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Strategy Executability in Mathematical Reasoning: Leveraging Human–Model
Differences for Effective Guidance
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Abstract
Example-based guidance is widely used to im-
prove mathematical reasoning at inference time,
yet its effectiveness is highly unstable across
problems and models—even when the guidance
is correct and problem-relevant. We show that
this instability arises from a previously under-
explored gap between strategy usage—whether
a reasoning strategy appears in successful solu-
tions—and strategy executability—whether the
strategy remains effective when instantiated as
guidance for a target model. Through a con-
trolled analysis of paired human-written and
model-generated solutions, we identify a system-
atic dissociation between usage and executabil-
ity: human- and model-derived strategies differ
in structured, domain-dependent ways, leading to
complementary strengths and consistent source-
dependent reversals under guidance. Building
on this diagnosis, we propose Selective Strategy
Retrieval (SSR), a test-time framework that ex-
plicitly models executability by selectively re-
trieving and combining strategies using empirical,
multi-route, source-aware signals. Across mul-
tiple mathematical reasoning benchmarks, SSR
yields reliable and consistent improvements over
direct solving, in-context learning, and single-
source guidance, improving accuracy by up to
+13 points on AIME25 and +5 points on Apex
for compact reasoning models.

1. Introduction
Large language models (LLMs) have demonstrated strong
performance on mathematical reasoning tasks, particularly
when augmented with inference-time guidance such as
worked examples, concise hints, or high-level reasoning
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<anon.email@domain.com>.

Preliminary work. Under review by the International Conference
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Figure 1. An example illustrating that strategies which appear valid
in isolation may fail when transferred as guidance. In this AIME-
level problem, a human-derived structural strategy and a model-
derived procedural strategy are each insufficient on their own,
while selectively combining them enables successful execution.

suggestions (Wei et al., 2022; Lewkowycz et al., 2022; Ko-
jima et al., 2022; Achiam et al., 2023; Brown et al., 2020;
Yao et al., 2022). When effective, such guidance does more
than add information: it steers the model toward a particular
solution strategy and shapes the sequence of reasoning steps
it attempts to execute.

Despite these gains, guidance-based reasoning remains strik-
ingly unreliable. Across models and benchmarks, even guid-
ance that is demonstrably correct, problem-relevant, and
extracted from successful solutions often fails to help—and
can sometimes degrade—performance (Madsen et al., 2024;
Guo et al., 2025). These failures recur across domains and
model families and cannot be explained by deficiencies in
guidance quality or semantic relevance alone, pointing to a
deeper limitation in how guidance is currently understood.

A central assumption underlying existing approaches is that
a reasoning strategy observed in a successful solution can
be reliably carried out when transferred as explicit guidance
to a target model. In practice, example-based guidance pri-
marily conveys reasoning strategies: high-level decisions
about problem decomposition, representation, and solution
structure (Simon & Newell, 1971; Chi, 2006). Human-
authored solutions, in particular, often emphasize concep-
tual insight and global structure (Larkin et al., 1980; Polya,
1957). These human strategies are typically concise, ab-
stract, and under-specified, relying on implicit reasoning
steps that may not align with the operational strengths of a
target model. As a result, the mere presence of a strategy in
a correct solution does not ensure that the target model can
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effectively use it when prompted.

This gap highlights a distinction that has received little ex-
plicit attention: the difference between whether a strategy
appears in a successful solution and whether it remains ef-
fective as guidance for a target model. We refer to the latter
as strategy executability. Importantly, executability is as-
sessed operationally—by whether providing the strategy as
guidance under fixed prompting and decoding conditions in-
creases the target model’s likelihood of producing a correct
solution, without requiring faithful step-by-step imitation of
the strategy. This perspective leads to a natural question:

Under what conditions does a reasoning strategy remain
executable when transferred as guidance to a target model?

To address this question, we adopt a strategy-level diag-
nostic perspective on mathematical reasoning. Rather than
treating solutions as reasoning traces, we represent each so-
lution as a composition of high-level strategies. This abstrac-
tion disentangles two notions often conflated in prior work:
strategy usage, which captures how frequently a strategy
appears in successful solutions, and strategy executability,
which reflects whether the strategy remains effective when
instantiated as guidance for a given model.

Using this framework, we analyze paired human-written
and model-generated solutions to the same mathematical
problems. Although both sources often arrive at correct
answers, they do so using systematically different strategies:
human solutions rely more on structural insights and con-
ceptual decompositions, whereas model-generated solutions
favor procedural and algebraic transformations (Trinh et al.,
2024; Mahdavi et al., 2025). As we show, these differences
have concrete consequences for guidance, shaping which
strategies remain executable when transferred.

Figure 1 illustrates this phenomenon. When transferred
individually under identical prompting conditions, neither
strategy succeeds; only their selective combination yields
an executable reasoning path. This highlights our central
insight: effective guidance depends not on strategy presence
alone, but on executability for the target model.

Motivated by this diagnosis, we propose Selective Strategy
Retrieval (SSR), a lightweight inference-time framework
that explicitly models strategy executability. SSR selec-
tively retrieves strategies from human-written and model-
generated solutions based on empirical executability signals.
It operates purely at test time and requires no modification to
the underlying model, training data, or decoding procedure.

Empirically, SSR yields consistent improvements across
open-source and closed-source reasoning models. On
closed-source models, SSR improves accuracy over direct
prompting by approximately +4 ∼ 13 points on AIME25
and +2 ∼ 5 points on Apex for GPT-4.1 and o3-mini (Fig-

Figure 2. Performance gains from Selective Strategy Retrieval
(SSR) on closed-source reasoning models (GPT-4.1 and o3-mini),
measured by pass@1 and averaged over five runs.

ure 2), demonstrating that explicitly modeling strategy exe-
cutability is key to robust reasoning gains.

Our contributions are summarized as follows:

• We identify a systematic dissociation between strategy
usage and executability in mathematical reasoning.

• To enable controlled analysis of this dissociation, we
construct HM-ReasoningBench, a paired dataset of
competition-level problems with human-written and
model-generated solutions.

• Building on this diagnosis, we propose Selective Strat-
egy Retrieval (SSR), a test-time framework that op-
erationalizes strategy executability through selective
strategy combination.

• We demonstrate that explicitly modeling strategy exe-
cutability—rather than strategy prevalence or semantic
relevance—leads to robust improvements across multi-
ple mathematical benchmarks.

2. Related Works
Example-Based Reasoning Guidance. Inference-time
guidance, such as worked examples, reasoning traces, or
high-level hints, is widely used to improve reasoning in
large language models (Brown et al., 2020; Wei et al., 2022;
Yao et al., 2022; Kojima et al., 2022; Liu et al., 2022; Zhou
et al., 2022; Rubin et al., 2022; Shum et al., 2023; Wu et al.,
2023; Fernando et al., 2023; Diao et al., 2024; Zhang et al.,
2025; Cao et al., 2025). While effective in some cases, prior
work largely assumes that guidance is transferable across
models and contexts, typically selecting examples based on
semantic similarity or correctness (Zelikman et al., 2022;
Yao et al., 2023). Recent studies show that additional guid-
ance can be unreliable and may even degrade performance
for certain models or tasks (Madaan et al., 2023; Guo et al.,
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2025), suggesting that the key challenge lies in whether
guidance is executable by the target model.

Reasoning Traces and Strategy Abstraction. A large
body of work represents solutions as step-by-step reasoning
traces for supervision, explanation, or iterative refinement
(Cobbe et al., 2021; Wang et al., 2022; Zelikman et al.,
2022; Chowdhury & Caragea, 2025; Mukherjee et al., 2025;
Jiang et al., 2025). However, recent work questions the
faithfulness of such traces, noting that they may be post hoc
or weakly coupled with model decision-making (Creswell &
Shanahan, 2022; Xu et al., 2024; Wu et al., 2025; Munkhbat
et al., 2025). This has motivated abstractions toward higher-
level reasoning structure (Yu et al., 2025), as well as process-
level methods such as process reward models (Hu et al.,
2025; Younsi et al., 2025), which typically operate during
training or decoding.

