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Abstract

Variational inference (VI) is a popular approach in Bayesian inference, that looks
for the best approximation of the posterior distribution within a parametric family,
minimizing a loss that is typically the (reverse) Kullback-Leibler (KL) diver-
gence. In this paper, we focus on the following parametric family: mixtures of
isotropic Gaussians (i.e., with diagonal covariance matrices proportional to the
identity) and uniform weights. We develop a variational framework and provide
efficient algorithms suited for this family. In contrast with mixtures of Gaussian
with generic covariance matrices, this choice presents a balance between accurate
approximations of multimodal Bayesian posteriors, while being memory and
computationally efficient. Our algorithms implement gradient descent on the
location of the mixture components (the modes of the Gaussians), and either (an
entropic) Mirror or Bures descent on their variance parameters. We illustrate the
performance of our algorithms on numerical experiments.

1 Introduction

The core problem of Bayesian inference is to sample from a posterior distribution 7 over model
parameters, combining prior knowledge with observed data. Unfortunately, the posterior distribution
is generally difficult to compute due to the presence of an intractable integral (the normalization
constant), and its density with respect to the Lebesgue measure on R?, also denoted 7, is only known
in unnormalized form as 7w o e~ Y. Variational inference (VI, [Blei et al.|[2017]) is a prominent
alternative to standard Markov chain Monte Carlo (MCMC, [Roberts and Rosenthal, 2004]) that
approximates the posterior by optimizing over a family of tractable distributions. While this restriction
can introduce bias, VI is typically much faster than MCMC, since it reframes the sampling problem
as a (generally finite-dimensional) optimization one over the parameters of the variational family.
Specifically, VI seeks a distribution in a parametric family C that minimizes a discrepancy to the
target posterior, typically the reverse Kullback-Leibler (KL) divergence:

in KL 1
min (ulm), Q)

where KL(u|m) = [ log(dr/dx)dy if p is absolutely continuous with respect to 7 denoting @#/dr its
Radon-Nikodym density, and +o0 else.

There exist various choices of variational families and suited algorithms in the literature of VI.
For instance, Mean-field variational inference (MFVI) aims to find an approximate posterior that
factors as a product of distributions [Lacker, [2023]]. Recent studies by |Arnese and Lacker [2024] and
Lavenant and Zanellal [2024] have investigated solving this problem through the lens of coordinate
ascent variational inference (CAVI, Bishop|[2006])), or over polyhedral sets with first-order algorithms
[Jiang et al.l 2024]]. Traditionally, the variational family is parameterized by a finite-dimensional set
of parameters, yet,|Yao and Yang| 2022, Yao et al.|[2024] have extended this framework to MFVI
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over infinite-dimensional families. Alternatively, Gaussian variational inference [Barber and Bishopl
1997, |Opper and Archambeaul 2009] has garnered significant attention due to its computational
tractability and theoretical appeal [|Challis and Barber, 2013]]. More recently, a new class of Gaussian
VI algorithms has emerged, based on the discretization of the gradient flow of the KL divergence
on the space of Gaussian measures equipped with the Wasserstein-2 metric: [Lambert et al.|[2022]]
proposed a forward (explicit) time discretization approach, while Diao et al.| [2023]], Domke et al.
[2023] introduced a forward-backward splitting scheme inspired by [Salim et al., |2020]. Other
algorithms were recently introduced for Gaussian VI by optimizing a weighted score-based (Fisher)
divergence [Modi et al.| {2025} |Cai et al.,|2024bf]. These methods bring valuable insights for Gaussian
VI, but may provide a too crude approximation of the target distribution if the latter is multimodal.
In this setting, deep generative approaches such as normalizing flows [Tabak and Vanden-Eijnden,
2010, [Papamakarios et al., 2021}, Kobyzev et al.,[2020] offering tractable, normalized densities and
efficient sampling, have emerged as flexible and powerful alternatives to traditional Gaussian or
factorized variational families. While it offers a flexible and widely applicable approach to VI, it is
not tailored to a specific variational family. Moreover, despite their ability to represent multimodal
distributions using expressive variational families with neural networks, it can suffer from mode
collapse [Soletskyi et al.l 2024], especially as the dimension increases, as shown recently in large
scale empirical evaluation from [Blessing et al.| 2024]).

A particularly compelling variational family is the one of mixtures of Gaussians. Indeed, the latter can
capture complex, multimodal distributions. Also, they lead to tractable approximate posteriors, since
sampling mixtures is computationnally cheap, and also marginalizations, or expectations of linear and
quadratic functions can be computed in closed-form. For this variational family, several algorithms
have been proposed [Lin et al.,[2019, |Arenz et al., 2018],2023]] based on natural gradient descent over
the natural parameters of the Gaussians. An extension of the Wasserstein gradient flow approach
for Gaussian mixtures has also been proposed|Lambert et al.|[2022]. However, their practical utility
is often hindered by the computational challenges of inference, particularly when handling high-
dimensional distributions. Indeed, a key challenge in deploying Gaussian mixture models lies in
parameterizing the covariance matrices. While full covariance matrices provide maximum flexibility,
their quadratic scaling with dimensionality leads to high computational demands, even if some
solutions have been proposed to store them efficiently [[Challis and Barber} |2013| Bonnabel et al.,
2024]. To address this issue, we restrict the variational family of mixtures of Gaussians to diagonal,
more precisely isotropic covariance matrices (i.e., assuming equal variance across all dimensions)
with uniform weights. As mode collapse may result from mean alignment and vanishing weights
(see [Soletskyi et al.,[2024])), using fixed weights, as we do, prevents the latter. With this structure,
each Gaussian in the mixture is parameterized by d + 1 parameters in dimension d. As a result, a
mixture of NN isotropic Gaussians requires a memory cost of N(d + 1), compared to N (d? + d)
for a full covariance mixture. Then, optimizing mixtures of isotropic Gaussians incurs a memory
cost roughly equivalent to that of optimizing the means only. We show in this study that this choice
of variational family balances between accuracy of the variational approximation, i.e. its ability to
model multimodal target distributions, and the computational efficiency of the associated algorithms.

Our contributions include the development of a variational framework and algorithms tailored to
isotropic Gaussian mixtures, as well as an empirical evaluation across synthetic and real-world
datasets, demonstrating the trade-offs between accuracy and computational cost. This paper is
organized as follows. Section 2] provides the relevant background on the geometry of the space of
isotropic Gaussians, and on optimization schemes based on the Bures and entropic mirror descent
geometries. In Section[3] we introduce the general setting of optimizing over mixtures of isotropic
Gaussians with uniform weights. Sectiond]presents our algorithms to efficiently optimize over this
variational family. In Section 5] we discuss related work in the Variational Inference literature. Our
numerical results are to be found in Section

Notation. We write a Gaussian distribution on R¢ with mean m and variance € as N'(m, el), where
I, denotes the d-dimensional identity matrix; and N (z; m, €ly) its density evaluated at z. We denote
by P2(R?) the set of probability distributions on R? with bounded second moments. Consider 1, v €
P2 (IR), the Wasserstein-2 (W2) distance is defined as W3 (i1, v) = infses(u) [ |z — yl|?ds(z, y),
where S(p, v) is the set of couplings between p and v. We will denote k. the normalized Gaussian
kernel on R? with variance ¢, i.e. k.(z) = (2me)~%/? exp(—|[z[?/(2€)). For u € P2(R?), we
denote by ke * p its convolution with the Gaussian kernel, that writes ke x pu = [ ke(- — )dp(x). We
denote Tr the trace function.
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2 Preliminaries (Gaussian VI)

This section introduces key concepts on the space of isotropic Gaussians, as well as different (time-
discretized) gradient flows one can consider through the Bures-Wasserstein or entropic mirror descent
geometries.

2.1 Isotropic Gaussians (IG)

The space of isotropic Gaussians is defined as IG = {N(m, ely),m € R e € R**} and is a
subspace of P2 (R?). When equipped with the W, distance, this space has a particularly tractable ge-
ometric structure. Indeed, the W distance between two isotropic Gaussians N (m, €lg), N (m/, 714)
takes the form of a Bures-Wasserstein (BW) distance:

BW2(N (m, elg), N(m',713)) = |[m — m/||? + B%(eld, 71d), 2)

where B denotes the Bures [Bhatia et al., 2019|] metric between positive definite matrices and
B?(eld, 7Id) = d(e + 7 — 2y/eT). This formula reflects the separable nature (with respect to the
means and variances) of the Wasserstein metric on the space of isotropic Gaussians IG. Interestingly,
the metric space (IG, BW) of isotropic Gaussians equipped with the BW distance can be seen as a
submanifold of the space of (all) Gaussian distributions equipped with the same metric, which can
itself be seen as a submanifold of the Wasserstein space (P2(R9), W3). Indeed, the BW geodesic
between 4, v € IG also lies in IG, see Appendix[A.1]

2.2 Bures-Wasserstein gradient descent on IG

Recall that our goal is to minimize a functional objective KL(-|7) as defined in Eq , where
7 oc eV, firstly on IG in this section, before being able to tackle mixtures of isotropic Gaussians.
In this subsection we explain how to derive a gradient flow with respect to the Bures-Wasserstein
geometry, and provide a discrete optimization scheme. To this goal, we first define a minimizing
movement scheme on IG. For py € IG and v > 0 a step-size, define:

. 1
Pri1 = arg min {KL(p\W) + o BWQ(p,pk)} , 3)
p€eIG Y

which corresponds to a JKO scheme [Jordan et al.| [1998]], but where the solution is constrained to lie
in IG. In the limit v — 0, we obtain a Wasserstein gradient flow of measures projected on IG, i.e. a
continuous curve (p;); € IG decreasing the KL, and which is governed by differential equations for
the mean (m;), and variance (¢;)¢ (see Appendix[A.3). Such a flow can exhibit a favorable dynamical
behavior under a strong log-concavity assumption on the target distribution, as demonstrated in the
following Proposition.

