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1. Introduction
Accurately modeling the macroscopic dynamics

of high-dimensional microscopic systems is of broad
interest across the sciences [1]. Examples include
modeling stretching dynamics of polymers [2], discov-
ering reduced kinetic models for molecular confor-
mational dynamics [3, 4], and learning macroscopic
internal variables for history-dependent heteroge-
neous materials [5].
Most existing approaches learn closure variables,

which are combined with given macroscopic vari-
ables for dynamics modeling, using an autoencoder
trained to minimize the point-wise reconstruction
loss. These methods commonly assume that the mi-
croscopic degrees of freedom admit a fixed order-
ing to be represented as vectors or tensors (Fig. 1(a)).
However, many physical systems have no intrinsic
ordering, such as a set of interacting particles. The de-
sired closure variable must be permutation-invariant
with respect to the input (Fig. 1(b)). Applying existing
methods, which require a canonical ordering on the
input, can be prohibitively difficult in practice.
This gap arises because the autoencoders param-

eterized by MLP [2, 6] or CNN [7] are not symmetric
to permutation. One may consider adopting models
for sets (e.g., DeepSet [8] or Set Transformer [9]) as
the encoder to produce a permutation-invariant la-
tent variable. Yet, a fundamental difficulty remains
on the decoding side: without a specified ordering,
there is no natural mechanism to reconstruct the mi-
crostate with the index-wise loss. For instance, con-
sider a microstate {𝒙𝑖 }𝑁

𝑖=1 with 𝑁 = 3 particles. If
a decoder is trained with a point-wise MSE loss to
output an ordered list (𝒙1, . . . , 𝒙𝑁 ), the loss will penal-
ize (𝒙1, 𝒙2, 𝒙3) and (𝒙3, 𝒙2, 𝒙1) differently, even though
they correspond to the same physical configuration.
Crucially, the number of such physically equivalent
permutations scales as 𝑁 !. Therefore, training often
relies on explicit matching [10, 11] or permutation-
invariant losses [12, 13]; both add substantial com-
putational cost [14] and may introduce optimization
instability [15, 16].
To overcome this difficulty, we propose an alter-

native reconstruction objective for closure model-
ing. Unlike reconstructing microstates directly, we
reconstruct their distribution. This distributional
reconstruction eliminates the need to align individ-
ual points or impose the ordering, thereby enabling
learning of permutation-invariant latent variables.
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ẑ

Fig. 1: Existing and desired autoencoder for closure
modeling. (a) Standard autoencoder to learn the
latent 𝒛. Microstate 𝑋 is represented by a vector
based on the ordering. The encoder 𝝋̂ and decoder
𝝍 are typically implemented as MLPs. (b) The de-
sired autoencoder to learn 𝒛. The model should
produce a permutation-invariant latent variable 𝒛
for inputs that lack the canonical ordering.

2. Method
2.1 Problem Statement
Let 𝑋𝑡 = {𝒙1𝑡 , 𝒙2𝑡 , . . . , 𝒙𝑛𝑡 } ∈ X be the state of 𝑛 un-

ordered particles at time 𝑡 , where 𝒙𝑖𝑡 ∈ R𝑑 is the state
of particle with index 𝑖. A deterministic function 𝝋̄ is
given beforehand to extract the macroscopic quanti-
ties of interest from themicroscopic state, 𝝋̄ : X → Z̄
where Z̄ is a space containing low-dimensional vec-
tors. We restrict our discussion to intensive macro-
scopic observables such as the average energy of the
interacting particle system, so that their magnitude
does not scale with the system size 𝑛. The goal is to
learn a permutation-invariant macroscopic dynami-
cal model that can be applied to microscopic systems
with varying numbers of particles.
To this end, an autoencoder is used to learn a low-

dimensional representation that serves as the closure
variable. The encoder, 𝝋̂, maps the microstate 𝑋 ∈ X
to a low-dimensional latent vector 𝒛 = 𝝋̂ (𝑋 ). The
latent 𝒛 should be invariant to the ordering of 𝑋 =