Related approaches introduce explicit strategy- or plan-level
control, such as routing problems to strategies or selecting
plans prior to generation (Xu et al., 2025; Qi et al., 2025), but
do not analyze whether such strategies remain executable
across models or contexts.

In contrast, we treat reasoning strategies as analytical
objects. We abstract strategies from human-written and
model-generated solutions and study strategy executabil-
ity—whether a strategy that appears in a given solution can
be operationalized as guidance—revealing a systematic gap
between strategy prevalence and effectiveness. This perspec-
tive motivates selective strategy retrieval based on empirical
executability signals and human–model differences.

3. Strategy-Level Differences Between Human
and Model Solutions

Before assessing whether a reasoning strategy can serve
as effective guidance, we examine how strategies are em-
ployed by different solvers. Although human-written and
model-generated solutions often reach correct answers on
the same problems, they do so through systematically differ-
ent strategic choices. This section provides a strategy-level
analysis of these differences across problem domains and
establishes the empirical foundation for the executability
study in Section 3.4.

3.1. Dataset and Paired Solution Setting

We conduct our analysis on HM-ReasoningBench, which
contains 4,895 challenging mathematical problems, each
paired with a human-written solution and a model-generated
solution. Problems are drawn from Omni-Math (Gao et al.,
2024) and HARP (Yue et al., 2024), with HARP restricted
to difficulty level ≥ 6. The dataset spans algebra, geometry,
number theory, combinatorics, and mixed-topic problems;
additional statistics are reported in Appendix A.1.

3.2. Strategy Abstraction

To enable strategy-level comparison, we represent each so-
lution as a small set of high-level reasoning strategies. Each
solution is associated with multiple strategies (typically 3–
5), reflecting the compositional nature of non-trivial math-
ematical reasoning. Strategies are treated as unordered,
non-exclusive attributes of a solution, and the analysis in
this section concerns which strategies appear rather than
how they are executed.

Strategies are extracted using a prompting pipeline designed
to identify transferable reasoning patterns that general-
ize beyond individual problems. Extracted strategies are
mapped via rule-based matching to a predefined library of
30 canonical strategy templates, defined based on standard
competition guidebooks and canonical treatments of mathe-
matical problem solving (Polya, 1957; Engel, 1998; Zeitz,
2016). Full prompt details and strategy category definitions
are provided in Appendix B.1 and Appendix A.2.

To ensure comparability across problems, we apply per-
problem normalization when aggregating statistics.

3.3. Strategy Usage Differences

We first compare strategy usage between human-written
and model-generated solutions, both in aggregate and con-
ditioned on problem domain.

Global preferences. Aggregated across all problems, hu-
man and model solutions exhibit clear but moderate differ-
ences in their overall strategy distributions. As shown in
Figure 3, human-written solutions place greater emphasis on
geometry- and structure-oriented strategies, including auxil-
iary constructions, symmetry, angle chasing, and invariant-
based reasoning. Model-generated solutions, in contrast,
rely more heavily on algebraic manipulations, coordinate
formulations, and equation-driven transformations.

These trends align with established observations in math-
ematical problem solving: expert humans favor relational
and structural abstractions, whereas contemporary reasoning
models more often adopt procedural strategies that decom-
pose problems into explicit symbolic operations (Ruis et al.;
Trinh et al., 2024).

Domain-conditioned divergence. Conditioning on prob-
lem subject reveals substantially sharper differences. Ge-
ometry exhibits the largest divergence: human solutions
strongly favor construction- and relation-driven strategies,
while model solutions disproportionately adopt coordinate-
based reductions (Figure 4(a)). In contrast, algebra and num-
ber theory show much closer alignment in strategy usage,
likely reflecting their more uniformly symbolic structure.
Additional examples are provided in Appendix C.
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Figure 3. Normalized strategy usage in human-written and model-generated solutions, aggregated across problems with per-problem
normalization. For each problem, strategies contribute equally, ensuring that multi-strategy solutions do not dominate the statistics.

Figure 4. Strategy-level divergence between human-written and model-generated solutions. (a) Normalized differences in strategy usage.
(b) Normalized differences in strategy-guided accuracy.

Takeaway

Human-written and model-generated solutions dif-
fer systematically in the strategies they employ, with
divergences that are strongly structured by problem
domain. These usage patterns characterize how so-
lutions are constructed, but do not indicate whether
a strategy is reliable when transferred as guidance.

3.4. Strategy-Guided Accuracy Divergence

We now evaluate strategy executability: whether an individ-
ual strategy extracted from a solution can be operationalized
by a target model when provided as explicit guidance.

Setup. We evaluate two compact reasoning models, Qwen3-
8B and DeepSeek-R1-Distill-Qwen-7B. Each solution typ-
ically contains multiple extracted strategies. Rather than
selecting a representative or random strategy, we treat each
extracted strategy as an independent evaluation unit. For a
given problem–strategy pair, the strategy is provided alone

as guidance under a fixed prompting and decoding protocol,
and effectiveness is measured by final answer correctness.
Results are aggregated at the strategy level; unless otherwise
stated, each strategy is evaluated with multiple decoding tri-
als and averaged to account for stochasticity. Both models
exhibit consistent qualitative trends, so results are aggre-
gated.

Results. Figure 4(b) reveals a clear dissociation between
strategy usage and strategy executability. Strategies that are
frequently used by a source solver do not necessarily yield
higher accuracy when transferred as guidance.

Procedural strategies—such as case analysis and coordi-
nate setups—are often more executable when sourced from
model-generated solutions, particularly in geometry and
mixed-topic problems. Conversely, structurally grounded
strategies—such as similarity/congruence and prime factor-
ization—transfer more reliably when derived from human
solutions, despite being less prevalent in model usage.
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4. Selective Strategy Retrieval
The analysis in Section 3.4 shows that naive strategy reuse
fails for systematic reasons. In particular, using strategy
frequency as a proxy for executability is unreliable; seman-
tic relevance alone does not ensure operational alignment;
and committing to a single strategy source ignores strong,
domain-dependent reversals. Together, these observations
rule out retrieval schemes based solely on usage statistics,
surface similarity, or uniform source preference. We there-
fore treat strategy executability as the primary criterion for
strategy selection.

We introduce Selective Strategy Retrieval (SSR), a
test-time framework that selects strategies using source-
dependent and context-conditioned executability signals and
provides up to five strategies as guidance per problem.

4.1. Strategy Knowledge Graph

Executability is inherently relational: whether a strategy is
executable depends on its interaction with problem struc-
ture, reasoning category, and source. We therefore organize
reasoning knowledge from HM-ReasoningBench into a het-
erogeneous graph G = (V,E) with nodes corresponding to
problems Vp, strategies Vs, and categories Vc. Edges en-
code observed problem–strategy usage and category mem-
bership. This representation allows executability signals
to propagate across related problems while preserving the
category-level regularities identified in Section 3.

Source-aware retention. Because executability depends
strongly on strategy source, SSR does not treat all strategies
within a category as equally reliable. For each category
and strategy type, we preferentially retain strategies from
the source (human or model) that exhibits higher empirical
executability under guidance. This design retains comple-
mentary strategies when coverage is sparse.

Graph representation learning. To encode executabil-
ity patterns, we learn structure-aware node embeddings
over G using a heterogeneous graph neural network with
transformer-style message passing. The model is trained
with a contrastive objective that separates successful from
unsuccessful problem–strategy pairings. The learned em-
beddings encode empirical signals of strategy executability
(Appendix A.4), which serve as structural features for down-
stream executability prediction, as described in Section 4.4.

4.2. Problem Representation

At test time, executability must be inferred for a new prob-
lem x without direct supervision. We first embed x using
a pretrained sentence encoder to identify a neighborhood
N (x) of semantically related training problems.

Rather than retrieving strategies by surface similarity, SSR

aggregates the graph embeddings of problems in N (x) to
construct a transferred representation hx. Neighbors are
weighted by semantic similarity via a temperature-scaled
softmax, allowing relevant contexts to dominate. This
representation provides a structure-aware abstraction of x,
enabling retrieval based on learned executability patterns
rather than semantic overlap alone.