Proposition 2.1. Suppose that V2V = al, for some o € R. Then, for any py € 1G, there is a unique
solution (p)¢ to the flow obtained as a limit of Eq (3) as v — 0. Then, for all t > 0 and p* € IG,

KL(p¢|m) — KL(p*|m) < e **{ KL(po|7) — KL(p|7)},
implying that the flow converges linearly when o > 0.

The full proof of Proposition[2.1]is provided in Appendix [A.2] and is a direct application of the one
of [Lambert et al.| 2022| Corollary 3]. It relies on the fact that KL(-|7) is an a-convex objective
functional along W2 geodesics when the target potential V' is c-convex, see e.g. [Villanil 2009,
Theorem 17.15]; and since W5 (equivalently BW) geodesics between isotropic Gaussians lie in
IG (Appendix , the objective is also convex on (IG, BW). This result indicates that strongly
log-concave targets can be efficiently approximated using isotropic Gaussians.

Here, we propose to evaluate an explicit time-discretization of this gradient flow, as it it computation-
ally less expensive than an implicit scheme such as Eq . To this goal, let F' : R% x R** defined as
F(m,¢) := KL(N(m, el)|r), and starting from some 79 = (o, €9) € R? x R** the scheme:

meos = angin {(VF ()= ) + 5 BV N 00) @

neERI xR+*
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denoting = (m, €) and N'(n) = N(m, ely). Note that the scheme above is similar to Eq (3)) but
where the objective has been linearized. Thanks to the decomposition of the BW distance given in
Eq (), it leads to the following updates on the mean and variances:

M1 = Mg — YV F (Mg, €x) (5)
9 2
€ht1 = (1 - %VEF(mkaek)) €k, (6)

where Vi, F(mi, ex) = E,, [VV] and Ve F(my, ) = %(ﬁ Ep, [(- = mx) TVV] — i) We

observe that while the first update on the mean is a simple gradient descent, the latter update ensures
that the variance remains positive and differs from a simple Euler discretization of the associated
differential equation (see Appendix[A.3]) . We provide the details of the computation as well as an
interpretation of these updates as a Riemannian gradient descent in Appendix

2.3 Entropic Mirror Descent on IG

We now turn to an alternative descent scheme on IG, namely a mirror descent one, relying on
a different geometry than the Wy one detailed in the previous subsection. Mirror descent is an
optimization algorithm that was introduced to solve constrained convex problems [Nemirovskij and
'Yudin, [1983]], and that uses in the optimization updates a cost (or “geometry") that is a Bregman
divergence [Bregman, |1967] , whose definition is given below.

Definition 2.2. Let ¢ : X — R a strictly convex and differentiable functional on a convex set X,
referred to as a Bregman potential. The ¢-Bregman divergence is defined for any =,y € X by:

By(ylz) = ¢(y) — d(z) — (Vo(z),y — ).

The reader may refer to Appendix [A.5|for more background on mirror descent and its relationship
with more standard algorithms such as gradient descent.

Hence, we propose to choose an appropriate Bregman divergence on the space of covariance matrices,
namely a generalized Kullback-Leibler divergence between positive definite matrices: KL(A|B) =
Tr(A(log A — log B)) —Tr(A)+ Tr(B). The latter object, also called Von Neumann relative entropy,
is a Bregman divergence whose Bregman potential is the Von Neumann entropy ¢ : A — Tr(Alog A)
(and where (A, B) = Tr(AB)). Note that KL(el4|714) = d (¢log £ — € + 7). Then, we can define

a descent scheme on IG as follows, starting from some 79 = (mq, €g) € R% x R**:

. 1 1
Mt = axgmin {(VE@)n— )+ 5 lm =il 4 S KU} )
nERE xR+ 2y 2y
denoting again n = (m, €). Note that compared to the scheme Eq , only the update on the variance
differs, and is given by:

2
€ri1 = €k exp(—%VCF(mk, ek)), ®)

see Appendix [A.6]for the computations. This update, as the one in Eq (6)), also guarantees that the
variance parameter € remains strictly positive; and is known as entropic mirror descent [Beck and
Teboulle, 2003[[]

3 Mixtures of Isotropic Gaussians (MIG)

We now turn to the problem of optimizing the KL objective to the target distribution 7 over the family
of mixtures of isotropic Gaussians. We will consider the VI problem Eq (T)) for a specific setting
where the variational family is the set of mixtures of IV isotropic Gaussians, for some N € N*, with
equally weighted components:

A c (Rd % R+*>N

N
cN = N E N(m?,e1y), [mj,ej]N
=1

'[Beck and Teboulle, [2003]] used this exponential update followed by a renormalization to optimize over the
simplex.
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Note that any distribution v € CV writes v = Zjvzl kei % 6y, for some [m7, el e (R x
R**)N , where k.; is the Gaussian kernel with variance ¢/. Then, we define our loss function
F:(RHN x (RT)N — R as:

N
F(lm’, 1)) =KL %ZN(mj,ede) . )
j=1

The following proposition provides useful formulas regarding the gradients of this objective.

Proposition 3.1. Let ;1 = 4 Zf;l 8ms and denote k. @p = + Zjvzl kej*Opmi. Assume T € CH(R?),
the gradients of F with respect to m?, ¢/ € RY x RT* write:

o 1 . ke ®

o 1 ke®
vij([mJ76j]§v:1) = NEkd-*ij {V In (TM) ()} ‘

The proof of Proposition [3.1| can be found in Appendix Note that the means and variances in
the mixture interact through the terms V In(k. ® p) in the gradients. Remarkably, our computations
provide an expression of the gradient on the variance that only involves a scalar product (- —
m?)TV In (kﬁ%), which can be computed efficiently with a computational cost in O(d). In practice,
the expectations over Gaussian distributions will be estimated with Monte Carlo integration.

4 Algorithms for VI on MIG

4.1 General optimization framework

We propose, for the optimization of the objective ' on (R%)" x (R*T*)V defined in Eq. @]} or
equivalently KL(:|7) on C¥, to perform joint optimization on the means and variances of the mixture.
This joint optimization involves a gradient descent update on the means, and either a Bures or entropic
mirror descent update on the variances. Our approach is summarized in Algorithm

Algorithm 1 MIG optimization with IBW or MD

N

Input: initial means and variances (mp, €))7,

for k =1to T do
fori=1toNdo o
Update mj, , = mj, — YNV, F ([mi, e}]}_, ) (GD)
Update e}, with IBW (Eq.[14) or MD (Eq.
end for
end for

step-size 7y, number of iterations 7.

We now turn to the details on the optimization of the variances with either a Bures or entropic mirror
descent update in the next subsections. In a nutshell, they rely on careful adaptations of the schemes
detailed in Section[2] stated for unique isotropic Gaussians, to a mixture of these distributions.

4.2 Bures (IBW) update

This section extends the results of Section [2.2]to Gaussian mixtures and presents a new formulation
of the JKO scheme adapted to this setting. The W» distance between two Gaussian mixtures is
intractable and does not admit a closed form, in contrast with the BW distance on IG. Then, we
cannot obtain direct updates on the mean and variances for the projected JKO on C". To address
this issue, we will represent a mixture with its associated mixing measure. Lambert et al.| [2022]
proposed a similar approach to derive a Wasserstein gradient flow on Gaussian mixtures. However,
they considered a mixing measure with an infinite number of components and did not provide a
formal derivation of a fully explicit discrete (in time and space) scheme.



195 Any uniform-weight Gaussian mixture v € C¥ can be identified to a mixing measure p =
E Zjvzl S(mi,eiy on (R? x RT*)N where for any z € R? we have:

v(z) = /N(w;m,eld)dﬁ(m,e) (10)

197 Note that the space CV allows for the full identification of a mixture, up to a reordering of the indices,
198 since the corresponding mixing measure contains only [V particles with equal weights. This avoids
199 the identifiability issues that arise when dealing with a mixing measure supported on a continuous
200 (infinite) set of components, which constitutes an overparameterized model, see [[Chewi et al., [2024,
201 Section 5.6]. See also Appendix [B.1]for details. Following|Chen et al [2019], we first consider a
202 Wasserstein distance between mixing measures denoted Wp,,, where the cost is a squared Bures-
203 Wasserstein distance, i.e. ¢((m,¢), (m’, 7)) = BW?(N (m, eld), N'(m’, 71d)). We then construct
204 the JKO scheme on mixing measures at each step £ as:

. . 1 .
Pry1 = argmin {KL(V|7T)—|—ZWb2w(p,pk)}, (11)

(md, &)L,

205 where p = % Zjvzl S(mi ei) Pk = % Z;\;l 5(mj ) and v is defined as in Eq |i The resulting
k' k

206 Gaussian mixture is vg11 = f N (m, elg)dpgs1. Since p and py, are two discrete measures with an
207 equal number of components, the above Wasserstein distance simplifies as:

N
1 . . o(i o (i
Wiy (b px) = minz Y- BWHN (m?, 1a), N (), f 1)), (12)

j=1

208 where ¢ is a permutation of indices in the mixture. Solving the JKO scheme Eq (TT)) is now tractable
209 and we can compute the limiting flow as v — 0, since at the limit o(¢) = ¢. The continuous-time
210 equations of the flow in the isotropic case are given in Appendix[B.2] They match the continuous-time
211 equations for the means and covariances derived in [Lambert et al.,|2022} Section 5.2] and recalled in

212 Appendix[E.T]

213 Similarly to Section[2.2] we consider an explicit time-discretization of this flow, using a linearization
214 of the objective in Eq (I1)). This leads us to the scheme:

s = sngmin 3 (V). W1 = DREL) + 5o S BWAV ). N () ¢

(n? ?7:1
13)

215 assuming that o(7) = 4 in Eq for v small enough. Finally, the variance updates for the Gaussian
216 components are:

, IN N2
IBW update For j=1,...,N: ¢, = (1—77V€jF([m']7€,€g€]) €. (14)

217 The update on the means takes the form of Eq (GD)). Details of the computations are deferred to
218 Appendix Ultimately, we obtain a system of Gaussian particles (m?, €’) ;_v:l that interact through
219 the gradient of the objective.