{𝒙1, 𝒙2, . . . , 𝒙𝑛}, i.e.,

𝝋̂ (𝜎𝑋 ) = 𝝋̂ (𝑋 ), ∀𝜎 ∈ 𝑆𝑛, (1)

where 𝑆𝑛 denotes the symmetric group on 𝑛 elements
and 𝜎𝑋 := {𝒙𝜎 (1) , 𝒙𝜎 (2) , . . . , 𝒙𝜎 (𝑛) } is the permuted par-
ticle set. In parallel, we extract themacroscopic quan-
tity of interest 𝒛𝑡 = 𝝋̄ (𝑋𝑡 ), and form the closed macro-
scopic state 𝒛𝑡 = [𝒛𝑡 , 𝒛𝑡 ].

2.2 Closure Modeling
Our model to learn closure variables is illus-

trated by Fig. 2. First, the encoder 𝝋̂ learns
permutation-invariant representation 𝒛 (Eq. 1). We
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Fig. 2: Overview of our distribution-aware autoencoder for closure modeling. The encoder 𝝋̂ maps unordered
microstate 𝑋 to a permutation-invariant latent variable 𝒛. The microstate 𝑋 induces a target distribution
𝑞𝑋 . Conditioned on 𝒛, the decoder 𝝍 generates a density 𝑝𝜃 (x|𝒛) to approximate the target density 𝑞𝑋 . In
general, 𝝋̂ is a permutation-invariant set function and 𝝍 is a conditional density function. We instantiate 𝝋̂
with DeepSet and 𝝍 with the conditional normalizing flow.

choose deepset [8] as the encoder, but it can be any
permutation-invariant function. Then, for each 𝑋 ∈
X, we induce a continuous density 𝑞𝑋 (x) over the in-
put space X that corresponds to a mass distribution
centered at the observation points, i.e.,

𝑞𝑋 (x) =
1
|𝑋 |

∑︁
𝒙𝑖 ∈𝑋

𝛿𝜖 (x − 𝒙𝑖 ), (2)

where 𝛿𝜖 (·) is an isotropic Gaussian kernel with vari-
ance 𝜖2. The 𝑞𝑋 (x) serves as the reconstruction tar-
get. We construct the decoder 𝝍 to generate a condi-
tional density 𝑝 (x|𝒛) via 𝑝𝜃 (x|𝒛) = 𝝍 (x; 𝝋̂ (𝑋 )), where
𝜃 denotes all learnable parameters in 𝝋̂ and 𝝍. We
implement 𝑝 (x|𝒛) with a conditional normalizing
flow, though any conditional density model can be
used [17, 18]. We use the KL divergence to measure
the discrepancy between 𝑞𝑋 (x) and 𝑝𝜃 (x|𝒛) [19]:

Lrec = E𝑋 [KL(𝑞𝑋 (x) ∥ 𝑝𝜃 (x|𝒛))] . (3)

TheKLdivergence can be estimatedwithMonte Carlo
samples drawn from𝑞𝑋 (·). The sampling is easy since
𝑞𝑋 (·) is a mixture of Gaussians.

2.3 Macroscopic Dynamics Modeling
Wemodel the dynamics of the augmented macro-

scopic state 𝒛𝑡 = [𝒛𝑡 , 𝒛𝑡 ] by

𝑑𝒛𝑡 = 𝒈(𝒛𝑡 ) 𝑑𝑡 + 𝚺(𝒛𝑡 ) 𝑑𝑾𝑡 , (4)

where 𝒈(𝒛𝑡 ) is the drift term, 𝚺(𝒛𝑡 ) is the diffusion
term, and𝑾𝑡 denotes standard Brownian motion. In
the deterministic case, we set 𝚺(𝒛) ≡ 0. In practice,
we first train the 𝝋̂ and 𝝍 by minimizing Eq. 3. Then,
applying 𝝋̂ to get 𝒛 and combining with 𝒛, we train 𝒈
and 𝚺 by maximizing the likelihood of one-step tran-
sitions implied by an Euler–Maruyama discretization.
Learning the dynamics of 𝒛 naturally yields the dy-
namics of 𝒛, which is our quantity of interest.