4.3. Multi-Route Strategy Retrieval

No single notion of relevance reliably predicts executability.
SSR therefore retrieves candidate strategies through three
complementary routes, whose union forms the candidate set
S(x) (Appendix A.3).

Route A: Category-conditioned retrieval. SSR retrieves
strategies retained for categories compatible with hx, cap-
turing coarse-grained but robust executability signals that
generalize across problems.

Route B: Problem-transfer retrieval. To capture fine-
grained, context-dependent executability, SSR retrieves
strategies that were empirically effective when guiding solu-
tions to problems in N (x).

Route C: Semantic fallback retrieval. When executability
evidence is sparse, SSR retrieves a small number of se-
mantically similar strategies as fallback, ensuring coverage
without assuming executability from similarity.

4.4. Modeling Strategy Executability

The multi-route retrieval step produces a diverse but over-
complete candidate set S(x), within which only a subset of
strategies are expected to be executable for the target model.
Given a problem x and a candidate strategy s ∈ S(x), SSR
aims to estimate the utility of providing s as inference-time
guidance to a target reasoning model. We formalize it as a
model-relative, protocol-relative quantity:

U(s | x;m,π) = P
(
success = 1

∣∣ x, s,m, π
)
, (1)

where m denotes the target model and π denotes a fixed
prompting and decoding protocol (including prompt tem-
plate, temperature, and context budget). Intuitively, U(s |
x;m,π) captures the probability that providing strategy s as
guidance enables model m to produce a correct solution for
problem x under controlled inference conditions. Success
refers to pass@1 unless otherwise stated.

Empirical supervision. The executability utility in Eq. (1)
is not directly observable. To obtain supervision, we evalu-
ate strategy-guided execution outcomes on a training split
of HM-ReasoningBench. For each problem–strategy pair
(x, s), we run the target model m under protocol π for T
independent decoding trials and record binary outcomes
yx,s,t ∈ {0, 1} indicating whether the final answer is cor-
rect. We treat these outcomes as Bernoulli samples from an
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Figure 5. Multi-route strategy retrieval in Selective Strategy Retrieval (SSR). Complementary retrieval routes capture category-level
regularities, problem-specific transfer, and semantic coverage, forming the candidate set S(x).

underlying success probability px,s and estimate a posterior
mean executability score using a Beta–Binomial model:

Ũ(s | x) = E[px,s | yx,s,1:T ] =
α+

∑T
t=1 yx,s,t

α+ β + T
, (2)

with a weakly informative prior (α, β). This formulation
explicitly accounts for decoding stochasticity and yields a
calibrated estimate of strategy executability.

Executability predictor. To generalize beyond observed
pairs and enable efficient ranking at test time, we learn a
parametric estimator Ûθ(s | x) that predicts executability
from problem–strategy features. We construct a feature rep-
resentation ϕ(x, s) that aggregates complementary signals,
including: (i) semantic alignment between x and s, (ii) struc-
tural proximity derived from the strategy knowledge graph,
and (iii) route- and source-specific indicators reflecting how
s was retrieved. The executability predictor is defined as

Ûθ(s | x) = σ
(
θ⊤ϕ(x, s)

)
, (3)

where σ is the logistic function.

We train Ûθ using trial-level supervision by minimizing the
negative log-likelihood of observed outcomes:

L(θ) = −
∑
(x,s)

T∑
t=1

[
yx,s,t log Ûθ(s | x)

+ (1− yx,s,t) log
(
1− Ûθ(s | x)

)]
.

(4)

with ℓ2 regularization on θ. This objective encourages Ûθ

to approximate the true executability probability in Eq. (1).

The role of the graph model is thus to provide structure-
aware representations, while executability estimation and
ranking are handled by a separate supervised predictor. Cal-
ibration and ranking. Because Ûθ is used for cross-route
and cross-source comparison, we apply temperature scaling
on a held-out validation set to calibrate predicted probabili-
ties. At inference time, SSR ranks candidate strategies for
problem x by their calibrated utility scores and selects a
small subset with highest estimated executability.

4.5. Using Strategies as Guidance

SSR outputs a small set of abstract strategy hints describing
general reasoning approaches rather than concrete solution
steps. At the strategy level, SSR preserves flexibility while
aligning guidance with the operational strengths of the target
model. The prompting format is shown in Appendix B.3.

5. Experiments
We evaluate whether executability-aware strategy selection,
implemented by Selective Strategy Retrieval (SSR), reliably
improves mathematical reasoning. Our experiments address
three questions: (i) does SSR consistently improve accuracy
across datasets and models, (ii) are its key components
necessary, and (iii) when and why human-derived strategies
are most effective.

5.1. Experimental Setup

Datasets. We evaluate on three benchmarks spanning paired
analysis, competition-style reasoning, and extreme diffi-
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Table 1. Accuracy (%) comparison between Selective Strategy Retrieval (SSR), single-source guidance (H/M), in-context learning (ICL),
and direct solving (DS) across three benchmarks. Best results are shown in bold.

HM-REASONINGBENCH AIME25 APEX

MODEL DS ICL H M SSR DS ICL H M SSR DS ICL H M SSR

QWEN3-8B 63.80 64.20 66.00 65.40 68.60 67.33 68.00 70.67 69.33 74.00 8.16 8.16 8.57 8.98 13.06
QWEN3-14B 67.40 67.60 69.40 68.20 70.20 70.66 70.33 72.67 72.00 74.67 11.02 11.43 13.47 12.65 14.69
R1-DISTILL-7B 49.20 49.80 51.00 50.80 52.40 42.00 48.00 51.33 52.00 53.13 4.08 4.90 6.53 6.12 7.75

Table 2. Ablation study of retrieval routes in Selective Strategy Retrieval (SSR) across three benchmarks. Best result is shown in bold.

HM-REASONINGBENCH AIME25 APEX

MODEL SSR W/O CAT W/O TRAN W/O SEM SSR W/O CAT W/O TRAN W/O SEM SSR W/O CAT W/O TRAN W/O SEM

QWEN3-8B 68.60 66.00 63.60 67.20 74.00 70.67 67.33 72.67 13.06 12.24 11.02 13.06
QWEN3-14B 70.20 67.60 65.00 69.00 74.67 71.33 68.67 73.33 14.69 13.06 11.84 13.88
R1-DISTILL-7B 52.40 50.60 48.80 51.20 53.13 52.00 50.67 51.33 7.75 6.94 6.12 7.35

culty. HM-ReasoningBench is used to construct the strat-
egy knowledge graph and is evaluated on a held-out test split.
AIME 2025 (Mathematical Association of America, 2025)
contains competition-level problems requiring multi-step
symbolic reasoning. MathArena Apex (Balunović et al.,
2025) consists of highly challenging final-answer problems
on which even strong models have low success rates, serving
as a stress test for compositional reasoning.

Models. We evaluate Qwen3-8B, Qwen3-14B, and
DeepSeek-R1-Distill-Qwen-7B. All models use the same
configuration (max context 32,768; temperature 0.7).

Metric and verification. We report exact-match accuracy.
For proof-oriented problems, we use GPT-5.1 to verify math-
ematical equivalence between model outputs and references;
the verification prompt is provided in Appendix B.4.

Reproducibility. All reported results are averaged over 5
independent runs with different random seeds. We report
mean accuracy throughout.

5.2. Baselines

All methods share the same prompting format and differ
only in how guidance is sourced. Direct Solving (DS)
solves the problem without external guidance; In-Context
Learning (ICL) provides one worked example (more ex-
amples did not help and sometimes degraded performance);
Human-Only Guidance (H) uses strategy hints extracted
from human solutions; and Model-Only Guidance (M)
uses strategy hints extracted from model solutions.

We also compare against stronger inference-time baselines,
including Self-Consistency (SC), Least-to-Most Prompting
(L2M), and Tree-of-Thoughts (ToT), which allocate addi-
tional test-time computation through sampling or search.