220 Remark 4.1. Note that we can quantify the discrepancy between our JKO scheme on the mixing
221 measure and the original JKO scheme projected onto Gaussian mixtures. Indeed, the Wasserstein
222 distance on the mixing measure is related to the Wy, distance on Py (IR?) as follows: 0 < W2, (p, pr)—
223 W3 (v,v5) < 2v/2de* where €* is the maximal variance of the mixtures v, . This result is a direct
224 consequence of [Delon and Desolneux| 2020, Proposition 6], see Appendix [B.4] for further details.

225 4.3 Entropic mirror descent (MD) update

226 In this section we provide an alternative way to optimize the variances of the mixture, based on mirror
227 descent ideas introduced in Section[2.3] In particular, generalizing to N components what we have
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done for Eq (8)), and by analogy with the scheme Eq (I3, we consider:

N

(103 = argmin (VE(mD), '] = ) + 35 > lm? —mi||” + KL(e/Tale]1a)
m7)5=1 j=1
(15)
Then, at step k£ > 0, the udpate on the variances takes the form:
: i j 2Ny i
MD update For j=1,...,N: ¢, =¢,.exp —TVGjF([mk,ek]) , (16)

while the update on the means remains Eq (GD), see Appendix [A.6|for the detailed computations.

5 Related Work

In this section, we provide an overview of relevant work on VI with mixtures of Gaussians.

Several works have addressed VI for mixture models, emphasizing computational aspects. |Gershman
et al.| [2012] optimize an approximate ELBO using L-BFGS (a quasi-Newton method), relying on
successive approximations of ELBO terms for mixtures of Gaussians. However, their optimization
objective diverges significantly from the original KL objective in VI, which is a valid divergence
between probability distributions.

Lin et al.|[2019],|Arenz et al.|[2018]] propose natural gradient (NGD) updates on the natural parameters
of the Gaussians for each component of the mixture, and the categorical distribution over weights.
These methods are unified and extended in [Arenz et al.| [2023]], which introduces computational
improvements. Natural gradient descent differs from standard gradient descent by performing
steepest descent with respect to changes in the underlying distribution, measured using the Fisher
information metric. In other words, the natural gradient is the standard gradient preconditioned by
the inverse of the Fisher information matrix. For exponential families, such as Gaussians, the natural
gradient of the objective with respect to natural parameters coincides with the standard gradient of the
(reparametrized) objective when expressed in terms of expectation parameters (i.e., the moments of
the Gaussians). This has some pleasant consequences, including closed-form updates on means and
covariances, since the natural parameter admits a simple expression in terms of means and variances
for Gaussians. The NGD updates (fixing the weights of the mixture) on means and variances write:
SN %VekF(mmGk), Mpr1 — My = =€ NYV, F(my, €). (17)
€k+1 €L d

We refer to Appendix [C|for more details and the computations. In particular, the latter update does
not guarantee that the variances remain positive, and the update on the mean is multiplied by the
current covariance. In contrast, our updates on the means and covariances are decoupled, and our
updates on variances enforce positivity.

[Huix et al.l [2024] considered the setting where the variances of the mixture are shared, equal to
eIy with e € RT* that is kept fixed, and only the means (m!, ..., m" ) are optimized with gradient
descent. In that setting, they proved a descent lemma showing that the KL objective functional
decreases along the gradient descent iterations, under some conditions including a maximal step-size,
a boundedness conditions on the second moment of the (distribution) iterations and a finite number
of components IN. They also showed a bound on the approximation error, i.e. the KL objective
between a N-component mixture of Gaussians with constant weight and covariance is upper bounded
as O(%), when 7 writes as an infinite mixture of these components. Interestingly, this bound
is valid for mixtures of isotropic Gaussians with different variances, as we show in Appendix
Yet, fixing the covariances to a constant factor e of the identity limits a lot the expressiveness of the
variational family. Hence, we focus on the more general family defined by C%.

6 Experiments

In this section, we present some experiments to evaluate our proposed methods summarized in
Algorithm[T] namely IBW and MD. In practice, in all our experiments, the gradients in Proposition[3.1]
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are computed with a Monte Carlo approximation involving B samples from Gaussian distributions
in the components. Our other hyperparameters are the following: [V the number of components in
the mixture; ~ the step-size; and we also vary the initial values of the means and covariances of
the candidate mixture. We will specify these specific values for each experiment in Section [ Our
code will be publicly available. We compare our methods with different algorithms. The algorithm
presented in Lambert et al.|[2022], based on a Bures geometry but updating full covariances matrix
in the mixture, is abbreviated as BW (see Appendix [E-I). Note that the latter is of complexity
ON(d + d?) instead of N(d + 1) for our schemes IBW and MD. The algorithm updating only
the means with Eq , and not the variances, as proposed in [Huix et al., [2024] is denoted GD.
The natural gradient descent algorithm of [Lin et al.| [2019]], adapted to isotropic Gaussians with
fixed weights and given in Eq (I7), is referred to as NGD. We also evaluate Normalizing Flow
(NF). We also used Hamiltonian Monte Carlo (HMC), an MCMC scheme (hence non parametric)
and Automatic Differentiation Variational Inference (ADVI) [Kucukelbir et al.| [2016] relying on
mean-field VI, using stan framework on specific experiments.

Gaussian-mixture target in two dimensions. We first illustrate the behavior of our methods for
a two-dimensional target 7 that is a Gaussians mixture with 5 components. In Figure[T] (top), we
evaluate our methods for NV = 1, 5, 10, 20. We observe that N = 20 leads to the lower KL divergence
- in accordance with the fact that the approximation error with a mixture of isotropic Gaussians goes
to zero as N tends to infinity, see Section[5} We plot the approximated density with N = 10 for BW,
IBW, GD and NF methods together with the target density in Figure[T] (bottom). In this experiment
we also evaluate normalizing flow with b = 5 blocks and & = 124 hidden units. The NF method
appears slower than ours without improving the approximation. We also evaluated these VI methods
on alternative target distributions in two dimensions (other mixtures of Gaussians, Funnel and heavier
tails distribution). The results and the details of experiments are deferred to Appendix [E3]

N =20

10! 103 10! 1038 10! 103 10! 1038
iteration iteration iteration iteration

target IBW

Figure 1: Illustration of convergence of Algorithmfor a two-dimensional target distribution.

Gaussian-mixture target in high dimension. We then
consider a target Gaussian mixture with 10 components in

dimension d = 20, and a variational mixture model with —— 3'.. "+ 910.015
N = 20. In Figure[3] we plotted the marginals along each 31ee tme X o

dimension together with the KL evolution for the schemes 5| N i 0.010€
(BW, IBW, MD, NGD). We observe that both our schemes . .o @
IBW and MD provide a good approximation, along with 1 .,c’ o &~ ]0.005
BW. In the mean update of NGD, the gradient is rescaled by T o

by €, which leads to a large step for a spread-out Gaussian. T 10 26 30 40 50 "%
While this rescaling allows faster convergence, we observe dimension

that it makes the algorithm more sensitive to the initial
conditions. Then, we compare in Figure [2] the time per
iteration and the KL objective value for BW, that updates
full covariances matrices, and our isotropic version (IBW)
for a similar target over several dimensions, for N = 15. We note that IBW performs comparably to
BW, while enjoying a faster time execution, and still with a cost in memory linear in the dimension
instead of quadratic.

Figure 2: Time vs KL evolution per di-
mension.
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Figure 3: (First 10) Marginals (left) and KL objective (right) for MD, IBW, BW and NGD (d = 20).

Bayesian posteriors. We evaluate our methods on two probabilistic inference tasks using classical
UCI datasets. The first one is Bayesian logistic regression (BLR) for breast_cancer (2 labels,
d = 30) and wine (3 labels, d = 39). The second one aims to compute a Bayesian neural network
(BNN) posterior on a regression task on the boston dataset using a single hidden layer neural
network of 50 units (d = 601), and on the MNIST with a one layer neural network with 256 units
(d = 203530). In each case, we assume a Gaussian prior, and compute the posterior distribution
given observations, more details are given in Appendix [E.5] Note that the first task leads to log-
concave posteriors (in contrast to the previous mixture of Gaussians targets which are typically non
log-concave) while the second leads to a multimodal one.

breast cancer wine ) MNIST boston 108
1.0 1.0 =TT
B> 127777 > T & ’ N
3 p 3 1777 @ 4 X 1021
o — [BW S ) U4 X %)
50.81 | So0.8{ 177 2 ’ \ =
8 1 MD & 177 3 -~ N ~
< m— NGD & /
® I N @ U ® - e e 10!
1 — HMC I &£-= e
1 11 1
0.6 1ot 0.6 1ot oz 01 107 103 10 10°
iterations iterations iterations iterations

Figure 4: Bayesian logistic regression and BNN regression approximated by mixtures of Gaussians.

