in approximation error for various functionals. For the specific case of the
mean potential outcome/average treatment effect, Frangakis et al. [24] interchange integration and
differentiation as a result of analytical insight hence their approach is less “automatic.” In general, it
may be difficult to deduce the form of the nuisance functions without deriving the influence function
analytically. The approach in Appendix B of [9] considers the specific case of debiasing moment
conditions with respect to first stages but also implicitly leverages this change in order of integration.

Other work on automating causal inference. Recent work in causal inference aims at “auto-
matic” or “computerized” semiparametric inference via a variety of methods [4, 14-16, 20, 45, 51].
To summarize briefly the difference with our approach, our approach focuses on the use of numerical
derivatives, and requires only a zeroth-order computation oracle of perturbed functional evaluations,
without additional nuisance estimation. This approach can be particularly helpful for incorporat-
ing debiased causal inference in the design and analysis of algorithms. On the other hand, it may
not achieve as strong improvements in estimation performance as other approaches that estimate
additional nuisance functions. Concurrently with the initial submission of this work, [66] studied
automatic debiased machine learning for dynamic treatment effects. Our development is most dis-
tinctive in the infinite-horizon setting, which is not a generalized regression residual.

We discuss differences to other works in the line of work of “automatic” semiparametric estimation
that are less directly related in Appendix A.1.

4 Empirical Gateaux Derivative of the Mean Potential Outcome

To illustrate the numerical approach to Gateaux derivatives, we work through the example of the
mean potential outcome and indicate precisely how the numerical differentiation incurs error relative
to the analytical derivative, which here is the doubly robust or augmented IPW (AIPW) estimator.

Relating the empirical and analytical Gateaux derivatives

Setup. We target the estimation of a mean potential outcome as in Example 1. For the smoothed
perturbation, we specialize to kernel functions K (u) from kernel density estimation satisfying
ffooo K (u)du = 1 (normalization to a probability density) and K (—u) = K (u), for all u (symme-
try).* The mean potential outcome is identified as follows,

JA=1,z
U(P)=E[Y()] =EE[Y |A=1,X]]= [ [yp(y | A=1,2)dydz = [ fywp(x)dz(/;i)m-
We obtain \II(PE) by plugging in the p probability density estimates. Note this is distinct from
the plug-in estimator in empirical process theory, which plugs in the empirical CDF; we plug in
statistical estimates. See Algorithm 1 for a summary of the procedure.

“Examples include the Gaussian kernel with K(u) = (271-)’%6’“2/2, or uniform with K(u) =

12l [Ju| < 1]. We generally consider K (u) = A"¢K(u/)), K(z) = K (z1,. .., z4).



Comparison of empirical Gateaux derivative and augmented inverse propensity weighting.
We have argued that, in the context of statistical estimation, approximating Gateaux derivatives re-
quires plug-in estimation of the statistical functional with estimated probabilities. Towards resolving
QI, we observe that the perturbed probability densities induce the functional form of the nuisance
functions in the analytical derivative. This is in contrast to the analytical derivative, which describes
the estimand in terms of, e.g., conditional expectations, and allows the analyst to choose the func-
tional form for estimating the nuisance function.

We will denote the P-induced conditional expectation as
EslY |A=1,X =z]= [yp(y | A=1,z)dy.

For example, the density-induced conditional expectation of kernel density estimates is exactly
Nadaraya-Watson regression. Given this, we study empirical derivatives with kernel density esti-
mation because they provide a classic textbook example of density estimates that induce conditional
expectation estimators. Other density estimation approaches can be used and their rates of con-
vergence would simply be substituted in Lemma 1. In Appendix D we discuss other choices of
density estimates. Of course, all such nonparametric estimation approaches suffer from the curse of
dimensionality, so additional structure is required to satisfy the product-rate conditions.

Our characterization will show exactly how plug-in evaluation with finite differences is nearly equiv-
alent to evaluating the doubly-robust estimator with a Nadaraya-Watson regressor as the conditional
outcome regression for E[Y | A = 1, X| and a kernel density estimate of the propensity score. It is
equivalent up to an additive bias that arises due to the smoothed perturbation distribution, and what
we will term a smoothed nuisance evaluation. We discuss what this smoothed nuisance function is,
and how we study its approximation error relative to estimation error of the induced nuisance.

Integrating the smoothed perturbation induces smoothed nuisance functions. Integrating with
respect to the smoothed perturbation distribution can be interpreted as a smoothed evaluation of the
resulting nuisance functions. We define the 5;‘0—sm00thed conditional expectation which smooths
the evaluation point, i.e., smooths evaluation around z( rather than precisely at x.

Definition 1 (5;\0 -smoothed conditional expectation).

EplY |A=1,X =20] = [Ep[Y | A=1,X = u] 5, (u) du. 3)
A similar definition appears in the literature on nonregular inference or the localization of a global
functional [57].° The following lemma, similar to van der Laan et al. [72, Lemma 25.1], summarizes
convergence rate implications of these smoothed nuisances; these are direct consequences of typical
analyses of kernel density estimation.

Lemma 1. Let i(X) = Ep[Y | A = 1,X] and é(X) = pe(A = 1,X)/p(X) denote the
nuisances induced by plug-in estimation of probability distributions p. For any bounded function
g(z) in a Holder class of degree B, ([ 6} (u)g(u) du — g(x))*>dz = O(N?). Assume that 5 is a
product kernel in a Holder class of degree f3, and [ |u|?|5)| du < oo and [ u®5) du = 0 for s < j.
Assume Y is bounded. Then the perturbed nuisances satisfy the following rates:

17e(X) = p(X)| = (X)) = p(X)|| + O(eA=/2),
lec(X) — e(X)I| = [|e(X) — e(X)|| + O(eA ).

The perturbed nuisances are asymptotically consistent, so long as p induces asymptotically con-
sistent nuisances and we fix € as a sequence vanishing in 7 at a rate appropriate to counteract the
growth in \ due to “roughness™; i.e., the variability of 5*. The difference between the function eval-
uation and its smoothed nuisance arises from the bias analysis of kernel density estimators and the
dimension-dependence of ensuring absolute continuity, but it is a non-stochastic, entirely determin-
istic argument. While the analysis improves mildly in the dimension dependence on A compared
to the general analysis of Carone et al. [10, Thm. 5], this still highlights the generally unfavorable
dependence of the numerical approach on the dimension due to smoothing.

SFor example, van der Laan et al. [72] proposes smoothing a nonregular target estimand, such as a dose-
response curve or density evaluated at a point xo, by conducting a smoothed evaluation locally around xo. In
that work, a function evaluated at o, g(xo), is approximated with a kernel smooth over z in a neighborhood of
xo with bandwidth h; so Ux(z0) = [ Kx(u — 0)g(u)du. Jung etal. [44] use a similar smoothing/localization
device but for a different problem.



Algorithm 1 Empirical Gateaux derivatives

1: Inputs: P probability density estimates, data {O; }1.,,, perturbation and smoothing (e, \) param-
eters, functional W
fori=1,...ndo

Pi=(1-¢)P +ed,

$(0;) < e H(T(PY) — ¥(P))
end for ~ .
Output: one-step adjusted estimate from empirical Gateaux derivatives, ¥(P) + < 3. ¢(0;)

EANNARE

Our first proposition establishes the exact approximation error induced by finite differencing.