5.3. Main Results

Table 1 reports accuracy across datasets. Three consistent
patterns emerge. First, strategy guidance improves over
DS in all settings, indicating that abstract strategy hints are
generally usable by compact reasoning models. Second,
SSR consistently achieves the best performance, outper-
forming both single-source guidance (H/M) and ICL, which
rules out gains from merely adding more context. Third,
SSR’s relative advantage increases with benchmark diffi-
culty, consistent with our executability analysis. Compar-
isons with stronger inference-time baselines, including self-
consistency, least-to-most prompting, and Tree-of-Thoughts,
are reported in Appendix D.1. Notably, SSR achieves
these gains using a single guided generation per prob-
lem, whereas these baselines allocate substantially more
test-time computation.

On HM-REASONINGBENCH and AIME25, both H and
M improve over DS, while SSR yields further gains (e.g.,
Qwen3-8B: 63.80 → 66.00/65.40 → 68.60 on the former,
and 67.33 → 70.67/69.33 → 74.00 on the latter). On the
hardest benchmark APEX, SSR’s gains are largest (e.g.,
Qwen3-8B: 8.16 → 13.06), reflecting the amplified impact
of executability mismatches in long-horizon problems.

Across datasets, H slightly outperforms M on average. SSR
consistently improves over both by selecting and com-
bining strategies in a context- and source-aware manner.
Qualitative examples illustrating how SSR yields more co-
herent reasoning trajectories are provided in Appendix D.2.

5.4. Ablation: Is Multi-Route Retrieval Necessary?

SSR constructs candidates via three retrieval routes cor-
responding to distinct executability signals. We ablate
each route in turn while keeping all other components
fixed: Route A (category-conditioned), Route B (problem-
transfer), and Route C (semantic fallback).

7



385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439

Submission and Formatting Instructions for ICML 2026

As shown in Table 2, removing any route consistently de-
grades performance, indicating that no single signal is suf-
ficient. Removing Route B causes the largest drop (e.g.,
Qwen3-14B on APEX: 14.69 → 11.84), highlighting the
importance of fine-grained, context-dependent transfer. Re-
moving Route A also leads to clear declines (e.g., Qwen3-
8B on AIME25: 74.00 → 70.67), while removing Route
C yields smaller but consistent drops, reflecting its role in
maintaining coverage when executability evidence is sparse.

5.5. Analysis: When Does Human Guidance Help Most?

Our strategy-level diagnosis predicts that human-derived
guidance helps most when failures are driven by missing
global structure (e.g., absent decomposition, constraints, or
case splits) rather than local symbolic slips. We test this
prediction using topic-level and failure-mode analyses.

Topic-level. Figure 6 reports gains over DS on HM-
REASONINGBENCH (Qwen3-14B). Human guidance yields
the largest gains in geometry and combinatorics, while
model guidance is weaker and can degrade performance.
In algebra and number theory, source effects are smaller and
both H and M provide modest gains. Across topics, SSR
matches or exceeds the stronger source, confirming that
source effectiveness is context-dependent.

Figure 6. Topic-wise gains on HM-REASONINGBENCH using
Qwen3-14B. Results exhibit domain-dependent behavior.

Failure modes. We further analyze failure modes of in-
correct solutions by categorizing them into structural rea-
soning failures and algebraic manipulation errors. Human
guidance predominantly reduces structural failures, while
model guidance is more effective at mitigating algebraic
errors. SSR reduces both failure types, consistent with
executability-aware selection that combines complementary
structural and procedural signals (see Appendix D.3 for
definitions and quantitative breakdowns).

5.6. Efficiency and Context Budget

We measure output token consumption under DS and SSR
using Qwen3-14B across all three benchmarks. Figure 7

shows that SSR reduces total output tokens relative to DS,
with reductions concentrated in reasoning tokens. This sug-
gests that SSR improves efficiency by steering models away
from unproductive exploration rather than eliciting longer
reasoning traces. Reductions are largest on APEX and HM-
REASONINGBENCH, which require longer-horizon reason-
ing; on AIME25 they are smaller but consistent.

Figure 7. Average output token consumption per problem under
direct solving (DS) and Selective Strategy Retrieval (SSR) using
Qwen3-14B, decomposed into reasoning and final-answer tokens.

Strategy adherence. To verify that SSR’s gains reflect
meaningful strategy execution rather than prompt length, we
conduct an adherence-style sanity check. Correct solutions
are substantially more likely to correctly instantiate at least
one provided strategy, supporting the interpretation that SSR
improves executability rather than verbosity. Full protocol
and results are provided in Appendix D.4.

6. Conclusion
We revisited example-based guidance for mathematical rea-
soning from a strategy-level perspective and identified a
systematic gap between strategy usage and strategy exe-
cutability: strategies that commonly appear in correct solu-
tions are not necessarily those a target model can reliably
execute as guidance, explaining the instability of guidance
and the limits of uniform imitation.

To address this failure mode, we proposed Selective Strat-
egy Retrieval (SSR), a test-time framework that prioritizes
strategies with stronger empirical evidence of executabil-
ity and consistently outperforms direct solving, in-context
learning, and single-source strategy guidance across multi-
ple benchmarks and compact reasoning models.

More broadly, our findings suggest that reasoning guidance
should be evaluated model-relatively: the usefulness of a
strategy depends on whether the target model can opera-
tionalize it under the given context, motivating executability-
aware evaluation and guidance mechanisms grounded in
context-dependent effectiveness.
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Impact Statement
This paper presents work whose goal is to advance the
understanding of how reasoning guidance interacts with
model behavior in mathematical problem solving. We in-
troduce the notion of strategy executability to distinguish
between reasoning strategies that appear in successful so-
lutions and those that a target model can reliably opera-
tionalize when provided as guidance under fixed inference
conditions. Building on this perspective, we develop Selec-
tive Strategy Retrieval (SSR), a lightweight inference-time
framework that improves robustness by selecting and com-
bining strategies based on empirical executability signals
rather than surface correctness or prevalence alone.

Beyond its immediate implications for inference-time guid-
ance, this work has potential relevance for future research
on model training and evaluation. Our analysis reveals a
systematic and structured mismatch between human-written
and model-generated solutions: although both may reach
correct answers, they exhibit consistent differences in the
types of reasoning strategies they employ and successfully
execute. This dissociation suggests that current training
data distributions and learning objectives may implicitly
reinforce certain procedural or algebraic reasoning pat-
terns while under-representing more abstract, structural, or
conceptually driven strategies commonly used by humans.
From this perspective, human–model disagreement is not
merely an inference-time artifact, but a diagnostic signal
of imbalance in how reasoning behaviors are learned and
reinforced during training.

While this paper does not propose changes to model archi-
tectures, training procedures, or supervision schemes, the
concept of strategy executability may inform future efforts
to design training curricula, auxiliary objectives, or evalua-
tion protocols that better reflect whether models can reliably
execute different classes of reasoning strategies under con-
trolled conditions. More broadly, our findings highlight the
importance of evaluating reasoning capabilities not only by
final-answer correctness, but by the operational usability of
intermediate reasoning abstractions.

The expected societal impact of this work is indirect. By
clarifying when and why reasoning guidance succeeds or
fails, our contributions may support the development of
more reliable, interpretable, and controllable reasoning sys-
tems for educational, scientific, and analytical applications.
This work does not involve human subjects, personal data,
or real-world decision-making systems, and it does not in-
troduce new risks beyond those commonly associated with
foundational research in machine learning.
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A. Implementation Details
A.1. More Details for HM-ReasoningBench

Dataset Overview. HM-ReasoningBench is a large-scale mathematical reasoning benchmark constructed from two
complementary sources: OmniMATH and HARP. After removing exact duplicate problems by text, the final benchmark
contains 4,895 unique problems. Among them, 310 problems are drawn from HARP, while the remaining 4,585 problems
are sourced from OmniMATH.

Difficulty Annotation (Level). Each problem is assigned a discrete difficulty level ranging from Level 1 (easiest) to
Level 9 (hardest). In practice, we observe substantial variation in problem difficulty even within the same competition or
source, making it insufficient to rely on competition-level tiers or inherited difficulty labels. To obtain a more objective,
instance-level assessment, we perform a unified re-annotation of problem difficulty across all sources.