We performed optimization with IBW and MD algorithms and plot the accuracy or Root Mean
Squared Error (RMSE) score on the test set over iterations, our results are presented Figure ] The
evolution of log-likelihood and unnormalized KL are deferred in As additional baselines,
we compared our results with HMC and ADVI methods, and only plotted the final samples results
provided by stan. Regarding MNIST, for scalability issues, in analogy with |Blundell et al.|[2015]], we
coded a mean-field version of our algorithm where each weight marginal is fitted with our Algorithm|T]
More details are provided in Appendix We observed that we achieved the same order of
performance for all algorithms. We also performed the optimization with NGD updates but found out
that if the means were not initialized within a very small ball (increasing the chances of missing some
modes in the target), the variance ¢ estimated by NGD can become negative, whereas our scheme
guarantees the positivity of € by construction.

Conclusion. Mixtures of isotropic Gaussians provide a simplified yet powerful tool in variational
inference, balancing expressivity for multimodal target distributions with computational and memory
efficiency. We presented two optimization schemes, that implement joint optimization on the
means through gradient descent, and on the variances through adapted geometries for the space
of variance matrices, such as the Bures or Von Neumann entropy ones, that guarantee that they
remain positive. Our numerical experiments validate their relevance for different types of target
posterior distributions. Future work include establishing more theoretical guarantees regarding our
schemes and mixtures of isotropic Gaussians. For instance, comparing the approximation error of
full covariance mixtures versus isotropic ones, would be helpful to understand why we observe
empirically a great computational cost gain for a very modest increase of the KL loss (eg IBW vs
BW). Then, studying optimization guarantees for these schemes is of interest. For instance, when the
variance of the gradients is controlled, it is possible to establish descent results guaranteeing that the
objective sufficiently decreases at each step. Establishing this, along with practical ways to control
the variance of the stochastic gradients such as advanced variance reductions techniques, is of interest
especially in high dimensions.
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A Appendix

A.1 Geometric structure of Isotropic Gaussians space

We prove here the stability of the isotropic Gaussian model along the Bures-Wasserstein geodesics.
We recall that the Bures-Wasserstein space is the space of non-degenerate Gaussian distributions
equipped with the Wasserstein-2 metric.

Proposition A.1. The space of isotropic Gaussians equipped with the Bures-Wasserstein distance is
a geodesically convex subset of the Bures-Wasserstein space, which is itself a geodesically convex
subspace of the Wasserstein space (Pa(R?), W3).

Proof. Letp = N (my, €pl4) and ¢ = N (my, €,14) be two isotropic Gaussian distributions. Since p
is absolutely continuous, the Wasserstein-2 geodesic, (which is also a Bures-Wasserstein geodesic)
between p and q is given by the pushforward measure:

e = ((1 - t)Id + tT)#p7 te [07 1]7

where Id is the identity map and 7' is the optimal transport map between p and ¢q. Denoting ¥, = ¢,1d
and X, = ¢€,1d, this optimal transport map 7" is the affine map:

1/2
T(xz) = mgq+ A(x — myp), where A = 2;1/2 <E}D/2Eq2;/2) / 21;1/2'

A is called the Bures map and satisfies ¥, = A¥, A, which can be easily verified from the definition
above. Since the map is linear, it preserves densities, ensuring that the transported measure (i
remains Gaussian. The mean and covariance parameters evolve along the Bures-Wasserstein geodesic
between p and g according to the equations:

my = (1 —t)m, + tmy,

S =(1—-0)I;+tA)Z,((1 —t)Iz + tA).

Since both p and g are isotropic, the transport map is:
e\ /2
T(x) = mg + a(x —m,), where a = (—q) :

Then, the covariance X; evolves according to:
Y= (1 —t)g+talg)ep, (1 — )1y + taly) = (1 —¢) + ta)zepId,

which is clearly isotropic. Hence, the interpolated distribution p; remains an isotropic Gaussian
for all ¢t € [0,1]. Thus, the space of isotropic Gaussian distributions is geodesically convex in the
Bures-Wasserstein space. Since the Bures-Wasserstein space is itself a geodesically convex subspace
of the Wasserstein space, we complete the proof. O

A.2  Proof of Theorem 2.1]
A.2.1 Background on Wasserstein gradient flows

Let F : Po(R?) — R U {+00} be a functional. We say that F is a-convex along Wasserstein-2
geodesics if for any two probability measures 1o, i1 € Po(R?) and any geodesic {1t }ref0,1) in the
Wasserstein-2 space connecting g and p1, we have

Flue) < (1= 6)F (o) + tF (i) — =t

2 (1—t)W§(,U/0,,U/1)7 vt € [071]

A Wasserstein gradient flow of F is a solution (11 );e(0,1), T' > 0, of the continuity equation

8,U¢

iy, =0

o (ktve)
that holds in the distributional sense, where v; is a subgradient of F at u; [Ambrosio et al., [ 2008]
Definition 10.1.1]. Among the possible processes (v;);, one has a minimal L?(y;) norm and is
called the velocity field of (x;):. In a Riemannian interpretation of the Wasserstein space Otto
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[2001]], this minimality condition can be characterized by v; belonging to the tangent space to
P2 (RY) at p; denoted T}, Po(R), which is a subset of L? (1), the Hilbert space of square integrable
functions with respect to ji;, whose inner product is denoted (-, -),,,. The Wasserstein gradient is
defined as this unique element, and is denoted V', F(1¢). In particular, if 1 € Py (IRY) is absolutely
continuous with respect to the Lebesgue measure, with density in C*(R?) and such that F(u) < oo,
Vi, F(p)(z) = VF'(u)(z) for p-a.e. x € RY [Ambrosio et al., 2008, Lemma 10.4.1], where F'(11)
denotes the first variation of F evaluated at y, i.e. (if it exists) the unique function F/(y) : R? — R
S.t.

lim & (F (s + he) — F(11)) = / F (1) (2)dé ) (18)

h—0
for all ¢ = v — p, where v € Py(R?).

A.2.2 Proof

The proof relies on tools on the Wasserstein geometry and calculus introduced above, and is a direct
application of the one of [Lambert et al.,[2022, Corollary 3], yet we state it for completeness. When
V2V = aly, F : p— KL(u|r) is a-convex on Py(R?) [Villani, 2009, Theorem 17.15]. Let us
denote p* the minimum of this function and recall we denote BW the Bures-Wasserstein metric on
the manifold (IG, BW). We consider the following gradient flow:

0
% = div (p; Vw,F (p¢)) with the initial condition py = po.

We first want to show that the solution of this problem is unique. Let (p;); and (g;); be two solutions
of the above gradient flow. Then, using differential calculus in the Wasserstein space and the chain
rule, we have

at BW2(pt7 qt) =2 <10gpt (qt)7 VWz‘F(pt»Pt +2 <10gqt (pt)v sz‘F(qt»Qt )

where Vyy, F(p) denotes the Wasserstein gradient at p € P2(R?) and log,,, (¢:) = T — Id € L*(p;),
where T is the optimal transport map from p, to ¢;. Moreover since F is o convex, we can write
Vp,q € P2(R?):

Fla) = F(p) + (Vwa F(p). log, (a)) — 5 BW?(p,0).
Thus we can write
9 BW?(pr,qr) < =200 BW?(py, q1).-
Hence, by Gronwall’s lemma, we obtain
BW?(pr, ¢1) < exp(—2at) BW?(po, o) -

Since both (p:); and (g:); are solution of the gradient flow, py = ¢o and it implies that V¢t €
[0, 1], p: = g¢. This proves the uniqueness of the solution.

Moreover, if o > 0, we can set gz = p* for all £ > 0 to deduce exponential contraction of the gradient
flow to the minimizer p*. Observe that by definition of the gradient flow, we have on the one hand
that

OF () = (Vwo F (1), —Vws F(0))p, = —IVF @), - (19)

On the other hand, if o > 0, the convexity inequality and Young’s inequality respectively, yield
!
0=F(p") = F(p) + (Vw, F (1), log, (")) + 5 BW(p,p")
1 9 @ 2«
> F(p) — % IVw.F @), — ) ||10gp(p*)|‘p + 3 BW?(p, p*)
—_———
=BW?2(p,p*)

and hence ||V, F (»)|? > 2a F(p). Substituting this into Eq and applying Gronwall’s
inequality again, we deduce

F(pe) < exp(—2at) F(po) -
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A.3 JKO scheme for isotropic Gaussians

In this section, we derive the continuous equations for the isotropic Bures-Wasserstein gradient flow.
Starting from the JKO scheme of Eq (3), we constrain the solution to lie in the space of isotropic
Gaussians IG. We follow the same method than [Lambert et al., 2022 Appendix A].

Let us recall the JKO scheme Jordan et al.|[1998]]. Starting from py = N (myg, €0l4) at time k = 0
we look for the solution p = N (m, €ly) of:

) 1

Pra1 = arg min {KL(p|7T) + o BWQ(p,pk)} . (20)
p€IG Y

The gradient of the KL with respect to the variance parameters is given by Eq (31)):

1 d 1
-3 TrE,[VZIogn] = —— + 3 TrE,[VZV].

d
Ve KL(p‘ﬂ—) =75 %

2€
Then, for two isotropic Gaussian distributions p = N (m, €ly) and p, = N (my, ex14) we haveﬂ

BW?2(p, pr) = ||m — my||2 + d (e + e, — 2\/eex) 1)

V.BW?(p,pp) =d (1 — @) . (22)

Hence, the first order condition on € of (20) yield:

€ d 2
d<1—\/§) =D TR, [V2V] ek=6<1—g+lTrEp [VQV])

and

€ d
11 2
T
(23)
Developing equation Eq (23) at first order in -y we obtain:
2 1
€x =€ (1 - % (1 - ng [(-— m)TVV}) + O(’y2))
— 2
‘ ;k =2- ", [(--m)"VV] + 0(y).