Proposition 1 (Gateaux derivative of probability density representation). Consider perturbations
in the direction of 0; = (2;,a;,y;). Let p(z),p(A = 1,2),p(y, A = 1,x) denote kernel density
estimates. Let U(P) be as in Equation (2):

qj(p&i); v(P) = /ﬁ(wge[(ﬁzi]’%(x) {(/y Sﬁi(y)dy> ~EplY |A=1,X = x]} dz
+ (Epe[y |A=1,X = x] qu(ﬁ)).

We compare the expansion of Proposition 1 to the canonical AIPW estimator in Example 2. We spe-
cialize to a uniform kernel for (5{){ (y) sothat [y (5;; (y)dy = y;. We next observe that the smoothing
kernel introduces additive bias relative to evaluating terms in the expression at the observation o;.

Corollary 1. When the perturbation observation is the observation datapoint O; = (X;, A;,Y;),

0(0) = 5ty (Vi —EplY [ A= LX) + (E5 [V | A= 1.X] - ¥(P)) + OV).

Lemma 1 allows us to further simplify and conclude that the decomposition of Proposition 1 is close
to the canonical AIPW estimator up to the O(\?) bias induced by smoothed evaluation.

Implications for estimation Next, we use our characterization in Proposition 1, Lemma 1, and
Corollary 1 to study the statistical properties of our computational/numerical approximation. Corol-
lary 1 arises from deterministic equivalences and allows us to study the relationship to the typical
“oracle” AIPW estimator; albeit with induced e-perturbed nuisances. An appealing property of
bias-adjusted treatment effect estimation is rate double robustness: because we incur the product of

. . . _1
convergence rates of the nuisances, we may enjoy parametric n~ 2 rate convergence of the target

functional while nuisances converge at slower rates, for example at n’i; see [13, 63]. We use the
rate double robustness property of the target and Lemma 1 to infer the required rate conditions on
(€, A) that retain the beneficial statistical properties of the canonical AIPW estimator. The next result
combines our previous characterizations with the standard analysis of AIPW.

Assumption 1 (Regularity conditions). Assume the following regularity conditions hold:

(i) Y is bounded.
(i) p(y | A= 1,2),p(A = 1| x) are in Holder classes of minimum degree (5.
(iii) The estimates p(y, a,x),p(a, x), p(x) belong to a Donsker function class.

(iv) Assume [i, € satisfy the product-rate condition: ||i(X) — w(X)|| x ||é(X) — e(X)| =

Op(n’%). Assume fi, € are RMSE-consistent with v, T, respectively, so that v, + 1, > %

Theorem 1 (Rate double robustness). Consider the one step-estimator with the empirical Gateaux
derivative. Under Assumption 1, when e\=%? = o(n~ rnax("'H""e)), and \P = o(n_%):

(W(P)+ LTI, 6(01) = W(P) = Op(nH),

We now interpret the qualitative estimation implications of the analysis. Theorem 1 states the rate
conditions required of numerical approximation in €, A to preserve the statistical property of rate
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Figure 1: (a) Epsilon-lambda plot for mean potential outcome: MAE in approximation of one-step
adjustment. (b) Error in estimation of E[Y (1)] over n.

double robustness. Assuming that the nuisances induced by the probability density estimates satisfy
a product-rate condition that the product of their RMSEs is faster than the parametric O(n_%)
rate, the form of Proposition 1 suggests that the rate of RMSE convergence of perturbed nuisances
is required to be faster than the rates of the unperturbed nuisance functions, max(r,,,r.), which

can be a slower rate than the e = o(n’%) implied by the generic analysis of finite differences.
For a direct comparison, the rate of Carone et al. [10, Thm. 5] suggests a rate requirement of

(e)fdl)s + A2 =0(n"2).

In general, the dimension dependence on A in Lemma 1 will prevent setting a slower rate for e for
nontrivial dimensionality. Note that without the smoothing requirement, the potential improvement
in the rate of € could be on the order of generic rate improvements implied by a central difference
scheme. That is, we would have attained the approximation benefits of generically approximation-
improved finite-difference schemes via the specialized statistical structure of the target adjustments.

S Applications: Mean Potential Qutcome and Dynamic Settings

As empirical illustrations, we first show a plot of numerical approximation error ranging over (¢, \)
in the simple case of the mean potential outcome. We then apply the tools that we derived in the
previous section to analyze more complicated settings.

5.1 Mean potential outcome

We first conduct a validation of our decomposition and theoretical characterization. Our data-
generating process includes a piecewise linear outcome model (such that kernel regression is mis-
specified). We conduct plug-in evaluation of the mean potential outcome with kernel density esti-
mates. In Figure la we include an (e, A)-plot for the simple case of AIPW (see [10] for more discus-
sion and examples). We consider a one-dimensional case with uniformly distributed X, piecewise-
linear Y, and smooth propensity scores that are logistic in sin(X). We use n = 500 and fix the
bandwidth & = 0.05. Colors denote magnitude of the mean absolute error, included in text on the
heatmap. Without loss of generality, we study the estimation of a mean under missingness, E[Y (1)].
Figure 1b illustrates the estimation error of various strategies with the comparable kernel-based es-
timates (DM is regression adjustment). Note that even in this simple setting AIPW offers benefits
and sample efficiency relative to DM. We include further numerical experiments in the Appendix.

5.2 Dynamic treatment regimes

We study the estimation properties of the empirical Gateaux derivative for multi-stage DTR from
the probability density representation. In T-stage dynamic treatment regimes, the causal quantity of
interest is the mean potential outcome E [Y (a)], where @ = (aq, . . ., ar) is the (deterministic) treat-
ment strategy. Assuming Y (@) is sequentially ignorable given the treatment and covariate history,
(A4, X:), at each time ¢, this causal quantity can be identified by the g-formula,

EY(a)]=[E[V|A=aX =3[, plwt|G1,T-1) 7,



where A = (Ag, ..., A;), X = (Xo, ..., X;). Toderive its influence function, we take the empirical
Gateaux derivative by considering the perturbation in the direction of 0; = (Z;, @;, y;), where T; =
(.TZ‘Q, A ,CCit) and a; = (aio, Ceey ait),

(y,A=a,X=x T (2,8 1,74 ~
=/ (f ypi:x)) dy) I B3 e (o) da. (4)

Below we characterize how this empirical Gateaux derivative at the smoothed distribution differs
from the one at the (unsmoothed) estimated distribution. The following result is analogous to Propo-
sition 1 and Corollary 1 but is extended to the dynamic treatment regime.

Proposition 2.
“L(W(PY) — W(P))
~ (Bser [Ep, [V 14X | 20] - wP) + 22
+ 3 1,,6[%{1@ [Ep [V A X] | Gires Eir—sti] )

ar

Ep [Ep (YA X] | @ir—sZir—s|} +O() + O(N)

[Y; —Epa [Ep [Y 4, X]]]

il

The expansion verifies that the requirements for numerical approximation are similar in € as in the
case of a single-timestep mean potential outcome, despite the additional complexity of the dynamic
treatment regime function as a nested expectation. Again, smoothing incurs overall unfavorable
dependence in the dimension, as the extension of Lemma 1 to Ej [V | A, X] also incurs unfa-
vorable dependence on the dimension. The history-dependent nulsances 1mp1y that the dimension
additionally grows in the time horizon.