Concretely, difficulty is assigned under a shared reference framework that anchors problems to a common difficulty scale
spanning typical Olympiad-style reasoning tasks. GPT-5.1 is used as a calibrated assessor to map individual problems onto
this scale, guided by cross-competition comparisons rather than source-specific context. This procedure enforces consistency
across heterogeneous sources and enables meaningful cross-source difficulty analysis. As a result, the difficulty distribution
concentrates in mid-to-high ranges, with Level 5–7 accounting for the majority of problems.

Subject Coverage. Problems are categorized into five broad mathematical subjects: algebra, geometry, number theory,
combinatorics, and other. The benchmark is intentionally balanced across core mathematical domains, with combinatorics,
number theory, and algebra each accounting for roughly one quarter of the dataset, as shown in table 4.

Source Characteristics. The two sources exhibit complementary structural properties. HARP primarily contributes
high-difficulty problems, with a strong concentration in Levels 6–7, reflecting its emphasis on advanced multi-step reasoning.
In contrast, OmniMATH spans a broader difficulty spectrum from Level 1 to Level 8 and provides wide subject coverage.
This combination enables HM-ReasoningBench to support both fine-grained difficulty analysis and robust evaluation of
reasoning generalization across problem styles.

Intended Use. Overall, HM-ReasoningBench is designed to support fine-grained analysis of mathematical reasoning
behaviors across subjects, difficulty regimes, and problem styles. The unified difficulty re-annotation and balanced subject
coverage make the benchmark particularly suitable for studying reasoning strategies, cross-domain generalization, and
human–model reasoning differences.

A.2. Strategy Category List

We organize extracted strategies into a fixed set of fine-grained strategy templates (i.e., categories), each representing
a distinct, recurring reasoning operation (e.g., angle chasing, modular arithmetic, case analysis). For
presentation and aggregation, these templates are further grouped into five broad subjects—Algebraic, Number Theory,
Geometry, Combinatorial, and Structural—but all analysis in this paper is conducted at the category level unless stated
otherwise.

The complete template list with brief descriptions is provided in Table 5.

Table 3. Difficulty level distribution in HM-ReasoningBench after GPT-5.1 re-annotation.

DIFFICULTY LEVEL COUNT PERCENTAGE

LEVEL 1 78 1.6%
LEVEL 2 303 6.1%
LEVEL 3 386 7.8%
LEVEL 4 742 15.0%
LEVEL 5 1140 23.1%
LEVEL 6 1197 24.3%
LEVEL 7 908 18.4%
LEVEL 8 177 3.6%
LEVEL 9 1 0.0%
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Examples of strategy realizations. To make the template descriptions in Table 5 more concrete, Table 6 lists representative
strategy examples.

A.3. Implementation Details of Selective Strategy Retrieval

This appendix describes the concrete implementation of Selective Strategy Retrieval (SSR), including route-specific candidate
selection and ranking. All configurations are fixed across experiments and are not tuned per dataset or model.

Overview. SSR retrieves candidate strategies through three routes defined in the main text: Category-Conditioned Retrieval
(Route A), Problem-Transfer Retrieval (Route B), and Semantic Fallback Retrieval (Route C). The final candidate pool is
formed by taking the union of strategies retrieved from all routes, followed by route-aware ranking.

Route A: Category-Conditioned Retrieval. SSR first identifies a small set of compatible strategy categories C(x) for the
target problem. We do not train a separate category classifier. Instead, category compatibility is inferred in the same learned
graph embedding space used by SSR: each category corresponds to a dedicated node in G, and the graph encoder produces
embeddings for problem nodes and category nodes jointly (Appendix A.4).

At test time, given a problem embedding hx, we score each category node c ∈ Vc by cosine similarity sim(hx, hc) and
select the top-2 categories:

C(x) = Top2c∈Vc
sim(hx, hc).

We then retrieve up to 10 strategies per selected category based on their similarity to hx within that category, forming a
compact set of category-consistent candidates.

Route B: Problem-Transfer Retrieval. SSR retrieves strategies that were empirically effective on problems in the
neighborhood N (x). We consider the top 5 most similar problems and collect strategies associated with successful guidance
on these problems. This route typically yields a small number of high-precision candidates.

Route C: Semantic Fallback Retrieval. When Routes A and B yield insufficient candidates, SSR retrieves additional
strategies via semantic similarity. We perform nearest-neighbor search over strategy node embeddings produced by the
graph encoder (Appendix A.4), using the problem embedding hx as the query. We retrieve up to 20 strategies. This route is
used conservatively and serves only as a fallback.

Candidate Pool Construction. Let SA(x), SB(x), and SC(x) denote the strategies retrieved by Routes A, B, and C. The
final candidate pool is constructed as

S(x) = SA(x) ∪ SB(x) ∪ SC(x),

with duplicate strategies merged.

A.4. Executability-Supervised Graph Representation Learning

To support executability-aware strategy selection, we learn structure-aware node representations over the strategy knowledge
graph G using supervised contrastive learning. This module is not used to estimate executability scores or to directly
rank strategies. Instead, it provides relational features that are later consumed by the supervised executability predictor
described in Section 4.4.

Graph construction. The heterogeneous graph G = (V,E) contains three node types: problems (Vp), strategies (Vs), and
categories (Vc). Edges encode (i) observed problem–strategy associations extracted from correct solutions in the training
split of HM-ReasoningBench, and (ii) strategy–category membership. No information from the evaluation split is used in
graph construction or supervision, ensuring that all executability signals are strictly confined to training data.

Table 4. Subject distribution of HM-ReasoningBench.

SUBJECT COUNT PERCENTAGE

COMBINATORICS 1188 24.1%
NUMBER THEORY 1167 23.7%
ALGEBRA 1164 23.6%
GEOMETRY 994 20.2%
MIXED TOPICS 419 8.5%
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Executability supervision. We obtain supervision from strategy-guided executions on the training split. For each evaluated
pair (x, s), we run the target model under a fixed protocol for T independent trials and record outcomes yx,s,1:T ∈ {0, 1}.
We compute a calibrated executability estimate Ũ(s | x) via the Beta–Binomial posterior mean in Eq. (2). Pairs with
Ũ(s | x) ≥ δ are treated as positives; pairs with Ũ(s | x) ≤ δ− are treated as negatives (we fix δ = 0.5 and δ− = 0.1
in all experiments), and ambiguous pairs are excluded from contrastive training. Unless otherwise stated, we use T = 3
independent decoding trials per (x, s), and sample up to K = 10 negatives per positive pair.

Text encoder for node initialization. We initialize problem nodes and strategy nodes with 384-dimensional sentence
embeddings from a pretrained SentenceTransformer encoder (we use all-MiniLM-L6-v2 in all experiments). Category
nodes are initialized by mean-pooling the embeddings of strategies assigned to the category. These initial text features are
then refined by the graph encoder via message passing.

Contrastive objective. For each positive pair (x, s+), we sample negatives N (x) from strategies in the same category as s+

that are labeled negative for x (falling back to a global negative pool if necessary). We optimize the InfoNCE loss:

LInfoNCE = −
∑

(x,s+)

log
exp(sim(hx, hs+)/τ)

exp(sim(hx, hs+)/τ) +
∑

s−∈N (x) exp(sim(hx, hs−)/τ)
. (5)

where sim(·, ·) denotes cosine similarity and τ is a fixed temperature hyperparameter (τ = 0.07). This objective encourages
executable problem–strategy pairs to be closer in representation space than non-executable pairs, while controlling for
category-level confounds.

Model architecture. We use a heterogeneous graph neural network with transformer-based message passing
(TransformerConv). Separate input projections are applied for each node type (problem, strategy, category), mapping
384-dimensional SentenceTransformer embeddings into a shared hidden space. The network consists of three stacked graph
transformer layers with four attention heads, hidden dimension 128, and dropout rate 0.1. Residual connections and layer
normalization are applied after each layer.