Taking the limit v — 0 yields the differential equation:
2

.,
¢ d

E, [(- —m)"VV].

For the first order condition on the mean parameter m of (20), using the gradient of the KL w.r.t. the
mean given Eq (30), we obtain:

P 1 _
E, [Vlog(;)} + - lm = mi) =0, 24)
Since E,, [V log p] = 0 we obtain, at the limit v — 0:
i =E, [Vlogn] = —E, [VV].

Inspecting Eq (23H24), we observe that solving the JKO scheme yields an implicit discrete-time
update, where the expectations are evaluated under the unknown distribution p. We now derive the
explicit form of this update, starting from the formulation in Eq (@).

2Recall that for two general Gaussians p = N'(m, X), pr, = N (ms, Xx), we have BW2(p,pk) — |m
1/2
my||3 + Tr <Z + Y —2 (21/22k21/2> / ) '
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A.4 Forward Euler scheme for isotropic Gaussians

Derivations of the updates. We now derive the updates given by the scheme Eq (). The first order
condition on € is given by:

1 / 2 -2
§d (1 - e—k) = YV F(my, ) < € = ¢ (1 + %VEF(mk,ekO )
€

Using the Taylor expansion for small step «y given by (1 + x)~! =1 — x + o(x) we obtain at first
order the explicit update:

2
e=(1- %VEF(mk,ek))Qek.

The first-order condition on m gives the explicit update:

m=my — YV F(myg, ). (25)
Riemannian interpretation. The latter scheme can be identified to Riemannian gradient descent, on
the isotropic Bures-Wasserstein space, i.e. the space IG of isotropic Gaussians equipped with the
Bures-Wasserstein metric, that we will denote iBW = (IG, BW). To achieve this, we first identify
the local tangent space of the isotropic Bures-Wasserstein space. The direction of the tangent vector
is computed by projecting the Wasserstein-2 gradient of the KL objective onto this tangent space (see
Appendix [A.2.T|for the definition). We then follow this projected gradient with a step size . We can

then retract back to the isotropic Bures-Wasserstein manifold using an exponential map. We now
detail this approach.

Let F : P2(RY) — R a functional. The isotropic Bures-Wasserstein Gradient of F at p € IG,
denoted VipwF(p), is the projection of its Wasserstein gradient onto the tangent space to iBW at p.
If p = N(my, €pl4), this tangent space writes:

T,iBW(RY) = {z + a + s(z — mp)|a € RY, s € R},
which can be identified with the pair (a, s) € R? x R. Thus,

VigwF(p) = projq ipwre) Vw,F(p) = argmin  [lw — Vw, F ()2
wET,iBW (RY)

The first conditions in a € R? and s € R of this problem yield:

a=E,[Vw,F(p)] and s= %EP [(x - mp)vaz}'(p)] .

Indeed,

v, / la+ s(z — my) — Vora F(p) (@)|*dp(z) = 0

= [ 2at o - my) = Ve Flp)a))dp(z) =0
— a= Ep [VW2f(p)] )

and
v, / la+ 5z — mp) — Vo, F(p) (@) [2dp(z) = 0
= /2(x — mp)T(a + s(x — mp) — Vw,F(p)(x))dp(z) =0
= st~ [(@ = my)T Vo, Flp)a)dpla) =0

= s= %Ep [(x - mp)TVWZ}"(p)} .
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Back to our problem with F(p) = KL(p|r), using Eq (30) and (31) and that Vi, F(p) = V log (2)
(see Appendix[A.2.T)) we have that

2 2
a =V, KL(p|r) =V, F(mg,ex) and s= gve KL(p|m) = gVCF(mk, €k)-

We can follow the direction of the gradient from the tangent space back to the isotropic Bures-
Wasserstein manifold using an exponential map which is available in closed form

expy(a,8) = N(mp +a, (1+5)%¢14)) (26)

where we have adapted the exponential map formula for the Bures-Wasserstein space [Lambert et al.}
2022, Appendix B.3], written as exp,(a,S) = N (mp +a, (5S4 1)%, (S + 1)), to the case of
isotropic Gaussians. We can then construct a discrete update based as follow: we compute the iBW
gradient of F(p) = KL(p|w) multiplied a step size -y, and map it back onto the manifold using this
exponential map. Starting from pr, = N (my, €;14), this discrete time update is:

2
Prr1 = exp,, (—7YViBwF(pr)) = exp,, (—YVm F(myg, ex), —%VGF(mk, €x)),
which gives the update on the mean and variance parameters:
Mpy1 = Mg — YV F(my, er),

2
€k+1 = (1 — %VEF(mk, Gk))26k.

A.5 Background on Mirror Descent

Mirror descent is an optimization algorithm that was introduced to solve constrained convex prob-
lems [Nemirovskij and Yudinl [1983]], and that uses in the optimization updates a cost (or “geometry")
that is a Bregman divergence [Bregman, |1967]] , whose definition is given below.

Definition A.2. Let ¢ : X — R a strictly convex and differentiable functional on a convex set X,
referred to as a Bregman potential. The ¢-Bregman divergence is defined for any =,y € X by:

By(ylz) = ¢(y) — () — (Vo(z),y — ). (27)

Let v a fixed step-size and G an objective function on X. Mirror descent with ¢-Bregman divergence
writes at each step £ > 0 as:

1
Zpy1 = argmin (VG (xg), 2 — xx) + ;B¢(x|xk) (28)
reX

Writing the first order conditions of the problem above, mirror descent writes
Thir = Vo' (Vo(ar) —7VG(z1)), (29)

where ¢* () = sup, ¢ x (y, ) — ¢(x) is the convex conjugate of ¢, and Vé* = (V¢)~'. Note that, if
X is a subset of R? and that ¢(x) = 3 ||z||% that By(z,y) = ||z — y[|* and mirror descent coincides
with gradient descent. Yet, this scheme is more general and is useful for constrained optimization, as
if one chooses ¢ wisely, the inverse V¢* of the so-called “mirror map" V¢ maps the iterates into the
domain of ¢.

A.6 Entropic mirror descent updates

Derivations of the updates (Gaussian case). We now derive the updates given by the scheme Eq (7).
The first order condition on € is given by:

1 2
Edlog £ — YV F(my, e;) & € = €, exp (—%VSF(mk, ek)) )
€k

The first order conditions on the means gives the same explicit update as Eq ({@):

m =mg — YV, F(my, ex)
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Remark A.3. Note that Eq involves a factor 1/2 in front of the KL penalization term. Our

motivation is that in Eq , the Bures distance BW?(eld, ,1d) = d (/e — \/5)2 is a distance
between the square root of the matrices and thus its derivative w.r.t € leads to a term implying only the
square root of the matrices, or in our isotropic Gaussian setting the square root of the scale isotropic
value: V. BW?(eld, e;1d) = d (1 + /). We find out it was judicious to have a derivative for the

KL implying also the square roots of the isotropic coefficient, i.e., V.KL(eld|ezId) = ¢ log(é> =
dlog( (/).
Mixture Case. In the mixture of Gaussians case, we derive the following updates from Eq (I5). The
first order condition on €’ fori = 1,--- | N gives:
1
2N

and for the means:

el S i i 2N~y S
dlog i —YVei F([my, 6%]?:1) < € = € €Xp (_7d Ve F([my, 6%]?:1)) )
k

m' = mi — NyV,i F([m, 6{6]5\[:1)
A.7 Proof of Theorem 3.1]
In this section, we aim to compute the gradients of the KL(-|m) objective function defined Eq (9). To

achieve this, a fundamental tool are Stein’s identities Stein|[[1981]] which relate the derivatives with
respect to the parameters to the derivatives of the integrand.

A.7.1 Stein’s identities for isotropic Gaussians

Lemma A.4. Let p be an isotropic Gaussian N'(m, ely) and p(x) its density for v € R?. Assume
that w € (C*(RY)) and lim ;|0 p(x) log w(x) = 0. We have

Vo KL(p|7) = E, [v log (%)] (30)
V. KL(p|r) = %EPK- —m)"Vlog (£)] 31)

Note that the latter equation does not require to compute the Hessian (of dimension d x d), which
can be computationally more efficient than an alternative formula given in Eq (31).

Proof. Recall that p(z) = (2me)~%? exp (*%) and KL(p|m) = E,, [log (2)]. First, note
that for 6 = (m, €):

Vi [ logp(alt)p(alt)ds = [ 1ogp(alp)Vop(alo)da. (32)

which comes from the fact that the expectation of the score function is null, namely
J Volog p(z|0)p(x|0)dx = 0. Hence,

VinE, {log (%)} = /log (%(1:)) Vmp(x)dx = /Vz log (%(x)) p(x)dx,

where we used V,,,p(z) = —V,p(x) and an integration by parts. We now compute the gradient of p
with respect to e:
1 1 d
Vap(e) = gpla) (lle —m)? ~9)
€ €
1 1 o1 1,
=3 Tr [p(zx) 6—2(33 —m)(x —m)" — EId =3 Tr Vip(x). (33)

Then, we have, using an integration by parts:
1
V.E, {log (3)} =- Tr/log (£> (z)V2p(z)dx
T 2 T
1

= —% Tr/Vg;p(l‘)Vw log (%(m))de = EEZ’[(. —m) 'V log (%)]

18
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Note that applying twice an integration by parts would yield another formula:

V.E, [log (£)] = %Tr]Ep V2105 (2)] = —% - %TrEp [V log 7] .
0

A.7.2 Stein’s identities for mixtures of isotropic Gaussians

The application of the previous results for a mixture of isotropic Gaussians is straightforward. Let
w= % Ef\il dmi, and recall we denote the associated isotropic Gaussian mixture as k. ® p =

LS ke %0 = £ 5N N (m?, €'1y) where ke (z) = (2m€)~%? exp(—||z/(2¢)) is the
Gaussian kernel.