3. Experiment
We study energy evolution in particle systems as a

test case to validate the effectiveness of our method.
Specifically, we adopt the 2D interacting particle sys-
tem from [20], where particle positions form the mi-
crostate 𝑋 and 𝝋̄ computes the normalized pairwise

(a)

(b) (c)

Fig. 3: Experiment on the interacting particle sys-
tem. (a) Microstate snapshots examples. (b) 𝒛 pre-
dicted by our model versus the ground truth. (c)
Permutation-invariant verification.

interaction energy, which is the total pairwise interac-
tion energy divided by the number of particle pairs.
Fig. 3(a) visualizes an exemplary trajectory. After
training, we select three trajectories in the test set,
provide only their initial macroscopic state 𝒛0, and
recursively predict the future states. The prediction
closely matches the ground truth throughout the roll-
out, as shown in Fig. 3(b). Furthermore, we take one
test trajectory, apply three random permutations of
the particle ordering, and compare the macroscopic
prediction from our model and the baseline that uses
MLP autoencoder. As shown in Fig. 3(c), our method
is exactly permutation-invariant: the three prediction
curves overlap, appearing as a single curve. Details
about the experiment setup and the baseline are pro-
vided in Appendix A and B.

4. Conclusion
In this work, we develop an autoencoder frame-

work that learns permutation-invariant latent repre-
sentations from microstates without the ordering,
which can serve as the closure variables for learn-
ing macroscopic dynamics. We expect to apply the
method to solve more real-world problems.
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Appendix A. Experiment Setup and Data Genera-
tion

We adopt the 2D interacting particle system from [20],
where each particle interacts with all others through
a pairwise step-force law 𝐹 (𝑟 ) = tanh(𝑎(1 − 𝑟 )) + 𝑏.

We set 𝑎 = 4 and 𝑏 = 0.1, and simulate trajec-
tories using a forward Euler integrator with time
step Δ𝑡 = 0.002. The initial particle positions are
sampled from a two-component Gaussian mixture
model, with component means and isotropic covari-
ances randomly drawn per trajectory. The total pair-
wise energy of this particle system is computed as
𝐸total =

∑
𝑖< 𝑗

[
1
𝑎
log cosh

(
𝑎(1− 𝑟𝑖 𝑗 )

)
+𝑏 (1− 𝑟𝑖 𝑗 )

]
, where

𝑟𝑖 𝑗 is the distance between particle 𝑖 and particle 𝑗 .
We divide this total energy by 𝑛 × (𝑛 − 1)/2 to get
the normalized pairwise interaction energy. We gen-
erate 10k simulated trajectories and split them into
training/validation sets with an 8/2 split. Each tra-
jectory contains 300 particles recorded at 301 time
steps. Since this macroscopic evolution is determin-
istic, we model 𝒛𝑡 using an ODE (i.e., setting 𝚺(𝒛) = 0
in Eq. 4). For testing, we generate 1k trajectories with
the same number of particles as training, and sample
initial positions also from a two-component Gaus-
sian mixture model with independently resampled
component means and isotropic covariances.

Appendix B. Baseline Setup

The baseline used in Sec. 3 that uses MLPs as en-
coder and decoder is specified as follows. To ap-
ply the MLP-style autoencoder to the microstates
without the ordering, we adopt the common strat-
egy of sampling random input permutations during
training [21]. This can be interpreted as averaging
over permutations, making the latent representation
permutation-invariant in expectation. Combining
this permutation-augmentation strategy with a stan-
dard MLP autoencoder trained using point-wise MSE
reconstruction loss gives our baseline, denoted as
AE-Aug.
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