Training protocol. The graph encoder is trained for 50 epochs using the Adam optimizer with learning rate 10−3 and
batch size 32. All hyperparameters are fixed across datasets and target models. The resulting embeddings are used solely as
structural features for downstream executability prediction, and are not directly used to score or select strategies.

Sanity check. To verify that the learned representations capture executability-relevant structure, we evaluate their ability to
discriminate executable from non-executable problem–strategy pairs on a held-out subset of the training split. Embedding
similarity achieves substantially higher AUC than random baselines, indicating that the contrastive objective encodes
meaningful executability information.

B. Prompt design
B.1. Strategy Extraction Prompt

This prompt instructs the model to abstract reusable, high-level problem-solving strategies from a given worked solution,
focusing on transferable reasoning patterns rather than problem-specific calculations.
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Strategy Extraction Prompt

You are a mathematics expert analyzing problem-solving strategies.

Output ONLY valid JSON. Do NOT use markdown or code fences.

Task: extract_solution_strategies

Instructions:
1. From the given solution, extract the KEY STRATEGIES that would help solve

SIMILAR problems.
2. Write each strategy as a concrete, actionable approach, e.g.:

- "Express each variable as $pˆalpha$ and compare exponents"
- "Apply inclusion-exclusion to count overlapping cases"

Return the result in the following JSON format:
{

"strategies": ["strategy1", "strategy2", "..."],
}

Guidelines:
- Limit to 3-5 most critical strategies.
- Focus on reusable reasoning techniques, not problem-specific calculations.
- Be precise, concise, and actionable.

Problem:
{problem_text}

Solution:
{solution_text}

B.2. Direct Answer Prompt

This prompt serves as a baseline reasoning setup, asking the model to solve a problem directly without external strategy
guidance or example-based hints.

Direct Answer Prompt

Solve the following mathematical problem step by step.

Problem:
{problem_text}

Instructions:
- Provide a detailed solution with clear reasoning.
- Conclude with the final answer.

B.3. Strategy Guidance Prompt

This prompt evaluates the effect of explicit strategy-level guidance by providing the model with strategies extracted from
similar problems and instructing it to use them during solution construction.
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Strategy Guidance Prompt

System: You are an expert mathematician solving competition problems.

User: Solve the following problem using the provided strategy guidance.

Problem:
{problem_text}

Strategy guidance (from similar solved problems):
- {strategy_1}
- {strategy_2}
- ...

Instructions:
- Use the strategies above as hints for your solution approach.
- Solve the problem step by step with clear reasoning.
- Conclude with the final answer.

B.4. Answer Verification Prompt

This prompt is used to automatically assess the correctness of a model-generated answer by checking mathematical
equivalence against a reference solution under strict criteria.
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Answer Verification Prompt

System: You are a rigorous mathematics expert who evaluates student solutions with
strict standards.

User: You are a rigorous mathematics expert evaluating student answers.

Problem:
{problem_text}

Ground Truth Answer (extracted from reference solution):
{reference_solution}

Student’s Final Answer (reasoning process has been separated):
{student_final_answer}

Evaluation task:
Compare the student’s final answer with the ground truth answer and determine
whether they are mathematically equivalent.

Mathematical equivalence rules:
- Account for different valid representations:

* Fractions vs decimals (e.g., 1/2 = 0.5)
* Mixed numbers vs improper fractions (e.g., 10 2/3 = 32/3)
* Simplified vs unsimplified forms (e.g., 2/4 = 1/2)
* Different algebraic forms (e.g., xˆ2 - 1 = (x-1)(x+1))
* Equivalent expressions (e.g., 2x + 2 = 2(x+1))

- For proofs: check whether the conclusion is logically equivalent.
- Be STRICT about numerical values (mismatch => wrong).
- Be STRICT about signs (negative vs positive matters).

Classification:
- "Completely Correct": final answer is mathematically equivalent to ground truth
- "Completely Wrong": not equivalent, or missing, or nonsensical

Output ONLY valid JSON (no markdown, no code fences) in this format:
{

"category": "Completely Correct" | "Completely Wrong",
"is_correct": true | false,
"score": 0-100,
"explanation": "brief explanation"

}

B.5. Strategy Adherence Verification Prompt

This prompt evaluates whether a specific target strategy was actually used—and correctly executed—in a given reasoning
trace, enabling fine-grained analysis of strategy executability.
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Strategy Adherence Verification Prompt

You are an expert evaluator of mathematical reasoning strategies.

Task: Determine whether a specific strategy was correctly executed in a student’s
solution.

Problem: {problem_text}

Target Strategy:
Strategy Description: {strategy_text}

Student’s Reasoning: {reasoning_excerpt}

Evaluation Instructions:
Assess whether the target strategy was actually used in the student’s reasoning,
and if so, whether it was applied correctly.

You must classify the strategy usage into exactly one of the following categories:

1. correctly_executed
- The strategy was genuinely applied
- The logical steps follow the methodology of the strategy
- The execution is correct and contributes to the solution

2. attempted_but_incorrect
- The student attempted to apply the strategy
- However, the execution contains logical errors, misapplication, or flawed

reasoning

3. mentioned_only
- The strategy is referenced or hinted at via keywords or superficial mentions
- No substantive application or execution is present

4. not_used
- There is no evidence that this strategy was used at all

Critical Evaluation Criteria:
- Do NOT rely on keyword matching alone
- Verify that the reasoning steps structurally align with the strategy
- "Correctly executed" requires both correct methodology and correct execution
- Be strict: partial or vague usage should NOT be marked as correctly executed

Output Format:
Return ONLY valid JSON (no markdown, no code fences) in the following format:

{
"execution_status": "correctly_executed | attempted_but_incorrect |

mentioned_only | not_used",
"confidence": 0-100,
"evidence": "Direct quote from the student’s reasoning, or null if not used",
"explanation": "2-3 sentences explaining the judgment",
"critical_to_solution": true | false,
"execution_quality_score": 0-10

}

Important:
Only mark a strategy as "correctly_executed" if there is clear, concrete evidence
that the student followed the intended strategy and applied it correctly.

18



990
991
992
993
994
995
996
997
998
999
1000
1001
1002
1003
1004
1005
1006
1007
1008
1009
1010
1011
1012
1013
1014
1015
1016
1017
1018
1019
1020
1021
1022
1023
1024
1025
1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043
1044

Submission and Formatting Instructions for ICML 2026

Figure 8. Trace-level case studies illustrating strategy executability differences between human-written and model-generated solutions.
For each problem, we contrast (i) human-derived strategies, which emphasize structural recognition or theorem-level reasoning, and (ii)
model-derived strategies, which rely on procedural or algebraic transformations. Although both solution sources reach the correct final
answer, the extracted strategies exhibit different executability properties.

C. Trace-Level Case Studies of Strategy Executability
Figure 8 provides concrete trace-level illustrations of the strategy divergences analyzed in Section 2. Each example
corresponds to a single problem, for which both a human-written solution and a model-generated solution are available and
correct.

For each solution, we show the high-level strategies extracted by our pipeline, rather than full step-by-step reasoning. These
examples highlight two recurring phenomena observed throughout our analysis. First, human-derived strategies often
prioritize early structural recognition (e.g., identifying special geometric configurations or invoking strong theorems), which
can be concise but difficult for smaller reasoning models to execute reliably when used as guidance. Second, model-derived
strategies tend to emphasize procedural transformations (e.g., coordinate setups or algebraic elimination), which are often
more executable but may lack global structure or lead to inefficient reasoning when used alone.

D. More Experiments
D.1. Comparison with Stronger Inference-Time Baselines

We compare SSR against several inference-time baselines that improve reasoning by allocating additional test-time
computation. All methods use the same base prompt and model backbone as SSR.

For Self-Consistency (SC), we sample N = 8 reasoning traces with non-zero temperature and apply majority voting over
final answers.

For Tree-of-Thoughts (ToT), we employ a shallow search tree to control inference cost. At each step, the model proposes
up to B = 3 candidate continuations, and the search is truncated to a maximum depth of D = 2. Candidate nodes are
scored using a lightweight self-evaluation prompt, where the same model estimates whether a partial reasoning trajectory is
likely to lead to a correct solution. At each level, only the top-scoring continuation is expanded further, resulting in at most
1 +B +B model calls per problem.