5.3 Perturbations for (constrained) infinite-horizon off-policy evaluation

We show how this framework can be applied to derive generic bias corrections for infinite-horizon
off-policy optimization in offline reinforcement learning, via the canonical linear programming char-
acterization [17, 61]. Our application is relevant to a recent line of work on off-policy evaluation
and learning (OPE/L) [5, 43, 4749, 67, 68].

Setup. We recall the classical linear programming formulation of finding an optimal policy in a
tabular (finite-state, finite-action) Markov decision process, due to De Farias and Van Roy [17], Put-
erman [61]. Recent work has revisited this formulation with interest in developing primal-dual
algorithms [1, 55, 65, 74]. The dynamics follow an infinite-horizon Markov decision process with
discount factor 7 The offline dataset is comprised of trajectories of state, action, next state ob-

servations: {(s{,a? st s7)}1.n. We derive our bias adjustment under a statistical model

sp,ad, ... sk s
where the stationary distribution factorizes as p(s,a, s’) = d(s,a)P(s | s,a). From the joint state-
action-state occupancy distribution p(s,a, s’), we estimate the marginalization d(s,a), the sta-

tionary state-action occupancy distribution, which we use to estimate the transition probability
P(s' | a,s) = % Let p9(s) denote the initial state distribution, estimated from offline data

and assumed to be equivalent in the original confounded and evaluation setting. Because we focus
on the tabular case with discrete distributions, we do not require smoothing.

The optimal policy linear program. The optimal value function solves the following linear pro-
gram in a finite-state and finite-action setting; the objective value at optimality is the policy value.
Here, P, € RISIXIS| is transition matrix at action a, with P,(s,s') = P(s' | s,a), uo(s) is the
marginal occupancy distribution of the initial state. We assume, as is fairly common in theoretical
analyses of reinforcement learning, that the reward function is a known function of state and action,
r(s,a). Letrq = {r(s,a)}secs be the vector of reward values per state, for fixed action a. We have:

Up(P) = mVin{(l N Vi (I =yP,)V —1, >0, Vac A} (6)

The dual formulation is well known to parametrize the stationary occupancy probabilities of the
optimal policy (at optimality):

p(P) = max (e q a7t Laeall =Pt = (1= pto, pta 20, Vac A},



We verify the bias correction from the Gateaux derivative %\I/ D(PE)’ . Note that evaluating
0

this functional at the perturbed distribution evaluates the linear prograneliwith perturbed left-hand
side coefficients; i.e., perturbing the constraints of the coefficient matrix as well as the objective
(marginalizing over a perturbed initial state distribution. We evaluate the Gateaux derivative in the
direction of (5, a, §'). We assume nondegeneracy (unique optimal solution); this can be relaxed.
Assumption 2. The optimal solution is unique; there is no degeneracy.
Proposition 3. Perturb in the direction of a generic observation (8, a, §') :
wl= ~
TR = -y - B

(r(8,a) +9V*(5") = V*(5) = ¥p(P)  (8)
Sketch of argument. The statement of Proposition 3 is not surprising since we can immediately
verify the mean-zero sample version of the Bellman residual, and so one might plausibly derive this
form from double robustness. Rather, we provide an alternative argument based on the sensitivity
analysis characterization of [25].For € small enough, the active basis remains the same. When the
perturbation matrix is P + eG for some matrix G, [25] notes that the derivative of the optimal value
is d'(¢) = —7GT (where (7, %) are the dual and primal optimal solutions, respectively) can be
obtained from the derivative of a matrix inverse, which yields higher-order expansions.

We next compute the approximation error that arises from evaluating finite differences, so long as €
is small enough to maintain the same active basis, which is empirically verifiable.

Proposition 4 (Error analysis from finite differencing). Perturb in the direction of a generic obser-
vation (8, a,§'). Then:
p*(3,a)

€ (U(P) =T (P)) = 1=V (5) - 0(5.3)

(r(5,a) + 7V (5") = Ve(8)) = ¥p(P)+O(e) (9)

In this setting, unlike the earlier case of the treatment mean in Corollary 1 and Theorem 1, even in a
favorable discrete-state case without smoothing requirements, rate double robustness does not admit
weaker numerical requirements on e. In the analysis, eq. (45) shows that V,(s) — V(s) = O(e), so
that Proposition 4 holds with the unperturbed nuisances and the same order of approximation error.

Generalization to constraints. We argue the main benefit of this approach is that by computing
these finite differences, we can obtain generic bias corrections via a more broadly applicable argu-
ment that does not require interpretation of the closed-form solution to an optimization problem.
For example, consider a relevant subclass of constrained Markov decision processes comprised of
additional constraints on the policy variables: the linear programming formulation is particularly
appealing because linear constraints can be directly added [3]. The additional constraint 1 € P re-
flects linearly representable constraints on state-occupancy under the optimal policy. For example,
relevant constraints could require the occupancy in certain risky states to be bounded. [59] develops
a framework with a “caution function,” a convex function on the state-action occupancy measures.

Example 3 (Constrained policy optimization).
Up(P) =max{},catara: Zgeald = VP Jta = (1=, pa >0, Ya €A, p€P}.

6 Conclusions

We have presented a constructive algorithm that approximates Gateaux derivatives finite differenc-
ing, with a focus on the statistical functionals used in causal inference. There are several directions
which are natural follow-ups to this work. First, the smoothing perturbation, although it restores
absolute continuity, introduces technical barriers in the implied approximation rates with regards to
dimension dependence. Another useful direction would be to explore methods that are fully adap-
tive, not requiring any prior knowledge of beneficial statistical properties. Finally, our work has
been mainly theoretical, and it would be useful to conduct further empirical comparisons.
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Appendix: Empirical Gateaux Derivatives for Causal Inference

A Overview and background for influence functions

For a broad overview of influence functions and their role in causal inference, see [35, 53, 69].

We focus on functionals that admit an asymptotically linear representation:
W(P) - w(P) = - [ o(ui P)aP() + Rx (P ).

where the influence function, ¢(u; ]5) captures the first-order bias in the functional. That is, we
focus on functionals that are smooth enough to admit a von Mises expansion with a mean-zero,
finite-variance influence function and a second-order remainder term Ry (P, P).

A.1 Additional discussion of related work

Other works on automatic semiparametrics In more detail, [51] outline a general approach for
Gateaux derivative estimation based on leave-one-out techniques. [15] build on the variational char-
acterizations of [40] via Riesz representation for generalized regression residuals. [14, 16] and other
works further develop “automatic” estimation based on this approach. Our references throughout to
[39] are primarily for the smoothing arguments required in a semiparametric setting. [20] develop a
framework for modeling heterogeneity with deep networks, similar to a functional coefficient model
that admits an influence function computable by automatic differentiation (or numerical differen-
tiation of Hessians/Jacobians for a given parametrization). [4] focus on graphical algorithms and
characterizations of the efficient influence function for identified latent variable models, for ATE-
like functionals, given a causal graph. [2] develop approaches for validating causal machine learning
methods with influence functions.

Influence functions or Gateaux derivatives in other settings. More broadly in machine learn-
ing, influence functions have been used for qualitative sensitivity analysis or bias correction
[26, 27, 54, 75]; further connections to numerical methods could be interesting. However, the use of
influence functions in the causal setting is different because one computes influence functions of the
statistical functional with respect to perturbations in the distribution, rather than perturbing the mo-
ment function that identifies the estimator. Recently, in data-driven optimization, finite-difference
approaches for Gateaux derivatives have been used to debias in-sample bias of the stochastic op-
timization functional in general; see, e.g., Gupta et al. [30]. Guo et al. [29] build on the finite-
difference method of Ito et al. [41] for debiasing optimization with causal outcome coefficients but
without characterization of the adjustment.