Using the fact that the expectation of the score function is null and that V,,i k. @ u = %Vmi kei %01,
the gradient of the KL with respect to the mean parameter m’ is then given by:

ke ® 1 ke ®
)=t [n(222)] - . [ (222)].

With the same arguments and using Eq (33)), the gradient with respect to the variance parameter ¢ is:

7T> = VeiEkE@)u {hl( )} = QNEiEkei*‘smi {( -—m )TVIH (7)} .

™ m

Vmi KL (ke ® u

vei KL (ke & u

Equivalently, note that for the latter gradient, using twice an integration by parts would yield the

formula
1 ke
7r) — — TEy .. {v%n (ﬂﬂ .
AL p

V.. KL (k ® o

B Bures-Wasserstein gradient flow for mixtures

In this section we consider the Bures-Wasserstein gradient flow for mixtures proposed in|Lambert;
et al.|[2022] in the particular case of isotropic covariance matrices.

B.1 Additional discussion

Starting from a mixture of isotropic Gaussians vy € C at k = 0, the JKO scheme where we
constrain the distribution to be such a mixture writes recursively at subsequent step k£ + 1:

D41 = argmin {KL(V\W) + 1 W3(v, l/k)} . (34)
veCN 2y

Unfortunately, a closed-form solution for this scheme is not available, as the Wasserstein distance
between mixtures is not tractable. Regarding the geometry of the space of mixtures of Gaussians,
Lambert et al.| [2022] considered a mixing measure with infinitely many components . € P(0),
which can be identified with a Gaussian mixture of the form [ Ny dp(6), where Ny is a Gaussian
distribution with parameters 6 € ©. Transport maps can be defined for this model, and gradient flows
can subsequently be computed [Lambert et al., [2022, Theorem 5]. However, this model is highly
overparameterized. For instance, as illustrated in [[Chewi et al.,[2024], a single standard Gaussian in R
can be represented by infinitely many mixing measures of the form A'(0,1d) = [ N (x, 71d) dp(x),
where p = N(0, (1 — 7)I) for any 7 € [0, 1].

An alternative solution is to constrain the mixing model by considering a fixed and finite number of
components with uniform weights as we do in this work. This resolves the identifiability issue: in
particular, two co-localized components with weight w cannot be confused with a single component
of weight 2w, since all weights are equal. See [Delon and Desolneux, [2020, Proposition 2] for further
details on identifiability for the mixture model. Moreover discrete measures with the same number
of atoms are stable along Wasserstein-2 geodesics. This property still holds if we consider discrete

. . . N N .
measures on the isotropic Bures-Wasserstein space p = 3 .., d(ms ). We can therefore consider
discrete mixing measures with uniform weights as stable and identifiable representatives of Gaussian
mixtures.
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Following Section .2 we can reconsider the JKO scheme [34] where we replace the W distance with
the W, on mixing measures:

. 1 L
which, at the limit y — 0, is equivalent to:
min {KL(V|7T) + — Z BW2(N (m?, €'1d), N (mé,, e;;Id))} : (36)

The problem in Eq. @ corresponds to the dlscrete scheme introduced for the full covariance case
>* = €'I in [Lambert et al., 2022, Appendix B], without further justification. This scheme can
therefore be reinterpreted as a gradient flow on the space of discrete mixing measures.

B.2 Flow of mixtures of isotropic Gaussian

We now solve the problem (36) when v is a mixture of isotropic Gaussians. We recall our notation for
an isotropic Gaussian mixture: v = k. @ = & SN N(m?, €'1y) where ki x0,,i := N (m?, €'1y),
as well as our loss function:

F([m, eN) _KL< Z./\/'m €'Tq) ‘ ) = KL(ke ® pm). 37

The derivative of this loss w.r.t. the parameters of the Gaussian mixture are given in Appendix|[A.7.2]
and we report them here:

1 ke
Vi F = ~Fp vs . {vm (ﬂ)} , (38)
N € m T
1 ) ke
VaF = —Fp 5. [(. —m) TV (ﬂ)} . (39)
2N61 € m T

Using the derivative of the Bures-Wasserstein distance computed in Appendix[A.3] we obtain the first
order condition w.r.t. ¢ for the JKO-like scheme (36):

‘52: i 2N~y 2 i
d(1-\F ) =2 VaF = = (1+77VaF) €, (40)
el

and following Appendix[A.3] as ¥ — 0 we obtain the flow:
, 2 ; ke
e = —7Ek %6 4 {( — ml)TV In (ﬂ>} .

d e T

On the other hand, first order condition on the mean gives the implicit update:
mt = m}ic — NV, F,

and at the limit v — 0 we obtain the flow:

, ke

A {v In (ﬂﬂ .

™

B.3 Discrete update and Gaussian particles

Derivations of the updates. For the scheme glven in Eq (13), we obtain the following first-order
conditions on the parameters for ¢ = 1, -

1 € 2N~y i 4 -2
Nd(l— ;)=—vw<[mk,ek1 Do d=d (14 209 pm, )

and using a Taylor expansion for small step size v, (1 + 2)~! = 1 — 2 + o(x) we obtain:
2

. . 2N o
€ =e (1 - T”veiF([mi,ei]jil)) . 41)
The first-order condition on m’ gives the explicit update:
m' =mj, — NyV F([mi, el])_)). (42)
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Riemannian interpretation. We now show that this update has also a Riemannian interpretation,
extending our geometric analysis from Appendix[A.4]to the case of mixtures. We can compute the
isotropic Bures-Wasserstein gradient for each Gaussian component, by projecting the Wasserstein-2
gradient of the KL objective to the IBW-tangent space of each component. Each Gaussian particle
(component) follows its own trajectory ruled by VigwiF. Adopting this point of view, we obtain the
following system of updates fori = 1, .

Pit1 = eXPp;'C(*VViBWi]'—(Vk))a (43)

where exXpy; is the exponential map from the iBW tangent space at p}, defined in Appendix We
then get:

2
Pt

VipwiF (v) = projr iiBW(Rd)vWQ‘F(V) = argmin [lw— Vy,F(v)
» weT,; iBW (R)
with w = (a,s) € R? x R. Together with (38]39) it gives:
a=Ey [Vw,F@)] = NV, F(Im?, €]iL,),
1 T 2N i N
s = @]Epz [( —m ) VWQ‘F(V)] = TV&F([m , € ]j:l)'
Using Eq (26), we obtain the discrete updates Eq (4 1)-(42).

B.4 Background on Wasserstein distances for Gaussian mixtures [Delon and Desolneux, 2020]

In|Delon and Desolneux|[2020], the authors introduce the MW, distance as a Wasserstein distance
between Gaussian mixtures, where the transport plan is itself constrained to be a Gaussian mixture
(with any number of components). We denote by GM M the latter space.

Namely, let pg, p1 being two general Gaussians mixtures py = Zfi"l mypl and p; = ZlK:ll mipl, the
MW, distance is defined as:

MW3 i — x]|%d > W, 44
Spop) = _omin e sl = WiGnp), @4

which is an upper bound to the true Wasserstein distance since the transport plan is constrained.

It has been shown in [Delon and Desolneux| [2020, Proposition 4] that this distance is also equal to:

Ko K
MWS3 (po,p1) = o min I)ZZWMBWQ(N(mi,E»,N(mj,Ej)), (45)
T G=1 =1

where II(7g, 71 ) is the set of coupling matrices between the vector of weights 7g and 71 of the two
mixtures defined by I(mo, m1) = {W € M,xr, (RT)|Vi, 3, Wi; = wf; Vi, >, Wiy = 7},
where we note M, « p(R+) the set of matrices of size n x p with positive values. Moreover, [Delon
and Desolneux] [2020] showed that the optimal transport plan takes the form:

K() Kl )
=D > Wiph(@)8y—rmw 2)(y), (46)

i=1 j=1

where W* is the optimal coupling matrix and TBW is the BW transport map from Gaussian

component ¢ to Gaussian component j. The transport plan 7 is a GMM with at most Ky K; Gaussian
components which are degenerated.

Mixture model with fixed number of components. We now consider the case of mixture of
exactly NV Gaussians with equal, fixed weights:

NZNmZ g:

where p’ is the i*" Gaussian component of the mixture.
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The MW, distance takes an even simpler expression when considering a distance between two mix-
tures pg, p1 of exactly N Gaussians with equal, fixed weights. If we note Gy the set of permutations
over {1,..., N}, we have:

N
1 L
ng(pOapl) = o‘rél('l:'arivﬁ ZBWZ(N(mZa Ei)7N(mo’(i)a Eo’(i))) = Wb2w(p07p1)7
i=1

where Wy, is the Wasserstein distance between mixing measures defined in Section@ The lower
and upper bounds for MW% given in [Delon and Desolneux| 2020, Proposition 6] then transfer to
Wi and give:

N N
2 2
~ ~ k k
W2 (po, p1) < Wew (D, Pr) < Wa(po, p1) + N kE—lTrEO N\ kEﬂTrEl' 47)

The last term simplifies for isotropic Gaussians and we finally obtain:

0 < W2, (D, br) — W3 (v, vk) < 2V2de", (48)
where €* is the maximal variance of the mixtures v, v,. When €* — 0, such that the Gaussian mixture
degenerates into an empirical measure, the two distance matches.