Least-to-Most Prompting (L2M) follows the standard decomposition-and-solve procedure described in prior work, where
the model first decomposes the original problem into a sequence of simpler subproblems, solves them sequentially, and then
composes the final answer.
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Table 7 reports the results of these inference-time baselines. Across datasets, SC and L2M provide modest improvements
over direct solving on short- and medium-horizon benchmarks. Tree-of-Thoughts yields stronger improvements than SC
and L2M under a bounded compute budget, yet remains less stable than SSR, particularly on long-horizon problems. These
results indicate that allocating additional test-time computation alone is insufficient; instead, effective guidance depends on
selecting strategies that remain executable for the target model.

Notably, SSR achieves these improvements using a single guided generation per problem. In contrast, inference-time
baselines such as self-consistency and Tree-of-Thoughts require multiple model calls to sample or search over reasoning
trajectories. This suggests that gains from SSR do not arise from increased test-time computation, but from providing
strategies that are more executable for the target model.

D.2. Qualitative Examples

Example 1: OmniMATH 2281 (Geometry, Level 2). Problem. A square is inscribed in a circle of radius 1. Find the
perimeter of the square.

Retrieved Strategies.

• (H) circle properties: Use circle radius/diameter relations (e.g., diagonal equals diameter).

• (M) algebraic other: Recall standard formula P = 4s.

• . . .

Reasoning Content (simplified).

A square inscribed in a circle has its diagonal equal to the circle’s diameter. Since r = 1, the diameter is 2, so the diagonal is 2.
For a square, d = s

√
2, hence s = 2√

2
=

√
2. Therefore, the perimeter is P = 4s = 4

√
2. . . .

Content (final answer, simplified).

Using d = 2 and d = s
√
2, we get s =

√
2 and thus P = 4

√
2.

Example 2: USAJMO 2013 4 (Number Theory, Level 6). Problem. Let f(n) be the number of ordered representations
of n as a sum of powers of 2. Find the smallest n > 2013 for which f(n) is odd.

Retrieved Strategies.

• (H) counting principle: Characterize when f(n) is odd (often n = 2k − 1).

• (H) mathematical induction: Prove the oddness characterization by induction on k.

• (H) counting principle: Derive recurrence f(n) =
∑

i f(n− 2i).

• (M) modular arithmetic: Reduce to parity by defining g(n) = f(n) mod 2.

• . . .

Reasoning Content (simplified).

Define g(n) = f(n) mod 2 and use the recurrence g(n) =
∑

2k≤n g(n− 2k) mod 2. By computing small cases, we
observe g(n) = 1 at n = 1, 3, 7, 15, . . ., suggesting f(n) odd ⇐⇒ n = 2k − 1. The next such number after 2013 is
211 − 1 = 2047. . . .

Content (final answer, simplified).
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Figure 9. Failure-mode analysis on HM-REASONINGBENCH using Qwen3-14B. Human guidance primarily reduces structural failures,
model guidance reduces algebraic errors, while SSR mitigates both error types.

Since f(n) is odd ⇐⇒ n = 2k − 1, the smallest n > 2013 is 211 − 1 = 2047.

Example 3: OmniMATH 3827 (Algebra, Level 5). Problem. Find all functions f : R → R such that f(xy) =
f(x)f(y) + f(f(x+ y)) for all x, y ∈ R.

Retrieved Strategies.

• (H) functional equation: Verify candidate functions by direct substitution.

• (M) case analysis: Plug in special values (x = 0, 1, y = 0, etc.) to derive constraints.

• . . .

Reasoning Content (simplified).

Set x = 0 to obtain f(0) = f(0)f(y) + f(f(y)), hence f(f(y)) = c(1− f(y)) where c = f(0). Test constant solutions:
f ≡ 0 works. Assume affine form f(x) = ax+ b and compare coefficients, yielding a ∈ {0, 1}, and the nonzero affine
solution f(x) = x− 1. Finally, verify by substitution that f(x) = 0 and f(x) = x− 1 satisfy the equation. . . .

Content (final answer, simplified).

The only solutions are f(x) ≡ 0 and f(x) = x− 1.

D.3. Failure-Mode Analysis

We decompose incorrect solutions into two broad failure modes: (i) algebraic manipulation errors, where the global solution
plan is largely correct but execution fails due to symbolic or arithmetic mistakes; and (ii) structural reasoning failures,
where the solution fails to establish or exploit the correct global structure, such as missing a key decomposition, invariant, or
case split.

Figure 9 reports the distribution of failure modes on HM-REASONINGBENCH for Qwen3-14B. Human guidance primarily
reduces structural failures, reflecting its strength in providing global organization and conceptual structure. In contrast,
model guidance more effectively reduces algebraic manipulation errors. SSR mitigates both failure modes, consistent with
executability-aware selection that combines complementary structural and procedural signals.
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Figure 10. Strategy adherence analysis. Left: average number of strategies correctly executed in the generated solution. Right: percentage
of problems for which at least one provided strategy is correctly executed. Results are reported separately for correct and incorrect final
answers. Correct solutions consistently exhibit stronger strategy execution, with the gap widening for larger models.

D.4. Strategy Adherence Evaluation Protocol

This appendix provides implementation details for the strategy adherence sanity check reported in Section 5.6, and
summarizes the corresponding results in Figure 10.

Setup. We randomly sample 100 problems from the HM-ReasoningBench test split and evaluate three models: DeepSeek-
R1-Distill-Qwen-7B, Qwen3-8B, and Qwen3-14B. For each problem, SSR provides up to five abstract strategy hints as
guidance. Each model generates a single solution under the same prompting and decoding configuration used in the main
experiments.

Adherence criterion. We do not require the model to explicitly mention a strategy or follow it verbatim. A strategy is
considered correctly executed if the generated solution applies the strategy in a way that substantively contributes to a valid
solution. Superficial mentions or partial but incorrect applications are not counted as execution.

Evaluation procedure. We use GPT-5.1 as an independent evaluator. The evaluator is provided with (i) the model-generated
solution and (ii) the list of strategy hints given as guidance, and outputs a binary judgment for each strategy indicating
whether it is correctly instantiated in the solution. The evaluator is instructed to assess functional correctness rather than
textual overlap. The full evaluation prompt is provided in Appendix B.5.

Metrics. For each solution, we compute: (i) the number of correctly executed strategies, and (ii) a binary indicator of
whether at least one strategy is correctly executed. Statistics are aggregated separately over correct and incorrect final
answers.

Results summary. Figure 10 reports adherence statistics as a function of model size, separately for correct and incorrect final
answers. Across models, correct solutions exhibit both a higher number of correctly executed strategies and a substantially
higher probability of executing at least one strategy, with the gap widening for larger models.

Interpretation. Incorrect solutions often exhibit exploratory reasoning that may superficially touch on multiple strategies
without successfully applying any of them. The proposed metrics therefore focus on whether the provided guidance enables
at least one strategy to be operationalized correctly, directly supporting the executability-based interpretation discussed in
Section 5.6.
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Table 5. Strategy taxonomy used throughout the paper. Extracted strategies are mapped to fine-grained templates capturing distinct
reasoning operations.

SUBJECT TEMPLATE DESCRIPTION

ALGEBRAIC

ALGEBRAIC GENERAL GENERAL SYMBOLIC MANIPULATION NOT COVERED BY SPECIALIZED AL-
GEBRAIC TEMPLATES.

INEQUALITY INEQUALITY-BASED REASONING VIA BOUNDING, CONVEXITY, OR CLASSI-
CAL INEQUALITIES.

POLYNOMIAL ANALYSIS POLYNOMIAL STRUCTURE ANALYSIS (FACTORIZATION, ROOTS–
COEFFICIENTS RELATIONS, DIVISIBILITY).

ALGEBRAIC MANIPULATION CANONICAL ALGEBRAIC TRANSFORMATIONS (SUBSTITUTION, EXPANSION,
IDENTITY REWRITING).