B Proofs for Section 4

B.0.1 Supplementary lemmas

Lemma 2 (Intermediate decomposition).

GRS s o

— /ﬁé(f(f)l,m)ll[ai = 1]83,.(x) { (/y Sg’l\i(y)dy> ~EslY |A= 1,1;}}013;.
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B.0.2 Proofs

Proof of Proposition 1. We have:

-| [ (“ e ;f i) e

%’{ / / [pg e = 11;;) b, - ]5](512;4/;1,1;)6)5(4 dy de.

The first term can be expanded using the decomposition of Lemma 2. We recognize the second term
as (IE plYA=1X =]~ \11(15)) by definition of the perturbed nuisances. We obtain:

\II( 61)7\:[/(15) ~ ﬁe(yaA:1a$) ﬁ(y’Azl )
e a-a i [o (BT -GS e

:/ij)ljx)ﬂ[ai: 1]5£i($){(/y5;‘i(y)dy) ~EplY | A= 1,3;]} dx

+ (prE[Y | A= 1,X:;z:i]f\11(]5)).

Proof of Lemma 2. Verify by direct computation.

For simplicity we consider a single summand in the sum (the claim follows by applying the same
argument to every summand). Recall that P.(A = 1, X;) = (1 — e)p(A = 1, X;) + el [(0\,));] and
expanding the latter yields:

(1—aply, A=1,2)+ e ply,A=1lx
p(A=12) p(A=1,z)

:/ﬂx)/y [{Mﬁ(y,Am)ﬂS;}ﬁ(ALx)

ﬁe(A = 1733)15(14 = 1,1‘)

A = 1) {04 = 1)+ e ]
B p(A=1,2)p(A =1,x) v

GAi=to) ‘A= Lop(A=1

(z) S )
ﬁﬁw /yéyidy —E[Y |A=1,2]pda
&I{[ai =1] Sév)(x) {/yggidy —E;lY | A= 1,35]} dz.

o Py, A=1,2)80,, .
%i ( )() dy dz
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Proof of Lemma 1. To bound E[(é

éc(X) — e(X))?], argue similarly and observe that since &, =
Pe(A=1]2) =p(A=1,2)/p(x),

we have:
E[(éc(X) — &(X))*] = / (1= p(A = 1,2) + €5, 5 (2)) = H(A = 1,2))* /p(x)* da - ()
_ e / (82 a(2) — (A = 1,2))/(x) da

=¢ / (02 () = 262 5 (2)p(A = 1,2) + p(A = 1,2)%) /p(z) dz

= EWATIR(N) + v) = O(2X79).

In the second-to-last inequality we lower bound p(x) > v and upper bound p(A = 1,2) < 1. In the
last inequality we apply a change of variables to identify the term that arises in analysis of variance of
kernel density estimates. We incur the A~¢ dependence since we assumed that multivariate kernels
are product kernels. The roughness term R( (V‘ =/ 52 )du depends on the particular 6 kernel

function and is a kernel-dependent constant. Hence the term scales overall as A~% as in standard
analyses of variance of kernel density estimates; see e.g. Ullah and Pagan [70, pg. 23-26].

Next observe that:

1726(X) = (X
< Ae(X) = p(X)[| + [|2(X) = (X

A ~ ’ 2 %
(f{ff (Gegpmaciands - dasia) ) gy | p(m)dx> A(CX) = (X))
— (e {Aimtlo = 13 @) b~ Bl | 4= L)} plodae) + 0X) = 0]
— O(A™2) + [[3(X) — pu(X)|

where the first inequality comes from the triangle inequality, and the second equality from arguments
similar to those in the previous bound. O

Proof of Theorem 1. Let
e(X) =p(A=1,X)/p(X) =p(A=1]|X),a(X)

denote the propensity and conditional outcome nuisances arising from plug-in estimation of P.
Let

€e(X) =pe(A=1]X) =p(A=1X)/p(X)
denote the nuisance arising from plug-in estimation at the perturbed distribution.

First observe that by Corollary 1:

i) — (P _ )
S (- S (- BaY | A= 1X) + (Bp [V | A=1,X] - ¥(P)) + O(V)

This decomposition characterizes convergence of an AIPW estimator with possibly biased but
asymptotically consistent nuisances fi, €. in terms of the AIPW estimator with oracle nuisances—a
standard analysis—and an additional term that vanishes on the order of € (assuming strong overlap
and boundedness). Define I'* (O) as the doubly-robust score for AIPW with oracle nuisances e*, pi*,
and let I'; denote its empirical counterpart at O; = ( Xk, Ag, Yi):

Y —pr(X)

I(0) =14 =15

+ pr(X).
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We will study the decomposition relative to the AIPW estimand with oracle nuisance estimates, with
T'(O;e, ) denoting the above score but with nuisance functions e, y:

U, (P) —E[I*(0;¢", 1))
= (V(P)+ £ 0L, ¢i) — EL* (03¢, 7))
= En[[(0;éc, )] — E[L*(0s¢*, p1*)] + Enlfie(X) — (X)) + O(N)

= (En — E)[L(03éc, )] + E[L(0s 8¢, 1) — T* (0", p*)] + En[ie(X) — A(X)] + O(N),
where the second equality follows by Proposition 1, and the third by adding/subtracting
E[T(Os é, f1)].
The first term, (E,, — E)[I'(O; é, f1)] is the standard empirical process term of the decomposition,
obtained by the Donsker assumption and classical stability results for Donsker classes [73]:

(En - E)[F(Oa ésa la)] = (En - E) [F(O, 6*7 p,*)] —+ op(nfé).
Hence, we have

U, (P)—E[[*(0;¢*, 1*)] = E[L(O; &, i) —T*(0; ", 1" )|+ En [fic (X) —(X)]|+O(N ) 0, (n~%).

We obtain the product error conditions by standard decomposition of the remaining first term: (4o
]E[F(O_;ée,ﬂ)— *(0'6*,/~L*)]
S1E ]( = ﬁl = )] B | (g —1) 60 - w0
B[ =11 - ) 000 - (00
E_M](aéﬂaﬂm>wuvmm»}

<vlec(X) = e (X)lz,p x |A(X) = 17 (X)ll2,p-

The second equality follows by adding/subtracting I1[A = 1] /é.,1[A = 1] a/e*, 1[A = 1] u*/e*).
The third equality follows from iterated expectations. The last inequality follows from the Cauchy-
Schwarz inequality and overlap. Therefore, ¢ must satisfy a rate so that é. converges at typical
double robustness fast rates, such as n~'/4, under a suitable sample splitting scheme.