Geodesics on mixtures Finally, when considering mixtures with N equal weights, the transport
plan has exactly N components and can be written:

N
1 ]
’Y(xa y) = N ZPO(x)éy:Tfﬂ(i)(z) (y)v
i=1

such that the mixture model with exactly N components is stable along the geodesics transported by
this plan. Indeed, the intermediate measure between two GMM pg and p; is given by the formula for
te0,1]:

ue = Py#~y where P(z) = (1 — t)x + ty. (49)

OT matrix GO Tmap

20 A

40 A

60 -

80 -

Figure 5: Optimal transport plan between two mixtures of two Gaussians with equal weights % On
the left is the Wasserstein distance W2 case, where the optimal transport plan is not constrained.
On the right is the MW3 case, where the optimal transport plan is constrained to be a mixture of
Gaussians. In the W3 case, there exists a bijective map. We don’t have such a bijective map for the
MW, case. Indeed, in the right figure, some points have two images. These figures are generated
using the Python Optimal Transport library (https://pythonot.github.io/).

Applying this to our specific case, we obtain:

N
1 %
p= > (1= B)Id + 7B ) )#pb, 0
i=1
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where p; has exactly N components, proving that our GMM structure with N components is stable
along the geodesics.

We may wonder if a transport map exists in our simpler framework of mixtures with a fixed number
of components and equal weights. Unfortunately, this is not the case, as illustrated in Figure[5] where
we observe that the map between the two mixtures is not bijective and cannot be represented by a
function T'(x).

C Natural gradient descent updates

In this section, we provide more details on Natural gradient descent on IG, which corresponds to the
algorithm proposed by [Lin et al.,[2019].

Recall that F' : R? x R**, the objective function, is defined as : F(m, ¢) = KL(N (m, eld)|n). Let
~ > 0 a step-size, consider the scheme at each step k£ > 0:

1
(Mgt1,€x+1) = argmin (VF(mg, €x), (m,€) — (my, €)) + S KL(N (m, eld)|N (my, ex1d)).

m,e€RI xR+*

(51
Since )
1 _
KL (m, eld), A (m e 1d) = 5 (d- Gi + M —d+dlog %’“) . (52
k k
first order conditions of Eq (51) yield
1 1 2
— — = 2V, F(m, &), (53)
€L+1 €k d
M4l = Mk _ AV o F (g, €1). (54)

€k
Thus, we find similar updates as in [Lin et al., [2019]] (see for instance Eq (16) therein, with the
difference that we do not update the weights of the components in the mixture as in their paper).
This is expected as the latter paper implements a natural gradient descent on the natural parameter

A= [%, f%] The former is known to be equivalent [Raskutti and Mukherjee, 2015] to mirror
descent on the mean parameters, where the geometry is induced by a Bregman divergence generated

by the Legendre transform of the partition function.

Mixture case. In the mixture case, we consider the scheme at each step & > 0:

N
il = argmin § (VA1) b1 = () + — S°KLOV(). N () o

(U-j)ﬁyzl
(55)
and have the following updates fori = 1,--- , N:
1 1 2N~

ei — GT = TVE}CF([mg@’EiM\Ll)’
k+1 k

My — My, i g
Mkt T N, Pl ).
k
Remark C.1. Note that while KL(+|-) is known to be a Bregman divergence on the space of probability
distributions over R? [|Aubin-Frankowski et al.| [2022]], it is not a Bregman divergence on R% x RT*,

Indeed, note that Eq (52) does not decouple the mean and variance terms, resulting in coupled updates

in Eq (53)-(9).
D Approximation error for mixtures of isotropic Gaussians

[Huix et al., 2024, Theorem 7] states that the approximation error of VI within the family of
mixtures of Gaussian distributions with equal weight and constant isotropic covariance in the (reverse)
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Kullback-Leibler tends to 0 as IV tends to infinity, under the assumption that the target distribution
writes as an infinite mixture of these isotropic Gaussian components with same covariance. Here
we derive a similar result for our richer family, i.e., mixtures of (isotropic) Gaussian distributions
with equal weights (and possibly different covariances). Note that we are deriving the results for
mixtures of isotropic Gaussians, but the result and computation are the same for Gaussians with full
covariance matrix.

Assumption D.1. There exists p* on R? x R** such that the target 7 writes as:
= / kM dp* (m,e), (56)
e

where k™ := k(- — m) for any z € R,

Recall that we use the notation py = ke ®@p = [ k™dp(m, ) with p = + Zfil 0,ni for an isotropic
Gaussian mixture with N components. We now state and prove our generalization of [Huix et al.,
2024, Theorem 7].

Theorem D.2. Suppose that assumption|56|holds, then

log(N) +1 J k™ (z)?dp*(m,€)
KL <P = h C2 = d
prgén (p|m) < Cz I ,  Where CZ fkm Y (m. ) x

Proof. We denote

Dy = min KL(p|7), pny = argmin KL(p|).
peCN peCN

For any m € R%, we consider py’; € Cy 1 defined as
pai1 = (1 —a)py + ok

with @ = . By definition of Dy, we have that, Dyy1 < KL(pyf,|7). Denoting f(x) =

xlog x, we have KL(py' 7)) = [ f(rn41)dm, where we define:
m,e m m
N4l = PNt1 _ (1- )pN =ro+a—=.
T T 7r

Defining B(z) = % for x € R% \{1}. By Lemma|D.3| this function is decreasing; and
since 41 (z) > ro(x) Vo, we have B(ry41(z)) < B(ro(x)). It follows that

rn+110g(rn1) < g1 — 14 B(ro)(rvr — 1)
m m

k
=1ro+a—— —1+ B(ro)(rg + a—~ —1)?
™ T

km Em\ 2 k™
= a? + 7o log(ro) + a? (i) B(ro) + QQiB(rg)(ro —-1). (57)
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747 Moreover, we have:

Dy :/DN+1dP*(m76)

< / KL (o [)dp* (m, €)

- / / F(r s1)dmdp* (m, )

://rNHlog(rNH)dwdp*(m €)

//a—dwdp m,e) //rolog ro)dmdp*(m,€)
// B(ro)dmdp* (m,e)

/ / 204— )(ro — 1)drdp*(m,¢) from
:a+/ o(2) log(ro(x //kf B(ro(x))dz dp* (m, )
+2a//k:mB ro(x))(ro(z) — 1)dx dp*(m )
=a+/ o(@) log(ro (@) () @
var [ [ il f))QB ))dz dp*(m, €) (b)
+2a/B ro(@ Vr(z)da. ©

748 We first observe that we can write @) in function of Dy . Indeed, ro(x) = (1 — )2, so
@ = [ ro(o) ogro(e)dn(z)
= /(1 — a)—log ((1 - a)p—N) dm
T

=(1-a) /pN(x) log <p7zrv(xl‘ ) dx + (1 —a)log(l — )
=(1—-a)Dy+ (1 —a)log(l —a).

749 For the second term @, we have that lim,_,o+ B(z) = 1 and since B decrease, B(x) < 1, thus
750  B(ro(x)) < 1, this implies :

//k;x (ro(x dxdpme<oz// xddpme
(2) m(x)

_ a202
751 And for the third term (d), we have that B(z)(z — 1) < \/z — 1, see Lemma Thus,
= Qa/B ro(x Y (z)dx < Qa/( ro(z) — 1) m(x)dz

=2a -« pN(m)ﬁx x — 2
=20 [ /002 n(@)ar -2
=2av1— a/\/pN(x) m(x)dr — 2«

=2av1—a(l sz(pN,w)) — 2
< 2aV1 —a—2aq,
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752 where we have used the definition of the squared Hellinger distance H?( =
753 and the property stating that for any densities of probability f, g, 0 < H 2( f ) <

lf\/ dx

754 Finally, we have
Dyii <a+(1—a)Dy+ (1 —a)log(l —a) +a*C% + 2a (\/ﬂ - 1)
<(1—a)Dy +a*C?, (58)
5 using Lemma stating that o + (1 — ) log(1 — @) + 2o (V1 —a — 1) < 0.
6 The previous inequality is true for any n > 0 and recalling that « = —1— we have,

7!

o

7!

o

n+1
Dpi1 < (1 =)D, + o*C?
1
1)Dpy1 —nD,, < C?
(TL+ ) +1 n “n+1 T
N—1 e
1)D, 41 — nD,, < C?
;(R—F) n+1 nbin > W;n‘i‘l

NDy < C%(log(N) + 1)

log(N) +1

has been bounded by log(N) + 1. O

757 where the Harmonic number Zn om +1

758 Lemma D.3. The function B(z) = % Vo € RT*\{1}, is decreasing.

759 Proof. Forall z € RT*\{1} the gradient of B writes:
(x—1)logx — 2(xlogax —xz + 1)

VB(z) =
760 . For x € (0, 1), the denominator is strictly negative and the numerator strictly positive, thus
761 VB(z) <0
762 » Forz € (1, oo) the denominator is stricly positive and the numerator is strictly negative,
763 thus VB(z) <0
764 So B is decreasing on both intervals, and lim,_,;- = % and lim,_,+ = % by Hospital’s rule. [

765 Lemma D.4. The function B satisfies: B(z)(z — 1) < x —1 Vo € RT™*\{1}.

766 Proof. Let C(z) := B(z)(z — 1) = Zlesz—ztl

o1
767 * Forz € (0,1),logz > ”f implies 28 < ﬁ = Zloar < 7 =V,
768 * Forz € (1,00), logx < == L implies 10%”” < ﬁ = I;‘iglz < ==V
769 andC(w)—\/E—l—mlogm VvV <0. O