FUNCTIONAL EQUATION FUNCTIONAL EQUATIONS AND RECURSIVE FUNCTIONAL CONSTRAINTS.
SYMMETRIC SUM SYMMETRIC POLYNOMIAL ARGUMENTS AND SYMMETRIC-SUM IDENTITIES.

NUMBER THEORY

MODULAR ARITHMETIC MODULAR REASONING AND CONGRUENCE-BASED ARGUMENTS.
PRIME FACTORIZATION REASONING VIA PRIME DECOMPOSITION AND EXPONENT STRUCTURE.
DIVISIBILITY DIVISIBILITY PROPERTIES AND FACTOR-BASED CONSTRAINTS.
GCD LCM GCD/LCM STRUCTURE AND COPRIMALITY ARGUMENTS.

GEOMETRY

GEOMETRIC GENERAL GENERAL GEOMETRIC REASONING NOT COVERED BY SPECIALIZED GEO-
METRIC TEMPLATES.

ANGLE CHASING ANGLE RELATIONS DERIVED FROM GEOMETRIC THEOREMS AND CONFIGU-
RATIONS.

CIRCLE PROPERTIES CIRCLE GEOMETRY (CYCLICITY, TANGENCY, POWER OF A POINT, RADICAL
AXIS).

SIMILARITY CONGRUENCE SIMILARITY OR CONGRUENCE TRANSFORMATIONS PRESERVING RATIOS OR
LENGTHS.

SYMMETRY ANALYSIS EXPLOITING GEOMETRIC SYMMETRY TO SIMPLIFY STRUCTURE.
AUXILIARY CONSTRUCTION INTRODUCING AUXILIARY POINTS, LINES, OR CIRCLES TO EXPOSE HIDDEN

RELATIONS.
COORDINATE GENERAL COORDINATE-BASED OR ANALYTIC REASONING WITHOUT AN EXPLICIT

COORDINATE SETUP.
COORDINATE SETUP EXPLICIT COORDINATE OR ANALYTIC SETUP CONVERTING GEOMETRY INTO

ALGEBRAIC CONSTRAINTS.
VECTOR METHOD VECTOR-BASED GEOMETRIC REASONING (DOT/CROSS PRODUCTS, VECTOR

DECOMPOSITION).
COMPLEX NUMBER COMPLEX-PLANE REPRESENTATIONS OF GEOMETRIC TRANSFORMATIONS.

COMBINATORIAL

COUNTING PRINCIPLE DIRECT COUNTING ARGUMENTS (PRODUCT/SUM RULES, RECURRENCES).
INCLUSION EXCLUSION INCLUSION–EXCLUSION PRINCIPLE FOR OVERLAPPING SETS.
PROBABILITY METHOD PROBABILISTIC REASONING USING PROBABILITY OR EXPECTATION.
BIJECTION ESTABLISHING BIJECTIONS TO PROVE COUNTING EQUIVALENCES.
PIGEONHOLE PIGEONHOLE PRINCIPLE AND ITS GENERALIZED FORMS.

STRUCTURAL

EXTREMAL PRINCIPLE EXTREMAL ARGUMENTS VIA MINIMAL OR MAXIMAL ELEMENTS.
CASE ANALYSIS STRUCTURED CASE PARTITIONING AND EXHAUSTIVE ENUMERATION.
INVARIANT INVARIANT OR MONOVARIANT REASONING UNDER TRANSFORMATIONS.
PROOF BY CONTRADICTION CONTRADICTION-BASED ARGUMENTS ASSUMING NEGATION OF THE

CLAIM.
MATHEMATICAL INDUCTION INDUCTIVE REASONING OVER INTEGERS OR RECURSIVE STRUCTURES.
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Table 6. Representative realizations of strategy templates. Each row provides a neutral action description illustrating how a template may
be instantiated in solutions. These examples are for interpretability only and do not affect the taxonomy or experiments.

SUBJECT TEMPLATE REPRESENTATIVE STRATEGY

ALGEBRAIC
ALGEBRAIC GENERAL WRITE DOWN THE GIVEN QUANTITIES AND TRANSLATE ALL RELATIONSHIPS INTO EQUA-

TIONS, THEN SOLVE FOR THE TARGET VARIABLE.
ALGEBRAIC MANIPULATION INTRODUCE INTERMEDIATE VARIABLES TO SIMPLIFY EXPRESSIONS OR FACTOR A CON-

STRAINT INTO A PRODUCT FORM, THEN ANALYZE SOLUTIONS.
POLYNOMIAL ANALYSIS USE COEFFICIENT EXTRACTION (WITH INDEX SHIFTS) TO DERIVE CONSTRAINTS ON THE

COEFFICIENT SEQUENCE.

COMBINATORIAL
COUNTING PRINCIPLE COUNT OBJECTS VIA A DIRECT COMBINATION ARGUMENT (E.G., CHOOSE VERTICES AND

APPLY A CLOSED-FORM EXPRESSION).
BIJECTION ANALYZE INJECTIVITY OR SURJECTIVITY OF A MAPPING AND ACCOUNT FOR COLLISIONS

BY CHARACTERIZING EXCEPTIONAL PATTERNS.
COUNTING PRINCIPLE CORRECT OVERCOUNTING CAUSED BY SYMMETRY OR INDISTINGUISHABLE ELEMENTS BY

DIVIDING BY THE NUMBER OF EQUIVALENT PERMUTATIONS.

GEOMETRY
COORDINATE SETUP CHOOSE A COORDINATE SYSTEM AND EXPRESS GEOMETRIC CONSTRAINTS AS ALGEBRAIC

EQUATIONS, THEN COMPUTE THE REQUIRED QUANTITY.
AUXILIARY CONSTRUCTION ADD AUXILIARY POINTS OR LINES TO EXPOSE HIDDEN ANGLE RELATIONS OR SIMILARITY

STRUCTURES.
SYMMETRY ANALYSIS PLACE THE CONFIGURATION SYMMETRICALLY (WHEN PERMITTED) TO REDUCE DEGREES

OF FREEDOM AND SIMPLIFY THE COMPUTATION.

NUMBER THEORY
PRIME FACTORIZATION RESTRICT CANDIDATES VIA PRIME FACTORIZATIONS AND TEST FEASIBLE EXPONENT

PATTERNS SYSTEMATICALLY.
MODULAR ARITHMETIC ESTABLISH NECESSITY AND SUFFICIENCY USING CONGRUENCES, THEN VERIFY REMAINING

CASES DIRECTLY.
MODULAR ARITHMETIC APPLY MODULAR CONSTRAINTS TO ELIMINATE IMPOSSIBLE PRIME FACTORS BEFORE

CHECKING EXCEPTIONAL CASES.

STRUCTURAL
CASE ANALYSIS PARTITION THE PROBLEM INTO CASES (E.G., PARITY OR MAGNITUDE REGIMES) AND

ANALYZE EACH CASE EXHAUSTIVELY.
MATHEMATICAL INDUCTION CONJECTURE A CLOSED FORM FROM INITIAL CASES AND PROVE IT BY INDUCTION USING

THE RECURRENCE RELATION.
PROOF BY CONTRADICTION ASSUME FEASIBILITY AND DERIVE A CONTRADICTION BY COMPARING MAGNITUDES OR

SIGNS UNDER THE GIVEN CONSTRAINTS.

Table 7. Accuracy (%) comparison with inference-time baselines. All methods use the same base prompt and model backbone.
Self-Consistency (SC) uses majority voting over N=8 samples. Tree-of-Thoughts (ToT) uses branching factor B=3 and depth D=2.

HM-REASONINGBENCH AIME25 APEX

MODEL SC@8 L2M TOT SSR SC@8 L2M TOT SSR SC@8 L2M TOT SSR

QWEN3-8B 66.40 65.60 67.20 68.60 72.00 69.33 72.33 74.00 11.42 10.61 12.24 13.06
QWEN3-14B 68.80 67.40 69.60 70.20 74.33 73.33 75.00 74.67 13.88 11.83 15.91 14.69
R1-DISTILL-7B 50.60 48.80 51.20 52.40 48.67 45.33 51.33 53.13 8.97 7.35 9.79 7.75
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