For the last term of Equation (10), note that by Lemma 2, the numerical error € is multiplied by error
rate of the outcome nuisance:

Bl () = (0] = ¢ [ [ =P —tla = 1130 (0) (=Bl | 4= 101} da
e[ tA=1
‘Iﬂm<uX>
<A = 1/p(A= 1] X) o pllY ~ Bl¥ | A =1, X]]lp + ON)
= OV) + 0yn~")e

by application of Cauchy-Schwarz inequality and strong overlap. The claim follows by application
of Lemma 1 to deduce implications on e from standard product-error rate requirements on ji, . [

{V —Es[Y | A=1,X]}| + O(N)
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C Proofs for Section 5

C.1 Empirical Gateaux derivative for multi-stage dynamic treatment regimes

We study the estimation properties of the empirical Gateaux derivative for multi-stage DTR from
the probability density representation. In 7'-stage dynamic treatment regimes, the causal quantity
of interest is the mean potential outcome E [Y°], where @ = (ag,...,ar) is the (deterministic)
treatment strategy. Assuming Y'® is sequentially ignorable given treatment and covariate history
(A4, X;) at each time ¢, this causal quantity can be identified by the g-formula

T
E [Ya] = /E [Y|;1 =a,X = 57] Hﬁ(xt |Gi—1,Z¢—1)dZ,

t=1

where A = (A, ..., Ay), X = (Xo, ..., Xy).

To derive its influence function, we take the empirical Gateaux derivative by considering the pertur-
bation in the direction of 0; = (Z;, a;, y;), where T; = (x;0, - . ., x;t) and @; = (a0, - . -, ait):

W(PE"):/(/?J'ﬁi(%A_a’X—j) dy)Hﬁ"(It’at‘“it‘l) pelwo)dz. (1)

f)e(atfla $t71))

Below we characterize how this empirical Gateaux derivative at the smoothed distribution differs
from the one at the (unsmoothed) estimated distribution. The following result is analogous to Propo-
sition 1 but is extended to the dynamic treatment regimes.

Proposition 5.

T
/Eﬁe Y |A=a, X1 =Zrr, Xo = i H p(xe | Gr—1, Tr1, Tio) AT — U(P)

t=1

T . _ _
(@i %) A 1_ - v _ p(xtaat—laxt—l) _
= = 6d _E"YA:G/,X:.’I} —_— dz
pe(A=a,X =7) [/y v Y v [ | ]H H P(ar—1,T¢—1)) }

t=1
s

-1

. Py, A=a,X =17) pxt,at 1T 1) 7T Pe(®, Gr—1,T4—1)
2 o 0){ [r5tiss=s >H 1V Caary i | S xOweowny)

=1
1 < ﬁ(wsa@s—lvxs—l) o\ _
N P e Y . d
* & Us—1,T5-1)) |:(ai,slywi,5)> 5(a 7 (@i,5—1,%i,5-1) v

pe( 1,Ts p(as—lvxs—l))
T
"‘GZ/Eﬁe Y |A=a Xir=Zir, Xo =i
s=1
T -1
o P(Ty, Gy, T1i—1, % Hp (T4, Qp—1,T1:0—1, Tio) 1
et p(at—l,xlzt—l,xzo w1 Pel@e—1, B1a-1,i0)) De(@s—1,T1:5-1, Ti0))
< D(Ts, Gs—1, T1:5—1, Ti0) 2 ]H _
X [0h )= LY dz. (12)
|: (al,s,l,xw)) p(as—lyllzs—l;xio)) (@i,5—1,%5,5—1)
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For comparison, the exact efficient influence function under the non-Markovian dynamic treatment
regime is

[Eﬁ(fm) [Es [Y | A =a,Xir = %17, Xo = 2i0) ] \IJ(P)]
I(a;) ) o
+Z3(A=@|X—i) [Yl_]Eﬁ(i) [Ep [Y|A—a,X—x]]]
+3 H(?i{—s,mf—sﬂ) /]E,5 V[A=aX =1z Tl_[_l B(e | @1, Ze—1) AT (r_sy1):(r—1)
= pelar—s | 77—s) t=Ts+1

T-1
/Eﬁ [Y | A= EL,X = :E] H Pz | ar—1,ZTt—1) d"f(T—s):(T—l)‘| .

t=T—s

T _ _
_ Z H(ai,Tfsa xi,Tfs)

ﬁ(a’T—s | jT—s)

This proposition performs a decomposition of the empirical derivative. It quantifies the additive bias
due to the smoothed perturbation compared to the (raw) perturbation at the observation o;.

Proof. We first decompose the empirical Gateaux derivative.

(@, a1, T-1) N .
5 (Gy1. 7 (1 = e)p(wo) + €dy, ] AT
Pe(ar_1,T1-1)) [( )p(wo) w0

I
a | =
\
\
<
K
" (ES
Is] I
~ RSl
N' N‘
I I
|
~la
(o}
N
~——
==
=il

,/ (/y . ﬁé?ﬁA:_j’XX:_f) dy) t:rll m - p(x0) dj] (13)
A )
Pe(A=a,X = i1 Pel@t—1,T1—1 °
([ D ) Tt ey
oo oo (o B S o) IR
([ SRS e T w
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T
/E,;E Y| A=a,Xr=27] [[Pe(@e| @1, Ts-1)p(20)0},, d2 — W(P)

t=1

- - > T
Pe(y,A=a,X =) > De(@t, Gp—1,Tt—1)
. - - d ATt L
</y pe(A=a,X =7) Y tzl_[l De(Gi—1,T1—1))

(o sy Wtcsts o

T
/Eﬁe [V |A=a,X10 = Trr, Xo = wio] [ [ e(@e| @1, F11, 210) AT — U(P)

=1
1 ~ pe(y, A=a,X =7) ) e De(@s,Qp—1,T¢—1)
- . - - d
T /p(“) </y a—ax-n @) U5 a w0
Py, A=a,X =1z) ) d Dty Gr—1,Te—1) | ,_
_ . i Z d 2l d 15
</y sazax=n ) G2 | @ (1

Equation (13) is due to the definition of the smoothed perturbation. Equation (14) separates the
effect of smoothed perturbation into two pieces: the evaluation of y and the evaluation of the density
ratios. Equation (15) is due to the definition of E;_[].

Calculating the second term of Equation (15). We first decompose this term into two difference
terms:

ﬁe(yvle = a‘7X = j) ~€(ztaat—17ft—l)
W= = O)I! 1o

=1 De(@r—1,T1—1))
)

o B, G, Teo1)

ty Ut—1,Lt—1

w) I
=1 P

(@¢—1,%¢-1))

~([o B ) It [Pt
_ T 5 - P S T . -
R e R e I

a7)

The second difference term can be decomposed in a similar way as in Lemma 2.
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(18)

We next analyze the first difference term by induction:

T . T
Hp It,at 1, Tt— 1 Hp(wmat 1, Tt 1)
Pe

i (@t—1,%¢-1) P(ar—1,%¢-1))

Hﬁ T, Gp—1,Tt—1) { pe(x7,dr—1,Tr—1)  plar,ar—1,Tr- 1)}
=1 Pe

(Gt—1,T¢—1) Pe(@r—1,%7-1)) plar—1,Zr-1))
-1 . T—
Jr19($T,¢1T 1,9€T 1 H De 9€t7at 1, Tt— 1 H ﬂﬂt,at 1, Tt— 1) (19)
plar—1,2r-1) i Del@i—1,%-1) o P(a-1, 1))
Pe(®s,85-1,Ts—1)  P(Ts,85—1,Ts—1).