770 LemmaD.5. Let consider « = 25 Vn € N, then a+(1—a)log(1l — a)+2a (V1 —a —1) <0.

7711 Proof. We have:
a+ (1—a)log(l —a)+ 2« (m-1> =—a+(1-a)log(l —a)+2aV1—a
<a(a-2+2V1-aq)
<a-2+2V1-«a

<0,
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using log(1 — &) < —« and the fact that & = 1/(n + 1) < 1 for the first and second inequality. For
the last inequality we have used the fact that the before last expression is decreasing and is equal to 0
when « goes to 0. O

E Additional experiments and details

E.1 Updates for the full-covariance scheme of Lambert et al.|[2022, Section 5.2]

In this section we detail the updates for the full-covariance scheme of Lambert et al.|[2022] Section
5.2]. The parameter space is © = R? x S‘j_ . (the space of means and covariance matrices). Consider
initializing this evolution at a finitely supported distribution py:

1 & 1 &
Po= Zl 59(@0 - N 21 5(m(<)i)’zgi))
1= =

It has been checked in|Lambert et al.| [2022] that the system of ODEs thus initialized maintains a
finite mixture distribution:

1Y 1 Y
pt = N ;5951’) = N gé(mgi),zgi)),

where the parameters 92@ = (m,@7 Zgi)) evolve according to the following interacting particle

system, for i € [N]
. (i v, i
) = —JEVln?t (v), (59)
20 = _EV? ln% (v) £ — £PEv? ln% (v, (12) (60)

where Yt(i) ~ Py and v; = | Noydp, (). The ODEs are solved with a Runge—Kutta scheme of 4th
t
order. We used the code provided at https://github.com/marc-h-lambert/W-VI,

E.2 Details experimentations

As mentioned in Section[6} we detail here our experimental setup and hyperparameters whose values
are provided in Table[T]

Initialization of the variational mixture: We initialize the variational mixture by sampling the
means in a ball of size [—s, s}d, where s € R**, setting each covariance matrix to r I;, where
r € R™*, and the number of components to N € N*.

Optimization hyperparameters: We set the step-size ~y, the number of iteration nje,, the number of
Monte Carlo samples for gradient estimation Bgrag = 10 and for KL estimation Bkr, = 1000.

Normalizing Flows: For NF baseline, we used a simplified RealNVP architecture [Dinh et al., [2017]
with b = 2 coupling layers and hidden dimension A = 124, which yields a Neural Network (NN)
with 4976 parameters in dimension d = 2. Our isotropic mixture framework, has N(d + 1) = 3N
parameters, even for large NV, the NF model remains more complex and costly to optimize. Therefore,
for each target distribution, we tuned the learning rate and number of iterations for the NF method
separately, rather than using the same settings as for the VI mixture methods, since their optimization
dynamics differ significantly.

MOG targets: To generate target MoG distributions, as in the initalization of variational MOG, we
fix sy and Ny;. Each component covariance matrix is constructed by sampling a random symmetric
positive-definite matrix (full diagonal or isotropic) and scaling it by 7. We draw raw weights
uniformly in {1,...,2N,} and normalize them to one. In Figure[6c) all weights are equal except in
case (c-3), where one component has weight 0.1 and the remaining ones share the remaining mass
equally and the component means are placed at (£pt, £pt).

Datasets: We have used popular datasets from the UCI repository, as well as MNIST. The training
ratio has been set to 0.5 for UCI datasets and 0.8 for MNIST.
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Table 1: Hyperparameters

MOG Init. Optim Targets

Exp. s oy Niter
Figure

mog 15 2 1071 10°  {sig, e Nig} = {8,5,5}
Figure

mog 102d71 10 1072d~* 10® {sig, rig, N} = {10%d71,5,5}
Figure

mog 30 100 102 10 {sig, T1es Nig } = {10, 1,10}
Figure@

breast_cancer 20 10 1072 10* me-or =100

wine 20 10 102 102 afm.or =100

boston 10 10 10°¢  10* {02, h} ={10,50}
Figure@

funnel (a) 5 0.5 1072 104 02 =1.2

sinh-arcsinh (b-1) 10 2 1073 10 skw = (—0.2,-0.2)

sinh-arcsinh (b-2) 10 2 1073 10 skw = (—0.2,—0.5)

mog (c-1) 10 5 1072 10* {pt,rg, Ny} = {3,2,4}

mog (c-2) 10 5 1072 10 {pt,ry, Ny} = {4,1,4}

mog (c-3) 10 5 1072 10 {pt,r, Ny} = {3,2,4}
Figure

mog 30 100 1073 10 {sig, g Nig } = {20,5,5}
Figure@

mog 30 100 1073 10% {stg, g, Nig} = {10, 10,10}

Computational resources: All experiments (except MNIST) were conducted on a MacBook Air
(M3, 2024) with an Apple M3 processor and 16 GB of RAM. The MNIST experiments were run on
an NVIDIA 50-90 GPU. Experiment runtimes ranged from a few seconds to up to two hours.

E.3 Additional 2-D examples

We present more experiments on 2D synthetic target distributions on Figure [6]

Funnel distribution: The funnel distribution [Neall, 2000]] in dimension d = 2 has density
p(xlv 1[52) = N(xla 07 02) X N(l’Q, 07 exl)v

for z = (21, x2) € R2. Although unimodal, its “funnel” shape is difficult to capture with isotropic
Gaussians. We experimented with NV = 5, 20, 40 components, but even for large IV, our isotropic
mixtures struggled, and the BW and NF methods still outperformed them. We follow [Cai et al.
(20244l in setting 02 = 1.2.

Sinh-arcsinh normal distribution: This distribution [Pewsey, |2009]] applies a sinh—arcsinh transfor-
mation to a multivariate Gaussian to control skewness skw and tail weight 7. Let

Zo ~N(m,%),  Z=sinh(r sinh™'(Zy) — skw).
. 1 04
In our experiments, we use 7 = (0.8,0.8), m = (0,0), ¥ = 04 1) and vary the skew
parameter skw as specified in Table
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Figure 6: Evolution of the KL divergence over iterations together with optimized variational mixture
density on different type of target distribution, (a) Funnel, (b) sinh-arcsinh normal distribution and (c)
Gaussian mixture. Optimization performed with different methods (IBW, MD, BW, NGD, GD and
NF) and varying IV values.
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Figure 7: Marginals for MD, IBW, BW and NGD (d = 20).

E.4 Additional high-dimensional mixtures

We first provide the full marginals of the experiment described in Figure [3]in Figure[7]
We also performed experiments in d = 10 Figure[8|and d = 50 Figure[9]

E.5 More details on Bayesian posteriors experiment

In this section we provide some background on logistic and linear regression as well as additional
experiments.

E.5.1 Definition of the target distributions

Let D = {(z4,y:)}, be a labeled dataset, where x; € R¢ and y; is the associated label.
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Binary logistic regression: We model the probability of a binary label y; € {0,1} given z; and

parameter z € R? by
m( | 2.2) = ol 2% (1 - o(aT )

where o(t) = 1/(1 + e~*) is the logistic function. The likelihood is
i=1

and the log-likelihood is

n

/D | z) Zlogw yi | @i, 2) = Z[ (xlz) — 10g(1 + e”jiTz)}.
i=1
With a Gaussian prior 7(z) = N'(0,02,.;,,1a), the posterior is

(2| D) x L(D|z2)w(z),

and its gradient is
n

z
V.1 D) = — T P - —.
ogr(z ] D) = 3 (o —olef ) i —
Multi class logistic regression: For L classes, let z = (z1, ..., zy) with each z; € R¢. Then
T
ry = 1| 21, 2) = — P 2) I=1,...,L.

L T ’
Yo exp(zi zl)
Linear regression: The classical linear model is

Yi = ZTxi +€l7 57, ~ N(O,O’Q),

so that
T, 2
yi ~ N(z] 2, 0°).
and the ordinary least squares estimator is
n

5 = argmin ¥ (y; — 27 x;)%.
z€ER “—
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for which we are able to find a close form when X = (z;)!"_ is invertible.

In our Bayesian setting we aim at finding a distribution on z, put a prior on it, and approximate the
resulting posterior 7(z | D) via variational inference.

Bayesian Neural Network: In the Bayesian neural network (BNN) setting, the linear predictor 2% z;
is replaced with a neural network output f(z; | z) and model

yi ~ N (f(zi | 2), 02).

In our experiments we use a single hidden layer with h hidden units, ReLU activation function and
output dimension c. Thus, the dimension of parameters and thus of the problem is

d = h(dgata +1) + c(h+1).

For a L-class classification task, ¢ = L and the BNN output class probabilities m(y; =1 | z;,2) =
flai| 2

Once the variational approximation to the posterior is optimized, we can make predictions by Bayesian
model averaging:

ply | ) = / 7y | 2 2) Tpom(2)dz, or § = / £ | 2) Mpont(2) dz.

When d is large (e.g. MNIST, where d ~ 10°), sampling or expectation under a full d-dimensional
mixture becomes too expensive. To address this, we adopt a mean-field-style approximation: we
model the posterior as a product of identical univariate Gaussian-mixture marginals,

N
1 it g )
zj ~ NZN(ml[j],el), ji=1,....d,
i=1

so that all d dimensions share the same [N-component mixture. This reduces both memory and
computational cost while retaining multimodality in each coordinate. We updated m?, €’ using the
presented algorithms. In this setting, we follow a classical deep-learning framework. We use a single-
layer neural network with A = 256 hidden units and ReL.U activation. The means of the variational
mixture of Gaussians are initialized by sampling from a normal distribution, and a Gaussian prior is
placed on the model parameters.

E.5.2 Plots
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Figure 10: Evolution of the KL, accuracy (or RMSE), and log-likelihood over iterations on the Train
set (left) and test set (Tight) for the breast_cancer (upper row), wine (middle row), MNIST and
boston (bottom row) datasets for N = 5.
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