Next we evaluate the key term in this induction =72—=—
pg(as_l,ms_ﬂ) p(ag 1,Ts— 1))

ﬁe(xsads—lafs—l) ﬁ(xsaas—lajs—l)

ﬁe(dsflajs 1)) ﬁ(as 17i‘s 1)) _
(= e)p(as, @51, 75— 1) + ed) )D(@s—1,Ts-1))  P(ws,a5-1,Ts-1)((1 — €)p(as—1,Ts—1)) + €5,,)

pe(as—laxs—l))p(as—lvxs 1)) ﬁ(as—lvxs—l))pe(as—hxs—l))
. (65(%5 15T, )) ﬁ(xsads—lajs—l)(eg(a1 s 1,Fi s 1))

- ﬁe(as—lvxs—l)) - ﬁ(as—lvjs—l))f)e(as—lyxs—l))
€ "')\7 ~ ) _ ﬁ(l‘was—lai‘s—l) *)\7 ~
ﬁe(dsflafsfﬂ) (@i,5—1,%i,s) ﬁ(a571’f571)) (@i,5—1,%i,5—1)

(20)
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Thus we have the following inductive relationship in 7"

T . T
Hp $t,at 1, Tt— 1 H (xtaat 1, Tt— 1)
De

(Gt—1,T—1) P(Gr—1,Tt—1))

~+

=1 t=1

1:[ Pe(@e, Ar—1,Te—1) € [n\_ i )_ﬁ(xTadelwafl)g,\_ i
i De(@i—1,%¢-1)) f)e(aT—lajT—l)) (847 -1.8:,7) plar—y, Tp_y)) (@er-Teron)

ﬁ(?'T,ani,jT 1 C Pelwe, e, T 1 1:[ P, G—1,T4—1) @1
plar—1,T7-1)) i Pe(@t—1,T1-1) =1 p(at—1,%¢-1))

T _
Z H thyat 1, Ty 1 H xtaat 1, Tg— 1) €
1 i Pe(@i—1,%-1)) Pe(ls—1,T5-1))

Cl x
=T — t=s+1 t—1, Lt— 1

S/\, B p(l'svas 1, Ts— 1)5)\ )
x |: (ai,s—l-,zqt,s)) p(as 17335—1)) (ai,s—17m1,,s—1)

p(l’ a x ) D (IE a T LC a T )
I I ) 1 1 1 1 I | ) 1 1
ty Ut s Lt e\l Wi— t— tyWt—1y Lt— (22)
t=T—1 p(at 17$t 1)) =1 pe(a't—lyxt 1 =1 a/t—17xt—1))

T T -
_ H p(xt,at 1, Tt— 1 HP ﬂft,at 1, Tt— 1) €
s=1 li= p at 1axt 1 =1 ﬁ at—lamt—l)) ﬁe(as—la‘fs—l))

A p(xsyas—laxs—l) o\
X 5(51-,571@1',5)) - ﬁ(ais—lafs—l)) (5(5—“,51’3—“’51):| } . (23)

These calculations imply that

T
/Eﬁs [Y|A=a Xir=Zur Xo =i Hﬁe(xt | @1, 101, Tio) T — U(P)

(/ ﬁe(y,fi:a,)_(:j:) ) De(@s,Qp—1,T¢—1)
Y- —=
( ) b

Pe(@t—1,T¢-1))
([, PwA=aX=0) i) |
(/y p(A=a,X ==z) dy) I P(ar1,7-1)) ]d ] (24)
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T
H ~E(It |at—17j1:t—laxi0) dz — \II(P)

T, C_Lt—lyft—l)‘|

Pe (T4, p—1,T—1) H ;5(~

([r T w)] U e e

pe(y,A=a,X =1) L e
. d aSeld L L L
( Y H Pe(@t—1,Tt-1)) =1 p(at—1,%-1))

(25)

T
Hﬁe(l’t | Gr—1,T1:4—1, Ti0) AT — U(P)

/Eﬁe [Y[A=a X
ot o { ([ Bl xS
+1/ﬁ(xo){ ﬁe(Ai(A:f?():x) [/y

pe(y, A=a,X =7) ) [Hps Ty g1, Tp— 1 Hf)(fvt,at 1, Ty 1)1}(15
pat 1, Te— 1))

Pe(@t—1,7¢-1) =1
HWM—M e
=1 p(G—1,T¢-1))

(26)

t=1

—_

Py B [Y|A=a X = }

T
H pe(s | Qr—1,T1:0—1,Ti0) dT — ¥ (P)

s—1

pIt,at 1, T¢— 1)Hﬁ($t,at 1, Tt— 1)

De (atflamtfl))

.ﬁs(y,fl:&f(:f)
( > [Z{t a1 plar—1,T-1)) 5

</y p(A=a,X =7)

€ < p(xs,as_l,xs_l) A\ _

o ) = \ _ d

x ﬁe(asfhjsfl)) (aiﬁs_hmi‘S)) ﬁ(@sflajsfl)) (ai’s_hmi's_l)] :| o
1 6S(A&- Ti) [/ 9\ T - } ki D(@t, 1, T—1)

+= | Bz S 1LY E— N dy—Es[Y|A=a,X =% — - dz
G/p( 0){ Pe(A=0a,X =) -0y dy =By [V } tzl_‘[ P(-1,%1-1))
27

T
[ 5e(xe| @, 2141, 210) dz — W(P)

Tty Qp—1, Tt 1)

at 1, Tt— 1

.ﬁe(y,fl:d,f(:j) pxt»at 17xt 1 - ﬁ
) [Z{ H H Pe(@i—1,T¢-1))

s=1 \(t=s+1

t=1
ﬁ(xsa Gs—1, xs 1)
e s »] i}

N
)) |: (aLSiLmLS)) p(as—laxs—l))

T -
P dy—Es[Y|A=a. X =7 GRSV
) {/y 5yidy Es [Y|A , X ]H H A AN) }d .
(28)
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Calculating the first term of Equation (28). The first term of Equation (28) can be decomposed
as follows:

T
/Eﬁe [V |A=a,Xvr =1 Xo = zio) [ [ Be(@e | -1, o1, wi0) dz

t=1

T
= /Eﬁg [Y|A=a,Xur =2, Xo = i) Hﬁ(ﬂﬁt |G¢—1,T1:0-1,T50) AT (29)

t=1

T . T
% Hp (ift,at 1, T1:t— 1,%0 Hp(ift,at 1, X1t~ 1,%0)
Pe

dz (30)
1 (@t—1, 1.1, Ti0)) P(@—1,T1:4-1,Ti0))
Following a similar calculation as in Equation (23), we have that
T T
Pe(Tt,Qr—1,T1:4-1,7 P24, Gr—1, T1:4-1, Tio)
I -11° (1)
=1 pe(at—hl‘ht—hxzo 1 p(@r—1,%1:4-1, Tio))
T -1 .
:Z (e, Gp—1, T10— 1,%0 HP (T4, -1, 141, Tio) €
o P, i1, mio0) 2 Pe(@o1,Tri-1, o)) Pe(@s—15 Tris—1, Tio)
I ﬁ(xsa asfl»xlzsflairiO) o\ :| }
N R R 0l Lz (32)
{(al"?_l’m”s)) P(@s—1, T1is—1, Tig)) (oo Tian)
Thus the first term of Equation (28) is
T
/Epe [V |A=a, Xz =Zrr, Xo = zio] [ [ Be(we| @1, Tr:-1,mi0) dZ
t=1
T
= _/]Ezﬁe [Y|A=a,Xi.r =17, Xo = Tio) Hﬁ(%\dtq,fnphxio)diﬁ (33)
t=1
+/Eﬁg Y [A=a,X.r = Zr.r, Xo = i) (34)
d kA p(zy,Gp—1, T x 571 (xg,a-1,% Z40)
> Z H tyWt—1yL1:t—1, Z() Pe(Tt, At—1,T1:t—1, T40
=1 limst1 P(@t—1,Z1:6-1, Tio)) i1 Pe(@r—1,T1:4-1,Tio))
€ z p(st,as—thsqwio)n\ ]}] _
X — 0. ) — — Orn. & dz
Pe(@s—1,T1:5-1, Tio)) [ (@10-1500) P@s—1, T1is—1, Tig)) (s at)
(35
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Y(PH-W(P)

Plugging this calculation into "

P(It,at 1, Ti— 1 € It7at 1, Tt— 1)
P(ar—1,T¢—1) De(@t—1,T4—1))

t=1
1 A ﬁ((ts,(_ls 1,1'5 1)
X = {5(%15_1,%‘5)) (a7 s—1,Ti,s—1)

T
(@i Z4) / A 1T - v l't»at 1, Tt 1) _
— y-oody—Es|Y|A=a,X = ] Sty dz
p(A=a,X=1) { v p[ | H P(ap—1,%4-1))

t=1
(36)

T
/Eﬁf [V |A=a,Xir = Zrr, Xo = zio] [ [ 5 | @11, Tr:0-1, 2i0) AT — U(P)

T

_ (@i,3) / P du—F-YIAd=a ] P, Gp—1, 1) dz
ﬁE(A:a,sz){ Y 0u Y 7LV H P(at—1,%¢-1))

t=

_ pe(y,A=a,X =7z) pl't»at 1, Tt—1) 71]55 (@4, 8p—1,Tt—1)
+ /pm (/y— —— dy> >
Z ( O){ Pe(A=a,X =17) H P(ag—1,T—1) g De(@t—1,T4—1))

s=1 t=s+1
1 N p(xs Gs—1,Ts 1) :|}:|}
X —F 5>\a- Z — 0 dz
pf(as_l’mS—l)) |: (@51, lg)) p(as—lvxs—l)) (al a=1,84,-1)
T
+GZ/EﬁE [Y|A:de1:T = Z1.7, Xo :xio] 37
s=1

p(at 1, X1:t— 1,3310 at—1,9€1:t—179€10))

H thyat 1, L1 1,%0 Hﬁ Tty Qp—1,T1:4— 1,%0)
Pe

t=s+1 t=1
1 < p(xs d5,1 jl:sfl :L"O)~ :|}:| _
X — — o) - : ke A dz.
Pe(@s—1,T1:6-1,T40)) [ @i,5-1, )) P(Gs—1, T1:5-1, Ti0)) (@i,5-2,84,5-1)
(38)
O
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C.2 Proofs for infinite-horizon evaluation

Proof of Proposition 3. Background on sensitivity analysis of linear programs to coefficient ma-
trix perturbations. Our proof strategy broadly follows from that of [25], who studies perturbations
to linear programs of the constraint coefficient matrix. However our perturbation is entrywise upon
the transition probability (a conditional transition probability); hence nonlinear in €¢; we compute the
entrywise matrix derivative directly using an alternative technique described in the proof of Freund
[25, Thm.1 ]. But, the overall argument for sensitivity analysis subject to left-hand-side perturba-
tions based on active set identification is similar, so we recount the argument here as a preface.

Namely, note that for e small enough, the active basis remains the same when solving with respect
to unperturbed or perturbed distributions, Py or F,. Consider the primal program in standard form,

d(€) = max{c'z: Az = b}.
[25] considers perturbations where A€ = A + €G. Letting /3 denote an index vector for the optimal

basis, note that
d(e) = cga*(e) = cs(AG)~'bg,

by nondegeneracy and properties of the basic feasible solution for linear programming. [25] notes

that the derivative d’(¢) = —7GT (where (7, T) are the dual and primal optimal solutions, respec-
tively) can be obtained from the well-known matrix identity:
ML (o) L (AM©Y
R A 29 o).
de (€) de (€) (39

-1
We simply compute M) for the perturbations to conditional probabilities, rather than linear

perturbations restricted to the form A + eG, for a matrix G independent of €.

Perturbations for the optimal policy. Define the (s, s’) entry of the perturbed transition matrix,
(1—€)p(s,a,s )+e]1[s a,s }
(1—e)d(s,a)+el[s,a)

in the direction of a generic observation (3, a, §'), as PS(s,s’) =

Define the perturbed version of Equation (6):

Up(P.) = mvin {(1 -7) Z (1 —e)po(s) +el[3Y)VI(s): I —vP5)V —1, >0, Vae A
s (40)

Let V*(s) € argmin ¥ p(P.) achieve the optimal solution of ¥ (P.). We will repeatedly use the
fact that £ {(1 — €)p(o) + €l [0]} = €(I o] — p(0)). We have:

d D(Pe)

. % {(1 = )po(s) + €l [5]}

Vs Z po(s {V* s)}

e=0 e= e=0

= (1) Y (s = 3] — po(s))V* (s ) L ) v >}\

S

)
e=0
where V*(s) is the unperturbed solution. Note that, letting P,~ denote the transition matrix under
a(s) ~ m*, we have that V.* = (I — yPS.) " r,-

Entrywise, where we overload notation for a* = a*(s) (the optimal action at s, i.e. under active
basis), and I [5, a, s’] =1 [(s,a*, s') = (§,a, s’)} , etc:

_ i (1 B E)p(57a*7 3/) +
o 'de (1-ed(s,ar)+

_ I[s,a,8] —p(s,a*,s)
-7 d(s,a*)

d([ — ’}/P;*)(&s/)
de
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Hence, applying Equation (39),
d

Lup(P)| = (1) YW =8~ pols)V*(5) + (1 =) Y o) ooV ()

= (1= (Ls =3~ po()V*(s)

S

e=0
s

+ (L= )po(I —yPar) ™! (du_dng)

0) (I—- 'yPa*)_lr.

Note that, as in [25], (1 — ¥)po(I — vP,+)~* = p* is the dual (unperturbed) optimal solution of
Example 3 and (I — vP,~)~!r is the primal (unperturbed) optimal solution V' *. Therefore,
d

= (L=)(V*(3) = Y no(s)V*(s))

(41)

e=0

—> w(s,a) > V(s (11[5, 75;](3_ §£§’G*78/) —29(s7a*,5’)4]I [57328_a{()527 a*)>

* ([~ * /L* g? a =~/ TY %\ (%
= (1)) = Do)V () 28 (v (3) = (v,
where (P™V*)(8) = 3., p(s" | §,a)V*(3) is the Bellman operator evaluated starting from the state
S.

Further note that v(P™V*)(8) = (V(5) — r(5,a)), (i.e., a Bellman residual term), and ¥ p(P) =
(1 =) 225 o(s)V*(s))-
Hence

d w(5,3)

—Up(P)| =1 -7)V"(5) -

de =0 d(3,a) (r(5,d) + 9V (5') = V(5)) = ¥p(P) (43)

O
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Proof of Proposition 4. We analyze the error introduced by finite differencing. Consider the dual
formulation of Equation (6), and the perturbed formulation of Equation (40). Fix e small enough
such that the active basis remains the same under P and F,; let P™ denote the submatrix of the transi-
tion matrix P (stacked for the optimization problem) corresponding to the active basis (equivalently,
optimal policy).

Define the entries of G such that P, = P + eG,(analogous to Lemma 2):

" I[s,a,8'] 1[sa]P(s|s,a)
(G&)s,sr = - :
de(s,a) de(s,a)

Let V™(s), V™ (s) be the active subvector of the optimal solution achieving the optimal values of
U (P.), U(P), respectively.

Then
e H(Up(P) = Wp(P)) = e (1 =) (X, (1 = e)puols) + el [8]) V7 (s) = 3, po(5)V7(5))
e (1 —7) (X, e @[3 — po(s)) Vi ()+Z 1o (s) (VT (s) = V7 (s)))

(1 =) (3, (T[3] = po(s)) Vi (s) + €1 32, mo(8) (VT (s) = V7 (s)).)
(44)

The optimal solutions V™, V'™ differ in the perturbation matrix; inverting the basic feasible solution,
where invertibility is assured by nondegeneracy, gives that:

Vi=I—-~yP") vy,  VI=I—+P")"'r

We analyze V" — V™ = ((I—~yPT)~! — (I —~vP™)~!)r, via a general result for perturbed matrices.
Note that for two matrices A, B, we have (A + B)~! = A= — A='B(A + B)~!. Applying this
recursively we obtain the power series expansion

(A+B) ' =A"1-A7 > (B
k=0

Applying this result to our setting, with A = (I — yPT) and B = —vyeG,, we obtain
VI —VT =ey(I —yP")'GI(I —vP™) 'rr + O(€%). (45)

The statement follows by substituting in the above expression, evaluating based on definition of
the entries of G7, and substituting the above and Equation (44) into Equation (42) of the proof of
Proposition 3 and following that proof onwards. [

D Additional discussion

D.1 Additional related work on numerical differentiation

Numerical derivatives, statistical machine learning, and optimization. Independently of causal
inference, other works study the use of numerical gradients in the context of machine learning
and stochastic gradients [58], and statistical estimation and inference [36, 37]. Analysis of finite-
difference estimators has been of interest in (stochastic) zeroth-order optimization and derivative-
free optimization [19, 22].

D.2 Discussion on pathwise differentiability

Assuming pathwise differentiability is a fundamental limitation of attempts to “automate” semipara-
metrics because it is a technical condition that requires a similar amount of specialized knowledge
to understand and check as to derive an influence function itself.

We can also provide an example of a broad class of problems where this assumption is satisfied
in general: strongly convex stochastic programs. We find it useful to explicitly contrast these two
different types of structural assumptions, because a reasonably informed analyst could check the
condition of strong convexity, while checking Fréchet vs. Gateaux differentiability can be more
difficult.
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Regarding strongly convex stochastic programs, these provide an example where asymptotic linear-
ity is established for the class as a whole but analysts can specify arbitrary functionals within this
class. Duchi and Ruan [18, Prop. 1] establish asymptotic linearity under primitive conditions of
strong convexity (as they mention, these results are known in the literature on perturbation analysis
of stochastic programs, [8]).

In the main text, we referenced sufficient conditions that Fréchet differentiability of the functional
can imply asymptotic linearity and that the remainder is second-order. These are helpful, in contrast
to current typical approaches that exhibit pathwise (non-)differentiability by checking the (non-
)boundedness of the influence function. [50] study a different problem, also make a stronger as-
sumption of Fréchet differentiability, and hence provide some concrete examples (such as estimating
equations with incomplete data) where this is satisfied. Therefore, we think that previously articu-
lated sufficient conditions of Fréchet differentiability can be made even more useful in the context
of additional results that establish Fréchet differentiability of functionals, based on the composition
of simpler functionals, akin to identification of convex structure via composition rules and structure
of known atoms [28]. We think these are promising directions for future study, though beyond the
scope of this paper.

D.3 Kernel density estimation practical considerations

Monte Carlo sampling for uniform kernel for smoothed perturbation. For computational pur-
poses, it is helpful to evaluate the final integral over a uniform kernel in 2 by Monte Carlo sampling.®
In particular, for perturbations in the direction of (x;, a;, y;), we evaluate the integral using Ny/¢
Monte Carlo samples:

((1—5) (Zj;A].:l K(Xj—fck)Yj)P(A:1)+ey7¢~]I[a,,:1]~1)

~ 1
évfxc(%) = Nao 2ok (1=e)p(A=1,21)+el[a;=1]
(1= €)= S A s e = 1) {yi — EplY | A = 1,5} (46)

Bandwidth for kernel density estimation of functionals. [6] discuss optimal bandwidth selec-
tion for estimation of functionals via plug-in of nonparametric density estimates. They show that
asymptotic linearity/root-n consistency of B is possible under the optimal bandwidth for density es-
timation when the number of derivatives of the influence function is more than half the dimension
of observation o; requiring a higher order kernel. (See [39] for additional discussion).

Other density estimation approaches. Although we have discussed estimation of the compo-
nents of P by nonparametric Nadaraya-Watson/kernel-density estimation for simplicity, other esti-
mates of probability densities or generative models can be similarly used; we describe a few below.
These approaches may work well empirically; we leave a thorough evaluation for future work.

Example 4 (Bayesian Dirichlet process mixture models). [33] develop Dirichlet process mixtures
of generalized linear models with covariate density given by a mixture of exponential-family dis-
tributions, and conditional response density modeled via a generalized linear model (with a set of
parameters for each mixture component). This specification of the probability densities implies a
regression estimate.

Example 5 (Generative modeling with Gaussian mixture models). [42] use generative modeling
with Gaussian mixture networks, and sampling from the generative model, to approximate the in-
tegral in order to scale-up Nadaraya-Watson regression to high-dimensional settings in sensitivity
analysis. Similar approaches may be used to compute the density estimates in our setting.

E Details on simulation

We consider a piecewise linear outcome mean specification which is hard for nonparametric estima-
tion.

E[Y | A, X] =1[X < 0.25] - (~5AX + 3(24 — 1)) + [ [X € [0.25,0.5]] - (5AX + 3)
+1[X €0.5,0.75]] - =5AX + I[X € [0.75,1]] - 5AX

%In computational experiments not reported here, we found scipy.integrate.quad to be quite sensitive in
evaluating the smoothed perturbation. We leave more extensive numerical evaluation for further work.
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The propensity score is drawn as A ~ Bern(sin(20X) + 0.5).

Details on computation Experiments were conducted on a MacBook Pro with 16g RAM.

32



	Introduction
	Problem Setup: From Numerical to Empirical Gateaux Derivatives 
	Related Work
	Empirical Gateaux Derivative of the Mean Potential Outcome
	Applications: Mean Potential Outcome and Dynamic Settings 
	Mean potential outcome
	Dynamic treatment regimes
	Perturbations for (constrained) infinite-horizon off-policy evaluation

	Conclusions
	Overview and background for influence functions
	Additional discussion of related work

	Proofs for sec-aipw
	Supplementary lemmas
	Proofs


	Proofs for sec-application
	Empirical Gateaux derivative for multi-stage dynamic treatment regimes
	Proofs for infinite-horizon evaluation

	Additional discussion
	Additional related work on numerical differentiation
	Discussion on pathwise differentiability
	Kernel density estimation practical considerations

	Details on simulation

